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Preface 





This textbook supports a three-semester or four-quarter calculus sequence typically taken by 
students in mathematics, engineering, and the natural sciences. Our approach is based on many 
years of teaching calculus at diverse institutions using the best teaching practices we know. 

This book is an extended version of Calculus: Early Transcendentals by the same 
authors. It contains an entire chapter devoted to differential equations and complete sec- 
tions on Newton’s method, surface area of solids of revolution, hyperbolic functions, and 
integration strategies. Most sections of the book contain additional exercises; in fact, 19% 
of the exercises are new to this series. 

Throughout this book, like its predecessor, a concise and lively narrative motivates 
the ideas of calculus. All topics are introduced through concrete examples, applications, 
and analogies rather than through abstract arguments. We appeal to students’ intuition and 
geometric instincts to make calculus natural and believable. Once this intuitive foundation 
is established, generalizations and abstractions follow. Our coverage of proofs is typical 
of books at this level. Users of the initial version tell us that the text’s exposition mirrors 
their lectures. Instructors also find that their students actually read the book. Reviewers of 
the new topics report that the narrative is just as clear and engaging. 


Pedagogical Features 


Exercises 


The exercises at the end of each section are one of the strongest features of the text. They 
are graded, varied, and original. In addition, they are labeled and carefully organized into 
groups. 


e Each exercise set begins with Review Questions that check students’ conceptual under- 
standing of the essential ideas from the section. 


e Basic Skills exercises are confidence-building problems that provide a solid foundation 
for the more challenging exercises to follow. Each example in the narrative is linked di- 
rectly to a block of Basic Skills exercises via Related Exercises references at the end of 
the example solution. 


e Further Explorations exercises expand on the Basic Skills exercises by challenging stu- 
dents to think creatively and to generalize newly acquired skills. 


e Applications exercises connect skills developed in previous exercises to applications 
and modeling problems that demonstrate the power and utility of calculus. 


e Additional Exercises are generally the most difficult and challenging problems; they in- 
clude proofs of results cited in the narrative. 


Each chapter concludes with a comprehensive set of Review Exercises. 


Xi 
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FIGURE 5.29 


FIGURE 6.37 


Figures 


Given the power of graphics software and the ease with which many students assimilate 
visual images, we devoted considerable time and deliberation to the figures in this book. 
Whenever possible, we let the figures communicate essential ideas using annotations rem- 
iniscent of an instructor’s voice at the board. Readers will quickly find that the figures 
(74 of which are new to this series) facilitate learning in new ways. 


| F(x) dx | = | | F dx |+ | F(x) dx. 





Revolving the kth rectangle ... produces a cylindrical 
about the y-axis... shell with height f(x,*) and 
) thickness Ax. 










Ax 


Quick Check and Margin Notes 


The narrative is interspersed with Quick Check questions that encourage students to read 
with pencil in hand. These questions resemble the kinds of questions instructors pose in 
class. Answers to the Quick Check questions are found at the end of the section in which 
they occur. Margin Notes offer reminders, provide insight, and clarify technical points. 


Guided Projects 


The Instructor’s Resource Guide and Test Bank contains 78 Guided Projects. These proj- 
ects allow students to work in a directed, step-by-step fashion, with various objectives: to 
carry out extended calculations, to derive physical models, to explore related theoretical 
topics, or to investigate new applications of calculus. The Guided Projects vividly dem- 
onstrate the breadth of calculus and provide a wealth of mathematical excursions that go 
beyond the typical classroom experience. A list of suggested Guided Projects is included 
at the end of each chapter. 


Technology 


We believe that a calculus text should help students strengthen their analytical skills and 
demonstrate how technology can extend (not replace) those skills. The exercises and ex- 
amples in this text emphasize this balance. Calculators and graphing utilities are additional 
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tools in the kit, and students must learn when and when not to use them. Our goal is to 
accommodate the different policies about technology that various instructors may use. 

Throughout the book, exercises marked with M indicate that the use of technology— 
ranging from plotting a function with a graphing calculator to carrying out a calculation 
using a computer algebra system—may be needed. 


eBook with Interactive Figures 


The textbook is supported by a groundbreaking and award-winning electronic book, cre- 
ated by Eric Schulz of Walla Walla Community College. This “live book” contains the 
complete text of the print book plus interactive versions of approximately 700 figures. 
Instructors can use these interactive figures in the classroom to illustrate the important 
ideas of calculus, and students can explore them while they are reading the textbook. Our 
experience confirms that the interactive figures help build students’ geometric intuition 
of calculus. The authors have written Interactive Figure Exercises that can be assigned 
via MyMathLab so that students can engage with the figures outside of class in a directed 
way. Additionally, the authors have created short videos, accessed through the eBook, that 
tell the story of key Interactive Figures. Available only within MyMathLab, the eBook 
provides instructors with powerful new teaching tools that expand and enrich the learning 
experience for students. 


Content Highlights 


In writing this text, we identified content in the calculus curriculum that consistently 
presents challenges to our students. We made organizational changes to the standard pre- 
sentation of these topics or slowed the pace of the narrative to facilitate students’ compre- 
hension of material that is traditionally difficult. Two noteworthy modifications appear in 
the material for Calculus II and Calculus III, as outlined below. 

Often appearing near the end of the term, the topics of sequences and series are the 
most challenging in Calculus II. By splitting this material into two chapters, we have 
given these topics a more deliberate pace and made them more accessible without adding 
significantly to the length of the narrative. 

There is a clear and logical path through multivariate calculus, which is not appar- 
ent in many textbooks. We have carefully separated functions of several variables from 
vector-valued functions, so that these ideas are distinct in the minds of students. The book 
culminates when these two threads are joined in the last chapter, which is devoted to vec- 
tor calculus. 


Accuracy Assurance 


One of the challenges we face with a first edition is ensuring the book meets the high 
standards of accuracy that instructors expect. In developing the predecessor to this book, 
more than 200 mathematicians reviewed the manuscript for accuracy, level of difficulty, 
and effective pedagogy. Additionally, nearly 1000 students participated in class-testing 
this book before publication. A team of mathematicians carefully examined each example, 
exercise, and figure in multiple rounds of editing, proofreading, and accuracy checking. In 
this expanded version, we have incorporated improvements recommended by professors 
using the initial version of this book at colleges and universities across the country. The 
new material in the expanded version underwent rigorous editing, proofing, and accuracy 
checking as well. From the beginning and throughout development, our goal has been to 
craft a textbook that is mathematically precise and pedagogically sound. 
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Text Versions 


Calculus for Scientists and Engineers: Early Transcendentals 


Complete (Chapters 1—15) ISBN 0-321-78537-1 | 978-0-321-78537-4 
Single Variable Calculus (Chapters 1—10) ISBN 0-321-78550-9 | 978-0-321-78550-3 
Multivariable Calculus (Chapters 9-15) ISBN 0-321-78551-7 | 978-0-321-7855 1-0 


Calculus for Scientists and Engineers 


Complete (Chapters 1—16) ISBN 0-321-82669-8 | 978-0-321-82669-5 
Single Variable Calculus (Chapters 1—12) ISBN 0-321-82671-X | 978-0-321-82671-8 
Multivariable Calculus (Chapters 10-16) ISBN 0-321-78551-7 | 978-0-321-7855 1-0 


For information about the eBook with Interactive Figures, see page xi. 


Print Supplements 


Instructor’s Resource Guide and Test Bank 


ISBN 0-321-78538-X | 978-0-321-78538-1 
Bernard Gillett, University of Colorado at Boulder 
Anthony Tongen, James Madison University 


This guide represents significant contributions by the textbook authors and contains a 
variety of classroom support materials for instructors. 


e Seventy-eight Guided Projects, correlated to specific chapters of the text, can be 
assigned to students for individual or group work. The Guided Projects vividly 
demonstrate the breadth of calculus and provide a wealth of mathematical excursions 
that go beyond the typical classroom experience. 


e Lecture Support Notes give an Overview of the material to be taught in each section of 
the text, helpful classroom Teaching Tips, and a list of the Interactive Figures from the 
eBook. Connections among various sections of the text are also pointed out, and 
Additional Activities are provided. 


e Quick Quizzes for each section in the text consist of multiple-choice questions that can 
be used as in-class quiz material or as Active Learning Questions. These Quick Quizzes 
can also be found at the end of each section in the interactive eBook. 


e Chapter Reviews provide a list of key concepts from each chapter, followed by a set of 
chapter review questions. 


e Chapter Test Banks consist of between 25 and 30 questions that can be used for in-class 
exams, take-home exams, or additional review material. 

e The Interactive Figure Guide provides explanations of the Interactive Figures and tips 
for effectively incorporating them into lectures. 


e Learning Objectives Lists and an Index of Applications are tools to help instructors gear 
the text to their course goals and students’ interests. 


e Student Study Cards, consisting of key concepts for both single-variable and multivari- 
able calculus, are included for instructors to photocopy and distribute to their students 
as convenient study tools. 


e Answers are provided for all exercises in the manual, including the Guided Projects. 
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Instructor’s Solutions Manuals 


Mark Woodard, Furman University 
Single Variable Calculus (Chapters 1—10) ISBN 0-321-78542-8 | 978-0-321-78542-8 
Multivariable Calculus (Chapters 9-15) ISBN 0-321-78543-6 | 978-0-321-78543-5 


The Jnstructor’s Solutions Manual contains complete solutions to all the exercises in the 
text. 


Student’s Solutions Manuals 


Mark Woodard, Furman University 
Single Variable Calculus (Chapters 1—10) ISBN 0-321-78544-4 | 978-0-321-78544-2 
Multivariable Calculus (Chapters 9-15) ISBN 0-321-78545-2 | 978-0-321-78545-9 


The Student’s Solutions Manual is designed for the student and contains complete 
solutions to all the odd-numbered exercises in the text. 


Just-in-Time Algebra and Trigonometry for Early Transcendentals 
Calculus, Fourth Edition 


ISBN 0-321-67103-1 | 978-0-321-67103-5 
Guntram Mueller and Ronald I. Brent, University of Massachusetts—Lowell 


Sharp algebra and trigonometry skills are critical to mastering calculus, and Just-in-Time 
Algebra and Trigonometry for Early Transcendentals Calculus is designed to bolster 
these skills while students study calculus. As students make their way through calculus, 
this text is with them every step of the way, showing them the necessary algebra or trigo- 
nometry topics and pointing out potential problem spots. The easy-to-use table of contents 
has algebra and trigonometry topics arranged in the order in which students will need 
them as they study calculus. 


Media and Online Supplements 


Technology Resource Manuals 


Maple Manual by James Stapleton, North Carolina State University 

Mathematica Manual by Marie Vanisko, Carroll College 

TI-Graphing Calculator Manual by Elaine McDonald-Newman, Sonoma State University 
These manuals cover Maple™ 13, Mathematica® 7, and the TI-83 Plus/TI-84 Plus 

and TI89, respectively. Each manual provides detailed guidance for integrating a specific 

software package or graphing calculator throughout the course, including syntax and 

commands. These manuals are available to instructors and students through the Pearson 

Math and Stats Resources page, www.pearsonhighered.com/mathstatsresources, and 

MyMathLab®. 


MyMathLab® Online Course (access code required) 


MyMathLab is a text-specific, easily customizable online course that integrates interac- 
tive multimedia instruction with textbook content. MyMathLab delivers proven results 
in helping individual students succeed. It provides engaging experiences that personalize, 
stimulate, and measure learning for each student. And, it comes from a trusted partner 
with educational expertise and an eye on the future. 

MyMathLab for Calculus for Scientists and Engineers contains the groundbreaking 
eBook featuring over 700 Interactive Figures that can be manipulated to illumi- 
nate difficult-to-convey concepts. Instructors can use these interactive figures in the 
classroom to illustrate the important ideas of calculus, and students can manipulate the 
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interactive figures while they are using MyMathLab. In each case, these interactive fig- 
ures help build geometric intuition of calculus. Exercises for the Interactive Figures can be 
assigned in homework to encourage students to explore the concepts presented. 

To learn more about how MyMathLab combines proven learning applications with 
powerful assessment, visit www.mymathlab.com or contact your Pearson representative. 


MathXL® Online Course (access code required) 


MathXL® is the homework and assessment engine that runs MyMathLab. (MyMathLab 
is MathXL plus a learning management system.) With MathXL, instructors can: 


e Create, edit, and assign online homework and tests using algorithmically generated 
exercises correlated at the objective level to the textbook. More than 7000 assignable 
exercises are available. 


e Create and assign their own online exercises and import TestGen tests for added 
flexibility. 
e Maintain records of all student work tracked in MathXL’s online gradebook. 


With MathXL, students can: 


e Work through the Getting Ready for Calculus chapter, which includes hundreds of 
exercises that address prerequisite skills in algebra and trigonometry, and receive reme- 
diation for those skills with which they need help. 


e Take chapter tests in MathXL and receive personalized study plans and/or personalized 
homework assignments based on their test results. 


e Use the study plan and/or the homework to link directly to tutorial exercises for the 
objectives they need to study. 


e Access supplemental animations and video clips directly from selected exercises. 


MathXL is available to qualified adopters. For more information, visit our website at 
www.mathxl.com, or contact your Pearson representative. 


TestGen® 


TestGen® (www.pearsoned.com/testgen) enables instructors to build, edit, print, and 
administer tests using a computerized bank of questions developed to cover all the objec- 
tives of the text. TestGen is algorithmically based, allowing instructors to create multiple 
but equivalent versions of the same question or test with the click of a button. Instructors 
can also modify test bank questions or add new questions. The software and testbank are 
available for download from Pearson Education’s online catalog. 


Video Resources 


The Video Lectures With Optional Captioning feature an engaging team of mathemat- 
ics instructors who present comprehensive coverage of topics in the text. The lecturers’ 
presentations include illustrative examples and exercises and support an approach that 
emphasizes visualization and problem solving. Available only through MyMathLab and 
MathXL. 


PowerPoint® Lecture Slides 


These PowerPoint slides contain key concepts, definitions, figures, and tables from the 
textbook. These files are available to qualified instructors through the Pearson Instructor 
Resource Center, www.pearsonhighered/irc, and MyMathLab. 
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1.1 Review of Functions 
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Logarithmic Functions 


1.4 Trigonometric Functions 
and Their Inverses 


Functions 


Chapter Preview The goal of this chapter is to ensure that you begin your 
calculus journey fully equipped with the tools you will need. Here, you will see the entire 
cast of functions needed for calculus, which includes polynomials, rational functions, 
algebraic functions, exponential and logarithmic functions, and the trigonometric func- 
tions, along with their inverses. It is imperative that you work hard to master the ideas in 
this chapter and refer to it when questions arise. 


1.1 Review of Functions 
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FIGURE 1.1 


» Ifthe domain is not specified, we take it 
to be the set of all values of x for which 
f is defined. We will see shortly that the 
domain and range of a function may be 
restricted by the context of the problem. 


Mathematics is a language with an alphabet, a vocabulary, and many rules. If you are 
unfamiliar with set notation, intervals on the real number line, absolute value, the Carte- 
sian coordinate system, or equations of lines and circles, please refer to Appendix A. Our 
starting point in this book is the fundamental concept of a function. 

Everywhere around us we see relationships among quantities, or variables. For 
example, the consumer price index changes in time and the temperature of the ocean varies 
with latitude. These relationships can often be expressed by mathematical objects called 
functions. Calculus is the study of functions, and because we use functions to describe the 
world around us, calculus is a universal language for human inquiry. 


DEFINITION Function 


A function f is a rule that assigns to each value x in a set D a unique value denoted 


f(x). The set D is the domain of the function. The range is the set of all values of 
f(x) produced as x varies over the domain (Figure 1.1). 





The independent variable is the variable associated with the domain; the dependent 
variable belongs to the range. The graph of a function f is the set of all points (x, y) in 
the xy-plane that satisfy the equation y = f(x). The argument of a function is the expres- 
sion on which the function works. For example, x is the argument when we write f(x). 
Similarly, 2 is the argument in f(2) and x? + 4 is the argument in f(x? + 4). 


CK 1 If f(x) = x° — 2x, find f(-1), f(x’), f(t), and f(p — 1).< 


The requirement that a function must assign a unique value of the dependent variable 
to each value in the domain is expressed in the vertical line test (Figure 1.2). 
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Vertical Line Test 


A graph represents a function if and only if it passes the vertical line test: Every 


vertical line intersects the graph at most once. A graph that fails this test does not 
represent a function. 


» A set of points or a graph that does not 





correspond to a function represents 
a relation between the variables. All 


functions are relations, but not all EXAMPLE 1 Identifying functions State whether each graph in Figure 1.3 
relations are functions. represents a function. 
y y y y 
X X 
X X 
(a) (b) (c) (d) 
FIGURE 1.3 


SOLUTION The vertical line test indicates that only graphs (a) and (c) represent 
functions. In graphs (b) and (d), it is possible to draw vertical lines that intersect the 
graph more than once. Equivalently, it is possible to find values of x that correspond to 
> A window of [a,b] X [c,d] means more than one value of y. Therefore, graphs (b) and (d) do not pass the vertical line test 
asxx<bandcsy<d. and do not represent functions. 
Related Exercises 11-12< 


EXAMPLE 2 Domain and range Graph each function with a graphing utility using 
the given window. Then state the domain and range of the function. 


a. y =f(x) =x?4+1; [-3,3] x [-1,5] 


b. z= a(t) = V4— 27; [-3,3] x [-1,3] 


c w = h(u) =——; [-3,5] x [-4,4] 


y= +1 

SOLUTION 

a. Figure 1.4 shows the graph of f(x) = x” + 1. Because f is defined for all values 
of x, its domain is the set of all real numbers, or (—~, ©), or R. Because x? = Ofor 
all x, it follows that x? + 1 = land the range of f is [1, œ), 


b. When n is even, functions involving nth roots are defined provided the quantity under 
the root is nonnegative (or in some cases positive). In this case, the function g is 
defined provided 4 — t? = 0, which means t? < 4,or —2 < t < 2. Therefore, the 

FIGURE 1.4 domain of g is |—2, 2]. By the definition of the square root, the range consists only of 





Domain 





FIGURE 1.5 


» The dashed vertical line u = 1 in 
Figure 1.6 indicates that the graph 
of w = h(u) approaches a vertical 
asymptote as u approaches 1 and that w 


becomes large in magnitude for u near 1. 


Vertical and horizontal asymptotes are 
discussed in detail in Chapter 2. 





Domain 


FIGURE 1.6 


» Inthe composition y = f(g(x)),f is 
called the outer function and g is the 
inner function. 
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nonnegative numbers. When t = 0, z reaches its maximum value of g(0) = V4 = 2, 
and when t = +2, z attains its minimum value of g( +2) = 0. Therefore, the range 
of g is |0, 2] (Figure 1.5). 


c. The function h is undefined at u = 1, so its domain is { u: u # 1} and the graph does 
not have a point corresponding to u = 1. We see that w takes on all values except 0; 
therefore, the range is { w: w # 0}. A graphing utility does not represent this function 
accurately if it shows the vertical line u = 1 as part of the graph (Figure 1.6). 

Related Exercises 13-20 


EXAMPLE 3 Domain and range in context At time t = 0 a stone is thrown verti- 
cally upward from the ground at a speed of 30 m/s. Its height above the ground in meters 
(neglecting air resistance) is approximated by the function h = f(t) = 30t — 5t*, where 
t is measured in seconds. Find the domain and range of this function as they apply to this 
particular problem. 


SOLUTION Although f is defined for all values of t, the only relevant times are between 
the time the stone is thrown (t = 0) and the time it strikes the ground, when h(t) = 0. 
Solving the equation h = 30t — 51? = 0, we find that 


30t — Sr = 
5t(6 — t) = 0 Factor. 
5t =O or 6—t= 0 Seteach factor equal to 0. 
t=0 or t=6. Solve. 


Therefore, the stone leaves the ground at t = 0 and returns to the ground at t = 6. An 
appropriate domain that fits the context of this problem is { t:0 = t = 6}. The range 
consists of all values of h = 30t — 5f7 as t varies over | 0, 6]. The largest value of h occurs 
when the stone reaches its highest point at t = 3, whichis h = f(3) = 45. Therefore, 

the range is |0, 45 |. These observations are confirmed by the graph of the height function 
(Figure |.7). Note that this graph is not the trajectory of the stone; the stone moves vertically. 





h h = 30t — 5t* 
_ Downward 
© ge“ | path of 
= 2 30 the stone 
fae) 
Upward E E 
path of | az 
the stone OD 
FIGURE 1.7 Time (seconds) 


Related Exercises 2]—24< 


CK 2 What are the domain and range of f(x) = (x* + 1)7'?« 





Composite Functions 


Functions may be combined using sums (f + g), differences (f — g), products (fg), or 
quotients (f/g). The process called composition also produces new functions. 


DEFINITION Composite Functions 


Given two functions f and g, the composite function f° g is defined by 


(fog)(x) = f(g(x)). It is evaluated in two steps: y = f(u), where u = g(x). 
The domain of f° g consists of all x in the domain of g such that u = g(x) is in 
the domain of f (Figure 1.8). 
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» Examples 4c and 4d demonstrate that, 
in general, 


f(g(x)) # g(f(x)). 
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FIGURE 1.8 


EXAMPLE 4 Composite functions and notation Let f(x) = 3x7 — xand 
g(x) = 1/x. Simplify the following expressions. 


a. f(Sp +1) b. g(l/x) oe f(g(x)) d. g(f(x)) 
SOLUTION In each case, the functions work on their arguments. 
a. The argument of f is 5p + 1, so 
f(5p + 1) = 3(5p + 1} — (5p + 1) = 75p* + 25p + 2. 


b. Because g requires taking the reciprocal of the argument, we take the reciprocal of 1/x 
and find that g(1/x) = 1/(1/x) = x. 


c. The argument of f is g(x), so 


r = (4) = 3(4) - (4) = 


d. The argument of g is f(x), so 
g(f(x)) = g(3x° — x) = 





1 
3x? — x 
Related Exercises 25—36< 


EXAMPLE 5 Working with composite functions Identify possible choices for the 
inner and outer functions in the following composite functions. Give the domain of the 
composite function. 


a. h(x) = V9x — x? b. h(x) = : 


(x? - 1)3 
SOLUTION 


a. An obvious outer function is f(x) = Vx, which works on the inner function 
g(x) = 9x — x°. Therefore, h can be expressed as h = fo g or h(x) = f(g(x)). 
The domain of f° g consists of all values of x such that 9x — x? = 0. Solving this 
inequality gives {x:0 <= x < 9} as the domain of f° g. 
b. A good choice for an outer function is f(x) = 2/x? = 2x7}, which works on 
the inner function g(x) = x* — 1. Therefore, h can be expressed ash = fo g 
or h(x) = f(g(x)). The domain of f° g consists of all values of g(x) such that 
g(x) # 0, whichis {x:x ~ +1}. 
Related Exercises 37-40 


K3 If f(x) = x° + land 
g(x) = x°, find f° g and g ° f.< 
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EXAMPLE 6 More composite functions Given f(x) = Wx and 
g(x) = x* — x — 6, find (a) g ° f and (b) g ° g, and their domains. 


SOLUTION 
a. We have 
(gP) = FN = (Wx)? - Vr- 6 = PP — xP — 6, 
fa) fl) 
Because the domains of f and g are (~~, ©), the domain of f° g is also (—™, œ). 


b. In this case, we have the composition of two polynomials: 


(g°g)(x) = g(g(x)) 


= g(x? — x — 6) 
= (x? — x — 6)? — (x° -x- 6) -6 
g(x) g(x) 


= x* — 2x3 — 12x* + 13x + 36. 


The domain of the composition of two polynomials is (~œ, œ). 
Related Exercises 41—54< 


EXAMPLE 7 Using graphs to evaluate composite functions Use the graphs of f 
and g in Figure 1.9 to find the following values. 


a. f(g(5)) be f(g(3)) e g(f(3)) d. FF(A)) 
SOLUTION 


a. According to the graphs, g(5) = 1 and f(1) = 6; it follows that f(g(5)) = f(1) = 6. 
b. The graphs indicate that g(3) = 4 and f(4) = 8, so f(g(3)) = f(4) = 8. 

c. We see that g(f(3)) = g(5) = 1. Observe that f(g(3)) A g(f(3)). 

d. In this case, f(f(4)) = f(8) = 6. 


"A 


8 Related Exercises 55—56< 


Secant Lines and the Difference Quotient 

Figure 1.10 shows two points P(x, f(x)) and Q(x + h, f(x + h)) onthe graph of y = f(x). 

A line through any two points on a curve is called a secant line, and it plays an important 

role in calculus. The slope of the secant line through P and Q, denoted m,,,, 1s given by 
changeiny f(x th) —f(x) — f(x +h) — f(x) 


nee m changeinx (x+h)—x h 





De Oe eee ee y=f@) 


F(x — h) — fa) 


_ fe +h) — fo 
h 


Sec 


FIGURE 1.10 
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LY y =f) 


fœ) = fla) 


fœ) -fa 


sec x-a 


FIGURE 1.11 


» Treat f(x + h) like the composition 
f(g(x)), where x + h plays the role of 
g(x). It may help to establish a pattern in 
your mind before evaluating f(x + h). 
For instance, using the function in 
Example 8a, we have 


f(x) = 3x? — x: 
f(12) = 3-12? — 12; 
f(b) = 3b? — b; 


f(math) = 3+ math? — math; 
therefore, 


f(x + h) = 3(x + h}? — (x + h). 


» Some useful factoring formulas: 
1. Difference of perfect squares: 
ai = (R=) ry): 
2. Difference of perfect cubes: 
xi — y? = (x — y)(x? + xy + y’). 
3. Sum of perfect cubes: 
Ey Ste = ws) 


4. Sum of perfect squares: x? + y? 
does not factor over the real 
numbers. 


f(x + h) — fla) 
h 

be expressed in a variety of ways depending on how the coordinates of P and Q are 

labeled. For example, given the coordinates P(a, f(a) ) and Q(x, f(x)) (Figure 1.11), 

the difference quotient is 


The slope formula is also known as a difference quotient, and it can 


_ fx) = fla) 


Mses — x-a 


We interpret the slope of the secant line in this form as the average rate of change of f 
over the interval | a, x]. 


EXAIVIPLE 8 Working with the difference quotient 
f(x + h) — flx) 
h 


x) = fa 
b. Simplify the difference quotient = for f(x) = x°. 


a. Simplify the difference quotient for f(x) = 3x? — x. 


SOLUTION 


a. First note that f(x + h) = 3(x + h)* — (x + h). We substitute this expression into 
the difference quotient and simplify: 


f(x + h) f(x) 
a. a 
f(x th) — f(x) | 3(x + hy)? — (x + h) — (3x7 — x) 
h 7 h 
3(x* + 2xh + h’) — (x + h) — (3x? -— x 
= S EAE EMT Expand (x + hY. 
3x? + 6xh + 3k? — x — h — 3x? +x Ea 
= I o oO Distribute. 
h 
6xh + 3h? — h Eas 
—— Simplify. 
h 
hoe 3h = 1) 
= — = 6x + 3h — 1. Factor and simplify. 


b. The factoring formula for the difference of perfect cubes is needed: 


fœ) -fla) _ x -a 


x7 a x7 a 
(x — a)(x? + ax + a’) 
= —___1_————__ Factoring formula. 
x-a 
= x? + ax + a’. Simplify. 


Related Exercises 57—66< 


EXAMPLE 9 Interpreting the slope of the secant line Sound intensity 7, measured 
in watts per square meter (W/m7), at a point r meters from a sound source with acoustic 
P 


Agr? 





power P is given by I(r) = 


a. Find the sound intensity at two points rı = 10m and r = 15 m from a sound source 
with power P = 100 W. Then find the slope of the secant line through the points 
(10, 7(10)) and (15, 7(15)) on the graph of the intensity function and interpret 
the result. 
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b. Find the slope of the secant line through any two points (7, /(7,)) and (r2, I(r2)) on 
the graph of the intensity function with acoustic power P. 


SOLUTION 
. l l 100 W i 7 
a. The sound intensity 10 m from the source is /(10) = -——_,, = 7— W/m’. At 
47(10 m) Aq 
. E 100 W i r 
15 m, the intensity is 7/15) = ————— = — W/m’. To find the slope of the 


4n(15m)? 9r 
secant line (Figure 1.12), we compute the change in intensity divided by the change in 
distance: 
1 1 


m,,, =< IS) = 100) E dt or meter 
FIGURE 1.12 te 15 10 5 367 P l 





The units provide a clue to the physical meaning of the slope: It measures the average 
rate at which the intensity changes as one moves from 10 m to 15 m away from the 
sound source. In this case, because the slope of the secant line is negative, the intensity 
is decreasing at an average rate of 1/(367r) W/m? per meter. 








b. P F 
I(r) — I(r Amr 4nr? 
Mses = Ir) = 1n) Aae Evaluate I(r) and I(r). 
I= a ry Ti 
P/ 1 1 
ÅT r ry 
= — Factor. 
ry Vy 
P re-ry 1 
= — + - Simplify. 
4T rir N=) 
a OTT, eee 
4m rry - (17n) 
P ri F |) 
= eae Cancel and simpify. 
ÅTT] ro 


The result represents the average rate at which the sound intensity changes over an in- 
terval [r,, rl. 


Related Exercises 67—70< 


Symmetry 


The word symmetry has many meanings in mathematics. Here we consider symmetries of 
graphs and the relations they represent. Taking advantage of symmetry often saves time 
and leads to insights. 


DEFINITION Symmetry in Graphs 


A graph is symmetric with respect to the y-axis if whenever the point (x, y) is on 
the graph, the point (—x, y) is also on the graph. This property means that the graph is 
unchanged when reflected about the y-axis (Figure |.13a). 

A graph is symmetric with respect to the x-axis if whenever the point (x, y) is 


on the graph, the point (x, —y) is also on the graph. This property means that the graph 
is unchanged when reflected about the x-axis (Figure |.13b). 

A graph is symmetric with respect to the origin if whenever the point (x, y) is 
on the graph, the point (—x, —y) is also on the graph (Figure 1.13c). Symmetry about 
both the x- and y-axes implies symmetry about the origin, but not vice versa. 





8 CHAPTER 1 © FUNCTIONS 







(—x, y) 


Symmetry 
about y-axis 


(a) 
FIGURE 1.13 


Even function—if (x, y) is on the 
graph, then (—x, y) is on the graph. 


y = xf — 2x7 — 20 
—30 


FIGURE 1.14 


No symmetry—neither an 
even nor odd function. 





FIGURE 1.15 








Symmetry 


about x-axis Symmetry 


about origin 


(b) (c) 


DEFINITION Symmetry in Functions 


An even function f has the property that f(—x) = f(x), for all x in the domain. The 
graph of an even function is symmetric about the y-axis. Polynomials consisting of 
only even powers of the variable (of the form x~”, where n is a nonnegative integer) 


are even functions. 

An odd function f has the property that f(—x) = —f(x), for all x in the domain. 
The graph of an odd function is symmetric about the origin. Polynomials consisting of 
only odd powers of the variable (of the form x7”*', where n is a nonnegative integer) 
are odd functions. 








IECK 4 Explain why the graph of a nonzero function cannot be symmetric with 
respect to the x-axis. < 


EXAMPLE 10 Identifying symmetry in functions Identify the symmetry, if any, in 
the following functions. 


a. f(x) = xf — 2x? — 20 
b. g(x) =x? — 3x + 1 
l 


x? -x 





c. h(x) = 


SOLUTION 


a. The function f consists of only even powers of x (where 20 = 20-1 = 20x” and x° 
is considered an even power). Therefore, f is an even function (Figure 1.14). This fact 
is verified by showing that f(—x) = f(x): 
f(—x) = (—x)* — 2(—x)*? — 20 = xt — 2x? — 20 = f(x). 
b. The function g consists of two odd powers and one even power (again, 1 = x° is con- 
sidered an even power). Therefore, we expect that the function has no symmetry about 
the y-axis or the origin (Figure |.15). Note that 


g(—x) = (—-x)? — 3(-x) + 1 = =x? + 3x + 1, 


so g(—x) equals neither g(x) nor —g(x), and the function has no symmetry. 


» The symmetry of compositions of even 


SECTION 1.1 EXERCISES 


and odd functions is considered in 
Exercises 95—101. 


Review Questions 


1. 


10. 


Use the terms domain, range, independent variable, and 
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c. In this case, h is a composition of an odd function f(x) = 1/x with an odd function 


g(x) = x? — x. Note that 
1 1 
Mm (=x)? — (—x) ~ x 


Because h(—x) = —h(x), h is an odd function (Figure 1.16). 





Odd function—if (x, y) is on the 
graph, then (—x, —y) is on the graph. 





(=15;-0353) 
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FIGURE 1.16 


Basic Skills 


dependent variable to explain how a function relates one represent functions. 


variable to another variable. 


Does the independent variable of a function belong to the domain 
or range? Does the dependent variable belong to the domain or 


range? 


Explain how the vertical line test is used to detect functions. 
If f(x) = 1/(x? + 1), what is f(2)? What is f(y)? 


Which statement about a function is true? (1) For each value of x 
in the domain, there corresponds one value of y; (11) for each value 
of y in the range, there corresponds one value of x. Explain. 


If f(x) = Vx and g(x) = x? — 2, find the compositions 


Joe. 2°77 jf, ands g. 


Suppose f and g are even functions with f(2) = 2 and 12. 
g(2) = —2. Evaluate f(g(2)) and g(f(—2)). 


Explain how to find the domain of f° g if you know the domain 


and range of f and g. 


Sketch a graph of an even function and give the function’s 


defining property. 


Sketch a graph of an odd function and give the function’s defining 


property. 


11. 


=i x). 


Related Exercises 71-80 


11-12. Vertical line test Decide whether graphs A, B, or both 
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13-20. Domain and range Graph each function with a graphing utility 
using the given window. Then state the domain and range of the function. 


13. f(x) = 3x*- 10; [-2,2] x [-10, 15] 


14. ¢(y) ee S [-4,6] x [3,3] 
15. f(x) = V4- x; [~4,4] x [-4,4] 
16. F(w) = W2-—w; [-3,2] x [0,2] 
17. h(u) = Wu—1; [-7,9] x [-2, 2] 


18. g(x) = (x? — 4 [—5,5] x [-10, 5] 


INV aD: 
19. f(x) = (9 — x”)??; [-4,4] x [0,30] 





20. g(t) = [-7,7] x [0, 1.5] 


1+? 
21-24. Domain in context Determine an appropriate domain of each 
function. Identify the independent and dependent variables. 


21. A stone is thrown vertically upward from the ground at a speed 
of 40 m/s at time t = 0. Its distance d (in meters) above the 
ground (neglecting air resistance) is approximated by the function 
f(t) = 40t — 5t’. 


22. A stone is dropped off a bridge from a height of 20 m above a 
river. If t represents the elapsed time (in seconds) after the stone is 
released, then its distance d (in meters) above the river is approxi- 
mated by the function f(t) = 20 — St’. 


23. A cylindrical water tower with a radius of 10 m and a height of 
50 m is filled to a height of h. The volume V of water (in cubic 
meters) is given by the function g(h) = 1007h. 


24. The volume V of a balloon of radius r (in meters) filled with 
helium is given by the function f(r) = frr?. Assume the balloon 


can hold up to 1 m°? of helium. 


25-36. Composite functions and notation Let f(x) = x” — 4, 
g(x) = x°, and F(x) = 1/(x — 3). Simplify or evaluate the following 
expressions. 





25. f(10) 26. f(p7) 27. g(1/z) 
28. F(y") 29. F(g(y)) 30. f(g(w)) 
31. 2(f(u)) 32, 124 H 7A) 33. F(F(x)) 
34. o(F(f(x))) 35. f(x +4) 36. r(#**) 


37-40. Working with composite functions Find possible choices for 
outer and inner functions f and g such that the given function h equals 
f° g. Give the domain of h. 


37. h(x) = (x? — 5)'° 


_ 2 
Oe ao ae LP 


39. h(x) = Vxt +2 


40. h(x) = 


38. h(x) 





= 
| 
— 





41-48. More composite functions Let f(x) = |x|, g(x) = x? — 4, 
F(x) = Vx, and G(x) = 1/(x — 2). Determine the following 
composite functions and give their domains. 


41. fog 42. gof 43. foG 
44. fogoG 45. Gogof 46. Fogog 
47. gog 48. GoG 


49-54. Missing piece Let g(x) = x” + 3. Finda function f that 
produces the given composition. 


49. (fog)(x) = x? 50. (f° g)(x) = 


x? + 3 
51. (fog)(x) = xf + 6x7 +9 52. (fog)(x) = xf + 6x? + 20 
53. (gef)(x) =x +3 54. (gof)(x) =x + 3 


55. Composite functions from graphs Use the graphs of f and g in 
the figure to determine the following function values. 


a. f(9(2)) b. g(f(2)) c. f(g(4)) 
d. g(f(5)) e. f(9(7)) f. f(f(8)) 

y 

10 

9 

8 y =f) 

7 

6 

5 

4 

3 

a 


56. Composite functions from tables Use the table to evaluate the 
given compositions. 


x = 0 1 3 

f(x) 3 io ef a ei 

g(x) -1 0 2 4 

h(x) 0 -1 0 3 0 4 
a. h(g(0)) b. g(f(4)) c. h(h(0)) 
d. g(h(f(4))) e. f(f(fU))) f. h(h(h(0))) 
g. f(h(g(2))) h. g(f(h(4))) i. g(e(e(1))) 


j. FFAGB))) 


57—66. Working with difference quotients Simplify the difference 
f(x +h) —flx) fx) — fla) 
and 
=a 











quotients i for the following functions. 
x 
57. fx) =x 58. f(x) = 4x — 3 
59, f(x) = 2/x 60. f(x) = 2x? — 3x + 1 
= _ 4 
61. f(x) = oad 62. f(x) =x 


63. f(x) =x? — 2x 64. f(x) =4 —- 4x — x? 


4 1 
65. f(x) = “3 66. f(x) =>- x’ 
67-70. Interpreting the slope of secant lines Jn each exercise, a 
function and an interval of its independent variable are given. The 
endpoints of the interval are associated with the points P and Q on the 
graph of the function. 


a. Sketch a graph of the function and the secant line through P and Q. 


b. Find the slope of the secant line in part (a), and interpret your an- 
swer in terms of an average rate of change over the interval. 
Include units in your answer. 


67. After t seconds, an object dropped from rest falls a distance 


d = 16t*, where d is measured in feet and 2 <t <5. 


68. After t seconds, the second hand on a clock moves through an 


angle D = 6t, where D is measured in degrees and 5 S t = 20. 


69. The volume V of an ideal gas in cubic centimeters is given 
by V = 2/p, where p is the pressure in atmospheres and 


05<p<2. 


70. The speed of a car prior to hard braking can be estimated by the 
length of the skid mark. One model claims that the speed S$ in 
mi/hris S = V30¢, where £ is the length of the skid mark in 


feet and 50 = € = 150. 


71-78. Symmetry Determine whether the graphs of the following 
equations and functions have symmetry about the x-axis, the y-axis, or 
the origin. Check your work by graphing. 


71. f(x) = xt + 5x? — 12 

72. f(x) = 3x? + 2x? — x 

73. f(x) =x? -x -2 

74. f(x) = 2|x| 

75. PP +y =1 

76. x? -y7 =0 

77. f(x) = xl|xl 

78. |x| + |y| =1 

79. Symmetry in graphs State whether the functions represented by 


graphs A, B, and C in the figure are even, odd, or neither. 





1.1 Review of Functions 11 


80. Symmetry in graphs State whether the functions represented by 


graphs A, B, and C in the figure are even, odd, or neither. 





Further Explorations 
81. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. The range of f(x) = 2x — 38 is all real numbers. 

b. The relation f(x) = x + 1 is not a function because 

f0) = fl) = 2. 

If f(x) = x~', then f(1/x) = 1/f(x). 

. In general, f(f(x)) = (f(x)). 

In general, f(g(x)) = g(f(x)). 

In general, f(g(x)) = (f° 8)(x). 

If f(x) is an even function, then cf(ax) is an even function, 

where a and c are real numbers. 

h. If f(x) is an odd function, then f(x) + d is an odd function, 
where d is a real number. 

i. If f is both even and odd, then f(x) = 0 for all x. 


mrme as 


82. Range of power functions Using words and figures, explain why 
the range of f(x) = x”, where n is a positive odd integer, is all 
real numbers. Explain why the range of g(x) = x”, where n is a 


positive even integer, is all nonnegative real numbers. 


83. Absolute value graph Use the definition of absolute value to 
graph the equation |x| — |y| = 1. Use a graphing utility only to 
check your work. 

84. Even and odd at the origin 


a. If f(0) is defined and f is an even function, is it necessarily 
true that f(0) = 0? Explain. 

b. If f(0) is defined and f is an odd function, is it necessarily 
true that f(0) = 0? Explain. 


85-88. Polynomial composition Determine a polynomial f that satis- 
fies the following properties. (Hint: Determine the degree of f; then 
substitute a polynomial of that degree and solve for its coefficients.) 


85. f(f(x)) = 9x — 8 

86. (f(x))? = 9x?-12x + 4 
87. f(f(x)) = 

88. (f(x) = 


— 12x? + 30 
— 12x? + 36 
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89-92. Difference quotients Simplify the difference quotients 102. Composite even and odd functions from tables Assume f is an 
f(x + h) — f(x) f(x) -f@ en even function and g is an odd function. Use the table to evaluate 
i and en by rationalizing the numerator. the given compositions. 
89. f(x) = Vx 90. f(x) = y 1 — 2x x 1 A 3 4 
f(x) 2 =] 3 —4 
ae) =e 92. f(x) = Vx? +1 g(x) 3 -1 4 2 
Vx 
Applicat; a. f(g(—1)) b. g(f(-4)) c. f(g(-3)) 
ae Bene ed EE d. f(g(—2)) e g(g(—1)) f. f(g(0) — 1) 
. Launching a rocke sma ee et 1s launched vertically g. f(g(g(—2))) h. e(f(f(-4))) i. ge(g(e(—1))) 
upward from the edge of a cliff 80 ft off the ground at a speed , ; l 
of 96 ft/s. Its height above the ground is given by the function 103. Composite even and odd functions from graphs Assume f is an 
h(t) = — 16t? + 96t + 80, where t represents time measured even function and g is an odd function. Use the (incomplete) graphs 
in seconds. of f and g in the figure to determine the following function values. 
a. Assuming the rocket is launched at t = 0, what is an a. f(g(-2)) b. g(f(-2)) c. f(g(-4)) 
appropriate domain for h? d. g(f(5) — 8) e. g(g(—7)) f. fll — f(8)) 
b. Graph h and determine the time at which the rocket reaches its y 
highest point. What is the height at that time? i 
94. Draining a tank (Torricelli’s law) A cylindrical tank 9 
with a cross-sectional area of 100 cm? is filled to a depth of 8 y =f) 
100 cm with water. At t = O, a drain in the bottom of the tank 7 
with an area of 10 cm? is opened, allowing water to flow out 6 
of the tank. The depth of water in the tank at time t = 0 is 5 
d(t) = (10 — 2.21). j 
a. Check that d(0) = 100, as specified. 3 
b. At what time is the tank empty? 5 | LD 
c. What is an appropriate domain for d? ; | /\ rT 
Additional Exercises (| oo 6 = ee ee 8 


95-101. Combining even and odd functions Let E be an even func- 
tion and O be an odd function. Determine the symmetry, if any, of the 
following functions. 





95. E+O 96. E-O 97. E/O 98. EoO 
1. 3,x7 = 2x7,¢7 —- p — 4p +3 2. Domain is all real 
numbers; range is {y:0 < y <1}. 3. (feg)(x) =xf +1 
and (g ° f)(x) = (x* + 1)*. 4. Ifthe graph were symmetric 
with respect to the x-axis, it would not pass the vertical line test.< 


99. Fok 100. O° 0 101.0° E 


1.2 Representing Functions 


We consider four different approaches to defining and representing functions: formulas, 
graphs, tables, and words. 


Using Formulas 


The following list is a brief catalog of the families of functions that are introduced in this 
chapter and studied systematically throughout this book; they are all defined by formulas. 


» One version of the Fundamental Theorem 1. Polynomials are functions of the form 
of Algebra states that a nonconstant a = 
polynomial of degree n has exactly Ja) S Ox” Faye Or St aie Fag, 


n {possibly complex) roots, counting where the coefficients ao,a,,...,a, are real numbers with a, # 0 and the 


nonnegative integer n is the degree of the polynomial. The domain of any polynomial 
is the set of all real numbers. An nth-degree polynomial can have as many as n real 


each root up to its multiplicity. 
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zeros or roots—values of x at which f(x) = 0; the zeros are points at which the graph 
of f intersects the x-axis. 


2. Rational functions are ratios of the form f(x) = p(x)/q(x), where p and q are 
polynomials. Because division by zero is prohibited, the domain of a rational function 
is the set of all real numbers except those for which the denominator is zero. 


3. Algebraic functions are constructed using the operations of algebra: addition, sub- 
traction, multiplication, division, and roots. Examples of algebraic functions are 
f(x) = V 2x? + 4 and f(x) = x'/4(x? + 2). In general, if an even root (square root, 
fourth root, and so forth) appears, then the domain does not contain points at which the 
quantity under the root is negative (and perhaps other points). 


4. Exponential functions have the form f(x) = b*, where the base b # | is a positive 
real number. Closely associated with exponential functions are logarithmic functions 
of the form f(x) = log, x, where b > 0 and b ¥ 1. An exponential function has a 
domain consisting of all real numbers. Logarithmic functions are defined for positive 
real numbers. 

The most important exponential function is the natural exponential function 
f(x) = e*, with base b = e, where e ~ 2.71828... is one of the fundamental con- 
stants of mathematics. Associated with the natural exponential function is the natural 
logarithm function f(x) = In x, which also has the base b = e. 


5. The trigonometric functions are sin x, cos x, tan x, cot x, sec x, and csc x; they are 
fundamental to mathematics and many areas of application. Also important are their 
relatives, the inverse trigonometric functions. 


6. Trigonometric, exponential, and logarithmic functions are a few examples of a large 
family called transcendental functions. Figure 1.17 shows the organization of these 
functions, all of which are explored in detail in upcoming chapters. 





QUICK CHECK 1 Are all polynomials 
rational functions? Are all algebraic Transcendental functions 


: : Algebraic functions 
functions polynomials? < 





Rational functions 


Many more! 
Polynomials 





FIGURE 1.17 


Using Graphs 

Although formulas are the most compact way to represent many functions, graphs often 
provide the most illuminating representations. Two of countless examples of functions 
and their graphs are shown in Figure 1.18. Much of this book is devoted to creating and 
analyzing graphs of functions. 


Snapshot of a traveling wave packet Probability of getting at least one 
y P double-six after n throws of two dice 


0: l | | | | I | | | | | La 
ENE AY 


60 80 100 120 n 
n number of throws 





FIGURE 1.18 
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There are two approaches to graphing functions. 


e Graphing calculators and software are easy to use and powerful. Such technology easily 
produces graphs of most functions encountered in this book. We assume you know how 
to use a graphing utility. 

e Graphing calculators, however, are not infallible. Therefore, you should also strive to 
master analytical methods (pencil-and-paper methods) in order to analyze functions 
and make accurate graphs by hand. Analytical methods rely heavily on calculus and are 
presented throughout this book. 


The important message is this: Both technology and analytical methods are essential 
and must be used together in an integrated way to produce accurate graphs. 


Linear Functions One form of the equation of a line (see Appendix A) is y = mx + b, 
where m and b are constants. Therefore, the function f(x) = mx + b has a straight-line 
graph and is called a linear function. 


EXAMPLE 1 Linear functions and their graphs Determine the function repre- 
sented by the line in Figure 1.19. 


SOLUTION From the graph, we see that the y-intercept is (0, 6). Using the points (0, 6) 
and (7,3), the slope of the line is 
Imo 3 


m — == : 
T= 7 





FIGURE 1.19 Therefore, the line is described by the function f(x) = —3x/7 + 6. 
Related Exercises 11-14 


EXAMPLE 2 Demand function for CDs After studying sales for several months, the 
owner of a large CD retail outlet knows that the number of new CDs sold in a day (called 
the demand) decreases as the retail price increases. Specifically, her data indicate that at 
> The units of the slope have meaning: a price of $14 per CD an average of 400 CDs are sold per day, while at a price of $17 per 
For every dollar that the price is reduced, CD an average of 250 CDs are sold per day. Assume that the demand d is a linear func- 
50 more CDs can be sold. tion of the price p. 


a. Find and graph the demand function d = f(p) = mp + b. 
b. According to this model, how many CDs (on average) are sold at a price of $20? 







The demand function SOLUTION 
d d= —50p + 1100 
is defined on the interval a. Two points on the graph of the demand function are given: (p, d) = (14, 400) and 


0S p= 22. (17, 250). Therefore, the slope of the demand line is 


_ 400 — 250 


= —50 CDs per dollar. 
14 — 17 


d = —50p + 1100 





It follows that the equation of the linear demand function is 
d — 250 = —50(p — 17). 


Expressing d as a function of p, we have d = f(p) = —50p + 1100 (Figure 1.20). 


b. Using the demand function with a price of $20, the average number of CDs that could 


FIGURE 1.20 be sold per day is f(20) = 100. 
Related Exercises 15—18< 


FIGURE 1.22 








FIGURE 1.23 


-4 -3 -2 -1 


FIGURE 1.24 


30 


20 
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Piecewise Functions A function may have different definitions on different parts 
of its domain. For example, income tax is levied in tax brackets that have different tax 
rates. Functions that have different definitions on different parts of the domain are called 
piecewise functions. If all of the pieces are linear, the function is piecewise linear. Here 
are some examples. 


EXAMPLE 3 Defining a piecewise function The graph of a piecewise linear 
function g is shown in Figure 1.21. Find a formula for the function. 


SOLUTION For x < 2, the graph is linear with a slope of 1 and a y-intercept of (0, 0); its 
equation is y = x. For x > 2, the slope of the line is —> and it passes through (4, 3), so an 
equation of this piece of the function is 


EE O EE 
y aC or y 5% 


For x = 2, we have g(2) = 3. Therefore, 


Related Exercises 19-22< 


EXAMPLE 4 Graphing piecewise functions Graph the following functions. 


LS a . 
————  ifx #2 

a. f(x) = C= 
1 ifx = 2 

b. f(x) = |x|, the absolute value function 





SOLUTION 
a. The function f is simplified by factoring and then canceling x — 2, assuming x # 2: 


e LE TE m o) 
42 c—2Z 


5 


Therefore, the graph of f is identical to the graph of the line y = x — 3 when x ¥ 2. 
We are given that f(2) = 1 (Figure 1.22). 


b. The absolute value of a real number is defined as 
ifx = 0 


X 
PSE E ifx <0. 


Graphing y = —x, for x < 0, and y = x, for x = 0, produces the graph in Figure 1.23. 
Related Exercises 23—28< 


Power and Root Functions 


1. Power functions are a special case of polynomials; they have the form f(x) = x”, 
where n is a positive integer. When n is an even integer, the function values are non- 
negative and the graph passes through the origin, opening upward (Figure 1.24). For 
odd integers, the power function f(x) = x” has values that are positive when x is posi- 
tive and negative when x is negative (Figure 1.25). 
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ECK 2 What is the range of f(x) = x’? What is the range of f(x) = x°1< 





2. Root functions are a special case of algebraic functions; they have the form 
f(x) = x!/", where n > 1 is a positive integer. Notice that when n is even (square 
roots, fourth roots, and so forth), the domain and range consist of nonnegative 
numbers. Their graphs begin steeply at the origin and then flatten out as x increases 
(Figure 1.26). 

By contrast, the odd root functions (cube roots, fifth roots, and so forth) are defined 
for all real values of x; their range also consists of all real numbers. Their graphs pass 
through the origin, open upward for x < 0 and downward for x > O, and flatten out as 
x increases in magnitude (Figure 1.27). 





FIGURE 1.25 


> Recall that if n is a positive integer, 


then x!/” is the nth root of x; that is, 


Ca ae 


Ol HCK l ai E | 





QL HECK 3 What are the domain 
an e of f(x) = x!/7? What are 
the domain and range of 


f(x) = xV/l0< FIGURE 1.26 FIGURE 1.27 








Rational Functions Rational functions figure prominently in this book and much is 
said later about graphing rational functions. The following example illustrates how analysis 
and technology work together. 


EXAMPLE 5 Technology and analysis Consider the rational function 


a. What is the domain of f? 

b. Find the roots (zeros) of f. 

c. Graph the function using a graphing utility. 

d. At what points does the function have peaks and valleys? 


e. How does f behave as x grows large in magnitude? 
SOLUTION 


a. The domain consists of all real numbers except those at which the de- 
nominator is zero. A graphing utility shows that the denominator has 
one real zero atx ~ 1.34. 


b. The roots of a rational function are the roots of the numerator, pro- 
vided they are not also roots of the denominator. Using a graphing 
utility, the only real root of the numerator is x ~ 0.85. 


c. After experimenting with the graphing window, a reasonable graph 
of f is obtained (Figure 1.28). At the point where the denominator is 
Domain =~ 1.34 zero, x ~ 1.34, the function becomes large in magnitude and f has a 
FIGURE 1.28 vertical asymptote. 





Table 1.1 
t (s) d (cm) 
0 0 
1 2 
2 6 
3 14 
4 24 
5 34 
6 44 
7 54 





FIGURE 1.31 






Aisel 
g(x) = 0 ifl<x<2 
—] ifx>2 


FIGURE 1.32 
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d. The function has two peaks (soon to be called local maxima), one near x = —3.0 and 
one near x = 0.4. The function also has two valleys (soon to be called local minima), 
one near x = —0.3 and one near x = 2.6. 


e. By zooming out, it appears that as x increases in the positive direction, the graph 
approaches the horizontal asymptote y = 3 from below, and as x becomes large and 
negative, the graph approaches y = 3 from above. 

Related Exercises 29-34< 


Using Tables 


Sometimes functions do not originate as formulas or graphs; they may start as numbers 
or data. For example, suppose you do an experiment in which a marble is dropped into a 
cylinder filled with heavy oil and is allowed to fall freely. You measure the total distance 
d, in centimeters, that the marble falls at times t = 0, 1, 2, 3, 4, 5, 6, and 7 seconds after it 
is dropped (Table 1.1). The first step might be to plot the data points (Figure 1.29). 


Distance (cm) 
Distance (cm) 





Time (s) Time (s) 


FIGURE 1.29 FIGURE 1.30 


The data points suggest that there is a function d = f(t) that gives the distance that 
the marble falls at all times of interest. Because the marble falls through the oil without 
abrupt changes, a smooth graph passing near the data points (Figure 1.30) is reasonable. 
Finding the best function that fits the data is a more difficult problem, which we discuss 
later in the text. 


Using Words 


Using words may be the least mathematical way to define functions, but it is often the way 
in which functions originate. Once a function is defined in words, it can often be tabu- 
lated, graphed, or expressed as a formula. 


EXAMPLE 6 A slope function Let g be the slope function for a given function f. In 
words, this means that g(x) is the slope of the curve y = f(x) at the point (x, f(x) ). Find 
and graph the slope function for the function f in Figure 1.31. 


SOLUTION For x < 1, the slope of y = f(x) is 2. The slope is 0 for 1 < x < 2, and the 
slope is —1 for x > 2. Atx = 1 and x = 2 the graph of f has a corner, so the slope is 
undefined at these points. Therefore, the domain of g is the set of all real numbers ex- 
cept x = | and x = 2, and the slope function (Figure 1.32) is defined by the piecewise 
function 


2 xal 
g(x) = 0 ila 2 2 


=] ify > 2. 
Related Exercises 35-38< 
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FIGURE 1.33 


EXAMPLE 7 An area function Let A be an area function for a positive function f. In 
words, this means that A(x) is the area of the region between the graph of f and the t-axis 
from t = 0 tot = x. Consider the function (Figure 1.33) 


f(t) = A LOS Po 
6 ift > 3. 


a. Find A(2) and A(5). 
b. Find a piecewise formula for the area function for f. 
SOLUTION 


a. The value of A(2) is the area of the shaded region between the graph of f and the 
t-axis from t = 0 tot = 2 (Figure |.34a). Using the formula for the area of a triangle, 


A(2) = = (2)(4) = 4, 


— NW FUNDA NIN OC & 
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FIGURE 1.34 


The value of A(5) is the area of the shaded region between the graph of f and the 
t-axis on the interval | 0, 5 | (Figure 1.34b). This area equals the area of the triangle whose 
base is the interval | 0, 3] plus the area of the rectangle whose base is the interval | 3, 5 |: 


area of the 
triangle area of the 
ee rectangle 


1 me 
A(5) = 5 (3)(6) + (2)(6) = 21. 


b. For 0 = x < 3 (Figure |.35a), A(x) is the area of the triangle whose base is the 
interval [0, x]. Because the height of the triangle at t = x is f(x), 


A(x) = =ef(x) — Ta(2x) = y’, 


— 


f(x) 
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FIGURE 1.35 
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FIGURE 1.36 
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For x > 3 (Figure 1.35b), A(x) is the area of the triangle on the interval |0, 3 | 
plus the area of the rectangle on the interval | 3, x|: 


area of the 


triangle 


— 


A(x) =Z (3)(6) + 


area of the 
rectangle 


pa 
(x — 3)(6) = 6x — 9. 


Therefore, the area function A (Figure 1.36) has the piecewise definition 


y= AQ) = | 


CS 7 SS 


ox = 9 ix 3. 


Related Exercises 39-42< 


Transformations of Functions and Graphs 


There are several ways to transform the graph of a function to produce graphs of new 
functions. Four transformations are common: shifts in the x- and y-directions and scalings 
in the x- and y-directions. These transformations, summarized in Figures |.37—1.42, can 
save time in graphing and visualizing functions. 


The graph of y = f(x) + dis the graph 
of y = f(x) shifted vertically by d units 
(up if d > 0 and down if d < 0). 






y= 3 


FIGURE 1.37 


For c > 0, the graph of y = cf(x) is the graph 
of y = f(x) scaled vertically by a factor of c 


(broadened if 0 < c < 1 and steepened if c > 1). 


y=] 


FIGURE 1.39 


The graph of y = f(x — b) is the graph 
of y = f(x) shifted horizontally by b units 
(right if b > 0 and left if b < 0). 





a. y =f(x — 2) 


FIGURE 1.38 


For c < 0, the graph of y = cf(x) is the graph of 
y = f(x) scaled vertically by a factor of |c| and 
reflected across the x-axis (broadened if 

—] < c < 0 and steepened if c < —1). 





y = —2f(@) 


FIGURE 1.40 
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For a > 0, the graph of y = f(ax) is the graph of y = f(x) For a < 0, the graph of y = f(ax) is the graph of y = f(x) 
scaled horizontally by a factor of a (broadened if 0<a< 1 scaled horizontally by a factor of |a| and reflected across the 
and steepened if a > 1). y-axis (broadened if —1 < a < 0 and steepened if a < —1). 


y = f(2x) 





FIGURE 1.41 FIGURE 1.42 
a a E EXAMPLE 8 Shifting parabolas The graphs A, B, and C in Figure 1.43 are obtained 
C from the graph of f(x) = x? using shifts and scalings. Find the function that describes 
A ý each graph. 
2 SOLUTION 


: AN Y a. Graph A is the graph of f shifted to the right by 2 units. It represents the function 
-4 -3 -N _| sQ 3 4 z f(x — 2) = (x - 2} = x? — 4x + 4. 
b. Graph B is the graph of f shifted down by 4 units. It represents the function 
f(x) -4 =x 4. 


c. Graph C is a broadened version of the graph of f shifted down by 1 unit. Therefore, it 
represents cf(x) — 1 = cx? — 1, for some value of c, withO < c < 1 (because the 


FIGURE 1.43 i , i 
graph is broadened). Using the fact that graph C passes through the points ( + 2, 0), 
» You should verify that graph C also we find that c = L, Therefore, the graph represents 
corresponds to a horizontal scaling 
and a vertical shift. It has the equation y= ; fT x) —1= 7 x2 — 1. 


y = f(ax) — 1, where a = }. 
Related Exercises 43—54 


HECK 4 How do you modify the graph of f(x) = 1/x to produce the graph of 
g(x) = 1/(x + 4)?« 





> Note that we can also write EXAMPLE 9 Scaling and shifting Graph g(x) = |2x + 1|. 
g(x) =2 lx + H, which means the graph 
of g may also be obtained by a vertical 





SOLUTION We write the function as g(x) = 2(x F 1), Letting f(x) = |x|, we have 
g(x) =f ( 2( x + 1) ). Thus, the graph of g is obtained by scaling (steepening) the graph 
of f horizontally and shifting it s-unit to the left (Figure 1.44). 


scaling and a horizontal shift. 


Related Exercises 43—54< 


Step 1: Horizontal scaling 
y = [2a 


y= 2x + 1| 
eA 
; following steps. 
2 
Basic curve — fi x) 
NY y= |x| 
N 
=f =72 =l 1 2, 3 x 


Step 2: Horizontal shift 


y=[2e+ 5] 
= |2x+ 1 
FIGURE 1.44 


SECTION 1.2 EXERCISES 


Review Questions 
Give four ways that functions may be defined and represented. 


What is the domain of a polynomial? 

What is the domain of a rational function? 

Describe what is meant by a piecewise linear function. 
Sketch a graph of y = x°. 


Sketch a graph of y = x, 


aan eS SY Se 


If you have the graph of y = f(x), how do you obtain the graph of 

y = f(x + 2)? 

8. If you have the graph of y = f(x), how do you obtain the graph of 
y = —3f(x)? 

9. If you have the graph of y = f(x), how do you obtain the graph of 

y = f(3x)? 


Given the graph of y = x”, how do you obtain the graph of 
y = 4(x + 3)? + 6? 


10. 


Basic Skills 
11-12. Graphs of functions Find the linear functions that correspond 
to the following graphs. 


11. 





by a factor of |c| 





12. 


13. 


14. 


15. 


16. 


17. 
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SUMMARY Transformations 


Given the real numbers a, b, c, and d and the function f, the graph of 
y = cf(a(x — b)) + dis obtained from the graph of y = f(x) in the 


horizontal scaling 
by a factor of |a| 


horizontal shift 


by b units j= fla(x — b)) 


vertical scaling 


y = cf(a(x — b)) 
vertical shift 


by d units Pee Cee) eo 





Graph of a linear function Find and graph the linear function 
that passes through the points (1, 3) and (2, 5). 


Graph of a linear function Find and graph the linear function 
that passes through the points (2, —3) and (5, 0). 


Demand function Sales records indicate that if DVD players are 
priced at $250, then a large store sells an average of 12 units per 
day. If they are priced at $200, then the store sells an average of 
15 units per day. Find and graph the linear demand function for 
DVD sales. For what prices is the demand function defined? 


Fund raiser The Biology Club plans to have a fundraiser for 
which $8 tickets will be sold. The cost of room rental and refresh- 
ments is $175. Find and graph the function p = f(n) that gives 
the profit from the fundraiser when n tickets are sold. Notice that 
f(0) = —$175; that is, the cost of room rental and refreshments 
must be paid regardless of how many tickets are sold. How many 
tickets must be sold to break even (zero profit)? 


Population function The population of a small town was 500 

in 2010 and is growing at a rate of 24 people per year. Find and 
graph the linear population function p(t) that gives the population 
of the town ¢ years after 2010. Then use this model to predict the 
population in 2025. 


22 


18. 
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Taxicab fees A taxicab ride costs $3.50 plus $2.50 per mile. Let 
m be the distance (in miles) from the airport to a hotel. Find and 
graph the function c(m) that represents the cost of taking a taxi 
from the airport to the hotel. Also determine how much it costs if 
the hotel is 9 miles from the airport. 


19-20. Graphs of piecewise functions Write a definition of the func- 
tions whose graphs are given. 


19. 


20. 


21. 


22. 








Parking fees Suppose that it costs 5¢ per minute to park at the air- 
port with the rate dropping to 3¢ per minute after 9 p.m. Find and 
graph the cost function c(t) for values of f satisfying 0 < t = 120. 
Assume that tis the number of minutes after 8:00 p.m. 


Taxicab fees A taxicab ride costs $3.50 plus $2.50 per mile for 
the first 5 miles, with the rate dropping to $1.50 per mile after 
the fifth mile. Let m be the distance (in miles) from the airport 

to a hotel. Find and graph the piecewise linear function c(m) 
that represents the cost of taking a taxi from the airport to a hotel 
m miles away. 


23-28. Piecewise linear functions Graph the following functions. 








ga 
fe I 
23. fix) =dx-1 °° 
2 =f 
2 
t= xX = 2 
Prai 
24. f(x) = Pe en 
4 ee, 
3x — 1 ifx =0 
25. f(x) = 4 oA 
—2x + 1 ifx>0 


27. 


28. 


gy 1 tx 1l 
26. = 
fx) ee ifx=1 
=A =): tee 1 
f(x) = 41 r—lis¢72 1 
2x— 1 ifx>l1l 
202 I= 0 
fxHsxnan2 Ttosc=e2 
3—x/2 ifx>2 


29-34. Graphs of functions 











a. Use a graphing utility to produce a graph of the given function. 
Experiment with different windows to see how the graph changes on 
different scales. 

b. Give the domain of the function. 

c. Discuss the interesting features of the function such as peaks, 
valleys, and intercepts (as in Example 5). 

29. f(x) =x? — 2x* + 6 30. f(x) = W2x? — 8 

2 2 
x“ — 4 3 = 2 
31. = 32. Se 
g(x) = fx) Fi 
33. f(x) =3 -— |2x— 1| 
PN ai] 
34. f(x) =4 x-1 “7 
0 ifx = 1 


(Hint: Sketch a more accurate picture of the graph by hand after 
first using a graphing utility.) 


35-38. Slope functions Determine the slope function for the following 


functions. 

35. f(x) = 2x +1 

36. f(x) = |x] 

37. Use the figure for Exercise 19. 


. Use the figure for Exercise 20. 


39-42. Area functions Let A(x) be the area of the region bounded by 
the t-axis and the graph of y = f(t) from t = 0 to t = x. Consider the 
following functions and graphs. 


a. Find A(2). b. Find A(6). c. Find a formula for A(x). 
39. f(t) = 6 

yY 

8 


y=JD 





40. f(t) = 5 





44. 


< 





re N WO A a WB N Ow 


42. f(t) = |t -—2| +1 


45. 





43. Transformations of y = |x| The functions f and g in the figure 
are obtained by vertical and horizontal shifts and scalings of 


46. 
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y = |x|. Find formulas for f and g. Verify your answers with a 
graphing utility. 





Transformations Use the graph of f in the figure to plot the fol- 
lowing functions. 


a. y = —f(x) b. y = f(x + 2) 
c. y = f(x — 2) d. y = f(2x) 
e y=f(x-—1)+2 f. y = 2f(x) 





Transformations of f(x) = x? Use shifts and scalings to trans- 
form the graph of f(x) = x? into the graph of g. Use a graphing 
utility only to check your work. 


a. g(x) = f(x — 3) 
c. g(x) = —3f(x — 2) + 4 


b. g(x) = f(2x — 4) 
d. g(x) = (===) +1 


Transformations of f(x) = Vx Use shifts and scalings to 
transform the graph of f(x) = Vx into the graph of g. 
Use a graphing utility only to check your work. 


a. g(x) = f(x + 4) b. g(x) = 2f(2x — 1) 


ce. g(x) = Vx-1 d. g(x) =3Vx-1-5 
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47-54. Shifting and scaling Use shifts and scalings to graph the 62. A function y = f(x) such that if you ride a bike for 50 mi at 
given functions. Then check your work with a graphing utility. Be sure x miles per hour, you arrive at your destination in y hours 
to identify an original function on which the shifts and scalings are 


63. A function y = f(x) such that if your car gets 32 mi/gal 


d. 
Pea and gasoline costs $x/gallon, then $100 is the cost of taking a 
47. f(x) =(x-2} +1 y-mile trip 
48. f(x) = x? — 2x + 3 (Hint: Complete the square first.) 64. Floor function The floor function, or greatest integer function, 


) 
49 ae f(x) = |x], gives the greatest integer less than or equal to x. 
i ae Graph the floor function, for —3 S x S 3. 
50. g(x) = 2x? — 1 ois z . . 
65. Ceiling function The ceiling function, or smallest integer func- 
51. g(x) = 2(x + 3)? tion, f(x) = |x], gives the smallest integer greater than or equal 
) 
) 
) 


j to x. Graph the ceiling function, for —3 S x S 3. 
52 pit) =x + 3x -5 
7 66. Sawtooth wave Graph the sawtooth wave defined by 
53. h(x) = —4x° — 4x + 12 


54. h(x) = |3x — 6| + 1 x+1 if-lsx<0O 


Further Explorations i= x n Os<x<l 
55. Explain why or why not Determine whether the following state- x-1 wflsx<2 
ments are true and give an explanation or a counterexample. Li? te = eS 


a. All polynomials are rational functions, but not all rational 
functions are polynomials. 


67. Square wave Graph the square wave defined by 
b. If f is a linear polynomial, then f° f is a quadratic polynomial. 


c. If f and g are polynomials, then the degrees of f° g and g ° f 0 ifx <0 
are equal. I foe Z = 1 
d. To graph g(x) = f(x + 2), shift the graph of f two units to fix) =40 iflsx<2 


the right. Il at 2 3 


56-57. Intersection problems Use analytical methods to find the 


following points of intersection. Use a graphing utility only to check 

your work. 68-70. Roots and powers Make a sketch of the given pairs of functions. 
Be sure to draw the graphs accurately relative to each other. 

56. Find the point(s) of intersection of the parabola y = x? + 2 and 


the line y = x + 4. 68. y = xandy = x° 

=. 43 = ai 

57. Find the point(s) of intersection of the parabolas y = x? and 69. y= x° andy = x 
y = —x? + 8x. 70. y =x" and y = x!⁄5 


58-59. Functions from tables Find a simple function that fits the data 


in the tables. Applications 


71. Relative acuity of the human eye The fovea centralis (or fovea) 
is responsible for the sharp central vision that humans use for 
reading and other detail-oriented eyesight. The relative acuity of 
a human eye, which measures the sharpness of vision, is modeled 
by the function 


0.568 
ROS eee ee 
0.331/6| + 0.568 


where 0 (in degrees) is the angular deviation of the line of sight 
from the center of the fovea (see figure). 


60-63. Functions from words Find a formula for a function de- a. Graph R, for—15 = 0 < 15. 
scribing the given situation. Graph the function and give a domain b. For what value of 0 is R maximized? What does this fact 
that makes sense for the problem. Recall that with constant speed, indicate about our eyesight? 
distance = speed: time elapsed or d = vt. 





60. A function y = f(x) such that y is 1 less than the cube of x 


61. A function y = f(x) such that if you run at a constant rate of 
5 mi/hr for x hours, then you run y miles 


c. For what values of 0 do we maintain at least 90% of our rela- 
tive acuity? (Source: The Journal of Experimental Biology 203 
3745—3754, (2000)) 





72. Tennis probabilities Suppose the probability of a server winning 


73. 


Number of pairs 


any given point in a tennis match is a constant p, with 0 S p S 1. 


Then the probability of the server winning a game when serving 
from deuce is 


p’ 


1 — 2p(1 — p) 
a. Evaluate f(0.75) and intepret the result. 


b. Evaluate f(0.25) and intepret the result. 
(Source: The College Mathematics Journal 38, No. 1 (Jan. 2007)). 


Ip) = 


Bald eagle population Since DDT was banned and the Endan- 
gered Species Act was passed in 1973, the number of bald eagles 
in the United States has increased dramatically (see figure). In 
the lower 48 states, the number of breeding pairs of bald eagles 
increased at a nearly linear rate from 1875 pairs in 1986 to 

6471 pairs in 2000. 


a. Find a linear function p(t) that models the number of breeding 
pairs from 1986 to 2000 (0 = t = 14). 
Using the function in part (a), approximately how many breed- 


ing pairs were in the lower 48 states in 1995? 


b. 


12,000 


10,000 


8000 


6000 


4000 


2000 





‘05 ‘06 


‘63 “74 “84 “868788899091 92939495969798 ‘9900 


Year 


Source: U.S. Fish and Wildlife Service. 


74. 


15. 


76. 


H 77. 


HH 78. 


H 79. 
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Temperature scales 


a. Find the linear function C = f(F) that gives the reading on 
the Celsius temperature scale corresponding to a reading on 
the Fahrenheit scale. Use the facts that C = 0 when F = 32 
(freezing point) and C = 100 when F = 212 (boiling point). 

. At what temperature are the Celsius and Fahrenheit readings 
equal? 


Automobile lease vs. purchase A car dealer offers a purchase 
option and a lease option on all new cars. Suppose you are inter- 
ested in a car that can be bought outright for $25,000 or leased for 
a start-up fee of $1200 plus monthly payments of $350. 


a. Find the linear function y = f(m) that gives the total amount 
you have paid on the lease option after m months. 

With the lease option, after a 48-month (4-year) term, the car 
has a residual value of $10,000, which is the amount that you 
could pay to purchase the car. Assuming no other costs, should 
you lease or buy? 


b. 


Surface area of a sphere The surface area of a sphere of radius r 
is S = 4mr?. Solve for r in terms of S and graph the radius func- 
tion for S = 0. 


Volume of a spherical cap A single slice through a sphere of 
radius r produces a cap of the sphere. If the thickness of the cap 
is h, then its volume is V = 42th” (3r — h). Graph the volume as 
a function of h for a sphere of radius 1. For what values of h does 
this function make sense? 


Walking and rowing Kelly has finished a picnic on an island 
that is 200 m off shore (see figure). She wants to return to a beach 
house that is 600 m from the point P on the shore closest to the 
island. She plans to row a boat to a point on shore x meters from 
P and then jog along the (straight) shore to the house. 





a. Let d(x) be the total length of her trip as a function of x. Graph 

this function. 

Suppose that Kelly can row at 2 m/s and jog at 4 m/s. Let T(x) 

be the total time for her trip as a function of x. Graph y = T(x). 

c. Based on your graph in part (b), estimate the point on the shore 
at which Kelly should land in order to minimize the total time 
of her trip. What is that minimum time? 


b. 


Optimal boxes Imagine a lidless box with height h and a square 
base whose sides have length x. The box must have a volume of 
Bir. 


Find and graph the function S(x) that gives the surface area of 
the box, for all values of x > 0. 

Based on your graph in part (a), estimate the value of x that 
produces the box with a minimum surface area. 


a. 


b. 
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Additional Exercises 84. Sum of integers Let S(n) = 1 + 2 + --- + n, where nisa 
80. Composition of polynomials Let f be an nth-degree polynomial positive integer. It can be shown that S(n) = n(n + 1)/2. 
and let g be an mth-degree polynomial. What is the degree of the a. Make a table of S(n), forn = 1,2,..., 10. 


following polynomials? 


b. How would you describe the domain of this function? 


a JJ b. fof G'g d. fog c. What is the least value of n for which S(n) > 1000? 
81. Parabola vertex property Prove that if a parabola crosses the 85. Sum of squared integers Let T(n) = 1? + 27 + --- +n’, 
x-axis twice, the x-coordinate of the vertex of the parabola is half- where n is a positive integer. It can be shown that 


way between the x-intercepts. 


82. Parabola properties Consider the general quadratic function 
f(x) = ax? + bx + c, witha # 0. 


T(n) = n(n + 1)(2n + 1)/6. 
a. Make a table of T(n), forn = 1,2,..., 10. 


b. How would you describe the domain of this function? 
c. What is the least value of n for which T(n) > 1000? 


a. Find the coordinates of the vertex in terms of a, b, and c. 
b. Find the conditions on a, b, and c that guarantee that the graph 


of f crosses the x-axis twice. 


QUICK CHECK ANSWERS 





83. Factorial function The factorial function is defined for positive 1. Yes;no 2. (—%,),[0,°%) 3. Domain and range are 
integers as n! = n(n — 1)(n — 2)--- 3+2°1. (—œ, ©), Domain and range are [0, ©). 4. Shift the graph 
a. Make a table of the factorial function, for n = 1, 2, 3, 4, 5. of f horizontally 4 units to the left.< 


b. Graph these data points and then connect them with a smooth 


curve. 


c. What is the least value of n for which n! > 10°? 


1.3 Inverse, Exponential, and Logarithmic 
Functions 


> 16°/4 can also be computed as 


W16° = VW/4096 = 8. 


» Exponent Rules 


For any base b > 0 and real numbers 
x and y, the following relations hold: 
E1. bD = b 


b* 
E2. — = b” 
bY 
a 1 E 
(which includes — = b” ) 
bY 


E3. (b*) = b? 
E4. b* > 0, for all x 


Exponential functions are fundamental to all of mathematics. Many processes in the world 
around us are modeled by exponential functions—they appear in finance, medicine, ecol- 
ogy, biology, economics, anthropology, and physics (among other disciplines). Every ex- 
ponential function has an inverse function, which is a member of the family of logarithmic 
functions, also discussed in this section. 


Exponential Functions 


Exponential functions have the form f(x) = b*, where the base b # 1 is a positive real 
number. An important question arises immediately: For what values of x can b* be evalu- 
ated? We certainly know how to compute b* when x is an integer. For example, 2° = 8 
and 274 = 1/2* = 1/16. When x is rational, the numerator and denominator are inter- 
preted as a power and root, respectively: 


power 


1634 = 163/4 = (16)? = 8. 


root 


But what happens when x is irrational? How should 2” be understood? Your calcula- 
tor provides an approximation to 2”, but where does the approximation come from? These 
questions will be answered eventually. For now we assume that b* can be defined for all 
real numbers x and it can be approximated as closely as desired by using rational numbers 
as close to x as needed. 





ICK CHECK 1 Is it possible to raise a positive number b to a power and obtain a nega- 
tive number? Is it possible to obtain zero? « 


Larger values of b 
produce greater rates 
of increase in b* if b> 1. 





FIGURE 1.45 


» The notation e was proposed by the 
Swiss mathematician Leonhard Euler 
(pronounced oiler) (1707—1783). 


1.3 Inverse, Exponential, and Logarithmic Functions 2d 


Properties of Exponential Functions f(x) = b* 


1. Because b* is defined for all real numbers, the domain of f is {x:-—%2% <x < œ}, 
Because b* > 0 for all values of x, the range of f is {y:0 < y < œ}. 


2. For all b > 0, b° = 1, and thus f(0) = 1. 


3. If b > 1, then f is an increasing function of x (Figure 1.45). For example, if b = 2, 
then 2* > 2” whenever x > y. 


4. IFO < b < 1, then f is a decreasing function of x. For example, if b = L 


w(i] n 


and because 2* increases with x, 2 * decreases with x (Figure 1.46). 


Smaller values of b produce 
greater rates of decrease 
in b*if0<b<1. 





FIGURE 1.46 





IECK 2 Explain why f(x) = (1/3) is a decreasing function. < 


The Natural Exponential Function One of the bases used for exponential functions 
is special. For reasons that will become evident in upcoming chapters, the special base is e, 


one of the fundamental constants of mathematics. It is an irrational number with a value of 
e = 2.718281828459.... 


DEFINITION The Natural Exponential Function 


The natural exponential function is f(x) = e*, which has the base 


e = 2.718281828459.... 





The base e gives an exponential function that has the following valuable property. As 
shown in Figure 1.47, the graph of y = e” lies between the graphs of y = 2* and y = 3* 
(because 2 < e < 3). At every point on the graph of y = e*, it is possible to draw a tan- 
gent line (discussed in Chapter 2) that touches the graph only at that point. The natural 
exponential function is the only exponential function with the property that the slope of 
the tangent line at x = 0 is 1 (Figure 1.47); thus, e* has both value and slope equal to 1 at 
x = 0. This property—minor as it may seem—leads to many simplifications when we do 
calculus with exponential functions. 
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x is in the domain of f and 
x = f(y) is in the range of f~ !. 


y is in the domain of f~! and 
y = f(x) is in the range of f. 


FIGURE 1.48 


> The notation f ! for the inverse 
can be confusing. The inverse is not 
the reciprocal; that is, f Eo is not 
1/f(x) = (f(x))!. We adopt the 
common convention of using simply 
inverse to mean inverse function. 





Tangent line has 


LA slope 1 at (0, 1). 





FIGURE 1.47 


Inverse Functions 


Consider the linear function f(x) = 2x, which takes any value of x and doubles it. The 
function that reverses this process by taking any value of f(x) = 2x and mapping it back 
to x is called the inverse function of f, denoted f™!. In this case, the inverse function is 


f-'(x) = x/2. The effect of applying these two functions in succession looks like this: 
I f 
S 24>? 


We now generalize this idea. 


DEFINITION Inverse Function 


Given a function f, its inverse (if it exists) is a function f ~! such that whenever 
y = f(x), then f(y) = x (Figure 1.48). 





CHECK 3 What is the inverse of f(x) = +x? What is the inverse of f(x) = x — 72 





Because the inverse “undoes” the original function, if we start with a value of x, apply 
f to it, and then apply f 7! to the result, we recover the original value of x; that is, 


Jt . 
~~ ™ ~~“ 


x ——— y —— x 


FNS) =x 


Similarly, if we apply f~! to a value of y and then apply f to the result, we recover 
the original value of y; that is, 


i 
[7N a 


y |=——— x =y 


FEO =y 


One-to-One Functions We have defined the inverse of a function, but said nothing 
about when it exists. To ensure that f has an inverse on a domain, f must be one-to-one on 
that domain. This property means that every output of the function f must correspond to 
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exactly one input. The one-to-one property is checked graphically by using the horizontal 
line test. 


DEFINITION One-to-One Functions and the Horizontal Line Test 


A function f is one-to-one on a domain D if each value of f(x) corresponds to exactly 


one value of x in D. More precisely, f is one-to-one on D if f(x,) # f(x.) whenever 
Xx Æ Xp, for xı and x in D. The horizontal line test says that every horizontal line 
intersects the graph of a one-to-one function at most once (Figure 1.49). 





One-to-one function: Not one-to-one function: 
Each value of y corresponds Some values of y correspond 
to at most one value of x. to more than one value of x. 





FIGURE 1.49 


For example, in Figure 1.50, some horizontal lines intersect the graph of f(x) = x? twice. 
Therefore, f does not have an inverse function on the interval (—%, ©). However, if f is 
restricted to the interval (— %, 0| or [0, oo), then it does pass the horizontal line test and it 
is one-to-one on these intervals. 


f(x) = x is not f(x) =x’ is 1-1 {Oy =F is 1-1 
1-1 on (—™, ©), on (—®, 0]. on [0, ©). 







f fails the 
horizontal 
line test. 


\ 





Domain: (—©, ©) Domain: (—%, 0] Domain: [0, ©) 


FIGURE 1.50 


EXAMPLE 1 One-to-one functions Determine the (largest possible) intervals on 
which the function f(x) = 2x”? — x* (Figure 1.51) is one-to-one. 


SOLUTION The function is not one-to-one on the entire real line because it fails the hori- 
zontal line test. However, on the intervals (—~, —1], [—1, 0], 0, 1], and 1, oo), fis 
one-to-one. The function is also one-to-one on any subinterval of these four intervals. 
FIGURE 1.51 Related Exercises 11—14< 
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» The statement that a one-to-one function 
has an inverse is plausible based on 
its graph. However, the proof of this 


theorem is fairly technical and is omitted. 





fis one-to-one fis one-to-one 





and has an inverse and has an inverse 
on (—®, 0J. on [0, ©). 
FIGURE 1.53 


> Once you find a formula for f~! you 
can check your work by verifying that 


f"(f(x)) = x and ff" (x)) = x. 





Existence of Inverse Functions Figure |.52a illustrates the actions of a one-to-one 
function f and its inverse f '. We see that f maps a value of x to a unique value of y. In 
turn, f! maps that value of y back to the original value of x. When f is not one-to-one, this 
procedure cannot be carried out (Figure |.52b). 


y y Two values of x 
correspond to y. 


f maps x to y 


(x, y) 
VST) 





4 ssf o 7 


| maps y to x 





(a) 
FIGURE 1.52 


THEOREM 1.1 Existence of Inverse Functions 
Let f be a one-to-one function on a domain D with a range R. Then f has a 
unique inverse f ! with domain R and range D such that 


“'(f(x)) = x and f(f"(y)) = y, 


where x is in D and y is in R. 








au CK CHECK 4 The function that gives degrees Fahrenheit in terms of degrees Celsius is 
= = 9C j 5 + 32. Explain why this function has an inverse.< 


EXAMPLE 2 Does an inverse exist? Determine intervals on which f(x) = x? — 1 
has an inverse function. 


SOLUTION On the interval (— ©, ©) the function does not pass the horizontal line test 
and is not one-to-one (Figure 1.53). However, if f is restricted to the intervals (—™, 0| or 
[0, 0), it is one-to-one and an inverse exists. 

Related Exercises 15-20 


Finding Inverse Functions The crux of finding an inverse for a function f is 
solving the equation y = f(x) for x in terms of y. If it is possible to do so, then we have 
found a relationship of the form x = f~! (y). Interchanging x and y in x = f~! (y) so 
that x is the independent variable (which is the customary role for x), the inverse has the 
form y = f! (x). Notice that if f is not one-to-one, this process leads to more than one 
inverse function. 


PROCEDURE Finding an Inverse Function 


Suppose f is one-to-one on an interval Z. To find f™!: 


1. Solve y = f(x) for x. If necessary, choose the function that corresponds to 7. 


2. Interchange x and y and write y = f~!(x). 
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EXAMPLE 3 Finding inverse functions Find the inverse(s) of the following func- 
tions. Restrict the domain of f if necessary. 


a. f(x) = 2x + 6 b. f(x) =x*- 1 


SOLUTION 
> A constant function (whose graph is a a. Linear functions (except for constant linear functions) are one-to-one on the entire real 
horizontal line) fails the horizontal line line. Therefore, an inverse function for f exists for all values of x. 


test and does not have an inverse. 


Step 1: Solve y = f(x) for x: We see that y = 2x + 6 implies that 2x = y — 6, or 
x = (y — 6)/2. 
Step 2: Interchange x and y and write y = f~! (x): 
e 
z 





y=f(x) = 


It is instructive to verify that the inverse relations f(f~'(x)) = x and 
f-'(f(x)) = x are satisfied: 





fray) A) = (254) + 6-2-6 +6 =x 
ae a 


f(x) = 2x + 6 
a ne  (2x+6)-6_ 
f (Jp) =f (2x + 6) ~; x 
ee, 


f(x) =  — 6)/2 


b. As shown in Example 2, the function f(x) = x” — 1 is not one-to-one on the entire 
real line; however, it is one-to-one on (—~, 0| and on [0, oo). If we restrict our atten- 
tion to either of these intervals, then an inverse function can be found. 


Step 1: Solve y = f(x) for x: 


y=x?-1 
xX =y+l1 
y Inverse functions _ Vy +l 
for f(x) =x? -1 *— -vy F L. 
y=f = Vx+1 Each branch of the square root corresponds to an inverse function. 


Step 2: Interchange x and y and write y = f~! (x): 
y=f(x) = Vx+1 o y=f(x) =-Vx+ 1. 


The interpretation of this result is important. Taking the positive branch 
of the square root, the inverse function y = f t(x) = Vx + 1 gives 
positive values of y; it corresponds to the branch of f(x) = x? — 1 on 





- fa) -VF the interval |0, œ ) (Figure 1.54). The negative branch of the square root, 
g i i y = f !(x) =— Vx + 1, is another inverse function that gives negative 
values of y; it corresponds to the branch of f(x) = x* — 1 on the interval 
FIGURE 1.54 (—œ,0]. Related Exercises 21-30 


CK 5 On what interval(s) does the function f(x) = x? have an inverse? < 
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The lines y = 2x + 6 and its inverse 
x . 
y=57 3 are symmetric about 


the line y = x. 





fx) = 2x + 6 





FIGURE 1.55 


The curves y = Vx — 1 (x = 1) and 
y =x? + 1 (x = 0) are symmetric 
about y = x. 


f '@) =27 +1 =0) 





FIGURE 1.56 


Symmetry about y = x means... 







if (a, b) is on the 
graph of f, ... 


...then (b, a) is 


FIGURE 1.57 


on the graph of f—!. 


Graphing Inverse Functions 


The graphs of a function and its inverse have a special relationship, which is illustrated in 
the following example. 

EXAMPLE 4 Graphing inverse functions Plot f and f~! on the same coordinate axes. 
a. f(x) = 2x + 6 b. f(x) = Vx-1 

SOLUTION 

a. The inverse of f(x) = 2x + 6, found in Example 3, is 


x—6 x 
= = 2. 
2 2 





y=f"(x) = 


The graphs of f and f | are shown in Figure 1.55. Notice that both f and f~! are in- 
creasing linear functions and they intersect at (—6, —6). 


b. The domain of f(x) = Vx — 1 is the set {x:x = 1}. On this domain f is one-to- 
one and has an inverse. It can be found in two steps: 


Step 1: Solve y = Vx — 1 for x: 


y=x-1 o x=y +l. 


Step 2: Interchange x and y and write y = f~! (x): 
y=f(x) =x +1. 


The graphs of f and f7! are shown in Figure 1.56. Related Exercises 31-40< 

Looking closely at the graphs in Figure 1.55 and Figure 1.56, you see a symmetry that 
always occurs when a function and its inverse are plotted on the same set of axes. In each 
figure, one curve is the reflection of the other curve across the line y = x. These curves 
have symmetry about the line y = x, which means that the point (a, b) is on one curve 
whenever the point (b, a) is on the other curve (Figure 1.57). 

The explanation for the symmetry comes directly from the definition of the inverse. 
Suppose that the point (a, b) is on the graph of y = f(x), which means that b = f(a). By 
the definition of the inverse function, we know that a = f l(b), which means that the 
point (b, a) is on the graph of y = f~'(x). This argument applies to all relevant points 
(a, b), so whenever (a, b) is on the graph of f, (b, a) is on the graph of f~'. As a conse- 
quence, the graphs are symmetric about the line y = x. 


Logarithmic Functions 


Everything we learned about inverse functions is now applied to the exponential func- 
tion f(x) = b*. For any b > 0, with b ¥ 1, this function is one-to-one on the interval 


a) (— co, œ). Therefore, it has an inverse. 


DEFINITION Logarithmic Function Base b 
For any base b > 0, with b ¥ 1, the logarithmic function base b, denoted y = log, x, 


is the inverse of the exponential function y = b*. The inverse of the natural exponential 
function with base b = e is the natural logarithm function, denoted y = In x. 





The inverse relationship between logarithmic and exponential functions may be stated 
concisely in several ways. First, we have 


y = log,x ifandonlyif b = x. 


Logarithms were invented around 1600 
for calculating purposes by the Scotsman 
John Napier and the Englishman 

Henry Briggs. Unfortunately, the word 
logarithm, derived from the Greek 

for reasoning (logos) with numbers 
(arithmos), doesn’t help with the 
meaning of the word. When you see 
logarithm, you should think exponent. 


Logarithm Rules 


For any base b > 0(b # 1) and 
positive real numbers x and y, the 
following relations hold: 


L1. log, (xy) = log, x + log, y 
L2. log, (=) = log, x — log, y 
y 
, 1 
( inctudes log, — = —log, ) 
y 


L3. log, (x) = y log, x 
L4. log,b = 1 


c6 What is the domain of 





f(x) = log, (x°)? What is the range 
of f(x) = log, (x*)?< 


» Provided the arguments are positive, 


we can take the log, of both sides of 
an equation and produce an equivalent 
equation. 
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Combining these two conditions results in two important relations. 


Inverse Relations for Exponential and Logarithmic Functions 


For any base b > 0, with b ¥ 1, the following inverse relations hold: 


I1. p%* = x, forx > 0 


12. log, b* = x, for real values of x 





Properties of Logarithmic Functions The graph of the logarithmic function is gen- 
erated using the symmetry of the graphs of a function and its inverse. Figure 1.58 shows 
how the graph of y = b*, for b > 1, is reflected across the line y = x to obtain the graph 
of y = logy x. 

The graphs of y = log, x are shown (Figure 1.59) for several bases b > 1. Loga- 
rithms with bases 0 < b < 1, although well defined, are generally not used (and they can 
be expressed in terms of bases with b > 1). 


Graphs of b* and log, x are 
symmetric about y = x. 


y 
log, 1 = 0 for any y = log,x 
base b > 0,b #1. 
y=Inx 
y = log, x 
1 
y = log,o* 


log, x increases on the 
interval x > 0 when b > 1. 





— 
= 


FIGURE 1.59 


FIGURE 1.58 


Logarithmic functions with base b > 0 satisfy properties that parallel the properties 
of the exponential functions given earlier. 
1. Because the range of b*is {y:0 < y < œ }, the domain of log, xis {x:0 < x < o}. 
2. The domain of b* is all real numbers, which implies that the range of log, x is all real 
numbers. 
3. Because b° = 1, it follows that log, 1 = 0. 


4. If b > 1, then log, x is an increasing function of x. For example, if b = e, then 
Inx > In y whenever x > y (Figure 1.59). 


EXAMPLE 5 Using inverse relations One thousand grams of a particular radioactive 
substance decays according to the function m(t) = 1000e~/*°°, where t = 0 measures 
time in years. When does the mass of the substance reach the safe level deemed to be 1 g? 


SOLUTION Setting m(t) = 1, we solve 1000e“/®°° = 1 by dividing both sides by 1000 
and taking the natural logarithm of both sides: 
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» A similar argument is used to derive 
more general formulas for changing from 
base b to any other positive base c. 


This equation is simplified by calculating In (1/1000) ~ —6.908 and observing that 


t 
In (et oo) 350 (inverse property I2). Therefore, 


Solving for t, we find that £ ~ (—850)(—6.908) ~ 5872 years. 
Related Exercises 41-58 


Change of Base 


When working with logarithms and exponentials, it doesn’t matter in principle which base 
is used. However, there are practical reasons for switching between bases. For example, 
most calculators have built-in logarithmic functions in just one or two bases. If you need 
to use a different base, then the change-of-base rules are essential. 

Consider changing bases with exponential functions. Specifically, suppose you wish 
to express b* (base b) in the form e” (base e), where y must be determined. Taking the 
natural logarithm of both sides of e” = b*, we have 


lne” = Inb* which implies that y = x In b. 
=~ s 


y xInb 
It follows that b* = e? = e*!°. For example, 47 = e*"4, 
The formula for changing from log, x to ln x is derived in a similar way. We let 
y = log, x, which implies that x = b”. Taking the natural logarithm of both sides of 
x = b’ gives Inx = ln b” = y ln b. Solving for y = log, x gives us the required formula: 
In x 


= | = c; 
y Ogp X Inb 


Change-of-Base Rules 
Let b be a positive real number with b # 1. Then 


x — 2x ID — lnx 
b e , forallx and log,x mb’ forx > 0. 
n 


More generally, if c is a positive real number with c ¥ 1, then 


loge x 
a for x > 0. 


b* = oret forallx and log,x = 
log, b 





EXAMPLE 6 Changing bases 


gxt4 


a. Express as an exponential function with base e. 


b. Express log, x using base e and base 32. 
SOLUTION 
a. Using the change-of-base rule for exponential functions, we have 


qxt4 — e(4t4)in 2 


b. Using the change-of-base rule for logarithmic functions, we have 


Inx 
log, x = — ~ 1.44Inx. 
In 2 
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To change from base 2 to base 32, we use the general change-of-base formula: 








log3, x o log35 x 
log35 2 1/5 


The middle step follows from the fact that 2 = 321/5, so log3,2 = L 
Related Exercises 59-68< 


= 5 log32 X. 


SECTION 1.3 EXERCISES 


Review Questions 





1. Forb > 0, what are the domain and range of f(x) = b*? 12. Find four intervals on which f is one-to-one, making each interval 
j! ible. 
2. Give an example of a function that is one-to-one on the entire real i A la 
number line. 
3. Explain why a function that is not one-to-one on an interval / 
cannot have an inverse function on 7. 
4. Explain with pictures why (a, b) is on the graph of f whenever 
(b, a) is on the graph of f. 
5. Sketch a function that is one-to-one and positive for x = 0. Make 
a rough sketch of its inverse. 
6. Express the inverse of f(x) = 3x — 4 inthe form y = f'(x). 
7. Explain the meaning of log, x. 
8. How is the property b**” = b*b” related to the property 
logy (xy) = log, x + log, y? 
9. Forb > Owithb = 1, what are the domain and range of 13. Sketch a graph of a function that is one-to-one on the interval 
f(x) = log, x and why? (—œ, 0), but is not one-to-one on (—™, ©). 
10. Express 2° using base e. 14. Sketch a graph of a function that is one-to-one on the intervals 
(—%,—2), and (0, ©) but is not one-to-one on (—™, œ). 
Basic Skills 


11-14. One-to-one functions 


11. 


15-20. Where do inverses exist? Use analytical and/or graphical 
methods to determine the intervals on which the following functions 
Find three intervals on which f is one-to-one, making each inter- have an inverse (make each interval as large as possible). 


val as large as possible. 15. f(x) =3x+4 


16. f(x) = |2x + 1| 
17. f(x) = 1/(x — 5) 
18. f(x) = -(6 — x)’ 
19. f(x) = 1/x? 


20. f(x) = x? — 2x + 8 (Hint: Complete the square.) 


21-28. Finding inverse functions 


a. Find the inverse of each function (on the given interval, if specified) 
and write it in the form y = f'(x). 
b. Verify the relationships f(f~'(x)) = x and f-'(f(x)) = x. 


21. f(x) = 2x 
22. f(x) =x/4+1 
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23. f(x) =6—- 4x 35. f(x) = xt + 4,forx = 0 

24. f(x) = 3x° E36. f(x) = 6/(x? — 9), forx > 3 

25. f(x) = 3x +5 37. f(x) = x° — 2x + 6, for x = 1 (Hint: Complete the square.) 
26. f(x) =x? + 4, forx = 0 38. f(x) = —x* — 4x — 3, for x < —2 (Hint: Complete the square.) 
27. f(x) = Vx + 2, for x = —2 39-40. Graphs of inverses Sketch the graph of the inverse function. 
28. f(x) = 2/(x* + 1), forx = 0 39. 


29. Splitting up curves The unit circle x? + y? = 1 consists of four 
one-to-one functions, fi(x), h(x), h(x), and f4(x) (see figure). 


a. Find the domain and a formula for each function. 
b. Find the inverse of each function and write it as y = f'(x). 


40. 





30. Splitting up curves The equation ył = 4x? is associated with four 
one-to-one functions f(x), h(x), (x), and f4(x) (see figure). 


a. Find the domain and a formula for each function. 
b. Find the inverse of each function and write it as y = f~'(x). 





y =h) = 41-46. Solving logarithmic equations Solve the following equations. 
41. logipx = 3 42. logsx = -1 
43. logex = 4 44. log, 125 = 3 
45. Inx = -1 46. Iny = 3 


47-52. Properties of logarithms Assume log, x = 0.36, log, y = 0.56, 
and log, z = 0.83. Evaluate the following expressions. 





y =f) 
47. log, . 48. log, x” 
y 
N . l l ' V xy 

31-38. Graphing inverse functions Find the inverse function (on the 49. log, xz 50. log, —— 
given interval, if specified) and graph both fand f~! on the same set of Z 
axes. Check your work by looking for the required symmetry in the graphs. pyi 

SL log,- > 52. log — = 
31. f(x) = 8 — 4x Wz Vy 
32. f(x) = 4x — 12 53-56. Solving equations Solve the following equations. 
33. f(x) = Vx, forx = 0 53. 7 = 21 54. 2* = 55 
34. f(x) = V3 —x,forx = 3 55 oS s 56. 5% = 29 


57. Using inverse relations One hundred grams of a particular radioac- 
tive substance decays according to the function m(t) = 100 eo 


where t > 0 measures time in years. When does the mass reach 
50 grams? 


58. Using inverse relations The population P of a small town is 


growing according to the function P(t) = 100 e’/°°, where t mea- 


sures the number of years after 2010. How long does it take the 
population to double? 


59-62. Calculator base change Write the following logarithms in 
terms of the natural logarithm. Then use a calculator to find the value 
of the logarithm, rounding your result to four decimal places. 


59. log, 15 60. log; 30 61. log, 40 62. log, 60 


63-68. Changing bases Convert the following expressions to the indi- 
cated base. 


63. 2* using base e 

64. 3°"~ using base e 

65. In |x| using base 5 

66. log, (x? + 1) using base e 

67. a!" using base e, fora > Oanda # 1 


68. a!/'°24 using base 10, fora > Oanda # 1 


Further Explorations 


69. Explain why or why not Determine whether the following state- 74. 


ments are true and give an explanation or counterexample. 
a. Ify = 3*, then x = Vy. 





log, x 
b. = log, x a log, y 
log, y 
c. log; 4° = 4 log; 6 
d. 2 = 100810? 
e 2 = In2° 
f. If f(x) = x? + 1, then f-'(x) = 1/(x? + 1). 
g. If f(x) = 1/x, then f'(x) = 1/x. 


70. Graphs of exponential functions The following figure shows 
the graphs of y = 2°, y = 3*,y = 2%, and y = 3 *. Match each 
curve with the correct function. 


80. 
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71. Graphs of logarithmic functions The following figure shows the 
graphs of y = log, x, y = log4 x, and y = log;) x. Match each 
curve with the correct function. 





72. Graphs of modified exponential functions Without using a 
graphing utility, sketch the graph of y = 2*. Then, on the same set 
of axes, sketch the graphs of y = 2 *, y = 2, y = 2* + 1, and 

2x 
y= 2%, 


73. Graphs of modified logarithmic functions Without using a 
graphing utility, sketch the graph of y = log, x. Then, on the same 
set of axes, sketch the graphs of y = log, (x — 1), y = log, x’, 

y = (log, x)*, and y = logy x + 1. 

Large intersection point Use any means to approximate the 
intersection point(s) of the graphs of f(x) = e” and g(x) = x!”. 
(Hint: Consider using logarithms.) 


75-78. Finding all inverses Find all the inverses associated with the 
following functions and state their domains. 


75. f(x) = (x + 1)° 76. f(x) = (x - 4) 
77. f(x) = 2/(x* + 2) 78. f(x) = 2x/(x + 2) 


Applications 

79. Population model A culture of bacteria has a population of 
150 cells when it is first observed. The population doubles every 
12 hr, which means its population is governed by the function 
p(t) = 150 X 2'/'?, where t is the number of hours after the first 
observation. 


Verify that p(0) = 150, as claimed. 

. Show that the population doubles every 12 hr, as claimed. 
What is the population 4 days after the first observation? 
. How long does it take the population to triple in size? 
How long does it take the population to reach 10,000? 


cao oe 


Charging a capacitor A capacitor is a device that stores electrical 
charge. The charge on a capacitor accumulates according to the 
function Q(t) = a(1 — e~/°), where t is measured in seconds, 
and a and c > Q are physical constants. The steady-state charge 
is the value that Q(t) approaches as t becomes large. 


a. Graph the charge function for t = O using a = 1 and c = 10. 
Find a graphing window that shows the full range of the 
function. 

b. Vary the value of a holding c fixed. Describe the effect on the 
curve. How does the steady-state charge vary with a? 
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c. Vary the value of c holding a fixed. Describe the effect on the 87. Inverses of a quartic Consider the quartic polynomial 
curve. How does the steady-state charge vary with c? y=fa) Sx = x 


d. Find a formula that gives the steady-state charge in terms of a a. Graph f and estimate the largest intervals on which it is one- 


and c. to-one. The goal is to find the inverse function on each of these 


81. Height and time The height of a baseball hit straight up from the intervals. E 
ground with an initial velocity of 64 ft/s is given by h = f(t) = b. Make the substitution u = x^ to solve the equation y = f(x) for 
6At — 1672. where ¢ is measured in seconds after the hit x in terms of y. Be sure you have included all possible solutions. 


c. Write each inverse function in the form y = f'(x) for each of 


a. Is this function one-to-one on the interval O = t = 4? : 
the intervals found in part (a). 


b. Find the inverse function that gives the time ¢ at which the ball 


is at height h as the ball travels upward. Express your answer 88. Inverse of composite functions 

— ¢-l 

in the form t = f (h). a. Let g(x) = 2x + 3 and h(x) = x°. Consider the composite 
c. Find the inverse function that gives the time ¢ at which the ball function f(x) = g(h(x)). Find f~! directly and then express it 

is at height h as the ball travels downward. Express your an- in terms of g`! and h™!, 

l — ¢-l 

swer 1n the form f =f (h); b. Let g(x) = x” + 1 and A(x) = Vx. Consider the composite 

d. At what time is the ball at a height of 30 ft on the way up? function f(x) = g(h(x)). Find J directly and then express it 


e. At what time is the ball at a height of 10 ft on the way down? in terms of g`! and h!. 


82. Velocity of a skydiver The velocity of a skydiver (in m/s) t sec- c. Explain why if g and A are one-to-one, the inverse of 


onds after jumping from the plane is v(t) = 600(1 — e™/®) /k, f(x) = g(h(x)) exists. 
where k > Q0 is a constant. The terminal velocity of the skydiver 
is the value that v(t) approaches as t becomes large. Graph v with 
k = 11 and estimate the terminal velocity. 


89-91. Inverses of (some) cubics Finding the inverse of a cubic poly- 
nomial is equivalent to solving a cubic equation. A special case that is 
simpler than the general case is the cubic y = f(x) = x? + ax. Find 


Addiianal Erercisei the inverse of the following cubics using the substitution (known as 


83. Reciprocal bases Assume that b > 0 and b # 1. Show that Vieta’s substitution) x = z — a/ (3z). Be sure to determine where the 
function is one-to-one. 





logi x = — log, x. 
84. Proof of rule L1 Use the following steps to prove that 89. f(x) = x° + 2x 90. f(x) = x? — 2x 
logy (xy) = log, x + logy y. 91. Nice property Prove that (log, c)(log.b) = 1, for b > 0, 
a. Let x = b? and y = b’. Solve these expressions for p and q, c> 0,0 = Lande #1 
respectively. 
b. Use property E1 for exponents to express xy in terms of b, p, 
and q. 
c. Compute log, (xy) and simplify. 1. b* is always positive (and never zero) for all x and for 


positive bases b. 2. Because (1/3)* = 1/3” and 3* increases 
as x increases, it follows that (1/3)* decreases as x increases. 
3. f '(x) = 3x;f-'(x) =x +7. 4. For every Fahrenheit 


85. Proof of rule L2 Modify Exercise 84 and use property E2 for 
exponents to prove that log, (x/y) = log, x — log, y. 


86. Proof of rule L3 Use the following steps to prove that temperature, there is exactly one Celsius temperature, and 
logy (x”) = y log, x. vice versa. The given relation is also a linear function. It is 
a. Let x = b”. Solve this expression for p. one-to-one, so it has an inverse function. 5. The function 
b. Use property E3 for exponents to express x” in terms of b f( x) = y? is one-to-one on = 00, 00 i, so it has an inverse for 
and p. all values of x. 6. The domain of log, (x°) is all real num- 


i ee ae 
> Compute top nee enc sm: bers except zero (because x” is positive for x # 0). The 


range of log, (x°) is all real numbers. < 


1.4 Trigonometric Functions and Their Inverses 


This section is a review of what you need to know in order to study the calculus of trigo- 
nometric functions. Once the trigonometric functions are on stage, it makes sense to pres- 
ent the inverse trigonometric functions and their basic properties. 


Radian Measure 


Calculus typically requires that angles be measured in radians (rad). Working with a cir- 
cle of radius r, the radian measure of an angle 0 is the length of the arc associated with 0, 


Degrees 


0 
30 
45 
60 
90 

120 
135 
150 
180 


Radians 


0 
a /6 
a /4 
qr /3 
T2 
27 /3 
377 /4 
5a /6 


TT 
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denoted s, divided by the radius of the circle r (Figure |.60a). Working on a unit circle 

(r = 1), the radian measure of an angle is simply the length of the arc associated with 0 
(Figure |.60b). For example, the length of a full unit circle is 277; therefore, an angle with 
a radian measure of 7 corresponds to a half circle (0 = 180°) and an angle with a radian 
measure of 7/2 corresponds to a quarter circle (9 = 90°). 








On a circle of radius r, On a circle of radius 1, 
radian measure of @ is radian measure of 0 is s. 
(a) (b) 
FIGURE 1.60 
QUICK CHECK 1 What is the radian measure of a 270° angle? What is the degree measure 





of a Sa /4-rad angle? «< 


Trigonometric Functions 


For acute angles, the trigonometric functions are defined as ratios of the sides of a right 
triangle (Figure 1.61). To extend these definitions to include all angles, we work in an 
xy-coordinate system with a circle of radius r centered at the origin. Suppose that P(x, y) 
is a point on the circle. An angle 0 is in standard position if its initial side is on the 
positive x-axis and its terminal side is the line segment OP between the origin and P. An 
angle is positive if it is obtained by a counterclockwise rotation from the positive x-axis 
(Figure 1.62). When the right-triangle definitions of Figure 1.61 are used with the right 
triangle in Figure 1.62, the trigonometric functions may be expressed in terms of x, y, and 


the radius of the circle, r = V x? + y^, 


P(x, y) 


Hypotenuse (H) 





Opposite 
side (O) 
ve A 
Adjacent side (A) 
; O A 
sin ð = — cos = — 
H H 
O A 
tand = — cot = — 
A O 
H H A positive angle 0 results from 
sec 0 = A csc 0 = a a counterclockwise rotation. 


FIGURE 1.61 FIGURE 1.62 
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» When working on a unit circle (r = 1), 


oe DEFINITION Trigonometric Functions 
these definitions become 
Let P(x, y) be a point on a circle of radius r associated with the angle 6. Then 
sin@ = y cos = x 
. y X 7 
ing as sin 0 = cos 0 tan 0 = 
x y r r 
1 1 r r 
sccO=—-— cseh =-— cot = sec 0 csc 0 = 
x y x 





To find the trigonometric functions of the standard angles (multiples of 30° and 45°), 
it is helpful to know the radian measure of those angles and the coordinates of the associ- 
ated points on the unit circle (Figure 1.63). 


» Standard Triangles v3 (0, 1) 
EE I gy 


0° = 0 radi 
(-1,0) lle —— + (1,0) 





1 
FIGURE 1.63 C27) Oei 


Combining the definitions of the trigonometric functions with the coordinates shown in 
Figure 1.63, we may evaluate these functions at any standard angle. For example, 


-2m V3 ST V3 TT 1 ST. , 
sin — = — cos — = -— tan — = — = tan —— is undefined 
3 2 6 2 6 V3 2 
ST 1 17 Im T 
(— E — = v2 — = -] — is undefined. 
E v) cot- Va sec 7 cse- sec 7 is undefine 
233 
EXAMPLE 1 Evaluating trigonometric functions Evaluate the following 
expressions. 
a. sin (87/3) b. csc (—1177/3) 
SOLUTION 
Sar 
ares 


a. The angle 87/3 = 2a + 2r /3 corresponds to a counterclockwise revolution of one 
full circle (27) plus an additional 27/3 rad (Figure 1.64). Therefore, this angle has 
the same terminal side as the angle 27r /3, and the corresponding point on the unit 

FIGURE 1.64 circle is (—1/2, V3/2). It follows that sin (87/3) = y = V3/2. 





FIGURE 1.65 


» By rationalizing the denominator, 


1 1 v2_ v2 
VI VIA 2 





observe that 


» Notice that the assumption cos 2x # O is 
valid for these values of x. 
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b. The angle 0 = —11a7/3 = —2a — 52/3 corresponds to a clockwise revolution of 
one full circle (277) plus an additional 57/3 rad (Figure 1.65). Therefore, this angle 
has the same terminal side as the angle 7/3. The coordinates of the corresponding 
point on the unit circle are (1/2, V3/2), so csc (—117/3) = 1/y = 2/V3. 

Related Exercises 15-28 


HECK 2 Evaluate cos (1177/6) and sin (57/4).<«< 





Trigonometric Identities 


Trigonometric functions have a variety of properties, called identities, that are true for all 
angles in the domain. Here is a list of some commonly used identities. 


Trigonometric Identities 


Reciprocal Identities 


I — cosé 





tan 0 = cot 0 = = — 
tan 0 sin 0 


csc 0 = sec 0 = 
cos 6 


Pythagorean Identities 
sin? @ + cos*é = 1 1 + cot?6 = csc? 0 tan*@ + 1 = sec? 0 
Double- and Half-Angle Formulas 


sin 20 = 2 sin@cos 0 cos 20 = cos? 0 — sin? 0 


5 1 + cos 20 9 1 — cos 20 
cos’6 = sin 6 = 





ECK 3 Prove that 1 + cot?@ = csc? 0.< 





EXAMPLE 2 Solving trigonometric equations Solve the following equations. 
a. V2sinx + 1=0 b. cos 2x = sin 2x, where 0 = x < 277. 
SOLUTION 


a. First, we solve for sin x to obtain sin x = —1/V2 = —V2/2. From the unit circle 
(Figure 1.63), we find that sin x = —V2/2 if x = 5/4 or x = 77/4. Adding integer 
multiples of 27r produces additional solutions. Therefore, the set of all solutions is 


5 f 
a= + 2an and eme ime n— 0, Tl 22, 2S. ara 


b. Dividing both sides of the equation by cos 2x (assuming cos 2x # 0), we obtain 
tan 2x = 1. Letting 0 = 2x gives us the equivalent equation tan 0 = 1. This equation 
is satisfied by 


aa a g yg 
Dividing by two and using the restriction 0 = x < 27 gives the solutions 


0 m Sa 9T 1377 
x= — = —, —, —, and —. 
2 S 8 8 8 Related Exercises 29-46 < 
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Graphs of the Trigonometric Functions 


Trigonometric functions are examples of periodic functions: Their values repeat over every 
interval of some fixed length. A function f is said to be periodic if f(x + P) = f(x) forall x 
in the domain, where the period P is the smallest positive real number that has this property. 


Period of Trigonometric Functions 


The functions sin 6, cos 0, sec 0, and csc 0 have a period of 277: 


sin (0 + 277) = sin 0 cos (0 + 27) = cos 0 
sec (0 + 277) = sec 0 csc (0 + 277) = csc 0, 


for all 0 in the domain. 
The functions tan 0 and cot 0 have a period of m: 


tan (0 + m) = tan 0 cot (0 + m) = coté, 


for all 0 in the domain. 





The graph of y = sin 0 is shown in Figure 1.66a. Because csc 0 = 1/sin 0, these 
two functions have the same sign, but y = csc 0 is undefined with vertical asymptotes 
at 0 = 0, Em, t27,.... The functions cos 0 and sec 0 have a similar relationship 
(Figure 1.66b). 


The graphs of y = sin 0 and its reciprocal, y = csc 0 The graphs of y = cos 0 and its reciprocal, y = sec 0 

y l l l l 
| | | | 
l l l l 
| | | | — 
| | | | y = sec 0 
l | | | 
l l l l 
| | | | B 


-XÇ 
N 
R) 

== —-]s 

mes 
AK 
3 
D 








FIGURE 1.66 (b) 
The graphs of tan 0 and cot 0 are shown in Figure 1.67. Each function has points, sepa- 
rated by m units, at which it is undefined. 

The graph of y = tan 0 has period v. The graph of y = cot 6 has period v. 

Y l l l l 
| | | | 
l l l l 
| | | | 
l l l l 
| | | | y=tané 
l l l l 

1 | | | | 
l l l l 
T [mn 32 Pr 5r Br Irm Mr 0 
2 = 2 EJ 
| | | | 
| | | | 
| | | | 
| | | | 
| | | | 
! ! ! ! 

FIGURE 1.67 (a) (b) 


Infinitely many values of x satisfy sin x = 7 


y = A sin(B(0 — C)) + D 


7 Horizontal shift C 
Amplitude IAI 
D+A —¥——— 
[are Sees ere awe Sere eee 
D—-A 
O 
Period 
Vertical shift D 27 
IBI 
FIGURE 1.68 
y (hours) Daylight function gives length 






of day throughout the year. 





81 
Mar 21 


173 265 
June 21 Sep 21 


FIGURE 1.69 


z` 





FIGURE 1.70 


» The notation for the inverse trigonometric 


functions invites confusion: sin ! x and 


cos ' x do not mean the reciprocals of 
sin x and cos x. The expression sin | x 
should be read “angle whose sine is x,” 


and cos | x should be read “angle whose 
i 


cosine is x.” The values of sin ~ and 


cos | are angles. 






D(t) = 2.8 sin( = ( = 81)) +12 


Dec21 
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Transforming Graphs 


Many physical phenomena, such as the motion of waves or the rising and setting of the 
sun, can be modeled using trigonometric functions; the sine and cosine functions are 
especially useful. With the transformation methods introduced in Section 1.2, we can 
show that the functions 


y = Asin (B(0 — C)) + D and y=Acos(B(@ — C)) + D, 


when compared to the graphs of y = sin@ and y = cos 0, have a vertical stretch (or 
amplitude) of |A|, a period of 277/|B|, a horizontal shift (or phase shift) of C, and a 
vertical shift of D (Figure 1.68). 

For example, at latitude 40° north (Beijing, Madrid, Philadelphia) there are 12 hours 
of daylight on the equinoxes (approximately March 21 and September 21), with a maxi- 
mum of 14.8 hours of daylight on the summer solstice (approximately June 21) and a 
minimum of 9.2 hours of daylight on the winter solstice (approximately December 21). 
Using this information, it can be shown that the function 








2T 
D(t) = 2.8 sin | —~(t — 81 + 12 
() = 2.8sin (22 (r — 81) 


models the number of daylight hours t days after January 1 (Figure 1.69; 


af Exercise 100). Notice that the graph of this function is obtained from the 


graph of y = sint by (1) a horizontal scaling by a factor of 277/365, (2) 
a horizontal shift of 81, (3) a vertical scaling by a factor of 2.8, and (4) a 
vertical shift of 12. 


Inverse Trigonometric Functions 


The notion of inverse functions led from exponential functions to loga- 
rithmic functions (Section 1.3). We now carry out a similar procedure— 
this time with trigonometric functions. 


356 t (days) 


Inverse Sine and Cosine Our goal is to develop the inverses of the sine and cosine in 
detail. The inverses of the other four trigonometric functions then follow in an analogous 
way. So far, we have asked this question: Given an angle x, what is sinx or cos x? Now 
we ask the opposite question: Given a number y, what is the angle x such that sin x = y? 
Or, what is the angle x such that cos x = y? These are inverse questions. 

There are a few things to notice right away. First, these questions don’t make sense 
if |y| > 1, because —1 < sinx < 1 and—1 < cosx < 1. Next, let’s select an accept- 
able value of y, say y = L, and find the angle x that satisfies sin x = y = L It is appar- 
ent that infinitely many angles satisfy sin x = L; all angles of the form 7/6 + 2nr and 
5a /6 + 2nm, where n is an integer, answer the inverse question (Figure 1.70). A similar 
situation occurs with the cosine function. 

These inverse questions do not have unique answers because sin x and cos x are not 
one-to-one on their domains. To define their inverses, these functions must be restricted 
to intervals on which they are one-to-one. For the sine function, the standard choice is 
|—a /2, a /2); for cosine, it 1s [0, TT | (Figure 1.71). Now when we ask for the angle x 
on the interval [—a/2, 7/2] such that sin x = 5, there is one answer: x = 7/6. When 
we ask for the angle x on the interval |0, 7 | such that cos x = —5, there is one answer: 
x = 27/3. 

We define the inverse sine, or arcsine, denoted y = sin} x or y = arcsin x, 
such that y is the angle whose sine is x, with the provision that y lies in the interval 
|—a /2,7/ 2). Similarly, we define the inverse cosine, or arccosine, denoted y = cos ! x 
or y = arccos x, such that y is the angle whose cosine is x, with the provision that y lies in 
the interval | 0, zr]. 
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Restrict the domain of y = cos x to [0, 7]. 


Range = [-1, 1 





Domain = |-3, | Domain = [0, 7] 


FIGURE 1.71 (a) (b) 


DEFINITION Inverse Sine and Cosine 


y = sin’! x is the value of y such that x = sin y, where —7/2 < y S 77/2. 


y = cos | x is the value of y such that x = cos y, where 0 <= y S 7. 
The domain of both sin™! x and cos™! xis {x:-1 =x <1}. 





Any invertible function and its inverse satisfy the properties 


f(f"(v)) =y and f(f(x) = x. 


These properties apply to the inverse sine and cosine, as long as we observe the restric- 
tions on the domains. Here is what we can say: 


e sin (sinx) = x and cos (cos! x) = x, for—1 <x = 1. 
e sin” (sin y) = y, for =r /2 = y S 7/2. 


e cos! (cos y) = y, fr 0 < y S T. 


QUICK CHECK 4 Explain why sin™' (sin 0) = 0, but sin”! (sin 277) # 27.< 





EXAMPLE 3 Working with inverse sine and cosine Evaluate the following 
expressions. 


a. sin! (V3/2) b. cos! (—V3/2) e cos !(cos377) d. sin (sin! (5) ) 
SOLUTION 


a. sin | (V3/2) = a/3 because sin (7/3) = V3/2 and 7/3 is in the interval 
|—a /2, 7/2]. 
b. cos! (—V3/2) = 52/6 because cos (5m /6) = —V3/2 and 5277/6 is in the interval 


0, 7 |. 
c. It’s tempting to conclude that cos"! (cos 3m) = 37, but the result of an inverse cosine 
operation must lie in the interval [0, 7 |. Because cos (377) = —1 and cos ' (—1) = a, 
we have 


cos | (cos 377) = cos | (—1) = ~. 


7/6 Related Exercises 47—-56< 


The graphs of y = sin x and 
x are symmetric 
about the line y = x. 


y = sin 






SS 


y= sin * 





-7 7 


Restricted domain of sin x 
= Range of sin”! x 


FIGURE 1.72 
sin 9 = 5 

: 2 cos 0 = — 

2 

ik E tan 0 = Va 

Ve B= Vi 
FIGURE 1.74 
5 V16- x2 


LA | (cos=§ 


X 


FIGURE 1.75 


sing = x => 
p= sin! x 


(x, y) 





FIGURE 1.76 


1 


-A | Range of sin x 


[—1, 1] 
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Graphs and Properties Recall from Section 1.3 that the graph of f~! is obtained by 
reflecting the graph of f about the identity line y = x. This operation produces the graphs 
of the inverse sine (Figure |.72) and inverse cosine (Figure |.73). The graphs make it easy 
to compare the domain and range of each function and its inverse. 








The graphs of y = cos x and 
y = cos! x are symmetric 
about the line y = x. 





= Domain of sin”! x —, | Range of cos x 


= Domain of cos! x 


[—1, 1] 


[O, 77] 


Restricted domain of cos x 
= Range of cos! x 


FIGURE 1.73 


EXAMPLE 4 Right-triangle relationships 
a. Suppose 0 = sin! (2/5). Find cos 0 and tan 0. 


b. Find an alternative form for cot (cos ' (x/4)) in terms of x. 
SOLUTION 


a. Relationships between the trigonometric functions and their inverses can often be 
simplified using a right-triangle sketch. The right triangle in Figure 1.74 satisfies the 
relationship sin 0 = a or, equivalently, 9 = sin! z, We label the angle 0 and the 
lengths of two sides; then the length of the third side is V21 (by the Pythagorean 
theorem). Now it is easy to read directly from the triangle: 


V 2 
cos 6 = —— and tan = ——. 
5 V21 
b. We draw a right triangle with an angle 0 satisfying cos 0 = x/4, or, equivalently, 
0 = cos | (x/4) (Figure 1.75). The length of the third side of the triangle is 


V 16 — x°. It now follows that 


x x 
cot | cos! z) = —— 
( 4 V16 — x? 


0 Related Exercises 57-62< 


EXAMPLE 5 A useful identity Use right triangles to explain why 
cos! x + sin! x = m /2. 
SOLUTION We draw a right triangle in a unit circle and label the acute angles 0 and ọ 


(Figure 1.76). These angles satisfy cos 9 = x, or 0 = cos ! x, and sing = x, or 
gy = sin ! x. Because 0 and ¢ are complementary angles, we have 


n -1 . I 
3 V Ee oO sin z. 
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» Tables and books differ on the definition 
of the inverse secant and cosecant. In 
some books, sec! x is defined to lie in 


the interval l—a, =m /2) when x < 0. 


FIGURE 1.77 





This result holds for 0 = x = 1. An analogous argument extends the property to 
s&er Related Exercises 63-66 < 


Other Inverse Trigonometric Functions 


The procedures that led to the inverse sine and inverse cosine functions can be used to 
obtain the other four inverse trigonometric functions. Each of these functions carries a 
restriction that must be imposed to ensure that an inverse exists: 


e The tangent function is one-to-one on (—7/2, 7/2), which becomes the range of 
en 
y = tan x. 
e The cotangent function is one-to-one on (0, 77), which becomes the range of y = cot | x. 


e The secant function is one-to-one on [0, |, excluding x = 7/2; this set becomes the 


range of y = sec ! x. 


e The cosecant function is one-to-one on |—a /2,7/ 2], excluding x = 0; this set becomes 


the range of y = csc™! x. 


The inverse tangent, cotangent, secant, and cosecant are defined as follows. 


DEFINITION Other Inverse Trigonometric Functions 


y = tan ! xis the value of y such that x = tan y, where =a) y= ar. 
y= cot ! x is the value of y such that x = cot y, whereO < y < 7. 


The domain of both tan! x and cot | xis {x:-2 <x < a}. 


y = sec ! xis the value of y such that x = sec y, where 0 = y = m, with y # qr / 2. 
y = csc | xis the value of y such that x = csc y, where =r /2 < y S 7/2, with 
y = 0. 


The domain of both sec! x and csc"! xis {x:|x|=1}. 





The graphs of these inverse functions are obtained by reflecting the graphs of 
the original trigonometric functions about the line y = x (Figures 1.77—1.80). The 
inverse secant and cosecant are somewhat irregular. The domain of the secant function 
(Figure 1.79) is restricted to the set 0, |, excluding x = 7/2, where the secant has a 
vertical asymptote. This asymptote splits the range of the secant into two disjoint intervals 
(a, = 1 | and [1, œ ), which, in turn, splits the domain of the inverse secant into the same 
two intervals. A similar situation occurs with the cosecant. 


Restricted domain of tanx) 2 —-—--------—-— TER ae = 


y= cot! x 


= Range of cot”! x 
Range of tan x is (0, 7). 1 


“(3 2) A 
1 


eee See y= cotx 


Restricted domain 
y=x of cot x is (0, T). 


FIGURE 1.78 


FIGURE 1.79 





FIGURE 1.81 


SECTION 1.4 EXERCISES 


Review Questions 
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y = secx 
| 
| yx 
| 
| 
| 
| 
| 
| 
| 
ee a re y 
| — 
y = sec7!x | Range of sec! x eo 
è T 
| is [0, m], y ~ 5. z 
Range of esc! x i 
1 = j is|-7, 3|, y #0. y= +z 


y = secx 


Restricted domain of y = csc 


: Restricted domain of 
sec xis [0, 7],x # 


. T T 
CSC x 1S |-, zj x0. 





y =cscx 


FIGURE 1.80 
EXAIVIPLE 6 Working with inverse trigonometric functions Evaluate or simplify 
the following expressions. 
a. tan! (—1/V3) b. sec! (—2) c. sin (tan! x) 
SOLUTION 


a. The result of an inverse tangent operation must lie in the interval (~m /2, 7/2). 
Therefore, 


tan`! (-) =—* because tan (-=) = 2 
V3 6 6 V3 


b. The result of an inverse secant operation when x = —1 must lie in the interval 
(7/2, a]. Therefore, 


2 2 
sec™! (—2) = = because a = —2., 


c. Figure 1.81 shows a right triangle with the relationship x = tan 0 or 6 = tan™! x, in 
the case that O0 = 0 < 77/2. We see that 
x 
sin (tan! x) = 
0 


The same result follows if —7/2 < 0 < 0, in which case x < 0 and sin 0 < 0. 
Related Exercises 67—82 < 


HECK 5 Evaluate sec™! 1 and tan™! 1.< 





3. How is the radian measure of an angle determined? 


1. Define the six trigonometric functions in terms of the sides of a 4. Explain what is meant by the period of a trigonometric function. 
right triangle. What are the periods of the six trigonometric functions? 
2. Explain how a point P(x, y) on a circle of radius r determines an 5. What are the three Pythagorean identities for the trigonometric 


angle 0 and the values of the six trigonometric functions at 0. 


functions? 
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6. How are the sine and cosine functions used to define the other 
four trigonometric functions? 


7. Where is the tangent function undefined? 
8. What is the domain of the secant function? 


9. Explain why the domain of the sine function must be restricted in 
order to define its inverse function. 


10. Why do the values of cos ! x lie in the interval | 0, 7]? 


11. Is it true that tan (tan! x) = x? Is it true that tan™! (tan x) = x? 


1 


12. Sketch the graphs of y = cos x and y = cos x on the same set 


of axes. 


13. The function tan x is undefined at x = + 7/2. How does this fact 
appear in the graph of y = tan ! x? 


14. State the domain and range of sec ! x. 


Basic Skills 


15-22. Evaluating trigonometric functions Evaluate the following 


expressions by drawing the unit circle and the appropriate right triangle. 


Use a calculator only to check your work. All angles are in radians. 
15. cos (27/3) 16. sin (27/3) 17. tan (—377/4) 
18. tan (1577/4) 19. cot (—137/3) 20. sec (77/6) 
21. cot (—177/3) 22. sin (1677/3) 


23-28. Evaluating trigonometric functions Evaluate the following 
expressions or state that the quantity is undefined. Use a calculator 
only to check your work. 


23. cos 0 
26. tan 37 


24. sin (—7/2) 25. cos (—77) 
27. sec (57/2) 28. cot 7 


29-36. Trigonometric identities 








1 
29. Prove that sec 0 = . 
cos 0 
sin 0 
30. Prove that tan 0 = 
cos 0 


31. Prove that tan? 0 + 1 = sec? 0. 


sinô  cos@d _ 


32. Prove that 1. 








cscO seco 
33. Prove that sec (7/2 — 0) = csc 0. 
34. Prove that sec (x + m) = —sec x. 

35. Find the exact value of cos (7/12). 


36. Find the exact value of tan (377 /8). 


37-46. Solving trigonometric equations Solve the following equations. 


37. tanx = 1 38. 20cos0 +0=0 
39. sin? 0 = £0 < 0 < 2r 40. cos? 0 = 4,0 = 0 < 2r 
4l. VZsinx=-1=0 42, sin3x = EEE 


43. cos3x = sin 3x, 0 =x < 27 


44. sinf00 -1=0 


45. sin cos = 0,0 < 0 < 27 
46. tan?20=1,050<7 


47-56. Inverse sines and cosines Without using a calculator, evaluate, 
if possible, the following expressions. 


47. sin'1 48. cos! (—1) 
50. cos! ee 51. sin! v3 
53. cos! (—5) 54. sin | (—1) 
56. cos | (cos 77/6) 


49. tan! 1 
52. cos !2 
55. cos (cos | (—1)) 


57-62. Right-triangle relationships Draw a right triangle to simplify 
the given expressions. 


57. cos (sin | x) 58. cos (sin! (x/3)) 
59. sin (cos | (x/2)) 60. sin | (cos 0) 

61. sin (2cos |x) (Hint: Use sin 20 = 2 sin 0 cos 0.) 
62. cos (2 sin! x) (Hint: Use cos 20 = cos? 6 — sin? 0.) 
63-64. Identities Prove the following identities. 


63. cos'x + cos'(—x) =m 64. sin y + sin '(—y) = 0 


65-66. Verifying identities Sketch a graph of the given pair of functions 


to conjecture a relationship between the two functions. Then verify the 
conjecture. 

es TT = — TT = 
65. sin! x; — — cos! x 66. tan! x; > — cot x 
67-74. Evaluating inverse trigonometric functions Without using a 
calculator, evaluate or simplify the following expressions. 


67. tan! V3 68. cot! (—1/V3) 
69. sec | 2 70. csc! (—1) 

71. tan! (tan 7/4) 72. tan (tan 37/4) 
73. csc | (sec 2) 74. tan (tan ' 1) 


75-80. Right-triangle relationships Draw a right triangle to simplify 
the given expressions. 


75. cos (tan! x) 76. tan (cos! x) 


77. cos (sec | x) 78. cot (tan | 2x) 
Vx? + 16 x 
79. sin (sec ( )) 80. cos (an ( )) 
4 V9 — x? 


81-82. Right-triangle pictures Express 0 in terms of x using the 
inverse sine, inverse tangent, and inverse secant functions. 


81. | 82. l J 
Z i 
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Further Explorations 

83. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 

sin(a + b) = sina + sinb. 

. The equation cos 0 = 2 has multiple real solutions. 

The equation sin 0 = L has exactly one solution. 

. The function sin (mx/12) has a period of 12. 

Of the six basic trigonometric functions, only tangent and 

cotangent have a range of (—%, ©), 

sin! x 

“1, 


cao oe 


= tan! x. 





COS 
g. cos | (cos (157/16)) = 157/16. 
h. sin’! x = 1/sinx. 


84-87. One function gives all six Given the following information 
about one trigonometric function, evaluate the other five functions. 

. 4 
84. sind = = and 7 < 0 < 32/2 (Find cos 0, tan 0, cot 0, sec 0, 


and csc 0.) 


5 
85. cosé = 73 and 0 <0 =< 7/2 


5 
86. sec dé = 3 and 37/2 <@< 29 


87. csc = ~ and 0 <@O< 7/2 

88-91. Amplitude and period /dentify the amplitude and period of the 
following functions. 

88. /(0) = 2 sin 20 

89. 2(0) = 3cos (0/3) 

90. p(t) = 2.5sin (5(t — 3)) 

91. g(x) = 3.6 cos (mx/24) 


92-95. Graphing sine and cosine functions Beginning with the 
graphs of y = sin xor y = cos x, use shifting and scaling transforma- 
tions to sketch the graph of the following functions. Use a graphing 
utility only to check your work. 


92. f(x) = 3 sin 2x 

93. g(x) = —2 cos (x/3) 

94. p(x) = 3sin (2x — 7/3) +1 
95. g(x) = 3.6 cos (mx/24) + 2 


96-97. Designer functions Design a sine function with the given 
properties. 


96. It has a period of 12 hr with a minimum value of —4 at t = O hr 
and a maximum value of 4 at t = 6 hr. 


97. It has a period of 24 hr with a minimum value of 10 at t = 3 hr 
and a maximum value of 16 att = 15 hr. 


Field goal attempt Near the end of the 1952 Rose Bowl football 
game between the University of California and Ohio State University, 
Ohio State was preparing to attempt a field goal from a distance of 


99. 
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13 yd from the endline at point A on the edge of the kicking region 
(see figure). But before the kick, Ohio State committed a penalty 

and the ball was backed up 5 yd to point B on the edge of the kick- 
ing region. After the game, the Ohio State coach claimed that his 
team deliberately committed a penalty to improve the kicking angle. 
Given that a successful kick must go between the uprights of the goal 
posts G, and G3, is 7G, BG, greater than 7G, AG)? (In 1952, the 
uprights were 23 ft, 4 in apart, equidistant from the origin on the end 
line. The boundaries of the kicking region are 53 ft, 4 in apart and 
are equidistant from the y-axis. (Source: The College Mathematics 
Journal 27 No. 4, September 1996) 

— 53'4" >} 


l Kicking region | 
l 
l 








End line 


G, Gy a 


23 "4" 


A surprising result The Earth is approximately circular in cross 
section, with a circumference at the equator of 24,882 miles. 
Suppose we use two ropes to create two concentric circles; one 
by wrapping a rope around the equator and then a second circle 
that is 38 ft longer than the first rope (see figure). How much 
space is between the ropes? 


Applications 
100. Daylight function for 40° N Verify that the function 


2 
D(t) = 2.8 sin | ——(t — 81) ] + 12 
(0) = 2.8sin (22 0 -81)) 


has the following properties, where t is measured in days and D is 
measured in hours. 


a. It has a period of 365 days. 

b. Its maximum and minimum values are 14.8 and 9.2, respec- 
tively, which occur approximately at t = 172 and t = 355, 
respectively (corresponding to the solstices). 

c. D(81) = 12 and D(264) = 12 (corresponding to the 
equinoxes). 


101. Block on a spring A light block hangs at rest from the end of a 
spring when it is pulled down 10 cm and released. Assume the 
block oscillates with an amplitude of 10 cm on either side of its 
rest position and with a period of 1.5 s. Find a function d(t) that 
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gives the displacement of the block t seconds after it is released, 
where d(t) > 0 represents downward displacement. 


| 


S 














W 


( Rest position, d = 0 ) 
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102. Approaching a lighthouse A boat approaches a 50-ft-high light- 
house whose base is at sea level. Let d be the distance between the 
boat and the base of the lighthouse. Let L be the distance between 
the boat and the top of the lighthouse. Let 6 be the angle of eleva- 
tion between the boat and the top of the lighthouse. 


a. Express d as a function of 0. 
b. Express L as a function of 6. 


103. Ladders Two ladders of length a lean against opposite walls of 
an alley with their feet touching (see figure). One ladder extends 
h feet up the wall and makes a 75° angle with the ground. The 
other ladder extends k feet up the opposite wall and makes a 45° 
angle with the ground. Find the width of the alley in terms of a, 
h, and/or k. Assume the ground is horizontal and perpendicular 


to both walls. 





104. Pole in a corner A pole of length L is carried horizontally around 
a corner where a 3-ft-wide hallway meets a 4-ft-wide hallway. 
For 0 < 6 < 7/2, find the relationship between L and 6 at the 
moment when the pole simultaneously touches both walls and the 
corner P. Estimate 0 when L = 10 ft. 


106. 


105. Little-known fact The shortest day of the year occurs on the 


winter solstice (near December 21) and the longest day of the year 
occurs on the summer solstice (near June 21). However, the latest 
sunrise and the earliest sunset do not occur on the winter solstice, 
and the earliest sunrise and the latest sunset do not occur on the 
summer solstice. At latitude 40° north, the latest sunrise occurs on 
January 4 at 7:25 a.m. (14 days after the solstice), and the earliest 
sunset occurs on December 7 at 4:37 p.m. (14 days before the sol- 
stice). Similarly, the earliest sunrise occurs on July 2 at 4:30 a.m. 
(14 days after the solstice) and the latest sunset occurs on June 7 
at 7:32 p.m. (14 days before the solstice). Using sine functions, 
devise a function s(t) that gives the time of sunrise ¢ days after 
January 1 and a function S(t) that gives the time of sunset t days 
after January 1. Assume that s and S are measured in minutes and 
s = Oand S = O correspond to 4:00 a.m. Graph the functions. 
Then graph the length of the day function D(t) = S(t) — s(t) 
and show that the longest and shortest days occur on the solstices. 


Viewing angles An auditorium with a flat floor has a large flat- 
panel television on one wall. The lower edge of the television is 
3 ft above the floor, and the upper edge is 10 ft above the floor 
(see figure). Express 0 in terms of x. 





Additional Exercises 
107. Area of a circular sector Prove that the area of a sector of a 


circle of radius r associated with a central angle 0 (measured in 


b d 


há 


; ‘ 1 
radians) is A = 5 1r70. 


108. Law of cosines Use the figure to prove the law of cosines 














, length L ) 


REN 


A 


( Pole 





ii 


(which is a generalization of the Pythagorean theorem): 


c? = a’ + b? — 2ab cos 0. 


y 
(b cos 0, b sin 0) 





109. Law of sines Use the figure to prove the law of sines: 
snA sing snc 











a b C 





€A: REVIEW EXERCISES 


1. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. A function could have the property that f(—x) = f(x), for 
all x. 

b. cos (a + b) = cosa + cos b, for all a and b in [0, 27]. 

c. If f is a linear function of the form f(x) = mx + b, then 
flu + v) = f(u) + f(v), for all u and v. 

d. The function f(x) = 1 — x has the property that 
I(f(x)) = x. 

e. The set {x:|x + 3| > 4} can be drawn on the number line 
without lifting your pencil. 


f. logio (xy) = (logio x) (logio y). 
g. sin (sin (27r)) = 0. 


2. Domain and range Find the domain and range of the following 
functions. 
1 
a. f(x) =x? + Vx b. g(y) = —— 
y- 


2 
c A(z) = Vz - 22-3 





3. Equations of lines Find an equation of the lines with the following 


properties. Graph the lines. 


a. The line passing through the points (2, —3) and (4, 2) 
b. The line with slope $ and x-intercept (—4, 0) 
c. The line with intercepts (4, 0) and (0, —2) 


4. Piecewise linear functions The parking costs in a city garage 
are $2.00 for the first half hour and $1.00 for each additional half 
hour. Graph the function C = f(t) that gives the cost of parking 
for t hours, where 0 < t S 3. 


5. Graphing absolute value Consider the function 
f(x) = 2 (x — |x|). Express the function in two pieces 
without using the absolute value. Then graph the function by 
hand. Use a graphing utility only to check your work. 


6. Function from words Suppose you plan to take a 500-mile trip in 


a car that gets 35 mi/gal. Find the function C = f(p) that gives 


the cost of gasoline for the trip when gasoline costs $p per gallon. 


7. Graphing equations Graph the following equations. Use a graph- 


ing utility only to check your work. 
. 2x — 3y + 10 = 0 

.y =x +2x-3 

x + 2x +y +4y +1 =0 
. x? — 2x + y? — 8y +5=0 


© 
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1. 3m/2,225° 2. V3/2;—V2/2 3. Divide both sides of 


sin’ @ + cos*@ = lbysin’6. 4. sin' (sin0) = sin 0 = 0 
and sin’ (sin(27)) = sin '0 =0 5. 0,7/4.< 


8. Root functions Graph the functions f(x) = x! and 
g(x) = x!/^. Find all points where the two graphs intersect. For 


x > 1,is f(x) > g(x) oris g(x) > f(x)? 


9. Root functions Find the domain and range of the functions 
4G) =" and ea) =a" 


10. Intersection points Graph the equations y = x? and 
x? + y?— 7y + 8 = 0. At what point(s) do the curves intersect? 


11. Boiling-point function Water boils at 212° F at sea level and at 
200° F at an elevation of 6000 ft. Assume that the boiling point B 
varies linearly with altitude a. Find the function B = f(a) that 
describes the dependence. Comment on whether a linear function 
gives a realistic model. 


12. Publishing costs A small publisher plans to spend $1000 for 
advertising a paperback book and estimates the printing cost is 
$2.50 per book. The publisher will receive $7 for each book sold. 


a. Find the function C = f(x) that gives the cost of producing 
x books. 

b. Find the function R = g(x) that gives the revenue from selling 
x books. 

c. Graph the cost and revenue functions and find the number of 
books that must be sold for the publisher to break even. 


13. Shifting and scaling Starting with the graph of f(x) = x’, plot 
the following functions. Use a graphing calculator only to check 
your work. 


a. f(x +3) b. 2f(x-4) e —f(3x) d. f(2(x — 3)) 


14. Shifting and scaling The graph of fis shown in the figure. Graph 
the following functions. 


a f(x+1) b. 2f(x-1) e —f(x/2) d. f(2(x - 1) 


y 
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15. 


16. 
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Composite functions Let f(x) = x°, g(x) = sin x, and 
h(x) = Vx. 
a. Evaluate h(g(7/2)). 


c. Find f(g(h(x))). 
e. Find the range of f° g. 


b. Find A(f(x)). 
d. Find the domain of g ° f. 


Composite functions Find functions f and g such that h = f° g. 
a. h(x) = sin (x° + 1) b. A(x) = (x? — 4)? 
t Wag 


17-20. Simplifying difference quotients Evaluate and simplify the 











EP Sa x)— fla 

difference quotients A A) and Ax) = fla) for each 
x—a 

function. 

17. f(x) = x° — 2x 18. f(x) = 4 -— 5x 

7 
19. =x +2 20. = 
f(x) =x fx) = 
21. Symmetry Identify the symmetry (if any) in the graphs of the fol- 


lowing equations. 
a. y = cos 3x b. y = 3xf — 3x? + 1 


c y? — 4x7 = 4 


22-23. Properties of logarithms and exponentials Use properties of 


logarithms and exponentials, not a calculator, for the following exercises. 
22. 
23. 


24. 


Solve the equation 48 = 6e* for k. 


Solve the equation log x? + 3 log x = log 32 for x. Does the 
answer depend on the base of the log in the equation? 


Graphs of logarithmic and exponential functions The figure 
shows the graphs of y = 2*, y = 3 *, and y = —In x. Match each 
curve with the correct function. 





25-26. Existence of inverses Use analytical methods and/or graphing 
to determine the intervals on which the following functions have an 
inverse. 


25. 


f(x) = x? — 3x? 26. g(t) = 2sin (t/3) 


27-28. Finding inverses Find the inverse on the specified interval and 
express it in the form y = f ' (x). Then graph fand f. 


27. 
28. 
29. 


f(x) =x? — 4x + 5,forx > 2 
ia) = Ae ore >00 


Degrees and radians 


a. Convert 135° to radian measure. 
b. Convert 477 /5 to degree measure. 


30. 


Sl. 


32. 


33. 


c. What is the length of the arc on a circle of radius 10 associated 
with an angle of 47 /3 (radians)? 


Graphing sine and cosine functions Use shifts and scalings to 
graph the following functions, and identify the amplitude and period. 
a. f(x) = 4cos (x/2) b. 2(0) = 2 sin (2776/3) 

c. h(@) = —cos (2(0 — 7/4)) 


Designing functions Find a trigonometric function f that satisfies 
each set of properties. Answers are not unique. 


a. It has a period of 6 with a minimum value of —2 att = 0 anda 
maximum value of 2 at t = 3. 

b. It has a period of 24 with a maximum value of 20 at t = 6 and 
a minimum value of 10 att = 18. 


Graph to function Find a trigonometric function f represented 
by the graph in the figure. 





Matching Match each function a—f with the corresponding 
graphs A-F. 


a. f(x) = —sin x 
c. f(x) = tan (x/2) 
e. f(x) = cot 2x 


b. f(x) = cos 2x 
d. f(x) = —sec x 
f. f(x) = sin’ x 









===- 
== 5-5 


(B) 
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Chapter 1 Guided Projects 


Applications of the material in this chapter and related topics can be found in the following Guided Projects. For additional informa- 
tion, see the Preface. 


Problem-solving skills 
Constant-rate problems 
Functions in action I 


Functions in action II 


SSS ly 
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(F) 
34-35. Intersection points Find the points at which the curves inter- 
sect on the given interval. 


34. y 
35. y 


sec x and y = 2 on (=m /2, m/2) 


sin x and y = —4 on (0, 27) 


36—42. Inverse sines and cosines Without using a calculator, evaluate 
or simplify the following expressions. 


36. sin! 3 3l cos! %3 38. cos! (—5) 
39. sin ' (—1) 40. cos(cos'!(—1)) 41. sin (sin™! x) 


42. cos! (sin 37) 


43. Right triangles Given that 0 = sin | ( — ) , evaluate cos 0, tan 0, 


cot 0, sec 0, and csc 0. 


44-51. Right-triangle relationships Draw a right triangle to simplify 
the given expression. Assume x > Oand0 = 0 S m /2. 


44. cos (tan x) 45. sin (cos ’ (x/2)) 
46. tan (sec! (x/2)) 47. cot ' (tan 0) 
48. csc’! (sec 0) 49. sin’! x + sin | (—x) 


50. sin (2 cos! x) (Hint: Use sin 20 = 2 sin 0 cos 0.) 
51. cos (2 sin | x) (Hint: Use cos 20 = cos? 0 — sin? 0.) 


52. Stereographic projections A common way of displaying a 
sphere (such as Earth) on a plane (such as a map) is to use a ste- 
reographic projection. Here is the two-dimensional version of the 
method, which maps a circle North Pole 
to a line. Let P be a point 
on the right half of a circle of 


radius R identified by the angle E 

o. Find the function x = F(¢) P 
that gives the x-coordinate 

(x = 0) corresponding to 

forO << oS 7. 0 x 


e Supply and demand 
e Phase and amplitude 
e Atmospheric CO, 


e Acid, noise, and earthquakes 


be GCE ao 
<a E: ween mtm g 
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The Idea of Limits 
Definitions of Limits 
Techniques for Computing 
Limits 

Infinite Limits 

Limits at Infinity 
Continuity 


Precise Definitions of Limits 


Limits 


Chapter PYEVIEW All of caleuine ts basedonthe idea of ahmi No only 
are limits important in their own right, but they underlie the two fundamental operations 
of calculus: differentiation (calculating derivatives) and integration (evaluating integrals). 
Derivatives enable us to talk about the instantaneous rate of change of a function, which, 
in turn, leads to concepts such as velocity and acceleration, population growth rates, mar- 
ginal cost, and flow rates. Integrals enable us to compute areas under curves, surface 
areas, and volumes. Because of the incredible reach of this single idea, it is essential to 
develop a solid understanding of limits. We first present limits intuitively by showing 
how they arise in computing instantaneous velocities and finding slopes of tangent lines. 
As the chapter progresses, we build more rigor into the definition of the limit, and we 
examine the different ways in which limits exist or fail to exist. The chapter concludes by 
introducing the important property called continuity and by giving the formal definition of 
a limit. By the end of the chapter, you will be ready to use limits when needed throughout 
the remainder of the book. 


2.1 The Idea of Limits 


This brief opening section illustrates how limits arise in two seemingly unrelated prob- 
lems: finding the instantaneous velocity of a moving object and finding the slope of a line 
tangent to a curve. These two problems provide important insights into limits, and they 
reappear in various forms throughout the book. 


Average Velocity 


Suppose you want to calculate your average velocity as you travel along a straight highway. 
If you pass milepost 100 at noon and milepost 130 at 12:30 P.M., you travel 30 mi in a half- 
hour, so your average velocity over this time interval is (30 mi)/(0.5 hr) = 60 mi/hr. 
By contrast, even though your average velocity may be 60 mi/hr, it’s almost certain that 
your instantaneous velocity, the speed indicated by the speedometer, varies from one 
moment to the next. 


EXAMPLE 1 Average velocity A rock is launched vertically upward from the ground 
with a speed of 96 ft/s. Neglecting air resistance, a well-known formula from physics 
states that the position of the rock after t seconds is given by the function 


s(t) = —16t* + 96t. 


Height above ground (ft) 


2.1 The Idea of Limits 


The position s is measured in feet with s = 0 corresponding to the ground. Find the 
average velocity of the rock between each pair of times. 


a. t= lsandt=3s b. ¢= lsandt =2s 


SOLUTION Figure 2.1 shows the position of the rock on the time interval 0 = ¢ = 3. 


s(f) = —1672 + 96t a. The average velocity of the rock over any time interval | fo, t; | is the 
(3, s(3)) change in position divided by the elapsed time: 
s(3) = 144 ft e--144 + -----------53 
s(2) = 128 ft ¢--128 + -------- . = s(t) = so) 
av 
fi — bo 









Therefore, the average velocity over the interval |1, 3] is 
s(1) = 80 ft $- — 80 (1, s(1)) 
s(3)— s(1 144 ft — 80 ft 64ft 
cae) DS ee Oe aa 
> = 3s— Ís 2s 


2 


nU (3, s(3)) on the graph of the position function. 


FIGURE 2.1 b. The average velocity of the rock over the interval | 1, 2] is 


» See Section 1.1 for a discussion of secant 


= s(2)— s(1) 128ft— 80ft 48ft 


— 48 ft/s. 
Vav 27-1 TEF is /s 
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Here is an important observation: As shown in Figure 2.2a, the average 
velocity is simply the slope of the line joining the points (1, s(1)) and 


Again, the average velocity is the slope of the line joining the points (1, 5(1)) and 


(2, s(2)) on the graph of the position function (Figure 2.2b). 


f fi 


_ _ 64ft _ 7 _ 48it _ 
Vy = Slope = Oe 7 32 ft/s v,. = slope = Fs 48 ft/s 


a av 

















m Change in position E 128 - — 
> = s(3) — s(1) = Change in position 
Ze ge a 
= = 64 ft z = s(2) — s(1) 
© o = 48 ft 
o0 80 BD 80 = eee oS 
: : | 
£ 2 l 
2 Elapsed time x Elapsed time 
Sh =3s—ls=2s b =2s—Il1s=I1s 
oO oO 
T T 
Time (s) Time (s) 
FIGURE 2.2 (a) (b) 
Related Exercises 7-14 
QUICK CHECK 1 In Example 1, what is the average velocity between t = 2 and t = 3? 





lines. line, denoted Mec, for the position function in Example 1 on the interval | tọ, t, | is 


s(t) — S(to) 


m = 
sec ki 


A line joining two points on a curve is called a secant line. The slope of the secant 
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_ s(t) — S(t) 


av sec = 
t ly 


Change in position 
= s(t) _ S(t) 


m 


e 
Change in time 









Height above ground (ft) 
~A 


~F ~ h 
0 1 
Time (s) 
FIGURE 2.3 
Table 2.1 
Time Average 
interval velocity 
[1,2] 48 ft/s 
[1, 1.5] 56 ft/s 
[1, 1.1] 62.4 ft/s 
[1, 1.01 | 63.84 ft/s 
[1, 1.001 | 63.984 ft/s 
[1,1.0001] 63.9984 ft/s 


» The same instantaneous velocity is 
obtained as t approaches 1 from the left 
(with t < 1) and as t approaches 1 from 
the right (with t > 1). 


Example 1 demonstrates that the average velocity is the slope of a secant line on the graph 
of the position function; that is, Vay = Mec (Figure 2.3). 


Instantaneous Velocity 


To compute the average velocity, we use the position of the object at two distinct points 
in time. How do we compute the instantaneous velocity at a single point in time? As 
illustrated in Example 2, the instantaneous velocity at a point t = tọ is determined by com- 
puting average velocities over intervals | fo, t, | that decrease in length. As t, approaches 
ty, the average velocities typically approach a unique number, which is the instantaneous 
velocity. This single number is called a limit. 


EXAMPLE 2 Instantaneous velocity Estimate the instantaneous velocity of the rock 
in Example | at the single point t = 1. 


SOLUTION We are interested in the instantaneous velocity at t = 1, so we compute the 
average velocity over smaller and smaller time intervals | 1, t] using the formula 


s(t) — sU) 


av = t — 1 
Notice that these average velocities are also slopes of secant lines, several of which 
are shown in Table 2.1. We see that as t approaches 1, the average velocities appear to 
approach 64 ft/s. In fact, we could make the average velocity as close to 64 ft/s as we 
like by taking ¢ sufficiently close to 1. Therefore, 64 ft/s is a reasonable estimate of the 
instantaneous velocity at t = 1. 
Related Exercises 15-20 


In language to be introduced in Section 2.2, we say that the limit of v,, as t 
approaches 1 equals the instantaneous velocity vinst, which is 64 ft/s. This statement is 
written compactly as 


Vins = lim vay = lim “~———* = 64 ft/s. 


Figure 2.4 gives a graphical illustration of this limit. 


Position of rock 
at various times 


_ s(22)— sd) _ 128 — 80 








128 ft — © t=2sec iy | 1 = 48 ft/s 
_ s(1.5)— s(1) _ 108 — 80 _ 

108 ft — @e tf = 1.5 sec Yw  75-] 05 = 56 ft/s 
— s(1.1)— s(1) _ 86.24 — 80 _ 

86.24 ft Z e z= 1.1 sec ai = >11 ` o; ~ 02-4 its 
E ei= Jes : 
80 ft Æ © ¢ = 1 sec v, = 64 fis 
As these intervals shrink... 
| ... the average velocities approach 64 ft/s— 
t = 0 (rock thrown at 96 ft/s) the instantaneous velocity at t = 1. 


FIGURE 2.4 


» We define tangent lines carefully in 
Section 3.1. For the moment, imagine 
zooming in on a point P on a smooth 
curve. As you zoom in, the curve appears 
more and more like a line passing 


through P. This line is the tangent line 
at P. 
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Slope of the Tangent Line 


Several important conclusions follow from Examples 1 and 2. Each average velocity in 
Table 2.1 corresponds to the slope of a secant line on the graph of the position function 
(Figure 2.5). Just as the average velocities approach a limit as t approaches 1, the slopes of 
the secant lines approach the same limit as t approaches 1. Specifically, as t approaches 1, 
two things happen: 


1. The secant lines approach a unique line called the tangent line. 


2. The slopes of the secant lines Mme approach the slope of the tangent line m,,, at the 
point (1, s(1)). Thus, the slope of the tangent line is also expressed as a limit: 


| _ s(t) ~ s(1) 
Se a eat 


64. 


This limit is the same limit that defines the instantaneous velocity. Therefore, the 
instantaneous velocity att = 1 is the slope of the line tangent to the position curve att = 1. 


Slopes of the secant lines approach 


S slope of the tangent line. 1 =O a 62.4 
m,_.. = 56 
= : Z sec 
2 The secant lines approach ee 
= the tangent line. 
5 128 
bb (2, 128) 
© 108 Z 
> 
E A 1.5, 108) 
= (1, 80) 
= 80 (1.1, 86.24) 
=r 
oO Z 
T 
s(t) = — 16 + 96t 
0 0.5 I Nga 15 2.0 t 
Time (s) 
FIGURE 2.5 


1ECK 2 In Figure 2.5, is Mian at t = 2 greater than or less than Man at t = 1?<« 





The parallels between average and instantaneous velocities, on one hand, and between 
slopes of secant lines and tangent lines, on the other, illuminate the power behind the idea 
of a limit. As t— 1, slopes of secant lines approach the slope of a tangent line. And as 
t — 1, average velocities approach an instantaneous velocity. Figure 2.6 summarizes these 
two parallel limit processes. These ideas lie at the foundation of what follows in the com- 
ing chapters. 
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AVERAGE VELOCITY ~~ SECANT LINE 


Average velocity is the 
change in position divided 
by the change in time: 
KARLA 
ay T 


As the time interval 
shrinks, the average 
velocity approaches 
the instantaneous 
velocity att = 1. 


The instantaneous velocity 
at t = 1 is the limit of the 
average velocities as t 
approaches 1. 


FIGURE 2.6 


<> (A= —16¢ + 96r 


Slope of the secant line is 
the change in s divided by 
the change in t: 


E s) — Sf) 


sec i =a 


As the interval on the 
t-axis shrinks, the slope of 
the secant line approaches 
the slope of the tangent 
line through (1, 80). 


The slope of the tangent 
line at (1, 80) is the limit 
of the slopes of the secant 
lines as t approaches 1. 


0.5 1.0 ES 2.0 


Slope of the tangent line = 64 





SECTION 2.1 EXERCISES 


Review Questions 


1. 


Basic Skills 


Ta 


10. 


11. 


Suppose s(t) is the position of an object moving along a line at 12. 


time t = 0. What is the average velocity between the times t = a 
and t = b? 


Suppose s(t) is the position of an object moving along a line 
at time t = 0. Describe a process for finding the instantaneous 
velocity att = a. 


What is the slope of the secant line between the points (a, f(a) ) 
and (b, f(b)) on the graph of f? 


Describe a process for finding the slope of the line tangent to the 
graph of f at (a, f(a)). 


Describe the parallels between finding the instantaneous velocity 
of an object at a point in time and finding the slope of the line tan- 
gent to the graph of a function at a point on the graph. 


Graph the parabola f(x) = x”. Explain why the secant lines 
between the points (—a, f(—a) ) and (a, f(a) ) have zero slope. 
What is the slope of the tangent line at x = 0? 


Average velocity The function s(t) represents the position of an 
object at time t moving along a line. Suppose s(2) = 136 and 
s(3) = 156. Find the average velocity of the object over the inter- 
val of time [2, 3]. 


evenaneveloeity Tae ine tons (icp scuttle oso of 15. Instantaneous velocity Consider the position function 


s(t) = —16t* + 128¢ (Exercise 9). Complete the following table 
with the appropriate average velocities. Then make a conjecture 
about the value of the instantaneous velocity att = 1. 


Time 


an object at time t moving along a line. Suppose s(1) = 84 and 
s(4) = 144. Find the average velocity of the object over the inter- 
val of time [ 1, 4]. 


Average velocity The position of an object moving along a line 

is given by the function s(t) = —16t° + 128t. Find the average 
velocity of the object over the following intervals. 

a. [1,4] b. [1,3] 

c. [1,2] d. [1,1 + h], where h > 0 is a real number 


Average velocity The position of an object moving along a line 
is given by the function s(t) = —4.917 + 30t + 20. Find the 
average velocity of the object over the following intervals. 

a. [0,3] b. [0,2] 

c. [0,1] d. [0, h], where h > 0 is a real number 


Average velocity The table gives the position s(t) of an object 
moving along a line at time ¢, over a two-second interval. Find the 
average velocity of the object over the following intervals. 





pai fo 30 [52] os [2 


13. 


14. 


16. 


3 E = aii 
c. [0,1] 
d. [0, 0.5] 
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Average velocity The graph gives the position s(t) of an object 
moving along a line at time t, over a 2.5-second interval. Find the 
average velocity of the object over the following intervals. 


a. [0.5,2.5] b. [0.5,2] e. [0.5,1.5] a. [0.5,1] 


s(t) 





a5 l 


Average velocity Consider the position function s(t) = —16t* + 100r 
representing the position of an object moving along a line. Sketch 
a graph of s with the secant line passing through (0.5, s(0.5)) and 
(2, s(2)). Determine the slope of the secant line and explain its 
relationship to the moving object. 


Average velocity Consider the position function s(t) = sin 7t 
representing the position of an object moving along a line on the 
end of a spring. Sketch a graph of s together with a secant line 
passing through (0, s(0)) and (0.5, s(0.5)). Determine the slope 
of the secant line and explain its relationship to the moving object. 


Average 
velocity 


Instantaneous velocity Consider the position function 

s(t) = —4.91* + 30t + 20 (Exercise 10). Complete the following 
table with the appropriate average velocities. Then make a conjec- 
ture about the value of the instantaneous velocity at t = 2. 


Time 
Average 
velocity 


Instantaneous velocity The following table gives the position 
s(t) of an object moving along a line at time t. Determine the 
average velocities over the time intervals | 1, 1.01], [1, 1.001], 
and |1, 1.0001 |. Then make a conjecture about the value of the 
instantaneous velocity at t = 1. 











60 


18. 


19. 


20. 
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Instantaneous velocity The following table gives the position 
s(t) of an object moving along a line at time t. Determine the 
average velocities over the time intervals |2, 2.01 ], [2, 2.001 |, 
and |2, 2.0001 |. Then make a conjecture about the value of the 
instantaneous velocity at t = 2. 





s(t) 55.99959984 | 55.995984 | 55.9584 


Instantaneous velocity Consider the position function 

s(t) = —16t? + 100t. Complete the following table with the 
appropriate average velocities. Then make a conjecture about 
the value of the instantaneous velocity at t = 3. 


wa Co 
ea | 
e» 
tæ | 
tæ 


Instantaneous velocity Consider the position function s(t) = 3 sin t 

that describes a block bouncing vertically on a spring. Complete 

the following table with the appropriate average velocities. Then 

make a conjecture about the value of the instantaneous velocity at 
= 7/2. 





[7/27 
aiawfavor) | 


[m/2,m/2 +0.01] | 
[m/2,m/2 + 0.001] | 
[m/2,m/2 + 0.0001] = 





Further Explorations 

21-24. Instantaneous velocity For the following position functions, 
make a table of average velocities similar to those in Exercises 19—20 
and make a conjecture about the instantaneous velocity at the indi- 


cated time. 

21. s(t) = —16t° + 80t + 60 att =3 
22. s(t) = 20cost att = m/2 

23. s(t) = 40sin2t att=0 

24. s(t) =20/(t+1) atr=0 


25-28. Slopes of tangent lines For the following functions, make a 


table of slopes of secant lines and make a conjecture about the slope of 


the tangent line at the indicated point. 


25. 
27. 


=a Wwa 
ISe 


26. f(x) =3cosx atx = 7/2 


atx = 0 28. f(x) =x? -—x atx=1 


29. 


30. 


31. 


32. 


33. 


QUICK CHECK 





1. 16 ft/s. 


Tangent lines with zero slope 


a. Graph the function f(x) = x? — 4x + 3. 

b. Identify the point (a, f(a)) at which the function has a tangent 
line with zero slope. 

c. Confirm your answer to part (b) by making a table of slopes 
of secant lines to approximate the slope of the tangent line at 
this point. 


Tangent lines with zero slope 


a. Graph the function f(x) = 4 — x”. 

b. Identify the point (a, f(a)) at which the function has a tangent 
line with zero slope. 

c. Consider the point (a, f(a) ) found in part (b). Is it true that the 
secant line between (a — h, f(a — h)) and (a + h, f(a + h)) 
has slope zero for any value of h # 0? 


Zero velocity A projectile is fired vertically upward and has a 
position given by s(t) = —16f? + 1281 + 192,for0 = t < 9. 


a. Graph the position function, for 0 S t S 9. 

b. From the graph of the position function, identify the time at 
which the projectile has an instantaneous velocity of zero; call 
this time t = a. 

c. Confirm your answer to part (b) by making a table of average 
velocities to approximate the instantaneous velocity at t = a. 

d. For what values of ¢ on the interval | 0, 9] is the instantaneous 
velocity positive (the projectile moves upward)? 

e. For what values of ¢ on the interval [0, 9] is the instantaneous 
velocity negative (the projectile moves downward)? 


Impact speed A rock is dropped off the edge of a cliff and its 
distance s (in feet) from the top of the cliff after t seconds is 
s(t) = 16t*. Assume the distance from the top of the cliff to the 
ground is 96 ft. 


a. When will the rock strike the ground? 
b. Make a table of average velocities and approximate the veloc- 
ity at which the rock strikes the ground. 


Slope of tangent line Given the function f(x) = 1 — cos x and 
the points A (7/2, f(a /2)), B(m/2 + 0.05, f(a /2 + 0.05)), 
C(m/2 + 0.5, f(a /2 + 0.5)), and D(z, f(7)) (see figure), find 
the slopes of the secant lines through A and D, A and C, and A 
and B. Use your calculations to make a conjecture about the slope 
of the line tangent to the graph of f at x = 7/2. 





y=1-cosx 


ANSWERS 


2. Less than.< 
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2.2 Definitions of Limits 


» The terms arbitrarily close and 
sufficiently close will be made precise 
when rigorous definitions of limits are 


given in Section 2.7. 








... f(x) approaches 2. 


As x approaches 1... 


FIGURE 2.8 


Computing tangent lines and instantaneous velocities are just two of many important cal- 
culus problems that rely on limits. We now put these two problems aside until Chapter 3 
and begin with a preliminary definition of the limit of a function. 


DEFINITION Limit of a Function (Preliminary) 
Suppose the function f is defined for all x near a except possibly at a. If f(x) is 
arbitrarily close to L (as close to L as we like) for all x sufficiently close (but not equal) 
to a, we write 

lim f(x) = L 


A770 


and say the limit of f(x) as x approaches a equals L. 





Informally, we say that lim f(x) = Lif f(x) gets closer and closer to L as x gets 
xa 
closer and closer to a from both sides of a. The value of lim f(x) (if it exists) depends 
xa 


upon the values of f near a, but it does not depend on the value of f(a). In some cases, the 
limit lim f(x) equals f(a). In other instances, lim f(x) and f(a) differ, or f(a) may not 
xa xa 


even be defined. 


EXAMPLE 1 Finding limits from a graph Use the graph of f (Figure 2.7) to deter- 
mine the following values, if possible. 


a. f(1) and lim f(x) b. f(2) and lim (x) c. f(3) and lim f(x) 


SOLUTION 


a. We see that f(1) = 2. As x approaches 1 from either side, the values of f(x) 
approach 2 (Figure 2.8). Therefore, lim f(x) = 2. 
xz 


b. We see that f(2) = 5. However, as x approaches 2 from either side, f(x) approaches 
3 because the points on the graph of f approach the open circle at (2, 3) (Figure 2.9). 
Therefore, lim f(x) = 3 even though f(2) = 5. 

I2 


c. In this case, f(3) is undefined. We see that f(x) approaches 4 as x approaches 3 from 
either side (Figure 2.10). Therefore, lim f(x) = 4 even though f(3) does not exist. 
xy 






... f(x) approaches 3. 


3 
As x approaches 2... As x approaches 3... 


FIGURE 2.9 FIGURE 2.10 





Related Exercises 7-10 
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QUICK CHECK 1 In Example 1, suppose we redefine the function at one point so that 


f(1) = 1. Does this change the value of lim f(x)?<« 
xz 


Vx - 1 
EXAMPLE 2 Finding limits from a table Create a table of values of f(x) = -a 
y= 
> In Example 2, we have not stated with corresponding to values of x near 1. Then make a conjecture about the value of lim f(x). 
certainty that lim f(x) = 0.5. But this is i 
our besi sides based upon the numerical SOLUTION Table 2.2 lists values of f corresponding to values of x approaching 1 from 
evidence. Methods for calculating limits both sides. The numerical evidence suggests that f(x) approaches 0.5 as x approaches 1. 
precisely are introduced in Section 2.3. Therefore, we make the conjecture that lim f(x) = 0.5. 
bol 
Table 2.2 ee O 
x 0.9 0.99 0.999 0.9999 1.0001 1.001 1.01 1.1 
Vx -1 
f(x) = a a 0.5131670 0.5012563 0.5001251 0.5000125 0.4999875 0.499875 1 0.4987562 0.4880885 


Related Exercises 11—14< 


One-Sided Limits 
The limit lim f(x) = Lis referred to as a two-sided limit because f(x) approaches L as x 
x—>a 


approaches a for values of x less than a and for values of x greater than a. For some func- 
tions, it makes sense to examine one-sided limits called left-sided and right-sided limits. 


DEFINITION One-Sided Limits 


> As with two-sided limits, the value of a 1. Right-sided limit Suppose f is defined for all x near a with x > a. If f(x) is 
one-sided limit (if it exists) depends on arbitrarily close to L for all x sufficiently close to a with x > a, we write 
the values of f(x) near a but not on the 
value of f(a). ah I) =k 


and say the limit of f(x) as x approaches a from the right equals L. 


. Left-sided limit Suppose f is defined for all x near a with x < a. If f(x) is 
arbitrarily close to L for all x sufficiently close to a with x < a, we write 


lim f(x) = L 


and say the limit of f(x) as x approaches a from the left equals L. 





3 

EXAMPLE 3 Examining limits graphically and numerically Let f(x) = 3 
Use tables and graphs to make a conjecture about the values of lim, f(x), lim f(x), and 

» Computer-generated graphs and tables ; . , a a 

help us understand the idea of a limit. E I (x) , If they exist. 

Keep in mind, however, that computers 

are not infallible and they may produce SOLUTION Figure 2.1 1a shows the graph of f obtained with a graphing utility. The graph 

incorrect results, even for simple is misleading because f(2) is undefined, which means there should be a hole in the graph 


functions (see Example 5). at (2, 3) (Figure 2.11b). 


» Remember that the value of the limit does 
not depend upon the value of f(2). In this 
case, lim f(x) = 3 despite the fact that 


Xx 
f(2) is undefined. 
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The hole in the graph 
at x = 2 indicates that 
the function is 
undefined at this point. 


This computer- 
generated graph is 
inaccurate because f 
is undefined at x = 2. 


0 


FIGURE 2.11 (a) (b) 


The graph in Figure 2.12a and the function values in Table 2.3 suggest that f(x) 


approaches 3 as x approaches 2 from the right. Therefore, we write 


lim f(x) = 3, 
> 


which says the limit of f(x) as x approaches 2 from the right equals 3. 





... f(x) approaches 3. 


... f(x) approaches 3. 


1 


As x approaches 
2 from the right... 


FIGURE 2.12 (a) (b) 


1 


As x approaches 
2 from the left... 


Similarly, Figure 2.12b and Table 2.3 suggest that as x approaches 2 from the left, 
f(x) approaches 3. So, we write 


lim f(x) = 3, 


x>? 


which says the limit of f(x) as x approaches 2 from the left equals 3. Because f(x) 
approaches 3 as x approaches 2 from either side, we write lim, f(x) = 3. 
x72 


Table 2.3 oe OF ee 
x 1.9 1.99 1.999 1.9999 2.0001 2.001 2.01 2.1 
3 
f(x) = ri 2.8525 2.985025 2.99850025 2.99985000 3.00015000 3.00150025 3.015025 3.1525 
X — 


Related Exercises 15—18< 
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» Recall that we write P if and only if Q 
when P implies Q and Q implies P. 





FIGURE 2.13 


Based upon the previous example, you might wonder whether the limits 
lim f(x), lim, f(x), and lim f(x) always exist and are equal. The remaining examples 
xa xa xa 
demonstrate that these limits sometimes have different values and in other cases, some or 


all of these limits do not exist. The following result is useful when comparing one-sided 
and two-sided limits. 


THEOREM 2.1 Relationship Between One-Sided and Two-sided Limits 
Assume f is defined for all x near a except possibly at a. Then lim f(x) = Lif 


and only if im _ f(x) = Land jim f(x) = L. 





A proof of Theorem 2.1 is outlined in Exercise 44 of Section 2.7. Using this theorem, 
it follows that lim f(x) # L if either lim f(x) # L or lim f(x) # L (or both). 
Aa x—>a x—>a 


Furthermore, if either lim f(x) or lim f(x) does not exist, then lim f(x) does not exist. 
xa xa xa 


We put these ideas to work in the next two examples. 


EXAMPLE 4 A function with a jump Given the graph of g in Figure 2.13, find the 
following limits, if they exist. 


a. lim g(x) b. lim g(x) c. lim g(x) 
I x2” i) 
SOLUTION 


a. As x approaches 2 from the left, g(x) approaches 4. Therefore, uu g(x) = 4. 
Xx 
b. Because g(x) = 1, for all x = 2, lim, g(x) = |. 
x= 
c. By Theorem 2.1, lim g(x) does not exist because lim g(x) # lim, g(x). 
a x A 


Related Exercises 19-24<« 
EXAMPLE 5 Some strange behavior Examine lim cos (1/x). 
x> 


SOLUTION From the first three values of cos (1/x) in Table 2.4, it is tempting to conclude 
that lim, cos (1/x) = —1. But this conclusion is not confirmed when we evaluate cos (1/x) 
xz 


for values of x closer to 0. 


Table 2.4 We might incorrectly 
conclude that cos (1/x) 
x cos (1/x) approaches — 1 as x 
0.001 0.56238 approaches 0 from the 
i right. 

0.0001 -0.95216 P 

0.00001 —0.99936 

0.000001 0.93675 

0.0000001 —0.90727 


0.00000001 —0.36338 


The behavior of cos (1/x) near 0 is better understood by letting x = 1/(nm), where n is 
a positive integer. In this case 


1 if n is even 


1 
cos — = cos nm = po 
X i if n is odd. 
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QUICK CHECK 2 Why is the graph of As n increases, the values of x = 1/(n7) approach zero, while the values of cos (1 /x) 
y = cos is (1 / x) difficult to plot near oscillate between —1 and 1 (Figure 2.14). Therefore, cos (1/x) does not approach a 
x = 0, as suggested by Figure 2.14? single number as x approaches 0 from the right. We conclude that lim cos (1 /x) does 
not exist, which implies that lim cos (1/x) does not exist. Ji 
xz 





The values of cos (1/x) oscillate between — 1 
and 1, over shorter and shorter intervals, as 
x approaches 0 from the right. 


Ia 


Related Exercises 25—26< 









FIGURE 2.14 


Using tables and graphs to make conjectures for the values of limits worked well until 
Example 5. The limitation of technology in this example is not an isolated incident. For 
this reason, analytical techniques (paper-and-pencil methods) for finding limits are devel- 
oped in the next section. 


SECTION 2.2 EXERCISES 


Review Questions 8. Finding limits from a graph Use the graph of g in the figure to 
1. Explain the meaning of lim f(x) = L. find the following values, if they exist. 
xa 


True or false: When lim f(x) exists, it always equals f(a). Explain. a. g(0) b. n g(x) c. g(1) d. a g(x) 


2 

3. Explain the meaning of lim, f(x) = L. 
xa 

4. Explain the meaning of lim f(x) = L. 
xa 

5 


If lim f(x) = Land lim f(x) = M, where L and M are finite 
xa xa 


real numbers, then what must be true about L and M in order for 
lim f(x) to exist? 
xa 


6. What are the potential problems of using a graphing utility to 
determine lim f(x)? 
xa 


Basic Skills 
7. Finding limits from a graph Use the graph of A in the figure to 


find the following values, if they exist. l l 
no b. lim h ni4 d. limh iah 9. Finding limits from a graph Use the graph of f in the figure to 
a. h(2) ° a (x) A(A) ° ay (x) e a (x) find the following values, if they exist. 


a. f(1) b. lim f(x) e f(0) d. lim f(x) 
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10. Finding limits from a graph Use the graph of f in the figure to 
find the following values, if they exist. 


b. lim f(x) 


11. 


12. 


13. 
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a. f(2) c. lim f(x) d. lim f(x) 








3 
-4 
Estimating a limit from tables Let f(x) = - m 
g= 
a. Calculate f(x) for each value of x in the following table. 





2 
. . = 
b. Make a conjecture about the value of u . 
72 ty 








3 

=] 

Estimating a limit from tables Let f(x) = : =i 
a. Calculate f(x) for each value of x in the following table. 





"=i 
b. Make a conjecture about the value of lim . 
>l AT 





t— 9 





Estimating the limit of a function Let e(t) = l 
g g(t) TE 
a. Make two tables, one showing the values of g for 
t = 8.9, 8.99, and 8.999 and one showing values of g for 
t = 9.1, 9.01, and 9.001. 





=g 
b. Make a conjecture about the value of lim 


9 Vt- 3 


14. 


15. 


16. 


17. 


18. 


19. 


Estimating the limit of a function Let f(x) = (1 + x)!”. 


a. Make two tables, one showing the values of f for x = 0.01, 
0.001, 0.0001, and 0.00001 and one showing values of f for 
x = —0.01, —0.001, —0.0001, and —0.00001. Round your 
answers to five digits. 

b. Estimate the value of lim (1 + x) 


x0 
c. What mathematical constant does lim (1 + x) 


—0 
equal? i 


1/x 
'/* appear to 


Estimating a limit graphically and numerically 


I= 
Let f(x) = ine or 


a. Plot a graph of f to estimate lim 7), 
x= 
b. Evaluate f(x) for values of x near 2 to support your conjecture 


in part (a). 


Estimating a limit graphically and numerically 
2x 
==] 
Let g(x) = AS 
x 
a. Plot a graph of g to estimate lim g(x). 
x. 


b. Evaluate g(x) for values of x near 1 to support your conjecture 
in part (a). 


Estimating a limit graphically and numerically 
T= cosy = 2) 


(x — 1)? 


a. Plot a graph of f to estimate lim F(X) 
X=? 


Let f(x) = 


b. Evaluate f(x) for values of x near 1 to support your conjecture 
in part (a). 


Estimating a limit graphically and numerically 
SSiix = 200s% F2 
: . 





Let g(x) = 


a. Plot a graph of g to estimate lim g(x). 
xz 
b. Evaluate g(x) for values of x near 0 to support your conjecture 
in part (a). 


Xx 


29 
One-sided and two-sided limits Let f(x) = . Use tables 


=D 
and graphs to make a conjecture about the values of Jim, Jx); 
jim. f(x), and lim f(x), if they exist. 


x — 100 


. One-sided and two-sided limits Let g(x) = —-——. Use 


Vx — 10 
tables and graphs to make a conjecture about the values of 


lim Eo „and lim , if they exist. 
x— 1007 g(x), —>100 g(x) x— 100 g(x) i 
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21. One-sided and two-sided limits Use the graph of f in the figure 
to find the following values, if they exist. If a limit does not exist, 
explain why. 


a. f(1) b. lim f(x) elim, f(x) d. lim f(x) 





24. Finding limits from a graph Use the graph of g in the figure to 
find the following values, if they exist. If a limit does not exist, 
explain why. 





a. g(—1) b. lim g(x) c. lim g(x) 
x= x—>-—1* 
d. lim g(x) e. g(1) f. lim g(x) 
i> | x= 
22. One-sided and two-sided limits Use the graph of g in the figure 8- 7 g(x) h. g(5) g dm g(x) 


to find the following values, if they exist. If a limit does not exist, 
explain why. 


a. g(2) b. lim g(x) c. lim g(x) 
x2 x—>2* 

d. lim g(x) e. 2(3) f. lim g(x) 
x—>2 x3 

g. lim g(x) h. (4) i. lim g(x) 
y= x—>4 





25. Strange behavior near x = 0 5, 5 


9 9 9 
TmT 37 5ST 





a. Create a table of values of sin ( 1/ cae forx = 


2 2 
——, 7, and ——. Describe the pattern of values you observe. 
Tm OF lla 


b. Why does a graphing utility have difficulty plotting the graph 
of y = sin (1/x) near x = 0 (see figure)? 
c. What do you conclude about lim sin (1/x)? 


x—>0 





23. Finding limits from a graph Use the graph of f in the figure to 
find the following values, if they exist. If a limit does not exist, 
explain why. 





a. f(1) b. lim f(x) c. lim, f(x) 
d. lim f(x) e. f(3) f. lim f(x) 
g. lim, f(x) h. lim f(x) i. f(2) 

j. lim f(x) k. lim, f(x) l lim f(x) 


26. Strange behavior near x = 0 


a. Create a table of values of tan (3/x) for x = 12/77, 12/(377), 
12/(Sar), ..., 12/(1177). Describe the general pattern in the 
values you observe. 

b. Use a graphing utility to graph y = tan (3/x). Why does a 
graphing utility have difficulty plotting the graph near x = 0? 

c. What do you conclude about lim tan (3/x)? 

xz 
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Further Explorations 
27. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 
2 





a. The value of lim does not exist. 


x3 y= 


b. The value of lim f(x) is always found by computing f(a). 
xa 


c. The value of lim f(x) does not exist if f(a) is undefined. 
xa 





36. 


The ceiling function For any real number x, the ceiling function 
| x | is the least integer greater than or equal to x. 


a. Graph the ceiling function y = |x], for —2 < x < 3. 
b. Evaluate lim [x], lim |x], and lim [x]. 
y= yl x15 


c. For what values of a does lim | x | exist? Explain. 
xa 











37. Limit by graphing Use the zoom and trace features of a graphing 
28-29. Sketching graphs of functions Sketch the graph of a function ee . l . 
tility t te | Ta 
with the given properties. You do not need to find a formula for the a mal 0 ~ ae 
function. 
28. f(1) = 0,f(2) = 4,f(3) = 6, lim f(x) = —3, lim, fx) =5 38. Limit by graphing Use the ge and trace features of a graphing 
= a i O A- 
29. g(1) = 0, g(2) = 1,g(3) = -2, lim g(x) = 0, utility to approximate lim oe * 
x x— x? — 
a g(x) = ~1, ae g(x) = ~2 39. Limit by graphing Use the zoom and trace features of a graphing 
\/ — 4 = 2 
30-33. Calculator limits Estimate the value of the following limits by utility to approximate lim 9( 2x — x Vx) 
creating a table of function values for h = 0.01, 0.001, and 0.0001, x1 1 — x3/4 
dh = —0.01, —0.001, and — 0.0001. , , . 
= = 40. Limit by graphing Use the zoom and trace features of a graphing 
30. lim (1 + 2h)!" 31. lim (1 + 3h)?” Di l oe -3 
h—0 h—0 utility to approximate lim . 
ph In (1 + h) x>0 xIn2 
32. lim 7, 33. lim B 
dii dii Applications 
|x| 41. Postage rates Assume that postage for sending a first-class letter 
34. A step function Let f(x) = Fa for x # 0. in the United States is $0.44 for the first ounce (up to and includ- 
l ing 1 oz) plus $0.17 for each additional ounce (up to and includ- 
a. Sketch a graph of l f on the interval |-2, 2]. l ing each additional ounce). 
b. Does lim f(x) exist? Explain your reasoning after first l l 
F a. Graph the function p = f(w) that gives the postage p for 
examining a f(x) and am f(x). sending a letter that weighs w ounces, for 0 < w = 5. 
b. Evaluate lim f(w). 
35. The floor function For any real number x, the floor function (or ee. . 
greatest integer function) | x | is the greatest integer less than or c. Interpret the limits oo f(w) and Buus f(w). 
equal to x (see figure). d. Does lim f(w) exist? Explain. 
a. Compute lim |x], lim [x], lim |x], and lim, |x]. a 
es i ee x2 42. The Heaviside function The Heaviside function is used in engi- 
b. Compute a [x], oo [x], and a [x]. neering applications to model flipping a switch. It is defined as 
c. For a given integer a, state the values of lim |x| and 0 ifx <0 
Jim, lx |. a a 1 ifx=0. 


d. In general, if a is not an integer, state the values of lim | x | 
and lim, |x]. e 
x—>a 


e. For what values of a does lim |x | exist? Explain. 
x—>a 





44. 


a. Sketch a graph of H on the interval [—1, 2]. 
b. Does lim H(x) exist? Explain your reasoning after first 
=> 


examining lim H(x) and lim, H(x). 
x~ x~ 


Additional Exercises 
43. 


Limits of even functions A function f is even if f(—x) = f(x), 
for all x in the domain of f. If f is even, with lim, f(x) = 5 and 
lim_ f(x) = 8, find the following limits. Ta 
y> 
a. lim f(x) 

x2" 
b. lim f(x) 

>= 


Limits of odd functions A function g is odd if g(—x) = —g(x), 
for all x in the domain of g. If g is odd, with lim g(x) a 
lim g(x) = 8, find the following limits. = 

xz 


a. lim. g(x) 
x—>—27 


b. lim g(x) 
x-2 


46. 


2.3 Techniques for Computing Limits 69 












































45. Limits by graphs sin px 
oon r 47. Limits by graphs Use a graphing utility to plot y = — 5 
. ae . tan 2x sin gx 
a. Use a a utility to i ae at least three different pairs of nonzero constants p and g of your 
. tan 5x . tan 4x S 
a sin x” and E Ee choice. Estimate b age in each case. Then use your work to 
_ tannx sın px 
b. Make a conjecture about the value of n Sage? for any real make a conjecture about the value of lim — for any nonzero 
constant n. x—0 sin gx 
l values of p and q. 
sin nx 
Limits by graphs Graph f(x) = , forn = 1,2,3, and 4 
xX 
(four graphs). Use the window |—1, 1] x [0,5]. HECK ANSWERS 
a Tinia a sin a lim ae A and lim EE 1. The value of lim f(x) depends on the value of f only 
a a a n x near 1, not at 1. Therefore, changing the value of f(1) will 
b. Make a conjecture about the value of lim , for any real not change the value of lim f(x). 2. A graphing device 
x—> y> 
constant p. has difficulty plotting y = cos (1/x) near 0 because values 


of the function vary between —1 and 1 over shorter and 
shorter intervals as x approaches 0.< 


2.3 Techniques for Computing Limits 


Graphical and numerical techniques for estimating limits, like those presented in the pre- 
vious section, provide intuition about limits. These techniques, however, occasionally lead 
to incorrect results. Therefore, we turn our attention to analytical methods for evaluating 
limits precisely. 


Limits of Linear Functions 


The graph of f(x) = mx + b is a line with slope m and y-intercept b. From Figure 2.15, 

we see that f(x) approaches f(a) as x approaches a. Therefore, if f is a linear function 

we have lim f(x) = f(a). It follows that for linear functions, lim f(x) is found by direct 
x—>a =R 


x—>a 
substitution of x = a into f(x). This observation leads to the following theorem, which is 
proved in Exercise 28 of Section 2.7. 











f@p------------- 


(a, f (a)) 
... f(x) approaches f (a) f(ia)+-------- 





(a, f(a)) 
... f(x) approaches f(a) 


X 


As x approaches a As x approaches a 
from the left... from the right... 


lim f(x) = f(a) because f(x) > f(a) as x > a from both sides of a. 
x>a 


FIGURE 2.15 
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» Law 61s a special case of Law 7. Letting 
m = | in Law 7 gives Law 6. 





THEOREM 2.2 Limits of Linear Functions 
Let a, b, and m be real numbers. For linear functions f(x) = mx + b, 


lim f(x) = f(a) = ma + b. 





EXAMPLE 1 Limits of linear functions Evaluate the following limits. 


a. lim f(x), where f(x) = 5x — 7 b. lim g(x), where g(x) = 6 
i A> 
SOLUTION 


a. lim f(x) = lim (5x — 7) = f(3) =—4. b. lim g(x) = lim6 = g(2) = 6. 
x5 x—>3 x2 x—>?2 
Related Exercises 11-l6< 
Limit Laws 


The following limit laws greatly simplify the evaluation of many limits. 


THEOREM 2.3 Limit Laws 
Assume lim f(x) and lim g(x) exist. The following properties hold, where c is a 
xa xa 


real number, and m > 0 andn > O are integers. 
. Sum lim [ f(x) + g(x)| = lim f(x) + lim g(x) 
xa xa xa 
. Difference lim [f(x) — g(x)| = lim f(x) — lim g(x) 
xa X70 xa 
. Constant multiple lim |cf(x)] = c lim f(x) 
xa xa 


. Product lim [f(x)g(x)] = | lim f(x) || lim g(x) | 


. Quotient lim 
xa 


pa E 


, provided lim g(x) # 0 
x—>a 


g(x) J lim g(x) 


. Power lim Oy = lim f(x) | 


—>a 
. Fractional power lim [| f(x) |"” = | lim f(x)| nm provided f(x) = 0, for 
xa xa 


x near a, if m is even and n/m is reduced to lowest terms 


A proof of Law 1 is outlined in Section 2.7. Laws 2—5 are proved in Appendix B. 
Law 6 is proved from Law 4 as follows. 
For a positive integer n, if lim f(x) exists, we have 
xa 


lim [ f(x) |" 


xa 


tim [f(2) 0x) “+ £0] 
n factors of f(x) 
| im f(x) || lim f)] nas lim fx)] Repeated use of Law 4 


ee 
n factors of lim f(x) 


= [ig fey 


» Recall that to take even roots of a number 
(for example, square roots or fourth 
roots), the number must be nonnegative if 
the result is to be real. 
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In Law 7, the limit of [ f(x) |"/”" involves the mth root of f(x) when x is near a. If the frac- 
tion n/m is in lowest terms and m is even, this root is undefined unless f(x) is nonnega- 
tive for all x near a, which explains the restrictions shown. 


EXAMPLE 2 Evaluating limits Suppose lim f(x) = 4, lim g(x) = 5, and 
i os x—> 


lim h(x) = 8. Use the limit laws in Theorem 2.3 to compute each limit. 
x 


a. tin SE b. lim [6f(x)g(x) + h(x)] e lim [gœ] 
SOLUTION 
lim x) — g(x 
inf) _ Oa 
x>2 h(x) lim h(x) 
i lim f(x) — lim g(x) EP 
TO 
Dd 
© 8 8 
b. lim [6f(x)g(x) + A(x)] = lim [6f(x)g(x)] + lim h(x) Law 1 
= 6+ lim | f(x)g(x)] + lim h(x) Law 3 


= ° 1 ° 1 +b 1 
6 lim f)] lim 3(x)] lim h(x) Law 4 
= 6°4°5 + 8 = 128. 
c. lim [g(x))? = | lim sœ = 53 = 125. Law6 
oe T Related Exercises 17—24< 
Limits of Polynomial and Rational Functions 


The limit laws are now used to find the limits of polynomial and rational functions. For 
example, to evaluate the limit of the polynomial p(x) = 7x? + 3x? + 4x + 2 at an 
arbitrary point a, we proceed as follows: 

lim p(x) = lim (7x? + 3x* + 4x + 2) 

A 7a a 7a 


= lim (7x°) + lim (3x7) + lim (4x +2) Law1 
xa xa xa 


7 lim (x?) + 3 lim (x°) + lim (4x + 2) Law3 
>a xa xa 


X 


= 7| lim x) 1 3( tim x) + lim (4x +2) Law 6 
xa 


xa xa 
a a 4a + 2 
= 7a? + 3a° + 4a + 2 = p(a). Theorem 2.2 


As in the case of linear functions, the limit of a polynomial is found by direct substitution; 
that is, lim p(x) = p(a) (Exercise 91). 
x—>a 
It is now a short step to evaluating limits of rational functions of the form 
f(x) = p(x)/q(x), where p and q are polynomials. Applying Law 5, we have 
p(x) p(a) 
im ae 


lim p(x) 
xa q(x) lim g(x) qla) 


provided g(a) # 0, 


which shows that limits of rational functions are also evaluated by direct substitution. 
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» The conditions under which direct 
substitution (lim f(x) = f(a) | can be 
used to valat a limit become clear in 
Section 2.6, when the important property 
of continuity is discussed. 


QUICK CHECK 1 Evaluate 
lim (2x — 8x — 16) and 
I> 











THEOREM 2.4 Limits of Polynomial and Rational Functions 
Assume p and q are polynomials and a is a constant. 


a. Polynomial functions: lim p(x) = p(a) 
x—>a 


, _ p(x) _ Pla) 
b. Rational functions: lim = ——, provided g(a) # 0 
x>aq(x) qla) 





a = 
EXAMPLE 3 Limit of a rational function Evaluate lim a 
x—2 5x” — 


SOLUTION Notice that the denominator of this function is nonzero at x = 2. Using 
Theorem 2.4b, 
3x” — 4x _ 


3(2*) — 4(2) 
1m SS a a 
x>2 5x? — 36 5(2°) — 36 


Related Exercises 25—27< 


ooo , 5x* — 3x7 + 8x — 6 
CHECK 2 Use Theorem 2.4b to compute lim k a 
xz 


Ba ae | 

Va +9 + 3x- 1 

EXAMPLE 4 An algebraic function Evaluate lim a 
x—> X 


SOLUTION Using Theorems 2.3 and 2.4, we have 


CTET ee lim ( V2x° + 9 + 3x — 1) 
r>? Ax + 1 E lim (4x + 1) 

xz 

V lim (2x? + 9) + lim (3x — 1) 

x—>2 x2 

ST Laws 1 and 7 

lim (4x + 1) 
x7 


Law 5 





VEO + 9) + (3(2) - 1) 
ee Theorem 2.4 
(4(2) + 1) 
a VOo 10 
9 9 ` 
Notice that the limit at x = 2 equals the value of the function at x = 2. 
Related Exercises 28—-32< 


One-Sided Limits 


Theorem 2.2, Limit Laws 1—6, and Theorem 2.4 also hold for left-sided and right-sided 


limits. In other words, these laws remain valid if we replace lim with lim, or lim . Law 7 
xa xa xa 
must be modified slightly for one-sided limits, as shown below. 
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THEOREM 2.3 (CONTINUED) Limit Laws for One-Sided Limits 


Laws 1—6 hold with lim replaced by lim, or lim . Law 7 is modified as follows. 
xa xa a 
Assume m > O andn > 0 are integers. 


7. Fractional power 


a. lim, [ f(x) |r" = | lim, f(x) ia provided f(x) = 0, for x near a with x > a, if 
Ad x—>a : ; 
m is even and n/m is reduced to lowest terms 


b- lim [f(x)]"/" = | lim f(x) pe provided f(x) = 0, for x near a with x < a, if 
x—>a xa : ‘ 
m is even and n/m is reduced to lowest terms 





EXAMPLE 5 Calculating left- and right-sided limits Let 







. —2x +4 ifxs 1 
—2x+ 4 ifxs 1 = 
fe =4 ifx>1 fe) wa -1 ifx> 1. 
Find the values of lim f(x), lim, f(x), and lim f(x), or state that they do not exist. 
lim f(x) = 2 i i i 
= SOLUTION The graph of f (Figure 2.16) suggests that lim f(x) = 2 and lim, f(x) = 0. 
x7 x7 
We verify this observation analytically by applying the limit laws. For x = 1, 
f(x) = —2x + 4; therefore, 


lim f(x) = lim (—2x + 4) = 2. Theorem 2.2 
1 x>l x> 


a f(x) = 0 For x > 1, note that x — 1 > 0; it follows that 
FIGURE 2.16 im, f(x) = lim Vx—-1=0. Law? 


Because lim f(x) = 2 and lim, f(x) = 0, lim f(x) does not exist by Theorem 2.1. 
x—> i x 


Related Exercises 33-38< 


Other Techniques 


So far, we have evaluated limits by direct substitution. A more challenging problem 
is finding lim f(x) when the limit exists, but lim f(x) # f(a). Two typical cases are 


shown in Pouce 2.17. In the first case, f(a) is defined. but it is not equal to lim f(x); in 
the second case, f(a) is not defined at all. 


ma fx) + f(a) _ f(x) exists, but f(a) is undefined. 





FIGURE 2.17 
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» The argument used in this example 


is common. In the limit process, x 


approaches 2, but x # 2. Therefore, we 


may cancel like factors. 


» We multiply the given function by 


ji 


. Veta 
Vx +1 





EXAMPLE 6 Other techniques Evaluate the following limits. 


= x — 6x + 8 Vx - 1 
a. lim i a b. lim TT 

x2 x- —4 x>-1 x— 1 
SOLUTION 


a. This limit cannot be found by direct substitution because the denominator is zero when 
x = 2. Instead, the numerator and denominator are factored; then, assuming x # 2, 
we cancel like factors: 


x -Ort8 W-2)a—-4) g-4 
x-4 = (x-2)(xt+2) x+? 





x? — 6x + 8 Xog , 
Because ——_.—___ = whenever x Æ 2, the two functions have the same 
x7 —4 x+2 


limit as x approaches 2 (Figure 2.18). Therefore, 








FIGURE 2.18 


b. This limit was approximated numerically in Example 2 of Section 2.2; we conjec- 
tured that the value of the limit is 4. Direct substitution fails in this case because the 
denominator is zero at x = 1. Instead, we first simplify the function by multiplying 
the numerator and denominator by the algebraic conjugate of the numerator. The 
conjugate of Vx — lis Vx + 1; therefore, 

Vx- 1 (Vx - 1)(Vx + 1) 


= Rationalize the numerator; multiply by 1. 


=l (=I + 1) 





e+ Vx-Vx-1 a 
(x — 1)( TER 1) pand the numerator. 
oS a 
= Gein) Simplify. 
] 


Cancel like factors when x ¥ 1. 


E N 
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The limit can now be evaluated: 

Vx - 1 l 1 1 1 

— = j = . 

rol x— 1 x>1 Vx +1 1+1 2 
Related Exercises 39-52< 





na , x? — 7x + 10 
HECK 3 Evaluate lim ————————. «< 
x5 x—5 





An Important Limit 


Despite our success in evaluating limits using direct substitution, algebraic manipulation, 
and the limit laws, there are important limits for which these techniques do not work. One 
such limit arises when investigating the slope of a line tangent to the graph of an exponen- 
tial function. 


EXAMPLE 7 Slope of the line tangent to f(x) = 2* Estimate the slope of the line 
tangent to the graph of f(x) = 2* at the point P(0, 1). 


SOLUTION In Section 2.1, the slope of a tangent line was obtained by finding the limit 
of slopes of secant lines; the same strategy is employed here. We begin by selecting a 
point Q near P on the graph of f with coordinates (x, 2”). The secant line joining the 
points P(0, 1) and Q(x, 2*) is an approximation to the tangent line. To compute the slope 
of the tangent line (denoted by Myan) at x = 0, we look at the slope of the secant line 

Meee = (2* — 1)/x and take the limit as x approaches 0. 





y y 
Fx) = 2 
Asx>0', ... the secant lines approach the tangent 
Q approaches P, ... tangent line, and msc > Myn line 
tangent line 
Asx>0, ... the secant lines approach the 
Q approaches P, ... | tangent line, and mec > Myan 
P(O, 1) J PO, 1) 
GAA 
0 x x x 0 x 
(a) (b) 
FIGURE 2.19 


X 





The limit _ exists only if it has the same value as x > 07 (Figure 2.1 9a) 
xz 

and as x 0 (Figure 2.19b). Because it is not an elementary limit, it cannot be evalu- 

ated using the limit laws of this section. Instead, we investigate the limit using numerical 


evidence. Choosing positive values of x near O results in Table 2.5. 


Table 2.5 


x 1.0 0.1 0.01 0.001 0.0001 0.00001 


2 = 1 
Mse = — 7 1.000000 0.7177 0.6956 0.6934 0.6932 0.6931 
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» Example 7 shows that 


x 





lim = 0.693, which is 

x20 x 

approximately In 2. The connection 
between the natural logarithm and slopes 
of lines tangent to exponential curves 1s 


made clear in Chapters 3 and 6. 


» The Squeeze Theorem is also called 
the Pinching Theorem or the Sandwich 
Theorem. 


F(x) = g(x) = hx) 





As x >a, h(x) > L and f(x) > L. 
Therefore, g(x) > L. 


FIGURE 2.20 


» The two limits in Example 8 play a 
crucial role in establishing fundamental 
properties of the trigonometric functions. 
The limits reappear in Section 2.6. 


We see that as x approaches O from the right, the slopes of the secant lines ap- 
proach the slope of the tangent line, which is approximately 0.693. A similar calculation 
(Exercise 53) gives the same approximation for the limit as x approaches 0 from the left. 

Because the left-sided and right-sided limits are the same, we conclude that 
lim (2* — 1)/x ~ 0.693 (Theorem 2.1). Therefore, the slope of the line tangent to 
x7 


f(x) = 2* at x = 0 is approximately 0.693. 
Related Exercises 53—54< 


The Squeeze Theorem 


The Squeeze Theorem provides another useful method for calculating limits. Suppose the 
functions f and h have the same limit L at a and assume the function g is trapped between 
f and h (Figure 2.20). The Squeeze Theorem says that g must also have the limit L at a. A 
proof of this theorem is outlined in Exercise 54 of Section 2.7. 


THEOREM 2.5 The Squeeze Theorem 
Assume the functions f, g, and h satisfy f(x) <= g(x) = h(x) for all values of x 


near a, except possibly at a. If lim f(x) = lim h(x) = L, then lim g(x) = L. 
xa xa x—>a 





EXAMPLE 8 Sine and cosine limits A geometric argument (Exercise 90) may be 
used to show that for =m /2 < x < 7/2, 

—|x| S sinx S |x| and 0 s< 1 — cosx S |x]. 
Use the Squeeze Theorem to confirm the following limits. 


a. lim sinx = 0 b. lim cosx = 1 
x—0 x—0 


SOLUTION 








a. Letting f(x) = —|x|, g(x) = sin x, and h(x) = |x|, we see that g is trapped between 
fandhon-—7/2 < x < 7/2 (Figure 2.21a). Because lim f(x) = lim h(x) = 0 
x= x= 


(Exercise 37), the Squeeze Theorem implies that un g(x) = E sinx = 0. 
x? X> 





y y = |x| 
—|x| S sin x S |x l e 
on a 
y=1-cosx 
a T X 
2 2 
0< 1 -— cosx < |x| 
—] =] 


(a) (b) 


FIGURE 2.21 


FIGURE 2.22 





b. In this case, we let f(x) = 


2.3 Techniques for Computing Limits TI 


= 0, g(x) = 1 — cos x, and h(x) = |x| (Figure 2.21b). 


Because lim f(x) = lim h(x) = 0, the Squeeze Theorem implies that 


lim 1 g(x) = 


P 1 — lim cosx = 0, or lim cosx = 1. 
x—0 x—0 


x—> 
a (1 — cos x) = 0. By the limit laws, it follows that 


Related Exercises 55-S58< 


x= 0 


EXAMPLE 9 Applying the Squeeze Theorem Use the Squeeze Theorem to verify 
that lim x sin (1/x) = 0. 
xz 





SOLUTION For any real number 0, —1 = sin@ = 
x # 0, it follows that 


These inequalities are illustrated in Figure 2.22. Because E y= 


y= 
the Squeeze Theorem implies that lim x?” sin (1/x) = 0. 
x—> 


4 Suppose f satisfies 1 < f(x) S 


1. Letting 0 = 1/x for 


—] = sn- = 1. 
y 


Noting that x? > 0 for x # 0, each term in this inequality is multiplied by x7: 


1 
— x? = x? sin — = x’. 
x 


lim (—x*) = 0, 


x—0 


Related Exercises 55—58< 


a 
x 
1+ = for all values of x near zero. 


Find mp f(x), if possible.< 
x= 


SECTION 2.3 EXERCISES 


Review Questions 


1. 
Ze 


How is lim f(x) calculated if f is a polynomial function? 
xa 


How are lim f(x) and lim, f(x) calculated if f is a polynomial 
x>a xa 


function? 


For what values of a does lim r(x) = r(a) if r is a rational 
function? m 


Assume lim g(x) = 4and f(x) = g(x) whenever x # 3. 
x= 

Evaluate lim f(x), if possible. 
xXx 


Explain why lim 
x3 
If lim f(x) = —8, find lim [ f(x) ?”. 
x>2 xz 


Suppose p and g are polynomials. If Bue pa) = 10 and 

q(0) = 2, find p(0). 

Suppose lim f(x) = lim h(x) = 5. Find lim g(x), where 
a2 X2 y2 

f(x) = g(x) = A(x), for all x. 


Evaluate lim Vx? — 9. 


x5 


10. Suppose 


om 4 ih eae 
kD eB 

Compute lim f(x) and lim f(x). 

x3. x37 
Basic Skills 
11-16. Limits of linear functions Evaluate the following limits. 
11. lim (3x = 7) 12. lim (24 3) 13. lim 5x 
=> = 

14. ifn (—3x) 15. lim 4 16. lim 7 

x—>2 x—>6 i) 


17-24. Applying limit laws Assume lim f(x) = 8, lim g(x) = 3, 
A2 x—> 
and lim h(x) = 2. Compute the following limits and state the limit 
X= 
laws used to justify your computations. 


17. tim [4f(x) | S m | 


h(x) 
19. lim [x)= e(2)] 20. Tim [f] 
_ | F(x)g) | f(x) 
E tim | h(x) | E B 





23. lim [h(x)] 24. lim W(x) g(x) 13 
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25-32. Evaluating limits Evaluate the following limits. (2x — 1)? —9 5 + z — l 
45. lim ———————_ 46. lim 
25. lim (2x? — 3x? + 4x +5) 26. lim (1° + 5t+7) x1 x + I ho h 
x = 
2 Ves V3t+1- V3a+1 
a m 28. lim Vr — 10 47. lim ———— 48. lim - 
x>] 8y —4 33 x-9 x — 9 ta t—a 
29. | = 30. | 5 49. lim———“~,a>0 0; dim? as 
. li . = . lim ,a . lim za 
b>2 V4b t 1-1 a *) xa Vx — Va xa Vx — Va 
= 3 Vl6+h-4 a— Va? — x? 
31. lim 32. lim 51. li 52. li ,a>0 
133 Vix — 3 n>0 V16 + 3h + 4 0 h r g É 
33. One-sided limits Let 53. Slope of a tangent line 
ea eel a. Sketch a graph of a= 2* and carefully draw three secant lines 
f(x) = drel iri ~ the points P(0, 1) and Q(x, 2*), for x = —3, —2, 
and — 1. 
Compute the following limits or state that they do not exist. b. Find the slope of the line that joins P(0, 1) and Q(x, 2*), for 
a. lim f(x) b. lim f(x) c. lim f(x) x # 0. | 
y=- ee ae c. Complete the table and make a conjecture about the value of 
34. One-sided limits Let lim is I 
x0 X 
0 ixa rs) 


fa) =| VBS iS <x<s 


Compute the following limits or state that they do not exist. 








ee (x) Oe MJ (x) e | (x) 54. Slope of a tangent line 
d kos f(x) S: ami f(x) f. un f(x) a. Sketch a graph of y = 3* and carefully draw four secant lines 
connecting the points P(0, 1) and Q(x, 3*), for x = —2, —1, 1, 
35. One-sided limits and 2. 
a. Evaluate lim Vx — 2. b. Find the slope of the line that joins P(0, 1) and Q(x, 3*), for 
l , À ~ 0 
b. Why don’t der evaluating lim Vx — 2? cages 
eg ne wr ~ c. Complete the table and make a conjecture about the value 
36. One-sided limits fia- — 
x — 3 x—0 X 





BEMIS DS WD poe [or ON 


= 3 
x—> — xX 


37. Absolute value limit Show that lim |x| = 0 by first evaluating 











lim and lim, Lx|. Recall ta 55. Applying the Squeeze Theorem 
x ifx=0 a. Show that — forx ~ 0. 
x E E, ifx < 0. b. Illustrate the inequalities in part (a) with a graph. 
38. Absolute value limit Show that um Ix| = |a c. Use the Squeeze Theorem to show that lim x sin i 0. 





number. (Hint: Consider the cases a < 0 anda = 0.) 
56. A cosine limit by the Squeeze Theorem It can be shown that 








39-52. Other techniques Evaluate the following limits, where a and b n 
are fixed real numbers. = F = cosx = 1, for x near 0. 
 x7-— 1 x? — Ix - 3 a. Illustrate these inequalities with a graph. 
a mi Ppa aM: ba reg b. Use these inequalities to find him. COS x. 
x= 
2 2 
41. lim Ca 42. lim ST Ht 2 57. A sine limit by the Squeeze Theorem It can be shown that 
x4 4—-—x 12 2 =f x? sin x 
| = — = —— = |, for x near 0. 
(x -— bP -x +b (x +b) + (x+ b)! 6 x 
os me x —b sa Fae 4(x + b) a. Illustrate these inequalities with a graph. 


sin x 





b. Use these inequalities to find lim 
x0 xX 


58. 


A logarithm limit by the Squeeze Theorem 





a. Draw a graph to verify that —|x| = x7Inx* < |x|, for 
—] =x = 1, where x # 0. 


b. Use the Squeeze Theorem to determine lim x° In x”. 


x—0 


Further Explorations 


59. 


Explain why or why not Determine whether the following 
statements are true and give an explanation or counterexample. 
Assume a and L are finite numbers. 


a. If lim f(x) = L, then f(a) = L. 
x—>a 
b. If lim f(x) = L, then lim, f(x) = L. 
x—>a x>a 
c. If lim f(x) = Land lim g(x) = L, then f(a) = g(a). 
xa xa 
f(x) n E 
d. The limit lim ——~ does not exist if g(a) = 0. 
xa g(x) 
. If li = li , it foll that 
e. If lim, Vf(x) = 1 / lim, f(x), it follows tha 


lim Vf(x) = \ / Tim f(x), 


60-67. Evaluating limits Evaluate the following limits, where c and k 
are constants. 


60. 


62. 


64. 


66. 


68. 


69. 








100 
li ae E 61. lim (5x — 6)*” 
nO (10h I) F2 x—>2 
vl0ox- 9-1 

lim (3x — 16)2/7 63. lim ———— 
Poe oe x=l *= 1 

1 2 = (5 +h)? -25 
lim = 65. lim 
x>2\ x-2 x — 2x h—>0 h 


wt 5kw + 4k? 


lim << — 67. lim 5 
x—>c x—c w—>-—k w° + kw 
Finding a constant Suppose 
34D ifxs2 
ny = ifx > 2. 


Determine a value of the constant b for which lim f(x) exists and 
state the value of the limit, if possible. = 


Finding a constant Suppose 


roe f = 5X 


a — 7 


ifx <s -—1 
ifx > -—1. 


Determine a value of the constant a for which lim g(x) exists 
and state the value of the limit, if possible. “~~ | 


70-76. Useful factorization formula Calculate the following limits 
using the factorization formula 


X =d" = (y= aa + xa + xa? +e + xa" + a"'), 


where n is a positive integer and a is a real number. 


70. 


72. 


73. 








5 6 
— 32 =] 

ta 7i iin 
x2 x—2 xel XxX — 

x! 
lim (Hint: Use the formula for x’ — a’ witha = —1.) 
x>-1 x + 1 

5S 3 
m 





75: 


76. 
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lim —= , for any positive integer n 
xa X— a 
lim ——— (Hint: x — 1 = (Wx) =i) 
x>1 x— 1 
_ Wx-2 
lim ———— 


x16 x — 16 


77-80. Limits involving conjugates Evaluate the following limits. 


yi, 


79. 


80. 


81. 


82. 


83. 


x= 1 


y= l 
lim — 
4x+5-3 


x>1 Vx — 1 

3(x — 4) Vee 5 
pr i Ses ee 
3 = Vx+5 


78. lim 


x1 


x4 


, where c is a constant 
orl = 1 


lim 

x0 

Creating functions satisfying given limit conditions Find func- 

tions f and g such that lim f(x) = 0 and lim (f(x) g(x)) = 5. 
xX? x—? 


Creating functions satisfying given limit conditions Find a 


l o a LINL 
function f satisfying lim | ——— } = 2 
xe1\x- 1 


Finding constants Find constants b and c in the polynomial 


x 
pl : = 6. Are the 





p(x) = x* + bx + c such that lim 


22 O 


constants unique? 


Applications 


84. 


85. 


A problem from relativity theory Suppose a spaceship of 
length Lọ is traveling at a high speed v relative to an observer. To 
the observer, the ship appears to have a smaller length given by 
the Lorentz contraction formula 


where c is the speed of light. 


a. What is the observed length L of the ship 1f it is traveling at 
50% of the speed of light? 

b. What is the observed length L of the ship if it is traveling at 
75% of the speed of light? 

c. In parts (a) and (b), what happens to L as the speed of the ship 
increases? 


2 
d. Find lim Lo,/ 1 — L and explain the significance of this 
v—c C 
limit. 
Limit of the radius of a cylinder A right circular cylinder with a 
height of 10 cm and a surface area of § cm” has a radius given by 


r(S) = M. /100 + = — o); 


Find im, r(S) and interpret your result. 
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86. Torricelli’s Law A cylindrical tank is filled with water to b. Show that |sin 0| < |6|, for —aw/2 < 0 < a/2. (Hint: 
a depth of 9 meters. At t = O, a drain in the bottom of the The length of arc AB is 0, if 0 = 0 < 7/2, and —9, if 
tank is opened and water flows out of the tank. The depth =7/2 <0 <0.) 
of water in the tank (measured from the bottom of the tank) c. Conclude that —|6| = sin 0 = |0|, for -r /2 < 0 < 7/2. 
t seconds after the drain is opened is approximated by d. Show that O < 1 — cos 0 < |0|, for—a/2 < 6 < m/2. 


d(t) = (3 — 0.015r)’, for 0 = t = 200. 
Evaluate and interpret lim d(t). 
[=> 


87. Electric field The magnitude of the electric field at a point x 
meters from the midpoint of a 0.1-m line of charge is given by 


4.35 


xV x? + 0.01 


Evaluate lim E(x). 


x— 10 





E(x) = 


Additional Exercises 


88-89. Limits of composite functions 


88. If lim f(x) = 4, find lim F(a), 
x= x? 


(in units of newtons per coulomb, N/C). 








91. Theorem 2.4a Given the polynomial 


p(x) = b,x" + b,x" | +--+ + bix + Do, 


89. Suppose g(x) = f(1 — x), for all x, = f(x) = 4, and prove that lim p(x) = p(a) for any value of a. 
lim f(x) = 6. Find lim g(x) and lim g(x). e 
>l x0" x0" 


90. Two trigonometric inequalities Consider the angle 0 in standard 


€ CHECK ANSWERS 





el CK 
OL Ic i 
LUI! 


position in a unit circle, where 0 = 0 < 7/2 or—7/2 <0<0 


(use both figures). 
a. Show that |AC| = |sin 0 





1.022233 4 1.<« 


,for—a/2 <0 < a /2. (Hint: 


Consider the cases 0 = 0 < w7/2and—7/2 <0<0 


separately. ) 


2.4 Infinite Limits 


Table 2.6 
x f(x) = 1/x? 
+ 0.1 100 
+ 0.01 10,000 
+ 0.001 1,000,000 
{ l 
0 CO 





Two more limit scenarios are frequently encountered in calculus and are discussed in this 
and the following section. An infinite limit occurs when function values increase or de- 
crease without bound near a point. The other type of limit, known as a limit at infinity, 
occurs when the independent variable x increases or decreases without bound. The ideas 
behind infinite limits and limits at infinity are quite different. Therefore, it is important to 
distinguish these limits and the methods used to calculate them. 


An Overview 


To illustrate the differences between limits at infinity and infinite limits, consider the val- 

ues of f(x) = 1/x? in Table 2.6. As x approaches 0 from either side, f(x) grows larger 

and larger. Because f(x) does not approach a finite number as x approaches 0, lim f(x) 
x 


does not exist. Nevertheless, we use limit notation and write lim f(x) = ©. The infinity 
x—>0 


symbol indicates that f(x) grows arbitrarily large as x approaches 0. This is an example of 
an infinite limit, in general, the dependent variable becomes arbitrarily large in magnitude 
as the independent variable approaches a finite number. 


2.4 Infinite Limits 81 


Table 2.7 With limits at infinity, the opposite occurs: The dependent variable approaches a 
finite number as the independent variable becomes arbitrarily large in magnitude. In 
x Fe) = Tx Table 2.7 we see that f(x) = ae approaches 0 as x increases. In this case we write 
10 0.01 lim f(x) = 0, 
x7 0 
100 0.0001 A general picture of these two limit scenarios is shown in Figure 2.23. 
1000 0.000001 
' v 
00 0 







Infinite limit 
Limit at infinity yooasx>a 
y>Lasx>-—© 


| 

| | Limit at infinity 
| | y>M as x> 
| 

| 

| 

| 





FIGURE 2.23 





f(x) large Infinite Limits 


and positive The following definition of infinite limits is informal, but it is adequate for most functions 


encountered in this book. A precise definition is given in Section 2.7. 


DEFINITION Infinite Limits 
Suppose f is defined for all x near a. If f(x) grows arbitrarily large for all x suffi- 
ciently close (but not equal) to a (Figure 2.24a), we write 


lim f(x) = ©. 
x approaches a x—a f ) 


(a) We say the limit of f(x) as x approaches a is infinity. 


If f(x) is negative and grows arbitrarily large in magnitude for all x sufficiently 
x approaches a close (but not equal) to a (Figure 2.24b), we write 


lim f(x) ==. 


In this case, we say the limit of f(x) as x approaches a is negative infinity. In both 
cases, the limit does not exist. 





f(x) large 
and negative 


(b) 
FIGURE 2.24 


82 CHAPTER2 œ LIMITS 


EXAMPLE 1 Infinite limits Evaluate lim — 7 and lim — > using the 
x> (x = 1) 1 (x — 1) 


graph of the function. 


SOLUTION The graph of f(x) = 5 (Figure 2.25) shows that as x approaches 1 


(x? = 1) 


(from either side), the values of f grow arbitrarily large. Therefore, the limit does not 
exist and we write 







X 
=e lim —~—— = % 
lim (8) = el (x? — 1)? 


As x approaches —1, the values of f are negative and grow arbitrarily large in 
_._& magnitude; therefore, 


— = — ©, 
x1 (x? — Pa Related Exercises 7-8< 


Example 1 illustrates two-sided infinite limits. As with finite limits, we also need to 
work with right-sided and left-sided infinite limits. 


lim fo) ==% 
DEFINITION One-Sided Infinite Limits 


Suppose f is defined for all x near a with x > a. If f(x) becomes arbitrarily large 
for all x sufficiently close to a with x > a, we write lim, f(x) = % (Figure 2.26a). 
x—>a 


FIGURE 2.25 


The one-sided infinite limits lim, f(x) = —% (Figure 2.26b), lim f(x) = % 
Xa x—a 


(Figure 2.26c), and lim f(x) = —© (Figure 2.26d) are defined analogously. 
xa 





lim f(x) = œ lim f(x) = =a 
x>at x>a* 


(a) (b) 





A l J IC TA CL 4 E ( Al 


QUICK CHECK 1 Sketch the graph 
of a function and its vertical 
asymptote that satisfies the condi- 
tions lim, f(x) = —œ and 

y2" 


lim f(x) = %.< 
x2 





lim f(x) = % lim f(x) = —% 


FIGURE 2.26 (c) (d) 






FIGURE 2.27 


» In Example 2c, because g behaves 
differently as x > 3” and as x > 3°, we 
do not write lim g(x) = ©. We simply 

y= 


say that the limit does not exist. 








Table 2.8 
X 5 +x 
x 
5.01 
0.01 — = 501 
0.01 
5.001 
0.001 — = 5001 
0.001 
0.0001 DU 50,001 
l 0.0001 í 
| J 
07 oo 





a, ıı P= IUI >» 





T 
and Hir — by determining the sign 
x72 


of the numerator and denominator. < 


= y= 
C 
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In all the infinite limits illustrated in Figure 2.26, the line x = a is called a vertical 
asymptote; it is a vertical line that is approached by the graph of f as x approaches a. 


DEFINITION Vertical Asymptote 
If lim f(x) = T>, im f(x) = Toor lim f(x) = 
xa xa x—>a 


+ œ, the line x = ais 


called a vertical asymptote of f. 





EXAMPLE 2 Determining limits graphically The vertical lines x = 1 and 
=z 


m-on - 1)? ie T 


x = 3 are vertical asymptotes of the function g(x) = 
Figure 2.27 to analyze the following limits. 

a. lim g(x) b. lim g(x) c. lim g(x) 
SOLUTION 


a. The values of g grow arbitrarily large as x approaches 1 from either side. 
Therefore, lim g(x) = œ. 
xz 


b. The values of g are negative and grow arbitrarily large in magnitude as x 


approaches 3 from the left, so lim g(x) ==. 
x—> 
c. Note that lim, g(x) = œ and lim g(x) = —%. Therefore, lim g(x) does not 
x—> A? => 
exist. 


Related Exercises 9-16< 


Finding Infinite Limits Analytically 


Many infinite limits are analyzed using a simple arithmetic property: The fraction a/b 
grows arbitrarily large in magnitude if b approaches 0 while a remains nonzero and rela- 
tively constant. For example, consider the fraction (5 + x)/x for values of x approaching 
0 from the right (Table 2.8). 





ITFA . 
We see that — œ as x — 0" because the numerator 5 + x approaches 5 while 











the denominator is positive and approaches 0. Therefore, we write Jim, 2 - Tn 
Similarly, a ao = — œ because the numerator approaches 5 while the denominator 
approaches 0 through negative values. 
EXAMPLE 3 Evaluating limits analytically Evaluate the following limits. 
M pio 
re am or AS 
SOLUTION 
a. As x — 3”, the numerator 2 — 5x approaches 2 — 5(3) = —13 while the denominator 


x — 3 is positive and approaches 0. Therefore, 


approaches — 13 
aaan 


a Am 
lim = — %0 
x3 x — 3 
—— 
positive and 


approaches 0 
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» We can assume that x # 0 because we 
are considering function values near 


x = —4. 


> Example 5 illustrates that f(x)/g(x) 
might not grow arbitrarily large in 
magnitude if both f(x) and g(x) 
approach 0. Such limits are called 
indeterminate forms and are examined in 
detail in Section 4.7. 


» Itis permissible to cancel the x — 1 


(x — 1)(% — 3) 
factors in lim because 
x1 (x — 1)(x + 1) 
x approaches 1 but is not equal to 1. 


Therefore, x — 1 ¥ 0. 





b. As x > 3°,2 — 5x approaches 2 — 5(3) = —13 while x — 3 is negative and 
approaches 0. Therefore, 


approaches — 13 
== 





negative and 
approaches 0 


These limits imply that the given function has a vertical asymptote at x = 3. 
Related Exercises 17-28< 


3 2 x 
x—-4 =y = Ay 


SOLUTION First we factor and simplify, assuming x # 0: 
cer oe ee ee) ee a 
=x? — 4x? —x*(x + 4) x(x + 4) 
As x > —4", we find that 


approaches 42 


negative and 
approaches 0 


This limit implies that the given function has a vertical asymptote at x = —4. 
Related Exercises 17—28< 


CHECK 3 Verify that x(x + 4) — 0 through negative values as x > —47.< 


2 
~ 4x +3 
EXAMPLE 5 Location of vertical asymptotes Let f(x) = = Evaluate 
= 





the following limits and find the vertical asymptotes of f. Verify your work with a graph- 
ing utility. 


a. lim f(x) b. lim f(x) c. lim f(x) 
x1 y> <1" 
SOLUTION 


a. Notice that as x — 1, both the numerator and denominator of f approach 0, and the 
function is undefined at x = 1. To compute lim f(x), we first factor: 
xz 


2 
= aye eS 
lim = lim 
x 1 Fx) x1 x? — | 








_ (x — I — 3) 

= lim ———-_——_ Factor. 
gate = Lick T) 
_ (x — 3) 

= lim —— Cancel like factors, x ¥ 1. 
x1 (x + 1) 
=> . 

= = -1. Substitute x = 1. 
IF 

Therefore, lim f(x) = —1 (even though f(1) is undefined). The line x = 1 is nota 
x= 


vertical asymptote of f. 
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b. In part (a) we showed that 


f(x) x? —4x+3 t= deri 
= eee š TOVI ‘ 
x TE ekl provided x 





We use this fact again. As x approaches — 1 from the left, the one-sided limit is 


approaches —4 
mN 


x=3 





lm f(x) = lim = o, 
== fi ) x>-1 x + 1 
— A 
negative and 
approaches 0 


c. As x approaches — 1 from the right, the one-sided limit is 


approaches —4 
—— 





~ 
lim x) = lim = — 0, 

x—>-—1* fi ) x>-Itx + 1 
— 

positive and 

approaches 0 

The infinite limits lim f(x) =— and lim f(x) = œ each imply that the line 
| >m 


x = — | is a vertical asymptote of f. The graph of f generated by a graphing utility may 

appear as shown in Figure 2.28a. If so, two corrections must be made. A hole should 

appear in the graph at (1, —1) because lim f(x) = —1, but f(1) is undefined. It is also a 
y> 


good idea to replace the solid vertical line with a dashed line to emphasize that the verti- 
cal asymptote is not a part of the graph of f (Figure 2.28b). 


» Graphing utilities vary in how they 
display vertical asymptotes. The errors Two versions of the graph of y = = 


shown in Figure 2.28a do not occur on all 


x7 — Ax +3 
—] 


graphing utilities. 





Calculator graph Correct graph 
(a) (b) 
FIGURE 2.28 
Related Exercises 29-34< 
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CHAPTER2 œ LIMITS 





IECK 4 The line x = 2 is not a vertical asymptote of y = 


Why not?<« 


a. lim coté 
0—0" 


SOLUTION 








aTa 2) 
x—2 l 


EXAMPLE 6 Limits of trigonometric functions Evaluate the following limits. 


b. lim coté 
0—07 


a. Recall that cot 0 = cos 0/sin 0. Furthermore (Example 8, Section 2.3), LL cos = 1 


and sin 0 is positive and approaches 0 as 6 — 0°. Therefore, as 9 —> 0", cot 0 
becomes arbitrarily large and positive, which means lim cot = ©. This limit is con- 


0—0 


firmed by the graph of cot 0 (Figure 2.29), which has a vertical asymptote at 0 = 0. 








lim cot @ = —% b. In this case, a cos = I and as 0 —> 0 , sin 0 —> 0 with sin 8 < 0. Therefore, as 
0>07 — Fy ; —— 
0—0 , cot @ is negative and becomes arbitrarily large in magnitude. It follows that 
FIGURE 2.29 lim cot @ = —©, as confirmed by the graph of cot 0. 
c= Related Exercises 35—-40< 
SECTION 2.4 EXERCISES 
Review Questions 8. Analyzing infinite limits graphically Use the graph of 
1. Use a graph to explain the meaning of lim, f(x) = —©. f(x) = ————— to discuss lim f(x) and lim f(x). 
xa ‘Com — 2x — a x—>-1 x3 
2. Use a graph to explain the meaning of lim f(x) = ©. 
xa 
3. What is a vertical asymptote? 
4. Consider the function F(x) = f(x)/g(x) with g(a) = 0. Does 
F necessarily have a vertical asymptote at x = a? Explain your 
reasoning. 
5. Suppose f(x) — 100 and g(x) —> 0, with g(x) < 0, as x—> 2. 
f(x) 
Determine lim 
x2 g(x) 
é Evade lin and Sai 9. Analyzing infinite limits graphically The graph of f in the 
Iy X raS figure has vertical asymptotes at x = 1 and x = 2. Analyze 
aiat the following limits. 
Basic Skills . È . 
. l . l 1l 
7. Analyzing infinite limits numerically Compute the values of a or fx) 4 rol fx) j = fx) 
+ 1 . . . 
f(x) = oa in the following table and use them to discuss d. Bue f(x) = Eon F(x) I. oo f(x) 
y= 
lim f(x). 


x—>l1 





l 
l 
| 
U y =f) 
l 
l 





10. 


11. 


12. 


Analyzing infinite limits graphically The graph of g in the 13. 


figure has vertical asymptotes at x = 2 and x = 4. Analyze the 
following limits. 





a. lim g(x) b. lim g(x) c. lim g(x) 
x2? a x2 

d. lim g(x) e. lim, g(x) f. lim g(x) 
x47 x4" x4 





14. 
4 
| | 
| | 
| ! y = g(x) 
i 15. 
| | 
Analyzing infinite limits graphically The graph of A in the fig- 
ure has vertical asymptotes at x = —2 and x = 3. Investigate the 
following limits. 
a. lim h(x) b. lim A(x) c. lim h(x) 
x>- x—>—2* x—>-—2 16 
d. lim h(x) e lim, h(x) f. lim h(x) ` 
x3 x—>3t x—>3 








17. 
18. 
Analyzing infinite limits graphically The graph of p in the 
figure has vertical asymptotes at x = —2 and x = 3. Investigate 
the following limits. 19. 
a. lim p(x) b. lim p(x) c. lim p(x) 
i= 2- t—=2" x2 
d. lim p(x) e lim, p(x) f. lim p(x) 20. 
I3 x3" x—>3 
21. 
3 
| 
| 
| y = p(x) 22. 
| 
| 
| 23. 
| 
25: 


2.4 Infinite Limits 87 


Analyzing infinite limits graphically Graph the function 





1 
[== using a graphing utility with the window 
x x 
[—1,2] x [—10, 10]. Use your graph to discuss the following 
limits. 
a. lim f(x) b. lim f(x) e. lim f(x) d. lim f(x) 
x0 x—>0* x> x—>1* 
Analyzing infinite limits graphically Graph the function 
f(x) = —__.. using a graphing utility. (Experiment with 
Kx a 2} 
your choice of a graphing window.) Use your graph to discuss 
the following limits. 
a. lim f(x) b. lim f(x) e. lim f(x) d. lim f(x) 
jo" f——2 x>0" x0" 
Sketching graphs Sketch a possible graph of a function f, 


together with vertical asymptotes, satisfying all the following 
conditions on [0, 4]. 


f(1) = 0, — f(3) is undefined, lim f(x) = |, 

x= 
lim f(x) =-”™, lim f(x) = æ, lim f(x) = © 
x0" x2 x47 
Sketching graphs Sketch a possible graph of a function g, 


together with vertical asymptotes, satisfying all the following 
conditions. 


x— 


lim = 0, lim = 69 
xT a(x) x7 a(x) 


17-28. Evaluating limits analytically Evaluate the following limits or 
state that they do not exist. 

















a. lim b. lim c. lim 
x27 x — x7 x—2 x>2x—-—2 
a 3 b 3 Q lim 3 
s (= 3) cin = 3) soaa = 3) 
I=5 y=5 y=5 
a 3 b. li 5 £ 5 
x4" (x — 4) x4 (x — 4) x4 (x — 4) 
x—2 x—2 y=2 
a 3 b. 3 c 3 
yea — 1) x—>l (x — 1) x1 (x — 1) 
(x= 1)(x= 2) (*= 1x = 2) 
a. l b. lim 
x37 (x = 3) x3 (x = 3) 
(x= Iie 2) 
c. | 
x3 (x a 3) 
w=4) 4) 4) 
sot ae 2) eo x(n 2) aoa a(n + 2) 
3 2 2 
= 5 4t- — 100 
lim — 24. lim 
x0 x i>5 t-—5 
2 
— 5x + 6 =o 
lim ———— 26. lim : 





>t x 1 z>4 (z? — 10z + 24)? 


88 CHAPTER2 œ LIMITS 




















«x7 — 4 + 3 = xX — Ax + 3 42. Finding a function with vertical asymptotes Find polynomials p 
27, a. lim, G2 Ds ii =o and q such that p/q is undefined at 1 and 2, but p/q has a vertical 
: go? = Aye asymptote only at 2. Sketch a graph of your function. 
c. lim 
ya {y= 2)° 43. Finding a function with infinite limits Give a formula for a 
m r N ae — inn By a ee function f that satisfies Jim, f(x) = œ% and jim. f(x) =>. 
= ot x* — Ax? i oor xt — 4x? 44. Matching Match functions a-f with graphs A—F in the figure 
. x8 — 5x? + 6x _ x3 — 5x? + 6x without using a graphing utility. 
c. lim Af ase d. lim — a. ae 
2 y =y x>2 x" — 4x x x 
TO alegre, T = = 
29. Location of vertical asymptotes Analyze the following limits i i a 
Leg = = A 
d find the vertical totes of f(x) = >——. c. f(x) = d. f(x) = 
and find the vertical asymptotes of f(x) ae a (x — 1) 
: 1 x 
a. lim b. lim c. lim — —___ _ 
lim f(x) Jim f(x) Jim, f(x) e. f(x) e f. f) = 


30. Location of vertical asymptotes Analyze the following limits 
Da eal | A. 


x* — 49x? 
a. lim f(x) b. lim f(x) œe lim f(x) d. lim f(x) 
x7 x7 x7] x—0 


B. y 








and find the vertical asymptotes of f(x) = 


31-34. Finding vertical asymptotes Find all vertical asymptotes 
x = a of the following functions. For each value of a, discuss 


lim, f(x), lim f(x), and lim f(x). 
xa xa xa 


x* — 9x + 14 COS x 
31. SS 32. = —— 
Pe) x? — 5x +6 Pa) x? + 2x 
x+1 x? — 10x? + 16x 
33. = ee 34. = 
Pe) x? — 4x? + 4x Pa) x? — 8x 


35-38. Trigonometric limits /nvestigate the following limits. 


35. lim csc 6 36. lim csc x 
0—0* x0" 
1 
37. lim (—10 cot x) 38. lim —tand 
x0" O71 /2* 3 





39. Analyzing infinite limits graphically Graph the function 
y = tan x with the window |—7, m| xX [—10, 10]. Use the graph 
to analyze the following limits. 


a. lim tanx b. lim tanx 
son xr [2 

c. lim tanx d. lim tanx 
xa /2" a ae 


40. Analyzing infinite limits graphically Graph the function 
y = sec x tan x with the window |[—7, m| X [—10, 10]. Use the 
graph to analyze the following limits. 





a. lim secxtanx b. lim secxtanx 
x7 /2* xr 
c. lim secxtanx d. lim sec x tanx 
x—>-—r/2" 9/2. 
Further Explorations 45-52. Asymptotes Use analytical methods and/or a graphing utility 
41. Explain why or why not Determine whether the following state- to identify the vertical asymptotes (if any) of the following functions. 
ments are true and give an explanation or counterexample. 2 
_ 2 2a 2 _ 5 
a. The line x = 1 is a vertical asymptote of the function 45. f(x) = — o o 46. g(x) = 2 — Inx 
x x 
_a ee 6 
f(x) = "op e” TX 
A 47. h(x) = ——,; 48. p(x) = sec | — }, for |x| < 2 
b. The line x = —1 is a vertical asymptote of the function (x + 1) 2 
F(x) x — Ix + 6 
x) = — 
x7 l 


c. If g has a vertical asymptote at x = 1 and lim, g(x) = %, 
then lim g(x) = œ. = 
X<— 


49. (0) = tan (=) 50. q(s) 
1 
51. f(x) = ae 52. g(x) 


Additional Exercises 


53. Limits with a parameter Let f(x) 


a. For what values of a, if any, does lim, f(x) equal a finite 
xa 


number? 


b. For what values of a, if any, does lim, f(x) = œ? 
xa 


c. For what values of a, if any, does lim, f(x) =? 
x 7a 


54-55. Steep secant lines 


a. Given the graph of f in the following figures, find the slope of the 
secant line that passes through (0,0) and (h, f(h)) in terms of h, 


forh > Oandh < 0. 


b. Evaluate the limit of the slope of the secant line found in part (a) 
as h —> 0* and h —> O`. What does this tell you about the line tangent x2 


to the curve at (0, 0)? 


54. f(x) = ee 


= el/x 


x? — Ix + 12 
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x—a 








1. Answers will vary, but all graphs should have a vertical 

asymptote atx = 2. 2.—%œ;œ 3. Asx—-—47,x < 0 and 

(x + 4) > 0, so x(x + 4) — 0 through negative values. 

ce Lie = 2) 
=A 

an infinite limit, so x = 2 is not a vertical asymptote. < 


4. lim = lim (x — 1) = 1, which is not 
x 





2.5 Limits at Infinity 







Horizontal 
asymptote 


Horizontal 
asymptote 


FIGURE 2.30 


Limits at infinity—as opposed to infinite limits—occur when the independent variable 
becomes large in magnitude. For this reason, limits at infinity determine what is called the 
end behavior of a function. An application of these limits is to determine whether a sys- 
tem (such as an ecosystem or a large oscillating structure) reaches a steady state as time 
increases. 


Limits at Infinity and Horizontal Asymptotes 


Consider the function f(x) = tan”! x, whose domain is (~œ, ©) (Figure 2.30). As 
x becomes arbitrarily large (denoted x > ©), f(x) approaches 7/2, and as x becomes 
arbitrarily large in magnitude and negative (denoted x ~— ©), f(x) approaches —7/2. 
These limits are expressed as 

lim tan? x = = and lim tan! x = ——. 

x—>0 2 x—>—00 2 
The graph of f approaches the horizontal line y = 7/2 as x— © and it approaches the 
horizontal line y = —a/2 as x >—©. These lines are called horizontal asymptotes. 


90 CHAPTER2 e LIMITS 


lim f(x) = L DEFINITION Limits at Infinity and Horizontal Asymptotes 


If f(x) becomes arbitrarily close to a finite number L for all sufficiently large and posi- 
tive x, then we write 


lim f(x) = 
x— 0 
We say the limit of f(x) as x approaches infinity is L. In this case the line y = L 
is a horizontal asymptote of f (Figure 2.31). The limit at negative infinity, 
lim f(x) = M, is defined analogously. When the limit exists, the horizontal 
x—— o 














Jim f@) =M asymptote is y = M. 
FIGURE 2.31 
UICK CHECK 1 Evaluate x/(x + 1) for x = 10, 100, and 1000. What is lim `: Tà 
x> X 
EXAMPLE 1 Limits at infinity Evaluate the following limits. 
li (2 + 3 b. li (s + a) 
a. lim =a . lim 
x—>— o y? x— 00 Vx 
SOLUTION 
a. As x becomes large and negative, x* becomes large and positive; in turn, 10 / x 
approaches 0. By the limit laws of Theorem 2.3, 
» The limit laws of Theorem 2.3 and the 10 10 
S . . lim (2 +—] = lm 2+ lim |—>]=2+0=2. 
queeze Theorem apply if x > a is Pero x2 Paar x0 \ x? 
replaced with x > © or x >— ©, 
equals 2 equals 0 
. l 10 \. 2 
1o Notice that lim {| 2 + — ] is also equal to 2. Therefore, the graph of y = 2 + 10/x 
Ta) =2 a > x00 x? 


approaches the horizontal asymptote y = 2 as x > © and as x ~—© (Figure 2.32). 







b. The numerator of sin x/ Vx is bounded between —1 and 1; therefore, for x > 0, 


lim f(x) = 2 lim f(x) =2 





FIGURE 2.32 x>% Vx x>% VX 








Using the limit laws of Theorem 2.3, 


sin x sin x 
li 5 + = lim 5 + lim 
= 


equals 5 Pry 0 


sin x X 


f@) =35 + -F 











lim f(x) =5 


nx 
approaches the horizontal asymptote y = 5 as x 


A 
becomes large (Figure 2.33). Note that the curve intersects its asymptote infinitely 
FIGURE 2.33 many times. Related Exercises 9-14< 


The graph of y = 5 + — = 
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Infinite Limits at Infinity 


It is possible for a limit to be both an infinite limit and a limit at infinity. This type of limit 
occurs if f(x) becomes arbitrarily large in magnitude as x becomes arbitrarily large in 
magnitude. Such a limit is called an infinite limit at infinity and is illustrated by the func- 
tion f(x) = x? (Figure 2.34). 


lim f(x) = % 





lim f(x) = —% 


FIGURE 2.34 


DEFINITION Infinite Limits at Infinity 


If f(x) becomes arbitrarily large as x becomes arbitrarily large, then we write 


lim f(x) = œ. 


The limits lim f(x) = —, lim f(x) = %,and lim f(x) = —~ are 
— 0 x—>— o0 x—>— o 


defined similarly. 





Infinite limits at infinity tell us about the behavior of polynomials for large-magnitude 
values of x. First, consider power functions f(x) = x”, where n is a positive integer. 
Figure 2.35 shows that when n is even, lim x” = œ, and when n is odd, lim x” = œ 






e x— +0 x— oo 
and lim x” = —©, 
x7a- 0 
wn a 
n > 0 even: y n > 0 odd: y J=x 
lim x” = œ lim x” = —lim x” = œ 
x> to x> x > —00 
60 y= y=x4 
40 
20 
y=x 
=3 =2 =] 1 2 3 x 


FIGURE 2.35 
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QUICK CHECK 2 Describe the behavior 


of p(x) = —3x° as x > © and as 
X>— 0, < 


n 


It follows that reciprocals of power functions f(x) = 1/x” = x”, where n is a positive 


integer, behave as follows: 


1 1 
lim —= lmx”=0 and lim — = lim x" =0. 


xo X x—oco x—--0 X x—-— oo 


From here, it is a short step to finding the behavior of any polynomial as x — + ©. Let 








p(x) = a,x" + apx"! + +++ + aax? + ajx + ap. We now write p in the equivalent 
form 
dn-1 dn-2 do 
p(x) = x”| a, + — + E toota 
ka s= ~ 


—>() —>0 


Notice that as x becomes large in magnitude, all the terms in p except the first term ap- 
proach zero. Therefore, as x > +, we see that p(x) ~ a,x". This means that as 
x —> + œ, the behavior of p is determined by the term a,x” with the highest power of x. 


THEOREM 2.6 Limits at Infinity of Powers and Polynomials 
Let n be a positive integer and let p be the polynomial 
p(x) = a,x" + apx"! + +++ + axx” + aix + ao, where a, Æ O. 


n — 


1. lim x œ when n is even. 


Xx EH 


. lim x” = œ and lim x” = —© when n is odd. 


x7 0 X- >= 


1 oo 
lim = lim x” = 0. 
x7 te x x— +0 


lim p(x) = © or—©, depending on the degree of the polynomial and the 


Xx tH 


sign of the leading coefficient a,,. 





EXAMPLE 2 Limits at infinity Evaluate the limits as x ~ + of the following 
functions. 


a. p(x) = 3x* — 6x7 + x — 10 b. g(x) = —2x? + 3x? — 12 
SOLUTION 
a. We use the fact that the limit is determined by the behavior of the leading term: 


lim (3x* — 6x* + x — 10) = lim 3x* = œ, 
x7o >00 A 


Similarly, 
lim (3x* — 6x? + x — 10) = lim 3x4 = œ, 
x— — 0 x—— o0 a 
b. Noting that the leading coefficient is negative, we have 

lim (—2x? + 3x7 — 12) = lim (—2 x?) = — o% 
xXx—> 0 x7 0 =— 

im C2 4 3e°— 22) = lim (277) = &, 
x—— 00 x—>— a 


Related Exercises 15—24< 
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End Behavior 


The behavior of polynomials as x — +œ is an example of what is often called end behav- 
ior. Having treated polynomials, we now turn to the end behavior of rational, algebraic, 
and transcendental functions. 


EXAMPLE 3 End behavior of rational functions Determine the end behavior for 
the following rational functions. 
3x +2 ee AOx* + 4x? — 1 x? — 2x+1 

e Y) SS = —— 
Pej j 10x4 + 8x? + 1 





a. f(x) = 


SOLUTION 


a. An effective approach for evaluating limits of rational functions at infinity is to divide 
both the numerator and denominator by x”, where n is the largest power appearing in 
the denominator. This strategy forces the terms corresponding to lower powers of x to 
approach 0 in the limit. In this case, we divide by x’: 


approaches 0 
——\ 

















3x + 2 3 2 
3x + 2 2 x 2 Q 
im 7 = lim a = lim a a 0. 
x0 y^ — x>% y^ — | x— 00 oL 1 
x? x 


a 
approaches 0 


a ! l l TF2 l 
> Recall that the degree of a polynomial is A similar calculation gives lim — i = (0, and thus the graph of f has the horizontal 


x—>—0 X = 





the highest power of x that appears. 


asymptote y = 0. You should confirm that the zeros of the denominator are — 1 

and 1, which correspond to vertical asymptotes (Figure 2.36). In this example, the 
degree of the polynomial in the numerator is less than the degree of the polynomial in 
the denominator. 


b. Again we divide both the numerator and denominator by the largest power appearing 
in the denominator, which is xf: 













40x + 4x? — 1 — | xí xí xí Divide the numerator and 
lim f(x) = 0 Fæ 10x4 + 8x? + 1 pee 10x* 8x? 1 denominator by x*. 
- 4 4 4 
x x x 


approaches 0 approaches 0 


FIGURE 2.36 d T 
Dil = = = 
. x? Ms 
= lim ———————_ Simplify. 
He 82 a ae 
N E ENEE Ph <=. es ech expat hl oath ht as x? xí 


= = 

approaches 0 approaches 0 

P 40+0+0 
x = = ————— = 


(x) = = = = 4. Evaluate limits. 
10x4 + 8x2 +1 10+ 0+ 0 


Using the same steps (dividing each term by xÍ), it can be shown that 
40x* + 4x7 — J 
diet dp Oe J. 
x—>—% 10x" + Bx + 1 
(Figure 2.37). Notice that the degree of the polynomial in the numerator equals the 
FIGURE 2.37 degree of the polynomial in the denominator. 


= 4. This function has the horizontal asymptote y = 4 


94 
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c. We divide the numerator and denominator by the largest power of x appearing in the 
denominator, which is x, and then take the limit: 


x —2x+1 © X x x Divide numerator and 
ım ———— ———- 
se Oe oe OO Á denominator by x. 


aa td approaches 0 
arbitrarily large constant PP pei 
ma 


rs 
x = 2 = = 
A X . . 
= lim ——————— Simplify. 
x0 4 
2 + = 
ES X 
constant ~~ 
approaches 0 
= 0, Take limits. 


As x — œ, all the terms in this function either approach zero or are constant—except the 
x*-term in the numerator, which becomes arbitrarily large. Therefore, the limit of the 
3 
. . PE l r TE eee 
function does not exist. Using a similar analysis, we find that lim “kaa 
x—>—0 X 

These limits are not finite, and so the graph of the function has no horizontal asymptote. 
In this case, the degree of the polynomial in the numerator is greater than the degree of 
the polynomial in the denominator. 


OO 


Related Exercises 25—34< 


One special case of end behavior arises with rational functions. As shown in the next 
example, if the graph of a function f approaches a non-horizontal line as x > +, then 
that line is a slant asymptote, or oblique asymptote, of f. 


EXAMPLE 4 Slant asymptotes Determine the end behavior of the function 
PTR ae ee 
CrAl 


SOLUTION We first divide the numerator and denominator by the largest power of x 
appearing in the denominator, which is x: 


2x7 6x 2 
2x? + 6x — 2 , X x X Divide the numerator 
um TE a an Š and denominator by x. 
a -- — 
x X& 
T approaches 0 
arbitrarily large constant a 
= =s 2. 
ATG => 
S X . . 
= lim ———————————_ Simplify. 
y> j! 
O = = 
~ X 
constant 


—— 
approaches 0 


= 0 Take limits. 


TA F= 








Slant 
asymptote 


Graph of f 
approaches 
graph of € 


as x > Ło, 


Oa Fe a 


FIGURE 2.38 


» More generally, a non-horizontal line 
y = €(x) is a slant asymptote of a 
function f if lim (f(x) — €(x)) = 0 


or lim ( f= 66 =0. 


QUICK CHECK 3 Use Theorem 2.7 to 
find the vertical and horizontal 
10x 


3x — 1 








asymptotes of y = 


2x2 + 6x — 2 
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2x? + 6x — 2 
A similar analysis shows that lim a = — œ, Because these 
x—>— X 
limits are not finite, f has no horizontal asymptote. 
However, there is more to be learned about the end behavior of this function. Using 


long division, the function f is written 





2x7 + 6x — 2 
f(x) = OO =r +H 4- | 
X + 1 —_— X + 1 
€(x) yet 
approaches 0 
as x —> © 


As x — ©, the term 6/(x + 1) approaches 0, and we see that the function f behaves like the 
linear function €(x) = 2x + 4. For this reason, the graphs of f and € approach each other 
as x — © (Figure 2.38). A similar argument shows that the graphs of f and € also approach 
each other as x —> — ©. The line described by £ is a slant asymptote. Slant asymptotes occur 
with rational functions only when the degree of the polynomial in the numerator exceeds the 
degree of the polynomial in the denominator by exactly 1. 

Related Exercises 35-40< 


The conclusions reached in Examples 3 and 4 can be generalized for all rational func- 
tions. These results are summarized in Theorem 2.7 (Exercise 80). 


THEOREM 2.7 End Behavior and Asymptotes of Rational Functions 


x 
Suppose f(x) = PQ) a rational function, where 


q(x) 
P(x) = apx” + apx"! +--> + axx? + ax + aq and 
q(x) = b,x” + b,x" | + +++ + bax? + bix + bo, 
witha, ~ 0 and b, # 0. 


a. If m < n, then lim f(x) = 0, and y = 0 is a horizontal asymptote of f. 
xa Tro 


b. If m = n, then lim f(x) = a,,/b,, and y = a,,/b, is a horizontal 
x7 T %0 


asymptote of f. 


. If m > n, then lim f(x) = © or— œ, and f has no horizontal asymptote. 
I> T OO 


. Ifm = n + 1, then lim f(x) = © or—%, f has no horizontal 
y> CO 


asymptote, but f has a slant asymptote. 


. Assuming that f(x) is in reduced form (p and g share no common factors), 
vertical asymptotes occur at the zeros of q. 





Although it isn’t stated explicitly, Theorem 2.7 implies that a rational function can 
have at most one horizontal asymptote, and whenever there is a horizontal asymptote, 


_ P(x) P(x) | | 

lim = lim ——\. The same cannot be said of other functions, as the next exam- 
x— 0 q(x) x—— 00 q(x) 

ples show. 
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EXAMPLE 5 End behavior of an algebraic function Examine the end behavior of 
Oe = 27 2b 8 


IO Vast + 2 


SOLUTION The square root in the denominator forces us to revise the strategy used with ra- 
tional functions. First, consider the limit as x — ©. The highest power of the polynomial in 
the denominator is 6. However, the polynomial is under a square root, so we divide 


the numerator and denominator by Vx = x?, for x = 0. The limit is evaluated as 


















follows: 
10x? 3x". 8 
10x? — 3x* + 8 5 x x 
hm FF limn ———— Divide by Vx° = x°. 
me NDI Fr Ta =e DS ž mE 
ra E 
approaches 0 approaches 0 
3 8 
C= = + E 
: X X ; ; 
= im ———— = Simplify. 
mm" Igy Ly 2 
y“ xê 
approaches 0 approaches 0 
a 2 Evaluate limit 
= —— = 2. valuate limits. 
V25 
> Recall that As x—— œ, x’ is negative, so we divide numerator and denominator by Vx = =y? 
a oh- l x ifx=0 (which is positive): 
—x ifx<0 10x3 352 g 
Therefore, r ot Fz 
3 10r = 3x + 8 —x —x —x T 
E ead lm —————— = fin ——— n= aed i 
-=x ifs<0 eme ae aea a a OEA ek 
Because x is negative as x —>— œ, we have xó T E + xó 
Vib = x3 
approaches 0 approaches 0 
3 8 
=]0 F = = E 
; X X i l 
= lim ——— Simplify. 
x7-@ 1 2 
25 + me) T 6 
Age I — 3x* + 8 approaches 0 approaches 0 
V25x® + x4 + 2 —10 
= —— = -2. Evaluate limits. 
ee Me eee, eee V25 
lim f(x) = 2 The limits reveal two asymptotes, y = 2 and y = —2. Observe that the graph crosses 





X> 





both horizontal asymptotes (Figure 2.39). 
Related Exercises 41—44< 


lim f(x) = —2 


EXAMPLE 6 End behavior of transcendental functions Determine the end behav- 
ior of the following transcendental functions. 


FIGURE 2.39 a. f(x) = e*andg(x)=e* b. h(x) = lnx c. f(x) = cosx 


/ N Reflection of y = e* 
1 across line y = x 


lim In x = — œ 
x>07 


FIGURE 2.41 


Table 2.9 


x Inx 


10 2.302 
10° 11.513 
10'° 23.026 
10° 115.129 


10-7 227.956 
{ J 


00 277 





QUICK CHECK 4 How do the functions 
e 9% and e™!®™ behave as x > œ and as 


x—— o? 
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SOLUTION 


a. The graph of f(x) = e* (Figure 2.40) makes it clear that as x — ©, e* increases with- 
out bound. All exponential functions b* with b > 1 behave this way, because raising 
a number greater than 1 to ever-larger powers produces numbers that increase without 
bound. The figure also suggests that as x —> — ©, the graph of e* approaches the hori- 
zontal asymptote y = 0. This claim is confirmed analytically by recognizing that 


~*~ = lim — = 0. 


lim e% = lime 
xo e” 


x—> — 0 x70 


Therefore, lim e* = 


xo 


co and lim e* = 0. Because e * = 1/e”*, it follows that 
x—— 00 
= Qand lim e* = o, 


x7-@ 


lim e * 
x7 0 
b. The domain of In xis {x: x > 0}, so we evaluate Hmi da x and lim In x to determine 
x= x7 0 
end behavior. For the first limit, recall that In x is the inverse of e* (Figure 2.41), and 
the graph of In x is a reflection across the line y = x of the graph of e*. The horizontal 
asymptote (y = 0) of e* is also reflected across y = x, becoming a vertical asymptote 


(x = 0) for In x. These observations imply that lim, lnx = — o, 
y> 


It is not obvious whether the graph of In x approaches a horizontal asymptote or 
whether the function grows without bound as x — œ. Furthermore, the numerical 
evidence (Table 2.9) is inconclusive because In x increases very slowly. The inverse 
relation between e* and In x is again useful. The fact that the domain of e* is (—~,~ ) 
implies that the range of In x is also (~~, ). Therefore, the values of In x lie in the 
interval (~œ, ©), and it follows that lim Inx = œ. 


x7 0 
c. The cosine function oscillates between — 1 and 1 as x approaches infinity (Figure 2.42). 
Therefore, lim cos x does not exist. For the same reason, lim cos x does not exist. 


x—0o x7 — 0 





= 


lim cos x does not exist. lim cos x does not exist. 
—>— 00 ->00 


X Xx 


FIGURE 2.42 
Related Exercises 45—S50< 


THEOREM 2.8 End Behavior of e*, e *, and ln x 
The end behavior for e* and e * on (—™, œ) and In x on (0, ©) is given by the 
following limits: 


lim e* = 0 


x7-@ 


lim 2 = œ and 
x7 0 
oe and lim e ~* 


x7-@ 


lim e 


x70 


lim Inx = © 


x70 


lim lnx =-@© and 
x07 





98 


CHAPTER2 œ LIMITS 


SECTION 2.5 EXERCISES 


Review Questions 


1. Explain the meaning of lim f(x) = 10. 
x—— æ 
2. What is a horizontal asymptote? 
x 

3. Determine lim fo) 

4. Describe the end behavior of g(x) = e ™. 

5. Describe the end behavior of f(x) = —2x°. 

6. The text describes four cases that arise when examining the end 
behavior of a rational function f(x) = p(x)/q(x). Describe the 
end behavior associated with each case. 

7. Evaluate lime*, lim e*,and lime *. 

xo X= = x7 0 
8. Use a sketch to find the end behavior of f(x) = Inx. 
Basic Skills 





if f(x) — 100,000 and g(x) > œ% asx— œ. 


9-14. Limits at infinity Evaluate the following limits. 








1 
9. lim (3 + 19) 10. 
x7 oo X 
i, lim = 12. 
06—x @ 
COS x 
13. lim 14. 
xo X 


1 10 
limi Soe <= > 
xo X X 





= 3 +2x + 4x? 
x— 00 X 
100 si 
im (s J poo 
x— — oo X x 


15-24. Infinite limits at infinity Determine the following limits. 


15. tim" 16. 
17. limx”® 18. 
19. lim (3x — 9x’) 20. 
21. Jim (=3x" + 2) 2i; 
23. lim (—12x™) 24. 


25-34. Rational functions Evaluate lim f(x) and lim f(x) for the 
x7 oo y= 


following rational functions. Then give the horizontal asymptote of f 








(if any). 

25. f(x) = a 26. 
27. f(x) = rt : 28. 
29. f(x) = z 30. 
31. f(x) = a 32. 
33. f(x) = or + = 34. 


lim 3 x!! 


x—— 0 


lini 
x—2— 0 
lim (3x7 + x?) 


X= 


lim 2x 8 


x—>— 0 


lim (2x78 + 4x°) 


x—>— 0 





Cael 

x? + 5x 
fx) = eee 2 
Pe) E ae X 
fo) = 3 
fay = I 


35—40. Slant (oblique) asymptotes Complete the following steps for 


the given functions. 


a. Use polynomial long division to find the slant asymptote of f. 

b. Find the vertical asymptotes of f. 

c. Graph f and all of its asymptotes with a graphing utility. Then 
sketch a graph of the function by hand, correcting any errors 
appearing in the computer-generated graph. 








x? — 3 x? -— 1 
35. = 36. = 
I= ae 1) TTE 
x7 —2x 4+ 5 3x? — 2x +7 
37. sa 38. eL 
f(x) ay = f(x) a, 5 
Ax? + 4x? + 7x + 4 3x7 — 2x +5 
39. = —_____________ 4. on eee 
f(x) 1 + x2 f(x) 3x + 4 


41-44. Algebraic functions Evaluate lim f(x) and lim f(x) for the 
x— 00 x—— 00 
following functions. Then give the horizontal asymptote(s) of f (if any). 





41. FO 4x? + J 
i X I 1al 
2x? + V 16x + 1 
Ax? 
42. f(x) = : - i 
2x7 + V9x° + 15x 
43 \ xf + 8 


AO GP Vas 
44. f(x) = 4x(3x — V9x? + 1) 


45-50. Transcendental functions Determine the end behavior of the 
following transcendental functions by evaluating appropriate limits. 
Then provide a simple sketch of the associated graph, showing asymp- 
totes if they exist. 


45. f(x) = —3e~ 46. f(x) = X 47. f(x) =1-— lnx 


50 


48. f(x) = |Inx| 49. f(x) =sinx 50. f(x) => 
e 


Further Explorations 
51. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. The graph of a function can never cross one of its horizontal 


asymptotes. 
b. A rational function f can have both lim f(x) = L and 
x2 0 
lim f(x) = œ. 
x— > — 0 
c. The graph of any function can have at most two horizontal 
asymptotes. 


52—61. Horizontal and vertical asymptotes 
a. Evaluate lim f(x)and lim f(x), and then identify any 
xXx—> 0 x—> — o0 
horizontal asymptotes. 
b. Find the vertical asymptotes. For each vertical asymptote x = a, 
evaluate lim f(x) and lim, f(x). 
xa xa 


=A 3 a 105 ae 12 
52. f(x) avy eee 53. f(x) = > 
<r 2% 


x= | 





V 16x4 + 64x? + x? 
54. f(x) = —— == 





2x? — 4 
3x4 + 3x7 — 36x? 
55. x) = 
fx) xt — 25x? + 144 
56. f(x) = 16x?(4x? — V16x* + 1) 
2 
x =o 
= f(x) = x(x — 3) 
x— 1 


58. f(x) = os 





We? Oe G6 8 
59. f(x) ee 
i= | 


60. q(x) = x(x + 1) 


61. f(x) = Vial -— Vix - I 
62-65. End behavior for transcendental functions 


62. The central branch of f(x) = tan x is shown in the figure. 


a. Evaluate lim tanxand lim tanx. Are these 


xa /2 19/2 
infinite limits or limits at infinity? 
b. Sketch a graph of g(x) = tan’ 'x by reflecting the graph of 
f over the line y = x, and use it to evaluate lim tan /x and 
lim tan! x. = 


x72-@ 





Siete IS 


63. Graph y = sec ! x and evaluate the following limits using the 
graph. Assume the domain is {x: |x| = 1}. 
lim sec ! x 


x=? 00 


a. lim sec! x b. 


xo 
64. The hyperbolic cosine function, denoted cosh x, is used to model 
the shape of a hanging cable (a telephone wire, for example). It is 


etg” 
defined as cosh x = a 
a. Determine its end behavior by evaluating lim cosh x and 
lim cosh x. _ 
Xa 00 


b. Evaluate cosh 0. Use symmetry and part (a) to sketch a plau- 
sible graph for y = cosh x. 
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ex — x 
65. The hyperbolic sine function is defined as sinh x = 5 
a. Determine its end behavior by evaluating lim sinh x and 
lim sinh x. _— 
y= 00 


b. Evaluate sinh 0. Use symmetry and part (a) to sketch a plau- 
sible graph for y = sinh x. 


66-67. Sketching graphs Sketch a possible graph of a function f that 
satisfies all of the given conditions. Be sure to identify all vertical and 
horizontal asymptotes. 


66. f(—1) = —2, f(1) = 2,f(0) = 0, lim f(x) = 1, 
x—00 
lim f(x) =-1 
x—>— 00 
67. lim f(x) = œ, lim f(x) = —%~, lim f(x) = 1, 
x0" x0 x—> 0 
lim f(x) = -2 
x— > — 0 
68. Asymptotes Find the vertical and horizontal asymptotes of 
fo =e 
69. Asymptotes Find the vertical and horizontal asymptotes of 
Fe) cosx + 2Vx 
= Á— 
Vx 


Applications 

70-75. Steady states [fa function f represents a system that varies in 

time, the existence of lim f(t) means that the system reaches a steady 
t—-00 


state (or equilibrium). For the following systems, determine if a steady 
state exists and give the steady-state value. 
_ 2500 


70. The population of a bacteria culture is given by p(t) = ae 





3500t 
t+1 





71. The population of a culture of tumor cells is given by p(t) = 


72. The amount of drug (in milligrams) in the blood after an IV tube 
is inserted is m(t) = 200(1 — 2°). 


73. The value of an investment in dollars is given by v(t) = 1000e%°°, 


74. The population of a colony of squirrels is given by 
1500 


t) = — 
p(t) 3 + 2e 01 


. a t + sint 
75. The amplitude of an oscillator is given by a(t) = (t) 
76-79. Looking ahead to sequences A sequence is an infinite, ordered 
list of numbers that is often defined by a function. For example, the 
sequence { 2, 4,6,8,... } is specified by the function f(n) = 2n, 
where n = 1,2,3,... . The limit of such a sequence is lim f(n), 
no 


provided the limit exists. All the limit laws for limits at infinity may 
be applied to limits of sequences. Find the limit of the following 
sequences, or State that the limit does not exist. 


4 4 2 o. , 4 
76. <44,2,—, 1 .. ¢, Which is defined by f(n) = —, for 
n 


3° 75737 
A EN 


[N 
|% 


e 8 9 5 E e@ 9 n T na 4 
1cn 1S deine n 
forn = eas A 
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149 16 nn l n> 82. End behavior of exponentials Use the following instructions to 
78 BP at at gf which is defined by f(n) = T Be ds Pk 
3 5” Ma determine the end behavior of f(x) = >~ z; 
forn = 1,2, 3, er peg” 
34 5 ped a. Evaluate lim fe) by first dividing the numerator and 
79 12. rE i which is defined by f(n) = 2° dengue ot | by e®* 
on ee ee b. Evaluate lim f(x) by first dividing the numerator and 
s&s J3 x—>— 0 


Additional Exercises 


X 
80. End behavior of a rational function Suppose f(x) = P(x) 


q(x) 
is a rational function, where 


x) = a,x" + apx"! tie + axt + ax + ao, 
P m m—1 2 1 0 


denominator by e™. 
c. Give the horizontal asymptote(s). 
d. Graph f to confirm your work in parts (a)—(c). 


83-84. Limits of exponentials Evaluate lim f(x) and lim 
x7 0 x72 a 


q(x) = b,x” + by yx"! + +++ + box? + bix + bo, dy, # O, plotting f. 
and b, # 0. 2 5 
n 2e" = 3g“ 367 pe 
a _ an SS. J) = 5 ae 84. f(x) = Goo 
a. Prove that if m = n, then lim f(x) = 7 e* +e e+e 
X> TO n 
0 


b. Prove that ifm < n, then lim 1) = 
xa T %0 


81. Horizontal and slant asymptotes 


a. Is it possible for a rational function to have both slant and 
horizontal asymptotes? Explain. 


QUI CK ANSWERS 
1. One Ao OE 1000/1001,1 2 p(x) —>— as 
x—> © and p(x) > © asx—>— 3. Horizontal 





f(x). 


Then state the horizontal asymptote(s) of f. Confirm your findings by 


asymptote is y = 1, vertical asymptote is x = l 


b. Is it possible for an algebraic function to have two different 4. lime™ = œ, lim e” = 0, lim e "= 0, 
slant asymptotes? Explain or give an example. Cage I>a x—00 
lim e ~ = 0,< 
X- >= 


2.0 Continuity 


The graphs of many functions encountered in this text contain no holes, jumps, or breaks. 
For example, if L = f(t) represents the length of a fish t years after it is hatched, then the 
length of the fish changes gradually as ¢ increases. Consequently, the graph of L = f(t) 
contains no breaks (Figure 2.43a). Some functions, however, do contain abrupt changes 
in their values. Consider a parking meter that accepts only quarters and each quarter buys 
15 min of parking. Letting c(t) be the cost (in dollars) of parking for t min, the graph of c 
has breaks at integer multiples of 15 min (Figure 2.43b). 





2 E 
5 S 
oN Ner 
5 2 
= 5 
0 1 2 3 4 t 30 45 60 
Time (yr) Time (min) 
(a) (b) 

FIGURE 2.43 


QUICK CHECK 1 For what values of t in 
(0, 50) does the graph of y = c(t) in 
Figure 2.43b have discontinuities? «< 





Informally, we say that a function f is continuous at a if the graph of f contains no 
holes or breaks at a (that is, if the graph near a can be drawn without lifting the pencil). If 
a function is not continuous at a, then a is a point of discontinuity. 





FIGURE 2.45 
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Continuity at a Point 


This informal description of continuity is sufficient for determining the continuity of sim- 
ple functions, but it is not precise enough to deal with more complicated functions such as 


Jt, 
n(x) = x sin ~ ifx ~ 0 
0 ifx = 0. 


It is difficult to determine whether the graph of h has a break at 0 because it oscillates rap- 
idly as x approaches 0 (Figure 2.44). We need a better definition. 


Is h continuous 


ean ifx#0 
xX 
0 ifx=0 





FIGURE 2.44 


DEFINITION Continuity at a Point 


A function f is continuous at a if lim f(x) = f(a). If f is not continuous at a, then a 
is a point of discontinuity. ma 





There is more to this definition than first appears. If lim f(x) = f(a), then f(a) and 
xa 
lim f(x) must both exist, and they must be equal. The following checklist is helpful in 
xa 


determining whether a function is continuous at a. 


Continuity Checklist 


In order for f to be continuous at a, the following three conditions must hold: 
. f(a) is defined (a is in the domain of f). 


. lim f(x) exists. 
xa 


. lim f(x) = f(a) (the value of f equals the limit of f at a). 
xa 





If any item in the continuity checklist fails to hold, the function fails to be continuous at a. 
From this definition, we see that continuity has an important practical consequence: 


Iff is continuous at a, then lim f(x) = f(a), and direct substitution may be used to 
xa 


evaluate lim f(x). 
xa 


EXAMPLE 1 Points of discontinuity Use the graph of f in Figure 2.45 to identify 
values of x on the interval (0, 7) at which f has discontinuities. 
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» In Example 1, the discontinuities at 
x = | and x = 2 are called removable 
discontinuities because they can be 
removed by redefining the function 
at these points (in this case f(1) = 3 
and f(2) = 1). The discontinuity at 
x = 31s called a jump discontinuity. 
The discontinuity at x = 5 is called an 
infinite discontinuity. These terms are 
discussed in Exercises 91—97. 


SOLUTION The function f has discontinuities at x = 1, 2,3, and 5 because the graph 
contains holes or breaks at each of these locations. These claims are verified using the 
continuity checklist. 


e f(1) is not defined. 
e f(2) = 3 and lim f(x) = 1. Therefore, f(2) and lim f(x) exist but are not equal. 
A x—> 


e lim f(x) does not exist because the left-sided limit lim f(x) = 2 differs from the 
x> pam 
right-sided limit lim, f(x) = 1. 
xXx— 
e Neither lim f(x) nor f(5) exists. Related Exercises 9-12< 
x= 


EXAMPLE 2 Identifying discontinuities Determine whether the following functions 
are continuous at a. Justify each answer using the continuity checklist. 


ee LLN 
x=] 

T ee aa 
ED. 
E 

or x sin 7 tea eG 
0 ifx = 0 

SOLUTION 


a. The function f is not continuous at 1 because f(1) is undefined. 


b. Because g is a rational function and the denominator is nonzero at 2, it follows by 
Theorem 2.3 that lim g(x) = g(2) = 17. Therefore, g is continuous at 2. 
x= 


c. By definition, A(0) = 0. In Exercise 55 of Section 2.3, we used the Squeeze Theorem 
l 
to show that lim x sin Pi 0. Therefore, lim h(x) = h(0), which implies that h is 
a> I> 


continuous at 0. Related Exercises 13—20< 


The following theorems make it easier to test various combinations of functions for 
continuity at a point. 


THEOREM 2.9 Continuity Rules 
If f and g are continuous at a, then the following functions are also continuous at a. 
Assume c is a constant and > Q is an integer. 


a. fte b. f-g 
Cc oc d. fg 
e. f/g, provided g(a) # 0 f. Ff 





To prove the first result, note that if f and g are continuous at a, then lim f(x) = f(a) 
xa 


and lim g(x) = g(a). From the limit laws of Theorem 2.3, it follows that 
Ao 


lim [ f(x) + a(x)] = f(a) + g(a). 


Therefore, f + g is continuous at a. Similar arguments lead to the continuity of differ- 
ences, products, quotients, and powers of continuous functions. The next theorem is a 
direct consequence of Theorem 2.9. 





Continuous everywhere 
except x = 3 and x = 4 


FIGURE 2.46 





QUICK CHECK 2 Evaluate 
lim Vx? + 9 and V lim (x? + 9). 
x4 x4 


How do these results illustrate that the 
order of a function evaluation and a 
limit may be switched for continuous 
functions? « 
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THEOREM 2.10 Polynomial and Rational Functions 


a. A polynomial function is continuous for all x. 


b. A rational function (a function of the form = where p and g are polynomials) 


is continuous for all x for which g(x) # 0. 





EXAMPLE 3 Applying the continuity theorems For what values of x is the function 


x 
x) = —— continuous? 
fx) x? — Ix + 12 


SOLUTION 


a. Because f is rational, Theorem 2.10b implies it is continuous for all x at which the 
denominator is nonzero. The denominator factors as (x — 3)(x — 4), so it is zero at 
x = 3 and x = 4. Therefore, f is continuous for all x except x = 3 and x = 4 
(Figure 2.46). Related Exercises 21-26< 


The following theorem allows us to determine when a composition of two functions is 
continuous at a point. Its proof is informative and is outlined in Exercise 98. 


THEOREM 2.11 Continuity of Composite Functions at a Point 
If g is continuous at a and f is continuous at g(a), then the composite function 


f° g is continuous at a. 





The theorem says that under the stated conditions on f and g, the limit of their com- 
position is evaluated by direct substitution; that is, 


lim f(g(x)) = f(g(@)). 


This result can be stated in another instructive way. Because g is continuous at a, we 
have lim g(x) = g(a). Therefore, 
xa 


lim f(g(x)) = f(g(a)) = f (lim g(x)} 


lim g(x) 


xa 


In other words, the order of a function evaluation and a limit may be switched for continu- 
ous functions. 


| 


EXAMPLE 4 Limit of a composition Evaluate lim ( 2 7 
ae a Se 


x* —2x+2 
SOLUTION The rational function ——— is continuous for all x because its 
xê + 2x4 4+ 1 


o. xt — 2x +2 \! , 
denominator is always positive (Theorem 2.10b). Therefore, | ———_{— | , which 
x oP 2 a 
is the composition of the continuous function f(x) = x!° and a continuous rational 
function, 1s continuous for all x by Theorem 2.11. By direct substitution, 


Oe et ee ae ot ee 
x0 \ x9 + 2x4 + 1 r ae 


Related Exercises 27—30< 
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Continuous 
on [a, b) 





(a) 


Continuous 
on (a, b] 





(b) 


FIGURE 2.47 






on (0, ©) 


Continuous 


on (—œ, 0] atx = 0 







—2 


FIGURE 2.48 


Continuous 


Left-continuous 


Continuity on an Interval 


A function is continuous on an interval if it is continuous at every point in that interval. 
Consider the functions f and g whose graphs are shown in Figure 2.47. Both these func- 
tions are continuous for all x in (a, b), but what about the endpoints? To answer this ques- 
tion, we introduce the ideas of left-continuity and right-continuity. 


DEFINITION Continuity at Endpoints 


A function f is continuous from the left (or left-continuous) at aif lim f(x) = f(a) 
xa 


and f is continuous from the right (or right-continuous) at a if lim, f(x) = f(a). 
xa 





Combining the definitions of left-continuous and right-continuous with the definition 
of continuity at a point, we define what it means for a function to be continuous on an 
interval. 


DEFINITION Continuity on an Interval 


A function f is continuous on an interval / if it is continuous at all points of 7. If 7 


contains its endpoints, continuity on J means continuous from the right or left at the 
endpoints. 





To illustrate these definitions, consider again the functions in Figure 2.47. In Figure 2.47a, 
f is continuous from the right at a because lim, f(x) = f(a); but it is not continuous from 
xa 


the left at b because f(b) is not defined. Therefore, f is continuous on the interval | a, b). The 
behavior of the function g in Figure 2.47b is the opposite: It is continuous from the left at b, 
but it is not continuous from the right at a. Therefore, g is continuous on (a, b | 

€ CHECK 3 Modify the graphs of the functions f and g in Figure 2.47 to obtain 
functions that are continuous on | a, b |.< 


| Ch 
f 





QU 


EXAMPLE 5 Intervals of continuity Determine the intervals of continuity for 


tant ifx = 0 
i 3x +5 ifx >. 


SOLUTION This piecewise function consists of two polynomials that describe a parabola 
and a line (Figure 2.48). By Theorem 2.10, f is continuous for all x # 0. From its graph, 
it appears that f is left-continuous at 0. This observation is verified by noting that 


lim f(x) = lim (x? + 1) = 1, 
x0 x—0- 
which means that lim f(x) = f(0). However, because 
x72 
lim f(x) = lim (3x + 5) = 5 # f(0), 
x— 0° x0" 


we see that f is not right-continuous at 0. Therefore, we can also say that f is continuous 
on (—%, 0] and on (0, œ). 
Related Exercises 31-36< 


Continuous on [—3, 3] 


=“? 


Right-continuous 
atx = —3 


FIGURE 2.49 


3 


Left-continuous 
atx=3 


X 





2.6 Continuity 105 


Functions Involving Roots 
Recall that Limit Law 7 of Theorem 2.3 states 


lim [f = [lim ff 


provided f(x) = 0, for x near a, if m is even and n/m is reduced. Therefore, if m is odd 
and f is continuous at a, then | FaN” ” is continuous at a, because 


lim [fE] = [tim f|" = a. 


When m is even, the continuity of LF(x)}"/ ™ must be handled more carefully because 
this function is defined only when f(x) = 0. Exercise 59 of Section 2.7 establishes an 
important fact: 


If fis continuous at a and f (a) > 0, then f is positive for all values of x in the 
domain sufficiently close to a. 


Combining this fact with Theorem 2.11 (the continuity of composite functions), it fol- 
lows that [ f(x)|"/” is continuous at a provided f(a) > 0. At points where f(a) = 0, the 
behavior of | f(x)]”/” varies. Often we find that | f(x)]”’” is left- or right-continuous at that 
point, or it may be continuous from both sides. 


THEOREM 2.12 Continuity of Functions with Roots 
Assume that m and n are positive integers with no common factors. If m is an odd 
integer, then [| f(x) |"/”" is continuous at all points at which f is continuous. 


If m is even, then [ f(x) |"”” is continuous at all points a at which f is continuous 
and f(a) > 0. 





EXAMPLE 6 Continuity with roots For what values of x are the following functions 
continuous? 


a. g(x) = V9 — x’ b. f(x) = (a — 2x + Ayer 
SOLUTION 


a. The graph of g is the upper half of the circle x? + y? = 9 (which can be verified 
by solving x* + y* = 9 for y). From Figure 2.49, it appears that g is continuous 
on |—3, 3 |. To verify this fact, note that g involves an even root (m = 2,n = 1 
in Theorem 2.12). If -3 < x < 3, then9 — x? > 0 and by Theorem 2.12, g is 
continuous for all x on (—3, 3). 
At the right endpoint, lim V9 — x* = 0 = g(3) by Limit Law 7, which implies 
X= 


that g is left-continuous at 3. Similarly, g is right-continuous at —3 because 
lim V9 — x? = 0 = g(—3). Therefore, g is continuous on | —3, 3 |. 


x—>-—3 


b. The polynomial x* — 2x + 4 is continuous for all x by Theorem 2.10a. Because f 
involves an odd root (m = 3,n = 2 in Theorem 2.12), f is continuous for all x. 
Related Exercises 37-46< 


HECK 4 On what interval is f(x) = x!/* continuous? On what interval is 


f(x) = x? continuous? < 
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y =sinx 












(a, sin a) 
sin a + ------ 


| 
.. Sin x> sina 
l 





As x >a... 


FIGURE 2.50 
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sec x is continuous at all 
points of its domain. 


FIGURE 2.51 





f is continuous at all points provided 
4* is defined for both rational and 
irrational numbers. 


FIGURE 2.52 


Continuity of Transcendental Functions 


The understanding of continuity that we have developed with algebraic functions may 
now be applied to transcendental functions. 


Trigonometric Functions In Example 8 of Section 2.3, we used the Squeeze Theorem 
to show that lim sinx = O and lim cos x = 1. Because sinO = O and cos 0 = 1, these 


x—>0 x—>0 
limits imply that sin x and cos x are continuous at 0. The graph of y = sin x (Figure 2.50) 


suggests that lim sin x = sina for any value of a, which means that sin x is continuous 
x—>a 
everywhere. The graph of y = cos x also indicates that cos x is continuous for all x. 


Exercise 101 outlines a proof of these results. 

With these facts in hand, we appeal to Theorem 2.9e to discover that the remain- 
ing trigonometric functions are continuous on their domains. For example, because 
secx = 1/cos x, the secant function is continuous for all x for which cos x # 0 (for all 
x except odd multiples of 7/2) (Figure 2.51). Likewise, the tangent, cotangent, and cose- 
cant functions are continuous at all points of their domains. 


Exponential Functions The continuity of exponential functions of the form 
f(x) = b*, withO < b < lorb > 1, raises an important question. Consider the function 
f(x) = 4 (Figure 2.52). Evaluating f is routine if x is rational: 


1 1 

43 = 4-4-4 = 64; ar ay 43/2 = V4 = 8; and arr 

But what is meant by 4° when x is an irrational number, such as \/2? In order for 
f(x) = 4 to be continuous for all real numbers, it must also be defined when x is an 
irrational number. Providing a working definition for an expression such as 4v2 requires 
mathematical results that don’t appear until Chapter 6. Until then, we assume without 
proof that the domain of f(x) = b* is the set of all real numbers and that f is continuous 
at all points of its domain. 


Inverse Functions Suppose a function f is continuous and one-to-one on an inter- 
val I. Reflecting the graph of f through the line y = x generates the graph of f !. The 
reflection process introduces no discontinuities in the graph of f~t}, so it is plausible (and 
indeed, true) that f7! is continuous on the interval corresponding to J. We state this fact 
without a formal proof. 


THEOREM 2.13 Continuity of Inverse Functions 
If a continuous function f has an inverse on an interval J, then its inverse f ! is 


also continuous (on the interval consisting of the points f(x), where x is in /). 





Because all the trigonometric functions are continuous on their domains, they are also 
continuous when their domains are restricted for the purpose of defining inverse func- 
tions. Therefore, by Theorem 2.13, the inverse trigonometric functions are continuous at 
all points of their domains. 

Logarithmic functions of the form f(x) = log, x are continuous at all points of 
their domains for the same reason: They are inverses of exponential functions, which 
are One-to-one and continuous. Collecting all these facts together, we have the follow- 
ing theorem. 
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THEOREM 2.14 Continuity of Transcendental Functions 
The following functions are continuous at all points of their domains. 


Trigonometric Inverse Trigonometric Exponential 
sin x COS x sin! x z b* e” 
tan x cot x tan! x cot |x Logarithmic 


sec x CSC xX sec | x esc! x log, x In x 





For each function listed in Theorem 2.14, we have lim f(x) = f(a), provided a is in 


the domain of the function. This means that limits involving these functions may be evalu- 
ated by direct substitution at points in the domain. 


EXAMPLE 7 Limits involving transcendental functions Evaluate the following 
limits after determining the continuity of the functions involved. 


2 

— cos’ x — I _ 

a. lim ——_— b. lim ( V ln x + tan t) 
x—0 cosx — | x—>1 


SOLUTION 
> Limits like the one in Example 7a a. Both cos? x — 1 and cos x — 1 are continuous for all x by Theorems 2.9 and 2.14. 
are denoted 0/0 and are known as However, the ratio of these functions is continuous only when cos x — 1 # 0, which 
indeterminate forms, to be studied further corresponds to all integer multiples of 277. Note that both the numerator and denominator 
in Section 4.7. cos? x — 1 
f ————— approach 0 as x — 0. To evaluate the limit, we factor and simplify: 
cosx — 
cos’x — 1 © (cosx — 1)(cosx + 1) . 
im ——— = lim — = lim (cosx + 1) 
x0 cosx — | x0 cosx — I x—>0 


(where cosx — 1 may be canceled because it is nonzero as x approaches 0). The limit 
on the right is now evaluated using direct substitution: 


lim (cos x + 1) = cos0 + 1 =2. 
E> 


b. By Theorem 2.14, In x is continuous on its domain (0, ©). However, In x > 0 only 
when x > 1, so Theorem 2.12 implies VIn x is continuous on (1, ©). Atx = 1, 
Yin x is right-continuous (Quick Check 5). The domain of tan ! x is all real 


numbers, so it is continuous on (—%, ©). Therefore, f(x) = VIn x + tan! x is 
continuous on | 1, œ% ). Because the domain of f does not include points with x < 1, 


lim ( WInx + tan! x) does not exist, which implies that lim ( WInx + tan! x) 
x>l mar 


does not exist. Related Exercises 47-52< 





The Intermediate Value Theorem 


A common problem in mathematics is finding solutions to equations of the form f(x) = L. 
Before attempting to find values of x satisfying this equation, it is worthwhile to deter- 
mine whether a solution exists. 

The existence of solutions is often established using a result known as the Intermediate 
Value Theorem. Given a function f and a constant L, we assume L lies between f(a) and 
f(b). The Intermediate Value Theorem says that if f is continuous on | a, b |, then the graph 
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fis not continuous on [a, b]... 





... and there is no number c 
in (a, b) such that f(c) = L. 


FIGURE 2.54 





QUICK CHECK 6 Does the equation 
f(x) = x? + x + 1 = 0 have a solu- 


tion on the interval [—1, 1]? Explain.< 





‘< 









Amount of money 
(dollars) after 5 years 

> 

S 


Nn 
S 
© 


0.0675 
Interest rate 


0.10 r 


FIGURE 2.55 


Interest rate that yields , TR - 
$1400 after 5 years Figure 2.55; it is evident that they intersect between r = 0 and r = 0.08. 





of y = f(x) must cross the horizontal line y = L at least once (Figure 2.53). Although this 
theorem is easily illustrated, its proof goes beyond the scope of this text. 


Intermediate Value Theorem 





In (a, b) there is at least one number c such that f(c) = L, 
where L is between f(a) and f(b). 


FIGURE 2.53 


THEOREM 2.15 The Intermediate Value Theorem 
Suppose f is continuous on the interval |a, b| and L is a number between f(a) 


and f(b). Then there is at least one number c in (a, b) satisfying f(c) = L. 





The importance of continuity in Theorem 2.15 is illustrated in Figure 2.54, where we 
see a function f that is not continuous on [a, b]. For the value of L shown in the figure, 
there is no value of c in (a, b) satisfying f(c) = L. 


EXAMPLE 8 Finding an interest rate Suppose you invest $1000 in a special 5-year 
savings account with a fixed annual interest rate r, with monthly compounding. The 


60 
amount of money A in the account after 5 years (60 months) is A(r) = 1ooo( ı F z) ' 


Your goal is to have $1400 in the account after 5 years. 


a. Use the Intermediate Value Theorem to show there is a value of r in (0, 0.08)—that is, 
an interest rate between 0% and 8%— for which A(r) = 1400. 


b. Use a graphing utility to illustrate your explanation in part (a), and then estimate the 
interest rate required to reach your goal. 


SOLUTION 
60 
a. As a polynomial in r (of degree 60), A(r) = 1000( ı F z) is continuous for all r. 


Evaluating A (r) at the endpoints of the interval [0, 0.08], we have A(0) = 1000 and 
A(0.08) = 1489.85. Therefore, 


A(0) < 1400 < A(0.08), 


and it follows, by the Intermediate Value Theorem, that there is a value of r 
in (0, 0.08) for which A (r) = 1400. 


b. The graphs of y = A(r) and the horizontal line y = 1400 are shown in 


Solving A(r) = 1400 algebraically or using a root finder reveals that the 

curve and line intersect at r ~ 0.0675. Therefore, an interest rate of approxi- 

mately 6.75% is required for the investment to be worth $1400 after 5 years. 
Related Exercises 53-60< 


SECTION 2.6 EXERCISES 


Review Questions 
1. Which of the following functions are continuous for all values in 
their domain? Justify your answers. 


a. a(t) = altitude of a skydiver t seconds after jumping from a 
plane 

b. n(t) = number of quarters needed to park in a metered park- 
ing space for t minutes 

c. T(t) = temperature t minutes after midnight in Chicago on 
January | 

d. p(t) = number of points scored by a basketball player after 
t minutes of a basketball game 


2. Give the three conditions that must be satisfied by a function to be 
continuous at a point. 


3. What does it mean for a function to be continuous on an interval? 


4. We informally describe a function f to be continuous at a if its 
graph contains no holes or breaks at a. Explain why this is not an 
adequate definition of continuity. 

5. Complete the following sentences. 

a. A function is continuous from the left at a if 
b. A function is continuous from the right at a if 


6. Describe the points (if any) at which a rational function fails to be 
continuous. 


7. What is the domain of f(x) = e*/x and where is f continuous? 


8. Explain in words and pictures what the Intermediate Value Theo- 
rem says. 


Basic Skills 

9-12. Discontinuities from a graph Determine the points at which 
the following functions f have discontinuities. For each point state the 
conditions in the continuity checklist that are violated. 


11. 
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13-20. Continuity at a point Determine whether the following 
functions are continuous at a. Use the continuity checklist to 
justify your answer. 

















2x? + 3x + 1 
13. x) = -a=5 
Px) x? + 5x 
2x? + 3x + 1 
14. x) = :a=—5 
fx) x? + 5x 
15. f(x) = Vx -2;a=1 
16. g(x) = a = 3 
= Oe E 
x7 -1 
—— ys 1 
17 fia) Ss 2H ;a=1 
3 ifx =1 
x? — 4x + 3 
ifx ~ 3 
18. f(x) = Pm ;a=3 
2 ifx = 3 
a. 2 
19. x) = ~; a =4 
fx) x? — 9x + 20 
2 
+ 
-Ti frai 
20. fix) =f x+1 | 
2 ifx =—-1 


21-26. Continuity on intervals Use Theorem 2.10 to determine the 
intervals on which the following functions are continuous. 











3x? — 6x + 7 
21. =A — 3x24 1 22. = 
p(x) X X g(x) x2 + x + 1 
5 2 
x? + 6x + 17 x’ — 4x +3 
23. = o NN 24. son C 
e a5 s(x) = 
1 t+2 
25. = 26. f(t) = 


27-30. Limits of compositions Evaluate the following limits and 
justify your answer. 








3 4 
27. lim (xê — 3x6 — 1)” 28. lim (5) 
x>0 x2 \9x° — 4x? — 50 
+ 5\" ee 
29. lim (: ) 30. im ( 2 ) 
>l X + 2 x—0o xX 


31-34. Intervals of continuity Determine the intervals of continuity 
for the following functions. 


31. The graph of Exercise 9 32. The graph of Exercise 10 
33. The graph of Exercise 11 34. The graph of Exercise 12 
35. Intervals of continuity Let 


x? + 3x ifx=1 


Lo) = H ifx <1. 


a. Use the continuity checklist to show that f is not continuous at 1. 
b. Is f continuous from the left or right at 1? 
c. State the interval(s) of continuity. 
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36. Intervals of continuity Let 


xi>+4x+1 ifx=0 
2x? ifx > 0. 


fe) = | 


a. Use the continuity checklist to show that f is not continuous at 0. 
b. Is f continuous from the left or right at 0? 
c. State the interval(s) of continuity. 


37-42. Functions with roots Determine the interval(s) on which the 
following functions are continuous. Be sure to consider right- and 
left-continuity at the endpoints. 


37. f(x) = V2x* — 16 
39. f(x) = Wx? — 2x -3 


41. f(x) = (2x — 3) 


38. g(x) = Vx- 1 
40. f(t) = (t? — 1)?” 
42. f(z) = (z- 1) 


43—46. Limits with roots Determine the following limits and justify 
your answers. 


+ 
i in) 44. lim (x? -4+ Wx? - 9) 
5 a 2% = 2 t=] 
; 5 r+ 5 
45. lim (Vx? + 7) 46. lim ————— 


x3 214 Vr +5 


47-52. Continuity and limits with transcendental functions 
Determine the interval(s) on which the following functions are 
continuous; then evaluate the given limits. 


47. f(x) = csc x; im, f(a); im f(x) 


48. f(x) = e^"; lim f(x); lim, f(x) 











1 + sinx 

49. = ——— |l > OU 

fla) = SOAS tim, fa) lim fo) 

l 

50. f(x) =-=; lim fx) 
sn x x71" 

51. f(x) =- d v lim f(x); lim, f(x) 
e?” 1 l 

2. Se ; lim f(x) 
g= l x—>0 

53. Intermediate Value Theorem and interest rates Suppose $5000 


is invested in a savings account for 10 years (120 months), with 
an annual interest rate of r, compounded monthly. The amount of 


money in the account after 10 years is A(r) = 5000(1 + r/12)!”. 


a. Use the Intermediate Value Theorem to show there is a value 
of r in (0, 0.08)—an interest rate between 0% and 8%—that 
allows you to reach your savings goal of $7000 in 10 years. 

b. Use a graph to illustrate your explanation in part (a); then, 
approximate the interest rate required to reach your goal. 


54. Intermediate Value Theorem and mortgage payments You 


are shopping for a $150,000, 30-year (360-month) loan to buy a 
house. The monthly payment is 


= 150,000(7/12) 
i= 





mır 


where r is the annual interest rate. Suppose banks are currently 
offering interest rates between 6% and 8%. 


a. Use the Intermediate Value Theorem to show there is a value 
of r in (0.06, 0.08)—an interest rate between 6% and 8%—that 
allows you to make monthly payments of $1000 per month. 

b. Use a graph to illustrate your explanation to part (a). Then deter- 
mine the interest rate you need for monthly payments of $1000. 


55—60. Applying the Intermediate Value Theorem 


a. Use the Intermediate Value Theorem to show that the following 
equations have a solution on the given interval. 


b. Use a graphing utility to find all the solutions to the equation on 
the given interval. 


c. Illustrate your answers with an appropriate graph. 
55. 2x? + x — 2 = 0; (-1,1) 

56. xt + 25x3 + 10 = 5; (0,1) 

57. x? — 5x? + 2x = —1; (—1,5) 

58. —x° — 4x7 + 2Vx + 5 = 0; (0,3) 

59. x + eX = 0; (—1,0) 





60. xInx — 1 = 0; (1,e) 


Further Explorations 
61. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. Ifa function is left-continuous and right-continuous at a, then 
it is continuous at a. 

b. If a function is continuous at a, then it is left-continuous and 
right-continuous at a. 

c. Ifa < band f(a) = L = f(b), then there is some value of c 
in (a, b) for which f(c) = L. 

d. Suppose f is continuous on |a, b |. Then there is a point c in 


(a, b) such that f(c) = (f(a) + f(b))/2. 


62. Continuity of the absolute value function Prove that the 
absolute value function |x| is continuous for all values of x. 
(Hint: Using the definition of the absolute value function, 
compute lim |x| and lim |x|.) 

x0 x0" 


63-66. Continuity of functions with absolute values Use the 
continuity of the absolute value function (Exercise 62) to determine 
the interval(s) on which the following functions are continuous. 








+4 
63. f(x) = |x? +3x-18| 64. g(x) = L 
x“ — 4 
1 
65. h(x) = |—=—— 66. h(x) = |x? + 2x + 5| + Vx 
w= o) = | 


67-76. Miscellaneous limits Evaluate the following limits. 


cos? x + 3cosx + 2 sin? x + 6sinx + 5 


67. lim —————————— 68. lim 
XT cosx + 1 x—>3r/2 sin? x — 1 
l Cl 
69. J; sinx — | 70. 1 2+ sing 2 
. lm —= . lim 
27/2 Vsinx — 1 0—0 sin 0 


71. 


73. 


1D: 


11. 


H 78. 


79. 


80. 


81. 








— cosx — 1 = 1 cosí x 
lim = 72. lim 
x—0 SsIn* x x0 sin x 
tan’! x _ cost 
lim 74. lim 3 
x— oo X t-~“ e f 
lim —— 76. lim — 
x17 lnx x—0* lnx 83. 


Pitfalls using technology The graph of the sawtooth function 

y = x — |x], where |x] is the greatest integer function or floor 
function (Exercise 35, Section 2.2), was obtained using a graph- 
ing utility (see figure). Identify any inaccuracies appearing in the 
graph and then plot an accurate graph by hand. 
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82. Asymptotes of a function containing exponentials Let 


2e* + 5e” 
f(x) = SS. Evaluate lim f(x), lim, f(x), lim f(x), 
oo =e ae x07 x—>—00 


and lim f(x). Then give the horizontal and vertical asymptotes 
x7 0 


of f. Plot f to verify your results. 


Asymptotes of a function containing exponentials Let 
fa) = 2e* + 10e * 
a e +e™ 


lim f(x). Then give the horizontal and vertical asymptotes of f. 
x—> 0 


Evaluate lim f(x), lim f(x), and 
x xX—>—00 


Plot fto verify your results. 


84-85. Applying the Intermediate Value Theorem Use the 


= ; i x] Intermediate Value Theorem to verify that the following equations have 
- three solutions on the given interval. Use a graphing utility to find the 
approximate roots. 
84. x° + 10x? — 100x + 50 = 0; (—20, 10) 
> : 85. 70x? — 87x* + 32x — 3 = 0; (0,1) 
Applications 
=S 86. Parking costs Determine the intervals of continuity for the 





Pitfalls using technology Graph the function f(x) = oo 
a graphing window of |—7, m] x [0,2]. 


using 


a. Sketch a copy of the graph obtained with your graphing device 
and describe any inaccuracies appearing in the graph. 

b. Sketch an accurate graph of the function. Is f continuous at 0? 

in x 





l . Ss 
c. Conjecture the value lim 
x0 xX 


Sketching functions 


a. Sketch the graph of a function that is not continuous at 1, but is 
defined at 1. 

b. Sketch the graph of a function that is not continuous at 1, but 
has a limit at 1. 


87. 


An unknown constant Determine the value of the constant a for 
which the function 





x +3x+2 TRE 
if x = 
f(x) = y+i 
a ifx =-—1 
is continuous at — 1. 
An unknown constant Let 
x? +x ifx<1 
g(x) = 4a ifx = 1 ee: 
30°F). atx > J. 


a. Determine the value of a for which g is continuous from the 
left at 1. 

b. Determine the value of a for which g is continuous from the 
right at 1. 

c. Is there a value of a for which g is continuous at 1? 
Explain. 


parking cost function c introduced at the outset of this section (see 
figure). Consider 0 S t S 60. 


Cost (dollars) 





30 45 60 
Time (min) 


Investment problem Assume you invest $250 at the end of each 
year for 10 years at an annual interest rate of r. The amount of money 
250((1 + r)!® — 1) 


A = — ~ 
r 


Assume your goal is to have $3500 in your account after 10 years. 


in your account after 10 years is 


a. Use the Intermediate Value Theorem to show that there is an 
interest rate r in the interval (0.01, 0.10)—between 1% and 
10%—that allows you to reach your financial goal. 

b. Use a calculator to estimate the interest rate required to reach 
your financial goal. 


Applying the Intermediate Value Theorem Suppose you park 
your car at a trailhead in a national park and begin a 2-hr hike to a 
lake at 7 a.m. on a Friday morning. On Sunday morning, you leave 
the lake at 7 a.m. and start the 2-hr hike back to your car. Assume 
the lake is 3 mi from your car. Let f(t) be your distance from the 
car t hours after 7 a.m. on Friday morning and let g(t) be your dis- 
tance from the car t hours after 7 a.m. on Sunday morning. 


a. Evaluate f(0), f(2), g(0), and g(2). 
b. Let h(t) = f(t) — g(t). Find A(0) and A(2). 


112 CHAPTER2 œ [LIMITS 


c. Use the Intermediate Value Theorem to show that there is 
some point along the trail that you will pass at exactly the 
same time of morning on both days. 


89. The monk and the mountain A monk set out from a monas- 
tery in the valley at dawn. He walked all day up a winding path, 
stopping for lunch and taking a nap along the way. At dusk, he 
arrived at a temple on the mountaintop. The next day, the monk 
made the return walk to the valley, leaving the temple at dawn, 
walking the same path for the entire day, and arriving at the mon- 
astery in the evening. Must there be one point along the path that 
the monk occupied at the same time of day on both the ascent 
and descent? (Hint: The question can be answered without the 
Intermediate Value Theorem.) (Source: Arthur Koestler, 

The Act of Creation.) 


Additional Exercises 
90. Does continuity of | f| imply continuity of f? Let 


g(x) = E 


. Write a formula for |g(x)|. 

. Is g continuous at x = 0? Explain. 

Is |g| continuous at x = 0? Explain. 

. For any function f, if |f| is continuous at a, does it necessar- 
ily follow that f is continuous at a? Explain. 


ifx = 0 
ifx < 0. 


angop 


91-92. Classifying discontinuities The discontinuities in graphs 

(a) and (b) are removable discontinuities because they disappear if we 

define or redefine f at a so that f(a) = lim f(x). The function in 
xa 


graph (c) has a jump discontinuity because left and right limits exist at 
a but are unequal. The discontinuity in graph (d) is an infinite discon- 
tinuity because the function has a vertical asymptote at a. 















Removable 
discontinuity 


Removable 
discontinuity 


7 Jump 7 
discontinuity 


y =f) 


Infinite 
discontinuity 





91. Is the discontinuity at a in graph (c) removable? Explain. 
92. Is the discontinuity at a in graph (d) removable? Explain. 


93-94. Removable discontinuities Show that the following 
functions have a removable discontinuity at the given point. 
See Exercises 91—92. 


7—Ix+10 | 
= 





93. f(x) = Ž 





ifx Æ 1 
94. g(x) = er 
3 ifx = 1’ 


95. Do removable discontinuities exist? Refer to Exercises 91—92. 
a. Does the function f(x) = x sin (1/x) have a removable 
discontinuity at x = 0? 


b. Does the function g(x) = sin (1/x) have a removable 
discontinuity at x = 0? 


96-97. Classifying discontinuities Classify the discontinuities in the 
following functions at the given points. See Exercises 91—92. 





2—2] 
96. f(x) = ————;x=2 
0 ieee? 
eg? +4 
97. h(x) = ~— "x = Oandx = 1 


98. Continuity of composite functions Prove Theorem 2.11: If g is 
continuous at a and f is continuous at g(a), then the composition 
f° g is continuous at a. (Hint: Write the definition of continuity 
for f and g separately; then, combine them to form the definition 
of continuity for f° g.) 


99. Continuity of compositions 


a. Find functions f and g such that each function is continuous at 
0, but f° g is not continuous at 0. 

b. Explain why examples satisfying part (a) do not contradict 
Theorem 2.11. 


100. Violation of the Intermediate Value Theorem? Let 
x 
f(x) = adl Then f(—2) 
x 
f(—2) < 0 < f(2), but there is no value of c between —2 and 2 
for which f(c) = 0. Does this fact violate the Intermediate Value 
Theorem? Explain. 


= —] and f(2) = 1. Therefore, 


101. Continuity of sin x and cos x 


a. Use the identity sin (a + h) = sina cos h + cosa sinh with 
the fact that e sin x = Oto prove that lim sin x = sina, 
—> x—>a 
thereby establishing that sin x is continuous for all x. (Hint: Let 
h = x — asothat x = a + h and note that h ~ 0 as x —> a.) 
b. Use the identity cos (a + h) = cos a cos h — sin a sin h with 


the fact that lim cosx = 1 to prove that lim cos x = cosa. 


x—>0 x—>a 


QUICK CHECK ANSWERS 
1. ¢ = 15,30,45 2. Both expressions have a value of 5, 
showing that lim f(g(x)) = f(lim g(x)). 3. Fill 

xa xa 


in the endpoints. 4. |0, %);(—%,%) 5. Note that 


Jim, Vinx = Ý lim | Inx = 0 and f(1) = In 1 = 0. 


ae the limit fon e right and the value of the 
function at x = 1 are equal, the function is right-continuous 
atx = 1. 6. The equation has a solution on the interval 
[—1, 1 | because f is continuous on | —1, 1 | and 

f(-1) <0 < f(1).<« 
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2./ Precise Definitions of Limits 


» The phrase for all x near a means for all 
x in an open interval containing a. 


> The Greek letters 6 (delta) and € 
(epsilon) represent small positive 
numbers when discussing limits. 


» The two conditions |x — a| < 6 
and x # a are written concisely as 
0< |x-a| <6. 





0 1 3 5 7 
FIGURE 2.56 


> The founders of calculus, Isaac Newton 
(1642-1727) and Gottfried Leibniz 
(1646-1716), developed the core ideas 
of calculus without using a precise 
definition of a limit. It was not until the 
19th century that a rigorous definition 
was introduced by Louis Cauchy 
(1789-1857) and later refined by Karl 
Weierstrass (1815-1897). 


The limit definitions already encountered in this chapter are adequate for most elementary 
limits. However, some of the terminology used, such as sufficiently close and arbitrarily 
large, needs clarification. The goal of this section is to give limits a solid mathemati- 
cal foundation by transforming the previous limit definitions into precise mathematical 
statements. 


Moving Toward a Precise Definition 


Assume the function f is defined for all x near a, except possibly at a. Recall that 


lim f(x) = L means that f(x) is arbitrarily close to L for all x sufficiently close (but not 
xa 


equal) to a. This limit definition is made precise by observing that the distance between 

f(x) and Lis | f(x) — L| and that the distance between x and a is |x — a|. Therefore, we 

write lim f(x) = Lif we can make | f(x) — L| arbitrarily small for any x, distinct from a, 
xa 


with |x — a| sufficiently small. For instance, if we want | f(x) — L| to be less than 0.1, 
then we must find a number 6 > 0 such that 


f(x) — L| < 0.1. whenever |x- a| <6 and x #a. 


If, instead, we want | J) = L| to be less than 0.001, then we must find another number 
ô > O such that 


f(x) — L| < 0.001 whenever 0 < |x —a| < ô. 


For the limit to exist, it must be true that for any e > 0, we can always find a ô > 0 
such that 


f(x) — L| <e whenever 0 < |x- a| < ô. 


EXAMPLE 1 Determining values of ô from a graph Figure 2.56 shows the graph of 
a linear function f with lim f(x) = 5. For each value of e€ > 0, determine a value of 


ô > 0 satisfying the statement 


f(x) — 5| <e whenever 0 < |x — 3| < 6. 


ac= 1 
b. € = l 
SOLUTION 


a. With e = 1, we want f(x) to be less than | unit from 5, which means f(x) is between 
4 and 6. To determine a corresponding value of ô, draw the horizontal lines y = 4 and 
y = 6 (Figure 2.57a). Then sketch vertical lines passing through the points where the 
horizontal lines and the graph of f intersect (Figure 2.57b). We see that the vertical 
lines intersect the x-axis at x = 1 and x = 5. Note that f(x) is less than 1 unit from 
5 on the y-axis if x is within 2 units of 3 on the x-axis. So, for e = 1, we let ô = 2 or 
any smaller positive value. 
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ce 


» Once an acceptable value of 6 is found 
satisfying the statement 


f(x) — L| <€ whenever 


0< |x-— al < 6, 


any smaller positive value of 6 also works. 


“Values of x such that 
POLE 


bios 





0e p= 3) 2 
(a) (b) 
FIGURE 2.57 


b. With e = 4, we want f(x) to lie within a half-unit of 5 or, equivalently, f(x) must lie 
between 4.5 and 5.5. Proceeding as in part (a), we see that f(x) is within a half-unit of 
5 on the y-axis if x is less than 1 unit from 3 (Figure 2.58). So for e = 5, we let 5 = 1 
or any smaller positive number. 


( Values of x such that ) 
y y fœ@- s| <4 





Values of x such that | 


D 








1 


FIGURE 2.59 


— 
0<ļx-3|<1 
FIGURE 2.58 


Related Exercises 9-12< 


The idea of a limit, as illustrated in Example 1, may be described in terms of a con- 
test between two people named Epp and Del. First, Epp picks a particular number e > 0; 
then, he challenges Del to find a corresponding value of 6 > O such that 


f(x) — 5| <e whenever 0 < |x — 3| < ô. (1) 


To illustrate, suppose Epp chooses € = 1. From Example 1, we know that Del will sat- 
isfy (1) by choosing 0 < 6 S 2. If Epp chooses ¢ = L then (by Example 1) Del re- 
sponds by letting 0 < ô <1. If Epp lets € = L then Del chooses 0< 6 =<s3 
(Figure 2.59). In fact, there is a pattern: For any e > O that Epp chooses, no mat- 
ter how small, Del will satisfy (1) by choosing a positive value of ô satisfying 
0< 6 S 2e. Del has discovered a mathematical relationship: If 0 < ô S 2e and 
0 < |x — 3| < 6, then | f(x) — 5| < e, for any e > 0. This conversation illustrates the 
general procedure for proving that lim f(x) = L. 
xa 


lim f(x) =L 





If0 < |x — al <6... 


FIGURE 2.60 


» The value of 6 in the precise definition of 
a limit depends only on e. 


» Definitions of the one-sided limits 
lim, f(x) = Land lim f(x) = L are 
x 7a xa 


discussed in Exercises 39-43. 


2.7 Precise Definitions of Limits 115 





K CHECK 1 In Example 1, find a positive number 6 satisfying the statement 


1 
f(x) — 5| < —~ whenever 0 < |x- 3| < 6.< 
100 
A Precise Definition 


Example 1 dealt with a linear function, but it points the way to a pre- 

... then |f(x) -L| <€.) cise definition of a limit for any function. As shown in Figure 2.60, 
lim f(x) = L means that for any positive number e, there is another 
Aa 


positive number 6 such that 
f(x) — L| <e whenever 0 < |x —al < ô. 


In all limit proofs, the goal is to find a relationship between € and 6 
that gives an admissible value of 6, in terms of € only. This relationship 
must work for any positive value of e. 


DEFINITION Limit of a Function 


Assume that f(x) exists for all x in some open interval containing a, except possibly at 
a. We say that the limit of f(x) as x approaches a is L, written 


lim f(x) = L, 
xa 


if for any number e > O there is a corresponding number ô > O such that 


f(x) — L| <£ whenever 0 < |x —a| < ô. 





EXAMPLE 2 Finding ô for a given € using a graphing utility Let 
f(x) = x? — 6x? + 12x — 5 and demonstrate that lim f(x) = 3 as follows. 
xz 


For the given values of £e, use a graphing utility to find a value of 6 > O such that 
f(x) — 3| <e whenever 0 < |x — 2| < ô. 

ace= 1 b. £ = i 

SOLUTION 


a. The condition | f(x) — 3| < s = 1 implies that f(x) lies between 2 and 4. Using 
a graphing utility, we graph f and the lines y = 2 and y = 4 (Figure 2.61). These 
lines intersect the graph of f atx = 1 and at x = 3. We now sketch the vertical lines 
x = l and x = 3 and observe that f(x) is within 1 unit of 3 whenever x is within 
1 unit of 2 on the x-axis (Figure 2.61). Therefore, with e = 1, we can choose any ô 
withO < ô <1. 


b. The condition | f(x) — 3| < e = 4 implies that f(x) lies between 2.5 and 3.5 on the 
y-axis. We now find that the lines y = 2.5 and y = 3.5 intersect the graph of f at 
x ~= 1.21 andx = 2.79 (Figure 2.62). Observe that if x is less than 0.79 units from 
2 on the x-axis, then f(x) is less than a half-unit from 3 on the y-axis. Therefore, with 
e = 4 we can choose any ô with 0 < 6 < 0.79. 
This procedure could be repeated for smaller and smaller values of e > 0. For each 
value of e, there exists a corresponding value of 6, proving that the limit exists. 
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yay =3)1 


FIGURE 2.61 


rT mu CLIFF 
Ol i C € SEC 
i i { 





QUICK CHECK 2 For the function f 
given in Example 2, estimate a value of 
ô > O satisfying | f(x) — 3| < 0.25 
whenever 0 < |x — 2| < 6.< 





FIGURE 2.63 





ro- 





0e e=3 ax] 0 < |x — 2| < 0.79 


FIGURE 2.62 
Related Exercises 13—14< 


The inequality 0 < |x — a| < & means that x lies between a — 6 and a + 6 with 


x # a. We Say that the interval (a — 6,a + 6) is symmetric about a because a is the 
midpoint of the interval. Symmetric intervals are convenient, but Example 3 demonstrates 
that we don’t always get symmetric intervals without a bit of extra work. 


EXAMPLE 3 Finding asymmetric interval Figure 2.63 shows the graph of g with 
lim, g(x) = 3. For each value of e, find the corresponding values of 6 > 0 that satisfy 
X= 


the condition 


|g(x) — 3| <e whenever 0 < |x — 2| < ô. 


ae=2 
be=1 
c. For any given value of ¢, make a conjecture about the corresponding values of 6 that 


satisfy the limit condition. 


SOLUTION 


a. 


With e = 2, we need a value of 6 > O such that g(x) is within 2 units of 3, which means 
between 1 and 5, whenever x is less than 6 units from 2. The horizontal lines y = 1 and 
y = 5 intersect the graph of g at x = 1 and x = 6. Therefore, | g(x) — 3| < 2 if x lies 
in the interval (1,6) with x # 2 (Figure 2.64a). However, we want x to lie in an interval 
that is symmetric about 2. We can guarantee that |g(x) — 3| < 2 only if x is less than 

1 unit away from 2, on either side of 2 (Figure 2.64b). Therefore, with e = 2 we take 

ô = 1 or any smaller positive number. 





. With e = 1, g(x) must lie between 2 and 4 (Figure 2.65a). This implies that x must 


be within a half-unit to the left of 2 and within 2 units to the right of 2. Therefore, 
|g(x) — 3| < 1 provided x lies in the interval (1.5, 4). To obtain a symmetric interval 
about 2, we take 6 = $ or any smaller positive number. Then we are guaranteed that 
lg(x) — 3| < 1 when0 < |x — 2| < £ (Figure 2.65b). 


. From parts (a) and (b), it appears that if we choose 6 < €/2, the limit condition is sat- 


isfied for any € > 0. 
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eG). = 3| = 2 














X 
“Values of x such that | { Symmetric interval 0 < lx =e 1 
| | g(x) — 3) <2 that guarantees | g(x) — 3| < 2 
(a) (b) 
FIGURE 2.64 
Y y 
lax) — 3[ <1 
A X 
Values of x such that ` f Symmetric interval 0 < |x — 2| < + | 
|g) - 3) <1 | that guarantees | g(x) — 3| < 1 
(a) (b) 
FIGURE 2.65 


Related Exercises 15—18< 


Limit Proofs 


We use the following two-step process to prove that lim f(x) = L. 
xa 


Steps for proving that lim f(x) = L 
xa 
> The fi f the limit- i 
agra aa S a 1. Find 6. Let £ be an arbitrary positive number. Use the inequality |f(x) — L| < e 


is the preliminary work of finding a } o. 
to find a condition of the form |x — a| < ô, where 6 depends only on the 


candidate for ô. The second step verifies 
that the 6 found in the first step actually value of e. 
works. 


2. Write a proof. For any s > 0, assume 0 < |x — a| < 6 and use the rela- 
tionship between £ and ô found in Step 1 to prove that | f(x) — L| < e. 
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» Because lim f(x) exists, if there exists a 
Xa 


ô > 0 for any given € > 0, then there 
also exists a ô > 0 for any given 5. 


EXAMPLE 4 Limit of a linear function Prove that lim (4x — 15) = 1 using the 
precise definition of a limit. x4 


SOLUTION 


Step I: 


Step 2: 


Find 0. In this case, a = 4 and L = 1. Assuming € > 0 is given, we use 
| (4x — 15) — 1| < e to find an inequality of the form |x — 4| < ô. If 
|(4x — 15) — 1] < «, then 

[4x — 16| < e 

A|x —4| <e Factor 4x — 16. 


E€ 
E = 4 Divide by 4 and identify ô = e/4. 


We have shown that | (4x — 15) — 1| < e implies |x — 4| < £/4. Therefore, 
a plausible relationship between ô and € is 6 = ¢/4. We now write the actual 
proof. 


Write a proof. Let e > 0 be given and assume 0 < |x — 4| < 6 where 
ô = «/4. The aim is to show that | (4x — 15) — 1| < e for all x such that 
0 < |x — 4| < ô. We simplify |(4x — 15) — 1| and isolate the |x — 4| 
term: 
(4x — 15) — 1| = |4x — 16| 
=4|x-4| 


— 


less than 6 = «/4 


€ 
< (2) =e. 
4 
We have shown that for any € > 0, 
Ax) — L| = |(4x — 15) — 1| <e whenever 0 < |x — 4| < ô 


provided 0 < 6 < &/4. Therefore, lim (4x — 15) = 1. 
ame Related Exercises 19—24< 


Justifying Limit Laws 
The precise definition of a limit is used to prove the limit laws in Theorem 2.3. Essential 
in several of these proofs is the triangle inequality, which states that 


Ix + y| = |x| + |y 





, forall real numbers x and y. 


EXAMPLE 5 Proof of Limit Law 1 Prove that if lim f(x) and lim g(x) exist, then 
xa xa 


lim (f(x) + g(x)] = lim f(x) + lim g(x). 


X 


SOLUTION Assume that e > 0 is given. Let lim f(x) = L, which implies that there 
exists a 6, > 0 such that a 


Fa) =Le whenever 0 < |x — a| < ô. 


Similarly, let lim g(x) = M, which implies there exists a 6, > O such that 
x—>a 


le(x) E M| < : whenever 0 < |x = al < 65. 


> The minimum value of a and b is denoted 
min {a,b}.If x = min{a,b}, then x 
is the smaller of a and b. If a = b, then 
x equals the common value of a and b. In 
either case, x = a and x S b. 


» Proofs of other limit laws are outlined in 
Exercises 25—26. 


» Notice that for infinite limits, N plays 
the role that € plays for regular limits. It 
sets a tolerance or bound for the function 


values f(x). 


» Precise definitions for lim f(x) = —%, 
xa 
lim, f(x) =—%, lim, f(x) = %, 
xza xa 
lim f(x) =—%,and lim f(x) = œ% 
x—a xa 


are given in Exercises 45—49. 
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Let 5 = min { ô, ô, } and suppose 0 < |x — a| < 5. Because 6 < 8}, it follows that 
0 < |x — a| < 6, and |f(x) — L| < &/2. Similarly, because 6 < ô», it follows that 
0 < |x — a| < 6, and |g(x) — M| < e/2. Therefore, 


[Fœ + 9(x)] - 


(L + M)| = |(f(x) — L) + (g(x) — M)| Rearrange terms. 


= | f(x) — L| + |e(x) - M| Triangle inequality. 


€ E 
— +- =E. 
2 2 


/\ 


We have shown that given any e > 0, if 0 < |x — a| < ô then 
ILf(x) + g(x)| — (L + M)| < e, which implies that lim | f(x) + g(x)] = 
x—>a 
L+ M= lim f(x) + lim g(x). Related Exercises 25-28< 
xa x—>a 


Infinite Limits 
In Section 2.4, we stated that lim f(x) = œ if f(x) grows arbitrarily large as x approaches 
>a 


a. More precisely, this means that for any positive number N (no matter how large), f(x) 
is larger than N 1f x is sufficiently close to a but not equal to a. 


DEFINITION Two-Sided Infinite Limit 


The infinite limit lim f(x) = © means that for any positive number N there exists a 
xa 


corresponding 6 > O such that 


f(x) >N whenever 0 < |x — al < ô. 





As shown in Figure 2.66, to prove that lim f(x) = ©, we let N represent any positive 


number. Then we find a value of ô > O, depending only on N, such that 
f(x) > N whenever 0 < |x — al < ô. 


This process is similar to the two-step process for finite limits. 


f®)>N 





0<|x-a|<8 


Values of x such that f(x) > N 


FIGURE 2.66 
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> Recall that Vx? = |x]. 





3 In Example 6, if N is 
increased by a factor of 100, how must 
ô change? < 


Steps for proving that lim f(x) = © 
xa 


1. Find 6. Let N be an arbitrary positive number. Use the statement f(x) > N 
to find an inequality of the form |x — a| < 6, where 6 depends only on N. 


2. Write a proof. For any N > 0, assume 0 < |x — a| < ô and use the rela- 
tionship between N and 6 found in Step 1 to prove that f(x) > N. 





EXAMPLE 6 An Infinite Limit Proof Let f(x) = ae Prove that 

lim f(x) = o. 

SOLUTION 

Step 1: Find ô > 0. Assuming N > 0, we use the inequality E > N to find ð, 


F= 


where ô depends only on N. Taking reciprocals of this inequality, it follows that 
1 
=g a 
= 2S 


l 
|x — 2| < —=. Take the square root of both sides. 


VN 


1 
The inequality |x — 2| < —=has the form |x — 2| < ô if we let 6 = 


VN 


We now write a proof based on this relationship between ô and N. 


= 
Ti 


1 
Step 2: Write a proof. Suppose N > 0 is given. Let 6 = —= and assume 


1 VN 
0 < |x — 2| < 6 = ——. Squaring both sides of the inequalit 
Ix — 2| Jy Squaring quality 
1 
|x — 2| < —~and taking reciprocals, we have 


VN 


l 
(x — 2)? < T Square both sides. 


2: 
(x = 2)° 


We see that for any positive N, if0 < |x — 2| <6 = 


> N. Take reciprocals of both sides. 


1 
, then 


VN 


1 1 
x) = ——~ > N. It follows that im —-————-~ = ©, Note that 
fe) Ca a x2 (x — 2)° 


1 ; 
because 6 = ——, ô decreases as N increases. 


VN 


Related Exercises 29-32< 


Limits at Infinity 


Precise definitions can also be written for the limits at infinity lim f(x) = L and 
lim f(x) = L. For discussion and examples, see Exercises 50-51. * ~~ 
x7 


SECTION 2.7 EXERCISES 


Review Questions 





1. Suppose x lies in the interval (1,3) with x # 2. Find the smallest 
positive value of ô such that the inequality 0 < |x — 2| < 6 
is true. 
2. Suppose f(x) lies in the interval (2, 6). What is the smallest value 
of e such that |f(x) — 4| < e? 
3. Which one of the following intervals is not symmetric about x = 5? 
a. (1,9) b. (4,6) c. (3,8) d. (4.5, 5.5) 
4. Does the set {x:0 < |x — a| < &} include the point x = a? 
Explain. 
5. State the precise definition of lim f(x) = L. 
xa 
6. Interpret |f(x) — L| < e in words. 
7. Suppose | f(x) — 5| < 0.1 whenever 0 < x < 5. Find 
all values of 6 > 0 such that | f(x) — 5| < 0.1 whenever 
Os lx = 2| <0. 
8. Give the definition of lim f(x) = © and interpret it using 
pictures. a 
Basic Skills 
9. Determining values of 6 from a graph The function f in the figure 
satisfies lim f(x) = 5. Determine the largest value of 6 > 0 
x2 
satisfying each statement. 
a. If0 < |x — 2| < ô, 
then |f(x) — 5| < 2. 
b. If 0 < |x — 2| < ô, 
then |f(x) — 5| < 1. 
10. Determining values of ô from a graph The function f in the 


figure satisfies lim f(x) = 4. Determine the largest value of 6 > 0 
xz 


satisfying each statement. 


a. If0 < |x — 2| < 8, 
then |f(x) — 4| < 1. 

b. If0 < |x — 2| < 8, 
then |f(x) — 4| < 1/2. 





11. 


12. 


13. 


14. 


15. 
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Determining values of 6 from a graph The function f in the fig- 
ure satisfies lim f(x) = 6. Determine the largest value of 6 > 0 
satisfying each statement. 


a. If 0 < |x — 3| < ô, then |f(x) 


= 6] x3 
b. If 0 < |x — 3| < 6, then |f(x) — 6| < 1 





Determining values of 6 from a graph The function f in the 

figure satisfies lim f(x) = 5. Determine the largest value of 
xz 

ô > O satisfying each statement. 

a. If0 < |x — 4| < ô, then |f(x) — 5| < 1. 

b. If0 < |x — 4| < ô, then |f(x) — 5| < 0.5. 





Finding ô for a given £ using a graph Let f(x) = x? + 3 and 

note that lim f(x) = 3. For each value of e, use a graphing utility 
xz 

to find a value of 6 > 0 such that |f(x) — 3| < s whenever 

0 < |x — 0| < ô. Sketch graphs illustrating your work. 

ace= 1 b. ¢ = 0.5 

Finding ô for a given £ using a graph Let 

g(x) = 2x? — 12x* + 26x + 4 and note that lim g(x) = 24. 

xz 
For each value of e, use a graphing utility to find a value of 6 > 0 


such that |g(x) — 24| < e whenever 0 < |x — 2| < 6. Sketch 
graphs illustrating your work. 


ae= 1 b. s = 0.5 
Finding a symmetric interval The function f in the figure satis- 
fies lim f(x) = 3. For each value of s, find a value of 6 > 0 


such that 
f(x) — 3| <s whenever 0 < |x- 2| < ô. (2) 
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16. 


17. 


18. 
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ae=l1 

b. € = 5 

c. For any € > 0, make a conjecture about the corresponding 
value of 6 satisfying (2). 





Finding a symmetric interval The function f in the figure satis- 
fies lim f(x) = 5. For each value of e, find a value of 6 > 0 
xz 


such that 


f(x) — 5| <s whenever 0 < |x — 4| < ô. (3) 


ae=2 be = 1 
c. For any £ > 0, make a conjecture about the corresponding 
value of 6 satisfying (3). 





r and note 


that lim f(x) = 4. For each value of g, use a graphing utility 
x— 


Finding a symmetric interval Let f(x) = 


to find a value of ô > 0 such that | f(x) — 4| < s whenever 
0< j= 1) 6. 
ae=2 be= 1 
c. For any £ > 0, make a conjecture about the value of 6 that 
satisfies the preceding inequality. 
1 : 
z3x + 1 atx = 3 
Finding a symmetric interval Let f(x) = i á E r 
pr Ue 3d 
and note that lim f(x) = 2. For each value of £, use a graphing 
x= 
utility to find a value of ê > 0 such that | f(x) — 2| < e 
whenever 0 < |x — 3| < ô. 
a. € = 5 b. £ = 1 
c. For any £ > 0, make a conjecture about the value of 6 that 
satisfies the preceding inequality. 


19-24. Limit proofs Use the precise definition of a limit to prove the 
following limits. 


19. lim (8x + 5) = 13 20. lim (—2x + 8) = 2 
x7 x7 


6 
21. lim ——— = 8 (Aint: Factor and simplify.) 


22. 


23. m x? = 0 (Hint: Use the identity Vx? = 
24. 


25: 


xl» 

lim (x — 3)? = 0 (Hint: Use the identity Vx? = |x|.) 

Proof of Limit Law 2 Suppose lim f(x) = L and lim g(x) = M. 
xa xa 

Prove that lim [ f(x) — g(x)| = L — M. 

26. Proof of Limit Law 3 Suppose lim f(x) = L. Prove that 
xa 

lim [cf(x)] = 

x>a 

Limit of a constant function and f(x) = x Give proofs of the 

following theorems. 


cL, where c is a constant. 


27. 


a. lim c 
x>a 

b. lim x = 
x—>a 


= c for any constant c 


a for any constant a 


28. Continuity of linear functions Prove Theorem 2.2: If 


f(x) = mx + b, then lim f(x) = ma + b for constants m and b. 


(Hint: For a given € > 0. köse /|m|.) Explain why this result 
implies that linear functions are continuous. 


29-32. Limit proofs for infinite limits Use the precise definition of 
infinite limits to prove the following limits. 


1 
M a 
x—>-1 (x + 1) 


30. 


1 
32. lim (4 — sin x) = © 
x0 \x 
Further Explorations 
33. Explain why or why not Determine whether the following 
statements are true and give an explanation or counterexample. 
Assume a and L are finite numbers and assume lim f(x) = L. 
xa 
a. Fora given € > 0, there is one value of 6 > O for which 
|f(x) — L| < e whenever 0 < |x — a| < 6. 
b. The limit lim f(x) = L means that given an arbitrary 6 > 0, 
x—>a 


we can always find an e > 0 such that |f(x) — L| < e when- 
ever0 < |x — al < ô. 
c. The limit lim f(x) = L means that for any arbitrary € > 0, 
x>a 


we can always find a 6 > 0 such that |f(x) — L| < e when- 
ever 0 < |x — al < ô. 
d. If |x — a| < ô, thena — ê <x<a+ô. 


= ae 


a. For € = 0.25, find a corresponding value of 6 > 0 satisfying 
the statement 


34. Finding ô algebraically Let f(x) = x’ 


Ax) — 2| <e whenever 0 < |x — 1| < ô. 


b. Verify that lim f(x) = 2 as follows. For any 
xz 


€ > 0, find a corresponding value of 6 > 0 satisfying the 
statement 


f(x) — 2| <e whenever 0 < |x— 1| < ô. 


35-38. Challenging limit proofs Use the definition of a limit to prove 
the following results. 


1 1 
35. lim — = 5 (Hint: As x — 3, eventually the distance between x 
X73 X 


and 3 will be less than 1. Start by assuming |x — 3| < 1 and 


a 
36. Tima == 
2 


x>4 Vx — 
denominator by Vx + 2.) 


= 4 (Hint: Multiply the numerator and 


1 
37. da — = 10 (Hint: To find 6, you will need to bound x away 
x—> X 


from 0. So let |x — 





` 1 
Da) 
10 20 
1 1 


38. lim = = — 
x—>5 x? 25 


39—43. Precise definitions for left- and right-sided limits 
Use the following definitions. 
Assume f exists for all x near a with x > a. We say that the 
limit of f(x) as x approaches a from the right of a is L and write 
lim f(x) = L, if for any e > 0 there exists 6 > 0 such that 
xa 


f(x) = L| <e whenever 0<x-a<0. 


Assume f exists for all values of x near a with x < a. We say that 
the limit of f (x) as x approaches a from the left of ais L and write 
lim f(x) = L, if for any e > 0 there exists 6 > 0 such that 


f(x) = L| <e whenever 0<a-x< ò. 


39. Comparing definitions Why is the last inequality in the defini- 
tion of lim f(x) = L, namely, 0 < |x — a| < ô, replaced 
xa 


with 0 < x — a < 6 in the definition of lim, f(x) = L? 
xa 


40. Comparing definitions Why is the last inequality in the defini- 
tion of lim f(x) = L, namely, 0 < |x — a| < ô, replaced with 
xa 


0 < a — x < Sin the definition of lim f(x) = L? 
xa 


41. One-sided limit proofs Prove the following limits for 


a- TTE E, 

IM) = ay 4 Gtx = 0, 

a. lim f(x) =—4 b. lim f(x) =—4 
x07 x—0- 


c. lim f(x) = —4 
x—0 
42. Determining values of 6 from a graph The function f in the 
figure satisfies lim, f(x) = Oand lim f(x) = 1. Determine a 
x—> x 


value of 6 > 0 satisfying each statement. 
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a. |f(x) — 0| <2 whenever 0<x-2<6 
b. |f(x) — 0| <1 whenever 0<x-2<6 
c |f(x) — 1] <2 whenever 0<2-—x<6 
d. |f(x) — 1| <1 whenever 0<2-—x<6 





43. One-sided limit proof Prove that lim, Vx = (0), 


Additional Exercises 
44. The relationship between one-sided and two-sided infinite 
limits Prove the following statements to establish the fact that 
lim f(x) = Lif and only if lim f(x) = Land lim, f(x) = L. 
xa x—a xa 
a. If lim f(x) = Land lim f(x) = L, then lim f(x) = L. 
xa xa xa 
b. If lim f(x) = L, then lim f(x) = Land lim, f(x) = L. 
xa xa x 7a 
45. Definition of one-sided infinite limits We say that 
lim, f(x) = —© if for any negative number N, there exists 
xa 
ô > 0 such that 
f(x) <N whenever a<x<a+ ô. 
a. Write an analogous formal definition for lim, f(x) = %. 
xa 


b. Write an analogous formal definition for lim f(x) = —. 
xa 


c. Write an analogous formal definition for lim f(x) = œ. 
xa 


46—47. One-sided infinite limits Use the definitions given in Exercise 45 
to prove the following infinite limits. 








1 1 
46. lim = =e 47. lim = 0 


x>l1* l] — x xel 17x 
48—49. Definition of an infinite limit We write lim f(x) = — œ if for 
xa 
any negative number M there exists a6 > O such that 


f(x) <M whenever 0 < |x — a| < ô. 
Use this definition to prove the following statements. 


—? = 
48. lim -——__, = -& 49. lim ———] =-* 
x1 (x — 1) x=>-2 (x +2) 


50-51. Definition of a limit at infinity The limit at infinity 
lim f(x) = L means that for any e > Q, there exists N > 0 such that 
x—> 0 


f(x) — L| <e whenever x >N. 


Use this definition to prove the following statements. 


l ee | 
50. lim Ê =0 51. lim — = 


xo X x— 0 X 
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52-53. Definition of infinite limits at infinity We say that 
lim f(x) = © iffor any positive number M, there is a 
x— 00 


corresponding N > Q such that 


f(x) > M whenever x >N. 


Use this definition to prove the following statements. 


52. 


53. 





54. Proof of the Squeeze Theorem Assume the functions f, g, and h 
satisfy the inequality f(x) =< g(x) = h(x) for all values of x near a, 
except possibly at a. Prove that if lim f(x) = lim h(x) = L, then 
lim g(x) = L. a ate 
xa 
55. Limit proof Suppose f is defined for all values of x near a, 
except possibly at a. Assume for any integer N > 0 there is 
another integer M > 0 such that | f(x) — L| < 1/N whenever 
|x — a| < 1/M. Prove that lim f(x) = L using the precise 
definition of a limit. we 


56-58. Proving that vim, f(x) # L Use the following definition 


for the nonexistence of a limit. Assume f is defined for all values of x 
near a, except possibly at a. We say that lim f(x) # L if for some 
xa 


€ > 0 there is no value of 6 > Q satisfying the condition 
f(x) — L| <s whenever 0 < |x — al < ô. 


56. For the following function, note that lim f(x) # 3. Find a value 


of € > 0 for which the preceding condition for nonexistence is 
satisfied. 


€A: REVIEW EXERCISES 


1. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 








. . x — 
a. The rational function 


1 
a4 has vertical asymptotes at 


x =-landx = 1. 
b. Numerical or graphical methods always produce good 
estimates of lim f(x). 
xa 


c. The value of lim f(x), if it exists, is found by calculating f(a). 
x>a 


d. If lim f(x) = œ or lim f(x) = —~, then lim f(x) does 
xa xa xa 
not exist. 
e. If lim f(x) does not exist, then either lim f(x) = © or 
xa xa 
lim f(x) ==. 
xa 
f. The line y = 2x + 1 is a slant asymptote of the function 
2x7 + x 
f(x) = —— 
c= 3s 


g. Ifa function is continuous on the intervals (a, b) and |b, ©), 


where a < b < c, then the function is also continuous on (a, c). 


h. If lim f(x) can be calculated by direct substitution, then f is 
xa 


continuous at x = a. 


57; 
58. 


59. 


1 
decrease by a factor of V100 = 10 (at least). <« 


pA 





|x| 
Prove that lim — does not exist. 


x—>0 xX 


Let 


Q if xis rational 


fe) = {4 


Prove that lim f(x) does not exist for any value of a. (Hint: 
xa 


if x 1S irrational. 


Assume lim f(x) = L for some values of a and L and let s = +.) 
xa 


A continuity proof Suppose f is continuous at a and assume 
f(a) > 0. Show that there is a positive number 6 > 0 for which 
f(x) > 0 for all values of x in (a — 6,a + 6). (In other words, 
f is positive for all values of x sufficiently close to a.) 





K CHECK ANSWERS 


25 OF smaller 2. 6 = 0.62 or smaller 3. 6 must 


Estimating limits graphically Use the graph of f in the figure to 
find the following values, if possible. 


a. f(—1) b. lim _ f(*) Č: lim , f(x) d. lim flx) 


e. f(1) f. lim f(x) g lim f(x) h. lim f(x) 
i lim, f(x) j lim f(x) 





3. 


Points of discontinuity Use the graph of f in the figure to deter- 
mine the values of x in the interval (—3, 5) at which f fails to be 
continuous. Justify your answers using the continuity checklist. 





Computing a limit graphically and analytically 


sin 20 
a. Graph y = — a” Comment on any inaccuracies in the graph 
sin 


and then sketch an accurate graph of the function. 








sin 
b. Estimate lim 


0—0 sin 


20 
9 using the graph in part (a). 


c. Verify your answer to part (b) by finding the value of 





sin 20 m” ; 
n 0 analytically using the trigonometric identity 
0—0 sin 


sin 20 = 2 sin 0 cos @. 


Computing a limit numerically and analytically 


. . cos 2x , 
a. Estimate lim ——W———— by making a table of values of 
x—7/4 COSxX — Sinx 


cos 2x l 
—_— for values of x approaching m /4. Round your 
cos x — sinx 


estimate to four digits. 
l cos 2x 
b. Use analytic methods to find the value of lim ————-, 
x—>rj/4 cosx — sinx 
Long-distance phone calls Suppose a long-distance phone call 
costs $0.75 for the first minute (or any part of the first minute), 
plus $0.10 for each additional minute (or any part of a minute). 


a. Graph the function c = f(t) that gives the cost for talking on 
the phone for t minutes, for 0 S ¢ S 5. 
b. Evaluate lim, J): 
LZ. 
c. Evaluate lim f(t) and lim, f(t). 
t—> (7? 


d. Interpret the meaning of the limits in part (c). 
e. For what values of tis f continuous? Explain. 


Sketching a graph Sketch the graph of a function f with all the 
following properties. 


lim f(x) = 2 lim, f(x) = 4 f3)=1 


8-21. Evaluating limits Evaluate the following limits analytically. 


8. 


10. 





lim 18777 9. lim V5x + 6 
x— 1000 41 

. Woe + Sho = V5x 
rau i , where x 1s constant 


30. Finding vertical asymptotes Let f(x) = 
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x? — 7x? + 12x x? — 7x2 + 12x 
lim ——- 12. lim 
x—>l1 d= y x—4 A= y 
1 — x? vara 16 = 
13. lim 2 A jo 
xol x? — 8+7 x3 x — 3 





15. lim — ( ; | i tke —— i> 
‘ 1m —— a é m =. 
x93x—-3\Vx +1 2 1/3 (3t — 1)” 








4 5 
— 81 — 1 
i7. im > is. lim” 
aoe, aa. pol p- 1 
4 - 2 2 
— 3 0 — 0 
19. lim Wx-3 a tn eee 
x81 x — 81 @—7/4 sin@ — cos 0 
: =] 
V sin x 


21. lim — 
x>r/2 x + a /2 


Seen | — 1 
22. One-sided limits Evaluate lim 2 and lim 2 l 
x 1t x—3 x1 x—-—3 








23. Applying the Squeeze Theorem 


a. Use a graphing utility to illustrate the inequalities 








sin x l 
cosy = — 
> COS x 
on [—1, 1]. 
b. Use part (a) and the Squeeze Theorem to explain why 
lim = =] 
x>0 xX 


24. Applying the Squeeze Theorem Assume the function g satisfies 
the inequality 1 < g(x) = sin’x + 1, for x near 0. Use the 
Squeeze Theorem to find lim g(x). 

xz 


25-29. Finding infinite limits Evaluate the following limits or state 
that they do not exist. 








-7 -5 
25. lim —— 26. ~ 
>saa =~ 3) x>-5t+ x +5 
-4 1 
27. lim ——— 28. lim, ~ 
per AO = OX u—>0" SIN U 
_ 2 
29. lim 
x—0 tan x 


i — os te 
x7 — 2x - 
a. Calculate lim f(x), lim f(x), lim f(x), and lim f(x). 
x0" x—0* x> 2" 
b. Does the graph of f have any vertical asymptotes? Explain. 


c. Graph f and then sketch the graph with paper and pencil, cor- 
recting any errors obtained with the graphing utility. 


31-36. Limits at infinity Evaluate the following limits or state that 
they do not exist. 
A= xt — 1 


31. lim ———— 32. li 
de > 10 ban ie 





2 
33. lim (—3x? + 5) 34. lim (> -- z) 


x—— 0 Zn 
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35. lim (3 tan ‘x + 2) 


xa oO 


36. lim 
roo lnr + 1 
37—40. End behavior Determine the end behavior of the following 
functions. 

4x? + | x+1 
a7. Jo = eF 38. f(x) = 


X V9x? +x 


1 
40. f(x) = ~ 


nx 


[=g 


39. f(x) = 


41-42. Vertical and horizontal asymptotes Find all vertical and 
horizontal asymptotes of the following functions. 





l 
41. f(x) = — 
tan x 
2x2? +6 
42. ee G 
MIE er oe 


43—46. Slant asymptotes 
a. Evaluate lim f(x) and lim f(x) for each function. 
x7 0 xc 


b. Determine whether f has a slant asymptote. If so, write the equation 
of the slant asymptote. 








3x7 + 2x — 1 9x? + 4 

43. = 44. = 
1 +x- 2x? - x3 x(x + 2)° 
45. = —— 46. -r 
P(x) x? +1 fx) 3x? — 4x 


47-50. Continuity at a point Determine whether the following func- 
tions are continuous at a using the continuity checklist to justify your 
answers. 


47. f(x) = — > a=5 
y= 

x*-16 
——__ ifx # 4 

48. g(x) =) *—4 ;a=4 
9 ifx = 4 

49. h(x) = Vx*-—9; a= 3.01 
x*-16 
———_ ifx #4 

50. g(x) =4 x-4 ;a=4 
8 ite =4 


51-54. Continuity on intervals Find the intervals on which the following 
functions are continuous. Specify right or left continuity at the endpoints. 


51. f(x) = Vx’ -5 52) eo) =< 

53. h(x) 2 54. g(x) x 

. A(x) = . g(x) = cose 
x? — 25x è 


Chapter 2 Guided Projects 


SD: 


56. 


a7. 


58. 


59. 


60. 


61. 


62. 


63. 


Determining unknown constants Let 


a 2 ix =< 1 
g(x) = 4a ifx = 1 
ax? + bx ix = 1, 


Determine values of the constants a and b for which g is continu- 
ous atx = 1. 


Left and right continuity 
a. Is h(x) = Vx? — 9 left-continuous at x = 3? Explain. 
b. Is h(x) = Vx? — 9 right-continuous at x = 3? Explain. 


Sketching a graph Sketch the graph of a function that is 
continuous on (0, 1 | and continuous on (1, 2) but is not 
continuous on (0, 2). 


Intermediate Value Theorem 

a. Use the Intermediate Value Theorem to show that the equation 
x? + 7x + 5 = 0 has a solution in the interval (—1, 0). 

b. Find a solution to xò + 7x + 5 = 0 in (—1, 0) using a root 
finder. 


Antibiotic dosing The amount of an antibiotic (in mg) in the 
blood t hours after an intravenous line is opened is given by 


m(t) = 100(e = eo), 


a. Use the Intermediate Value Theorem to show the amount of 
drug is 30 mg at some time in the interval [0, 5] and again at 
some time in the interval |5, 15]. 

b. Estimate the times at which m = 30 mg. 

c. Is the amount of drug in the blood ever 50 mg? 


Limit proof Give a formal proof that lim (5x — 2) = 3. 
xX 


a ae 
r= 


Limit proof Give a formal proof that lim 10. 


x5 


Limit proofs 


a. Assume |f(x)| < L for all x near a and lim g(x) = 0. Give a 
formal proof that lim | f(x)g(x)] = 0. ~~“ 
xa 


b. Find a function f for which lim [ f(x)(x — 2)] # 0. Why 
xz 


doesn’t this violate the result stated in (a)? 
c. The Heaviside function is defined as 


0 ifx <0 
H(x) = | 
1 ifx = 0. 
Explain why lim [xH(x)] = 0. 
x? 
1 
Infinite limit proof Give a formal proof that lim ————— = œ. 


a ae A 


Applications of the material in this chapter and related topics can be found in the following Guided Projects. For additional informa- 


tion, see the Preface. 


e Fixed-point iteration e Local linearity 





3.1 Introducing the Derivative 


3.2 Rules of Differentiation 


3.3 The Product and Quotient 
Rules 


3.4 Derivatives of Trigonometric 
Functions 


3.5 Derivatives as Rates 
of Change 


3.6 The Chain Rule 
3.7 Implicit Differentiation 


3.8 Derivatives of Logarithmic 
and Exponential Functions 


3.9 Derivatives of Inverse 
Trigonometric Functions 


3.10 Related Rates 


y y =f) 

O x 
Slope of tangent Slope of tangent 
line and line and 
instantaneous instantaneous 


rate of change 
are negative. 


FIGURE 3.1 


rate of change 
are positive. 


Derivatives 


Chapter P rev1I1ewW Now that you are familiar with limits, the door to 
calculus stands open. The first task is to introduce the fundamental concept of the 
derivative. Suppose a function f represents a quantity of interest, say the variable cost of 
manufacturing an item, the population of a country, or the position of an orbiting satellite. 
The derivative of f is another function, denoted f’, which gives the changing slope of the 
curve y = f(x). Equivalently, the derivative of f gives the instantaneous rate of change 
of f at points in the domain. We use limits not only to define the derivative, but also to 
develop efficient rules for finding derivatives. The applications of the derivative—which 
we introduce along the way—are endless because almost everything around us is in a state 
of change, and derivatives describe change. 


3.1 Introducing the Derivative 


In this section we return to the problem of finding the slope of a line tangent to a curve, 
introduced at the beginning of Chapter 2. This concept is important for several reasons. 


e We identify the slope of the tangent line with the instantaneous rate of change of a 
function (Figure 3.1). 


e The slopes of the tangent lines as they change along a curve are the values of a new 
function called the derivative. 


e If a curve represents the trajectory of a moving object, the line tangent to the curve at a 
point gives the direction of motion at that point (Figure 3.2). 


Trajectory of 
moving object 











Tangents 
give direction 
of motion. 


FIGURE 3.2 


In Section 2.1 we gave an intuitive definition of a tangent line and used numerical evidence 
to estimate its slope. We now make these ideas precise. 
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Tangent Lines and Rates of Change 


€ 


slope = Mec 


Consider the curve y = f(x) and a secant line intersecting the curve at the points 
6 P(a,f(a)) and Q(x, f(x)) (Figure 3.3). The difference f(x) — f(a) is the change in 
y = f(x) the value of f on the interval la, x], while x — a is the change in x. As discussed in 
— 
Chapter 2, the slope of the secant line PQ is 
(x) — fa) 
oe fe) = f@) 


sec x-a > 





and it gives the average rate of change of f on the interval (a, x]. 
| Figure 3.3 also shows what happens as the variable point x approaches the fixed 
| point a. Under suitable conditions, the slopes Mec of the secant lines approach a unique 
| number m,,, that we call the slope of the tangent line; that is, 
Sl TL 4 : : f(x) = fla) 

Man a a ae —_ a tsa 
The secant lines themselves approach a unique line that intersects the curve at P with 
slope Man; this line is the tangent line at (a, f(a) ). The slope of the tangent line is also 
referred to as the instantaneous rate of change of f at a because it measures how quickly 
f changes at a. We summarize these observations as follows. 


FIGURE 3.3 


» Figure 3.3 assumes x > a. Analogous 
pictures and arguments apply if x < a. 


DEFINITION Rates of Change and the Tangent Line 


The average rate of change in f on the interval | a, x] is the slope of the correspond- 
ing secant line: 


fle) = fla) 


m — 
sec x-a 


The instantaneous rate of change in f at x = ais 





( HECK 1 Sketch the graph of a 
TE T near a point a. As in f(x) — fla) 

May IA — 3 (1) 
Figure 3.3, draw a secant line that on =a 


passes through (a, f(a) ) and a 
neighboring point (x, f(x)) with 

x < a. Use arrows to show how the 
secant lines approach the tangent line — f(a) = Man(x — a). 
as x approaches a. «< 


which is also the slope of the tangent line at (a, f(a) ), provided this limit exists. This 
tangent line is the unique line through (a, f(a) ) with slope Man. Its equation is 





EXAMPLE 1 Equation of a tangent line Let f(x) = —16x* + 96x (the position 
function examined in Section 2.1) and consider the point P(1, 80) on the curve. 


» If x and y have physical units, then a. Find the slope of the line tangent to the graph of f at P. 
PCAN Te Bo an stn OuSTales b. Find an equation of the tangent line in part (a). 

of change have units of (units of y) / 

(units of x). For example, if y has units SOLUTION 

of meters and x has units of seconds, the 


ETT Wie alee E mee a. We use the definition of the slope of the tangent line with a = 1: 


second (m/s). . 2) =n) — f(1) 
Man = lim 1 Definition of slope of tangent line 
X= xX — 


(—16x* + 96x) — 80 


= lim ——————_———___ f(x) = —16x? + 96x; f(1) = 80 
pad | x= 1 
=e oie 1 
= lim ———————_ Factor the numerator. 
x—>1 y=] 
= —16 lim (x — 5) = 64. Cancel factors (x 1) and evaluate the limit. 
x7 
SŘ 


—4 


y = 64x + 16 








y = — 16x? + 96x 


Slope of tangent 
line at (1, 80) 

iS Mm, = 64. 
an 





FIGURE 3.4 


» The definition of m,., involves a 
difference quotient, introduced in 
Section 1.1. 
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We have confirmed the conjecture made in Section 2.1 that the slope of the line tangent 
to the graph of f(x) = —16x” + 96x at (1, 80) is 64. 


b. An equation of the line passing through (1, 80) with slope mya, = 64 is 
y — 80 = 64(x — 1) ory = 64x + 16. The graph of f and the tangent line 
at (1, 80) are shown in Figure 3.4. Related Exercises 11-16< 





QUICK CHECK 2 In Example 1, is the slope of the tangent line at (2, 128) greater than or 
i than the slope at (1, 80)?< 


An alternative formula for the slope of the tangent line is helpful for future work. 
We now let (a, f(a)) and (a + h, f(a + h)) be the coordinates of P and Q, respectively 
(Figure 3.5). The difference in the x-coordinates of P and Q is (a + h) — a = h. Note 
that Q is located to the right of P if h > O and to the left of P if h < 0. 


y slope = m 


slope = Mec 


Q 
y=) 


fla + h) — fla) 





m, = lm 
tan 


fa + h) -fa 
FIGURE 3.5 = 
fla + h) — fla) 

i . 
As h approaches 0, the variable point Q approaches P and the slopes of the secant lines 
approach the slope of the tangent line. Therefore, the slope of the tangent line at (a, f(a) ), 
which is also the instantaneous rate of change of f at a, is 


_., flat h) — fla) 
tie. = m —_—-__ —___ + 
h—0 h 


—_! 
The slope of the secant line PQ using the new notation is Mec = 


ALTERNATIVE DEFINITION Rates of Change and the Tangent Line 


The average rate of change in f on the interval | a, a + h] is the slope of the corre- 
sponding secant line: 


fla + h) — fla) 
- 


Mee — 


The instantaneous rate of change in f at x = ais 


a+h) — f(a) 
a 


Mian E 


which is also the slope of the tangent line at (a, f(a) ), provided this limit exists. 
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EXAMPLE 2 Equation of a tangent line Find an equation of the line tangent to the 
graph of f(x) = x? + 4x atx = 1. 


SOLUTION We let a = 1 in definition (2) and first find f(1 + h). After expanding and 
collecting terms, we have 


filth) =(1+ A) +41 +h) = ho + 3h? 4+ 7h 4+ 5. 


> By the definition of the limit as h — 0, Substituting f(1 + h) and f(1) = 5, the slope of the tangent line is 
notice that h approaches 0 but h # 0. 
Therefore, it is permissible to cancel h i (d + h) mei (1) we 
i Man = im ——— Definition of Man 
from the numerator and denominator of h—0 h 
h(h? + 3h + 7) © (WB + 3h + 7h +5) —5 
h = lm ——————————————__ Substitute f(1 + h) and f(1) = 
h—>0 h 
r h(h? + 3h + 7) a 
= hn implify. 
h—>0 h iii 
= lim (h? + Baa 7} Cancel h, noting h # 0. 
y=7x-2 = 7. Evaluate the limit. 


The tangent line has slope Man = 7 and passes through the point (1, 5) (Figure 3.6); its 
equation is y — 5 = 7(x — 1) ory = 7x — 2. We could also say that the instantaneous 
rate of change of f atx = 1is/7. Related Exercises 17-26 






2 


Slope of tangent 
line at (1, 5) 
1S Ma I 





1 





QUICK CHECK 3 Set up the calculation in Example 2 using definition (1) for the slope of 
the TET line rather than definition (2). Does the calculation appear more difficult 
using definition (1)?< 





FIGURE 3.6 


The Derivative Function 

So far we have computed the slope of the tangent line at one fixed point on a curve. If 
this point is moved along the curve, the tangent line also moves, and, in general, its slope 
changes (Figure 3.7). For this reason, the slope of the tangent line for the function f is 
itself a function, called the derivative of f. 


y m, = instantaneous rate of change 
= derivative at b 


m, = 
tan M „„ = instantaneous rate of change 
\ = derivative at c 
M „„ = instantaneous rate of change Mo <0 





= derivative at a 
t a 0 
an 


FIGURE 3.7 


We let f’ (read f prime) denote the derivative function for f, which means that f'(a), 
when it exists, is the slope of the line tangent to the graph of f at (a, f(a)). Using defini- 
tion (2) for the slope of the tangent line, we have 


iy. n fla th) - fo 
f (a) — Man — a A ; 
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More generally, f'(x), when it exists, is the slope of the tangent line (and the instan- 
taneous rate of change) at the variable point (x, f(x) ). Replacing a by the variable x in the 
expression for f'(a) gives the definition of the derivative function. 

» The process of finding f’ is called 
di tiation, and to di tiat 4 . 
AE a na ate DEFINITION The Derivative 
f means to find f”. 

The derivative of f is the function 
» Just as we have two definitions for the 

f(x + h) — fu) 
h ki 


slope of the tangent line, we may also use I ( x) = lim 
the following definition for the derivative h> 
of f ata: 


provided the limit exists. If f’ (x) exists, we say f is differentiable at x. If f is differen- 








fla) =1 f(x) — f(a) tiable at every point of an open interval J, we say that f is differentiable on 7. 
a) = hm A 
x>a x—a 
EXAMPLE 3 The slope of a curve Consider once again the function 
f(x) = —16x° + 96x of Example 1 and find its derivative. 
SOLUTION 
| | | oy n fet h) = FQ) — 
» Notice that this argument applies for oa) = iv Definition of f'(x) 
h > Oand for h < 0; that is, the limit pn h 
as h > 0* and the limit as h —> 0° are f(x + h) f(x) 
equal. ——————— T, ——— a, 
© —16(x + h)? + 96(x + h) — (—16x* + 96x) 
= lim ———— WH Substitute. 
h—0 h 
i —16(x? + 2xh + h*) + 96x + 96h + 16x” — 96x Expand the 
h=s0 h numerator. 
ee h(—32x + 96 — 16h) Simplify and 
h—>0 h factor out h. 
= lim (32x + 96 — 16h) = —32x + 96 Cancel h and 


evaluate the limit. 


The derivative is f’(x) = —32x + 96, which gives the slope of the tangent line (equiv- 
alently, the instantaneous rate of change) at any point on the curve. For example, at 

the point (1, 80), the slope of the tangent line is f’(1) = —32(1) + 96 = 64, 
confirming the calculation in Example 1. The slope of the tangent line at (3, 144) is 
f'(3) = —32(3) + 96 = 0, which means the tangent line is horizontal at that point 
(Figure 3.8). 









y 
TOSO 
re FQ) = 32 f(A) = -32 
100 
F'OJ=54 f'(5) = —64 


f(x) = —16x7 + 96x 


{X —32x + 96 
r Fœ 


f'(O) = 96 f'(6) = —96 


FIGURE 3.8 
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dy 
The notation i is read the derivative 
x 


of y with respect to x or dy dx. It does 
not mean dy divided by dx, but it is a 
reminder of the limit of Ay/ Ax. 


The derivative notation dy/dx was 
introduced by Gottfried Wilhelm 

von Leibniz (1646-1716), one of the 
coinventors of calculus. His notation 
is used today in its original form. The 
notation used by Sir Isaac Newton 
(1643-1727), the other coinventor of 
calculus, is used less frequently. 


Derivative Notation 


For historical and practical reasons, several notations for the derivative are used. To see 
the origin of one notation, recall that the slope of the secant line PQ through two points 


E+ WI). ap 


quantity h is the change in the x-coordinates in moving from P to Q. A standard nota- 

tion for change is the symbol A (uppercase Greek letter delta). So, we replace h by Ax 

to represent the change in x. Similarly, f(x + h) — f(x) is the change in y, denoted Ay 
— 


(Figure 3.9). Therefore, the slope of PQ is 


f(x + Ax) — f(x) _ Ay 
Ax Ax 


P(x, f(x)) and Q(x + h, f(x + h)) on the curve y = f(x) is 


VHT) 


My fer ae) A= 





O x x + Ax x 
ic Ay _ dy 
f(x) = lim ae? 


FIGURE 3.9 


By letting Ax — 0, the slope of the tangent line at (x, f(x)) is 
oe m a 
Ax—>0 Ax Ax>0 Ax dx 
. a D a py 
The new notation for the derivative is To it reminds us that f'(x) is the limit of w 
x X 
an 0: 
d 
In addition to the notation f'(x) and - other common ways of writing the derivative 
X 


include 


dd 


we gU BE) ad y'a): 


Each of the following notations represents the derivative of f evaluated at a. 











» Example 4 gives the first of many 
derivative formulas to be presented in 





the text: 
d 1 
— (Vx) = 
dx oie 2Vx 
Remember this result. It will be used 
often. 
y 
1 
4 m „at (4, 2) yagxtl 
se 1 
sJ (4) =] 






QUICK CHECK 6 


slopes of the tangent lines increase or 
decrease as x increases? Explain. «< 








ECK 7 Express the derivative 
of p = q(r) in three ways. < 
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EXAMPLE 4 A derivative calculation Let y = f(x) = Vx. 


dy 
a. Compute —. 
dx 


b. Find an equation of the line tangent to the graph of f at (4, 2). 


SOLUTION 
d XD) = 7X d 
a. “= lim eh) ee) Definition of — = f' (x) 
dx  h>0 h dx 
Vx +h- Vx 
= lim ———_—— Substitute f(x) = Vx. 
h—>0 h 
ji ( Vx +h — Vx) ( Vee ae Vx) Multiply the numerator and 
= lim = _- i 
E h ts ee Vx) denominator by Vx + h + Vx. 
1 1 


Simplify and evaluate the limit. 


lim —- = >> 
ho Vx+h+ Vx 2Vx 
b. The slope of the tangent line at (4, 2) is 
dy 1 1 


dx Er S 2V4 7 4° 


Therefore, an equation of the tangent line (Figure 3.10) is 


a TEN 
= = AAS or = — G : 
2 4 x4 


Related Exercises 4]-42<« 


If a function is given in terms of variables other than x and y, we make an adjustment 
to the derivative definition. For example, if y = g(t), we replace f with g and x with ż to 
obtain the derivative of g with respect to t: 


s'(1) = lim g(t + H TA 


dg d 
Other notation for g’(t) includes rm (g(t)), D,(g(t)), and y'(t). 


EXAMPLE 5 Another derivative calculation Let g(t) = 1/t* and compute g'(t). 
SOLUTION 


Definition of g’ 


g'(t) = lim 


Substitute g(t) = 1/t?. 





Common denominator 


1] —2ht — h? i 
— | im 7 a Fh) 5 | Expand the numerator and simplify. 
—2t— h 
= -o Pet h Æ 0; cancel A. 
2 oe 
= F Evaluate the limit. 


Related Exercises 43—46<« 
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FIGURE 3.11 
» In terms of limits at x = —2, we can write 
_ f(-2 + h) — f(-2) 
im = —] and 
h>0" h 
—2 + h) — f(—2 
m I) = |. Because 
h—>0* h 


the one-sided limits are not equal, 
f'(—2) does not exist. The analogous 
one-sided limits at x = 0 are also 


unequal. 





QUICK CHECK 8 In Example 6, why is 
f’ not continuous at x = —2 and at 
x= 0)< 





FIGURE 3.13 


Graphs of Derivatives 


The function f’ is called the derivative of f because it is derived from f. The following 
examples illustrate how to derive the graph of f’ from the graph of f. 


EXAMPLE 6 Graph of the derivative Sketch the graph of f’ from the graph of f 
(Figure 3.11). 


SOLUTION The graph of f consists of line segments, which are their own tangent lines. 
Therefore, the slope of the curve y = f(x), for x < —2, is —1; that is, f'(x) = —1, 
for x < —2. Similarly, f'(x) = 1, for—2 < x < 0, and f'(x) = —5, for x > 0 
(Figure 3.12). 





f has slope — 1 
Jossi 


f has slope 1 
Fo=1 


f has slope -5 
P@=—-5 


FIGURE 3.12 


Notice that the slopes of the tangent lines change abruptly at x = —2 and x = 0. 
As a result, f’(—2) and f’(0) are undefined and the graph of the derivative has 
discontinuities at these points. Related Exercises 47-52< 


EXAMPLE 7 Graph of the derivative Sketch the graph of g’ using the graph of g 
(Figure 3.13). 


SOLUTION Without an equation for g, the best we can do is to find the general shape of 
the graph of g’. Here are the key observations. 


1. First note that the lines tangent to the graph of g atx = —3,-—1, and 1 have a slope of 
0. Therefore, 


ae) =e) © 
which means the graph of g’ has x-intercepts at these points (Figure 3.14). 


2. For x < —3, the slopes of the tangent lines are positive and decrease to 0 as x 
approaches —3 from the left. Therefore, g'(x) is positive for x < —3 and decreases to 
0 as x approaches —3. 

3. For —3 < x < —1, g'(x) is negative; it initially decreases as x increases and then 
increases to 0 at x = —1. For—1 < x < 1, g'(x) is positive; it initially increases 
as x increases and then returns to O at x = 1. 


» Expression (3) is an identity because it 
holds for all x Æ a, which can be seen 
by canceling x — a and simplifying. 
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4. Finally, g'(x) is negative and decreasing for x > 1. Because the slope of g changes 
gradually, the graph of g’ is continuous with no jumps or breaks. 


positive negative positive negative 
slopes slopes slopes slopes 
The slope of y = g(x) is zero atx = —3, —1, 1... e a Sea y>] 


—3<x< -l1 





=3 = 1 = 
| | | 


.. S0 g'(x) = Oat x = —3, —1, 1. 


y 








EOR g(x) <0 Rees g(x) < 0 
FIGURE 3.14 
Related Exercises 47-52 


Continuity 


We now return to the discussion of continuity (Section 2.6) and investigate the relation- 
ship between continuity and differentiability. Specifically, we show that if a function is 
differentiable at a point, then it is also continuous at that point. 


THEOREM 3.1 Differentiable Implies Continuous 


If f is differentiable at a, then f is continuous at a. 





Proof: Assume f is differentiable at a point a, which implies that 


_ f(x) — fla) 
f'(a) = lim ~~, 
exists. To show that f is continuous at a, we must show that lim f(x) = f(a). The key is 
the identity T 


fœ) =- f(a) 


~ aa) + f(a), x xa. 3) 


f(x) 
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If fis not continuous at a, then 
fis not differentiable at a. 





FIGURE 3.15 


» The alternative version of Theorem 3.1 
is called the contrapositive of the first 
statement of Theorem 3.1. A statement 
and its contrapositive are two equivalent 
ways of expressing the same statement. 
For example, the statement 


If I live in Denver, then I live in Colorado 
is logically equivalent to its contra- 
positive: 

If I do not live in Colorado, then I do not 
live in Denver. 


» To avoid confusion about continuity and 
differentiability, it helps to think about 
the function f(x) = |x|: It is continuous 
everywhere but not differentiable at 0. 


» Continuity requires that lim f(x) = f(a). 
xa 


Differentiability requires more: 


Ja) =a) . 
lim must exist. 
xa XA a 





» See Exercises 69-72 for a formal 
definition of a vertical tangent line. 


Taking the limit as x approaches a on both sides of (3) and simplifying, we have 


x) — f(a 
lim f(x) = lim Hi (x—a)+ fla) Use identity. 
xa x—a x-a 
I= 
= lim (A) lim (x — a) + lim f(a) Theorem 2.3 
xma x-a r>a x>a 
O a nr a 
f'(a) 0 f(a) 
= f'(a)°0 + f(a) Evaluate limits. 
= f(a). Simplify. 
Therefore, lim f(x) = f(a), which means that f is continuous at a. < 
xa 





ECK 9 Verify that the right-hand side of (3) equals f(x) if x # a.< 


Theorem 3.1 tells us that if f is differentiable at a point, then it is necessarily continu- 
ous at that point. Therefore, if f is not continuous at a point, then f is not differentiable 
there (Figure 3.15). So, Theorem 3.1 can be stated in another way. 


THEOREM 3.1 (ALTERNATIVE VERSION) Not Continuous Implies Not 
Differentiable 


If f is not continuous at a, then f is not differentiable at a. 





It is tempting to read more into Theorem 3.1 than what it actually states. If f 1s con- 
tinuous at a point, f is not necessarily differentiable at that point. For example, consider 
the continuous function in Figure 3.16 and note the corner point at a. Ignoring the portion 
of the graph for x > a, we might be tempted to conclude that €; is the line tangent to the 
curve at a. Ignoring the part of the graph for x < a, we might incorrectly conclude that 
€, is the line tangent to the curve at a. The slopes of €; and £, are not equal. Because of 
the abrupt change in the slope of the curve at a, f is not differentiable at a: The limit that 
defines f’ does not exist at a. 


1 


Tangents approach 


ti asx>a. 


Slope €, # slope €, implies 
f'(a) does not exist. 






Tangents approach 


(,asx>a". 








y =f) 


FIGURE 3.16 


Another common situation occurs when the graph of a function f has a vertical tangent 
line at a. In this case, f'(a) is undefined because the slope of a vertical line is undefined. 
A vertical tangent line may occur at a sharp point on the curve called a cusp (for example, 


the function f(x) = V |x| in Figure 3.17a). In other cases, a vertical tangent line may 
occur without a cusp (for example, the function f(x) = Y x in Figure 3.17b). 









-4 -3 -2 -1 
FIGURE 3.18 
y = g'(x) 
g'(—2) 
undefined a 


oa) 0 


@ (x) = 0 


8 (x) <9 \) 2'0) undefined 


FIGURE 3.19 


SECTION 3.1 EXERCISES 


Review Questions 


1. Use definition (1) (p. 128) for the slope of a tangent line to ex- 
plain how slopes of secant lines approach the slope of the tangent 


line at a point. 


2. Explain why the slope of a secant line can be interpreted as an 


average rate of change. 


3. Explain why the slope of the tangent line can be interpreted as an 


instantaneous rate of change. 





y 
vertical 
tangent 


line oy 






lim f'(x) =e 
lim f'@) 


lim f'@&) = —% 
x>07 


FIGURE 3.17 (a) 
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, y 
vertical 
tangent 


line bN 







lim f'(x) = œ 
lim f'@) 


lim f'(x) = % 
x>07 


(b) 


When Is a Function Not Differentiable at a Point? 


A function f is not differentiable at a if at least one of the following conditions holds: 


a. f is not continuous at a (Figure 3.15). 


b. f has a corner at a (Figure 3.16). 


c. f has a vertical tangent at a (Figure 3.17). 





EXAMPLE 8 Continuous and differentiable Consider the graph of g in Figure 3.18. 


a. Find the values of x in the interval (—4, 4) at which g is not continuous. 


b. Find the values of x in the interval (—4, 4) at which g is not differentiable. 


c. Sketch a graph of the derivative of g. 
SOLUTION 


a. The function g fails to be continuous at —2 (where the one-sided limits are not equal) 


and at 2 (where g is not defined). 


b. Because it is not continuous at + 2, g is not differentiable at those points. Furthermore, 
g is not differentiable at 0, because the graph has a cusp at that point. 


c. A sketch of the derivative (Figure 3.19) has the following features: 
e g'(x) > 0,for—4 < x < —2and0 <x < 2 
'(x) < 0, for—2 < x < 0and2 <x < 4 


1 


‘a 
e g’(x) approaches —% as x >0° and g'(x) approaches œ% as x > 0” 
se 


x) approaches 0 as x — 2 from either side, although g’(2) does not exist. 


Related Exercises 53—54< 


4. Fora given function f, what does f’ represent? 


represent? 


point. 


5. Given a function f and a point a in its domain, what does f'(a) 


6. Explain the relationships among the slope of a tangent line, the 
instantaneous rate of change, and the value of the derivative at a 


dy 
7. Why is the notation ae used to represent the derivative? 
x 
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8. If f is differentiable at a, must f be continuous at a? 
9. If f is continuous at a, must f be differentiable at a? 


10. Give three different notations for the derivative of f with respect 
to x. 


Basic Skills 
11-16. Equations of tangent lines by definition (1) 
a. Use definition (1) (p. 128) to find the slope of the line tangent to the 


graph of f at P. 
b. Determine an equation of the tangent line at P. 


c. Plot the graph of f and the tangent line at P. 
11. f(x) = x* — 5; P(3,4) 
12. f(x) = —3x* — 5x + 1; P(1,-7) 


13. f(x) =—5x + 1; P(1,—4) 14 f(x) = 5; P(1,5) 


15. f(x) = 7 P(-1,-1) 16. f(x) = +. Piha) 


17-26. Equations of tangent lines by definition (2) 
a. Use definition (2) (p. 129) to find the slope of the line tangent to the 


graph of f at P. 
b. Determine an equation of the tangent line at P. 





17. f(x) = 2x + 1; P(0,1) 18. f(x) = 3x? — 4x; P(1,-1) 
19. f(x) =x? — 4; P(2,0) 20. f(x) = 1/x; P(1,1) 
2. J) =e PAs 1) 22.. {x)= a P(0, 1) 
23. f(x) = p(-1.5) 24. f(x) = Vx — 1; P(2,1) 

3 — 2x 5 
25. f(x) = Vx +3; P(1,2) 26. f(x) = a P(—2,2) 


27-36. Derivatives and tangent lines 


a. For the following functions and points, find f'(a). 
b. Determine an equation of the line tangent to the graph of f at 


(a, f(a) ) for the given value of a. 





27. f(x) = 8x; a = -3 28, {0 =2--a =3 

29. f(x) = 4x? + 2x, a=—2 30. f(x) = 2x7; a = 10 
1 1 l 

31. Mi= OG 32. m a 

33. f(x) = V2x+1;a=4 34. f(x) = V3x; a = 12 
1 1 

35. f(x) = PE 5 36. f(x) = T 2 


37—40. Lines tangent to parabolas 


a. Find the derivative function f' for the following functions f. 
b. Find an equation of the line tangent to the graph of f at (a, f(a) ) for 


the given value of a. 
c. Graph f and the tangent line. 


37. f(x) = 3x? + 2x — 10; a = 1 
38. f(x) = 3 

39. f(x) = 5x* -6x + 1;a=2 
40. f(x) =1-x4a=-1 


yasi 


41. A derivative formula 


a. Use the definition of the derivative to determine 


d 
= (ax? + bx + c), where a, b, and c are constants. 
x 
d 
b. Use the result of part (a) to find Fa (4x? — 3x + 10). 
x 


42. A derivative formula 


a. Use the definition of the derivative to determine 


d 
T (Vax + b), where a and b are constants. 
x 
d 
b. Use the result of part (a) to find hk (Wox 9). 
x 
43-46. Derivative calculations Evaluate the derivative of the 
following functions at the given point. 
43. y=1/(t+1);t=1 44, y=t-t;t=2 
45. c=2Vs — 1; s = 25 46. A=ar;r=3 


47-48. Derivatives from graphs Use the graph of f to sketch a 
graph of f’. 
47. 





49. Matching functions with derivatives Match the functions a—d 
in the first set of figures with the derivative functions A—D in the 
next set of figures. 





(d) 





(A) 





(C) (D) 


50-52. Sketching derivatives Reproduce the graph of f and then plot 
a graph of f' on the same set of axes. 


50. 





53. Where is the function continuous? Differentiable? Use the 
graph of f in the figure to do the following. 


a. Find the values of x in (0,3) at which f is not continuous. 
b. Find the values of x in (0, 3) at which f is not differentiable. 
c. Sketch a graph of f”. 
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54. Where is the function continuous? Differentiable? Use the 
graph of g in the figure to do the following. 


a. Find the values of x in (0, 4) at which g is not continuous. 
b. Find the values of x in (0, 4) at which g is not differentiable. 
c. Sketch a graph of g’. 





Further Explorations 
55. Explain why or why not Determine whether the following 
statements are true and give an explanation or counterexample. 


a. For linear functions, the slope of any secant line always equals 
the slope of any tangent line. 

b. The slope of the secant line passing through the points P and Q 
is less than the slope of the tangent line at P. 

c. Consider the graph of the parabola f(x) = x*. For x > 0 and 
h > 0, the secant line through (x, f(x)) and (x + h, f(x + h)) 
always has a greater slope than the tangent line at (x, f(x)). 

d. If the function f is differentiable for all values of x, then f is 
continuous for all values of x. 


56. Slope of a line Consider the line f(x) = mx + b, where m and b 
are constants. Show that f'(x) = m for all x. Interpret this result. 
57-60. Calculating derivatives 


a. For the following functions, find f' using the definition. 
b. Determine an equation of the line tangent to the graph of f at 
(a, f(a) ) for the given value of a. 


57. f(x) = V3x+1;a=8 


2 
59, f(x) = pi a 


58. f(x) = Vx+2;a=7 


1 
= -1 60. f(x) =—;a=-5 
x 
61-62. Analyzing slopes Use the points A, B, C, D, and E in the 
following graphs to answer these questions. 


a. At which points is the slope of the curve negative? 
b. At which points is the slope of the curve positive ? 
c. Using A-E, list the slopes in decreasing order. 





1950 1960 1970 1980 1990 2000 2010 
0 10 20 30 40 50 60 
59,900 139,126 304,744 528,000 852,737 1,563,282 1,951,269 


Source: U.S. Bureau of Census. 
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62. y Year 
t 
t 
C " p(t) 
B 
A E 
O x 





63. Finding f from f’ Sketch the graph of f’(x) = x. Then sketch a 
possible graph of f. Is more than one graph possible? 


64. Finding f from f’ Create the graph of a continuous function f 


such that 
1 ifx< 0 
f'(x) = 0 if0<x<1 
=] ifx > 1. 


Is more than one graph possible? 


Applications 

65. Power and energy Energy is the capacity to do work, and power 
is the rate at which energy is used or consumed. Therefore, if 
E(t) is the energy function for a system, then P(t) = E'(f) is 
the power function. A unit of energy is the kilowatt-hour (1 kWh 
is the amount of energy needed to light ten 100-W lightbulbs 
for an hour); the corresponding units for power are kilowatts. 
The following figure shows the energy consumed by a small 
community over a 25-hour period. 


a. Estimate the power at t = 10 andt = 20 hr. Be sure to 
include units in your calculation. 

b. At what times on the interval [0, 25] is the power zero? 

c. At what times on the interval [0, 25] is the power a maximum? 


E 
350 
S 
sh 
>, 300 
pO y = Et) 
oO 
S 
tal 
250 
0 5 10 15 20 25 t 
Time (hr) 


66. Population of Las Vegas Let p(t) represent the population of the 
Las Vegas metropolitan area t years after 1950, as shown in the 


table and figure. 


a. Compute the average rate of growth of Las Vegas from 1970 
to 1980. 

b. Explain why the average rate of growth calculated in part (a) is 
a good estimate of the instantaneous rate of growth of 
Las Vegas in 1975. 

c. Compute the average rate of growth of Las Vegas from 1990 
to 2000. Is the average rate of growth an overestimate or 
underestimate of the instantaneous rate of growth of Las Vegas 
in 2000? Approximate the growth rate in 2000. 


Population (thousands) 





30 40 50 60 
Years after 1950 


Additional Exercises 
67—68. One-sided derivatives The right-sided and left-sided 
derivatives of a function at a point a are given by 


fla + h) — fla) I fla + h) — fla) 
h 


h—>07 h 








f = lim 
f(a) o 


and f'(a) 


> 


respectively, provided these limits exist. The derivative f'(a) exists if 
and only if f(a) = f(a). 

a. Sketch the following functions. 

b. Compute f {(a) and f (a) at the given point a. 

c. Is f continuous at a? Is f differentiable at a? 


67. f(x) = |x -—2 





-a=2 


A= irat 


-a=1 
2x +1 ifx>1 


68. f(x) = 
69-72. Vertical tangent lines Jf a function f is continuous at a and 
lim | f’(x)| = ©, then the curve y = f(x) has a vertical tangent line 
xa 


at a and the equation of the tangent line is x = a. If a is an endpoint of 
a domain, then the appropriate one-sided derivative (Exercises 67—68) 
is used. Use this definition to answer the following questions. 


69. Graph the following functions and determine the location of the 


vertical tangent lines. 
a. f(x) = (x — 2)"? 
b. f(x) = Vx - 4| 


70. The preceding definition of a vertical tangent line includes four 
cases: lim f'(x) = +œ combined with lim f'(x) = + © (for 
xa xa 


c f(x) = («+ D 
d. f(x) = x — 2x13 


example, one case is Jim f'(x) =-—% and Jim f'(x) = œ). 


Sketch a continuous function that has a vertical tangent line at a in 
each of the four cases. 


71. Verify that f(x) = x! has a vertical tangent line at x = 0. 


72. Graph the following curves and determine the location of any 


73-76. Find the function The following limits represent the slope of 
a curve y = f(x) at the point (a, f(a)). Determine a function f and a 


vertical tangent lines. 
a. x? t+y7=9 b. x7 +y +2x=0 


number a; then calculate the limit. 
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80. Graph of the derivative of the sine curve 


a. Use the graph of y = sin x (see figure) to sketch the graph of 
the derivative of the sine function. 
b. Based upon your graph in part (a), what function appears to 


ET 
equal — (SN xX)? 
q dx 

















1 1 
zri a n V2 +h = y2 
73. lim =——— 74. lim v2 
r2 XZ h—0 h 
2+h)* — 16 24 Ay — 
15. lim 22” ein 
h—>0 x=] an. 
er : x? -—5x +6 | 
77. Is it differentiable? Is f(x) = — Fy differentiable at 
I= 
x = 2? Justify your answer. 
78. Looking ahead: Derivative of x” Use the symbolic capabilities 
of a calculator to calculate f'(x) using the definition 
= f(x +h) = f(x) l CHECK ANSWERS 
lim for the following functions. Sa l 
h—>0 2. The slope is less atx = 2. 3. Definition (1) requires 
a. f(x) = x? factoring the numerator or long division in order to cancel 
b. f(x) =x? 
_ 4 d d 
a ae œ- 1). 432 5 “| 2] y'@ 6 The slopes 
d. Based upon your answers to parts (a)—(c), propose a formula dX|x=3 dX |z=3 
for f'(x) if f(x) = x”, where n is a positive integer. of tangent lines decrease as x increases. The values of 
79. Determining the unknown constant Let f’ (x) = | also decrease asx increases. 
5 | 2Vx 
i= 2x ifx < 1 do d 
a w= 2 iiyak ar dr DAq(r)),q'(r), p'(r) 8. The slopes of the 
r dr 
Determine a value of a (if possible) for which f'(1) exists. tangent lines change abruptly at x = —2 and 0.« 
3.2 Rules of Differentiation 
y If you always had to use limits to evaluate derivatives, as we did in Section 3.1, calculus 
would be a tedious affair. The goal of this section is to establish rules and formulas for 
f@®=¢ quickly evaluating derivatives—not just for individual functions but for entire families of 
| functions. 
| slope = f'(x) = 0 
| The Constant and Power Rules for Derivatives 
l 
| The graph of the constant function f(x) = c is a horizontal line with a slope of 0 at every 
! d 
T a point (Figure 3.20). It follows that f'(x) = 0 or, equivalently, rice = (0 (Exercise 72). 
X 
FIGURE 3.20 


» We expect the derivative of a constant 


function to be 0 at every point because 
the values of a constant function do not 
change. This means the instantaneous 
rate of change is 0 at every point. 


THEOREM 3.2 Constant Rule 


d 
If c is a real number, then an) = 0. 
x 
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Next, consider power functions of the form f(x) = x”, where n is a positive integer. 
If you completed Exercise 78 in Section 3.1, you found that 


d d 
7) = 2x, a) = 3x°, and a) = Ag. 


ECK 1 Find the values of 





In each case, the derivative of x” appears to be evaluated by placing the exponent n in 
front of x as a coefficient and decreasing the exponent by 1; in other words, for positive 


d = oe eee 
integers n, T (x") = nx” !. To verify this conjecture, we use the definition of the deriva- 
Bs 


tive in the form 


_ f(x) — fla) 
f'(a) = lim = 
x—>a X — a 
— n = n n z p 
> Note that this formula agrees with If f(x) = x”, then f(x) — f(a) = x" — a”. A factoring formula gives 
familiar factoring formulas for x? — gt = (x E a ma x2 Shes aot ses xa" Ba ae): 
differences of perfect squares and cubes: 
Sofas Therefore, 
a a ENNE D oe a eal 
EO ee) f'(a) = lim — Definition of f'(a) 
xa X-A 
© (x— al(x™ 1 + x" a + + xa”? + a") 
— n n 
lim Factor x a 
x—>a x-a 
= lim (x7! + x"?a +--+ + xa™* + a™") Cancel common factors. 
xa 
= a"! +a™?*rat-::+taca"™* +a"! =na"'. Evaluate the limit. 


n times 
Replacing a by the variable x in f'(a) = na”! 
known as the Power Rule. 


, we obtain the following result, 


» Then = Ocase of the Power Rule is 
the Constant Rule. You will see several 


versions of ne Power ae as We THEOREM 3.3 Power Rule 
progress. It is extended first to integer A 
powers, both positive and negative, then If n is a positive integer, then — ( x”) 


to rational powers, and, finally, to real 





powers. 


EXAMPLE 1 Derivatives of power and constant functions Evaluate the following 


derivatives. 

d % d d 
T D- eel Oy 
a. (x) a) e (2) 
SOLUTION 
a. ae) = 9x?! = 9x8 Power Rule 

dx 

d a Ay cn ts 

QUICK CHECK 2 Use the graph of D; de (x) = dx (x) = lx’ =1 Power Rule 





a. ai oo eee c. You might be tempted to use the Power Rule here, but 28 = 256 is a constant. So, by 
f why —(x) = 1.< d 

or why pa (x) the Constant Rule, ze) = 0. Related Exercises 7-12< 
X 


» Theorem 3.4 says that the derivative of 
a constant multiplied by a function is the 
constant multiplied by the derivative of 
the function. 


» Recall from Example 4 of Section 3.1 


dip = 1 
that z» E 


3.2 Rules of Differentiation 143 


Constant Multiple Rule 


Consider the problem of finding the derivative of a constant c multiplied by a function f 
(assuming that f’ exists). We apply the definition of the derivative in the form 


fe + h) = fO) 


! — | 
f(x) = jim = 
to the function cf: 
d chx Ah) = ox 
zA) — lim A T AW Definition of the derivative of cf 
a UAP — flx)) 
= lim ——— ~ Factor out c. 
h—>0 h 
x+ h)— f(x 
= c lim ui ) — fx) Theorem 2.3 
h—0 h 
= cf'(x) Definition of f'(x) 


THEOREM 3.4 Constant Multiple Rule 
If f is differentiable at x and c is a constant, then 


d / 
EG) = of (x), 





EXAMPLE 2 Derivatives of constant multiples of functions Evaluate the following 





derivatives. 
d x) u3 ) 
es b. H vi 
: “( 8 dt\ 8 
SOLUTION 
( =) arent Constant Multiple Rul 
a. —| >= a a ora 
Th 3 3 a onstant Multiple Rule 
oh aed 
3 lix Power Rule 
TI 
= “axe Simplify. 
d/{3 3 d 
b. aiv) = a Constant Multiple Rule 
3 1 d 1 
==. Replace (Vi) by — 
8 2Vi ape ne 
_ 3 
16V't 
Related Exercises 13—18< 
Sum Rule 


Many functions are sums of simpler functions. Therefore, it is useful to establish a rule for 
calculating the derivative of the sum of two or more functions. 
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» In words, Theorem 3.5 states that the 
derivative of a sum is the sum of the 
derivatives. 


THEOREM 3.5 Sum Rule 
If f and g are differentiable at x, then 


(Ax) + a(x) =F") + g). 





Proof: Let F = f + g, where f and g are differentiable at x, and use the definition of the 
derivative: 


£ (f(x) + g(x) = FQ) 


dx 
a ED) SEO) Definition of 
7 a h derivative 
(f(x + h) + g(x + h)) — (f(x) + g(x)) Replace F with 
= tm 3s] aos fit. 
h—>0 h 
me TEFA] n g(x + h) = 2(x)} EVS 
h—0 h h lid 
MPA) = 7x Rae hy) = p(x 
i gg ee ee 
h—0 h h—>0 h 
= f'(x) + g'(x). Definition of f’ 
and g’ < 





IECK 3 If f(x) = x” and g(x) = 2x, what is the derivative of f(x) + g(x)?< 


The Sum Rule can be extended to three or more differentiable functions, fi, fo, . - - , fns 
to obtain the Generalized Sum Rule: 


L (filx) + A(x) E + fila) = Al) + AM) to E A). 


The difference of two functions f— g can be rewritten as the sum f + (—g). By com- 
bining the Sum Rule with the Constant Multiple Rule, the Difference Rule is established: 


© (f(x) = a(x)) =F") = g'o) 


d 
EXAMPLE 3 Derivative of a polynomial Determine 7 (ew + 9w? — 6w + 4). 
w 


SOLUTION 
L oe + 9w° — 6w + 4) 
dw 
od 3 d 2 d d Generalized Sum Rule and 
7 wy Ve iw OW i Tw 0) + m O Difference Rule 
d d d d 
= 2— (w?) + 9— (w°) — 6— (w) + — (4) Constant Multiple Rule 
dw dw dw dw 
= 2:3w7 + 9-2w- 6-1 +0 Power Rule 
= 6w? + 18w — 6 Simplify. 


Related Exercises 19-34< 


h 





» The limit lim was considered in 
h—0 


Example 7 of Section 2.3. 





FIGURE 3.22 
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The technique used to differentiate the polynomial in Example 3 may be used for any 
polynomial. Much of the remainder of this chapter is devoted to discovering rules of dif- 
ferentiation for rational, exponential, logarithmic, algebraic, and trigonometric functions. 


The Derivative of the Natural Exponential Function 


The exponential function f(x) = b* was introduced in Chapter 1. Let’s begin by looking 
at the graphs of two members of this family, y = 2* and y = 3* (Figure 3.21). The slope 
of the line tangent to the graph of f(x) = b* at x = 0 is given by 
f(O + h) -= f(0) b" -b 


f'(0)= Ii li A 
= Wm = HM ~~ S m : 
h—>0 h h—>0 h h—>0 h 





We investigate this limit numerically for b = 2 and b = 3. Table 3.1 shows values of 
Fei 3 =] 


















7 and (which are slopes of secant lines) for values of h approaching 0 from 
the right. 
Table 3.1 y y = 3° 
h _ h _ j= 2x 
h 2 1 3 1 r 
h h 

1.0 1.000000 2.000000 / Yee a 

0.1 0.717735 1.161232 Cg ee A 

0.01 0.695555 1.104669 Find b such that 

0.001 0.693387 1.099216 f(x) = b* has 

0.0001 0.693171 1.098673 N 

0.00001 0.693150 1.098618 = 1.099 for y = 3* 





—] 1 X 


FIGURE 3.21 


Exercise 62 gives similar approximations for the limit as h approaches 0 from the left. 
These numerical values suggest that 








-2—1 

lim = 0.693 Less than 1 
h-o Ah 

= 3h] 

lim = 1.099. Greater than 1 
h—>0 h 


These two facts, together with the graphs in Figure 3.21, suggest that there is a number b 
with 2 < b < 3 such that the graph of y = b* has a tangent line with slope 1 at x = 0. 
This number b has the property that 


= b-i 
lim 
h>0 A 





= |. 


We show in Section 6.8 that, indeed, such a number b exists. In fact, it is the num- 
ber e = 2.718281828459 - - - that was introduced in Chapter |. Therefore, the exponen- 
tial function whose tangent line has slope 1 at x = 0 is the natural exponential function 
f(x) = e* (Figure 3.22). 
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» The constant e was identified and named 
by the Swiss mathematician Leonhard 
Euler (1707—1783) (pronounced “oiler’’). 


» The Power Rule cannot be applied to 
exponential functions; that is, 
d 


me? # xe™ l. Also note that 
X 


d d 
ne) ae Instead, z (e°) = 0, 


for any real number c. 


DEFINITION The Number e 
The number e = 2.718281828459 - - - satisfies 








d exth —) an 
E7 (e*) = lim Definition of the derivative 
x h—-0 
e+e" — e 
= lim — Property of exponents 
h—0 
ex e" — 
= lim 7 Factor out e”. 
h—0 
e” — 
= e*. lim i e* is constant as h — 0; definition of e. 
h—0 
— amam 
1 
= e*-1 =e’. 


We have proved a remarkable fact: The derivative of the exponential function is itself; 
it is the only function (other than constant multiples of e* and f(x) = 0) with this property. 


THEOREM 3.6 The Derivative of e~ 
The function f(x) = e” is differentiable, for all real numbers x, and 


aa 





IECK 4 Find the derivative of f(x) = 4e* — 3x?.< 





Slopes of Tangent Lines 


The derivative rules presented in this section allow us to determine slopes of tangent lines 
and rates of change for many functions. 


EXAMPLE 4 Finding tangent lines 


a. Write an equation of the line tangent to the graph of f(x) = 2x — 7 at the point 
(0,—3). 

b. Find the point(s) on the graph of f at which the tangent line is horizontal. 

SOLUTION 


a. To find the slope of the tangent line at (0, —}), we first calculate f'(x): 


1 
= =— (2% — Lfe) Difference Rule 
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horizontal tangent — d = 1 i d x ; 
y line at (1.39, 0.77) = 27 (x) as (e*) Constant Multiple Rule 
a a 
1 e% 
la _ 
= 2 — a ; Evaluate derivatives. 


l It follows that the slope of the tangent line at (0, —}) 1S 
tangent line 
at (0, —0.5) 


y=2x- Se '(0 = 9 
f'(0) = 


Figure 3.23 shows the tangent line passing through (0, —}); it has the equation 


( n) 3 ( 0) 3 1 
— — — ZE = — r = = S 
FIGURE 3.23 y 5 5 Se ee aa 


> Observe that the function has a maximum b. Because the slope of a horizontal tangent line is 0, our goal is to solve f'(x) = 


value of approximately 0.77 at the point L= le” = (0. Multiplying both sides of this equation by 2 and rearranging gives 
where the tangent line has a slope of 0. the equation e* = 4. Taking the natural logarithm of both sides, we find that 

We explore the importance of horizontal x = ln 4. Thus, f'(x) = Oatx = In4 = 1.39, and f has a horizontal tangent at 
tangent lines in Chapter 4. (In 4, f(In4)) ~ (1.39, 0.77) (Figure 3.23). 


Related Exercises 35—43< 


y = 2x3 — 15x2 + 24x EXAMPLE 5 Slope of a tangent line Let f(x) = 2x? — 15x* + 24x. 
For what values of x does the line tangent to the graph of f have a slope of 6? 







Tangent line 
at x ~ 0.697 


has slope 6. SOLUTION The tangent line has a slope of 6 when 


f'(x) = 6x? — 30x + 24 = 6. 
Subtracting 6 from both sides of the equation and factoring, we have 
6(x* — 5x + 3) = 0. 


Using the quadratic formula, the roots are 


5 — y1 SP VEG 
l x = ~~~ ~ 0.697 and x = — WW =~ 4.303. 
Tangent line 2 2 
at x ~ 4.303 
has slope 6. Therefore, the slope of the curve at these points is 6 (Figure 3.24). 
FIGURE 3.24 Related Exercises 35-43 < 





HECK 5 Determine the point(s) at which f(x) = x? — 12x has a horizontal 
» Parentheses are placed around n to 


distinguish a derivative from a power. 


Therefore, f (") is the nth derivative of f p : . 
and f” is the function f raised to the nth Higher-Order Derivatives 


power. Because the derivative of a function f is a function in its own right, we can take the 

p F derivative of f’. The result is the second derivative of f, denoted f” (read f double 

> The notation 2 comes from a2) prime). The derivative of the second derivative is the third derivative of f, denoted f” 
dx x \ dx 


or f (3), For any positive integer n, f () represents the nth derivative of f. Other common 
n 


and is read d 2 f dx squared. 





notations for the nth derivative of y = f(x) include and y™. In general, derivatives of 


» The prime notation, f’, f”, and f”, is used oe 


only for the first, second, and third derivatives. | order n = 2 are called higher-order derivatives. 
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DEFINITION Higher-Order Derivatives 


Assuming f can be differentiated as often as necessary, the second derivative of f is 


_@f _d 


=f) a 
Pe) dx? dx 


(f' (x)). 


For integers n = 1, the nth derivative is 


_4f_ a 


E (f-Y(x)), 


f(x) 





EXAMPLE 6 Finding higher-order derivatives Find the third derivative of the fol- 


lowing functions. 


a. f(x) = 3x? — 5x + 12 


SOLUTION 
a. 


> In Example 6a, note that f(x) = 0, 
which means that all successive 
derivatives are also 0. In general, the nth 
derivative of an nth-degree polynomial is 
a constant, which implies that derivatives 
of order k > n are 0. 


Q) | THE” K 
] ( C., 


QUICK CHECK 6 With f(x) = x°, find 
f(x) and f(x). With g(x) = e*, 


find g% (x). <« 





n 


SECTION 3.2 EXERCISES 


Review Questions 
Assume the derivatives of f and g exist in Exercises 1—6. 


1. Ifthe limit definition of a derivative can be used to find f’, then 
what is the purpose of using other rules to find f’? 


d 
2. In this section, we showed that the rule = (x") = nx"~' is valid 
Xx 


for what values of n? 
3. Give a nonzero function that is its own derivative. 
4. How do you find the derivative of the sum of two functions f + g? 


5. How do you find the derivative of a constant multiplied by a 
function? 


6. How do you find the fifth derivative of a function? 


y 
In this case, —— = 
di” 


b. y = 3t + 2e' 


f' (x) = 9x7 =s 
f"(*) = Z (9x2 — 5) = 18x 


Mois 


b. Here we use an alternative notation for higher-order derivatives: 


d 
Ho ap bot T 26!) = 3 + 2e! 


Related Exercises 44-48 < 


Basic Skills 
7-12. Derivatives of power and constant functions Find the 
derivative of the following functions. 


=r 9. f(x) =5 
11. A(t) =t 12 fv) = 


7 pey 8. 
10. g(x) =e 


13-18. Derivatives of constant multiples of functions Find the 
derivative of the following functions. See Example 4 of Section 3.1 for 
the derivative of Vx. 


B: fa) Hh 14. g(w) =2w? 15. p(x) = 8x 
16. g(t) = 6V1 17. g(t) = 10017 18. f(s) = ys 


19-24. Derivatives of the sum of functions Find the derivative of the 
following functions. 


19, f(x) = 3x* + 7x 
21. f(x) = 10x* — 32x + e° 


20. g(x) = 6x° — x 
22. f(t) = 6Vt- 42° +9 
23. g(w) = 2w? + 3w° + 10w 


25-28. Derivatives of products Find the derivative of the following 
functions by first expanding the expression. Simplify your answers. 


25. f(x) = (2x + 1)(3x? + 2) 

26. g(r) = (5r? + 3r + 1)(r? + 3) 
27. h(x) = (x? + 1) 

28. h(x) = Vx(Vx — 1) 


29-34. Derivatives of quotients Find the derivative of the following 
functions by first simplifying the expression. 














29. f(w) = “— = 30. y = bes 8s t is 
31. g(x) = < 7 32. h(x) = 7 oe = 
33. y= - - aa a is a positive constant. 

34. y= xo = 2ax + a" ais aconstant. 


y= 
35-38. Equations of tangent lines 


a. Find an equation of the tangent line at x = a. 
b. Use a graphing utility to graph the curve and the tangent line on 
the same set of axes. 


35. y =—3x +2;a=1 
36. y = x? — 4x? + 2x- l1;a=2 
37. y=e;a=1n3 


——-xa=0 


38. y 3 


39. Finding slope locations Let f(x) = x* — 6x + 5. 


a. Find the values of x for which the slope of the curve 


y = f(x) is 0. 
b. Find the values of x for which the slope of the curve 
y = f(x) is 2. 


40. Finding slope locations Let f(t) = t? — 27t + 5. 


a. Find the values of t for which the slope of the curve 


y = f(t) is 0. 
b. Find the values of t for which the slope of the curve 
y = f(t) is 21. 


41. Finding slope locations Let f(x) = 2x? — 3x* — 12x + 4. 


a. Find all points on the graph of f at which the tangent line is 
horizontal. 

b. Find all points on the graph of f at which the tangent line has 
slope 60. 


24. s(t) =4Vt-}t+t+1 
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42. Finding slope locations Let f(x) = 2e* — 6x. 


a. Find all points on the graph of f at which the tangent line is 
horizontal. 

b. Find all points on the graph of f at which the tangent line has 
slope 12. 


43. Finding slope locations Let f(x) = 4Vx — x. 
a. Find all points on the graph of f at which the tangent line is 
horizontal. 
b. Find all points on the graph of f at which the tangent line has 
slope -t 
44-48. Higher-order derivatives Find f'(x), f"(x), and f(x) for 
the following functions. 


44. f(x) = 3x? + 5x? + 6x 45. f(x) = 5x4 + 10x? + 3x + 6 


y= Teg 


46. = 3x? + 5e” 
T E ytl 


47. f(x) = 
48. f(x) = 10e* 


Further Explorations 
49. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


d 
a. The derivative -> (10°) equals 5+ 104. 
k 
b. The slope of a line tangent to f(x) = e* is never 0. 
d 
I= ed X\ = x=] 
e . m d. De — 
c e°) =e ma (e*) = xe 


n 





d 
e. The nth derivative 7 (5x? + 2x + 5) equals 0, for any inte- 


n 
x 
gern = 3. 


50. Tangent lines Suppose f(3) = 1 and f' (3) = 4. Let 
g(x) = x° + f(x) and h(x) = 3f(x). 
a. Find an equation of the line tangent to y = g(x) atx = 3. 
b. Find an equation of the line tangent to y = A(x) at x = 3. 


51. Derivatives from tangent lines Suppose the line tangent to the graph 
of fatx = 21s y = 4x + 1 and suppose the line tangent to the 
graph of g at x = 2 has slope 3 and passes through (0, —2). Find an 
equation of the line tangent to the following curves at x = 2. 


a. y=f(x) + g(x) bey =f(x) — 28(x) e y= 4f(x) 


52-55. Derivatives from a graph Let F = f + g and G = 3f — g, 
where the graphs of f and g are shown in the figure. Find the follow- 
ing derivatives. 
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52. F'(2) 53. G'(2) 54. F'(5) 55. G'(5) 


56-58. Derivatives from a table Use the table to find the following 


derivatives. 
x 1 2 3 4 
f'(x) 3 5 2 1 4 
g(x) 2 4 3 1 





56. al f(x) + g(x)] 57. L TLS) 


LOT 


dx 


58. 





x=4 
59—61. Derivatives from limits The following limits represent f'(a) 
for some function f and some real number a. 


a. Find a function f and a number a. 
b. Find f'(a) by evaluating the limit.. 


 VWO+ht+ V9 
lim 











59, 
h—>0 h 
1+hAP+(1+haP-2 
E a E E 70. 
h—>0 h 
100 
=] 
6l. lim ——— 
x>1 x— 1 
62. Important limits Complete the following table and give approxi- 
h h 
= =] 
mations for lim and lim 
h>0" ho" 





63-66. Calculator limits Use a calculator to approximate the follow- 





x=2 69. 


71. 


forO = t = 10, where ¢ is measured in seconds and s is measured 
in meters above the ground. 


a. Find the rate of change in the position (instantaneous velocity) 
of the rocket, for 0 = t = 10? 

b. At what time is the instantaneous velocity zero? 

c. At what time does the instantaneous velocity have the greatest 
magnitude, for 0 = t S$ 10? 

d. Graph the position and instantaneous velocity, for 
= = 10: 


Height estimate The distance an object falls (when released from 
rest, under the influence of Earth’s gravity, and with no air resistance) 
is given by d(t) = 16t, where d is measured in feet and f is mea- 
sured in seconds. A rock climber sits on a ledge on a vertical wall and 
carefully observes the time it takes for a small stone to fall from the 
ledge to the ground. 


a. Compute d'(t). What units are associated with the derivative, 
and what does it measure? 

b. If it takes 6 s for a stone to fall to the ground, how high is the 
ledge? How fast is the stone moving when it strikes the ground 
(in mi/hr)? 


Cell growth When observations begin at t = 0, a cell culture 

has 1200 cells and continues to grow according to the function 

p(t) = 1200 e’, where p is the number of cells and ¢ is measured 

in days. 

a. Compute p'(t). What units are associated with the derivative 
and what does it measure? 

b. On the interval [0, 4], when is the growth rate p'(r) the least? 
When is it the greatest? 


Gas mileage Starting with a full tank of gas, the distance traveled 
by a particular car is D(g) = 0.05g” + 35g, where D is mea- 
sured in miles and g is the amount of gas consumed in gallons. 


a. Compute dD/dg. What units are associated with the derivative 
and what does it measure? 

b. Find dD /dg for g = 0,5, and 10 gal (include units). What do 
your answers say about the gas mileage for this car? 

c. What is the range of this car if it has a 12-gal tank? 


Additional Exercises 
72. 


Constant Rule proof For the constant function f(x) = c, use the 
definition of the derivative to show that f'(x) = 0. 


ing limits. 73. Alternative proof of the Power Rule The Binomial Theorem 
ot | JNa states that for any positive integer n, 
63. lim 64. lim |1+-— n(n — 1) 
x—>0 X n—> © n (a alt b)” = q” + na” ‘b ait T qa" 2b? 
1 X 
65. lim x* 66. lim (+) n(n —1)\(n—? 
x0 x—0 X + ( )( ) qa" 3b? + ee + nab"! + b”. 





= 1 
67. Calculating limits exactly The limit lim g is the derivative 


x X 
of a function f at a point a. Find one possible f and a, and evalu- 
ate the limit. 


Applications 
68. Projectile trajectory The position of a small rocket that is 
launched vertically upward is given by s(t) = —5t? + 40t + 100, 


74. 


a2 1 


| ne peu ae SHE Th) — FO) 
Use this formula and the definition f'(x) = lim $= _—_ 


d _ pee 
to show that ae (x") = nx"~', for any positive integer n. 
x 


Looking ahead: Power Rule for negative integers Suppose 
n is a negative integer and f(x) = x”. Use the following steps 


75. 


76. Computing the derivative of f(x) = e 


to prove that f'(a) = na™!, which means the Power Rule for 
positive integers extends to all integers. This result is proved in 
Section 3.3 by a different method. 








a. Assume that m = — n, so that m > 0. Use the defi- 
n a” y” = a” 
nition f'(a) = lim = lim 
xa X- a xa X — a 


Simplify using the factoring rule 


x" =a" = (x= aa + xt ate taa" 2 + a) 


until it is possible to take the limit. 


b. Use thi etn aZ (5) 
. se this result to ind —— and — | =z }. 
d dx \ x10 


1 3 5 
Extending the Power Rule ton = 3? >? and 5 With 
Theorem 3.3 and Exercise 74, we have shown that the Power Rule, 
d 
dx 
we extend this rule so that it applies to any rational number n. 


(x") = nx"~', applies to any integer n. Later in the chapter, 


a. Explain why the Power Rule is consistent with the formula 


d 1 
— (Vx) = —. 
dx ae) 2Vx 3 
b. Prove that the Power Rule holds for n = 7 (Hint: Use the def- 


(x + h)?’ — x?/ 
lim 
h—>0 h 





d 
inition of the derivative: — (x7/?) = 
dx 
5 
c. Prove that the Power Rule holds for n = > 
d ,, 2 MC 
d. Propose a formula for PA (x™ 4), for any positive integer n. 
X 


=X 


a. Use the definition of the derivative to show that 
h 
e -—1 
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b. Show that the limit in part (a) is equal to —1. (Hint: Use the 


h 





facts that lim s = | and e* is continuous for all x.) 
c. Use parts (a) and (b) to find the derivative of f(x) = e~”. 
77. Computing the derivative of f(x) = e* 


a. Use the definition of the derivative to show that 
2h 1 





d 

— (e™) = e*+ lim 

dx h—0 

b. Show that the limit in part (a) is equal to 2. 
(Hint: Factor e” — 1.) 


c. Use parts (a) and (b) to find the derivative of f(x) = e*. 


78. Computing the derivative of f(x) = x7e* 


a. Use the definition of the derivative to show that 
(x? + 2xh + h7)e" — x? 





d 
(ye) =e" * lim 


dx h—>0 h 
b. Manipulate the limit in part (a) to arrive at 
h 
f'(x) = e*(x* + 2x). (Hint: Use the fact that lim £ 





ECK ANSWERS 


d 
dx 


1. 
2. The slope of the curve y = x is 1 at any point; therefore, 
d 
rr, =]. 3.2x+2 4. f'(x) = 4e* — 6x 

X 


5. x = 2andx = —2 6. f(x) = 120, f(x) = 0, 
guy) = e* < 


3.3 The Product and Quotient Rules 


The derivative of a sum of functions is the sum of the derivatives. So, you might be 
tempted to assume that the derivative of a product of functions is the product of the 
derivatives. Consider, however, the functions f(x) = x? and g(x) = x*. In this 


Lee = La) = 7x°, but f'(x)g'(x) = 3x” + 4x? = 12x°. Therefore, 


case, 
dx 


d 
dx 


The purpose of this section is to develop rules for differentiating products and quotients 


of functions. 


Product Rule 


Here is an anecdote that suggests the formula for the Product Rule. Imagine running along 
a road at a constant speed. Your speed is determined by two factors: the length of your 


stride and the number of strides you take each second. Therefore, 


running speed = stride length - stride rate. 


If your stride length is 3 ft and you take 2 strides /s, then your speed is 6 ft/s. 





d 
(5) = Oand pA (mT) = 0 because 5 and 7 are constants. 
k 
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—(f+g) A f' + g'. Similarly, the derivative of a quotient is not the quotient of the derivatives. 
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» In words, Theorem 3.7 states that the 
derivative of the product of two functions 
equals the derivative of the first function 
multiplied by the second function plus 
the first function multiplied by the 
derivative of the second function. 


> As h— 0, f(x) does not change in value; 
it is independent of h. 


Now, suppose your stride length increases by 0.5 ft, from 3 to 3.5 ft. Then the change 
in speed is calculated as follows: 
change in speed = change in stride length ° stride rate 
= 0.5-2 = 1 ft/s. 
Alternatively, suppose your stride length remains constant but your stride rate 
increases by 0.25 strides/s, from 2 to 2.25 strides /s. Then 
change in speed = stride length « change in stride rate 
= 3-0.25 = 0.75 ft/s. 
If both your stride rate and stride length change simultaneously, we expect two contri- 
butions to the change in your running speed: 
change in speed = (change in stride length - stride rate) 
+ (stride length - change in stride rate ) 
= 1 ft/s + 0.75 ft/s = 1.75 ft/s. 


This argument correctly suggests that the derivative (or rate of change) of a product of two 
functions has two components, as shown by the following rule. 


THEOREM 3.7 Product Rule 
If f and g are differentiable at x, then 


© (fex)a(a)) =F (a() + Fla)". 





Proof: We apply the definition of the derivative to the function fg: 


d flx + h)g(x + h) — flx)gt) 

ae = jj . 

q of )8(4)) = lim 7, 
A useful tactic is to add —f(x)g(x + h) + f(x)g(x + h) (which equals 0) to the numera- 
tor, so that 


| (fala) 
=, FEE Hal + H) -Adel + h) + SOEC +) Ae 
h—>0 h 


The fraction is now split and the numerators are factored: 


d 
*(Flx)8(x)) 
4 flat hjglx +h) -fasl th) fla)gla + h) = flx)g(*) 
= lim + lim 
h—>0 h h—>0 h 
approaches f'(x)as approaches O TE O ety 
h—0 g(x) Ax) as i as ae m 
p as h—> 0 ps0 N 
+ h) — ——* a TA = 
MOLEC en 7p BEE 20) 
h—>0 h h—>0 h 


= f'(x) > g(x) + f(x)g'(x). 
The continuity of g is used to conclude that lim g(x + h) = g(x). < 


» Recall from Example 4 of Section 3.1 


d > i 
ae) = 





that 


2Vv 





f(x) = x°. Then, find the same deriv- 
ative using the Product Rule with 
f(x) = x’? 


» In words, Theorem 3.8 states that 
the derivative of the quotient of two 
functions equals the denominator 
multiplied by the derivative of the 
numerator minus the numerator 
multiplied by the derivative of the 
denominator, all divided by the 
denominator squared. 

An easy way to remember the 
Quotient Rule is with 


LoD(Hi) — HiD(Lo) 
(Lo)? | 
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EXAMPLE 1 Using the Product Rule Find and simplify the following derivatives. 


d d 
a. zno CV + 1)) b. gee) 
SOLUTION 
a 2 AW + 1)) = £0) (ave +1)+ "|Z ew + D Product Rule 
dv dv dv 
1 Evaluate the 
= 2(2Vv + 1) + (2) derivatives. 
( ) 2Vv 
= 4y? + 2y + v? = 5y3 + 2y Simplify. 
d 
b. ae) = 2x-e* + x*+e*% = xe” (2 + x) 
Ly a a 
d 2 d x 
a ) ate ) 
Related Exercises 7-18< 
Quotient Rule 
f(x) 





Consider the quotient g(x) = 
we have g(x) 


f'(x) = g'(x)a(x) + g(x)a' (x). 
Solving for qg’(x), we find that 


and note that f(x) = g(x)q(x). By the Product Rule, 


PTE 











q'(x) = z) 
ma _ f(x ee a 
Substituting g(x) = me produces a rule for finding q’(x): 
Hin gp 
(x) = ee) Replace g(x) with Fe) 
É g(x) pees BINNS. a) 
(ro — 4) 
= Multiply numerator and denominator by g(x). 
g(x) g(x) 


= BOO) — FOO) ii 


2 
(g(x) 
This calculation produces the correct result for the derivative of a quotient. However, 
there is one subtle point: How do we know that the derivative of f/g exists in the first 
place? A complete proof of the Quotient Rule is outlined in Exercise 86. 





THEOREM 3.8 The Quotient Rule 
If f and g are differentiable at x, then the derivative of f/g at x exists, provided 
g(x) # 0, and 


d pa | Fa) = fds’) 


dx (g(x))? 


g(x) 
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» The Product and Quotient Rules are used 
on a regular basis throughout this text. 
It is a good idea to memorize these rules 
(along with the other derivative rules and 
formulas presented in this chapter) so 
that you can evaluate derivatives quickly. 





Tangent line 
at (3, 2) 





—--—---------wN 


FIGURE 3.25 


EXAMPLE 2 Using the Quotient Rule Find and simplify the following derivatives. 


feed ae. 
a. | »  . — (e 
dx 7 |] dx 
SOLUTION 
(x? — 1)+the derivative (x? + 3x + 4)-the 
of (x? + 3x + 4) derivative of (x? — 1) 
d\x?+3x+4 Oa) ya) = Oe Fot | 
a. x a = Q? — 1)? Quotient Rule 
—— 
the denominator 
(x? — 1) squared 
2x? — 2x + 3x7 — 3 — 2x? — 6x? — 8x Pind 
m E Xpand. 
Cams i 
-3x7 — 10x — 3 Soa 
SS Se ImMpuTy. 
(x? — 1)° i 


X 


a m l , 
b. We rewrite e * as — , and use the Quotient Rule: 
e 


H1) Sa de el E 
—| — = ——._ = —- = -@ : 
dx \ e* er e* 
Related Exercises 19-32< 


QUICK CHECK 2 Find the derivative of f(x) = x”. Then find the same derivative using the 
EA Rule with f(x) = x8/x°.< 





EXAMPLE 3 Finding tangent lines Find an equation of the line tangent to the graph 
2 
X 
of f(x) = > 
X 





| 
fi at the point (3, 2). Plot the curve and tangent line. 


SOLUTION To find the slope of the tangent line, we compute f’ using the Quotient Rule: 


f(x) (x? — 4) 2x — (x? + 1) 2x a, 
x) = tent 
Oe 7 4) Quotient Rule 
2x? — 8x — 2x? — 2x — 10x cache 
See ea a = Imply. 
(x2 — 4) (x2 —4y2 OP 
The slope of the tangent line at (3, 2) is 
—10(3) 6 
Mian f'( = (3° = 4)? 5 
Therefore, an equation of the tangent line is 
5 J 3) 6 P 28 
= 2 = (y= 3) of = 
á 5 T a 


The graphs of f and the tangent line are shown in Figure 3.25. Related Exercises 33—-36< 
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Extending the Power Rule to Negative Integers 


d 
The Power Rule in Section 3.2 says that me? = nx" !, for nonnegative integers n. 
X 


Using the Quotient Rule, we show that the Power Rule also holds 1f n is a negative integer. 








Assume n is a negative integer and let m = —n, so that m > 0. Then 
d d/ 1l 1 1 
or) = 25) a ae 
dx GNX X x 
derivative of a equals 
constant is 0 not 
SS ——— 
d d 
XAZI Ln) 
B F 0) | E 
= o e Quotient Rule 
— —mx™"! . . 
=< 2m Simplify. 
xml 
= —mx "7! = — xm 1—2m 
x 
=i Replace —m by n. 


THEOREM 3.9 Extended Power Rule 
If n is any integer, then 





(3 Find the derivative of f(x) = 1/x> in two different ways: using the 
Extended Power Rule and using the Quotient Rule. « 





EXAMPLE 4 Using the Extended Power Rule Find the following derivatives. 


(=) i a=) 
i |=, | 
Cb ae dtl 1° 
SOLUTION 

d/ 9 d 45 
-| =} = — (9x) = 9(-5x) = —45x7° = —— 
a “(3) a ) T k x° 

416 — 

b. The derivative of 6 can be evaluated by the Quotient Rule, but an alternative 


method is to rewrite the expression using negative powers: 


16 _ 16 
E a aa 
- A 1° l 


We now differentiate using the Extended Power Rule: 


d| =A d 
aat] = O — 4°) = 300° + 24177. 
t 


Related Exercises 37—42 < 
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CHAPTER 3 


DERIVATIVES 





The Derivative of e“ 


Consider the composite function y = e™, for which we presently have no differentiation 
rule. We rewrite the function and apply the Product Rule: 


d d 
=e) — —(e*+e*) e” = eř. e” 


dx dx 


SA rpg e Deak 
= —(g* jeg e%.— (e 
dx dx E 


= e”. e” + e”. e” = 2e”. Evaluate derivatives. 


In a similar fashion, y = e** is differentiated by writing it as the product y = e*+e”. 


d 
You should verify that ae) = 3e°". Extending this strategy, it can be shown that 
x 


d 
rae = ke™, for positive integers k (Exercise 88 illustrates a proof by induction). The 
x 


Quotient Rule is used to show that the rule holds for negative integers k (Exercise 89). 
Finally, we prove in Section 3.6 (Exercise 92) that the rule holds for all real numbers k. 


THEOREM 3.10 The derivative of e* 
For real numbers k, 


d 
oe (e") = ke™ 





EXAMPLE 5 Exponential derivatives Compute dy/dx for the following functions. 
a. y = xe” b. y = 1000e°°” 
SOLUTION 


d 
a. We use the Product Rule and the fact that FE Coi ae 
X 


d 
1  se™®+x 5e™ = (1 + 5x)e™. 
dx eo ar 
d d INY = 5x 
dx a See 


b. Here we use the Constant Multiple Rule: 


dy d 
— = 1000-—-(e°"*) = 1000-0.07e°°* = 70e°°™. 
dx dx (on) Í Í 


Related Exercises 43—S50< 


Rates of Change 


The derivative provides information about the instantaneous rate of change of a function. 
The next example illustrates this concept. 


EXAMPLE 6 Population growth rates The population of a culture of cells increases 
and approaches a constant level (often called a steady state or a carrying capacity) and 1s 
400 


Ee where t = 0 is measured in hours (Figure 3.26). 
20. 


modeled by the function p(t) = 


a. Compute and graph the instantaneous growth rate of the population, for any t = 0. 
b. At approximately what time is the instantaneous growth rate the greatest? 


c. What is the steady-state population? 


» Methods for determining exactly when 


the growth rate is a maximum are 
discussed in Chapter 4. 





Number of cells 


FIGURE 3.26 


steady state 


Maximum growth rate 
occurs at t ~ 2.20. 


Time (hours) 












Cell population: p(t) = 
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SOLUTION 


a. The instantaneous growth rate is given by the derivative of the population function: 


tan 1 400 ) 
P dt\1 + 3e 0% 


equals 0 
————, 


d d 
(1 + 3e?) + (400) = 400 (1 + 3e*) 
= aa Quotient Rule 
go 


© —400(-1.5e°") 600e" 


= —— 7. Simplify. 
(1 ii oe (1 ai ey KEREY 


The growth rate has units of cells per hour; its graph is shown in Figure 3.26. 


b. The growth rate p’(t) has a maximum at the point at which the 
population curve is steepest. Using a graphing utility, this point 
corresponds to t ~ 2.20 hr and the growth rate has a value of 

400 p'(2.20) = 50 cells/hr. 

1 + 3e c. To determine whether the population approaches a fixed value 
after a long period of time (the steady-state population), we must 
investigate the limit of the population function as t —> ©. In this 
case, the steady-state population exists and is 


400 
Growth rate: p'(t) lim p(t) = lim ————— = 400, 
lim p( ) >w 1 A 3e 05% 
——— 


approaches 0 


Growth rate oo 
approaches which is confirmed by the population curve in Figure 3.26. Notice 


Oast>~. that as the population approaches its steady state, the growth rate 
p’ approaches zero. Related Exercises 51-56 


Combining Derivative Rules 
Some situations call for the use of multiple differentiation rules. This section concludes 
with one such example. 


EXAMPLE 7 Combining derivative rules Find the derivative of 


4xe* 


x7 +1 





y = 


SOLUTION In this case, we have the quotient of two functions, with a product (4x + e*) in 
the numerator. 


(x? + 1) (axe*) = (ae) (x? + 1) 


dy l 
ee a o Quotient Rule 
dx a FI) 
(x? + 1)? by the Product Rule 


4e*(x° — x? +x+ 1) 
= SS SS SS SS Simplify. 
Cz + i oe 
Related Exercises 57-60 
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SECTION 3.3 EXERCISES 








Review Questions _w-w _ 4s? — 85° + 45 
1. How do you find the derivative of the product of two functions 29. fiw) = w 30. y= As 
that are differentiable at a point? ; i 
I= l 
2. How do you find the derivative of the quotient of two functions 31. y= gap ee constant. 


that are differentiable at a point? 


. m x? — 2ax + a? 
3. State the Extended Power Rule for differentiating x”. For what 32. y = ——————;,_ ais aconstant. 


values of n does the rule apply? x —~ a 


H 33-36. ; , 
4. Give two ways to differentiate f(x) = 1/x". Peo a an centnt 


a. Find an equation of the line tangent to the given curve at a. 


5. What is the derivative of y = e“? For what values of k does this b. Use a graphing utility to graph the curve and the tangent line on the 





rule apply? same set of axes. 
6. Give two ways to differentiate f(x) = (x — 3)(x? + 4). M- 2%2 
33. y= Z; 453 a ee 
Basic Skills i i 
7-14. Derivatives of products Find the derivative of the following 35. y = 1 + 2x + xe*; a =0 
functions. P 
E Apa? — — _ x 36. y= a=1 
7. f(x) = 3x"(2x 1) 8 g(x) = 6x — 2xe x 
9. f(t) = Pe' 10. g(w) = e"(Sw? + 3w + 1) 37—42. Extended Power Rule Find the derivative of the following 
11. A(x) = (x — 1)(x? + x? +x +41) functions. 
4 
1 = -9 = 
12. Fix) 2 (1 a Ne a 1) 37. Tx) 3x 38. y p 
X 
13 = W =j 14 = 4e'/t 2 6 wi + 5w? +w 
. g(W) = e(wW = 1) 1A s(t) = devi 39. o(t) = 32+ © i, po ee 
t w 
15-18. Derivatives by two different methods ; : 
a. Use the Product Rule to find the derivative of the given function. 41. g(t) = St 42. p(x) = os 
Simplify your result. j 2x 


b. Find the derivative by expanding the product first. Verify that your 


43-50. Derivatives with exponentials Compute the derivative of the 
answer agrees with part (a). 




















following functions. 
15. f(x) = (x = 1) (3x TF 4) 43. f(x) = xe 44. g(t) = Itet/? 
aff _ 
16. y = (t4 + 7t)(3t — 4) 45. f(x) = 15e* 46. y = 3x? — 2x + e” 
17. g(y) = (3y* — y*)(y* — 4) r. 
47. g(x) ==> 48. f(x) = (1 — 2x)Je* 
18. A(z) = (23 + 4z? + z)(z - 1) g(x) = a flax) = ( ) 
19-28. Derivatives of quotients Find the derivative of the following m a W Toe" 50. A = 2500e0?075t 
functions. 3 
19. f(x) = x 20. f(x) = eg H 51-52. Population growth Consider the following population functions. 
x+ 1 x— 2 a. Find the instantaneous growth rate of the population, for t = 0. 
ox | b. What is the instantaneous growth rate at t = 5? 
21. f(x) = ET] 22. f(x) = 2e 4 |] c. Estimate the time when the instantaneous growth rate is the 
greatest. 
23. f(x) = xe ~ 24. f(x) = e *Vx d. Evaluate and interpret lim p'(t). 
t— œ 
w? — 1 e. Use a graphing utility to graph the population and its growth rate, 
25. y = (3t — 1)(2t— 2)! 26. h(w) = =—— for0 = t = 200 
w° + 1 
x 200t 800 
=. = = 51. p(t) = 52. p(t) = 
27. g(x) = CE 28. y = (2Vx — 1)(4x + 1)” p(t) 1+2 p(t) 1 + 7e 
29-32. Derivatives by two different methods 53. Antibiotic decay The half-life of an antibiotic in the bloodstream is 


10 hours. If an initial dose of 20 milligrams is administered, the quan- 


a. Use the Quotient Rule to find the derivative of the given function. tity left after t hours is modeled by Q(t) = 20 0.06931 for ¢ = 0. 


Simplify your result. 
b. Find the derivative by first simplifying the function. Verify that your 
answer agrees with part (a). 


a. Find the instantaneous rate of change of the amount of 
antibiotic in the bloodstream, for 0O = t = 10. 


b. How fast is the amount of antibiotic changing at t = 0? At 
t = 2? 
c. Evaluate and interpret lim Q(t) and lim Q'(t). 
to to 


69. 


54. Bank account A $200 investment in a savings account grows 
according to A(t) = 200e°-9398" for t = 0, where t is measured in 


years. 


a. Find the balance of the account after 10 years. 
b. How fast is the account growing (in dollars /year) at t = 10? 
c. Use your answers to parts (a) and (b) to write the equation 
of the line tangent to the curve A = 200e%°*?® at the point 
(10, A(10)). 


2x 


55. Finding slope locations Let f(x) = xe™. 


a. Find the values of x for which the slope of the curve y = f(x) 
is O. 


b. Explain the meaning of your answer to part (a) in terms of the 73, 


graph of f. 
Finding slope locations Let f(t) = 100e, 


a. Find the values of t for which the slope of the curve 


y = f(t) is—S. 
b. Does the graph of f have a horizontal tangent line? 


56. 


57-60. Combining rules Compute the derivative of the following 











functions. 
(x + 1)e’ (x — 1)(2x? — 1) 
57: = 58. A(x) = 
g(x) x — 2 (x) x3 = 1 
xe” (x +1) 
59. h(x) = FE 60. h(x) = R 


Further Explorations 
61. Explain why or why not Determine whether the following 
statements are true and give an explanation or counterexample. 


d 
a. The derivative pa (e°) equals 5+ e4. 74. 
ps 
b. The Quotient Rule must be used to evaluate 76. 
dx x 
d ( 1 ) 1 78. 
ce —| — |] = — 
dx 5 5 4 
i i 80. 





dq” 
—(e*) = 3" - e”, for any integer n = 1. 


d. 
dx 


62—65. Higher-order derivatives Find f'(x), f"(x), and f”(x). 








68. 


70. 


71. 
pA 
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__ x-a 
YW = Va 
h(x) = (5x? + 5x)(6x° + 3x? + 3) 


Tangent lines Suppose f(2) = 2 and f’(2) = 3. Let 


g(x) = x°- f(x) and h(x) = -A 


a. Find an equation of the line tangent to y = g(x) atx = 2. 
b. Find an equation of the line tangent to y = h(x) atx = 2. 
3 


The Witch of Agnesi The graph of y = a where a is a 
x a 





; a is a positive constant. 


constant, is called the witch of Agnesi (named after the 
18th-century Italian mathematician Maria Agnesi). 

2T 
x7 +9 





a. Leta = 3 and find an equation of the line tangent to y = 


atx = 2. 


b. Plot the function and the tangent line found in part (a). 


74-79. Derivatives from a table Use the following table to find the 
given derivatives. 





























x 1 2 3 4 5 
f(x) 5 4 3 2 1 
fx) 3 5 2 1 4 
g(x) 4 2 5 3 1 
g'(x) 2 4 3 1 5 

d d | f(x) 

z fel) = 75. aR z 

d d | f(x) 

dx OF) x=3 77 dx (x + 2) x=4 

d [ xf(x) d | f(x)g(x) 

A g(x) | x=4 is dx | i | x=4 








Derivatives from tangent lines Suppose the line tangent to the 
graph of f atx = 2 is y = 4x + 1 and suppose y = 3x — 2 is 
the line tangent to the graph of g at x = 2. Find an equation of the 
line tangent to the following curves at x = 2. 





_ _ f(x) 
| a. y = f(x)g(x) b. y = 
62. f(x) =- 63. f(x) = xe” g(x) 
i Applications 
x2 — Tx 81. Electrostatic force The magnitude of the electrostatic force 
64. f(x) = r43 65. f(x) = Sear between two point charges Q and q of the same sign is 


66-71. Choose your method Use any method to evaluate the 
derivative of the following functions. 


E 2x 
5x + 1 


4 — x? 
x= 2 


Ax? 








66. f(x) = 67. f(x) = 


k 
given by F(x) = a where x is the distance (measured in 
x 


meters) between the charges and k = 9 X 10?N-m?*/C7 isa 
physical constant (C stands for coulomb, the unit of charge; 
N stands for newton, the unit of force). 


a. Find the instantaneous rate of change of the force with respect 
to the distance between the charges. 
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b. For two identical charges with Q = q = 1 C, what is the 
instantaneous rate of change of the force at a separation of 
x = 0.001 m? 

c. Does the magnitude of the instantaneous rate of change of the 
force increase or decrease with the separation? Explain. 


Gravitational force The magnitude of the gravitational 

force between two objects of mass M and m is given by 
GMm 

Fa == 

x 

of mass of the objects and G = 6.7 X 10 ''! N- m*/kg? is the 

gravitational constant (N stands for newton, the unit of force; the 

negative sign indicates an attractive force). 


where x is the distance between the centers 


a. Find the instantaneous rate of change of the force with respect 
to the distance between the objects. 

b. For two identical objects of mass M = m = 0.1 kg, what is 
the instantaneous rate of change of the force at a separation of 
x = 0.01 m? 

c. Does the instantaneous rate of change of the force increase or 
decrease with the separation? Explain. 


Additional Exercises 


83. 


84. 


85. 


86. 


Special Product Rule In general, the derivative of a product is 
not the product of the derivatives. Find nonconstant functions 
f and g such that the derivative of fg equals f’g’. 


Special Quotient Rule In general, the derivative of a quotient is 
not the quotient of the derivatives. Find nonconstant functions f 
and g such that the derivative of f/g equals f’/g’. 


Means and tangents Suppose f is differentiable on an interval 
containing a and b, and let P(a, f(a)) and Q(b, f(b)) be distinct 
points on the graph of f. Let c be the x-coordinate of the point at 
which the lines tangent to the curve at P and Q intersect, assum- 
ing that the tangent lines are not parallel (see figure). 


a. If f(x) = x’, show that c = (a + b)/2, the arithmetic mean 
of a and b, for real numbers a and b. 





b. If f(x) = Vx, show that c = Vab, the geometric mean of a 
and b, fora > Oandb > 0. 

c. If f(x) = 1/x, show that c = 2ab/(a + b), the harmonic 
mean of a and b, fora > Oandb > 0. 

d. Find an expression for c in terms of a and b for any 
(differentiable) function f whenever c exists. 


Proof of the Quotient Rule Let F = f/g be the quotient of two 
functions that are differentiable at x. 


a. Use the definition of F’ to show that 
e ed ees 
h—0 


dx| g(x) hg(x + h)g(x) 





87. 


88. 


89. 


90. 


91. 


92. 





b. Now add —f(x)g(x) + f(x)g(x) (which equals 0) to 
the numerator in the preceding limit to obtain 


on Lee + Mate) = A + Fedele) -Ssl + h) 
h—0 hg(x + h)g(x) l 


Use this limit to obtain the Quotient Rule. 





c. Explain why F’ = (f/g)’ exists, whenever g(x) # 0. 


Product Rule for the second derivative Assuming the first and 
second derivatives of f and g exist at x, find a formula for 


d2 
“3 (Fa)a(x)). 


Proof by induction: derivative of e for positive integers k 
Proof by induction is a method in which one begins by showing 
that a statement, which involves positive integers, is true for a 
particular value (usually k = 1). In the second step, the statement 
is assumed to be true for k = n, and the statement is proved for 

k = n + 1, which concludes the proof. 


d 
a. Show that = (e") = ke™ fork = 1. 
ba 
b. Assume the rule is true for k = n (that is, assume 


d 
hk (e"*) = ne"), and show this implies that the rule is 
x 


true fork = n + 1. (Hint: Write e”™ 1 as the product of two 
functions, and use the Product Rule.) 


Derivative of e for negative integers k Use the Quotient Rule 
d 

and Exercise 88 to show that a (e™) = ke™, for negative integers k. 
x 


Quotient Rule for the second derivative Assuming the first 
and second derivatives of f and g exist at x, find a formula for 


d’ p2 | 


dx? | g(x) 





Product Rule for three functions Assume that f, g, and h are 
differentiable at x. 


a. Use the Product Rule (twice) to find a formula for 


d 
= (Alx)a(x)a(x)). 
b. Use the formula in (a) to find £ (e™(x — 1)(x + 3)). 


One of the Leibniz Rules One of several Leibniz Rules in cal- 
culus deals with higher-order derivatives of products. Let (fg)? 
denote the nth derivative of the product fg, forn = 1. 

a. Prove that (fg) = f"g + 2f'g' + fe”. 

b. Prove that, in general, 


(19) = S(T) eee, 


k=0 


where = are the binomial coefficients. 
k k!(n — k)! 


O 


. Compare the result of (b) to the expansion of (a + b)". 


HECK ANSWERS 


1. f'(x) = 5x* by either method 2. f'(x) = 5x* by 


either method 3. f'(x) = —5x ° by either method 
4. f'(x) = 2e°.< 
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3.4 Derivatives of Trigonometric Functions 


» Results stated in this section assume that 
angles are measured in radians. 





Table 3.2 
sin x 
x 
x 
+ 0.1 0.9983341665 
+ 0.01 0.9999833334 
+ 0.001 0.9999998333 





sin x 





The graph of y = 


. sin 
suggests that lim A = i, 
x20 X 


FIGURE 3.27 





FIGURE 3.28 


» Area of a sector of a circle of radius r 
formed by a central angle 0: 


A= $776 


From variations in market trends and ocean temperatures to daily fluctuations in tides and 
hormone levels, change is often cyclical or periodic. Trigonometric functions are well 
suited for describing such cyclical behavior. In this section, we investigate the derivatives 
of trigonometric functions and their many uses. 


Two Special Limits 


Our principal goal is to determine derivative formulas for sin x and cos x. In order to do 
this, we use two special limits. 


THEOREM 3.11 Trigonometric Limits 





Note that these limits cannot be evaluated by direct substitution because in both cases, 
the numerator and denominator approach zero as x — 0. We first examine numerical and 
graphical evidence supporting Theorem 3.11, and then we offer an analytic proof. 

sin x a . 
> rounded to 10 digits, appear in Table 3.2. As x approaches zero 





The values of 


sin x . sin x 
approaches 1. Figure 3.27 shows a graph of y = = 





from both sides, it appears that 7 


with a hole at x = 0, where the function is undefined. The graphical evidence also strongly 
sin x 
suggests (but does not prove) that _ —— 1. Similar evidence also indicates that 
Xx 


cosx — I 
————— approaches 0 as x approaches 0. 


Using a geometric argument and the methods of Chapter 2, we now prove that 


... Sx = I , . ' 
= 1. The proof that a a: = (1s found in Exercise 73. 
xz 








Proof: Consider Figure 3.28, in which AOAD, AOBC, and the sector OAC of the unit 
circle (with central angle x) are shown. Observe that 0 < x < 7/2 and 


area of AOAD < area of sector OAC < area of AOBC. (1) 
Because the circle in Figure 3.28 is a unit circle, OA = OC = 1. It follows that 
A OD BC 
sinx = —— = AD, cosx = — = OD, and tanx = —— = BC. From these observa- 
OA OA OC 


tions, we conclude that 


l l 
e the area of AOAD = z (OD)(AD) = z cos x sin x, 


X 
e the area of sector OAC = 5 ‘17x = 5° and 


l l 
e the area of AOBC = z (OC)(BC) = z tan X. 
Substituting these results into (1), we have 


, X 1 
—cosxsinx < = < —tanx. 
2 2 2 
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_ sinx a ae 
> lim —— = ] implies that if |x| is small, 
x> X 


then sin x ~ x. 


sin x 





2 
Replacing tan x with and multiplying the inequalities by ——— (which is posi- 
sin x 


COS x 
tive) leads to the inequalities 


1 
sin x cos x 








cosx < 


When we take reciprocals and reverse the inequalities, we have 








sin x 1 
< 


(2) 


cosx < , 
COS x 


for0 < x < 7/2. 
A similar argument may be used to show that the inequalities in (2) also hold for 
=m /2 < x < 0. Taking the limit as x — 0 in (2), we find that 








 sinx 

lim cosx < lim < lim 

x—0 x0 xX x—0 COS X 

— ed 
1 1 


The Squeeze Theorem (Theorem 2.5) now implies that lim = =], < 
x 





EXAMPLE 1 Calculating trigonometric limits Evaluate the following limits. 








sin 4x sin 3x 
a. lim b. lim — 
x0 xX x—0 sin 5x 
SOLUTION 


`. Sinx i ae 
a. To use the fact that lim Pa = |, the argument of the sine function in the numerator 
P Ea 


sin 4 
must be the same as the denominator. Multiplying and dividing = by 4, we 


evaluate the limit as follows: 





sin 4x _ 4sin 4x = 
lim = lim —W— Multiply and divide by 4. 
x>0 xX x0 4x 
_ sin 
= 4lim Fa Factor out 4 and let t = 4x; t — 0 as x —> 0. 
t—0 
— am 


= 4(1) =A Theorem 3.11 





sin 3x 


b. The first step is to divide the numerator and denominator of 5 
sin 5x 


sin3x (sin 3x) /x 





sin5x (sin 5x) /x 


sin 5x 





in 3 
As in part (a), we now divide and multiply = by 3 and divide and multiply x 


by 5. In the numerator, we let t = 3x, and in the denominator, we let u = 5x. In each 
case, f— 0 and u —> 0 as x — 0. Therefore, 
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3 sin 3x 


sin 3x 3x 





m — in Multiply and divide by 3 and 5. 
x>0 sin 5x  x>0 5 sin 5x 


5x 
3 lim (sin t)/t 


= : - t = 3x in numerator and u = 5x in denominator 
5 lim (sin u)/u 
u—0 





3 1 3 
= 5 ° 1 = z Both limits equal 1. Related Exercises 7—l6< 


an 2x 
< 





m 1 : 
IECK 1 Evaluate lim 


x—0 





Derivatives of Sine and Cosine Functions 


With the trigonometric limits of Theorem 3.11, the derivative of the sine function can be 
found. We start with the definition of the derivative, 


=- ath —f(x 
PO) = jim EEA 
with f(x) = sin x, and then appeal to the sine addition identity 
sin (x + h) = sin xcos h + cos x sin A. 
The derivative is 
f'(x) = lim atisma Definition of derivative 


sin x cosh + cos xsin h — sinx 





= lim —~ Sine addition identity 
h—>0 h 
= sinx (cosh — 1) + cos x sinh 
= lim AA" Factor sin x. 
h—>0 h 
_ sinx (cosh — 1) — cosxsinh 
= lim — + lim — Theorem 2.3 
h—>0 h h—>0 h 
o, >. cosh — I i sin A Both sin x and cos x are 
TOMA mi h + COS x ham, independent of h. 
OX mm i—i 
0 1 
= (sin x)(0) + cosx (1) Theorem 3.11 
= COS X. Simplify. 


d 
We have proved the important result that He (sin x) = cos x. 
x 


The fact that hk (cos x) = —sin x is proved in a similar way using a cosine addition 
x 


identity (Exercise 75). 


THEOREM 3.12 Derivatives of Sine and Cosine 


d 
z (Sinx) = cosx z 6° x) = —sin x 
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From a geometric point of view, these derivative formulas make sense. Because 
f(x) = sin x is a periodic function, we expect its derivative to be periodic. Observe that 
the horizontal tangent lines on the graph of f(x) = sin x (Figure 3.29a) occur at the zeros 
of f'(x) = cos x. Similarly, the horizontal tangent lines on the graph of f(x) = cos x 
occur at the zeros of f'(x) = —sin x (Figure 3.29b). 


AAA - 
WE 


f(x) = cos x 






Horizontal tangent lines Horizontal tangent lines 

for f(x) = sin x occur at for f(x) = cos x occur at 
X the zeros of f'(x) = cos x. YA | the zeros of f'(x) = —sin x. 
1 1 

f'(x) = cos x f'(x) = —sin x 
TT 
| o V V V 
=f =I 
(a) (b) 
FIGURE 3.29 


YUICK CHECK 2 At what points on the interval [0, 27 | does the graph of f(x) = sin x 
rave Gea lines with positive slopes? At what points on the interval |0, 27 ] is 
cos x > 0? Explain the connection. < 





EXAMPLE 2 Derivatives involving trigonometric functions Calculate dy/dx for 
the following functions. 





oe 1 + sinx 
a. y = e“ cosx b. y = sinx — xcosx c€. y = i 
1 — sinx 
SOLUTION 
derivative of e” e-*+ the 
“COS x derivative of cos x 
dy _ d, 2 xf gt 
a. — = — (e. cosx) = 2e™cosx + e™(—sinx) Product Rule 
dx dx 
= e*(2cosx — sin x) Simplify. 
dy d d 
b. — = — (sinx) — — (xcosx Difference Rule 
dx dx ( ) dx ( ) 
= cosx — | (1) cosx + x (—sin x)|] Product Rule 


derivative of x x- derivative of 
cosx cos x 


= xsinx Simplify. 








sin 
» Recall that tanx = 
COS x 








sec x = , and csc x = 
x 


sin x` 


» One way to remember Theorem 3.13 is to 
learn the derivatives of the sine, tangent, 
and secant functions. Then, replace each 
function by its corresponding cofunction 
and put a negative sign on the right-hand 
side of the new derivative formula. 


Gs. 
— (sinx) = cosx <> 


dx 
d 
z (€08 x) = —sinx 
x 
d 
z tan) =sec*x <> 
x 
d 
z, boot *) = —csc*x 
x 


— (sec x) = secxtanx <> 
dx 


d 
— (esc x) = —csc x cot x 
dx 
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derivative of derivative of 
1 + sinx 1 = sinx 
dy (1 — sinx)(cosx) — (1 + sinx)(—cos x) 
e —  t—=e™Eee—_ Quotient Rule 
dx (1 — sin x) 
cos x — cos xsinx + cosx + sinxcosx 
al an a a <n Expand. 
(1 — sin x) 
2 COS x 
oe Simplify. 


(1 — sin x)? 
Related Exercises 17—28< 


Derivatives of Other Trigonometric Functions 


The derivatives of tan x, cot x, sec x, and csc x are obtained using the derivatives of sin x 
and cos x together with the Quotient Rule and trigonometric identities. 


d 
EXAMPLE 3 Derivative of the tangent function Calculate n (tan x). 
x 





sin x 
SOLUTION Using the identity tanx = 
COS xX 


a j= £( 24) 
dx dx \ cos x 


and the Quotient Rule, we have 








derivative of derivative of 
sin x COS xX 
cos x cos x — sin x(—sin x) . 
= 7 Quotient Rule 
COS xX 
cos? x + sin? x So 
a, 7 Simplify numerator. 
COS xX 
l 2 2 my 
= 7. — Sec” x. cosx + sinx = 1 
COS X 
d 2 ' 
Therefore, FM (tan x) = sec*x. Related Exercises 29-31< 
X 


The derivatives of cot x, sec x, and csc x are given in Theorem 3.13 (Exercises 29-31). 


THEOREM 3.13 Derivatives of the Trigonometric Functions 


z (50x) = cosx z, 6008 x) = —sin x 


X X 


ae (tan x) p. (cotx) = 


d d 
— (sec x) = sec x tan x 7 (csc x) = —csc x cot x 
x 


dx 





d d d 
CK 3 The formulas for — (cot x), — (sec x), and — (csc x) can be determined 
dx dx dx 





using the Quotient Rule. Why? < 
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HECK 4 Why is the derivative of 


SeC.xCSCX x equal to the derivative 
1 
of —— < 
cos x sin x 





when y = cos x. Find ro and aa 


when y = sin x.< 


DERIVATIVES 


EXAMPLE 4 Derivatives involving sec x and csc x Find the derivative of 
y = sec x csc x. 








SOLUTION 
dy d 
—— — ——t_ SCC 27° CSC AX 
dx dx 
= sec x tan x cesc x + sec x (—csc x cot x) Product Rule 
—_ ee —— Aam 
derivative of sec x derivative of csc x 
1 1 1 ' i 
E DE So sinx. ee i; Paa Write functions in terms of 
cosx cosx sinx COS x sinx sinx sinx and cosx. 
——” —_—_"” _— — w lol 
secx tanx  cscx secx cscx cotx 
1 1 l l 
= TE Cancel and simplify. 
COS X sin x 


2 2 


= ‘sec xX — CSc Xx Definition of sec x and csc x 


Related Exercises 32—40< 


Higher-Order Trigonometric Derivatives 


Higher-order derivatives of the sine and cosine functions are important in many applica- 
tions. A few higher-order derivatives of y = sin x reveal a pattern. 


dy _ dy d ( Pe 
FA COS x m COS x sin x 
d°y d ae d*y d ( ) ; 
—— Z= — | — = — — = — | — = şın 
ao dk sin x COS xX n oe COS Xx sin x 
We see that the higher-order derivatives of sin x cycle back periodically to +£ sin x. In 
(2n) 
general, it can be shown that an) = (—1)” sinx, with a similar result for cos x 
X 


(Exercise 80). This cyclic behavior in the derivatives of sin x and cos x does not occur 
with the other trigonometric functions. 


EXAMPLE 5 Second-order derivatives Find the second derivative of y = csc x. 


d 
SOLUTION By Theorem 3.13, -= = CSC x COLX: 
x 
Applying the Product Rule gives the second derivative: 
dy d 
a = — (—csc x cot 
de dx ( aaia 


= (csc xcotx)cotx — cse x (—csc* x) Calculate derivatives. 


Factor. 
Related Exercises 41-48< 


= esc x (cot*x + esc*x). 


SECTION 3.4 EXERCISES 


Review Questions 


NF . . sinx m 
1. Why is it not possible to evaluate lim —— by direct substitution? 
x0 xX 





"T. sin x . . 
2. How is lim used in this section? 


x—>0 
3. Explain why the Quotient Rule is used to determine the derivative 
of tan x and cot x. 
E T d 
4. How can you use the derivatives pE (sin x) = cos x, hk (tanx) = 
X x 
d —— 
sec” x, and pa (sec x) = sec x tan x to remember the derivatives 
x 
of cos x, cot x, and csc x? 
5. Let f(x) = sin x. What is the value of f' (m)? 


6. Where does the graph of sin x have a horizontal tangent line? Where 
does cos x have a value of zero? Explain the connection between 
these two observations. 





























Basic Skills 
7-16. Trigonometric limits Use Theorem 3.11 to evaluate the follow- 
ing limits. 
3 in 5 
7. lim —— s iin 
x>0 xX x>0 3x 
9. i 4k 10. lim sin 3x 
x—0 sin 3x x—0 tan 4x 
tan 5 20-1 
ii. lim —— 12. lim — 
x>0 x 0—0 0 
0—1 
ia. ie 14. lim << 
x0 sinx 0—0 0 
= sin(x- 2) l sin (x + 3) 
15. lim 5 16. lim 7 
x2 x“ —4 x>-—3 x^ + 8x + 15 


17-28. Calculating derivatives Find dy/dx for the following functions. 


17. y = sinx + cosx 18. y = 5x? + cosx 
19. y = e “sinx 20. y = sinx + 4e°* 
21. y = xsinx 22 ye six 
COS x 1 — sinx 
23. y= -~~~ 24. y = —— ~ 
í sinx + 1 4 1 + sinx 


7 (x? — 1)sinx 


25. y = sinxcosx 26. 
sinx + 1 
x sin x 
27. y = cos’x 28. y = ——— 
1 + cosx 


29-31. Derivatives of other trigonometric functions Verify the 
following derivative formulas using the Quotient Rule. 


d d 
29. z (ctx) = —csc?x 30. z (Sec x) = sec x tan x 


d 
31. —(cscx) = —csc x cot x 
dx 
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32—40. Derivatives involving other trigonometric functions Find the 
derivative of the following functions. 


32. y = tanx + cotx 33. y = secx + cscx 
34. y = sec x tan x 35. y = e” cscx 
tan w cot x 
36. y = —— 37. y = ——— 
¢ 1 + tanw 7 1 + csc x 
tan t 1 
38. y = ——— 39. y = ——— 
? L + sect í sec Z CSC Z 


40. y =csc*6 — 1 


41-48. Second-order derivatives Find y" for the following functions. 


41. y = xsinx 42. y = cosx 
! 1 
43. y =e’ sinx 44. y = zE COS x 
45. y =cotx 46. y = tanx 
47. y = secxcscx 48. y = cos 0 sin 0 


Further Explorations 
49. Explain why or why not Determine whether the following 
statements are true and give an explanation or counterexample. 
2 
a. — (sinx) = cos“ x b. —; (sinx) = sinx 
dx ( ) dx’ ( ) 


4 
c. — (cosx) = cosx 
dx ( ) 


d. The function sec x is not differentiable at x = 7/2. 


50-55. Trigonometric limits Evaluate the following limits or state 
that they do not exist. 











_ sinax 
50. a , where a and b are constants with b ¥ 0 
x2 X 
51. lim a where a and b are constants with b ¥ 0 
x—0 sin bx 
3 5 
a ta, = 3. ia 
x—>rT/2 X — (ar /2) x>0x +4 
54. lim —— 55. lim 3 csc 2x cot 2x 
x> á X x—>1/4 


56-61. Calculating derivatives Find dy/dx for the following 








functions. 
sin x 
56. an eee 57. y = xcosxsinx 
COS x 
58 B 1 59 _ 2cosx 
a 2 + sinx “2 1 + sinx 
X COS x 1 — cosx 
60. y = 61. y= 
Y Le Y l + cos x 
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62-65. Equations of tangent lines 


a. Find the equation of the line tangent to the following curves at the 


given value of x. 
b. Use a graphing utility to plot the curve and the tangent line. 


62. 


64. 


66. 


67. 


68. 


T , T 

= Se CO 63. eu 
TT 65 COS x TT 

= csc x; x = — . = — 3x =— 
y 4 4 ] — cosx 3 


Locations of tangent lines 


a. For what values of x does g(x) = x — sin x have a horizontal 


tangent line? 
b. For what values of x does g(x) = x — sin x have a slope 
of 1? 


Locations of horizontal tangent lines For what values of x does 


f(x) = x — 2 cos x have a horizontal tangent line? 


Matching Match the graphs of the functions in a—d with the 
graphs of their derivatives in A-D. 








(C) (D) 


Applications 
69. Velocity of an oscillator An object oscillates along a vertical line, 
and its position in centimeters is given by y(t) = 30 (sint — 1), 
where t = O is measured in seconds and y is positive in the 
upward direction. 


. Graph the position function, for 0 = ¢ = 10. 

. Find the velocity of the oscillator, v(t) = y'(t). 

Graph the velocity function, for 0 = t = 10. 

. At what times and positions is the velocity zero? 

At what times and positions is the velocity a maximum? 
The acceleration of the oscillator is a(t) = v'(t). Find and 
graph the acceleration function. 


moans 


70. Damped sine wave The graph of f(t) = e™ sin t with k > 0 is 
called a damped sine wave; it is used in a variety of applications, 
such as modeling the vibrations of a shock absorber. 

a. Use a graphing utility to graph f fork = 1, L and i to under- 
stand why these curves are called damped sine waves. What 
effect does k have on the behavior of the graph? 

b. Compute f’(t) for k = 1, and use it to determine where the 
graph of f has a horizontal tangent. 

c. Evaluate lim e~” sin t by using the Squeeze Theorem. What 


t—00 
does the result say about the oscillations of a damped sine 
wave? 


71. A differential equation A differential equation is an equation 
involving an unknown function and its derivatives. Consider the 
differential equation y"(t) + y(t) = 0 (see Chapter 8). 

a. Show that y = A sin ¢ satisfies the equation for any constant A. 

b. Show that y = B cos t satisfies the equation for any constant B. 

c. Show that y = A sin t + B cos t satisfies the equation for any 
constants A and B. 


Additional Exercises 
72. Using identities Use the identity sin 2x = 2 sin x cos x to find 


d : 
a (sin 2x). Then use the identity cos 2x = cos*x — sin’ x to 
X 


express the derivative of sin 2x in terms of cos 2x. 





cosx — 1 
73. Proof of m —. = 0 Use the trigonometric identity 
x X 
J 9 > cosx — 1 
cos“x + sinx = 1 to prove that lim — — = Q. (Hint: 
x—> X 
Begin by multiplying the numerator and denominator by 
cosx + 1.) 
. . cosx — 1 
74. Another method for proving mm — = 0 
x—> X 
9 | — cos 2x 
Use the half-angle formula sinx = =; to prove that 
=] 
lim COS x _ 0 
x—0 X 
d ) — 
75. Proof of A (cosx) = —sin x Use the definition of the 
x 


derivative and the trigonometric identity 


cos (x + h) = cos xcos h — sin x sin h 


d . 
to prove that T (cosx) = —sin x. 
bs 


76. Continuity of a piecewise function Let 


3 sin x 





ifx Æ 0 
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80. Higher-order derivatives of sin x and cos x Prove that 
2n 2n 


(sinx) = (—1)” sin x and 








PET P (cosx) = (—1)” cosx. 


T1. 


H 78. 


79, 


f(x) = 


a 


For what values of a is f continuous? 
Continuity of a piecewise function Let 


1 — cos x 


g(x) = pas 


For what values of a is g continuous? 


ifx = 0. 


81-84. Identifying derivatives from limits The following limits equal 
the derivative of a function f at a point a. 


a. Find one possible f and a. 
b. Evaluate the limit. 


sin(Z +h) -4 


ifx ~ 0 81. lim —————- 82. lim 
h—0 h h—0 
ifx = 0. eee tan (= + h) Eo 
S30 im — = 84. lim : 


x>rj4 x — a 


Computing limits with angles in degrees Suppose your graphing 
calculator has two functions, one called sin x, which calculates 


the sine of x when x is in radians, and the other called s(x), which 


CHECK ANSWERS 





calculates the sine of x when x is in degrees. 


T 
. Explain wh = sin | ——x |]. 
a. Explain why s(x) = sin (= x) 


s(x 
b. Evaluate mi La Verify your answer by estimating the limit 
>0 x 


X 


on your calculator. 


Derivatives of sin” x Calculate the following derivatives using 


the Product Rule. 


d d 
a (sin? x) b. rp (sin? x) 


d. Based upon your answers to parts (a)-(c), make a conjecture 


1.2 2.0<x< Zand < x < 2r. The value of cos x is 
the slope of the line tangent to the curve y = sin x. 

3. The Quotient Rule is used because each function is a quo- 
tient when written in terms of the sine and cosine functions. 








1 1 1 
s- 5 e — = secxcscx 
cosxsinx cosx sinx 
dy dt y q^? l 
Se- Oa -a Sny) = sinx, 
d dx dx dx 
c. — (sinf x) d” 
dx ——yp (sinx) = Si 
dx 


d. . ee 
about cs (sin” x), where n is a positive integer. 
x 


Then prove the result by induction. 
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» When describing the motion of objects, it 


s=0 


is customary to use ¢ as the independent 
variable to represent time. Generally, 
motion is assumed to begin at t = 0. 


Displacement As = f(a + At) — f(a) 
mae 


s=f(a) s=fla+ A) 8 


FIGURE 3.30 


The theme of this section is the derivative as a rate of change. Observing the world around 
us, we see that almost everything is in a state of change: The size of the Internet is increas- 
ing; your blood pressure fluctuates; as supply increases, prices decrease; and the universe 
is expanding. This section explores a few of the many applications of this idea and demon- 
strates why calculus is called the mathematics of change. 


One-Dimensional Motion 


Describing the motion of objects such as projectiles and planets was one of the challenges 
that led to the development of calculus in the 17th century. We begin by considering the 
motion of an object confined to one dimension; that is, the object moves along a line. This 
motion could be horizontal (for example, a car moving along a straight highway) or it 
could be vertical (such as a projectile launched vertically into the air). 


Position and Velocity Suppose an object moves along a straight line and its location 
at time ¢ is given by the position function s = f(t). All positions are measured relative to a 
reference point, which is often the origin at s = 0. The displacement of the object between 
t=aandt=a-+ Atis As = f(a + At) — f(a), where the elapsed time is At units 
(Figure 3.30). 
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emcees Recall from Section 2.1 that the average velocity of the object over the inter- 
instantaneous Secant lines val |a,a + At] is the displacement As of the object divided by the elapsed 
S Ą | velocity. < give average time At: 
velocities. 


As flat At) = f(a) 
0 eo E 





fla + Ad) F=f) At At 
The average velocity is the slope of the secant line passing through the points 
As=f(a+At)-—f@  P(a,f(a)) and Q(a + At, f(a + At)) (Figure 3.31). 
As At approaches 0, the average velocity is calculated over smaller and 
f(a) smaller time intervals, and the limiting value of these average velocities, when 
it exists, is the instantaneous velocity at a. This is the same argument used to 
arrive at the derivative. The conclusion is that the instantaneous velocity at time 
a, denoted v(a), is the derivative of the position function evaluated at a: 
fla + At) — fla) 
O t v(a) = im ——————— = f'(a). 
i ane (a) = lim == f'(a) 
. As 
nar = um ay Equivalently, the instantaneous velocity at a is the rate of change in the 
= jim La +40 -SO _ Fa position function at a; it also equals the slope of the line tangent to the curve 
= = s = f(t) at P(a, f(a). 
FIGURE 3.31 
DEFINITION Average and Instantaneous Velocity 
> Using the various derivative nota- Let s = f(t) be the position function of an object moving along a line. The average 
tions, the velocity is also written velocity of the object over the time interval |a,a + At] is the slope of the secant line 
v(t) = s'(t) = ds/dt. If average or between (a, f(a)) and (a + At, f(a + At)): 
instantaneous 1s not specified, velocity 
is understood to mean instantaneous _ J (a + At ) =F (a) 
velocit Vav ~ 
y. At 


The instantaneous velocity at a is the slope of the line tangent to the position curve, 
which is the derivative of the position function: 


CHECK 1 Does the speedometer T fla + At) — fla) = f'(a) 
sure average or instan- l 





EXAMPLE 1 Position and velocity of a patrol car Assume a police 
station is located along a straight east-west freeway. At noon (t = 0), 

a patrol car leaves the station heading east. The position function of the 
car s = f(t) gives the location of the car in miles east (s > 0) or west 
(s < 0) of the station ¢ hours after noon (Figure 3.32). 





a. Describe the location of the patrol car during the first 3.5 hr of the trip. 


b. Calculate the average velocity of the car between noon and 2:00 p.m. 
(0&2 2). 

c. Calculate the displacement and average velocity of the car between 
2:00 p.m. and 3:30 p.m. (2 = t = 3.5). 


d. At what time(s) is the instantaneous velocity greatest as the car 
travels east? 


Position (miles from station) 


Time (hours) 


FIGURE 3.32 e. At what time(s) is the patrol car at rest? 


» Newton’s First Law of Motion says 
that in the absence of external forces, a 
moving object has no acceleration, which 
means the magnitude and direction of the 
velocity are constant. 
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SOLUTION 


a. The graph of the position function indicates the car travels 80 miles east between 


t = 0 (noon) and t = 1.5 (1:30 p.m.). The position of the car does not change from 

t = 1.5 tot = 2, and therefore the car is at rest from 1:30 p.m. to 2:00 p.m. Starting at 
t = 2, the car’s distance from the station decreases, which means the car travels west, 
eventually ending up 20 miles west of the station at t = 3.5 (3:30 p.m.) (Figure 3.33). 


Car travels 80 miles east. 1=15 
=) a ———ŘŘ—_Á i 
t=0 ? Car at 


rest 


Car travels 100 miles west. £= 2.0 


FIGURE 3.33 a 


b. Using Figure 3.32, we find that f(0) = 0 and f(2) = 80. Therefore, the average 


velocity during the first 2 hours is 


2). =J i 
n= As _fl ) = F(0) _ 80 mi Agni 
At z=) 2 hr 





. The position of the car at 3:30 p.m. is f(3.5) = —20 (the negative sign indicates 


the car is 20 miles west of the station), and the position of the car at 2:00 p.m. is 
f(2) = 80. Therefore, the displacement is 


As = f(3.5) — f(2) = —20 mi — 80 mi = —100 mi 


during an elapsed time of At = 3.5 — 2 = 1.5 hr (the negative displacement indi- 
cates that the car moved 100 miles west). The average velocity is 


= As — 100 mi 


= — = ~ —66.7 mi/hr. 
Yav = 7, Shr 66.7 mi/hr 


. The greatest eastward instantaneous velocity corresponds to points at which the graph 


has the greatest positive slope. The greatest slope appears to occur between t = 0.5 
and t = 1. During this time interval, the car also has a nearly constant velocity because 
the curve is approximately linear. We conclude that the eastward velocity is largest 
from 12:30 to 1:00. 


. The car is at rest when the instantaneous velocity is zero. So, we look for points at 


which the slope of the curve is zero. These points occur at times between t = 1.5 
and t = 2. Related Exercises 9-10 


Speed and Acceleration When only the magnitude of the velocity is of interest, we 
use speed, which is the absolute value of the velocity: 


speed = |y]. 


For example, a car with an instantaneous velocity of —30 mi/hr travels with a speed of 
30 mi/hr. 


A more complete description of an object moving along a line includes its acceleration, 


which is the rate of change of the velocity; that is, acceleration is the derivative of the 
velocity function with respect to time t. If the acceleration is positive, the object’s velocity 
increases; if it is negative, the object’s velocity decreases. Because velocity is the derivative 
of the position function, acceleration is the second derivative of the position. Therefore, 


_w_@s 


“u dt 
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DEFINITION Velocity, Speed, and Acceleration 


Suppose an object moves along a line with position s = f(t). Then 


, SOSEDE ds 
the velocity at time t is = — = f'(t), 


the speed at time t is a ' 


E : : dv d*s n 
the acceleration at time f is = a T (1): 
t 





> The units of derivatives are consistent EXAMPLE 2 Velocity and acceleration Suppose the position (in feet) of an object 
with the notation. If s is measured in moving horizontally at time ż (in seconds) is s = t? — 5t, for 0 = t < 5 (Figure 3.34). 
meters and f is measured in seconds, the Assume that positive values of s correspond to positions to the right of s = 0. 
Bets OF tieyelocity = are m/s. The a. Graph the velocity function on the interval 0 < t < 5, and determine when the object 
ds is stationary, moving to the left, and moving to the right. 
units of the acceleration iP. are m/s”. 


b. Graph the acceleration function on the interval 0 S t s 5. 


c. Describe the motion of the object. 
SOLUTION 


a. The velocity is v = s'(t) = 2t — 5. The object is stationary when v = 2t — 5 = 0, 
or att = 2.5. Solving v = 2t — 5 > O, the velocity is positive (motion to the right) 
for 3 < t < 5. Similarly, the velocity is negative (motion to the left) for 0 S t < > 
The graph of the velocity function (Figure 3.35) confirms these observations. 


b. The acceleration is the derivative of the velocity ora = v'(t) = s”"(t) = 2. This 
means that the acceleration is 2 ft/ s, forO =t=5 (Figure 3.36). 





Position: s = — 51 c. Starting at an initial position of s(0) = 0, the object moves in the negative direction 
FIGURE 3.34 (to the left) with decreasing speed until it comes to rest momentarily at s ( >) = 7 


The object then moves in the positive direction (to the right) with increasing speed, reach- 


ing its initial position = 5. During this time interval, the acceleration is constant. 
» Figure 3.34 gives the graph of the position a 2e Duinng 


function, not the path of the object. The 
motion is along a horizontal line. 





FIGURE 3.36 
Related Exercises 11—l6< 





QUICK CHECK 2 Describe the velocity of an object that has a positive constant 
eeno Could an object have a positive acceleration and a decreasing speed? < 


» The acceleration due to Earth’s 
gravitational field is denoted g. In metric 
units g ~ 9.8 m/s” on the surface of 
Earth; in the U.S. Customary System 
(USCS), g ~ 32 ft/s’. 


» The derivation of the position function 
is given in Section 6.1. Once again we 
mention that the graph of the position 
function is not the path of the stone. 









M 


150 
Initial position 


s0) = 9ft MNs 


50 


(a) 


Initial velocity 


v(0) = 64 ft/s MNS 


v= Oat 
maximum height 
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Free Fall We now consider problems in which an object moves vertically in Earth’ s 
gravitational field, assuming that no other forces (such as air resistance) are at work. 


EXAMPLE 3 Motion in a gravitational field Suppose a stone is thrown vertically 
upward with an initial velocity of 64 ft/s from a bridge 96 ft above a river. By Newton’s 
laws of motion, the position of the stone (measured as the height above the river) after 

t seconds is 


s(t) = —16t* + 64t + 96, 
where s = OQ is the level of the river (Figure 3.37a). 


a. Find the velocity and acceleration functions. 


Maximum height ; ; ; ; 
s(2) = 160 ft : b. What is the highest point above the river reached by the stone? 


c. With what velocity will the stone strike the river? 


Position: SOLUTION 
s = —16f7 + 64t + 96 


a. The velocity of the stone is the derivative of the position func- 
tion, and its acceleration is the derivative of the velocity function. 
Therefore, 

“ _ 391+ 64 and A = 39 
v=—=- and a = — = —32. 
dt dt 

b. When the stone reaches its high point, its velocity is zero (Figure 
3.37b). Solving v(t) = —32t + 64 = 0 yields t = 2, and thus the 
stone reaches its maximum height 2 seconds after it 1s thrown. Its 
height (in feet) at that instant is 


s(2) = —16(2)? + 64(2) + 96 = 160. 






c. To determine the velocity at which the stone strikes the river, we 





Velocity: 


_ ds first determine when it reaches the river. The stone strikes the river 
e ee when s(t) = —16t* + 64t + 96 = 0. Dividing both sides of the 
= —32t + 


equation by — 16, we obtain t° — 4t — 6 = 0. Using the quadratic 


; x i formula, the solutions are t ~ 5.16 ort ~ —1.16. Because the 
Sond Satie stone is thrown at t = O, only positive values of t are of interest; 
(b) moving up| | moving down therefore, the relevant root is t ~ 5.16. The velocity of the 


FIGURE 3.37 


stone (in ft/s)when it strikes the river is approximately 


v(5.16) = —32(5.10) + 64 = —101.1. 
Related Exercises 17-18< 





3 In Example 3, does the rock have a greater speed at t = 1 ort = 3?« 


Growth Models 


Much of the change in the world around us can be classified as growth: Populations, prices, 
and computer networks all tend to increase in size. Modeling growth is important because 
it often leads to an understanding of underlying processes and allows for predictions. 

We let p = f(t) be the measure of a quantity of interest (for example, the popula- 
tion of a species or the consumer price index), where t = O represents time. The aver- 
age growth rate of p between time t = a and a later time t = a + Atis the change Ap 
divided by elapsed time At. Therefore, the average growth rate of p on the interval 
la,a + At] is 


Ap _ fla + At) — fla) 
At At l 
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Internet users (millions) 


6 8 10 12 
Years after 1995 
FIGURE 3.38 


dp 
dt 


Growth rate (million users/yr) 





8 1 
Years after 1995 


FIGURE 3.39 







QUICK CHECK 4 Using the growth 
function in Example 4, compare the 
growth rates in 1996 and 2010. < 








y 
2000 
& 1500 
© 
g 
% 1000 C(x) = 500 + 0.1x 
UO 
0 4000 8000 12,000 ~* 
Number of items 
FIGURE 3.40 


» Although x is a whole number of units, 
we treat it as a continuous variable, 
which is reasonable if x is large. 





A d 
If we now let At— 0, then 7 approaches the derivative 7 which is the 


instantaneous growth rate (or simply growth rate) of p with respect to 
time: 


dp _ Ap 
= im ~. 
dt At—>0 At 


EXAMPLE 4 Internet growth The number of worldwide Internet 
users between 1995 and 2010 is shown in Figure 3.38. A reasonable fit to 
the data is given by the function p(t) = 3.017 + 70.8t — 45.8, where 

t measures years after 1995. 


a. Use the function p to approximate the average growth rate of Internet 
users from 2000 (t = 5) to 2005 (t = 10). 


b. What was the instantaneous growth rate of the Internet in 2006? 


c. Use a graphing utility to plot the growth rate dp /dt. What does the 
graph tell you about the growth rate between 1995 and 2010? 


d. Assuming that the growth function can be extended beyond 2010, what 
is the predicted number of Internet users in 2015 (t = 20)? 


SOLUTION 


a. The average growth rate over the interval [5, 10] is 


Ap _ p10) = p(5) _ 962 = 383 ilemi j 
Fo O a r A million users /year. 
At 10 — 5 5 
b. The growth rate at time tis p'(t) = 6.0f + 70.8. In 2006 (t = 11), the growth rate 
was p'(11) ~ 137 million users /year. 


c. The graph of p’, for0 < t = 16, is shown in Figure 3.39. We see that the growth rate 
is positive and increasing, for t = Q. 


d. A projection of the number of Internet users in 2015 is p(20) =~ 2570 million users, 
or about 2.6 billion users. This figure represents roughly one-third of the world’s 
population, assuming a projected population of 7.2 billion people in 2015. 

Related Exercises 19-20 


Average and Marginal Cost 


Our final example illustrates how derivatives arise in business and economics. As you will 
see, the mathematics of derivatives is the same in economics as it 1s in other applications. 
However, the vocabulary and interpretation used by economists are quite different. 

Imagine a company that manufactures large quantities of a product such as mouse- 
traps, DVD players, or snowboards. Associated with the manufacturing process is a 
cost function C(x) that gives the cost of manufacturing x items of the product. A simple 
cost function might have the form y = C(x) = 500 + 0.1.x, as shown in Figure 3.40. It 
includes a fixed cost of $500 (setup costs and overhead) that is independent of the number 
of items produced. It also includes a unit cost, or variable cost, of $0.10 per item pro- 
duced. For example, the cost of producing 1000 items is C(1000) = $600. 

C(x) 





If the company produces x items at a cost of C(x), then the average cost is per 


item. For the cost function C(x) = 500 + 0.1x, the average cost is 
C(x) = 500 + 0.1% 500 


= — + 0.1. 
X X x 


y 
E 
2 500 
© 
= C(x) = 500 +01 
2 250 " 
O 
oO 
oN 
fao] 
9 
x 





10 15 20 
Number of items 


FIGURE 3.41 


» The average describes the past; the 
marginal describes the future. 
—Old saying 


m 
tan sec 
marginal cost C’(x).| | average cost 









CQ) seresee see y = CQ) 


FIGURE 3.42 


> The approximation AC/Ax = C’(x) says 
that the slope of the secant line between 
(x, C(x)) and (x + 1, C(x + 1)) is 
approximately equal to the slope of the 
tangent line at (x, C(x)). This approxima- 
tion is good if the cost curve is nearly 
linear over a one-unit interval. 


30,000 


Cost (dollars) 


C(x) = —0.02x* + 50x + 100 
5000 





200 1000 


Number of items 


FIGURE 3.43 


gives the m.,. gives the 


Ax ` 
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For example, the average cost of manufacturing 1000 items is 


a = _ = $0.60 /unit. 
1000 1000 
Plotting C(x) /x, we see that the average cost decreases as the number of items produced 
increases (Figure 3.41). 

The average cost gives the cost of items already produced. But what about the cost of 
producing additional items? Having produced x items, the cost of producing another Ax 
items is C(x + Ax) — C(x). Therefore, the average cost per item of producing those Ax 
additional items 1s 


C(x + Ax) — C(x) _ AC 


Ax Ax 
If we let Ax — 0, we see that 


AC 
ree Ax oie) 
which is called the marginal cost. In reality, we cannot let Ax — 0 because Ax rep- 
resents whole numbers of items. 
Here is a useful interpretation of the marginal cost. Suppose Ax = 1. Then, 
AC = C(x + 1) — C(x) is the cost to produce one additional item. In this case 
we write 


AC C(x +1) - C(x) 


AC = Cœ + 1) - C(x) Oin 


Ax 1 


If the slope of the cost curve does not vary significantly near the point x, then—as 
shown in Figure 3.42—-we have 


AC _ i AC. 
Ax Ar>o Ax ov 

Therefore, the cost of producing one additional item, having already produced x 
items, is approximated by the marginal cost C’(x). In the preceding example, we have 
C'(x) = 0.1, so if x = 1000 items have been produced, then the cost of producing the 
1001st item is approximately C’(1000) = $0.10. With this simple linear cost function, 
the marginal cost tells us what we already know: The cost of producing one additional 
item is the variable cost of $0.10. With more realistic cost functions, the marginal cost 
may be variable. 


DEFINITION Average and Marginal Cost 


The cost function C(x) gives the cost to produce the first x items in a manufacturing 


process. The average cost to produce x items is C(x) = C(x) /x. The marginal cost 
C' (x) is the approximate cost to produce one additional item after producing x items. 





EXAMPLE 5 Average and marginal costs Suppose the cost of producing x items is 
given by the function (Figure 3.43) 


C(x) = —0.02x7 + 50x + 100, for 0 <x < 1000. 
a. Determine the average and marginal cost functions. 


b. Determine the average and marginal cost when x = 100 items and interpret these values. 


c. Determine the average and marginal cost when x = 900 items and interpret these values. 
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SOLUTION 
a. The average cost is 


_ C(x)  —0.02x? + 50x + 100 100 
C(x) = (©) L 002x 50 + 100 —0.02x + 50 + —— 





and the marginal cost is 


dC 

— = —0.04x + 50. 

dx 
The average cost decreases as the number of items produced increases (Figure 3.44a). 
The marginal cost decreases linearly with a slope of —0.04 (Figure 3.44b). 


<< 
ta 









— 
© 
© 
— 
© 
© 


C(x) = —0.02x + 50 + a 


C'(x) = —0.04x + 50 


Nn 
© 
Nn 
© 


Average cost (dollars/item) 
Marginal cost (dollars/item) 





0 50 100 150 100 
Number of items Number of items 


FIGURE 3.44 (a) (b) 


50 150 


b. To produce x = 100 items, the average cost is 
C(100) —0.02(100)? + 50(100) + 100 


C(100) = 
ne) 100 100 


= $49 /item 


and the marginal cost is 
C’(100) = —0.04(100) + 50 = $46/item. 


These results mean that the average cost of producing 100 items is $49 per item, but 
the cost of producing one additional item (the 101st item) is only $46. Therefore, 
producing one more item is less expensive than the average cost of producing the 
first 100 items. 


c. To produce x = 900 items, the average cost is 
C(900) —0.02(900)* + 50(900) + 100 
900 900 


and the marginal cost is 


C'(900) = —0.04(900) + 50 = $14/item. 


C(900) = =~ $32/item 


The comparison with part (b) is revealing. The average cost of producing 900 items 
has dropped to $32 per item. More striking is that the marginal cost (the cost of 
producing the 901st item) has dropped to $14. Related Exercises 21-24< 





UICK CHECK 5 In Example 5, what happens to the average cost as the number of items 
EE increases from x = 1 tox = 100?<« 


SECTION 3.5 EXERCISES 


Review Questions 


1. Use a graph to explain the difference between the average rate of 
change and the instantaneous rate of change of a function f. 

dy | 

2. Complete the following statement. If ik is large, then small 

X 
changes in x will result in relatively changes in the 
value of y. 
. dy | 
3. Complete the following statement: If ik is small, then small 
x 
changes in x will result in relatively changes in the 
value of y. 

4. What is the difference between the velocity and speed of an object 
moving in a straight line? 

5. Define the acceleration of an object moving in a straight line. 

6. An object moving along a line has a constant negative accelera- 
tion. Describe the velocity of the object. 

7. Suppose the average cost of producing 200 gas stoves is $70 per 
stove and the marginal cost at x = 200 is $65 per stove. Interpret 
these costs. 

8. Explain in your own words the adage: The average describes the 
past; the marginal describes the future. 

Basic Skills 

9. Highway travel A state patrol station is located on a straight 


north-south freeway. A patrol car leaves the station at 9:00 a.m. 
heading north with position function s = f(t) that gives its loca- 
tion in miles ¢ hours after 9:00 a.m. (see figure). Assume s is posi- 
tive when the car is north of the patrol station. 


a. Determine the average velocity of the car during the first 
45 minutes of the trip. 

b. Find the average velocity of the car over the interval 
| 0.25, 0.75]. Is the average velocity a good estimate of the 
velocity at 9:30 a.m.? 


c. Find the average velocity of the car over the interval | 1.75, 2.25]. 


Estimate the velocity of the car at 11:00 a.m. and determine 
the direction in which the patrol car is moving. 

d. Describe the motion of the patrol car relative to the patrol sta- 
tion between 9:00 a.m. and noon. 





Position (miles from station) 


| 
we 
© 


Time (hours) 


10. 
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Airline travel The following figure shows the position function 
of an airliner on an out-and-back trip from Seattle to Minneapolis, 
where s = f(t) is the number of ground miles from Seattle t hours 
after take-off at 6:00 a.m. The plane returns to Seattle 8.5 hours 
later at 2:30 p.m. 


a. Calculate the average velocity of the airliner during the first 
1.5 hours of the trip (0 = t = 1.5). 

b. Calculate the average velocity of the airliner between 
1:30 p.m. and 2:30 p.m. (7.5 = t = 8.5). 

c. At what time(s) is the velocity 0? Give a plausible explanation. 

d. Determine the velocity of the airliner at noon (t = 6) and ex- 
plain why the velocity is negative. 


Position (miles from Seattle) 





Time (hours) 


11-16. Position, velocity, and acceleration Suppose the position of 
an object moving horizontally after t seconds is given by the following 
functions s = f(t), where s is measured in feet, with s > 0 correspond- 
ing to positions right of the origin. 


a. 
b. 


Graph the position function. 

Find and graph the velocity function. When is the object stationary, 
moving to the right, and moving to the left? 

Determine the velocity and acceleration of the object at 

t= 1. 

Determine the acceleration of the object when its velocity 

is Zero. 


. ft)=’?-4,081t85 


=-+4¢-3,;0st<=5 


= ig — 3: 0 = re 8 


) 
) 
. f(t) = 20 -9t4+12;0S1ts3 
) 
) 


. f(t) = 2 — 2107 + 60 0 = t = 6 


f(t) = —6? + 367? — 5440 51=4 


A stone thrown vertically Suppose a stone is thrown 

vertically upward from the edge of a cliff with an initial velocity 
of 64 ft/s from a height of 32 ft above the ground. The height s 
(in ft) of the stone above the ground tf seconds after it is thrown is 
s = —16t* + 64t + 32. 


Determine the velocity v of the stone after t seconds. 
. When does the stone reach its highest point? 

What is the height of the stone at the highest point? 

. When does the stone strike the ground? 

With what velocity does the stone strike the ground? 


cao op 
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A stone thrown vertically on Mars Suppose a stone is thrown 
vertically upward from the edge of a cliff on Mars (where the 
acceleration due to gravity is only about 12 ft/ s”) with an initial 
velocity of 64 ft/s from a height of 192 ft above the ground. The 
height s of the stone above the ground after t seconds is given by 
s = —6t° + 64t + 192. 


. Determine the velocity v of the stone after t seconds. 
. When does the stone reach its highest point? 

What is the height of the stone at the highest point? 

. When does the stone strike the ground? 

With what velocity does the stone strike the ground? 


eanoe 


Population growth in Georgia The population of the state of 

Georgia (in thousands) from 1995 (t = 0) to 2005 (t = 10) is 

modeled by the polynomial p(t) = —0.27t7 + 101¢ + 7055. 

a. Determine the average growth rate from 1995 to 2005. 

b. What was the growth rate for Georgia in 1997 (t = 2) and 
2005 (t = 10)? 

c. Use a graphing utility to graph p’, forO < t = 10. What does 
this graph tell you about population growth in Georgia during 
the period of time from 1995 to 2005? 


Consumer price index The U.S. consumer price index (CPI) 
measures the cost of living based on a value of 100 in the years 
1982-1984. The CPI for the years 1995-2010 (see figure) is mod- 
eled by the function c(t) = 151e°®’, where t represents years 
after 1995. 


a. Was the average growth rate greater between the years 1995 
and 2000, or 2005 and 2010? 

b. Was the growth rate greater in 2000 (t = 5) or 2005 
(t = 10)? 

c. Use a graphing utility to graph the growth rate, for 
0 <= ¢ < 15. What does the graph tell you about growth in the 
cost of living during this time period? 


C 


240 


200 


160 


Consumer price index (CPI) 


6 8 10 12 14 16 t 
Years after 1995 
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21-24. Average and marginal cost Consider the following cost 
functions. 


a. Find the average cost and marginal cost functions. 
b. Determine the average and marginal cost when x = a. 
c. Interpret the values obtained in part (b). 


21. 
22. 


C(x) = 1000 + 0.1x, 0 < x = 5000, a = 2000 


C(x) = 500 + 0.02x, 0 = x = 2000, a = 1000 


23. 
24. 


C(x) = —0.01x? + 40x + 100, 0 < x < 1500, a = 1000 
C(x) = —0.04x? + 100x + 800, 0 < x = 1000, a = 500 


Further Explorations 


25% 


26. 


27. 


28. 


29. 


30. 


Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. If the acceleration of an object remains constant, then its 
velocity is constant. 

b. If the acceleration of an object moving along a line is always 
0, then its velocity is constant. 

c. It is impossible for the instantaneous velocity at all times 
a S t S bto equal the average velocity over the interval 
arap 

d. A moving object can have negative acceleration and increasing 
speed. 


A feather dropped on the moon On the moon, a feather will fall 
to the ground at the same rate as a heavy stone. Suppose a feather 
is dropped from a height of 40 m above the surface of the moon. 
Then, its height s (in meters) above the ground after t seconds is 
s = 40 — 0.8t°. Determine the velocity and acceleration of the 
feather the moment it strikes the surface of the moon. 


Comparing velocities A stone is thrown vertically into the air at 
an initial velocity of 96 ft/s. On Mars, the height s (in feet) of the 
stone above the ground after t seconds is s = 96t — 6¢7, and on 
Earth, s = 96t — 16t”. How much higher will the stone travel on 
Mars than on Earth? 


Comparing velocities Two stones are thrown vertically upward 
with matching initial velocities of 48 ft/s at time t = 0. One 
stone is thrown from the edge of a bridge that is 32 ft above the 
ground and the other stone is thrown from ground level. The 
height of the stone thrown from the bridge after t seconds is 
f(t) = —16t° + 48t + 32, and the height of the stone thrown 
from the ground after t seconds is g(t) = —16t° + 48t. 


a. Show that the stones reach their high points at the same time. 

b. How much higher does the stone thrown from the bridge go 
than the stone thrown from the ground? 

c. When do the stones strike the ground and with what 
velocities? 


Matching heights A stone is thrown from the edge of a bridge 
that is 48 ft above the ground with an initial velocity of 32 ft/s. 
The height of this stone above the ground ¢ seconds after it is 


thrown is f(t) = —16t? + 32t + 48. If a second stone is thrown 
from the ground, then its height above the ground after t seconds 
is given by g(t) = —16f? + vot, where vo is the initial velocity 


of the second stone. Determine the value of vp so that both stones 
reach the same high point. 


Velocity of a car The graph shows the position s = f(t) of a car 
t hours after 5:00 p.m. relative to its starting point s = 0, 
where s is measured in miles. 


a. Describe the velocity of the car. Specifically, when is it speed- 
ing up and when is it slowing down? 

b. At approximately what time is the car traveling the fastest? 
The slowest? 


31. 


32. 


c. What is the approximate maximum velocity of the car? The 
approximate minimum velocity? 


Position (miles) 


0.5 1.0 ID 
Time (hours) 





Velocity from position The graph of s = f(t) represents the posi- 
tion of an object moving along a line at time t = 0. 


a. Assume the velocity of the object is 0 when t = 0. For what 
other values of t is the velocity of the object zero? 

b. When is the object moving in the positive direction and when 
is it moving in the negative direction? 

c. Sketch a graph of the velocity function. 





Fish length Assume the length L (in cm) of a particular species of 
fish after t years is modeled by the following graph. 


a. What does dL /dt represent and what happens to this derivative 
as t increases? 

b. What does the derivative tell you about how this species of 
fish grows? 

c. Sketch a graph of L’ and L”. 


L 
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31-36. Average and marginal profit Let C(x) represent the cost 

of producing x items and p(x) be the sale price per item if x items 

are sold. The profit P(x) of selling x items is P(x) = xp(x) — C(x) 
(revenue minus costs). The average profit per item when x items are 
sold is P(x) /x and the marginal profit is dP /dx. The marginal profit 
approximates the profit obtained by selling one more item given that x 
items have already been sold. Consider the following cost functions C 
and price functions p. 


a. Find the profit function P. 

b. Find the average profit function and marginal profit function. 

c. Find the average profit and marginal profit if x = a units have 
been sold. 

d. Interpret the meaning of the values obtained in part (c). 


33. C(x) = —0.02x* + 50x + 100, p(x) = 100, a = 500 
34. C(x) = —0.02x* + 50x + 100, p(x) = 100 — 0.1x, a = 500 


35. C(x) = —0.04x? + 100x + 800, p(x) = 200, a = 1000 
36. C(x) = —0.04x* + 100x + 800, p(x) = 200 — 0.1x, 

a = 1000 
Applications 


37. Population growth of the United States Suppose p(t) represents 
the population of the United States (in millions) ¢ years after the 
year 1900. The graph of p’ is shown in the figure. 


a. Approximately when (in what year) was the U.S. population 
growing most slowly between 1900 to 1990? Estimate the 
growth rate in that year. 

b. Approximately when (in what year) was the U.S. population 
growing most rapidly between 1900 and 1990? Estimate the 
growth rate in that year. 

c. In what years, if any, was p decreasing? 

d. In what years was the population growth rate increasing? 


p'(t) 






Population growth rate 
(millions/year) 





40 60 
Years after 1900 


38. Average of marginal production Economists use production 


functions to describe how the output of a system varies with 
respect to another variable such as labor or capital. For example, 
the production function P(L) = 200L + 102? — L? gives the 
output of a system as a function of the number of laborers L. The 
average product A(L) is the average output per laborer when 

L laborers are working; that is A(L) = P(L)/L. The marginal 
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product M(L) is the approximate change in output when one 

dP 

dL 

a. For the production function given here, compute and graph 
P, A, and M. 

b. Suppose the peak of the average product curve occurs at 
L = Lo, so that A'(Loọ) = 0. Show that for a general produc- 
tion function, M(Lo) = A(Lo). 


additional laborer is added to L laborers; that is, M(L) = 


Velocity of a marble The position (in meters) of a marble rolling 
100t 

up a long incline is given by s = ve, where f is measured in 

0 is the starting point. 


seconds and s 


a. Graph the position function. 

b. Find the velocity function for the marble. 

c. Graph the velocity function and give a description of the mo- 
tion of the marble. 

d. At what time is the marble 80 m from its starting point? 

e. At what time is the velocity 50 m/s? 


Tree growth Let b represent the base diameter of a conifer tree and 
let h represent the height of the tree, where b is measured in centi- 
meters and h is measured in meters. Assume the height is related to 
the base diameter by the function h = 5.67 + 0.70b + 0.0067b°. 


a. Graph the height function. 


b. Plot and interpret the meaning of = 
A different interpretation of marginal cost Suppose a large com- 
pany makes 25,000 gadgets per year in batches of x items at a time. 
After analyzing setup costs to produce each batch and taking into ac- 
count storage costs, it has been determined that the total cost C(x) of 
producing 25,000 gadgets in batches of x items at a time is given by 


125,000,000 
——— LO 
X 


C(x) = 1,250,000 + 
a. Determine the marginal cost and average cost functions. Graph 
and interpret these functions. 
b. Determine the average cost and marginal cost when x = 5000. 
c. The meaning of average cost and marginal cost here is differ- 
ent than earlier examples and exercises. Interpret the meaning 
of your answer in part (b). 


Diminishing returns A cost function of the form C(x) = $x? 


reflects diminishing returns to scale. Find and graph the cost, 
average cost, and marginal cost functions. Interpret the graphs and 
explain the idea of diminishing returns. 


Revenue function A store manager estimates that the demand for 
an energy drink decreases with increasing price according to 


0 
the function d(p) = P which means that at price p (in 


2 
p t 
dollars), d(p) units can be sold. The revenue generated at price p 
is R(p) = p+ d(p) (price multiplied by number of units). 


a. Find and graph the revenue function. 

b. Find and graph the marginal revenue R'(p). 

c. From the graphs of the R and R’, estimate the price that should 
be charged to maximize the revenue. 


Fuel economy Suppose you own a fuel-efficient hybrid automobile 
with a monitor on the dashboard that displays the mileage and gas 


45. 


46. 


47. 


consumption. The number of miles you can drive with g gallons of 
gas remaining in the tank on a particular stretch of highway is given 
by m(g) = 50g — 25.8g° + 12.5g° — 1.68f, for0 = g = 4. 


a. Graph and interpret the mileage function. 
b. Graph and interpret the gas mileage m(g)/g. 
c. Graph and interpret dm/dg. 


Spring oscillations A spring ooo 
hangs from the ceiling at equi- = 

librium with a mass attached = > 0 
to its end. Suppose you pull = 
downward on the mass and = 

release it 10 inches below its Equilibrium- =a ———x = 0 


equilibrium position with an postmon 


upward push. The distance x 
(in inches) of the mass from 
its equilibrium position after 
t seconds is given by the function x(t) = 10 sin ż — 10 cos ż, 
where x is positive when the mass is above the equilibrium 
position. 





a. Graph and interpret this function. 
> dx , , . ae 
b. Find T and interpret the meaning of this derivative. 


c. At what times is the velocity of the mass zero? 
d. The function given here is a model for the motion of an object 
on a spring. In what ways is this model unrealistic? 


Pressure and altitude Earth’s atmospheric pressure decreases 
with altitude from a sea level pressure of 1000 millibars (the unit 
of pressure used by meteorologists). Letting z be the height above 
Earth’s surface (sea level) in km, the atmospheric pressure is 
modeled by p(z) = 1000e~2/'°. 


a. Compute the pressure at the summit of Mt. Everest, which 
has an elevation of roughly 10 km. Compare the pressure on 
Mt. Everest to the pressure at sea level. 

b. Compute the average change in pressure in the first 5 km 
above Earth’s surface. 

c. Compute the rate of change of the pressure at an elevation of 
5 km. 

d. Does p'(z) increase or decrease with z? Explain. 

e. What is the meaning of lim p(z) = 0? 

Zo 


A race Jean and Juan run a one-lap race on a circular track. Their 
angular positions on the track during the race are given by the 
functions 0(t) and g(t), respectively, where 0 = t < 4 and ris 
measured in minutes (see figure). These angles are measured in 
radians, where 0 = œ = O represent the starting position and 

0 = ~ = 27 represent the finish position. The angular velocities 
of the runners are 0'(t) and g’(f). 






Finish 





Juan, g(t) 








A 


Start 


Finish Jean, 0(f) 


Angular position (radians) 





Circular track 3 


Time (minutes) 


4 
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49. 
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a. Compare in words the angular velocity of the two runners and 
the progress of the race. 

b. Which runner has the greater average angular velocity? 

Who wins the race? 

d. Jean’s position is given by 6(t) = at?/8. What is her angular 
velocity at t = 2 and at what time is her angular velocity the 
greatest? 

e. Juan’s position is given by g(t) = mt(8 — t)/8. What is 
his angular velocity at t = 2 and at what time is his angular 
velocity the greatest? 


p 


Power and energy Power and energy are often used interchange- 
ably, but they are quite different. Energy is what makes matter 
move or heat up. It is measured in units of joules or Calories, 
where 1 Cal = 4184 J. One hour of walking consumes roughly 
10° J, or 240 Cal. On the other hand, power is the rate at which 
energy is used, which is measured in watts, where 1 W = 1 J/s. 
Other useful units of power are kilowatts (1 kW = 10° W) 
and megawatts (1 MW = 10° W). If energy is used at a rate of 
1 kW for one hour, the total amount of energy used is 1 kilowatt- 
hour (1 kWh = 3.6 X 10°J). Suppose the cumulative energy 
used in a large building over a 24-hr period is given by 

3 


t 
E(t) = 100¢ + 447 — g KWh, where t = 0 corresponds to 


midnight. 


a. Graph the energy function. 

b. The power is the rate of energy consumption; that is, 
P(t) = E'(t). Find the power over the interval 0 = t = 24. 

c. Graph the power function and interpret the graph. What are the 
units of power in this case? 


Flow from a tank A cylindrical tank is full at time t = 0 when a 
valve in the bottom of the tank is opened. By Torricelli’s Law, the 
volume of water in the tank after f hours is V = 100(200 — 1)’, 
measured in cubic meters. 


a. Graph the volume function. What is the volume of water in the 
tank before the valve is opened? 

b. How long does it take for the tank to empty? 

c. Find the rate at which water flows from the tank and plot the 
flow rate function. 

d. At what time is the magnitude of the flow rate a minimum? A 
maximum? 


Cell population The population of a culture of cells after t days is 
1600 


T + 7e 002 for t = 0. 


approximated by the function P(t) = 

a. Graph the population function. 

b. What is the average growth rate during the first 10 days? 

c. Looking at the graph, when does the growth rate appear to be a 
maximum? 

d. Differentiate the population function to determine the growth 
rate function P’ (t). 

e. Graph the growth rate. When is it a maximum and what is the 
population at the time that the growth rate is a maximum? 


51. 


52. 


53. 
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Bungee jumper A woman attached to a bungee cord jumps from a 
bridge that is 30 m above a river. Her height in meters above the river 
t seconds after the jump is y(t) = 15(1 + e” cos t), fort = 0. 


a. Determine her velocity att = 1 and t = 3. 

b. Use a graphing utility to determine when she is moving down- 
ward and when she is moving upward during the first 10 s. 

c. Use a graphing utility to estimate the maximum upward velocity. 


Spring runoff The flow of a small stream is monitored for 
90 days between May 1 and August 1. The total water that 
flows past a gauging station is given by 


4 
aa 


5 


iO: = f= 45 
Viy=) g 
a= 18014 + 4050) if45 < t< 90 


where V is measured in cubic feet and t is measured in days, with 
t = O corresponding to May 1. 


a. Graph the volume function. 

b. Find the flow rate function V’(t) and graph it. What are the 
units of the flow rate? 

c. Describe the flow of the stream over the 3-month period. Spe- 
cifically, when is the flow rate a maximum? 


Temperature distribution A thin copper rod, 4 meters in length, 
is heated at its midpoint and the ends are held at a constant 
temperature of 0°. When the temperature reaches equilibrium, 

the temperature profile is given by T(x) = 40x(4 — x), where 

0 <= x < 4is the position along the rod. The heat flux at a point 
on the rod equals —kT' (x), where k > 0 is a constant. If the heat 
flux is positive at a point, heat moves in the positive x-direction at 
that point, and if the heat flux is negative, heat moves in the nega- 
tive x-direction. 


a. With k = 1, what is the heat flux atx = 1? At x = 3? 
b. For what values of x is the heat flux negative? Positive? 
c. Explain the statement that heat flows out of the rod at its ends. 


‘HECK ANSWERS 





1. Instantaneous velocity 2. An object has positive accel- 
eration when its velocity is increasing. If the velocity is nega- 
tive but increasing, then the acceleration is positive and the 
speed is decreasing. For example, the velocity may increase 
from —2 m/s to —1 m/s to0m/s. 3. v(1) = 32 ft/s and 
v(3) = —32 ft/s, so the speed is 32 ft/s at both times. 

4. The growth rate in 1996 (t = 1) is approximately 77 mil- 
lion users /year. It is less than half of the growth rate in 2010 
(t = 15), which is approximately 161 million users /year. 

5. As x increases from 1 to 100, the average cost decreases 
from $150/item to $49 /item.<« 
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3.6 The Chain Rule 





QUICK CHECK 1 Explain why it is not 
d 

practical to calculate rm e 4) 100 
X 


by first expanding (5x + 4)!°.<« 


» Expressions such as dy/dx should not 
be treated as fractions. Nevertheless, 
you can check symbolically that you 
have written the Chain Rule correctly by 
noting that du appears in the “numerator” 
and “denominator.” If it were “canceled,” 
the Chain Rule would have dy/dx on 
both sides. 





3 times faster 2 times faster 


ee 


3 X 2 = 6 times faster 
FIGURE 3.45 


» The two versions of the Chain Rule differ 
only in notation. Mathematically, they 
are identical. Version 2 of the Chain Rule 
states that the derivative of y = f(g(x)) 
is the derivative of f evaluated at g(x) 
multiplied by the derivative of g 
evaluated at x. 


The differentiation rules presented so far allow us to find derivatives of many functions. 
However, these rules are inadequate for finding the derivatives of most composite func- 
tions. Here is a typical situation. If f(x) = x° and g(x) = 5x + 4, then their composition 
is f(g(x)) = (5x + 4)°. One way to find the derivative is by expanding (5x + 4)° and 
differentiating the resulting polynomial. Unfortunately, this strategy becomes prohibitive 
for functions such as (5x + 4)!°. We need a better approach. 


Chain Rule Formulas 


An efficient method for differentiating composite functions, called the Chain Rule, is 
motivated by the following example. Suppose Yancey, Uri, and Xan pick apples. Let y, u, 
and x represent the number of apples picked in some period of time by Yancey, Uri, and 
Xan, respectively. Yancey picks apples three times faster than Uri, which means the rate 


d 
at which Yancey picks apples with respect to Uri is . = 3. Uri picks apples twice as fast 
u 
d 
as Xan, so = 2. Therefore, Yancey picks apples at a rate that is 3 +2 = 6 times greater 
x 


d 
than Xan’s rate, which means that A = 6 (Figure 3.45). Observe that 
x 


dy dy du 
— = —-— = 3:2 = 6. 
dx du dx 
_ dy dy du, ; 
The equation Ae = Jü . ke is one form of the Chain Rule. It is referred to as Version 1 of 
x u dx 


the Chain Rule in this text. 
Alternatively, the Chain Rule may be expressed in terms of composite functions. Let 
y = f(u) and u = g(x), which means y is related to x through the composite function 


d 
y = f(u) = f(e(x)). The derivative r is now expressed as the product 
x 


TEED] = Ug 


` du dy 
i E U 
— X 
du s 


Replacing u with g(x) results in 


d 


<LA(@(2))] = Fea) g): 


which we refer to as Version 2 of the Chain Rule. 


THEOREM 3.14 The Chain Rule 

Suppose y = f(u) is differentiable at u = g(x) and u = g(x) is differentiable 
at x. The composite function y = f(g(x)) is differentiable at x, and its derivative 
can be expressed in two equivalent ways: 


d dy du 
== 2 = Version 1 


dx du dx 


“Lele(x))] = f'e) g) Version 2 





» There may be several ways to choose an 
inner function u = g(x) and an outer 
function y = f(u). Nevertheless, we 
refer to the inner and the outer function 
for the most obvious choices. 





QUICK CHECK 2 Identify an inner 


function (call it g) of y = (Sx + 4). 


Let u = g(x) and express the outer 
function f in terms of u.< 


» When using trigonometric functions, 
expressions such as sin” (x) always 


mean (sin x)”, except when n = —1. In 


Example 1, sin? x = (sin x)’. 





QUICK CHECK 3 In Example la, we 
showed that 


< (5x + 4)°) = 15(5x + 47. 


Verify this result by expanding 
(5x + 4)? and differentiating. < 
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A proof of the Chain Rule is given at the end of this section. For now, it’s important 
to learn how to use it. With the composite function f(g(x)), we refer to g as the inner 
function and f as the outer function of the composition. The key to using the Chain Rule 
is identifying the inner and outer functions. The following four steps outline the dif- 
ferentiation process, although you will soon find that the procedure can be streamlined. 


PROCEDURE Using the Chain Rule 
Assume the differentiable function y = f(g(x) ) is given. 
1. Identify the outer function f and the inner function g, and let u = g(x). 


2. Replace g(x) by u to express y in terms of u: 


y = f(g(x)) =y = f(u). 


—o— 
u 


dy d 
3. Calculate the product sae Bae 
du dx 


i E T E 
e epilace u DY 8\x a OO ia 





EXAMPLE 1 Version 1 of the Chain Rule For each of the following composite 
functions, find the inner function u = g(x) and the outer function y = f(u). Use 


d 
Version 1 of the Chain Rule to find fe 
X 


a. y = (5x + 4) 
SOLUTION 


b. y = sin’x c. y = sinx’ 


a. The inner function of y = (5x + 4)? is u = 5x + 4, and the outer function is 
y = u’. By Version 1 of the Chain Rule, we have 


d dy d 
Z = eai Version 1 
dx du dx r 
= 3u 5 ge E ye 
du 


d 
u=5x+4>5—=5 
dx 


= 3(5x + 4} -5 
= 15(5x + 4)’. 


Replace u by 5x + 4. 


b. Replacing the shorthand form y = sin? x with y = (sin x)’, we identify the inner 


function as u = sin x. Letting y = u’, we have 


dy dy du > a) 
— = —+— = Ju“. cosx = 3 sin’ x cos x. 
dx du dx Samms pama 

3u’ 


c. Although y = sin x? appears to be similar to the function y = sin? x in part (b), the 
inner function in this case is u = x° and the outer function is y = sin u. Therefore, 
dy dy du 
— = —-+-— = (cos u)+3x* = 3x7 cos x’. 
dx du dx ( ) 
Related Exercises 7-18< 


d 
Version 2 of the Chain Rule, a | f(g(x))| = f'(g(x)) + g'(x), is equivalent to Version 1; 
X 


it just uses different derivative notation. With Version 2, we identify the outer function 
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Table 3.3 
x f'(x) 
1 5 

2 7 
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g(x) g'(x) 
2 3 
1 4 


d 
y = f(u) and the inner function u = g(x). Then 7 f(s) is the product of f’(u) 
x 


evaluated at u = g(x) and g'(x). 


EXAMPLE 2 Version 2 of the Chain Rule Use Version 2 of the Chain Rule to 
calculate the derivatives of the following functions. 


5t? 3 
a. (6x? + 3x + 1)! b. V5x° +1 c. (=) 


317 +2 
SOLUTION 


a. The inner function of (6x? + 3x + 1)'° is g(x) = 6x? + 3x + 1, and the outer 
function is f(u) = u'°. The derivative of the outer function is f’(u) = 10u”, which, 
when evaluated at g(x), is 10(6x° + 3x + 1)?. The derivative of the inner function is 
g'(x) = 18x? + 3. Multiplying the derivatives of the outer and inner functions, we have 


d 

—((6x° + 3x + 1)'°) = 10(6x° + 3x + 1)? (18x? + 3) 

dx ee eee 
f' (u) evaluated at g(x) g'(x) 


= 30(6x? + 1)(6x? + 3x + 1)?. Factor and simplify. 


b. The inner function of V 5x” + 1 is g(x) = 5x7 + 1, and the outer function is 


1 
f(u) = Vu. The derivatives of these functions are f’(u) = a and g'(x) = 10x. 
u 


Therefore, 


N TES) 1 aX 
—V/5x7 + 1 = ———_- lh = ———__ 
dx 2V 5x +L V. V5x7 +i 
— g (x) 
f' (u) evaluated 
at g(x) 
2 


3 


2 \3 
t 
c. The inner function of (=) is g(t) . The outer function is f(u) = u’, 


32 +2 

whose derivative is f’(u) = 3u7. The derivative of the inner function requires the 

Quotient Rule. Applying the Chain Rule, we have 

Al 51? ) 7 ( 51? ) (32° + 2)10r — 5t°(6t) 1500r 

dt \ 3t + 2 3 +2 (317 + 2)? (317 + 2)* 
—— amam 














f'(u) evaluated g' (t) by the Quotient Rule 
at g(t) 
Related Exercises 19—36< 


The Chain Rule is also used to calculate the derivative of a composite function 
for a specific value of the variable. If h(x) = f(g(x)) and a is a real number, then 
h'(a) = f'(g(a))g'(a), provided the necessary derivatives exist. Therefore, h'(a) is the 
derivative of f evaluated at g(a) multiplied by the derivative of g evaluated at a. 


EXAMPLE 3 Calculating derivatives at a point Let h(x) = f(g(x)). Use the values 
in Table 3.3 to calculate h'(1) and h’(2). 
SOLUTION We use h'(a) = f'(g(a))g'(a) witha = 1: 
MUSTE USF S 7-3 = 21. 
With a = 2, we have 


WZ) =F eZ ei) =7 (eZ) =o4 = 20. 
Related Exercises 37-38< 


» Before dismissing the function in 


Example 5 as merely a tool to teach 

the Chain Rule, consider the graph of a 
related function, y = sin (et? ©*) + 1 
(Figure 3.46). This periodic function has 
two peaks per cycle and could be used 

as a simple model of traffic flow (two 
rush hours followed by light traffic in 
the middle of the night), tides (high tide, 
medium tide, high tide, low tide, .. . ), or 
the presence of certain allergens in the air 
(peaks in the spring and fall). 


y= sin(e! gona) +1 





FIGURE 3.46 
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Chain Rule for Powers 

The Chain Rule leads to a general derivative rule that works for powers of differentiable 
functions. In fact, we have already used it in several examples. Consider the function 
f(x) = (g(x))”, where n is an integer. Letting f(u) = u” be the outer function and 
u = g(x) be the inner function, we obtain the Chain Rule for powers of functions. 


THEOREM 3.15 Chain Rule for Powers 
If g is differentiable for all x in its domain and n is an integer, then 


L [(e(x))"] = aeg). 





d 

EXAMPLE 4 Chain Rule for powers Find z tan x + 10)”. 
x 

SOLUTION With g(x) = tanx + 10, the Chain Rule gives 


d d 
— (t + 10) = 21 (t + 10) — (t + 10 
7 tanx ) (tan x ) gq tanx ) 
= 2] (tanx + 10)” sec? x. 
Related Exercises 39-42< 


The Composition of Three or More Functions 


We can differentiate the composition of three or more functions by applying the Chain 
Rule repeatedly, as shown in the following example. 


EXAMPLE 5 Composition of three functions Calculate the derivative of sin (e°**). 
SOLUTION The inner function of sin (e°°**) is e°°°*. Because e°°** is also a composition 
l , l . d . 
of two functions, the Chain Rule is used again to calculate Je (e° ~), where cos x is the 
X 


inner function: 


d d 
pa [sin (eo = Goa (eo rea Chain Rule 


outer inner 


d 
= cos (e° ~) e°. p (cosx) Chain Rule 
x 
——————————— 
d COS x 
a 
= cos (e° *) + e°°** (—sinx) Differentiate cos x. 
= —sinx -e**+cos (e°**). Simplify. 


Related Exercises 43—54< 


QUICK CHECK 


and v = h(x).< 


(4 Let y = tan!° (x°). Find f, g, and h such that y = f(u), where u = g(v) 
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EXAMPLE 6 Combining rules Find L Vx? +1). 
X 


SOLUTION The given function is the product of x? and Vx? + 1, and Vx? + lisa 
composite function. We apply the Product Rule and then the Chain Rule: 


d d d 
ae Vx 4 1) = — (x°). Vx +1 xte Vx? + 1) Product Rule 
X X 


dx 
2x Use Chain Rule 
1 
= xV x? + 1 + x7 - 2x Chain Rule 
2Vx? +1 
x? 
= 2xVx?7 + 1 + ——— Simplify. 
x7 +1 
3x? + 2x ee 
= Simplify. 


p Vx + 1 


Related Exercises 55-66< 


Proof of the Chain Rule 


Suppose f is differentiable at u = g(a), g is differentiable at a, and h(x) = f(g(x)). By 


the definition of the derivative of h, 


wa) = tim POO _ im Ala) = Alea) 


x—a x—a x—a Xx —a@ 








We assume that g(a) # g(x) for values of x near a but not equal to a. This assumption 
holds for most, but not all, functions encountered in this text. For a proof of the Chain 


Rule without this assumption, see Exercise 101. 
ee g(x) — g(a) 

We multiply the right side of equation (1) by —————_—— 
g(x) — g(a) 


v = g(x) andu = g(a). The result is 
f(g(x)) — F(gla)) g(x) — gla) 


a a(t) ela) Ta 
= jit I — OO 


By assumption, g is differentiable at a; therefore, it is continuous at a. This means that 


lim g(x) = g(a), so v —> u as x — a. Consequently, 
xa 


fv) — fl)... a(x) — g(a) 


Me yaa ee ena Ba) 
ee Aa 
f'(u) g(a) 


Because f and g are differentiable at u and a, respectively, the two limits in this expres- 


sion exist; therefore h'(a) exists. Noting that u = g(a), we have h'(a) = f'(g(a))g'( 
Replacing a with the variable x gives the Chain Rule: h'(x) = f’(g(x))g'(x). 


, which equals 1, and let 


SECTION 3.6 EXERCISES 


Review Questions 


1. 


Two equivalent forms of the Chain Rule for calculating the 
derivative of y = f(g(x)) are presented in this section. State 
both forms. 


Let h(x) = f(g(x)), where f and g are differentiable on their 
domains. If g(1) = 3 and g’(1) = 5, what else do you need to 
know to calculate h’(1)? 


Fill in the blanks. The derivative of f(g(x)) equals f’ evaluated 
at multiplied by g’ evaluated at 


Identify the inner and outer functions in the composition 


cosí X. 


Identify the inner and outer functions in the composition 
(x? + 10)”. 


Express Q(x) = cos* (x? + 1) as the composition 
of three functions; that is, identify f, g, and h so that 


Q(x) = f(g(h(x))). 


Basic Skills 


7-18. Version 1 of the Chain Rule Use Version 1 of the Chain Rule to 


dy 
calculate —. 
X 


7. 


10. 
13. 
16. 


y = et 8. y= (5x? + 11x)? 9. y= sinx 

y = cos x” lk yoo 12. y= Vix-1 
y= Vx? +1 14 y=“ 15. y= tan 5x? 
y= iae 17. y = sec e” 18. y=e* 


4 


19-34. Version 2 of the Chain Rule Use Version 2 of the Chain 
Rule to calculate the derivatives of the following composite 


functions. 

19. y = (3x7 + 7x)! 20. y = (x? + 2x + 7)° 

21. y = Vi0x + I 22. y= Vx? +9 

23. y= 5(7x° + 1)” 24. y = cos (5t + 1) 

25. y = sec (3x + 1) 26. y = csc e” 

27. y = tan e” 28. =e 

29. y = sin (4x? + 3x + 1) 30. y = csc (t° + t) 

31. y = sin (2V*x) 32. y = cost0 + sinf60 

33. y = (secx + tan x)’ 34. y = sin (4 cos z) 

35-36. Similar-looking composite functions Two composite functions 


are given that look similar, but in fact are quite different. Identify the 
inner function u = g(x) and the outer function y = f(u); then 


evaluate using the Chain Rule. 
x 


55: 


We 


3 


a. y = cos x 
b. y = cos x? 
a. y= 
b y =e) 
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37. Chain Rule using a table Let h(x) = f(g(x)) and 
p(x) = g(f(x)). Use the table to compute the following 


derivatives. 

a. h'(3) b. h'(2) c. p'(4) 

d. p'(2) e. h'(5) 
x 1 2 3 4 5 
f(x) 0 3 5 1 0 
f'(x) 5 2 =5 —8 —10 
g(x) 4 5 1 3 2 
g'(x) 2 10 20 15 20 


38. Chain Rule using a table Let A(x) = f(g(x) ) and 
k(x) = g(g(x)). Use the table to compute the following 


derivatives. 

a. h'(1) b. h'(2) © h'(3) d. k'(3) 

e. k'(1) f. k'(5) 
X 1 2 3 4 5 
f@) -6 = 8 I 2 
g(x) 4 1 5 2 3 
g'(x) 9 7 5 =l =) 


39-42. Chain Rule for powers Use the Chain Rule to find the deriva- 
tive of the following functions. 


39. y = (2x° — 3x? + 3)” 
41. y = (1 + 2tanx) 


40. y = (cosx + 2sinx)° 
42. y= (1 — e) 


43-54. Repeated use of the Chain Rule Calculate the derivative of 
the following functions. 








43. V1 + cot? x 44. V (3x — 4)? + 3x 
45. sin (sin (e*)) 46. sin (e***') 

47. sin? (cos 3x) 48. cost (7x°) 

49. tan (eV) 50. (1 — @ 0.) 


51. Vx + Vx 52. x+ Vx+ Vx 


53. f(g(x*)), where f and g are differentiable for all real numbers 


54. [f(g(x'")) |", where f and g are differentiable for all real numbers, 
and m and n are integers 


55—66. Combining rules Use the Chain Rule combined with other dif- 
ferentiation rules to find the derivative of the following functions. 


5 x 8 
X e 
ss. y= (Z) 6. y= (=) 


57. y = e* *! sinx’? 58. y = tan (x e”) 


Ta 
4x +2 


e*(2x — 7) 








59. y 


0° sec 50 60. y = 





61. y = ((x + 2)(x? + 1))* 62. y 
_ 7 fe 
63. y = Vx" + cos 2x 64. y= 


65. y = (p + 7)’ sinp’ 66. 





H75. 


i 76. 
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Further Explorations 
67. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 
a. The function x sin x can be differentiated without using the 
Chain Rule. 
b. The function (x? + 10) '* should be differentiated using the 
Chain Rule. 
c. The derivative of a product is not the product of the deriva- 
tives, but the derivative of a composition is a product of 
derivatives. 


d. “P(Q(x)) = P'(x)O"(x) 


å 
68-71. Second derivatives Find = for the following functions. 
x 


68. y = xcosx’ 69. y = sinx 


70. y= Vx? +2 71. y= i 


72. Derivatives by different methods 


d 
a. Calculate hk (x? + x) using the Chain Rule. Simplify your 
x 


answer. 
b. Expand (x? + x)’ first and then calculate the derivative. Ver- 
ify that your answer agrees with part (a). 


73-74. Square root derivatives Find the derivative of the following 
functions. 
73. y = Vf(x), where f is differentiable at x and nonnegative 


74. y = Vf(x)g(x), where f and g are differentiable at x and 
nonnegative 


Tangent lines Determine an equation of the line tangent to the 

Cats 
x? — 6x — 
and the tangent line. 





graph of y = 7 at the point (3, 8). Graph the function 


Tangent lines Determine equations of the lines tangent to the 
graph of y = xV 5 — x? at the points (1,2) and (—2, —2). Graph 
the function and the tangent lines. 


77. Tangent lines Assume f and g are differentiable on their domains 
with A(x) = f(e(x)). Suppose the equation of the line tangent to 
the graph of g at the point (4, 7) is y = 3x — 5 and the equation 
of the line tangent to the graph of f at (7,9) is y = —2x + 23. 

a. Calculate h(4) and h’(4). 
b. Determine an equation of the line tangent to the graph of h at 
the point on the graph where x = 4. 


78. Tangent lines Assume f is a differentiable function whose graph 
passes through the point (1, 4). Suppose g(x) = f(x”) and the 
line tangent to the graph of f at (1,4) is y = 3x + 1. Determine 
each of the following. 

a. g(1) b. g'(x) oe. (1) 
d. An equation of the line tangent to the graph of g when 
x=1 


2x 


79. Tangent lines Find the equation of the line tangent to y = e^ at 


x= lIn 3. Graph the function and the tangent line. 


80. Composition containing sin x Suppose f is differentiable on 
[—2, 2] with f'(0) = 3 and f'(1) = 5. Let g(x) = f(sin x). 
Evaluate the following expressions. 


nC) 


81. Composition containing sin x Suppose f is differentiable for 
all real numbers with f(0) = —3, f(1) = 3, f’(0) = 3, and 
f'(1) = 5. Let g(x) = sin (wf(x)). Evaluate the following 
expressions. 


a. g'(0) 


a. g/(0) c. g'(7) 


b. g'(1) 


Applications 

82-84. Vibrations of a spring Suppose an object of mass m is at- 
tached to the end of a spring hanging from the ceiling. The mass is at 
its equilibrium position y = 0 when the mass hangs at rest. Suppose 
you push the mass to a position yo units above its equilibrium position 
and release it. As the mass oscillates up and down (neglecting any fric- 
tion in the system), the position y of the mass after t seconds is 


k 
y = yo COS (JE) (2) 


where k > O is a constant measuring the stiffness of the spring (the 
larger the value of k, the stiffer the spring) and y is positive in the 
upward direction. 


82. Use equation (2) to answer the following questions. 


d 
a. Find e the velocity of the mass. Assume k and m are 


constant. 

b. How would the velocity be affected if the experiment were 
repeated with four times the mass on the end of the spring? 

c. How would the velocity be affected if the experiment were 
repeated with a spring having four times the stiffness (k is 
increased by a factor of 4)? 

d. Assume that y has units of meters, t has units of seconds, m 
has units of kg, and k has units of kg/ s?. Show that the units of 
the velocity in part (a) are consistent. 


83. Use equation (2) to answer the following questions. 
2 
a. Find the second derivative Ae 
t 
dy k 
b. Verify that —> = ——y. 
dt m 
84. Use equation (2) to answer the following questions. 


a. The period T is the time required by the mass to complete one 


oscillation, Show that T = 2m, 7 
! dT 
b. Assume k is constant and calculate ce 
m 


dT 
c. Give a physical explanation of why a is positive. 
m 


85. 


86. 


H 87. 


88. 


A damped oscillator The displacement of a mass on a spring 
t 
suspended from the ceiling is given by y = 10e ™? cos (=) 


a. Graph the displacement function. 

b. Compute and graph the velocity of the mass, v(t) = y’(f). 

c. Verify that the velocity is zero when the mass reaches the high 
and low points of its oscillation. 


Oscillator equation A mechanical oscillator (such as a mass on 
a spring or a pendulum) subject to frictional forces satisfies the 
equation (called a differential equation) 


y"(t) + 2y'(t) + Sy(t) = 0, 


where y is the displacement of the oscillator from its equi- 
librium position. Verify by substitution that the function 
y(t) = e” (sin 2t — 2 cos 2t) satisfies this equation. 


Hours of daylight The number of hours of daylight at any point 
on Earth fluctuates throughout the year. In the northern hemi- 
sphere, the shortest day is on the winter solstice and the longest 
day is on the summer solstice. At 40° north latitude, the length of 
a day is approximated by 


a(t + o 


D(t) = 12-3 
(t) cos | 365 


where D is measured in hours and 0 < t S 365 is measured in 
days, with £ = 0 corresponding to January 1. 


a. Approximately how much daylight is there on March 1 
(t = 59)? 

b. Find the rate at which the daylight function changes. 

c. Find the rate at which the daylight function changes on March 1. 
Convert your answer to units of min/day and explain what this 
result means. 

d. Graph the function y = D’(t) using a graphing utility. 

e. At what times of year is the length of day changing most rap- 
idly? Least rapidly? 


A mixing tank A 500-liter (L) tank is filled with pure water. At 
time t = O, a salt solution begins flowing into the tank at a rate of 
5 L/min. At the same time, the (fully mixed) solution flows out 
of the tank at a rate of 5.5 L/min. The mass of salt in grams in the 
tank at any time t = 0 is given by 


M(t) = 250(1000 — t)[1 — 10 *°(1000 — +)'°| 


and the volume of solution in the tank (in liters) is given by 

V(t) = 500 — 0.5t. 

a. Graph the mass function and verify that M(0) = 0. 

b. Graph the volume function and verify that the tank is empty 
when t = 1000 min. 

c. The concentration of the salt solution in the tank (in g/L) is 
given by C(t) = M(t)/ V(t). Graph the concentration function 
and comment on its properties. Specifically, what are C(0) and 


lim C(t)? 
11000 
d. Find the rate of change of the mass M’(t), for O = t = 1000. 


e. Find the rate of change of the concentration C’(t), for 
0 = ¢t = 1000. 

f. For what times is the concentration of the solution increasing? 
Decreasing? 


89. 
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Power and energy The total energy in megawatt-hr (MWh) used 
by a town is given by 


2400 Í 
E(t) = 400t + ——sin (=), 
T 12 
where ¢ = 0 is measured in hours, with t = O corresponding 
to noon. 


a. Find the power, or rate of energy consumption, P(t) = E’ (t) 
in units of megawatts (MW). 

b. At what time of day is the rate of energy consumption a maxi- 
mum? What is the power at that time of day? 

c. At what time of day is the rate of energy consumption a mini- 
mum? What is the power at that time of day? 

d. Sketch a graph of the power function reflecting the times at 
which energy use is a minimum or maximum. 


Additional Exercises 


90. 


91. 


92. 


93. 


94. 


Deriving trigonometric identities 


a. Recall that cos 2t = cos?t — sin? t. Use differentiation to find 
a trigonometric identity for sin 2t. 

b. Verify that you obtain the same identity for sin 2t as in part (a) 
if you use the identity cos 2t = 2 cos? t — 1. 

c. Verify that you obtain the same identity for sin 2t as in part (a) 
if you use the identity cos 2t = 1 — 2 sin? t. 


Proof of cos*x + sin*x = 1 Let f(x) = cos?x + sin’ x. 


a. Use the Chain Rule to show that f’(x) = 0. 

b. Assume that if f’ = 0, then f is a constant function. 
Calculate f(0) and use it with part (a) to explain why 
cos’x + sin?x = 1. 


d 
Using the Chain Rule to prove that P (e) = ke” 
x 


a. Identify the inner function g and the outer function f for the 
composition f(g(x)) = e*, where k is a real number. 


d 
b. Use the Chain Rule to show that x (e*) = ke™ 
X 


Deriving the Quotient Rule using the Product Rule and Chain 
Rule Suppose you forgot the Quotient Rule for calculating 


d x 
hk 2] Use the Chain Rule and Product Rule with the identity 
x 


g(x) 
Ja) 


ae = f(x)(g(x))! to derive the Quotient Rule. 


The Chain Rule for second derivatives 
2 
a. Derive a formula for the second derivative, P [Aelx))]. 
x 


b. Use the formula in part (a) to calculate 
2 


d 
7 (3x4 + 5x? + 2)). 
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95-98. Calculating limits The following limits are the derivatives of a 
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composite function h at a point a. 


a. Find a composite function h and the value of a. 








101. A general proof of the Chain Rule Let f and g be differen- 


tiable functions with h(x) = f(g(x)). For a given constant a, let 
u = g(a) andv = g(x), and define 








b. Use the Chain Rule to find each limit. Verify your answer fv) — flu) l 
pea Icul = J) —— -f (u) ifv Au 
g a calculator. H(v) = T 
= (x? -3-1 0 ifv = u. 
ee ee a. Show that lim H(v) = 0. 
b. For any value of u show that 
V4 + sinx — 2 i 
96. lim = flv) = fu) = (A) + fw) = u). 
ie 4 c. Show that 
in (7/2 + h}? — sin (m?/4 | g(x) — g(a) 
97, lim SPZ SAY Sata) h'(a) = tim | [H(g(x)) + #"(g(@)) |= — | 
d. Show that h'(a) = f'(g(a))g'(a). 
l l 
epr ani 10 
98. lim aito tn a ANSWERS 
h—0 





1. The expansion of (5x + 4)! contains 101 terms. It would 


take too much time to calculate both the expansion and the 
derivative. 2. The inner function is u = 5x + 4, and the 
outer function is y = u’. 3. f(u) = u'°;u = g(v) = tan v; 
v = h(x) =x .< 


99. Limit of a difference quotient Assuming that f is differentiable 
f(x’) = f(25) 


for all x, simplify lim 
x5 gD 


100. Derivatives of even and odd functions Recall that f is even 
if f(—x) = f(x), for all x in the domain of f, and f is odd if 
f(—x) = —f(x), for all x in the domain of f. 
a. If f is a differentiable, even function on its domain, determine 
whether f’ is even, odd, or neither. 
b. If f is a differentiable, odd function on its domain, determine 
whether f’ is even, odd, or neither. 


3./ Implicit Differentiation 


This chapter has been devoted to calculating derivatives of functions of the form y = f(x), 
where y is defined explicitly as a function of x. However, relationships between variables 
are often expressed implicitly. For example, the equation of the unit circle x7 + y? = 1, 
when written x^ + y% — 1 = 0, has the implicit form F(x, y) = 0. This equation does not 


represent a single function because its graph fails the vertical line test (Figure 3.47a). If, 
however, the equation x? + y* = 1 is solved for y, then two functions, y = —V1 — x? 


and y = V1 — x’, emerge (Figure 3.47b). Having identified two explicit functions that 
form the circle, their derivatives are found using the Chain Rule. 


d 
Ify = V1 — x2, then > Ss (1) 
X 


d 
Ify =—-V1 — x2, then => —— (2) 
X 


1 — x? 


We use equation (1) to find the slope of the curve at any point on the upper half of the 
unit circle and equation (2) to find the slope of the curve at any point on the lower half of 
the circle. 
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x? + y? = | fails Each semicircle passes 
the vertical line test. the vertical line test. 





FIGURE 3.47 (a) (b) 


1ECK 1 The equation x — y? = 0 implicitly defines what two functions? < 





While it is straightforward to solve some 
implicit equations for y (such as x? + y? = 1 or 
x — y% = 0), it is difficult or impossible to solve 
other equations for y. For example, the graph of 
x + y? — xy = 1 (Figure 3.48a) represents three 
functions: the upper half of a parabola y = fi(x), 
the lower half of a parabola y = f(x), and the 
horizontal line y = f(x) (Figure 3.48b). Solving 
for y to obtain these three functions is challeng- 
ing (Exercise 59), and even after solving for y, 


4 Graph of 
xty-xe=l.. 





... represents 3 functions. derivatives for each of the three functions must 
(a) (b) be calculated separately. The goal of this section 
FIGURE 3.48 is to find a single expression for the derivative 


directly from an equation F(x,y) = 0 with- 
out first solving for y. This technique, called implicit differentiation, is demonstrated 
through examples. 


EXAMPLE 1 Implicit differentiation 


d 
a. Calculate directly from the equation for the unit circle x? + y? = 1. 
x 


1 3 
b. Find the slope of the unit circle at (3 x3) and (; == | 


SOLUTION 


a. To indicate the choice of x as the independent variable, it is helpful to replace the vari- 
able y with y(x): 


x? + (y(x))* = 1. Replace y by y(x). 
We now take the derivative of each term in the equation with respect to x: 
dg d 5 d 
a T = — (1). 
Ta?) + E00)? = 2) 


—— eee eee ae——CT NM" 


2x Use the Chain Rule 0 
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FIGURE 3.49 


x + y = ] has 
two tangent lines 


— 1 
atx=5 


Slope = — 





d d d 
By the Chain Rule, p (y(x))* = 2y(x)y' (x), or iz (y*) = 2y > Using this result, 
we have 
d 
2X F a = 0. 
dx 


d 
The last step is to solve for oa 
x 


2y aa —2x Subtract 2x from both sides. 
x 
— = ——, Divide by 2y and simplify. 
dx y 
This result holds provided y # 0. At the points (1,0) and (—1, 0), the circle has 
vertical tangent lines. 


d 
b. Notice that the derivative A = depends on both x and y. Therefore, to find the 
X 


1 V3 
slope of the circle at (3 3) we substitute both x = 1/2 and y = V3 / 2 into the 


derivative formula. The result is 








dy 172 1 
aF) V V3 
The slope of the curve at (G -*3) 1S 
dy 172 1 
alg) V V 
The curve and tangent lines are shown in Figure 3.49. Related Exercises 5-12< 


Example 1 illustrates the technique of implicit differentiation. It is done without solving 
d 
for y, and it produces - in terms of both x and y. The derivative obtained in Example 1 is 
x 
consistent with the derivatives calculated explicitly in equations (1) and (2). For the upper 


d X 
half of the circle, substituting y = V 1 — x7 into the implicit derivative . = E gives 
x 


a= i 
dx y 1 — x? 
which agrees with equation (1). For the lower half of the circle, substituting y = —V1 — x? 
mi dy x, 
into —- = —~ gives 
dx y Š 
dy X xX 


de y V1 — x? 
which is consistent with equation (2). Therefore, implicit differentiation gives a single 
x 


Sa dy 
unified derivative — = —-. 
dx y 


» Because y is a function of x, we have 


To differentiate y? with respect to x, we 
need the Chain Rule. 





FIGURE 3.50 
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EXAMPLE 2 Implicit differentiation Find y'(x) when sin xy = x? + y. 


SOLUTION [tis impossible to solve this equation for y in terms of x, so we differentiate 
implicitly. Differentiating both sides of the equation with respect to x, using the Chain 
Rule and the Product Rule on the left side, gives 


cos xy(y + xy’) = 2x + y’. 
We now solve for y’: 


xy'cos xy — y’ = 2x — ycosxy Rearrange terms. 


y'(xcos xy — 1) = 2x — ycosxy Factor on left side. 
2x — y COs 

= a Solve for y’. 
xcos xy — 1 


1 


Notice that the final result gives y’ in terms of both x and y. Related Exercises 13—24< 


d 
CHECK 2 Use implicit differentiation to find - for x — y? =3.< 
x 





Slopes of Tangent Lines 


Derivatives obtained by implicit differentiation typically depend on x and y. Therefore, 
the slope of a curve at a particular point (x, y) requires both the x- and y-coordinates 
of the point. These coordinates are also needed to find an equation of the tangent line 


at that point. 


UICK CHECK 3 If a function is defined explicitly in the form y = f(x), which coordi- 
nates are needed to find the slope of a tangent line—the x-coordinate, the y-coordinate, 
or both? <«< 





EXAMPLE 3 Finding tangent lines with implicit functions Find an equation of the 
line tangent to the curve x° + xy — y? = 7 at (3, 2). 


SOLUTION We calculate the derivative with respect to x of each term of the equation 
x7 + xy y ST: 
d 


zen T 


Differentiate each term. 


d 
gos Lo Te La ) 
2x + y + xy’ — 3y*y’ = 0 Calculate the derivatives. 


——— 
Product Rule Chain Rule 
3y? y — xy’ = 2x +y Group the terms containing y’. 
2h y 
y =-=; ~. Factor and solve for y’. 
ay 
To find the slope of the tangent line at (3, 2), we substitute x = 3 and y = 2 into the 


derivative formula: 


8 


dy 
dx 


= 2xtry 
(3,2) 3y 








=A (3,2) 9 
An equation of the line passing through (3, 2) with slope 5 1S 


Ta g 2 
T(x 7 or = —.xX.> 7.4 
9 y 9% 3 


Figure 3.50 shows the graphs of the curve x* + xy — y? = 7 and the tangent line. 
Related Exercises 25—30< 


y-2= 
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Higher-Order Derivatives of Implicit Functions 





dq” 
In previous sections of this chapter, we found higher-order derivatives 7 4 by first calculating 
d d? dq" 1 X 
- — ..., and PrE The same approach is used with implicit differentiation. 
dx dx dx” 


d? 
EXAMPLE 4 A second derivative Find m x +y l. 
x 


d x 
SOLUTION The first derivative a = E was computed in Example 1. 
X 


We now calculate the derivative of each side of this equation and solve for the sec- 
ond derivative: 


d ( dy ay x — 
—{ — | = — | —— Take derivatives with respect to x. 
dx \ dx dx\ Y 
1 2 
° = y= 
d’y á dx 
—z = Quotient Rule 
dx y 
=e 
á dy 
a= an Substitute for —. 
y dx 
awe Oo 
|. Simplify. 
y 
1 
eae x? +y =l Related Exercises 31-36< 
J 


The Power Rule for Rational Exponents 


d 
The Extended Power Rule states that me? = nx"! if n is an integer. Using implicit 
X 


differentiation this rule can be extended to rational values of n such as £ or —2, Assume p 
and q are integers with q # O and let y = x?/7, where x = 0 when q is even. By raising 
each side of y = x?/4 to the power q, we obtain y1 = x”. Assuming that y is a differentia- 
ble function of x on its domain, both sides of y? = x? are differentiated with respect to x: 


We divide both sides by gy’! and simplify: 


dy p x! p x 
7 q (Pejam 





Substitute x?’ for y. 
dx 


Multiply exponents in the denominator. 


Ta Simplify by combining exponents. 


a |S Lad A| 
Se 
` 
as) 
TS 
Q 


d 
If we let n = A then me? = nx"~'. So the Power Rule for rational exponents is the 
X 


same as the Power Rule for integer exponents. 


> The assumption that y = x?/4 is 
differentiable on its domain is proved 
in Section 3.8, where the Power Rule is 
proved for all real powers; that is, we 


d 
prove that on (x") = nx"~' holds for any 
x 


real number n. 


> The derivative of Vx (Example 5a) was 
determined using the limit definition of 
the derivative in Section 3.1. 


Slope of curve 
at (4, 4) = $. 





FIGURE 3.51 
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THEOREM 3.16 Power Rule for Rational Exponents 
Assume p and q are integers with q # 0. Then 


d 


a play = Ëp 
a ) q” ? 


provided x > 0 when q is even. 





d 
EXAMPLE 5 Rational exponent Calculate os for the following functions. 
x 


a. y = Vx b. y = (xf + 3x)” 
SOLUTION 
dy d 1/2 o l 1/2 _ 1 

a )= 5% E 

b. We apply the Chain Rule, where the outer function is u?’ and the inner function is x° + 3x: 
d d 2 
= £ (x5 + 3x)/3) = (x6 + 3x)! (6x5 + 3) 
ax ax 3 í 


derivative of 


derivative of . ; 
inner function 


outer function 
2(2x° + 1) 
(x + 3x)! i 


Related Exercises 37-44< 


EXAMPLE 6 Implicit differentiation with rational exponents Find the slope of the 
curve 2(x + y)! = y at the point (4, 4). 


SOLUTION We begin by differentiating both sides of the given equation: 


2 P r 23 ( { 4 dy _ dy Implicit differentiation, 
3 dx dx Chain Rule, Theorem 3.16 
2 2 d 
3 + y)? = e 3 + y)” Expand and collect like terms. 
x 
2 dy 2 dy 
Sh, Asay 2 a fe de 28 ac 
3 (x + y) x (1 3 ( y) Factor out 


We now solve for dy/dx: 


2 
g(x t yy? 


d 

a o . ae T 

dx -2/3 i 
1-7 + y) 

dy 2 


= = ———____—____ Multiply by 3(x + y)?/3 and simplify. 


Note that the point (4, 4) does lie on the curve (Figure 3.51). The slope of the curve at 


d 
(4, 4) is found by substituting x = 4 and y = 4 into the formula for os 
x 


dy 2 l 


dx | (4, 4) 7 3(8)7/7 — “s Related Exercises 45—50< 
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SECTION 3.7 EXERCISES 
Review Questions 
1. For some equations, such as x? + y? = lorx — y? = 0, itis 


2 
27. siny + 5x = yf; (Zr) 28. x? + y? = 2xy; (1,1) 


5 


d 
possible to solve for y and then calculate Even in these cases, 
x 


explain why implicit differentiation is usually a more efficient 
method for calculating the derivative. 


2. Explain the differences between computing the derivatives of 
functions that are defined implicitly and explicitly. 


3. Why are both the x-coordinate and the y-coordinate generally 
needed to find the slope of the tangent line at a point for an 
implicitly defined function? 


4. In this section, for what values of n did we prove that 


d 
ie) =e? 


dx 


Basic Skills 
5-12. Implicit differentiation Carry out the following steps. 


d 
a. Use implicit differentiation to find 7 
X 


b. Find the slope of the curve at the given point. 

5. xÍ + yf = 2; (1,—1) 6. x =e; (2,In2) 

1. y =4e (12) 8. y? + 3x = 2; (1, V5) 
9, siny = 5x* — 5; (1,77) 10. Vx — 2Vy = 0; (4,1) 
11. cosy = x; (o, z) 12. tanxy = x + y; (0,0) 


d 
13-24. Implicit differentiation Use implicit differentiation to find 7 
X 

















13. sinxy =x + y 14. e” = 2y 
15. x + y = cosy 16. x + 2y = Vy ; 
17. cosy? +x = e 18. y = xtl 31-36. Second derivatives Find pro 
y-1 be 

T 3 2 2 Di. ae 

19. x = 20. (xy +1) =x-y +8 31. x+y =1 32. 2x2 + y2=4 
xX —y 

3 3 . , 33. x + y = siny 34. xÍ + y = 64 

21. 6x° + Ty? = 13xy 22. sinxcos y = sinx + cos y ; ; 
35. e? +x= 36. sinx + x“y = 10 
23. Vxi+ y? = 5x + 2y? 24. Vx + y? = siny í á 
d 
25-30. Tangent lines Carry out the following steps. 37—44. Derivatives of functions with rational exponents Find 
bs 
a. Verify that the given point lies on the curve. or 3/5 
b. Determine an equation of the line tangent to the curve at the 37. y=x 38. y = Vx? -xrl 
ST 39. y = (5x + 1) 40. y = eV 
_ 4. 4 _ 12 4 4. (_ 
25. x? + xy +y? = 7; (2,1) 26. x* —x*y + yf =1; (1,1) d 2x mr 
41. y= 42. y = x(x + 1)" 


dy =-3 


X 
43. y= y (1 + 1/3)? 44. a a 


45-50. Implicit differentiation with rational exponents Determine 
the slope of the following curves at the given point. 


45. Wx + Wy4=2; (1,1) 46. x73 +y = 2; (1,1) 
47, xy" + y = 10; (1,8) 48. (x + y)? = y; (4,4) 
49. xy + gy = 2; (1,1) 50. xy”? -- wy = 12; (4,1) 
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Further Explorations 56. Vertical tangent lines 

51. Explain why or why not Determine whether the following state- a. Determine the points at which the curve x + y? — y = 1 
ments are true and give an explanation or counterexample. has a vertical tangent line (see Exercise 52). 
a. For any equation containing the variables x and y, the deriva- b. Does the curve have any horizontal tangent lines? Explain. 


tive dy/dx can be found by first using algebra to rewrite the 


7. ical li 
equation in the form y = f(x). 57. Vertical tangent lines 


i : 2 — 
b. For the equation of a circle of radius r, x? + y? = r°, we have a. Determine the points where the curve x + yf — y = | hasa 
dy x vertical tangent line (see Exercise 53). 
A E. for y # 0 and any real number r > 0. b. Does the curve have any horizontal tangent lines? Explain. 
c. If x = 1, then by implicit differentiation, 1 = 0. 58-62. Identifying functions from an equation The following equa- 
d. If xy = 1, then y’ = 1/x. tions implicitly define one or more functions. 


a ° ° s d 
52-54. Multiple tangent lines Complete the following steps. a. Find E ine tuples derenin: 
x 


a. Find equations of all lines tangent to the curve at the given value 
of x. b. Solve the given equation for y to identify the implicitly defined 
b. Graph the tangent lines on the given graph. functions y = fi(x), y = f(x), ...- 
c. Use the functions found in part (b) to graph the given equation. 
52. xty-y=lx=1 53. xt+y-y=1x=1 ‘ r l a 
58. y° = ax“ (Neile’s semicubical parabola) 


59. x + y? — xy = 1 (Aint: Rewrite as y? — 1 = xy — x and then 
factor both sides.) 
x*(4—x 


60. y” = ana (right strophoid) 


61. x = 2(x* — y?) (eight curve) 
62. y*(x + 2) = x*(6 — x) (trisectrix) 





63-68. Normal lines A nor- 
mal line on a curve passes 
through a point P on the 
curve perpendicular to the 
line tangent to the curve at 
P (see figure). Use the fol- 
lowing equations and graphs 
to determine an equation of 
the normal line at the given 
point. Illustrate your work by O 
graphing the curve with the 
normal line. 


54. 4x? = y4- x); x =2 
(cissoid of Diocles) 





55. Witch of Agnesi Let y(x” + 4) = 8 (see figure). 63. Exercise 25 64. Exercise 26 65. Exercise 27 
d 
a. Use implicit differentiation to find 66. Exercise 28 67. Exercise 29 68. Exercise 30 
X 


b. Find equations of all lines tangent to the curve y(x? + 4) = 8 H 69-72. Visualizing tangent and normal lines 
when y = 1. 


a. Determine an equation of the tangent line and normal line at the 
c. Solve the equation y(x* + 4) = 8 for y to find an explicit 


given point (xo, Yo) on the following curves. (See instructions for 
Exercises 63-68. ) 


d 
expression for y and then calculate a 
dx b. Graph the tangent and normal lines on the given graph. 


d. Verify that the results of parts (a) and (c) are consistent. 
69. 3x? + 7y? = 10y; y 


(Xo, Yo) = (1 1) Z 
(1, 1) 
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70. xt = 2x? + 2y 
(xo, Yo) = VA 2) 
(kampyle of Eudoxus) 
71. (x? + y? — 2x)? = 2(x? + y?); 
(o: yo) = (2, 2) 
(limaçon of Pascal) 
25 
72. (x2 + y?)? = 3 =y); 
(xo Yo) = (2,—1) 
(lemniscate of Bernoulli) 
Applications 
73. Cobb-Douglas production function The output of an economic 
system Q, subject to two inputs, such as labor L and capital K, 
is often modeled by the Cobb-Douglas production function 
Q = cL‘K”’. Whena + b = 1, the case is called constant returns 
1 2 
to scale. Suppose Q = 1280, a = 3° b= 3° andc = 40. 
a. Find the rate of change of capital with respect to labor, 
dK /dL. 
b. Evaluate the derivative in part (a) with L = 8 and 
K = 64. 
74. Surface area of a cone The lateral surface area of a cone of 
radius r and height h (the surface area excluding the base) is 
= grVr? + k’. 
a. Find dr/dh for a cone with a lateral surface area of 
A = 15007. 
b. Evaluate this derivative when r = 30 andh = 40. 
75. Volume of a spherical cap Imagine slicing through a sphere with 


a plane (sheet of paper). The smaller piece produced is called a 
spherical cap. Its volume is V = wh?(3r—h)/3, where r is the 
radius of the sphere and A is the thickness of the cap. 


a. Find dr/dh for a sphere with a volume of 577 /3. 
b. Evaluate this derivative when r = 2 and A = 1. 








76. Volume of a torus The volume of a torus (doughnut or 
bagel) with an inner radius of a and an outer radius of b is 
V = 7*(b + a)(b-a)*/4. 
a. Find db/da for a torus with a volume of 647°. 
b. Evaluate this derivative when a = 6 and b = 10. 


Additional Exercises 
77-79. Orthogonal trajectories Two curves are orthogonal to each 
other if their tangent lines are perpendicular at each point of inter- 
section (recall that two lines are perpendicular to each other if their 
slopes are negative reciprocals). A family of curves forms orthogo- 
nal trajectories with another family of curves if each curve in one 
family is orthogonal to each curve in the other family. For example, 
the parabolas y = cx? form orthogonal trajectories with the family 
of ellipses x? + 2y? = k, where c and k are constants (see figure). 
Use implicit differentiation if needed to find dy /dx for each 
equation of the following pairs. Use the derivatives to explain why the 
families of curves form orthogonal trajectories. 





* = q*, where m and a are constants 


77. y = mx, x + y 
78. y= cx’; x7 + 2y? = k, where c and k are constants 
79. xy = a; y= y = b, where a and b are constants 
80. Finding slope Find the slope of the curve 5Vx — 10 Vy = sinx 
at the point (4 m, 7r). 

o a na OD 

81. A challenging derivative Find a where 
x 


(x? + y*)(x? + y? + x) = Bxy”. 


d 
82. A challenging derivative Find where 
x 


V 3x! + y? = sin? y + 100xy. 


d? 
83. A challenging second derivative Find ae where Vy + xy = 1. 
x 





dy 


1l. y= Vxandy =—-Vx 2. 
dx 


1 
= — 3. Only the 
2y 


x-coordinate is needed. < 
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Derivatives of Logarithmic 
3.8 and Exponential Functions 


We return now to the major theme of this chapter: developing rules of differentiation for 
the standard families of functions. First, we discover how to differentiate the natural loga- 
rithmic function. From there, we treat general exponential and logarithmic functions. 


The Derivative of y = Inx 


Recall from Section 1.3 that the natural exponential function f(x) = e* is a one-to-one 
function on the interval (—, œ ). Therefore, it has an inverse, which is the natural loga- 
rithmic function f~'(x) = In x. The domain of f~! is the range of f, which is (0, ©). The 
graphs of f and f7! are symmetric about the line y = x (Figure 3.52). This inverse rela- 
tionship has several important consequences, summarized as follows. 


Inverse Properties for e* and In x 


1. e™* = x, for x > 0, and In(e*) = x, for all x. 


2. y = lnx if and only if x = e”. 





Inb") — pxInb 


3. For real numbers x and b > 0, b* = el 





FIGURE 3.52 


JICK CHECK 1 Simplify e?'"*. Express 5* using the base e.< 





» Figure 3.52 also provides evidence that With these preliminary observations, we now determine the derivative of In x. A theo- 
In x is differentiable for x > 0: Its graph rem we prove in Section 3.9 says that because e* is differentiable on its domain, its inverse 
is smooth with no jumps or cusps. In x is also differentiable on its domain. 

To find the derivative of y = In x, we begin with inverse property 2 and write x = e”, 
where x > 0. The key step is to compute dy/dx using implicit differentiation. Using the 
Chain Rule to differentiate both sides of x = e” with respect to x, we have 


x=e y= hiss =e 


1 = e+— Differentiate both sides with respect to x. 


— = — = —, Solve for dy/dx and use x = e”. 
Therefore, 


d 1 

—(Inx) = -. 

7 ne) = 
Because the domain of the natural logarithm is (0, ©), this rule is limited to positive val- 
ues of x (Figure 3.53a). 

> Recall that An important extension is obtained by considering the function In |x 

€ des fined for all x # 0. By the definition of the absolute value, 
"=d 


=x ifx<0. Inx ifx>0 
In |x| = ! 
ln({(—~x) ifx <0. 





, which is de- 


For x > 0, it follows immediately that 


d d 1 
z |x|) = z in) = P 
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When x < 0, a similar calculation using the Chain Rule reveals that 












For x > 0, For x # 0, 


— 


d E d aw 
ay (inx) = Fy (ln k) = = 


m 


(a) (b) 
FIGURE 3.53 


THEOREM 3.17 Derivative of In x 


d l d l 
ins) = +, forx > 0 ln x|) = p forx # 0 


If u is differentiable at x and u(x) # 0, then 
u' (x) 
u(x) | 


(in |u(x)|) = 





d 
EXAMPLE 1 Derivatives involving In x Find . for the following functions. 
x 


In x? 
a. y = ln 4x b. y = xlnx c. y = In |sec x| d. y = R 





SOLUTION 
a. Using the Chain Rule, 


» Because In x and In 4x differ by a dy 7 d l 7 1 E 1 
constant (In 4x = Inx + In 4), the pa = g 04) = w = z 


derivatives of In x and In 4x are equal. 
An alternative method uses a property of logarithms before differentiating: 


d d 
yin 4x) = vin 4 + Inx) Inxy = lnx + lny 


=O) t -as ln 4 is a constant. 
x 


be 


b. By the Product Rule, 


d d l 
- — zamn) = 1-Inx + i lng = ti 
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c. Using the Chain Rule and the second part of Theorem 3.17, 


2- E 


a ) = 
dx secx | dx i sec x 








(sec x tanx) = tan x. 


d. The Quotient Rule and Chain Rule give 


1 
2 2 
2 = {i 2 
» (s x) A r a 


dx ( x? ji x4 x? 
Related Exercises 9-22 < 





d 
HECK 2 Find ae (In x”), where x > 0 and p is a rational number, in two ways: 
X 


(1) using the Chain Rule and (2) by first using a property of logarithms. < 


The derivative of b* 


d 
A rule similar to Te (e*) = e” exists for computing the derivative of b*, where b > 0. 
x 


Because b* = e*!"” by inverse property 3, its derivative is 


d d d 
“= xlnb\ — „xlnb, . . < 
L (b*) J (e?) =e lnb. Chain Rule with --(x In b) = In b 
b* 


Noting that e*!"’ = b* results in the following theorem. 





> Check that when b = e, Theorem 3.18 THEOREM 3.18 Derivative of b* 
becomes If b > 0, then for all x, 
d 
—(er) = eX. d 
ac) = ¢ £ (b*) = b*Inb. 
d 
y4 y=10 Notice that when b > 1, Inb > 0 and the graph of y = b* has tangent lines 
with positive slopes for all x. When 0 < b < 1,Inb < 0 and the graph of y = b* 
Fi y=? has tangent lines with negative slopes for all x. In either case, the tangent line at 
ony / (0, 1) has slope In b (Figure 3.54). 
y= (5) r TET 
/ 
i slope =ln10 EXAMPLE 2 Derivatives with b” Find the derivative of the following functions. 
/ 
at a T J a. f(x) =3* b. g(t) = 108-2!/!? 
slope = ~In2°\ YA" slope = In 2 SOLUTION 
AA SS a. Using Theorem 3.18, f'(x) = 3*In3. 
i — b (t) = 108 (2/2 Constant Multiple Rul 
Slope of line tangent ° 8 ( ) 7 a ) e i eae 
to y = b* atx = 0 d i 
a minga (5) Chain Rule 
FIGURE 3.54 OE 
1/12 
=O i022)" Simplify. 


Related Exercises 23—30< 
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Table 3.4 


Mother's 
Age 
30 
35 
36 
37 
38 
39 
40 
42 
44 
46 
48 
49 


CHAPTER 3 


Incidence 
of Down 
Syndrome Equivalent 


1 in 900 
1 in 400 
1 in 300 
1 in 230 
1 in 180 
1 in 135 
1 in 105 
1 in 60 
1 in 35 
1 in 20 
1 in 16 
l in 12 


DERIVATIVES 


Decimal 


0.00111 
0.00250 
0.00333 
0.00435 
0.00556 
0.00741 
0.00952 
0.01667 
0.02875 
0.05000 
0.06250 
0.08333 


Source: E.G. Hook and A. Lindsjo, Down 
Syndrome in Live Births by Single Year 


Maternal Age. 


> S > 
© © S 
D O (ee) 


(cases per birth) 


Incidence of Down syndrome 
> 
© 
N 


FIGURE 3.55 


30 35 


40 45 
Age of mother 









50 4 


» The model in Example 3 was created 


using a method called exponential 


regression. The parameters A and B are 


chosen so that the function P(a) = A B® 


fits the data as closely as possible. 





EXAMPLE 3 An exponential model Table 3.4 and Figure 3.55 show how the inci- 
dence of Down syndrome in newborn infants increases with the age of the mother. 

1 
1,613,000 
where a is the age of the mother (in years) and P(a) is the incidence (number of Down 
syndrome children per total births). 


The data can be modeled with the exponential function P(a) = t2, 


a. According to the model, at what age is the incidence of Down syndrome equal to 0.01 
(that is, 1 in 100)? 


b. Compute P’ (a). 
c. Find P’(35) and P'(46), and interpret each. 


SOLUTION 
a. We let P(a) = 0.01 and solve for a: 


0.01 = a 1.2733" 
1,613,000 
ln 16,130 = In (1.2733°) Multiply both sides by 1,613,000, 
and take logarithms of both sides. 
In 16,130 = a ln 1.2733 Property of logarithms 
In 16,130 
a = ——"— = 40 (years old). Solve for a. 
In 1.2733 
1 d 
b. P’ = ee (1.2733° 
(4) = 7 613,000 da | ) 
1 
= ——— 1.2733% In 1.2733 
1,613,000 
S L273" 
6,676,000 — 


c. The derivative measures the rate of change of the incidence with respect to age. For a 
35-year-old woman, 


1 


———— ]1,2733* = 0.0007, 
6,676,000 


P'(35) = 
which means the incidence increases at a rate of about 0.0007 /year. By age 46, the 
rate of change is 


P'(46) = 1.2733*° = 0.01, 


6,676,000 
which is a significant increase over the rate of change of the incidence at age 35. 
Related Exercises 31—33 < 


, CLICCY * 
¢ H E( K í 
XC CIILA . 


— i dA 
3 Suppose A = 500(1.045)’. Compute a 


The General Power Rule 


; a d z . 
As it stands now, the Power Rule for derivatives says that — (x?) = px?~', for rational 
powers p. The rule is now extended to all real powers. a 


» Recall that power functions have the 
variable in the base, while exponential 
functions have the variable in the 
exponent. 
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THEOREM 3.19 General Power Rule 
For real numbers p and for x > O, 


d - 
7 Oe?) = px. 


Furthermore, if u is a positive differentiable function on its domain, then 


L (u(x)?) = pu) w). 





Proof: For x > 0 and real numbers p, we have x? = eP "* by inverse property (3). 
Therefore, the derivative of x? is computed as follows: 


d d 
r ) = A a) Inverse property (3) 
X X 


d 
= gra — Chain Rule, —( p ln x) = = 
x dx x 


— yee eP PX — yP 
X 
= pe Simplify. 


d 
We see that x (xP) = px?' for all real powers p. The second part of the General Power 
x 


Rule follows from the Chain Rule. < 


EXAMPLE 4 Computing derivatives Find the derivative of the following functions. 
a. y =x” b. y = 77 e y = (x7 + 4) 
SOLUTION 


a. With y = x”, we have a power function with an irrational exponent; by the General 
Power Rule, 
d 
aS ax" |, forx > 0. 
dx 


b. Here we have an exponential function with base b = m. By Theorem 3.18, 


dy 
— = ar li ar. 


dx 
c. The Chain Rule and General Power Rule are required: 


dy _ 


e(x? + 4). 2x = ex (x? + 4). 
dx 


Because x? + 4 > 0, for all x, the result is valid for all x. Related Exercises 34-44< 


Functions of the form f(x) = (g(x))"*), where both g and h are nonconstant func- 
tions, are neither exponential functions nor power functions (they are sometimes called 
tower functions). In order to compute their derivatives, we use the identity b* = e*!? to 
rewrite f with base e: 


F(x) = (a(x) HO) = etme, 


This function carries the restriction g(x) > 0. The derivative of f is then computed using 
the methods developed in this section. 
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EXAMPLE 5 General exponential functions Let f(x) = x‘"*. 


a. Find f'(x). b. Evaluate f (z) 


SOLUTION 


«In to write fin the form 


f(x) Z x Sinx = esinx Inx 


a. The key step is to use b* = e 


We now differentiate: 


: d 
PQ) =e" es (sin x In x) Chain Rule 
X 


, sin x 
= gama] co xInx + nt) Product Rule 
a x 


sinx 
X 


l sin x 
= x"+( cos In + ) 
x 





b. Letting x = we find that 


sin 7/2 sin (7/2 
(z) = (=) (cos in + Sal .) Substitute x = n 


2 2 a) ar /2 
———_——" — Aam 
0 2/m 


|l 
NA 
Z N 
= 
+ 
J) 
i ed 
| 
— 


Related Exercises 45—50< 


EXAMPLE 6 Finding a horizontal tangent line Determine whether the graph of 
f(x) = x’, for x > 0, has any horizontal tangent lines. 


SOLUTION A horizontal tangent occurs when f'(x) = 0. In order to find the derivative, 
we first write f(x) = x” = e*"*; 


d d 

—(x*) = — er Inx 

me Ge) 

— „xlnx 7 i : . 

=e (1 lnx +x 1) Chain Rule; Product Rule 


yr 


= x" (Inx + 1). Simplify; e*™* = x”. 
The equation f'(x) = 0 implies that x* = Oorlnx + 1 = 0. The first equation has 


no solution because x* = e*!"* > 0, for all x > 0. We solve the second equation, 
Inx + 1 = O, as follows: 










lnx = -1 
Horizontal ee ae Exponentiate both sides. 
tangent 
line x= git => 
(le, fU/e)) e 


Therefore, the graph of f(x) = x* (Figure 3.56) has a single horizontal tangent at 
FIGURE 3.56 (e', f(e')) ~ (0.368, 0.692). Related Exercises 51-54< 


» An alternative proof of Theorem 3.20 
uses the change-of-base 


In x 
formula log, x = — (Section 1.3). 
In b 


Differentiating both sides of this equation 
gives the same result. 


IECK 4 Compute dy/dx for 





» The function in Example 7b is used in 
computer science as of estimate of the 
computing time needed to carry out a 
sorting algorithm on a list of n items. 


» The properties of logarithms needed for 
logarithmic differentiation are: 
1. Inxy = lnx + lny 
2. In (x/y) = lnx — lny 
3. Inx” = yInx 


All three properties are used in Example 8. 
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Derivatives of General Logarithmic Functions 


The general exponential function f(x) = b* is one-to-one when b > 0 with b ¥ 1. The 
inverse function f oe) = log, x is the logarithmic function with base b. The technique 
used to differentiate the natural logarithm applies to the general logarithmic function. We 
begin with the inverse relationship 


y = log, © x = D. 


Differentiating both sides of x = b”, we obtain 


d 
1 = pÞ-lnb: Implicit differentiation 
X 








dy 1 dy 
— = Solve for —. 
dx b’ ln b dx 
dy 1 

— = ; p= 

dx xln b * 


THEOREM 3.20 Derivative of log, x 
Ifb > Owith b ¥ 1, then 


d 1 d 1 
z (08x) = vind’ forx > 0 and z (S |x|) = aan forz 70. 





EXAMPLE 7 Derivatives with general logarithms Compute the derivative of the 
following functions. 


a. f(x) = log; (2x + 1) b. T(n) = nlogyn 
SOLUTION 
a. We use Theorem 3.20 with the Chain Rule assuming 2x + 1 > 0: 


2.) 
(2x + 1) In5 Ins: 2x+ 1 





f(x) = 





l 
b. T'(n) = logan + n> = log, n + =r Product Rule 
n 


nin2 
We can change bases and write the result in base e: 


_ Inn 1  Inn+1 


T = — + — 
c In 2 In 2 In 2 


Related Exercises 55—60< 





base 2 as T'(n) = log, (en). « 


Logarithmic Differentiation 
Products, quotients, and powers of functions are usually differentiated using the derivative 


rules of the same name (perhaps combined with the Chain Rule). There are times, how- 
ever, when the direct computation of a derivative is very tedious. Consider the function 


B (x? — 1)4V3x — 1 
fix) 7 x +4 l 


We would need the Quotient, Product, and Chain Rules just to compute f'(x), and simpli- 
fying the result would require additional work. The properties of logarithms reviewed in 
Section 1.3 are useful for differentiating such functions. 
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» In the event that f = 0 for some values 
of x, In f(x) is not defined. In that case, 
we generally find the derivative of 


ly] = [ f(x). 


SECTION 3.8 EXERCISES 


Review Questions 


(x? — 1)°V3x — 1 
—__,———— and 


EXAMPLE 8 Logarithmic differentiation Let f(x) = TE 
x 


compute f'(x). 


SOLUTION We begin by taking the natural logarithm of both sides and simplifying the 
result: 


(x? — 1)°V3x — 1 
In (f(x)) = In oo 


= In (x? — 1)* + In V3x — 1 — In(x? + 4) log xy = logx + logy 
= 41n (x? — 1) + In (3x — 1) — In (x? + 4). log x” = ylogx 





We now differentiate both sides using the Chain Rule; specifically the derivative of the 




















_. d _ ff) 
left side is — (In f(x)) = ——. Therefore, 
dx f(x) 
ae 1 1 1 
aoe 3 3x? + =: $ =se a A 
f(x) x? -— 1l 2 o=] FA 
Solving for f'(x), we have 
P 3 2x 
Gh — l 
f(x) fa)| —] 2(3x-1) x* + 7 
Finally, we replace f(x) with the original function: 
Pa = (x? — 1)*V3x — | 12x? 3 2x | 
i x? +4 x1 23x-1) x4 


Related Exercises 61-68 < 


Logarithmic differentiation also provides an alternative method for finding deriva- 
tives of functions of the form g(x)"), The derivative of f(x) = x* (Example 6) is com- 
puted as follows, assuming x > 0: 


f(x) =x 
In (f(x)) = In (x*) = xInx Take logarithms of both sides; use properties. 
1 1 

— f'(x) = (1 “Mix Xe Differentiate both sides. 
f(x) x 
f' (x) = f(x)Unx + 1) Solve for f'(x) and simplify. 
f'(x) =< (Inx + 1). Replace f(x) with x*. 
This result agrees with Example 6. The decision about which method to use is largely one 
of preference. 


5. State the derivative rule for the logarithmic function 


d 1 f(x) = log, x. How does it differ from the derivative formula for 
1. Use x = æ’ to explain why z. x) = —, for x > 0. Inx? 
Ý x 
2. Sketch the graph of f(x) = In |x| and explain how the graph 6. Explain why b* = e*!"’. 
shows that f'(x) = = 7. Express the function f(x) = g(x)" in terms of the natural loga- 
a rithmic and natural exponential functions (base e). 
d d 
3. Show that pa (In kx) = At (In x), where x > O and k > Oisa 8. Explain the general procedure of logarithmic differentiation. 
real number. 
4. State the derivative rule for the exponential function f(x) = b*. 


How does it differ from the derivative formula for e*? 





Basic Skills 

9-22. Derivatives involving In x Find the following derivatives. 
d d d 

9. z” 1x) 10. Le lnx) L. z” X) 
d d d (Inx* 

12. —(In 2x° 13. —(In [si 14. — 
z x°) z, [sin x1) Al 7 ) 





d x+1 
s f(E) 
dx x= I 


d 
18. — (ln |x? — 1|) 19. 
dx 





d d 
16. me mx) 17. ge + 1)lnx) 


d d ; 
z” (Inx)) 20. z” (cos x)) 





21. a) ys <(in(e* + e*)) 

23-30. Derivatives of b* Find the derivatives of the following functions. 
23. y= 4. y= 25. y = 5:4" 

26. y = 4” sinx 27. y =x°:3* 28. P= i 2 

29. A = 250(1.045)* 30. y = In 10" 


31. Exponential model The following table shows the time of useful 
consciousness at various altitudes in the situation where a pressur- 
ized airplane suddenly loses pressure. The change in pressure dras- 
tically reduces available oxygen, and hypoxia sets in. The upper 


value of each time interval is roughly modeled by T = 10 + 2702744, 


where 7 measures time in minutes and a is the altitude over 22,000 
in thousands of feet (a = 0 corresponds to 22,000 ft). 


Altitude (in ft) Time of Useful Consciousness 


22,000 5 to 10 min 
25,000 3 to 5 min 
28,000 2.5 to 3 min 
30,000 1 to 2 min 
35,000 30 to 60 s 
40,000 15 to 20s 
45,000 9 to 15s 


a. A Learjet flying at 38,000 ft (a = 16) suddenly loses pressure 
when the seal on a window fails. According to this model, how 
long do the pilot and passengers have to deploy oxygen masks 
before they become incapacitated? 

b. What is the average rate of change of T with respect to a over 
the interval from 24,000 to 30,000 ft (anclude units)? 

c. Find the instantaneous rate of change dT/da, compute it at 
30,000 ft, and interpret its meaning. 


32. Magnitude of an earthquake The energy (in joules) released 
by an earthquake of magnitude M is given by the equation 
E = 25,000: 10!°™. (This equation can be solved for M to define 
the magnitude of a given earthquake; it is a refinement of the 
original Richter scale created by Charles Richter in 1935.) 


a. Compute the energy released by earthquakes of magnitude 
1, 2, 3, 4, and 5. Plot the points on a graph and join them with 
a smooth curve. 

b. Compute dE /dM and evaluate it for M = 3. What does this 
derivative mean? (M has no units, so the units of the deriva- 
tive are J per change in magnitude.) 
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33. Diagnostic scanning Iodine-123 is a radioactive isotope used 

in medicine to test the function of the thyroid gland. If a 

350-microcurie (jCi) dose of iodine-123 is administered 

to a patient, the quantity Q left in the body after t hours is 

approximately Q = 350(5)/3!, 

a. How long does it take for the level of iodine-123 to drop to 
10 pCi? 

b. Find the rate of change of the quantity of iodine-123 at 12 hr, 
1 day, and 2 days. What do your answers say about the rate at 
which iodine decreases as time increases? 


34—44. General Power Rule Use the General Power Rule where 
appropriate to find the derivative of the following functions. 





34. f(x) = x 35. f(x) =2 36. f(x) = 2x? 
37. g(y) =ersy* 38. s(t) = cos 2’ 
39. r= e” 40. y = ln (x? + 1)” 
41. f(x) = (2x — 3)x? 42. y = tan (x?) 
2" X T 
43. f(x) = TS 44. f(x) = (2 4+ 1) 


45-50. Derivatives of General Exponential Function (or g”) Find 
the derivative of each function and evaluate the derivative at the given 
value of a. 


45. f(x) = x *; a = 7/2 

47. h(x) =x; a=4 

49. f(x) = (sinx); a = 7/2 
50. f(x) = (tnx) t a = w/4 


AG. 2) =a" a =e 
48. f(x) = (x? + 1); 


a=1 


51-54. Tangent lines and general exponential functions 


sin x 


51. Find an equation of the line tangent to y = x°"“ at the point x = 1. 


52. Determine whether the graph of y = x has any horizontal 
tangent lines. 


53. The graph of y = x~ has two horizontal tangent lines. Find equa- 
tions for both of them. 


54. The graph of y = x!” has one horizontal tangent line. Find an 
equation for it. 


55—60. Derivatives of logarithmic functions Calculate the derivative 
of the following functions. 


55. y = 4log; (x? — 1) 


57. y = cos x In (cos? x) 


1 
log4 x 


56. y = logjox 
58. y = logg |tan x| 





59. y 60. y = log, (log, x) 


61-68. Logarithmic differentiation Use logarithmic differentiation to 
evaluate f'(x). 





61 mea ae 62 =x? 
. f(x) = (x — 4 . f(x) = x^ cosx 
— E tan!” x 
63. f(x) =x 64. f(x) = (5x + 3) 


(x + 1)? (x — 4)? 
Cai 





65. f(x) = 
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x cos? X 


66. f(x) = vV I 
67. f(x) = (sinx)*"* 
68. f(x) = (1 + n i 


X 


Further Explorations 

69. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 
a. The derivative of log, 9 = 1/(9 In 2). 
b. In(x + 1) + In(x — 1) = In (x? — 1), for all x. 


c. The exponential function 2**! can be written in base e as 
e 2 In (x+1) 


d 

d. —(V2*) = xV2*"! 
z (V2 )=x 
d 

e. — (xV?) = V2 x27! 
dx 


70-73. Higher-order derivatives Find the following higher-order 
derivatives. 


d? o d? 

70. — (x* 71. — (logio x 
ie | zal £10 X) 
d" eos 

72. re 73. aoe In x) 


74-76. Derivatives by different methods Calculate the derivative of the 
following functions (i) using the fact that b* = e*™? and (ii) by using 
logarithmic differentiation. Verify that both answers are the same. 


74, y = (x? + 1¥ 75. y= 3* 76. y = g(x) 


77-82. Derivatives of logarithmic functions Use the properties 
of logarithms to simplify the following functions before computing 


f'(x). 








2x 
77. f(x) = In (3x + 1)* 78. f(x) = ln 
8 
79. f(x) = In V 10x 80. f(x) = log, —— 
2x — 1)(x + 2) 
81. f(x) = In l M - 
(1 — 4x) 
82. f(x) = In (sec* x tan’ x) 
83. Tangent lines Find the equation of the line tangent to y = 2°“ at 
x = 7/2. Graph the function and the tangent line. 
84. Horizontal tangents The graph of y = cos x+ In cos? x has 


seven horizontal tangent lines on the interval |0, 27]. Find the 
x-coordinates of all points at which these tangent lines occur. 


85-92. General logarithmic and exponential derivatives Com- 

pute the following derivatives. Use logarithmic differentiation where 

appropriate. 
d 

85. —(x!% 
a? 


d d 
86. —-(2x)* 87;. a 
g 2) me? 


93. 


94. 


d d 1v d , 
88. = (ae + mT) 89. (1 + ) 90. — (1 4+ x2)sinx 
dx d. X dx 


xX 
d 10 d 2 

91. —(x® ) 92. — (In x)” 
me) 7 ns) 

Applications 

93-96. Logistic growth Scientists often use the logistic growth func- 

Py) K 
tion P(t) = 2 to model population growth, where 


= P + (K — Pye 
Po is the initial population at time t = Q, K is the carrying capacity, 
and ro is the base growth rate. The carrying capacity is a theoretical 
upper bound on the total population that the surrounding environment 
can support. The figure shows the sigmoid (S-shaped) curve associated 
with a typical logistic model. 





Gone fishing When a reservoir is created by a new dam, 50 fish 

are introduced into the reservoir, which has an estimated carrying 

capacity of 8000 fish. A logistic model of the fish population is 

400,000 

P(t) = in eee 
50 + 7950e 

a. Graph P using a graphing utility. Experiment with different 
windows until you produce an S-shaped curve characteristic of 
the logistic model. What window works well for this function? 

b. How long does it take for the population to reach 5000 fish? 
How long does it take for the population to reach 90% of the 
carrying capacity? 

c. How fast (in fish per year) is the population growing at t = 0? 
Att = 5? 

d. Graph P’ and use the graph to estimate the year in which the 
population is growing fastest. 


where f is measured in years. 


World population (part 1) The population of the world reached 
6 billion in 1999 (t = 0). Assume Earth’s carrying capacity is 15 
billion and the base growth rate is rọ = 0.025 per year. 


a. Write a logistic growth function for the world’s population (in 
billions), and graph your equation on the interval 0 = t = 200 
using a graphing utility. 

b. What will the population be in the year 2020? When will it 
reach 12 billion? 


95. World population (part 2) The relative growth rate r of a 
function f measures the rate of change of the function com- 
pared to its value at a particular point. It is computed as 
r(t) = f'(t)/f(2)- 

a. Confirm that the relative growth rate in 1999 (t = 0) for the 
logistic model in Exercise 94 is r(0) = P'(0)/P(0) = 0.015. 


This means the world’s population was growing at 1.5% per 
year in 1999, 

b. Compute the relative growth rate of the world’s population in 
2010 and 2020. What appears to be happening to the relative 
growth rate as time increases? 


c. Evaluate lim r(t) = lim Pn” where P(t) is the logistic 
t{—> 0 t-o 
growth function from Exercise 94. What does your answer 
say about populations that follow a logistic growth pattern? 


99. 
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x > 0). Using analytical and/or graphical methods, determine p 
and the coordinates of the single point of intersection. 


Tangency question It is easily verified that the graphs of 

y = 1.1” and y = x have two points of intersection, while the 
graphs of y = 2* and y = x have no points of intersection. It fol- 
lows that for some real number 1 < p < 2, the graphs of y = p* 
and y = x have exactly one point of intersection. Using analytical 
and/or graphical methods, determine p and the coordinates of the 
single point of intersection. 


96. Population crash The logistic model can be used for situations 100. Triple intersection Graph the functions f(x) = x°, g(x) = 3%, 


in which the initial population Po is above the carrying capac- 
ity K. For example, consider a deer population of 1500 on an 

island where a large fire has reduced the carrying capacity to 

1000 deer. 


a. Assuming a base growth rate of rọ = 0.1 and an initial popula- 


tion of P(0) = 1500, write a logistic growth function for the 
deer population and graph it. Based on the graph, what hap- 
pens to the deer population in the long run? 


b. How fast (in deer per year) is the population declining immedi- 


ately after the fire at t = 0? 
c. How long does it take for the deer population to decline to 
1200 deer’? 


97. Savings plan Beginning at age 30, a self-employed plumber 
saves $250 per month in a retirement account until he 
reaches age 65. The account offers 6% interest, compounded 
monthly. The balance in the account after t years is given by 
A(t) = 50,000(1.005!7’ — 1). 


a. Compute the balance in the account after 5, 15, 25, and 
35 years. What is the average rate of change in the value of 
the account over the intervals |5, 15], [ 15, 25], and [25, 35]? 

b. Suppose the plumber started saving at age 25 instead of age 
30. Find the balance at age 65 (after 40 years of investing). 

c. Use the derivative dA /dt to explain the surprising result in 
part (b) and to explain the advice: Start saving for retirement 
as early as possible. 


Additional Exercises 
98. Tangency question It is easily verified that the graphs of y = x? 
and y = e* have no points of intersection (for x > 0), while the 
graphs of y = x? and y = e* have two points of intersection. 
It follows that for some real number 2 < p < 3, the graphs of 
y = x? and y = e* have exactly one point of intersection (for 


and h(x) = x* and find their common intersection point (exactly). 


101-104. Calculating limits exactly Use the definition of the deriva- 
tive to evaluate the following limits. 





lave" 1 ln(e +h) — 8 
tök wisi a 
x>e X—e h-0 h 
34 47" = 97 5X — 95 
wide O a 104. lim 
h—0 h x2 x - 


105. Derivative of u(x)’ Use logarithmic differentiation to prove that 


v(x) du dv 
se) EE say | 
n u(x) pa 


d v(x)] — 
z) l )] _ u(x) u(x) dx 


CHECK ANSWERS 








d 
1. x7;e"'> 2. Either way, —(Inx?) = a 
dx X 
dA d 1 
3. = = 500(1.045)'+In 1.045 ~ 22(1.045) 4. = 
dt dx xln3 
l 
, 4 = + —— = + — = 
5. T'(n) = logan "E logon jog, 2 
log, e 


logan + loge = log, (en).< 


Derivatives of Inverse 
3.9 Trigonometric Functions 


The inverse trigonometric functions, introduced in Section 1.4, are major players in cal- 
culus. In this section, we develop the derivatives of the six inverse trigonometric func- 
tions and begin an exploration of their many applications. A method for differentiating the 
inverses of more general functions is also presented. 


Inverse Sine and Its Derivative 


Recall from Section 1.4 that y = sin 


l x is the value of y such that x = sin y, where 


-m /2 = y = 7/2. The domain of sin! x is {x:—1 = x = 1} (Figure 3.57). The 
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derivative of y = sin ! x follows by differentiating both sides of x = sin y with respect to 
x, simplifying, and solving for dy/dx: 


1 





x = sin y y = sin x & x= siny 
d d. . 
— (x) = — (siny) Differentiate with respect to x. 
dx dx 
dy | banca 
1 = (cos y) Tx Chain Rule on the right side 
x 
d 1 d 
cam ; Solve for A 
dx cosy dx 





The identity sin? y + cos* y = 1 is used to express this derivative in terms of x. Solv- 


Domain of sin! x: -l1<x<1 Me for cos 7 yields 


Range of sin"! x: -F=y=4F cosy = +V1-—-sin’y x= siny > x? = sin’ y 
FIGURE 3.57 s 
= +VI1 =- x’. 
F'n f'a) > % Because y is restricted to the interval —7/2 S y =< 77/2, we have cos y = 0. Therefore, 
as x> —1* ; asx> 17 we choose the positive branch of the square root, and it follows that 
dy Gg i 
— = — (sin x) = ————. 
dx dx Wl = x? 


This result is consistent with the graph of f(x) = sin ' x (Figure 3.58). 


THEOREM 3.21 Derivative of Inverse Sine 


d 1 
sin a) = re ee 
dx =a 








QUICK CHECI 


K1 Is f(x) = sin ' x an even or odd function? Is f'(x) an even or odd 


FIGURE 3.58 tate 

function? «< 
EXAMPLE 1 Derivatives involving the inverse sine Compute the following 
derivatives. 

a d a 
a. —(sin | (x? — 1)) b. — (cos (sin | x)) 

dx dx 
SOLUTION We apply the Chain Rule for both derivatives. 

dp. ne 1 2x 
a. — (sin! (x? — 1)) = ——————__.. 2; = ——_—_ 

dx ne V1 = (2-1) = \/x2 — x4 

u , , u'(x) 
derivative of sin”! u 
evaluated at u = x? — 1 

d 1 x 

b. — (cos (sin! x)) = —sin (sin! x) + ———— = -——— 
» The result in Example 1b could dx ————— — Vl- x Vli- i 
u derivative of the bera T 
have — obtained by a that ee eae Hii vata od tis 
OSS Se ae end evaluated atu = sin™! x inner function sin’ x 


differentiating this expression 
(Exercise 73). This result is valid for —1 < x < 1, where sin (sin™! x) = x. Related Exercises 7-12< 





1 


Domain of tan ` x: —% < x < 0 


=i gean T 
Range oftan x: -5 <yY<5 


FIGURE 3.59 
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Derivatives of Inverse Tangent and Secant 


The derivatives of the inverse tangent and inverse secant are derived using a method simi- 
lar to that used for the inverse sine. Once these three derivative results are known, the 
derivatives of the inverse cosine, cotangent, and cosecant follow immediately. 


Inverse Tangent Recall from Section 1.4 that y = tan™! x is the value of y such that 
x = tan y, where —77/2 < y < 7/2. The domain of y = tan xis {x:—% <x < a} 


d 
(Figure 3.59). To find = we differentiate both sides of x = tan y with respect to x and 
X 





simplify: 
x = tan y y= tan! x => x =tany 
a ) ss (tany) Differentiate with tt 
—(x) = — (tan ifferentiate with respect to x. 
dx dx 
d 
1 = sec? y" = Chain Rule 
dx 
d 1 d 
e z Solve for = 
dx sec’ y dx 


To express this derivative in terms of x, we combine the trigonometric identity 
sec’ y = 1 + tan? y with x = tan y to obtain sec? y = 1 + x”. Substituting this result 
into the expression for dy/dx, it follows that 





The graphs of the inverse tangent and its derivative (Figure 3.60) are informative. 


Letting f(x) = tan”! xand f'(x) = 





ae! we see that f’(0) = 1, whichis the maximum 
x 


value of the derivative; that is, tan”! x has its maximum slope at x = 0. As x—> œ, f'(x) 
approaches zero; likewise, as x —>— œ, f'(x) approaches zero. 


m.>Qasx>o© 
tan 










fœ = 


| 
1+ x2 







ff’) > 0 as x> —% f' > 0asx>o% 


f(x) = tan”! x 


m, —>Û asx- — o 
tan 


FIGURE 3.60 





<2 How do the slopes of the lines tangent to the graph of y = tan! x behave 
as x > 01) <« 


Inverse Secant Recall from Section 1.4 that y = sec ! x is the value of y such that 
x = sec y, whereO < y < m, withy # a/2. The domain of y = sec | xis { x: |x| = 1} 
(Figure 3.61). 
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y = secx 


Sei ES 


Domain of sec™! x: |x| = 1 
ES T 
Range of sec x: 0 SyS Tm, y*3 


FIGURE 3.61 


The derivative of the inverse secant presents a new twist. Let y = sec™! x, or 


x = sec y, and then differentiate both sides of x = sec y with respect to x: 

dy 
1 = sec y tan y —. 
dx 


. dy 
Solving for — produces 
dx 


d d 
can —(sec™! x) = 
dx dx 


ol 
sec y tan y 


The final step is to express sec y tan y in terms of x by using the identity sec? y = 1 + tan? y. 
Solving this equation for tan y, we have 


tany = +Vsec*y — 1 = Vx -— 1. 
— 
x? 
Two cases must be examined to resolve the sign on the square root: 


e By the definition of y = sec | x, if x = 1, then 0 = y < m /2 and tan y > 0. In 
this case we choose the positive branch and take tan y = Vx? — 1. 

e However, if x < —1, then 7/2 < y < m and tan y < 0. Now we choose the negative 
branch. 


This argument accounts for the tan y factor in the derivative. For the sec y factor, we 
have sec y = x. Therefore, the derivative of the inverse secant is 


l 
-7 = ixl 
“| xVx’ -1 
z (Sec x) = 1 
a <———$ = ee |, 


xVx— 1 


which is an awkward result. The absolute value helps here: Recall that |x| = x, if x > 0, 
and |x| = —x, if x < 0. It follows that 


—(sec!x) = for |x| > 1. 


dx 


1 
Ix] Vx? — 1 


» This identity was proved in Example 5 of 
Section 1.4. 













3 Summarize how the 





QUICK CHECK 
derivatives of inverse trigonometric 
functions are related to the derivatives 
of the corresponding inverse cofunc- 
tions (for example, inverse tangent and 


inverse cotangent). <« 
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We see that the slope of the inverse secant function is always positive, which is consistent 
with this derivative result (Figure 3.61). 


Derivatives of Other Inverse Trigonometric Functions The hard work is com- 
plete. The derivative of the inverse cosine results from the identity 


4 -i TT 
cos x + sin ay, 


Differentiating both sides of this equation with respect to x, we find that 


d d d 
—(cos !x) + — (sin! x) = 0) 
dx dx dx 


2 
ee es ey 
1/V1 — x? 
; ad, 4 ee 
Solving for ke (cos x), the required derivative is 
x 
l 
E =l Se 
7x 608 x) 3 


In a similar manner, the analogous identities 


= _ T 
and cesc! x + sec!x = — 


= = T 
cot x + tan x = — 
2 2 


are used to show that the derivatives of cot ' x and csc | x are the negative of the deriva- 
tives of tan”! x and sec’! x, respectively (Exercise 71). 


THEOREM 3.22 Derivatives of Inverse Trigonometric Functions 


E 

VI — x? 
1 

1 +x? dx 7 + x?’ 


— (sin! x) = 


-fot—l <<x< 1 
dx 


1 
V1 — x? 


d =l 


d 
— (sec ™! x) = 


for |x| > 1 
dx 


1 
Ix] Vx? — 1 





EXAMPLE 2 Derivatives of inverse trigonometric functions 


a. Evaluate f'(2V3), where f(x) = x tan | (x/2). 
b. Find an equation of the line tangent to the graph of g(x) = sec’! (2x) at the point 
(1.4773). 


SOLUTION 


x 
a. f'(x) = 1-tan! 5 Pit Product Rule and Chain Rule 


1 + (x/2)2 2 





es 
L (tan! (ag2)) 
Ma T Simplif 
=< Py ımpity. 
2 4+% il 
We evaluate f’ at x = 2V3 and note that tan! (V3) = 7/3: 


, a 2(2V3) m V3 
f'(2V3) = tan V3 +77 aap 3 i 
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FIGURE 3.62 










‘As the shadow length ` 
increases, the angle of 
| elevation decreases. 


C S 


NIJ N 








0 = tan 


Angle of elevation 


(150) 






s (feet) 
FIGURE 3.63 


b. The slope of the tangent line at (1, 7/3) is g'(1). Using the Chain Rule, we have 
d 2 l 
g'(x) = —(sec |! r uaa auaa 
dx J2x|V4x2 -1 |x]V 4x? - 1 
It follows that g’(1) = 1/3. An equation of the tangent line is 


TT A 1) 1 
~= SM XO Or = 
a oer YN 


Pm 1 
X = 
3 We 


Related Exercises 13—34< 


EXAMPLE 3 Shadows in a ballpark As the sun descends behind the 150-ft grand- 
stand of a baseball stadium, the shadow of the stadium moves across the field (Figure 3.62). 
Let £ be the line segment between the edge of the shadow and the sun, and let 0 be the 
angle of elevation of the sun—the angle between € and the horizontal. The length of the 
shadow s is the distance between the edge of the shadow and the base of the grandstand. 

a. Express 0 as a function of the shadow length s. 


b. Compute d0 /ds when s = 200 ft and explain what this rate of change measures. 
SOLUTION 
a. The tangent of 0 is 


150 
tan 0 = —., 
S 


where s > 0. Taking the inverse tangent of both sides of this equation, we find that 


0 = tan! gue 
, 


As shown in Figure 3.63, as the shadow length approaches zero, the sun’s angle of 
elevation 0 approaches 7/2 (0 = 7/2 means the sun is overhead). As the shadow 
length increases, 6 decreases and approaches zero. 


b. Using the Chain Rule, we have 








do 1 z(150) EEE di sy) l 
oe ee eee ee E ain S——i tan = 
ds 1 + (150/s)2 ds \ s Todu ae 
1 150 STEP 
ERE T Evaluate the derivative. 
1 + (150/s) s 
150 Simplif 
= = 7 1ı1mMmpity. 
s? + 22,500 ii 


Notice that d0 /ds is negative for all values of s, which means longer shadows are 
associated with smaller angles of elevation (Figure 3.63). At s = 200 ft, we have 
dé 150 rad 


= ——______ = —0,0024 —. 
ds | ,=200 2007 + 150? ft 





When the length of the shadow is s = 200 ft, the angle of elevation is changing at a 
rate of —0.0024 rad/ft, or —0.138° /ft. Related Exercises 35—36< 


QUICK CHECK 4 Example 3 makes the claim that d0 /ds = —0.0024 rad/ft is equivalent to 
—0.138°/ft. Verify this claim. < 
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Derivatives of Inverse Functions in General 


We found the derivatives of the inverse trigonometric functions using implicit differentia- 
tion. However, this approach does not always work. For example, suppose we know only 
f and its derivative f’ and wish to evaluate the derivative of f'. The key to finding the 
derivative of the inverse function lies in the symmetry of the graphs of f and f’. 


EXAMPLE 4 Linear functions, inverses, and derivatives Consider the general lin- 
ear function y = f(x) = mx + b, where m and b are constants. 


a. Write the inverse of f in the form y = f~! (x). 
d 

b. Find the derivative of the inverse pa (f-'(x)). 
x 


c. Consider the specific case f(x) = 2x — 6. Graph f and f~', and find the slope of 
each line. 


SOLUTION 


a. Solving y = mx + b for x, we find that mx = y — b, or 





y b 
Ce 
m m 
FIGURE 3.64 Writing this function in the form y = f~} (x) (by reversing the roles of x and y), we have 
_ pty E 
=P a 


which describes a line with slope 1 /m. 
b. The derivative of f7! is 


l 
(x) 


Notice that f'(x) = m, so the derivative of f~! is the reciprocal of f’. 





he ie 
OW) =a AP 


c. In the case that f(x) = 2x — 6, we have f'(x) = x/2 + 3. The graphs of these two 
lines are symmetric about the line y = x (Figure 3.64). Furthermore, the slope of the 
line y = f(x) is 2 and the slope of y = f~! (x) is 5; that is, the slopes (and, therefore, 
the derivatives) are reciprocals of each other. Related Exercises 37-39< 





FIGURE 3.65 


The reciprocal property obeyed by f’ and (f~')’ in Example 4 holds for all func- 
tions. Figure 3.65 shows the graphs of a typical one-to-one function and its inverse. It also 
shows a pair of symmetric points— (xo, yo) on the graph of f and (yo, x9) on the graph of 
f ‘—along with the tangent lines at these points. Notice that as the lines tangent to the 
graph of f get steeper (as x increases), the corresponding lines tangent to the graph of f~! 
get less steep. The next theorem makes this relationship precise. 


» The result of Theorem 3.23 is also 
written in the forms 


(f-)'(f@0)) = 


THEOREM 3.23 Derivative of the Inverse Function 
Let f be differentiable and have an inverse on an interval 7. If xp is a point of J at 
which f’(x9) 40, then f~! is differentiable at yọ = f(x) and 





f' (x0) 
or 


(F) Oo) = , where yo = f(xo). 


i 
f' (xo) 





To understand this theorem, suppose that (xo, yg) is a point on the graph of f, which 
means that (yo, Xo) is the corresponding point on the graph of f ~! Then the slope of the 
line tangent to the graph of f~! at the point (Yo, Xo) is the reciprocal of the slope of the 
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line tangent to the graph of f at the point (x, yo). Importantly, the theorem says that we 
can evaluate the derivative of the inverse function without finding the inverse function 
itself. 


Proof: Before doing a short calculation, we note two facts: 


e At a point xo where f is differentiable, yọ = f(xo) and x) = f '(yo). 


e As a differentiable function, f is continuous at x) (Theorem 3.1), which implies that f~! 
is continuous at yo (Theorem 2.13). Therefore, as y — yo, x — Xo. 


Using the definition of the derivative, we have 


Hy) = fyo) 













(ae = hi T Definition of derivative of f~! 
0 
X = Xo 7 
= o ae y = f(x) andx = f(y); x > xp as y— Yo 
xxo f(x) — fixo) 
e ———— a_l 
x>xo f(x) — f(xo) p bja 
X — X 
l E — 
QUICK CHECK 5 Sketch a graphs of = Ta Definition of derivative of f 
y= = sinx and y = sin™! x. Then k 
verify that Theorem 3.23 holds at the We have shown that (f~')'(yo) exists ( f~" is differentiable at yọ) and it equals the 
point (0, 0).< reciprocal of f’ (x9). < 
y Ns Vat? +1 EXAMPLE 5 Derivative of an inverse function The function 
j Tangent to fat (1, 3) f(x) = Vx + x? + 1 is one-to-one, for x = 0, and has an inverse on that 
| has slope = 5. interval. Find the slope of the curve y = f~! (x) at the point (3, 1). 
6 = 
7 SOLUTION The point (1,3) is on the graph of f; therefore, (3, 1) is on the graph 


Tangent to f K at(3,1) of f~. In this case, the slope of the curve y = f~! (x) at the point (3, 1) is the 
Tem reciprocal 7 the slope of the curve y = f(x) at (1, 3) (Figure 3.66). Note that 





1 5 
T= s d 2x, which means that f'(1) = = a 2= % Therefore, 
1 1 2 
iy 
3 — = a m; 
Observe that it is not necessary to find a formula for f~! in order to evaluate its 
FIGURE 3.66 derivative at a point. Related Exercises 40-50 
SECTION 3.9 EXERCISES 
Review Questions Basic Skills 
1. State the derivative formulas for sin! x, tan! x, and sec ! x. 7-12. Derivatives of inverse sine Evaluate the derivatives of the fol- 
lowi tions. 
2. What is the slope of the line tangent to the graph of y = sin! x puns Henn 
atx = 0? Te fix) = sn “2% 8. f(x) = xsin! x 
3. What is the slope of the line tangent to the graph of y = tan™! x 9. f(w) = cos (sin | 2w) 10. f(x) = sin! (In x) 
tx = —2? | 
E 11. f(x) = sin! (e ™) 12. f(x) = sin! (es) 


4. How are the derivatives of sin ! x and cos ! x related? ae oo, 
13-30. Derivatives Evaluate the derivatives of the following functions. 


13. f(x) = tan! 10x 14. f(x) = xcot! (x/3) 
= tan’! (2y? — 4) 16. g(z) = tan (1/z) 


5. Suppose f is a one-to-one function with f(2) = 8 and 
f'(2) = 4. What is the value of (f~!)’(8)? 


6. Explain how to find (f~!)'(yo), given that yọ = f(xo). 15. fO) 


17. 
19. 
21. 
23. 
25: 
27. 
29. 
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f(z) = la/y 18. f(x) = sec | Vx 37—42. Derivatives of inverse functions at a point Find the derivative 
= cos! E AAi of the inverse of the following functions at the specified point on the 
f(x) = (1/x) 20. f(t) = (cos t) graph of the inverse function. You do not need to find f' 
f(u) = csc! (2u + 1) 22. f(t) = In (tan! t) 37. f(x) = 3x + 4; (16,4) 
Lo KO +1)) 24. f(w) = sin (sec 2w) 38. f(x) = 5x + 8; (10,4) 
f(x) = sec’ (In x) 26. f(x) = tan’ (e™) 39. f(x) =—5x + 4; (-1,1) 
f(x) = esc”! (tan e*) 28. f(x) = sin (tan (In x)) 40. f(x) = x? + 1, forx = 0; (5,2) 
f(s) = cot (e°) 30. f(x) = 1/tan (x? + 4) 41. f(x) = tan x; (1, 7/4) 


31-34. Tangent lines Find an equation of the line tangent to the graph 42. f(x) = O be Ge = Ee (12,-3) 
of f at the given point. > > > 


31. 
32. 
33. 
34. 
35. 


36. 


43-46. Slopes of tangent lines Given the function f, find the slope of 


— tan lay. 
f(x) = tan 2x; (1/2, 7/4) the line tangent to the graph of f ' at the specified point on the graph 


f(x) = sin! (x/4); (2, 7/6) ff 

f(x) = cos! x?; (1/ V2, 7/3) 43. f(x) = Vx (2,4) 

f(x) = sec”! (e*); (In 2, 7/3) 44. f(x) = x°; (8,2) 

Angular size A boat sails directly toward a 150-meter skyscraper 45. f(x) = (x + 2 (36, 4) 

that stands on the edge of a harbor. The angular size 0 of the 46. f(x) =—x? + 8; (7,1) 

building is the angle formed by lines from the top and bottom of 

the building to the observer (see figure). 47-50. Derivatives and inverse functions 


a. What is the rate of change of the angular size d0 /dx when the 47. Find (f-')'(3) iff(x) =x? +x4 1. 
boat is x = 500 m from the building? l 2 
b. Graph d@/dx as a function of x and determine the point at 48. Find the slope of the curve y = f (x) at (4, 7) if the slope of the 


which the angular size changes most rapidly. curve y = f(x) at (7,4) is §. 

49. Suppose the slope of the curve y = f!(x) at (4,7) is $ 
Find f’(7). 

50. Suppose the slope of the curve y = f(x) at (4,7) is 4. Find 
O). 


Further Explorations 
51. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 





Angle of elevation A small plane flies horizontally on a line 
400 meters directly above an observer with a speed of 70 m/s. 
Let 0 be the angle of elevation of the plane (see figure). 


dpe -1 
: = 0 
a (sin x + cos x) 


d 
b. gen x) = sec?’ x 


a. What is the rate of change of the angle of elevation dé /dx 


when the plane is x = 500 m past the observer? c. The lines tangent to the graph of y = sin / x on the interval 
b. Graph d0 /dx as a function of x and determine the point at [—1, 1] have a minimum slope of 1. 
which 6 changes most rapidly. d. The lines tangent to the graph of y = sin x on the interval 
[—2 /2, 7/2] have a maximum slope of 1. 
70 m/s Se e. If f(x) = 1/x, then [ f~!(x)]’ = -1/x? 


H 52-55. Graphing f and f’ 


a. Graph f with a graphing utility. 

b. Compute and graph f'. 

c. Verify that the zeros of f' correspond to points at which f has a 
horizontal tangent line. 


52. f(x) = (x — 1) sin xon [|—1, 1] 
53. f(x) = (x?-1) sin™ xon |—1, 1] 
54. f(x) = (sec !x)/xon|1, ©) 
55. f(x) = 


400 m 


Observer 





e tan! xon [0, o0 ) 
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56. Graphing with inverse trigonometric functions 

tan | x 

xt 1 

b. Compute and graph f’ and determine (perhaps approximately) 
the points at which f'(x) = 0. 

c. Verify that the zeros of f’ correspond to points at which f has 
a horizontal tangent line. 





a. Graph the function f(x) = 


57-64. Derivatives of inverse functions Consider the following func- 
tions (on the given interval, if specified). Find the inverse function, 
express it as a function of x, and find the derivative of the inverse 
function. 


57. f(x) = 3x -4 
59, f(x) =x? — 4, frx > 0 





58. f(x) = |x +2 


60. f(x) =~ : : 


, forx = —2 





61. f(x) = Vx +2, forx = —2 62. f(x) = x°’, forx > 0 
63. f(x) =x", forx > 0 64. f(x) =x? +3 


Applications 
65. Towing a boat A boat is towed toward a dock by a cable attached 
to a winch that stands 10 feet above the water level (see figure). 
Let 0 be the angle of elevation of the winch and let € be the length 
of the cable as the boat is towed toward the dock. 


a. Show that the rate of change of 0 with respect to € is 
—10 


© eV — 100 


dg 
b. Compute We when € = 50, 20, and 11 ft. 


do 
c. Find a We and explain what is happening as the last foot 


of cable is reeled in (note that the boat is at the dock when 
€ = 10). 

d. It is evident from the figure that 0 increases as the boat is 
towed to the dock. Why, then, is d0 /d€ negative? 





66. Tracking a dive A biologist standing at the bottom of an 80-foot 
vertical cliff watches a peregrine falcon dive from the top of the 


cliff at a 45° angle from the horizontal (see figure). 


a. Express the angle of elevation 6 from the biologist to the fal- 
con as a function of the height h of the bird above the ground. 
(Hint: The vertical distance between the top of the cliff and the 
falcon is 80 — h.) 


67. 


68. 


70. 


b. What is the rate of change of 0 with respect to the bird’s height 
when it is 60 feet above the ground? 





Angle to a particle, part I A particle travels clockwise on a cir- 
cular path of diameter R, monitored by a sensor on the circle at 
point P; the other endpoint of the diameter on which the sensor 
lies is Q (see figure). Let 0 be the angle between the diameter PQ 
and the line from the sensor to the particle. Let c be the length of 
the chord from the particle’s position to Q. 


a. Calculate d6/dc. 


dé 
b. Evaluate — 
C | c=0 


Particle 


Sensor 


`g 


Angle to a particle, part II The figure in Exercise 67 shows 

the particle traveling away from the sensor, which may have 
influenced your solution (we expect you used the inverse sine 
function). Suppose instead that the particle approaches the sen- 
sor (see figure). How would this change the solution? Explain the 
differences in the two answers. 





Sensor 


`g 





~~ - _ 
Particle 





Additional Exercises 
69. 


Derivative of the inverse sine Find the derivative of the inverse 
sine function using Theorem 3.23. 


Derivative of the inverse cosine Find the derivative of the in- 
verse cosine function in the following two ways. 


a. Using Theorem 3.23 
b. Using the identity sin! x + cos! x = 7/2 


71. Derivative of cot™! x and csc~!x Use a trigonometric iden- 
tity to show that the derivatives of the inverse cotangent and 
inverse cosecant differ from the derivatives of the inverse 
tangent and inverse secant, respectively, by a multiplicative 
factor of —1. 


72. Tangents and inverses Suppose y = L(x) = ax + b 
(with a ~ (Q) 1s the equation of the line tangent to the graph 
of a one-to-one function f at (xo, yo). Also, suppose that 
y = M(x) = cx + dis the equation of the line tangent to the 
graph of f~! at (yo, Xo). 
a. Express a and b in terms of x9 and yo. 
b. Express c in terms of a, and d in terms of a, Xp, and yo. 
c. Prove that L !(x) = M(x). 
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73-76. Identity proofs Prove the following identities and give the val- 
ues of x for which they are true. 


73. cos (sin! x) = V1 — x° 74. cos (2sin !x) = 1 — 2x? 


2 
75. n (tani x)= i 2 





76. sin (2sin™!x) = 2xV 1 — x’ 


1. f(x) = sin! xis odd, while f'(x) = 1/V 1 — x? is even. 
2. The slopes of the tangent lines approach 0. 3. One is the 
negative of the other. 4. Recall that 1° = 7/180 rad. So, 
0.0024 rad /ft is equivalent to 0.138°/ft. 5. Both curves 








FIGURE 3.67 


have a slope of 1 at (0, 0).< 


3.10 Related Rates 


We now return to the theme of derivatives as rates of change in problems in which the 
variables change with respect to time. The essential feature of these problems is that two 
or more variables, which are related in a known way, are themselves changing in time. 
Here are two examples illustrating this type of problem. 


e An oil rig springs a leak and the oil spreads in a (roughly) circular patch around the rig. 
If the radius of the oil patch increases at a known rate, how fast is the area of the patch 
changing (Example 1)? 

e Two airliners approach an airport with known speeds, one flying west and one flying 
north. How fast is the distance between the airliners changing (Example 2)? 


In the first problem, the two related variables are the radius and the area of the oil 
patch. Both are changing in time. The second problem has three related variables: the 
positions of the two airliners and the distance between them. Again, the three variables 
change in time. The goal in both problems 1s to determine the rate of change of one of the 
variables at a specific moment of time—hence the name related rates. 

We present a progression of examples in this section. After the first example, a gen- 
eral procedure is given for solving related-rate problems. 


EXAMPLE 1 Spreading oil An oil rig springs a leak in calm seas and the oil spreads in 
a circular patch around the rig. If the radius of the oil patch increases at a rate of 30 m/hr, 
how fast is the area of the patch increasing when the patch has a radius of 100 meters (Figure 
3.67)? 


SOLUTION Two variables change simultaneously: the radius of the circle and its area. 
The key relationship between the radius and area is A = mr’. It helps to rewrite the basic 
relationship showing explicitly which quantities vary in time. In this case, we rewrite A 
and r as A(t) and r(t) to emphasize that they change with respect to ¢ (time). The general 
expression relating the radius and area at any time t is A(t) = ar(t)’. 

The goal is to find the rate of change of the area of the circle, which is A'(t), given 
that r'(t) = 30 m/hr. In order to introduce derivatives into the problem, we differentiate 
the area relation A(t) = mr(t)* with respect to t: 


A(t) = © (are) 


d 2 
m= (r(t)?) 


= m (2r(t))r'(t) Chain Rule 
= 2ar(t)r'(t). Simplify. 
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> Itis important to remember that 
substitution of specific values of the 
variables occurs after differentiating. 


QUICK CHECK 1 In Example 1, what is 


the rate of change of the area when the 
radius is 200 m? 300 m?<« 





FIGURE 3.68 


» In Example 1, we replaced A and r by 
A(t) and r(t), respectively, to remind 
us of the independent variable. After 
some practice, this replacement is not 
necessary. 


Substituting the given values r(t) = 100 mand r'(t) = 30 m/hr, we have (including units) 
A'(t) = 27r(t) r'(t) 


= 2(100 m)( 307) 


m? 
= 6000 7—. 
hr 


We see that the area of the oil spill increases at a rate of 60007 ~ 18,850 m?/hr. Includ- 
ing units is a simple way to check your work. In this case, we expect an answer with units 
of area per unit time, so m”/hr makes sense. 

Notice that the rate of change of the area depends on the radius of the spill. As the 
radius increases, the rate of change of the area also increases. Related Exercises 5-19 


Using Example | as a template, we offer a set of guidelines for solving related-rate 
problems. There are always variations that arise for individual problems, but here is a 
general procedure. 


PROCEDURE Steps for Related-Rate Problems 


1. Read the problem carefully, making a sketch to organize the given information. 
Identify the rates that are given and the rate that is to be determined. 


. Write one or more equations that express the basic relationships among the 
variables. 


. Introduce rates of change by differentiating the appropriate equation(s) with 
respect to time t. 


. Substitute known values and solve for the desired quantity. 


. Check that units are consistent and the answer is reasonable. (For example, does 
it have the correct sign?) 





EXAMPLE 2 Converging airplanes Two small planes approach an airport, one fly- 
ing due west at 120 mi/hr and the other flying due north at 150 mi/hr. Assuming they fly 
at the same constant elevation, how fast is the distance between the planes changing when 
the westbound plane is 180 miles from the airport and the northbound plane is 225 miles 
from the airport? 


SOLUTION A sketch such as Figure 3.68 helps us visualize the problem and organize the 
information. Let x(t) and y(t) denote the distance from the airport to the westbound and 
northbound planes, respectively. The paths of the two planes form the legs of a right tri- 
angle and the distance between them, denoted z(t), is the hypotenuse. By the Pythagorean 
theorem, z? = x? + y”. 

Our aim is to find dz/dt, the rate of change of the distance between the planes. We 
first differentiate both sides of z? = x” + y with respect to t: 


a 
dt 


d dz dx dy 
a E Oz a 
(2) a y7 “at dt vat 


Notice that the Chain Rule is needed because x, y, and z are functions of t. Solving for 
dz/dt results in 
d 
dz _ 2x% T 2y% 7 


dx dy 
XG ta 
dt 2z z l 


» One could solve the equation 


zZ =x? + y? for z, with the result 


z= Vx? + y’, 
and then differentiate. However, it is 


much easier to differentiate implicitly as 
shown in the example. 





QUICK CHECK 2 Assuming the same 
alate speeds as in Example 2, how 
fast is the distance between the planes 
changing if x = 60 mi and 

y = 75 m?)< 


A(t) 





r=3h. 
FIGURE 3.69 





FIGURE 3.70 
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This equation relates the unknown rate dz/dt to the known quantities x, y, z, dx/dt, and 
dy /dt. For the westbound plane, dx/dt = —120 mi/hr (negative because the distance 
is decreasing), and for the northbound plane, dy/dt = —150 mi/hr. At the moment of 
interest, when x = 180 mi and y = 225 mi, the distance between the planes is 


= Vx? + y? = V 180° + 225° ~ 288 mi. 


Substituting these values gives 


dz xi +y%  (180mi)(—120 mi/hr) + (225 mi)(—150 mi/hr) 


dt Z 288 mi 
=~ —192 mi/hr. 


Notice that dz/dt < 0, which means the distance between the planes is decreasing at a 
rate of about 192 mi /hr. Related Exercises 20-264 


EXAMPLE 3 Sandpile Sand falls from an overhead bin, accumulating in a conical pile 
with a radius that is always three times its height. If the sand falls from the bin at a rate of 
120 ft? /min, how fast is the height of the sandpile changing when the pile is 10 ft high? 


SOLUTION A sketch of the problem (Figure 3.69) shows the three relevant variables: 

the volume V, the radius r, and the height h of the sandpile. The aim is to find the rate of 
change of the height dh/dt at the instant that h = 10 ft, given that dV/dt = 120 ft? /min. 
The basic relationship among the variables is the formula for the volume of a cone, 

V = Lrr’h. We now use the given fact that the radius is always three times the height. 
Substituting r = 3h into the volume relationship gives V in terms of h: 


1 1 
V = z Trh = 37 (3h)*h = 3mh’. 


Rates of change are introduced by differentiating both sides of V = 3mh? with respect to t. 
Using the Chain Rule, we have 


Now we find dh/dt at the instant that h = 10 ft, given that dV/dt = 120 ft? /min. 
Solving for dh/dt and substituting these values, we have 





at OE Solve for = 
Ai = ET. Olve ior dt’ 
120 ft? /min ft dV 
=- o = 0.042 —_. Substitute for — and h. 
9m (10 ft) min di 


At the instant that the sandpile is 10 ft high, the height is changing at a rate of 0.042 ft/min. 
Notice how the units work out consistently. Related Exercises 27-33< 





JUICK CHECK 3 In Example 3, what is the rate of change of the height when h = 2 ft? 
Dees fen rate of change of the height increase or decrease with increasing height? «< 


EXAMPLE 4 Observing a launch An observer stands 200 meters from the launch site 
of a hot-air balloon. The balloon rises vertically at a constant rate of 4 m/s. How fast is 
the angle of elevation of the balloon increasing 30 seconds after the launch? (The angle of 
elevation is the angle between the ground and the observer’s line of sight to the balloon.) 


SOLUTION Figure 3.70 shows the geometry of the launch. As the balloon rises, its 
distance from the ground y and its angle of elevation 0 change simultaneously. An 
equation expressing the relationship between these variables is tan@ = y/200. 
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In order to find d0 /dt, we differentiate both sides of this relationship using the 


edt 200 dt’ 
= dy/dt _ (dy/dt)+ cos’ 
dt 200 sec? 0 200 l 


The rate of change of the angle of elevation depends on the angle of elevation and the speed 
of the balloon. Thirty seconds after the launch, the balloon has risen y = (4m/s)(30s) = 


Chain Rule: 
V 1202 + 2007 = 233.24 
y= 120m 
dé 
200 Next we solve for —: 
dt 
200 __ 
cos 0 733.04 ~ 0.86 
FIGURE 3.71 
» The solution to Example 4 is reported in 


units of rad/s. Where did radians come 
from? Because a radian has no physical 
dimensions (it is the ratio of an arc length 
and a radius), no unit appears. We write 
rad/s for clarity because d0 /dt is the rate 


angle of elevation is 
of change of an angle. 


dé 
dt 


Recall that to convert radians to degrees, 
we use 


180 
degrees = —— radians. 
T 





(dy/dt) + cos? 0 
200 200 m 


120 m. To complete the problem, we need the value of cos 0. Note that when y = 120 m, 
the distance between the observer and the balloon is 


d = V120? + 200? = 233.24 m. 


Therefore, cos 0 ~ 200/233.24 ~ 0.86 (Figure 3.71), and the rate of change of the 


~ eae) = 0.015 rad/s. 


At this instant, the balloon is rising at an angular rate of 0.015 rad/s, or slightly less than 
1°/s, as seen by the observer. 


Related Exercises 34-39 


QUICK CHECK 4 In Example 4, notice that as the balloon rises (as 6 increases), the rate of 


change of the angle of elevation decreases to zero. When does the maximum value of 


6'(t) occur and what is it? << 


SECTION 3.10 EXERCISES 


Review Questions 


1. Give an example in which one dimension of a geometric figure 
changes and produces a corresponding change in the area or vol- 
ume of the figure. 

2. Explain how implicit differentiation can simplify the work in a 
related-rates problem. 

3. If two opposite sides of a rectangle increase in length, how must 
the other two opposite sides change if the area of the rectangle is 
to remain constant? 

4. Explain why the term related rates describes the problems of this 
section. 

Basic Skills 

5. Expanding square The sides of a square increase in length at a 


rate of 2 m/s. 


a. At what rate is the area of the square changing when the sides 
are 10 m long? 

b. At what rate is the area of the square changing when the sides 
are 20 m long? 

c. Draw a graph of how the rate of change of the area varies with 
the side length. 


Shrinking square The sides of a square decrease in length at a 
rate of 1 m/s. 


a. At what rate is the area of the square changing when the sides 
are 5 m long? 

b. At what rate are the lengths of the diagonals of the square 
changing? 


Expanding isosceles triangle The legs of an isosceles right tri- 
angle increase in length at a rate of 2 m/s. 


a. At what rate is the area of the triangle changing when the legs 
are 2 m long? 

b. At what rate is the area of the triangle changing when the 
hypotenuse is 1 m long? 

c. At what rate is the length of the hypotenuse changing? 


Shrinking isosceles triangle The hypotenuse of an isosceles right 
triangle decreases in length at a rate of 4 m/s. 


a. At what rate is the area of the triangle changing when the legs 
are 5 m long? 

b. At what rate are the lengths of the legs of the triangle 
changing? 

c. At what rate is the area of the triangle changing when the area 
is 4 m7? 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Expanding circle The area of a circle increases at a rate of 
1 cm?/s. 


a. How fast is the radius changing when the radius is 2 cm? 
b. How fast is the radius changing when the circumference is 2 cm? 


Expanding cube The edges of a cube increase at a rate of 2 cm/s. 
How fast is the volume changing when the length of each edge 
is 50 cm? 


Shrinking circle A circle has an initial radius of 50 ft when the 
radius begins decreasing at a rate of 2 ft/min. What is the rate of 
change of the area at the instant the radius is 10 ft? 


Shrinking cube The volume of a cube decreases at a rate of 
0.5 ft? /min. What is the rate of change of the side length when the 
side lengths are 12 ft? 


Balloons A spherical balloon is inflated and its volume increases 
at a rate of 15 in? /min. What is the rate of change of its radius 
when the radius is 10 in? 


Piston compression A piston is 5 cm 
seated at the top of a cylindrical PÅ 
chamber with radius 5 cm when it i . 
starts moving into the chamber at a 

constant speed of 3 cm/s (see fig- 
ure). What is the rate of change of 
the volume of the cylinder when the 
piston is 2 cm from the base of the 
chamber’? 


Fa Piston 






Melting snowball A spherical snowball melts at a rate propor- 
tional to its surface area. Show that the rate of change of the ra- 
dius is constant. (Hint: Surface area = 4rr?.) 


Bug on a parabola A bug is moving along the right side of the 
parabola y = x” at arate such that its distance from the origin is 
increasing at 1 cm/min. At what rates are the x- and y-coordinates 
of the bug increasing when the bug is at the point (2, 4)? 


Another bug on a parabola A bug is moving along the parabola 
y = x”. At what point on the parabola are the x- and y-coordinates 
changing at the same rate? (Source: Calculus, Tom M. Apostol, 
Vol. 1, John Wiley & Sons, New York, 1967.) 


Expanding rectangle A rectangle initially has dimensions 2 cm 
by 4 cm. All sides begin increasing in length at a rate of 1 cm/s. 
At what rate is the area of the rectangle increasing after 20 s? 


Filling a pool A swimming pool is 50 m long and 20 m wide. Its 
depth decreases linearly along the length from 3 m to 1 m (see 
figure). It is initially empty and is filled at a rate of 1 m° /min. 
How fast is the water level rising 250 min after the filling begins? 
How long will it take to fill the pool? 





( 
| 
\ 


Inflow 1 m/min > 






20. 


21. 


22. 


20. 


24. 


25. 


26. 
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Altitude of a jet A jet ascends at a 10° angle from the horizontal 
with an airspeed of 550 mi/hr (its speed along its line of flight is 
550 mi/hr). How fast is the altitude of the jet increasing? If the 
sun is directly overhead, how fast is the shadow of the jet moving 
on the ground? 


Rate of dive of a submarine A surface ship is moving (horizontally) 
in a straight line at 10 km/hr. At the same time, an enemy submarine 
maintains a position directly below the ship while diving at an angle 
that is 20° below the horizontal. How fast is the submarine’s altitude 
decreasing? 


Divergent paths Two boats leave a port at the same time, one 
traveling west at 20 mi/hr and the other traveling south at 

15 mi/hr. At what rate is the distance between them changing 
30 minutes after they leave the port? 


Ladder against the wall A 13-foot ladder is leaning against a 
vertical wall (see figure) when Jack begins pulling the foot of the 
ladder away from the wall at a rate of 0.5 ft/s. How fast is the top 
of the ladder sliding down the wall when the foot of the ladder is 
5 ft from the wall? 
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Ladder against the wall again A 12-foot ladder is leaning against 
a vertical wall when Jack begins pulling the foot of the ladder 
away from the wall at a rate of 0.2 ft/s. What is the configuration 
of the ladder at the instant that the vertical speed of the top of the 
ladder equals the horizontal speed of the foot of the ladder? 


Moving shadow A 5-foot-tall woman walks at 8 ft/s toward 
a street light that is 20 ft above the ground. What is the rate of 
change of the length of her shadow when she is 15 ft from the 
street light? At what rate is the tip of her shadow moving? 


Baseball runners Runners stand at first and second base in a 
baseball game. At the moment a ball is hit, the runner at first base 
runs to second base at 18 ft/s; simultaneously the runner on sec- 
ond runs to third base at 20 ft/s. How fast is the distance between 
the runners changing 1 second after the ball is hit (see figure)? 
(Hint: The distance between consecutive bases is 90 ft and the 
bases lie at the corners of a square.) 


mm 


e 
Home plate 
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28. 


29. 


30. 


31. 


32. 


33. 
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Growing sandpile Sand falls from an overhead bin and accumu- 
lates in a conical pile with a radius that is always three times its 
height. Suppose the height of the pile increases at a rate of 2 cm/s 
when the pile is 12 cm high. At what rate is the sand leaving the 
bin at that instant? 


Draining a water heater A water heater that has the shape 

of a right cylindrical tank with a radius of 1 ft and a height of 
4 ft is being drained. How fast is water draining out of the tank 
(in ft/min) if the water level is dropping at 6 in /min? 


Draining a tank An inverted conical water tank with a height 
of 12 ft and a radius of 6 ft is drained through a hole in the ver- 
tex at a rate of 2 ft? /s (see figure). What is the rate of change of 
the water depth when the water depth is 3 ft? (Hint: Use similar 
triangles.) 





Outflow 2 ft?/s 


Drinking a soda At what rate is soda being sucked out of a cylin- 
drical glass that is 6 in. tall and has a radius of 2 in.? The depth of 
the soda decreases at a constant rate of 0.25 in./s. 


Draining a cone Water is drained out of an inverted cone, having 
the same dimensions as the cone depicted in Exercise 29. If the 
water level drops at 1 ft/min, at what rate is water (in ft/min) 
draining from the tank when the water depth is 6 ft? 


Filling a hemispherical tank A hemispherical tank with a 
radius of 10 m is filled from an inflow pipe at a rate of 3 m°? /min 
(see figure). How fast is the water level rising when the water 
level is 5 m from the bottom of the tank? (Hint: The volume 

of a cap of thickness h sliced from a sphere of radius r is 

mh?(3r — h)/3.) 


Inflow 3 m?/min 


_ 
—_ 


. 
ell 


eT Orn > 


on 
res 


= 


Surface area of hemispherical tank For the situation described 
in Exercise 32, what is the rate of change of the area of the ex- 
posed surface of the water when the water is 5 m deep? 


34. 


35. 


36. 


37. 


38. 


39. 


Observing a launch An observer stands 300 ft from the launch 
site of a hot-air balloon. The balloon is launched vertically and 
maintains a constant upward velocity of 20 ft/s. What is the rate 
of change of the angle of elevation of the balloon when it is 400 
ft from the ground? The angle of elevation is the angle 0 between 
the observer’s line of sight to the balloon and the ground. 


Another balloon story A hot-air balloon is 150 ft above the 
ground when a motorcycle passes directly beneath it (traveling in 
a straight line on a horizontal road) going 40 mi/hr (58.67 ft/s). 
If the balloon is rising vertically at a rate of 10 ft/s, what is the 
rate of change of the distance between the motorcycle and the bal- 
loon 10 seconds later? 


Fishing story An angler hooks a trout and begins turning her cir- 
cular reel at 1.5 rev/s. If the radius of the reel (and the fishing line 
on it) is 2 in., then how fast is she reeling in her fishing line? 


Another fishing story An angler hooks a trout and reels in his 
line at 4 in. /s. Assume the tip of the fishing rod is 12 ft above the 
water and directly above the angler, and the fish is pulled horizon- 
tally directly toward the angler (see figure). Find the horizontal 
speed of the fish when it is 20 ft from the angler. 


( Decreasing | 
| at 4 in./s 





Flying a kite Once Kate’s kite reaches a height of 50 ft (above 
her hands), it rises no higher but drifts due east in a wind blowing 
5 ft/s. How fast is the string running through Kate’s hands at the 
moment that she has released 120 ft of string? 


Rope on a boat A rope passing through a capstan on a dock is 
attached to a boat offshore. The rope is pulled in at a constant rate 
of 3 ft/s and the capstan is 5 ft vertically above the water. How 
fast is the boat traveling when it is 10 ft from the dock? 


Further Explorations 


40. 


Parabolic motion An arrow is shot into the air and moves along 
the parabolic path y = x(50 — x) (see figure). The horizontal 
component of velocity is always 30 ft/s. What is the vertical 
component of velocity when (i) x = 10 and (11) x = 40? 





41. 


42. 


43. 


44. 


45. 


46. 


Time-lagged flights An airliner passes over an airport at noon 
traveling 500 mi/hr due west. At 1:00 p.m., another airliner 
passes over the same airport at the same elevation traveling due 
north at 550 mi/hr. Assuming both airliners maintain their (equal) 
elevations, how fast is the distance between them changing at 
2:30 p.m.? 


Disappearing triangle An equilateral triangle initially has sides 
of length 20 ft when each vertex moves toward the midpoint of 
the opposite side at a rate of 1.5 ft/min. Assuming the triangle 
remains equilateral, what is the rate of change of the area of the 
triangle at the instant the triangle disappears? 


Clock hands The hands of the clock in the tower of the Houses of 
Parliament in London are approximately 3 m and 2.5 m in length. 

How fast is the distance between the tips of the hands changing at 
9:00? (Hint: Use the Law of Cosines.) 


Filling two pools Two cylindrical swimming pools are being 
filled simultaneously at the same rate (in m /min; see figure). The 
smaller pool has a radius of 5 m, and the water level rises at a rate 
of 0.5 m/min. The larger pool has a radius of 8 m. How fast is the 
water level rising in the larger pool? 


Inflow rates 
are equal. j 
TORS -r 






Filming a race A camera is set up at the starting line of a drag 
race 50 ft from a dragster at the starting line (camera 1 in the fig- 
ure). Two seconds after the start of the race, the dragster has trav- 
eled 100 ft and the camera is turning at 0.75 rad/s while filming 
the dragster. 


a. What is the speed of the dragster at this point? 

b. A second camera (camera 2 in the figure) filming the dragster 
is located on the starting line 100 ft away from the dragster at 
the start of the race. How fast is this camera turning 2 seconds 
after the start of the race? 


\ 





et ae Za iy 
beens E Í 
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Camera 2 Camera | 


Starting line 
Dragster 
— 50 ft ——> 


xm 100 ft ————————> 





Two tanks A conical tank with an upper radius of 4 m and a 
height of 5 m drains into a cylindrical tank with a radius of 4 m 
and a height of 5 m (see figure). If the water level in the conical 
tank drops at a rate of 0.5 m/min, at what rate does the water 


47. 


48. 


49. 
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level in the cylindrical tank rise when the water level in the coni- 
cal tank is 3 m? 1 m? 





Oblique tracking A port and a radar station are 2 mi apart on 
a Straight shore running east and west. A ship leaves the port 

at noon traveling northeast at a rate of 15 mi/hr. If the ship 
maintains its speed and course, what is the rate of change of 
the tracking angle 0 between the shore and the line between the 
radar station and the ship at 12:30 p.m.? (Hint: Use the Law of 
Sines.) 


J Northeast 





Oblique tracking A ship leaves port traveling southwest at a rate 
of 12 mi/hr. At noon, the ship reaches its closest approach to a 
radar station, which is on the shore 1.5 mi from the port. If the 
ship maintains its speed and course, what is the rate of change 

of the tracking angle 0 between the radar station and the ship at 
1:30 p.m. (see figure)? (Hint: Use the Law of Sines.) 





Radar station 


Watching an elevator An observer is 20 m above the ground 
floor of a large hotel atrium looking at a glass-enclosed elevator 
shaft that is 20 m horizontally from the observer (see figure). The 
angle of elevation of the elevator is the angle that the observer’s 
line of sight makes with the horizontal (it may be positive or nega- 
tive). Assuming that the elevator rises at a rate of 5 m/s, what 

is the rate of change of the angle of elevation when the elevator 


226 


50. A lighthouse problem A lighthouse stands 500 m off of a straight 


51. Navigation A boat leaves a port traveling due east at 12 mi/hr. At 


52. 
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is 10 m above the ground? When the elevator is 40 m above the 
ground? 





shore, the focused beam of its light revolving four times each 
minute. As shown in the figure, P is the point on shore closest to 
the lighthouse and Q is a point on the shore 200 m from P. What 
is the speed of the beam along the shore when it strikes the point 
Q? Describe how the speed of the beam along the shore varies 
with the distance between P and Q. Neglect the height of the 
lighthouse. 





|< 200 m ——~+>| 


the same time, another boat leaves the same port traveling north- 
east at 15 mi/hr. The angle 6 of the line between the boats is mea- 
sured relative to due north (see figure). What is the rate of change 
of this angle 30 min after the boats leave the port? 2 hr after the 
boats leave the port? 


N 





Watching a Ferris wheel An observer stands 20 m from the bot- 
tom of a 10-m-tall Ferris wheel on a line that is perpendicular to 
the face of the Ferris wheel. The wheel revolves at a rate of 7 
rad/min and the observer’s line of sight with a specific seat on the 
wheel makes an angle 0 with the ground (see figure). Forty sec- 
onds after that seat leaves the lowest point on the wheel, what is 


53. 


54. 


the rate of change of 0? Assume the observer’s eyes are level with 
the bottom of the wheel. 





Viewing angle The bottom of a large theater screen is 3 ft above 
your eye level and the top of the screen is 10 ft above your eye 
level. Assume you walk away from the screen (perpendicular to 
the screen) at a rate of 3 ft/s while looking at the screen. What 
is the rate of change of the viewing angle 0 when you are 30 ft 
from the wall on which the screen hangs, assuming the floor is 
horizontal (see figure)? 





Searchlight—wide beam A revolving searchlight, which is 

100 m from the nearest point on a straight highway, casts a hori- 
zontal beam along a highway (see figure). The beam leaves the 
spotlight at an angle of 77/16 rad and revolves at a rate of 

7/6 rad/s. Let w be the width of the beam as it sweeps along 
the highway and 0 be the angle that the center of the beam makes 
with the perpendicular to the highway. What is the rate of change 
of w when 0 = 7/3? Neglect the height of the searchlight. 








0 is the angle between 
the center of the beam 
and the line perpendicular 
to the highway. 
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55. Draining a trough A trough is shaped like a half cylinder with 56. Divergent paths Two boats leave a port at the same time, one 
length 5 m and radius 1 m. The trough is full of water when a traveling west at 20 mi/hr and the other traveling southwest at 
valve is opened and water flows out of the bottom of the trough 15 mi/hr. At what rate is the distance between them changing 
at a rate of 1.5 m? /hr (see figure). (Hint: The area of a sector of a 30 min after they leave the port? 


circle of a radius r subtended by an angle 6 is r° 0/2.) 


a. How fast is the water level changing when the water level is 





HECK ANSWERS 
0.5 m from the bottom of the trough? 

b. What is the rate of change of the surface area of the water 1. 12,0007 m? /hr, 18,0007 m? /br 2. —192 mi/hr 
when the water is 0.5 m deep? 3. 1.1 ft/min; decreases with height 4. t = 0,0 = 0, 


6'(0) = 0.02 rad/s< 





€A: REVIEW EXERCISES 


1. Explain why or why not Determine whether the following state- 7. Population of the United States in the 20th century The popu- 
ments are true and give an explanation or counterexample. lation of the United States (in millions) by decade is given in the 
table, where ¢ is the number of years after 1900. These data are 


a. The function f(x) = |2x + 1| is continuous for all x; 
plotted and fitted with a smooth curve y = p(t) in the figure. 


therefore, it is differentiable for all x. 


d od E a. Compute the average rate of population growth from 1950 
b. If ae (Jax)) = ae (g(x)), then f = g. to 1960. 
l d l b. Explain why the average rate of growth from 1950 to 1960 is 
c. For any function f, dg fx) = [FOI a good approximation to the (instantaneous) rate of growth 
in 1955. 


d. The value of f'(a) fails to exist only if the curve y = f(x) has 
a vertical tangent line at x = a. 
e. An object can have negative acceleration and increasing speed. 


c. Estimate the instantaneous rate of growth in 1985. 


Year 1900 1910 1920 1930 1940 1950 
t 0 10 20 30 40 50 
p(t) 76.21 92.23 106.02 123.2 132.16 152,32 


2-5. Tangent lines 


a. Use either definition of the derivative to determine the slope of the 
curve y = f(x) at the given point P. 

b. Find an equation of the line tangent to the curve y = f(x) at P; 
then graph the curve and the tangent line. Year 1960 1970 1980 1990 2000 2010 
t 60 70 80 90 100 110 


2. f(x) = 4x? — 7x + 5; P(2,7) 
p(t) 179.32 203.30 226.54 248.71 281.42 308.94 


3. f(x) = 5x? + x; P(1,6) 


x+3 y 
4. = > P(0,3 
f(x) TE (0,3) mm 








1 1 
f(x) = : P (o, ) 
2V3x + 1 2 id 
6. Calculating average and instantaneous velocities Suppose the 
height s of an object (in m) above the ground after t seconds is 
approximated by the function s = —4.9t? + 25t + 1. 


160 


U.S. population (millions) 





a. Make a table showing the average velocities of the object from 80 
time t = ltot = 1+ Ah, forh = 0.01, 0.001, 0.0001, and 
0.00001. 

b. Use the table in part (a) to estimate the instantaneous velocity 0 40 60 t 
of the object at t = 1. Years after 1900 


c. Use limits to verify your estimate in part (b). 
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10-11. Using the definition of the derivative Use the definition of the 
derivative to do the following. 


10. 


11. 


12. 
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Growth rate of bacteria Suppose the following graph represents the 13. Sketching a derivative graph 
number of bacteria in a culture ¢ hours after the start of an experiment. Sketch a graph of g’ for the 


a. At approximately what time is the instantaneous growth rate the function g shown in the figure. 
greatest, for 0 < t < 36? Estimate the growth rate at this time. 

b. At approximately what time in the interval 0 5 t S 361s the 
instantaneous growth rate the least? Estimate the instantaneous 
growth rate at this time. 

c. What is the average growth rate over the interval 0 S t S 36? 





14. Matching functions and derivatives Match the functions in a—d 
with the derivatives in A-D. 


Number of bacteria 





O) 4 8 12 16 20 24 28 32 36 fÍ 
Time (hours) 


Velocity of a skydiver Assume the graph represents the distance 
(in m) fallen by a skydiver t seconds after jumping out of a plane. 


a. Estimate the velocity of the skydiver at t = 15. 

b. Estimate the velocity of the skydiver at t = 70. 

c. Estimate the average velocity of the skydiver between t = 20 
and t = 90. 

d. Sketch a graph of the velocity function for,O = t = 120. 

e. What significant event do you think occurred at t = 30? 






Distance (meters) 





60 80 
Time (seconds) 


Verify that f'(x) = 4x — 3, where f(x) = 2x* — 3x + 1. 


1 
Verify that g'(x) = ————, where e(x) = V2x — 3. 
y that g'(x) 75 g(x) = Vv 
Sketching a derivative 
graph Sketch a graph of f’ 


for the function f shown in 
the figure. 





(C) (D) 





15-36. Evaluating derivatives Evaluate and simplify the following 








derivatives. 
d {2 d 
keee a ae ee 1 a 2 2 
5 a(z, Ti F ) 6 g bo x K ) 
17. £59 sin f) 18. ae + sin’ x + sin x’) 
dt dx 
d j d 5 
19. — (4 tan (6° + 30 + 2)) 20. — (cse 3x) 
dé dx 
21. <(= > £) 22. “(2 ) 
du\ 8u + 1 at Bis I 
d d V Me 
23 = ih in 0 24. 
a6 | ey ee + 2v + 1 
d . d -10 
25. — (2x sin xV3x — 1) 26. —(xe *) 
dx dx 
d d 
2l: me In? x) 28. aw In w) 
C 523 d 
29, =- (27 > 30. — (l +8 
LZ >” qg 08s (x + 8)) 
d 1 d g 
31. L gid 2 =] 
dx x dx 


33. f’(1) when f(x) = x!" 

34. f'(1) when f(x) = tan! (4x7) 
d z 

35. —(xsec | x) 








d 
a M 3 36. gen e™) 
V3 
37-39. Implicit differentiation Calculate y'(x) for the following 
relations. 
37. y= —* 38. si ee 
as eae . sinxcos (y = 


39. yVx2 + y? = 15 


40. Quadratic functions 


a. Show that if (a, f(a)) is any point on the graph of f(x) = x? 


then the slope of the tangent line at that point is m = 2a. 
b. Show that if (a, f(a) ) is any point on the graph of 

f(x) = bx? + cx + d, then the slope of the tangent line at 

that point is m = 2ab + c. 


41-44. Tangent lines Find an equation of the line tangent to the fol- 
lowing curves at the given point. 


41. y = 3x? + sinx; x=0 


4x 


3 x = 3 
x +3 


42. y= 


43. y+ Vxy = 6; (x,y) = (1,4) 
44, x*y + y? = 75; (x,y) = (4,3) 


45. Horizontal/vertical tangent lines For what value(s) of x is the 
line tangent to the curve y = xV6 — x horizontal? Vertical? 


2 


60. A function and its inverse function The function f(x) = 
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46. A parabola property Let f(x) = x”. 
x) = x + 
a. Show that AO p=) tow EEE 
x-y 2 
b. Is this property true for f(x) = ax?, where a is a nonzero real 


number? 
c. Give a geometrical interpretation of this property. 
d. Is this property true for f(x) = ax’? 


47-48. Higher-order derivatives Find y', y”, and y” for the follow- 


ing functions. 
47. y = sin Vx 48. y= Vx+2(x-— 3) 


49-52. Derivative formulas Evaluate the following derivatives. 
Express your answers in terms of f, 8, f', and g’. 








d. d |f(x) 
49. ae f(x)) =U dx \ g(x) 

d (xf(x) a = 
si; A on 52. 7 fVate)), a(%) = 0 


53. Finding derivatives from a table Find the values of the follow- 
ing derivatives using the table. 





P 1 3 5 7 9 
K 3 1 9 7 5 
fe) 7 9 5 1 3 
g(x) = 
coe > 2 2 2 fF 

a. ifa) + 2¢(x))),_, B: eje] x=1 





e F(a?) 


x= 


54-55. Limits The following limits represent the derivative of a func- 
tion f at a point a. Find a possible f and a, and then evaluate the limit. 


1 
sin? (z T n) = 
4 2 


l tan (m V3x — 11) 
54. lim ——————cK~ 55. lim —_- 
h—>0 h x5 x-5 


56-57. Derivative of the inverse at a point Consider the follow- 
ing functions. In each case, without finding the inverse, evaluate the 
derivative of the inverse at the given point. 


56. f(x) =1/(x+ 1) at f(0) 
57. f(x) = xt — 2x? —x at f(0) 


58-59. Derivative of the inverse Find the derivative of the inverse of 
the following functions. Express the result with x as the independent 
variable. 


58. f(x) = 12x — 16 59, f(x) = x! 
X 
x+ I 


is one-to-one for x > —1 and has an inverse on that interval. 

a. Graph f, for x > —1. 

b. Find the inverse function f~! corresponding to the function 
graphed in part (a). Graph f~! on the same set of axes as in 
part (a). 
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61. 


62. 


63. 


64. 


65. 
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c. Evaluate the derivative of f~" at the point (4, 1 p 
d. Sketch the tangent lines on the graphs of f and f~! at ( l, L) 
and (4, 1), respectively. 


Derivative of the inverse in two ways Let f(x) = sin x, 

f (x)= sin! x, and (xo, yo) = (77417 V2). 

a. Evaluate (f~')'(1/2) using Theorem 3.23. 

b. Evaluate (f~')'(1/2) directly by differentiating f~'. Check 
for agreement with part (a). 


Velocity of a rocket The height in feet of a rocket above the 
2 


t 
p = 0. 





ground is given by s(t) = 5 

[ = 

a. Graph the height function and describe the motion of the 
rocket. 

b. Find the velocity of the rocket. 

c. Graph the velocity function and determine the approximate 
time at which the velocity is a maximum. 


Marginal and average cost Suppose the cost of producing x 
lawnmowers is C(x) = —0.02x* + 400x + 5000. 


a. Determine the average and marginal costs for x = 3000 


lawnmowers. 
b. Interpret the meaning of your results in part (a). 


Marginal and average cost Suppose a company produces fly 
rods. Assume C(x) = —0.0001x? + 0.05x? + 60x + 800 
represents the cost of making x fly rods. 

a. Determine the average and marginal costs for x = 400 fly rods. 
b. Interpret the meaning of your results in part (a). 


Population growth Suppose p(t) = —1.7f° + 721? + 7200t + 

80,000 is the population of a city t years after 1950. 

a. Determine the average rate of growth of the city from 1950 
to 2000. 

b. What was the rate of growth of the city in 1990? 


Chapter 3 Guided Projects 


Applications of the material in this chapter and related topics can be found in the following Guided Projects. For additional informa- 
tion, see the Preface. 


e Numerical differentiation 


e Enzyme kinetics 


66. 


67. 


68. 


69. 


70. 


71. 





Position of a piston The distance between the head of a piston 
St 
and the end of a cylindrical chamber is given by x(t) = rg om 


for t = O (measured in seconds). The radius of the cylinder is 4 cm. 


a. Find the volume of the chamber, for t = 0. 

b. Find the rate of change of the volume V’(t), for t = 0. 

c. Graph the derivative of the volume function. On what intervals 
is the volume increasing? Decreasing? 


Boat rates Two boats leave a dock at the same time. One boat trav- 
els south at 30 mi/hr and the other travels east at 40 mi/hr. After 
half an hour, how fast is the distance between the boats increasing? 


Rate of inflation of a balloon A spherical balloon is inflated at 
a rate of 10 cm*/min. At what rate is the diameter of the balloon 
increasing when the balloon has a diameter of 5 cm? 


Rate of descent of a hot-air balloon A rope is attached to the 

bottom of a hot-air balloon that is floating above a flat field. If the 
angle of the rope to the ground remains 65° and the rope is pulled 
in at 5 ft/s, how quickly is the elevation of the balloon changing? 


Filling a tank Water flows into a conical tank at a rate of 

Pe /min. If the radius of the top of the tank is 4 ft and the height 
is 6 ft, determine how quickly the water level is rising when the 
water is 2 ft deep in the tank. 


Angle of elevation A jet flies horizontally 500 ft directly above a 

spectator at an air show at 450 mi/hr. Determine how quickly the 

angle of elevation (between the ground and the line from the spec- 
tator to the jet) is changing 2 seconds later. 


72. Viewing angle A man whose eye level is 6 ft above the ground 


e Elasticity in economics 


walks toward a billboard at a rate of 2 ft/s. The bottom of the 
billboard is 10 ft above the ground and it is 15 ft high. The man’s 
viewing angle is the angle formed by the lines between the man’s 
eyes and the top and bottom of the billboard. At what rate is the 
viewing angle changing when the man is 30 ft from the billboard? 


e Pharmacokinetics—drug metabolism 





4.1 Maxima and Minima 
4.2 What Derivatives Tell Us 
4.3 Graphing Functions 

4.4 Optimization Problems 


4.5 Linear Approximation 
and Differentials 


4.6 Mean Value Theorem 
4.7 L'H6pital’s Rule 

4.8 Newton's Method 
4.9 Antiderivatives 


Applications of 
the Derivative 


Chapter Preview Much of the previous chapter was devoted to the basic 
mechanics of derivatives: evaluating them and interpreting them as rates of change. We now 
apply derivatives to a variety of mathematical questions, many of which concern the prop- 
erties of functions and their graphs. One outcome of this work is a set of analytical curve- 
sketching methods that produce accurate graphs of functions. Equally important, derivatives 
allow us to formulate and solve a wealth of practical problems. For example, a weather 
probe dropped from an airplane accelerates until it reaches its terminal velocity: When is the 
acceleration the greatest? An economist has a mathematical model that relates the demand 
for a product to its price: What price maximizes the revenue? In this chapter, we develop the 
tools needed to answer such questions. In addition, we begin an ongoing discussion about 
approximating functions, we present an important result called the Mean Value Theorem, 
and we work with a powerful method that enables us to evaluate a new kind of limit. The 
chapter concludes with two important topics: a numerical approach to approximating roots 
of functions, called Newton’s method; and a preview of integral calculus, which is the sub- 
ject of Chapter 5. 


4.1 Maxima and Minima 


High points Low points 





A hike along the x-axis 


FIGURE 4.1 


» Absolute maximum and minimum values 
are also called global maximum and 
minimum values. The plural of maximum is 
maxima; the plural of minimum is minima. 
Extrema (plural) and extremum (singular) 
refer to either maxima or minima. 


With a working understanding of derivatives, we now undertake one of the fundamen- 
tal tasks of calculus: analyzing the behavior and producing accurate graphs of functions. 
An important question associated with any function concerns its maximum and minimum 
values: On a given interval (perhaps the entire domain), where does the function assume 
its largest and smallest values? Questions about maximum and minimum values take on 
added significance when a function represents a practical quantity, such as the profits of a 
company, the surface area of a container, or the speed of a space vehicle. 


Absolute Maxima and Minima 


Imagine taking a long hike through varying terrain from west to east. Your elevation changes 
as you walk over hills, through valleys, and across plains; and you reach several high and 
low points along the journey. Analogously, when we examine a function over an interval on 
the x-axis, its values increase and decrease, reaching high points and low points (Figure 4.1). 
You can view our study of functions in this chapter as an exploratory hike along the x-axis. 


DEFINITION Absolute Maximum and Minimum 
Let f be defined on an interval / containing c. If f(c) = f(x) for every x in J, then 


f has an absolute maximum value of f(c) on Zat c. If f(c) = f(x) for every x in J, 
then fhas an absolute minimum value of f(c) on Tatc. 
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FIGURE 4.2. The function f(x) = x? has 
different absolute extrema depending on 
the interval of interest. 


The existence and location of absolute extreme values depend on both the function 


and the interval of interest. Figure 4.2 shows various cases for the function f(x) = x 


Notice that if the interval of interest is not closed, a function may not attain absolute 


extreme values (Figure 4.2a, c, and d). 


y =x on (—®, ©) 










No absolute max 


Absolute min 
of O atx = 0 


(a) Absolute min only 


y= x? on (0, 2] 


Absolute max 
of 4atx =2 


No absolute min 


(c) Absolute max only 


y = x’ on [0, 2] 










Absolute max 
of 4 atx =2 


Absolute min 
of O atx = 0 


(b) Absolute max and min 


y = x’ on (0, 2) 


No absolute min 


(d) No max or min 


No absolute max 


However, defining a function on a closed interval is not enough to guarantee the ex- 
istence of absolute extreme values. Both functions in Figure 4.3 are defined at every point 
of a closed interval, but neither function attains an absolute maximum—the discontinuity 
in each function prevents it from happening. 


4 No absolute maximum value 
/ 7 


/ 
x if0sSsx< 1 
y= 






O ALNE Absolute 


minimum 


y= fe) 


\ / 
Absolute minimum value 
of Oatx = Oandx = 1 


(a) (b) 





FIGURE 4.3 
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It turns out that two conditions ensure the existence of absolute maximum and 
minimum values on an interval: The function must be continuous on the interval and the 
interval must be closed and bounded. 


» The proof of the Extreme Value Theorem 
relies on some deep properties of the real THEOREM 4.1 Extreme Value Theorem 


numbers, found in advanced books. A function that is continuous on a closed interval la, b| has an absolute maxi- 
mum value and an absolute minimum value on that interval. 








QUICK CHECK 1 Sketch the graph of EXAMPLE 1 Locating absolute maximum and minimum values For the functions 
a function that is continuous on an in Figure 4.4, identify the location of the absolute maximum value and the absolute mini- 
interval but does not have an absolute mum value on the interval (a, b|. Do the functions meet the conditions of the Extreme 
minimum value. Sketch the graph ofa Value Theorem? 

function that is defined on a closed 
interval but does not have an absolute 
minimum value. < 





(b) 


FIGURE 4.4 
SOLUTION 


a. The function f is continuous on the closed interval la, b], so the Extreme Value Theo- 
rem guarantees an absolute maximum (which occurs at a) and an absolute minimum 
(which occurs at c). 


b. The function g does not satisfy the conditions of the Extreme Value Theorem because 
it is not continuous, and it is defined only on the open interval (a, b). It does not have 
an absolute minimum value. It does, however, have an absolute maximum at c. There- 
fore, a function may violate the conditions of the Extreme Value Theorem and still 
have an absolute maximum or minimum (or both). Related Exercises 11—14< 


Local Maxima and Minima 


Figure 4.5 shows a function defined on the interval la, b). It has an absolute minimum at 
the endpoint a and an absolute maximum at the interior point e. In addition, the function 


Absolute maximum: 
No greater value of f on [a, b]. 
Also a local maximum. 


Local maximum: 
No greater value 
of f nearby. 






Absolute minimum: 
No smaller value of 






fon [a, b]. : Local minimum: 
|| No smaller value 
| | of f nearby. 
P+ ——_f— a_i +7-——_J@J_m@2m—_—§|f—_ —ftH E 
a C d e b x 


FIGURE 4.5 
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» Local maximum and minimum values 
are also called relative maximum and 
minimum values. Local extrema (plural) 
and local extremum (singular) refer to 


either local maxima or local minima. 





FIGURE 4.6 


Local maximum at c 





y =f) 
Slopes of secant Slopes of secant 
lines = 0 lines = 0 
— € oo 
C X 
FIGURE 4.7 


> Theorem 4.2, often attributed to Fermat, 
is one of the clearest examples in 
mathematics of a necessary, but not 
sufficient, condition. A local maximum 
(or minimum) at c necessarily implies 
a critical point at c, but a critical point 
at c is not sufficient to imply a local 
maximum (or minimum) there. 


has special behavior at c, where its value is greatest among nearby points, and at d, where 
its value is least among nearby points. A point at which a function takes on the maximum 
or minimum value among nearby points is important. 


DEFINITION Local Maximum and Minimum Values 


Suppose / is an interval on which f is defined and c is an interior point of Z. If 


f(c) = f(x) for all x in some open interval containing c, then f(c) is a local 
maximum value of f. If f(c) =< f(x) for all x in some open interval containing c, 
then f(c) is a local minimum value of f. 





Note that local maxima and minima occur at interior points of the interval of interest, 
not at endpoints. For example, in Figure 4.5, the minimum value that occurs at the endpoint 
a is not a local minimum. However, it is the absolute minimum of the function on | a, b]. 


EXAMPLE 2 Locating various maxima and minima Figure 4.6 shows the graph 
of a function defined on |a, b]. Identify the location of the various maxima and minima 
using the terms absolute and local. 


SOLUTION The function f is continuous on a closed interval; by Theorem 4.1, it has 
absolute maximum and minimum values on |a, b]. The function has a local minimum 
value and its absolute minimum value at p. It has another local minimum value at r. The 
absolute maximum value of f occurs at both g and s (which also correspond to local 
maximum values). The function does not have extrema at the endpoints a and b. 

Related Exercises 15—22< 


Critical Points Another look at Figure 4.6 shows that local maxima and minima occur 
at points in the open interval (a, b) where the derivative is zero (x = q, r, and s) and at 
points where the derivative fails to exist (x = p). We now make this observation precise. 

Figure 4.7 illustrates a function that is differentiable at c with a local maximum at 
c. For x near c with x < c, the secant lines between (x, f(x)) and (c, f(c)) have non- 
negative slopes. For x near c with x > c, the secant lines between (x, f(x) ) and (c, f(c) ) 
have nonpositive slopes. As x — c, the slopes of these secant lines approach the slope of 
the tangent line at (c, f(c)). These observations imply that the slope of the tangent line 
must be both nonnegative and nonpositive, which happens only if f’(c) = 0. Similar 
reasoning leads to the same conclusion for a function with a local minimum at c: f’(c) 
must be zero. This argument is an outline of the proof (Exercise 83) of the following 
theorem. 


THEOREM 4.2 Local Extreme Point Theorem 


If f has a local maximum or minimum value at c and f’(c) exists, then f’(c) 





Local extrema can also occur at points c where f’(c) does not exist. Figure 4.8 shows 
two such cases, one in which c is a point of discontinuity and one in which f has a corner 
point at c. Because local extrema may occur at points c where f’(c) = 0 and where f'(c) 
does not exist, we make the following definition. 


DEFINITION Critical Point 


An interior point c of the domain of f at which f’(c) = 0 or f'(c) fails to exist is 


called a critical point of f. 











f'(c) = 0, but no 
local max/min at c. 


=f) 


f'(c) does not exist, but 
no local max/min at c. 





FIGURE 4.9 





Local (and absolute) 
minimum 


FIGURE 4.10 
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A local maximum at c 
where f’(c) does not exist. 


A local minimum at c 
where f’(c) does not exist. 





(b) 
FIGURE 4.8 


Note that the converse of Theorem 2 is not necessarily true. It is possible that 
f'(c) = 0 at a point without a local maximum or local minimum value occurring there 
(Figure 4.9a). It is also possible that f'(c) fails to exist, with no local extreme value occur- 
ring at c (Figure 4.9b). Therefore, critical points are candidates for local extreme points, 
but you must determine whether they actually correspond to local maxima or minima. 
This procedure is discussed in Section 4.2. 


EXAMPLE 3 Locating critical points Find the critical points of f(x) = x7 In x. 


SOLUTION Note that f is differentiable on its domain, which is (0, ©). By the Product 
Rule, 


l 
fo) = 2x] t xte = x(2lnx + 1). 


Setting f'(x) = 0 gives x(2Inx + 1) = 0, which has the solution x = e™! = 1/Ve. 
Because x = 0 is not in the domain of f, it is not a critical point. Therefore, the only criti- 
cal point is x = 1/ Ve =~ 0.61.A graph of f (Figure 4.10) reveals that a local (and, indeed, 
absolute) minimum value occurs at (1/Ve, —1/(2e)). 

Related Exercises 23-36< 





JUICK CHECK 2 Consider the function f(x) = x°. Where is the critical point of f? Does f 
ae a loca maximum or minimum at the critical point? < 


Locating Absolute Maxima and Minima 


Theorem 4.1 guarantees the existence of absolute extreme values of a continuous function 
on a closed interval | a, b], but it doesn’t say where these values are located. Two observa- 
tions lead to a procedure for locating absolute extreme values. 


e An absolute extreme value in the interior of an interval is also a local extreme value, 
and we know that local extreme values occur at the critical points of f. 
e Absolute extreme values may also occur at the endpoints of the interval of interest. 


These two facts suggest the following procedure for locating the absolute extreme 
values of a function continuous on a closed interval. 
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Absolute max 
at (—2, 32) 














No local extremum m = ee 

at (0, 0) min at (5, — =) 
FIGURE 4.11 

Absolute y 


max at 
(C13) 


y= x7/3(2 — x) on [-1, 2] 


Local max at (0.8, 1.03) 


Absolute min 
at (2, 0) 
x 
Absolute (and local) 
min at (0, 0) 


FIGURE 4.12 
» The derivation of the position function 
for an object moving in a gravitational 
field is given in Section 6.1. 


PROCEDURE Locating Absolute Maximum and Minimum Values 
Assume the function f is continuous on the closed interval | a, b]. 


. Locate the critical points c in (a, b), where f’(c) = 0 or f'(c) does not exist. 
These points are candidates for absolute maxima and minima. 


. Evaluate f at the critical points and at the endpoints of | a, b]. 


. Choose the largest and smallest values of f from Step 2 for the absolute 
maximum and minimum values, respectively. 





If the interval of interest is an open interval, then absolute extreme values—if they 
exist—occur at interior points. 


EXAMPLE 4 Absolute extreme values Find the absolute maximum and minimum 
values of the following functions. 


a. f(x) = xt — 2x? on the interval [—2, 2 | 
b. g(x) = x7/3(2 — x) on the interval [—1, 2] 
SOLUTION 


a. Because f is a polynomial, its derivative exists everywhere. So, if f has critical points, 
they are points at which f'(x) = 0. Computing f’ and setting it equal to zero, we have 
f'(x) = 4x? — 6x? = 2x° (2x — 3) = 0. 


Solving this equation gives the critical points x = 0 and x = 3, both of which lie in 
the interval |—2, 2]; these points and the endpoints are candidates for the location of 
absolute extrema. Evaluating f at each of these points, we have 


f(—2) = 32, f(0) = 0, f($) = —Z, and f(2) = 0. 


The largest of these function values is f(—2) = 32, which is the absolute maximum 
of f on |—2, 2]. The smallest of these values is f ( > | = -4 which is the absolute 
minimum of f on |—2, 2|. The graph of f (Figure 4.11) shows that the critical point 
x = 0 corresponds to neither a local maximum nor a local minimum. 


b. Differentiating g(x) = x?’ (2 — x) = 2x7 — x5’, we have 


' 4 473 3 a3 _ 4-5 
g'(x) = 3x 3x = 3B 





Because g'(0) is undefined and 0 is in the domain of g, x = 0 is a critical point. 

In addition, g'(x) = 0 when 4 — 5x = 0, so x = {is also a critical point. These two 
critical points and the endpoints are candidates for the location of absolute extrema. 
The next step is to evaluate f at the critical points and endpoints: 


g(-1) =3, 9(0)=0, (4/5) = 1.03, andg(2) = 0. 


The largest of these function values is g(—1) = 3, which is the absolute maximum 
value of g on |—1, 2]. The least of these values is 0, which occurs twice. Therefore, 

g has its absolute minimum value on |—1, 2] at the critical point x = 0 and the 
endpoint x = 2 (Figure 4.12). Related Exercises 37-50 


EXAMPLE 5 Trajectory high point A stone is launched vertically upward from a 
bridge 80 ft above the ground at a speed of 64 ft/s. Its height above the ground t seconds 
after the launch is given by 


f(t) = —16r7 + 64t + 80, forO = t= 5. 


When does the stone reach its maximum height? 
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SOLUTION We must evaluate the height function at the critical points and at the end- 
points. The critical points satisfy the equation 
f' (t) = —32t + 64 = —32(t — 2) = 0, 
so the only critical point is t = 2. We now evaluate f at the endpoints and at the critical point: 
f(0) = 80, f(2) = 144, andf(5) = 0. 


On the interval | 0, 5], the absolute maximum occurs at t = 2, at which time the stone 
reaches a height of 144 ft. Because f'(t) is the velocity of the stone, the maximum height 
occurs at the instant the velocity is zero. 


Related Exercises 51—54< 


SECTION 4.1 EXERCISES 


Review Questions 
1. What does it mean for a function to have an absolute extreme 
value at a point c of an interval |a, b]? 


2. What are local maximum and minimum values of a function? 


3. What conditions must be met to ensure that a function has an 
absolute maximum value and an absolute minimum value on an 
interval? 





4. Sketch the graph of a function that is continuous on an open inter- 
val (a, b) but has neither an absolute maximum nor an absolute 


minimum value on (a, b). 15-18. Local and absolute extreme values Use the following graphs 
to identify the points on the interval |a, b| at which local and absolute 
5. Sketch the graph of a function that has an absolute maximum, a extreme values occur. 


local minimum, but no absolute minimum on [0, 3]. 


15. 16. 


6. What is a critical point of a function? 


7. Sketch the graph of a function f that has a local maximum value 
at a point c where f’(c) = 0. 

8. Sketch the graph of a function f that has a local minimum value 
at a point c where f’(c) is undefined. 


9. How do you determine the absolute maximum and minimum 
values of a continuous function on a closed interval? 





10. Explain how a function can have an absolute minimum value at an 
endpoint of an interval. 


Basic Skills 

11-14. Absolute maximum/minimum values from graphs Use the 
following graphs to identify the points (if any) on the interval la, b| 
at which the function has an absolute maximum value or an absolute 
minimum value. 


11. 12. 





19-22. Designing a function Sketch the graph of a continuous 
function f on [0, 4| satisfying the given properties. 


19. f'(x) = 0 for x = 1 and 2; f has an absolute maximum at 
x = 4; f has an absolute minimum at x = 0; and f has a 
local minimum at x = 2. 





20. f'(x) = 0 for x = 1,2, and 3; f has an absolute minimum at 
x = 1; f has no local extremum at x = 2; and f has an absolute 
maximum at x = 3. 
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21. f’(1) and f’(3) are undefined; f’(2) = 0; f has a local maxi- 
mum at x = 1; f has alocal minimum at x = 2; f has an absolute 
maximum at x = 3; and f has an absolute minimum at x = 4. 


f'(x) = Oat x = 1 and 3; f'(2) is undefined; f has an absolute 
maximum at x = 2; f has neither a local maximum nor a local 
minimum at x = 1; and f has an absolute minimum at x = 3. 


22. 


23-36. Locating critical points 


a. Find the critical points of the following functions on the domain or 
on the given interval. 

b. Use a graphing utility to determine whether each critical point 
corresponds to a local maximum, local minimum, or neither. 


23. f(x) = 3x? — 4x +2 24. f(x) = a — ix on |—1, 3] 
x3 
25. f(x) = = — 9x on |-7,7] 
26 2 ors [-4,4] 
. f(x) = J 3 x on 
2 
27. f(x) = 3x? + = — 2xon [—1, 1] 
Ax? 
28. f(x) = a 3x? + 5 on |-2, 2] 
29. f(x) = x/(x* + 1) 30. f(x) = 12x° — 20x? on [—2, 2] 
31. f(x) = (e* + e *)/2 32. f(x) = sin x cos x on [0, 27 | 
33. f(x) = Mi = iiz 34. f(x) =x -— tan! x 
35. f(x) = + 1on[-1,1] 
36. f(x) = (sin! A on (0, 1 | 


37-50. Absolute maxima and minima 


a. Find the critical points of f on the given interval. 

b. Determine the absolute extreme values of f on the given interval 
when they exist. 

c. Use a graphing utility to confirm your conclusions. 


. f(x) = x? — 10 on [-2,3] 38. f(x) = (x + 1)*7 on [-8,8] 


51. Trajectory high point A stone is launched vertically upward 
from a cliff 192 feet above the ground at a speed of 64 ft/s. Its 
height above the ground ¢ seconds after the launch is given by 
s = —16t° + 64t + 192, for O < t = 6. When does the stone 


reach its maximum height? 


52. Maximizing revenue A sales analyst determines that the revenue 
from sales of fruit smoothies is given by R(x) = —60x” + 300x, 


where x is the price in dollars charged per item, forO S x = 5. 


a. Find the critical points of the revenue function. 
b. Determine the absolute maximum value of the revenue func- 
tion and the price that maximizes the revenue. 


53. Maximizing profit Suppose a tour guide has a bus that holds a 
maximum of 100 people. Assume his profit (in dollars) for 
taking n people on a city tour is P(n) = n(50 — 0.5n) — 100. 
(Although P is defined only for positive integers, treat it as a 
continuous function.) 


a. How many people should the guide take on a tour to maximize 
the profit? 

b. Suppose the bus holds a maximum of 45 people. How many 
people should be taken on a tour to maximize the profit? 


54. Maximizing rectangle perimeters All rectangles with an area of 
64 have a perimeter given by P(x) = 2x + 128/x, where x is the 
length of one side of the rectangle. Find the absolute minimum 
value of the perimeter function. What are the dimensions of the 


rectangle with minimum perimeter? 


Further Explorations 
55. Explain why or why not Determine whether the following 
statements are true and give an explanation or counterexample. 


a. The function f(x) = Vx has a local maximum on the 
interval |0, 1]. 

b. If a function has an absolute maximum, then the function must 
be continuous on a closed interval. 

c. A function f has the property that f’(2) = 0. Therefore, 
f has a local maximum or minimum at x = 2. 

d. Absolute extreme values on a closed interval always occur at a 
critical point or an endpoint of the interval. 

e. A function f has the property that f’(3) does not exist. There- 
fore, if 3 is in the domain of f, then it is a critical point of f. 


56-63. Absolute maxima and minima 


= cos? x on [0, 7 | 


40. f(x) = x/(x? + 1)? on [—2, 2] 

41. f(x) = sin 3x on |—7/4, 7/3] 

42. f(x) = x7? on [-8, 8] 43. f(x) = (2x)* on (0.1, 1] 
*/2 on [0, 5] 


3 


4 
49. + 5x? — 6xon|—4, 1] 


f(x) 


50. f(x) = 2x®° — 15x* + 24x? on |—2, 2] 


a. Find the critical points of f on the given interval. 
b. Determine the absolute extreme values of f on the given interval. 
c. Use a graphing utility to confirm your conclusions. 


56. f(x) = (x — 2)"; [2,6] 57. f(x) = 2° sinx; [-2,6] 
58. f(x) = x"? (x?/5 — 4); [0,4] 

59, f(x) = secx; |-7/4, 7/4] 

60. f(x) =x! (x + 4); [-27, 27] 61. f(x) = x3e%; [1,5] 

62. f(x) = xIn(x/5); [0.1,5] 63. f(x) = ek [6, 12] 


64-67. Critical points of functions with unknown parameters Find 
the critical points of f. Assume a is a constant. 


64. f(x) =x/Vx-a 65. f(x) =xVx-—a 


66. f(x) =x° — 3ax* + 3a°x — a? 67. f(x) = sr — ax 


77. 


68-73. Critical points and extreme values 


a. Find the critical points of the following functions on the given 
interval. 

b. Use a graphing device to determine whether the critical points 
correspond to local maxima, local minima, or neither. 

c. Find the absolute maximum and minimum values on the given 
interval when they exist. 


68. f(x) = 6x* — 16x? — 45x? + 54x + 23; [-5, 5] 
69. (0) = 2sin0 + cos 6; [—27, 27] 

70. f(x) = x73 (4 — x); [-3,4] 

71. g(x) = (x — 3)93 (x + 2); [-4,4] 

72. f(t) = 3t/( + 1); [-2,2] 

73. h(x) = (5 — x)/(x? + 2x — 3); [-10, 10] 


x) 
x) 


74-75. Absolute value functions Graph the following functions and 
determine the local and absolute extreme values on the given interval. 








74. f(x) = |x — 3| + |x + 2); [-4,4] 
75. g(x) = |x — 3| — 2|x + 1]; [-2,3] 
Applications 


76. Minimum surface area box All boxes with a square base 
and a volume of 50 ft? have a surface area given by S(x) = 
2x* + 200/x, where x is the length of the sides of the base. Find 
the absolute minimum of the surface area function. What are the 
dimensions of the box with minimum surface area? 


Every second counts You must get from a point P on the 

straight shore of a lake to a stranded swimmer who is 50 m from a 
point Q on the shore that is 50 m from you (see figure). If you can 
swim at a speed of 2 m/s and run at a speed of 4 m/s, at what 
point along the shore, x meters from Q, should you stop running 
and start swimming if you want to reach the swimmer in the mini- 
mum time? 





SORR E 


i 


a. Find the function T that gives the travel time as a function 
of x, where 0 = x = 50. 

b. Find the critical point of T on (0, 50). 

c. Evaluate T at the critical point and the endpoints (x = 0 and 
x = 50) to verify that the critical point corresponds to an 
absolute minimum. What is the minimum travel time? 

d. Graph the function T to check your work. 


H 78. 
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Dancing on a parabola Suppose that two people, A and B, walk 
along the parabola y = x” in such a way that the line segment L 
between them is always perpendicular to the line tangent to the 
parabola at A’s position. What are the positions of A and B when 
L has minimum length? 


a. Assume that A’s position is (a, a>); where a > 0. Find the 
slope of the line tangent to the parabola at A and find the slope 
of the line that is perpendicular to the tangent line at A. 

b. Find the equation of the line joining A and B when A is at 
(a, a’). 

c. Find the position of B on the parabola when A is at (a, a). 

d. Write the function F(a) that gives the square of the dis- 
tance between A and B as it varies with a. (The square of 
the distance is minimized at the same point that the distance 
is minimized; it is easier to work with the square of the 
distance.) 

e. Find the critical point of F on the interval a > 0. 

f. Evaluate F at the critical point and verify that it corre- 
sponds to an absolute minimum. What are the positions of A 
and B that minimize the length of L? What is the minimum 
length? 

g. Graph the function F to check your work. 





Additional Exercises 


79. 


80. 


Values of related functions Suppose f is differentiable on 

(— co, 0) and assume it has a local extreme value at the point 

x = 2, where f(2) = 0. Let g(x) = xf(x) + 1 and let 

h(x) = xf(x) + x + 1, for all values of x. 

a. Evaluate g(2), h(2), g’(2), and h’(2). 

b. Does either g or h have a local extreme value at x = 2? Explain. 


Extreme values of parabolas Consider the function 

f(x) = ax? + bx + c, witha # 0. Explain geometrically why 
f has exactly one absolute extreme value on (—™, © ). Find 

the critical point to determine the value of x at which f has an 
extreme value. 
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81. Even and odd functions a. Suppose f has a local maximum at c. What is the sign of 
a. Suppose a nonconstant even function f has a local minimum JA) FO) if X is near c and x > c? What is the sign of 
at c. Does f have a local maximum or minimum at —c? f(x) — fle) if x is near c and x < c? 
i l Oe aon Pe ee 
Pap ney acon E a) hiroa etaa TC aine 
b. Suppose a nonconstant odd function f has a local minimum at roc yeg 
c. Does f have a local maximum or minimum at —c? Explain. this limit as x —> c* and conclude that f’(c) < 0. 
(An odd function satisfies f(—x) = —f(x).) c. Examine the limit in part (b) as x — c and conclude that 
f'(c) = 0. 


82. A family of double-humped functions Consider the functions 


d. Combi ts (b) and (c) t lude that f’ = 0. 
f(x) = x/(x* + 1)", where n is a positive integer. ombine parts (b) and (c) to conclude that f"(c) 


a. Show that these functions are odd for all positive integers n. 








b. Show that the critical points of these functions are aes ANSWERS 
l ; : = 
x=}, , for all positive integers n. (Start with the 1. The conunvous function f(x ) = x does not have an 
. 2n — 1 absolute minimum on the open interval (0, 1). The function 
special cases n = l andn = 2.) f(x) = —x on [0, $) and f(x) = 0 on |}, 1] does not have an 


c. Show that as n increases the absolute maximum values of na pi E 
E T absolute minimum on (0, 1]. 2. The critical point is x = 0. 


d. Use a graphing utility to verify your conclusions. Although f'(0) = 0, the function has neither a local 


maximum nor minimum at x = 0.<« 
83. Proof of the Local Extreme Point Theorem Prove Theorem 4.2 


for a local maximum: If f has a local maximum at the 
point c and f'(c) exists, then f’(c) = 0. Use the following steps. 


4.2 What Derivatives Tell Us 


In the previous section, we saw that the derivative is a tool for finding critical points, 
which are related to local maxima and minima. As we show in this section, derivatives 
(first and second derivatives) tell us much more about the behavior of functions. 


Increasing and Decreasing Functions 


We have used the terms increasing and decreasing informally in earlier sections to describe 
a function or its graph. For example, the graph in Figure 4.13a rises as x increases, so the 
corresponding function is increasing. In Figure 4.13b, the graph falls as x increases, so the 
corresponding function is decreasing. The following definition makes these ideas precise. 


» A function is called monotonic if it is , : . 
aliher meresi ordean ne ome DEFINITION Increasing and Decreasing Functions 


books make a further distinction by Suppose a function f is defined on an interval J. We say that f is increasing on / if 
defining nondecreasing (f(x) = f(x1) f(x.) > f(x) whenever x, and x, are in J and x, > x,. We say that f is decreasing 
on Z if f(x.) < f(x) whenever x, and x, are in J and x, > x. 


whenever x) > x) and nonincreasing 
(f(x2) 5 f(x,) whenever x > xı). 





O x 


1 


1 


fincreasing: f(x,) > f(x,) f decreasing: f(x,) < f(x,) 
whenever x, > x, whenever x, > x, 


FIGURE 4.13 


» The converse of Theorem 4.3 may not 
be true. According to the definition, 
f(x) = x? is increasing on (—~, œ), 
but it is not true that f'(x) > 0 on 
(—œ, œ) (because f'(0) = 0). 





QUICK CHECK 1 Explain why a 
positive derivative on an interval 
implies that the function 1s 
increasing on the interval. «< 
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Intervals of Increase and Decrease The graph of a function f gives us an idea of 
the intervals on which f is increasing and decreasing. But how do we determine those inter- 
vals precisely? This question is answered by making a connection to the derivative. 

Recall that the derivative of a function gives the slopes of tangent lines. If the deriva- 
tive is positive on an interval, the tangent lines on that interval have positive slopes, and 
the function is increasing on the interval (Figure 4.14a). Said differently, positive deriva- 
tives on an interval imply positive rates of change on the interval, which, in turn, indicate 
an increase in function values. 

Similarly, if the derivative is negative on an interval, the tangent lines on that interval 
have negative slopes, and the function is decreasing on that interval (Figure 4.14b). These 
observations are proved in Section 4.6 using a result called the Mean Value Theorem. 


Tangent lines have 
positive slopes ... 


Tangent lines have 
negative slopes ... 









y =f) 





... fis increasing. ... fis decreasing. 





FIGURE 4.14 (a) (b) 


THEOREM 4.3 Test for Intervals of Increase and Decrease 
Suppose f is continuous on an interval J and differentiable at all interior points of 


I. If f'(x) > Oat all interior points of J, then f is increasing on 7. If f'(x) < 0 
at all interior points of J, then f is decreasing on 7. 





EXAMPLE 1 Sketching a function Sketch a function f continuous on its domain 
(— co, œ) satisfying the following conditions. 

1. f > 0Oon (—~, 0), (4, 6), and (6, ©). 

2. f' < Oon (0,4). 

3. f'(0) is undefined. 

4. f'(4) =f'(6)=0. 

SOLUTION By condition (1), f is increasing on the intervals (—%, 0), (4, 6), and 

(6, ©). By condition (2), f is decreasing on (0, 4). Condition (3) implies f has a cusp 
or corner at x = 0, and by condition (4), the graph has a horizontal tangent line at x = 4 


and x = 6. It is useful to summarize these results (Figure 4.15) before sketching a graph. 
One of many possible graphs satisfying these conditions is shown in Figure 4.16. 


| | | 
| | | 

Sign of f’ Fee : f' <0 ei re en 
| | | 





0 4 6 A 
Behavior of f fis increasing fis decreasing | f increasing 
Cusp or Horizontal 


FIGURE 4.15 corner point tangent lines 
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2 J 2 
fi@=U—xe™ 


fio >0 \ (fi) <0 


fincreasing | | f decreasing 


FIGURE 4.17 









f'(0) undefined 


F©O=0 


fA =0 





foo 
fis increasing 


E 
fis decreasing 


po 
fis increasing 
FIGURE 4.16 

Related Exercises 11-l6o< 


EXAMPLE 2 Intervals of increase and decrease Find the intervals on which the 
following functions are increasing and decreasing. 


a. f(x) = xe” b. f(x) = 2x? + 3x2 + 1 
SOLUTION 
a. By the Product Rule, f'(x) = e* + x(-—e*) = (1 — x)e™. Solving f'(x) = 0 and 
noting that e * # O for all x, the sole critical point is x = 1. Therefore, if f’ changes 
sign, then it does so at x = 1 and nowhere else. By evaluating f’ at selected points in 
(—œ, 1) and (1, ©), we can determine the sign of f’ on the entire interval: 
e Atx = 0, f'(0) = 1 > 0. So, f’ > 0 on (—~, 1), which means that f is increas- 
ing on (—%, 1). (In fact, f is increasing on (—%, 1].) 
e Atx = 2, f'(2) = —e™° < 0. So f’ < 0 on (1, ©), which means that f is 
decreasing on (1, ©). (In fact, f is decreasing on [1, œ ).) 
Note also that the graph has a horizontal tangent line at x = 1. We verify these con- 
clusions by plotting f and f’ (Figure 4.17). 


b. In this case, f'(x) = 6x* + 6x = 6x(x + 1). To find the intervals of increase, 
we first solve 6x(x + 1) = 0 and determine that the critical points are x = 0 and 
x = —1. If f’ changes sign, then it does so at these points and nowhere else; that is, 
f’ has the same sign throughout each of the intervals (— ©, —1), (—1, 0), and (0, œ). 
Evaluating f’ at selected points of each interval determines the sign of f’ on that 
interval. 


e Atx = —2, f'(—2) = 12 > 0, so f’ > Oand f is increasing on (—”, —1). 

e Atx = —5, f'(—}) = —3 < 0, so f’ < 0 and f is decreasing on (—1, 0). 

e Atx = 1, f'(1) = 12 > 0, so f' > 0 and f is increasing on (0, œ). 

The graph has a horizontal tangent line at x = —1 and x = 0. Figure 4.18 shows the 
graph of f superimposed on the graph of f', confirming our conclusions. 






f has a local 
minimum at c. 


f'x) <0 | f'@>0 
l 





4 f has a local 
maximum at c. 


LN 
! 
| 
| 


| | 

| f'G) >0 | fx) <0 ! 
l 

| | 





FIGURE 4.19 
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f'(x) = 6x7 + 6x 


f(x) = 2° + 3x7 +1 


fia >0 


f increasing 


fix) <0 


f decreasing 


fF @)>0 

f increasing 

FIGURE 4.18 

Related Exercises 17-38< 


Identifying Local Maxima and Minima 


Using what we know about increasing and decreasing functions, we can now identify local 
extrema. Suppose x = c is a critical point of f, where f’(c) = 0. Suppose also that f’ 
changes sign at c with f'(x) < 0 onan interval (a, c) to the left of c and f'(x) > 0 onan 
interval (c, b) to the right of c. In this case f’ is decreasing to the left of c and increasing 
to the right of c, which means that f has a local minimum at c, as shown in Figure 4.1 9a. 

Similarly, suppose f’ changes sign at c with f'(x) > 0 on an interval (a, c) to the 
left of c and f'(x) < 0 on an interval (c, b) to the right of c. Then, f is increasing to 
the left of c and decreasing to the right of c, so f has a local maximum at c, as shown in 
Figure 4.19b. 

Figure 4.20 shows typical features of a function on an interval |a, b]. At local maxima 
or minima (c2, c3, and c4), f” changes sign. Although c; and c; are critical points, f’ does 
not change sign at these points, so there is no local maximum or minimum at these points. 
As emphasized earlier, critical points do not always correspond to local extreme values. 


Absolute max 
f’ undefined 


Local max 





FIGURE 4.20 





QUICK CHECK 2 Sketch a function f that is differentiable on (— ©, ©) with the follow- 
ing properties: (i) x = 0 and x = 2 are critical points; (ii) f is increasing on (— ©, 2); 


(iii) f is decreasing on (2, © ).< 
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7 <0: f'>0, 
f decreasing || f increasing 


y =f) 


Local min 
atx = —1 


y=] 


FIGURE 4.22 
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poo 
f increasing 






f increases 
through 
(1, 6); 

no local 
extreme 
point 


First Derivative Test The observations used to interpret Figure 4.20 are summarized 
in a powerful test for identifying local maxima and minima. 


THEOREM 4.4 First Derivative Test 
Suppose that f is continuous on an interval that contains a critical point c and 
assume f is differentiable on an interval containing c, except perhaps at c itself. 


e If f’ changes sign from positive to negative as x increases through c, then f has 
a local maximum at c. 


e If f’ changes sign from negative to positive as x increases through c, then f has 
a local minimum at c. 


e If f’ does not change sign at c (from positive to negative or vice versa), then f 
has no local extreme value at c. 





Proof: Suppose that f'(x) > 0 on an interval (a, c), which means that f is increasing on 
(a, c), which, in turn, implies that f(x) < f(c) for all x in (a, c). Similarly, suppose that 
f'(x) < 0 on an interval (c, b), which means that f is decreasing on (c, b), which, in 
turn, implies that f(x) < f(c) for all x in (c, b). Therefore, f(x) =< f(c) for all x in (a, b) 
and f has a local maximum at c. The proofs of the other two cases are similar. < 


EXAMPLE 3 Using the First Derivative Test Consider the function 


f(x) = 3x* — 4x? — 6x? + 12x + 1. 
a. Find the intervals on which f is increasing and decreasing. 
b. Identify the local extrema of f. 
SOLUTION 
a. Differentiating f, we find that 

yO) pr = 12 = 1 na 

De =a aS 1 
= 12(x + 1)(x — 1)’. 


Solving f'(x) = 0 gives the critical points x = —1 and x = 1. The critical points 
determine the intervals (~%,—1), (—1, 1), and (1, ©) on which f’ does not change 
sign. Choosing a test point in each interval, a sign graph of f’ is constructed 

(Figure 4.21), which summarizes the behavior of f. 


Sign of | | 
f'@) = 12@+ Da- 1)’ f' <0 : f' >0 ! o 
| | 
$$$ $$ $$ E 
—] 1 x 
Behavior of f Decreasing i Increasing Increasing 
| | 
FIGURE 4.21 


b. Because f’ changes sign from negative to positive as x passes through the critical 
point x = —1, it follows by the First Derivative Test that f has a local minimum value 
of f(—1) = —10 at x = —1. As x passes through x = 1, f does not change sign, so f 
does not have a local extreme value at the critical point x = 1 (Figure 4.22). 
Related Exercises 39-48< 
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EXAMPLE 4 Extreme points Find the local extrema of the function 
f(x) = x?F(2 — x). 


SOLUTION In Example 4b of Section 4.1, we found that 


4 5 4-5 
o e e A 


f (x) = 3 3 E 31/3 





and that the critical points of f are x = 0 and x = £. These two critical points are can- 
didates for local extrema, and Theorem 4.4 is used to classify each as a local maximum, 
local minimum, or neither. 

Using Figure 4.23, we see that f has a local minimum at x = 0 and a local maximum 
atx = t These observations are confirmed by the graphs of f and f’ (Figure 4.24). 


FQ) =P- x) 







Local max 


a: 
atx = 5 


f’ does not exist f = Oat RA 
— _4 atx = 0 
atx = 0 x=3 =2 
Sign of : — \ 
4 — 5x pos | pos +, neg 
f œ) 3x13 neg f l pos f 2 pos F 
0 4 x A 4 r 
i 5 7° =0 F 2g TSU 
Behavior of f Decreasing | Increasing | Decreasing fdecreasing || fincreasing || f decreasing 
FIGURE 4.23 FIGURE 4.24 


Related Exercises 39-48< 





QUICK CHECK 3 Explain how the First Derivative Test determines whether f(x) = x* has 
a lesa maximum or local minimum at x = 0.< 


Absolute Extreme Values on Any Interval Theorem 4.1 guarantees the exis- 
tence of absolute extreme values only on closed intervals. What can be said about absolute 
extrema on intervals that are not closed? The following theorem provides a valuable test. 





The graph of f cannot bend THEOREM 4.5 One Local Extremum Implies Absolute Extremum 
y downward to fall below f(c) Suppose f is continuous on an interval J that contains one local extremum at c. 

because that creates additional 

local extreme values. e If a local maximum occurs at c, then f(c) is the absolute maximum of f on Z. 

/ e If a local minimum occurs at c, then f(c) is the absolute minimum of f on 7. 
eo D 
/ ` 
N : i š 
/ |A single y=f@ ` The proof of Theorem 4.5 is beyond the scope of this text, although Figure 4.25 


/ local min , 
on I | 
| 


illustrates why the theorem is plausible. Assume f has exactly one local minimum on 7 at c. 
Notice that there is no other point on the graph at which f has a value less than f(c). If such 
a point did exist, the graph would have to bend downward to drop below f(c). Because f is 
continuous, this cannot happen as it implies additional local extreme values on J. A similar 
FIGURE 4.25 argument applies to a solitary local maximum. 
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EXAMPLE 5 Finding an absolute extremum Verify that f(x) = x* has an absolute 
extreme value on its domain. 


SOLUTION First note that f is continuous on its domain (0, © ). Because 
f(x) = x* = e*™* it follows that 


f'(x) = e + Inx) = x*(1 + lnx). 


Solving f'(x) = 0 gives a single critical point x = e`!; there is no point in the domain 
at which f'(x) does not exist. The critical point splits the domain of f into the inter- 
vals (0, e ') and (e™!, ©). Evaluating the sign of f’ on each interval gives f'(x) < 0 
on (0,e ') and f'(x) > 0 on (e™!, ©); therefore, by Theorem 4.4, a local minimum 
occurs at x = e |. Because it is the only local extremum on (0, œ), it follows from 
Theorem 4.5 that the absolute minimum of f occurs at x = e | (Figure 4.26). Its value is 
fle") =~ 0.69. 

Related Exercises 49-52< 


Concavity and Inflection Points 


Just as the first derivative is related to the slope of tangent lines, the second derivative 
also has geometric meaning. Consider f(x) = x°, shown in Figure 4.27. Its graph bends 
upward for x > 0, reflecting the fact that the tangent lines get steeper as x increases. It 
follows that the first derivative is increasing for x > 0. A function with the property that 
f’ is increasing on an interval is concave up on that interval. 

Similarly, f(x) = x° bends downward for x < 0 because it has a decreasing first 
derivative on that interval. A function with the property that f’ is decreasing as x increases 
on an interval is concave down on that interval. 

Here is another useful characterization of concavity. If a function is concave up at a 
point (any point x > 0 in Figure 4.27), then its graph near that point lies above the tangent 
line at that point. Similarly, if a function is concave down at a point (any point x < 0 
in Figure 4.27), then its graph near that point lies below the tangent line at that point 
(Exercise 104). 

Finally, imagine a function that changes concavity (from up to down, or vice versa) at 
a point c. For example, f(x) = x? in Figure 4.27 changes from concave down to concave 
up as x passes through x = 0. A point on the graph of f at which f changes concavity is 
called an inflection point. 


DEFINITION Concavity and Inflection Point 


Let f be differentiable on an open interval J. If f’ is increasing on Z, then f is concave 


up on /. If f’ is decreasing on /, then f is concave down on 7. 
If f is continuous at c and f changes concavity at c (from up to down, or vice 
versa), then f has an inflection point at c. 





Applying Theorem 4.3 to f’ leads to a test for concavity in terms of the second de- 
rivative. Specifically, if f” > O on an interval J, then f’ is increasing on J and f is con- 
cave up on /. Similarly, if f” < 0 on Z, then f is concave down on Z. And if the values of 
f” change sign at a point c (from positive to negative, or vice versa), then the concavity 
of f changes at c and f has an inflection point at c (Figure 4.28a). We now have a useful 
interpretation of the second derivative: It measures concavity. 


» The function shown in Figure 4.28d, with 
behavior similar to that of f(x) = x7, 
does not have an infection point at c and 
f'"(c) does not exist. 
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THEOREM 4.6 Test for Concavity 
Suppose that f” exists on an interval 7. 


e If f” > Oon/, then f is concave up on 7. 


e If f” < Oon/, then f is concave down on 7. 


e If c is a point of J at which f” changes sign at c, then f has an inflection 
point at c. 





There are a few important but subtle points here. The fact that f”(c) = 0 does not 
necessarily imply that f has an inflection point at c. A good example is f(x) = ae 
Although f”(0) = 0, the concavity does not change at x = 0 (a similar function is shown 
in Figure 4.28b). 

Typically, if f has an inflection point at c, then f”(c) = 0, reflecting the smooth 
change in concavity. However, an inflection point may also occur at a point where f” does 
not exist. For example, the function f(x) = x!’ has a vertical tangent line and an inflec- 
tion point at x = O (a similar function is shown in Figure 4.28c). 
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change at c. 
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QUICK CHECK 4 Verify that the function f(x) = x* is concave up for x > 0 and for 
X z 0. it x = 0 an inflection point? Explain. «< 


EXAMPLE 6 Interpreting concavity Sketch a function satisfying each set of condi- 
tions on some interval. 


a. f'(t) > Oand f"(t) > 0 b. g'(t) > Oand g(t) < 0 


. Would you rather have f or g as a function representing the market value of a house 
that you own? 
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Increasing and 
concave up 


(a) 


Increasing and 
concave down 


(b) 


FIGURE 4.29 


SOLUTION 


a. Figure 4.29a shows the graph of a function that is increasing (f’(t) > 0) and concave 


up (f"(t) > 0). 


b. Figure 4.29b shows the graph of a function that is increasing (g’(t) > 0) and concave 
down (g"(t) < 0). 


c. Because f increases at an increasing rate and g increases at a decreasing rate, f would 
be a preferable function for the value of your house. 


Related Exercises 53—56< 

EXAMPLE 7 Detecting concavity Identify the intervals on which the following 
functions are concave up or concave down. Then locate the inflection points. 
a. f(x) = 3x* — 4x? — 6x7 + 12x + 1 b. f(x) = sin”! x on (—1, 1) 
SOLUTION 
a. This function was considered in Example 3, where we found that 

f'(x) = 12(x + 1)(x - 1). 

It follows that 
F(x) = 12(x — 1)(3x 1). 


We see that f”(x) = Oat x = 1 and x = —}. These points are candidates for inflec- 
tion points, and it must be determined whether the concavity changes at these points. 
The sign graph in Figure 4.30 shows the following: 


e f"(x) > Oand f is concave up on (— oo, —3] and (1, ©). 


e f"(x) < Oand f is concave down on (—4, 1). 





l l 
Sign of | | 
f(x) = 12x — 1)Bx + 1) o | o l T 0 
l l 
mee 1 ~ 
3 l 
Behavior of f Concave up Concave down Concave up 
Inflection points 
1 
atx = ==, | 
FIGURE 4.30 E 
We see that the sign of f” changes at x = —} and at x = 1, so the concavity of f also 
changes at these points. Therefore, inflection points occur at x = —5 and x = 1. 


The graphs of f and f” (Figure 4.31) show that the concavity of f changes at the zeros 
of f”. 


b. The first derivative of f(x) = sin’ xis f'(x) = 1/V 1 — x”. We use the Chain Rule 


to compute the second derivative: 
x 
(1 — x7) 2 


The only zero of f” is x = 0, and because its denominator is positive on (—1, 1), 
f” changes sign at x = 0 from negative to positive. Therefore, f is concave down on 
(—1,0) and concave up on (0, 1), with an inflection point at x = 0 (Figure 4.32). 


Fa) = 5 (1 = 79+ (-28) = 


f'(c) = Oand f"(c) > 0. 
Local minimum at c 


y =f) 





f'(c) = 0 and f"(c) < 0. 
Local maximum at c 


y =f) 





(b) 


FIGURE 4.33 


» In the inconclusive case of Theorem 4.7 
in which f"(c) = 0, it is usually best to 
use the First Derivative Test. 
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y =f) y =f") 





Inflection i 
point at | 
1 x=0 ; 
| | { Inflection l 
Inflection Y | | | point at ! 
point at | ! x= | 
1 l | 
x 3 | ! A 
—————————$—$ = "n" n 
; Fz y 0 
f">0 j= jf 0 f concave f concave 
f concave up f concave down f concave up down up 
FIGURE 4.31 FIGURE 4.32 


Related Exercises 57—70< 


Second Derivative Test Itis now a short step to a test that uses the second derivative 
to identify local maxima and minima (Figure 4.33). 


THEOREM 4.7 Second Derivative Test for Local Extrema 
Suppose that f” is continuous on an open interval containing c with f’(c) = 0. 


elf f”(c) > 0, then f has a local minimum at c. 


e If f”(c) < 0, then f has a local maximum at c. 


e If f”(c) = 0, then the test is inconclusive; f may have a local maximum, local 
minimum, or neither at c. 





Proof: Because f”(c) > 0 and f” is continuous on an interval containing c, it follows that 
f” > Oonsome open interval 7 containing c, and f’ is increasing on J. Because f’(c) = 0, it 
follows that f’ changes sign at c from negative to positive, which, by the First Derivative Test, 
implies that f has a local minimum at c. The proofs of the other two cases are similar. < 





QUICK CHECK 5 Make a sketch of a function with f'(x) > 0 and f”(x) > 0 on an inter- 


val. Make a sketch of a function with f'(x) < 0 and f”(x) < 0 on an interval. <«< 


EXAMPLE 8 The Second Derivative Test Use the Second Derivative Test to locate 
the local extrema of the following functions. 


a. f(x) = 3x* — 4x? — 6x” + 12x + 1 on [-2, 2] b. f(x) = sin’ x 

SOLUTION 

a. This function was considered in Examples 3 and 7, where we found that 
f'(x) = 12(x + 1)\(x— 1) and f"(x) = 12(x — 1)(3x + 1). 


Therefore, the critical points of f are x = —1 and x = 1. Evaluating f” at the critical 
points, we find that f"(—1) = 48 > 0. By the Second Derivative Test, f has a local 
minimum at x = —1. At the other critical point, f”(1) = 0, so the test is inconclusive. 
You can check that the first derivative does not change sign at x = 1, which means f 
does not have a local maximum or minimum at x = 1 (Figure 4.34). 
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fd) =f") = 0 





No local extreme 
value at x = 1 
SF) H=907 CGC) >U 
Local minimum at x = —1 
FIGURE 4.34 


FIGURE 4.36 


b. Using the Chain Rule and a trigonometric identity, we have f'(x) = 2 sin x cosx = 
sin 2x and f"(x) = 2 cos 2x. The critical points occur when f'(x) = sin 2x = 0, or 
when x = 0, 77/2, t7,....To apply the Second Derivative Test, we evaluate f” 


at the critical points: 

e f"(0) = 2 > 0, so f has a local minimum at x = 0. 

e f"(t7/2) = —2 < 0, so f has a local maximum at x = 77/2. 

e f"(t7) = 2 > 0, so f has a local minimum at x = +7. 

This pattern continues, and we see that f has alternating local maxima and minima, 
evenly spaced every 77/2 units (Figure 4.35). 


F(Z) = oa) <0 


Local maximum 


f'(-3) = 0F"(-3) <0 | y 
Local maximum 








=> mT — 
atx = 7 atx 7 


y= = sin x 


i (mm) =0F ©) 20 |). 7'O) = 0,70) S 0 f'm) =0,f"(7) > 0 


Local minimum Local minimum Local minimum 
atx = -T atx=0 atx = 7 
FIGURE 4.35 Related Exercises 71-§2< 


Recap of Derivative Properties 


This section has demonstrated that the first and second derivatives of a function provide 
valuable information about its graph. The relationships among a function’s derivatives and 
its extreme points and concavity are summarized in Figure 4.36. 


y = f(x) y =f) 


fis differentiable on an interval 
=> fis a smooth curve f’ >0 = fis increasing f’ <0 = fis decreasing 


(XI 


f’ changes sign => 
fhas local maximum f! =Oandf"” <0 => f’ = 0 and f” > 0 => 
or local minimum fhas local maximum fhas local minimum 


INIAN, 


f” changes sign => 
f” > 0 = fis concave up f” <0 => fis concave down fhas inflection point 





SECTION 4.2 EXERCISES 


Review Questions 


1. Explain how the first derivative of a function determines where 


the function is increasing and decreasing. 


2. Explain how to apply the First Derivative Test. 


3. Sketch the graph of a function that has neither a local maximum 


nor a local minimum at a point where f’(x) = 0. 


4. Explain how to apply the Second Derivative Test. 


5. Assume that f is twice differentiable at c and that f has a local 


maximum at c. Explain why f"(c) = 0. 


6. Sketch a function that changes from concave up to concave down 
as x increases. Describe how the second derivative of this function 


changes. 


7. What is an inflection point? 


8. Give a function that does not have an inflection point at a point 


where f”(x) = 0. 


9. Is it possible for a function to satisfy f(x) > 0,f’(x) > 0, and 


f"(x) < 0 on an interval? Explain. 


10. Suppose f is continuous on an interval containing a critical point 
c and f”(c) = 0. How do you determine whether f has a local 


extreme value at x = c? 


Basic Skills 


11-14. Sketches from properties Sketch a function that is continuous 
on (—%, ©) and has the following properties. Use a number line to 


summarize information about the function. 


11. f'(x) < Oon(—~, 2); f'(x) > 0on (2,5); f'(x) < 0 


on (5, ©) 


12. f’(—1) is undefined; f'(x) > Oon(—~,-1);f’(x) < 0 


on (—1, œ) 


13. f(0) = f(4) = f'(0) = f'(2) = f'(4) = 0; f(x) = 0 


on (— 0c, 00 ) 


14. f'(—2) = f"(2) = f'(6) = 0:f"(x) = 0 on (—~, œ) 


15-16. Functions from derivatives The following figures give the 
graph of the derivative of a continuous function f that passes through 
the origin. Sketch a possible graph of f on the same set of axes. The 


graphs of f are not unique. 


15. 


17-26. Increasing and decreasing functions Find the intervals on 
which f is increasing and decreasing. Superimpose the graphs of f 


and f' to verify your work. 


17. f(x) =4- x? 





18. f(x) =x? - 16 
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19. f(x) = (x - 1) 20. f(x) = x? + 4x 
21. f(x) = 12 +x- x? 22. f(x) = xt — 4x? + 4x? 

i 15x4 5x? 
23. f(x) = = eae 24, f(x) = 2x7 — M o 
25. f(x) = x?Inx* + 1 26. f(x) = ae 


27-38. Increasing and decreasing functions Find the intervals on 


which f is increasing and decreasing. 


27. f(x) = 3 cos 3x on [—7, r | 


28. f(x) = co? xon [—7, r ] 

29. fa) =x" 

30. f(x) = x2V9 — x? on (-3, 3) 

31. f(x) = tan! x 

32. f(x) = In |x| 

33. f(x) = —-12x° + 75x* — 80x° 
) 
) 





36. f(x) = 


Me, fia) San ae) 


38. fle) = an" ( 2 ) 


x7 +2 





39—48. First Derivative Test 


a. Locate the critical points of f. 


b. Use the First Derivative Test to locate the local maximum and mini- 


mum values. 


c. Identify the absolute maximum and minimum values of the function 


on the given interval (when they exist). 
39. f(x) = x? + 3; [-3,2] 
40. f(x) =—-x? —x + 2; [-4,4] 


42. f(x) = 2x? + 3x? — 12x + 1; [2,4] 
43. f(x) = —x3 + 9x; [-4,3] 
44. f(x) = 2x5 — 5x4 — 10x? + 4; [-2,4] 





; |-4,4 
x? -— 1 | ! 


47. f(x) = VxInx; (0, &) 
48. f(x) = tan! x — x?: [—1, 1| 
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49-52. Absolute extreme values Verify that the following functions 
satisfy the conditions of Theorem 4.5 on their domains. Then find the 
location and value of the absolute extremum guaranteed by the theorem. 


49. f(x) = xe” 50. f(x) = 4x + 1/Vx 
51. A(r) = 24/r + 2ar*,r > 0 52. f(x) =xV3-x 


53-56. Sketching curves Sketch a graph of a function f that is con- 
tinuous on (— œ, ©) and has the following properties. 


53. f'(x) > 0,f"(x)>0 


54. f'(x) < Oand f"(x) > Oon (—™, 0); f'(x) > Oand f”(x) > 0 


on (0, ©) 


55. F(x) < Oand f" (x) < 0 on (—©,0):7"(x) < Cand x) > 0 


on (0, ©) 


56. f'(x) < Oand f"(x) > 0 on (—™, 0); f'(x) < Oand f”(x) < 0 


on (0, ©) 


57-70. Concavity Determine the intervals on which the following func- 
tions are concave up or concave down. Identify any inflection points. 





57. f(x) = xf — 2x? + 1 58. f(x) = —x* — 2x? + 12x? 
1 
59. f(x) = 5x — 20x? + 10 60. f(x) = 
Lex 


61. f(x) = e*(x — 3) 62. f(x) = 2x7 lnx — 5x? 
63. g(t) = pi + 1) 64. g(x) = Vx -4 

65. f(x) = 66. f(x) = tan! x 

67. f(x) = VxInx 

68. A(t) = 2 + cos2t,for-7 <t r 


= 34° — 3017 + 80f° + 100 


) 
69. g(t) 
70. f(x) = 2x4 + 8x? + 12x? -x-2 


71-82. Second Derivative Test Locate the critical points of the follow- 
ing functions. Then use the Second Derivative Test to determine whether 
they correspond to local maxima, local minima, or neither. 


71. f(x) =x? — 3x? 12: fx) aor =a 
73. f(x) =4- x? 74. g(x) =x° — 6 
75. f(x) = e*(x — 7) M76. f(x) = e*(x? — 7x — 12) 
=å 
77. f(x) = 2x? — 3x? +12 78. p(x) = T 
4 
79. Jaer e 80. g(x) = aioe 


81. f(x) = 2x7 Inx — 11x? 


82. f(x) = va 2x — 4x?) 


Further Explorations 
83. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. If f'(x) > Oand f"(x) < 0 on an interval, then f is increas- 
ing at a decreasing rate on the interval. 
b. If f'(c) > Oand f"(c) = 0, then f has a local maximum at c. 


c. Two functions that differ by an additive constant both increase 
and decrease on the same intervals. 

d. If f and g increase on an interval, then the product fg also 
increases on that interval. 

e. There exists a function f that is continuous on (—~, ©) with 
exactly three critical points, all of which correspond to local 
maxima. 


84-85. Functions from derivatives Consider the following graphs 
of f' and f". On the same set of axes, sketch the graph of a possible 
function f. The graphs of f are not unique. 


84. y =f") 





85. 





86. Isit possible? Determine whether the following properties can be 
satisfied by a function that is continuous on (—™, œ% ). If such a 
function is possible, provide an example or a sketch of the func- 
tion. If such a function is not possible, explain why. 


a. A function f is concave down and positive everywhere. 

b. A function f is increasing and concave down everywhere. 

c. A function f has exactly two local extrema and three inflection 
points. 

d. A function f has exactly four zeros and two local extrema. 


87. Matching derivatives and functions The following figures show 
the graphs of three functions (graphs a—c). Match each function 
with its first derivative (graphs d—f) and its second derivative 
(graphs g—1). 





(a) (b) 


A: 


90. f 
ai 


93. f 








88. Graphical analysis The accompanying figure shows the graphs 
of f, f’, and f”. Which curve is which? 


=g 


96—99 





moan 


4.2 What Derivatives Tell Us 253 


89. Sketching graphs Sketch the graph of a function f continuous 
on |a, b] such that f, f’, and f” have the signs indicated in the 
following table on |a, b]. There are eight different cases lettered 


-H and eight different graphs. 

Case A B C D E F G H 
f +o + + + = = -— >- 
i + + = =- + + -— >- 
P +o = + č =- + č — + >- 


90-93. Designer functions Sketch the graph of a function that is con- 
tinuous on (—®, ©) and satisfies the following sets of conditions. 


"(x) > Oon (—%,-2); f"(-2) = 0; f’(-1) = f'(1) = 0; 
"(2) = 0;f'(3) = 0; f"(x) > Oon (4, ©) 


91. f(-2) =f"(-1) = 0; f’(-3) = 0;f(0) = f'(0) = 0; 
fl) =f'(1) = 0 


92. f(x) > f'(x) > 0 forall x; f"(1) = 0 


"(x) > 0 on (—%, —2):f"(x) < 0 on (—2, 1); f”(x) > 0 on 


(1,3); f’(x) < 0 on (3, œ) 


94. Strength of concavity The functions f(x) = ax*, where a > 0, 
are concave up for all x. Graph these functions for a = 1, 5, and 
10, and discuss how the concavity varies with a. How does a 
change the appearance of the graph? 


95. Interpreting the derivative The graph of f’ on the interval 
[—3, 2] is shown in the figure. 





a. On what interval(s) is f increasing? Decreasing? 


. Find the critical points of f. Which critical points correspond 
to local maxima? Local minima? Neither? 

At what point(s) does f have an inflection point? 

. On what interval(s) is f concave up? Concave down? 

Sketch the graph of f”. 

Sketch one possible graph of f. 


. Second Derivative Test Locate the critical points of the follow- 


ing functions and use the Second Derivative Test to determine whether 
they correspond to local maxima, local minima, or neither. 


96. p(t) = 20° + 3 — 36t 


x4 3 


5 
E97. f(x) => -— a — 4x? + 48x 


4 


254 CHAPTER 4 œ° APPLICATIONS OF THE DERIVATIVE 


98. h(x) = (x + a)*, aconstant 99. f(x) = x? + 2x7 + 4x - 1 


100. Concavity of parabolas Consider the general parabola described by 
the function f(x) = ax? + bx + c. For what values of a, b, and c 
is f concave up? For what values of a, b, and c is f concave down? 


Applications 
101. Demand functions and elasticity Economists use demand func- 
tions to describe how much of a commodity can be sold at varying 
prices. For example, the demand function D(p) = 500 — 10p 
says that at a price of p = 10, a quantity of D(10) = 400 units 
dD 
of the commodity can be sold. The elasticity E = Tp 5 of the 
P 
demand gives the approximate percent change in the demand for 
every 1% change in the price. (See the Guided Projects for more 
on demand functions and elasticity.) 


a. Compute the elasticity of the demand function 
D(p) = 500 — 10p. 

b. If the price is $12 and increases by 4.5%, what is the approxi- 
mate percent change in the demand? 

c. Show that for the linear demand function D(p) = a — bp, 
where a and b are positive real numbers, the elasticity is a 
decreasing function, for p = 0 and p # a/b. 

d. Show that the demand function D(p) = a/p’, where a and 
b are positive real numbers, has a constant elasticity for all 
positive prices. 


102. Population models A typical population curve is shown in the figure. 
The population is small at t = 0 and increases toward a steady-state 
level called the carrying capacity. Explain why the maximum growth 
rate occurs at an inflection point of the population curve. 








Carrying capacity 


Population 


Inflection point 


Time 
103. Population models The population of a species is given by the 


2 


function P(t) = , where £ = 0 is measured in years and K 


t 

t +b 

and b are positive real numbers. 

a. With K = 300 and b = 30, what is lim P(t), the carrying 
capacity of the population? — 

b. With K = 300 and b = 30, when does the maximum growth 
rate occur? 

c. For arbitrary positive values of K and b, when does the maxi- 
mum growth rate occur (in terms of K and b)? 


Additional Exercises 

104. Tangent lines and concavity Give an argument to support the 
claim that if a function is concave up at a point, then the tangent 
line at that point lies below the curve near that point. 


105. Symmetry of cubics Consider the general cubic polynomial 
f(x) = x? + ax? + bx + c, where a, b, and c are real numbers. 


a. Show that f has exactly one inflection point and it occurs at 
x* = —a/3. 

b. Show that f is an odd function with respect to the inflection 
point (x*, f(x*)). This means that f(x*) — f(x* + x) = 
Ja — x) = F(x"), forall. 


106. Properties of cubics Consider the general cubic polynomial 
f(x) = x? + ax? + bx + c, where a, b, and c are real numbers. 


a. Prove that f has exactly one local maximum and one local 
minimum provided that a? > 3b. 
b. Prove that f has no extreme values if a° < 3b. 


107. A family of single-humped functions Consider the functions 


1 ees 
f(x) = >; > where n is a positive integer. 
co a | 
a. Show that these functions are even. 
b. Show that the graphs of these functions intersect at the points 
( t], +), for all positive values of n. 


c. Show that the inflection points of these functions occur at 


2n 2n E 1 Ena 
I= os SET for all positive values of n. 


. Use a graphing utility to verify your conclusions. 
e. Describe how the inflection points and the shape of the graphs 
change as n increases. 





<r 


108. Even quartics Consider the quartic (fourth-degree) polynomial 
f(x) = x* + bx? + d consisting only of even-powered terms. 


a. Show that the graph of f is symmetric about the y-axis. 

b. Show that if b = 0, then f has one critical point and no inflec- 
tion points. 

c. Show that if b < 0, then f has three critical points and two 
inflection points. Find the critical points and inflection points, 
and show that they alternate along the x-axis. Explain why one 
critical point is always x = 0. 

d. Prove that the number of distinct real roots of f depends on the 
values of the coefficients b and d, as shown in the figure. The 
curve that divides the plane is the parabola d = b? J4. 

e. Find the number of real roots when b = 0 or d = 0 or 
d = b*/4. 





f has 0 roots. f has 0 roots. 






f has 4 roots. f has 0 roots. 








f has 2 roots. f has 2 roots. 
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109. General quartic Show that the general quartic (fourth-degree) 3. f'(x) < Oon (—%,0) and f'(x) > 0 on (0, ©). There- 
polynomial f(x) = x* + ax? + bx? + cx + d has either zero fore, f has a local minimum at x = 0 by the First Derivative 
or two inflection points, and the latter case occurs provided that Test. 4. f’(x) = 12x2. so f"(x) > 0 for x < 0 and for 

2 9 
b < 3a°/8. x > 0. There is no inflection point at x = 0 because the 





CHECK ANSWERS 


1. Positive derivatives on an interval mean the curve is rising 
on the interval, which means the function is increasing on 
the interval. 2. The graph of f rises for x < 0. At x = QO, 
the graph flattens out momentarily, then continues to rise 
forO < x < 2. There is a local maximum at x = 2 and f is 


decreasing for x > 2. 





second derivative does not change sign. 5. The first curve 
should be rising and concave up. The second curve should be 
falling and concave down. 
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10 
—10 10 
—10 
(a) 
100 
—100 100 
—100 


(b) 
FIGURE 4.37 





We have now collected the tools required for a comprehensive approach to graphing func- 
tions. These analytical methods are indispensable, even with the availability of powerful 
graphing utilities, as illustrated by the following example. 


Calculators and Analysis 


Suppose you want to graph the harmless-looking function f(x) = x?/3 — 400x. If you 
plot f using a typical graphing calculator with a default window of |—10, 10] x |—10, 10], 
the resulting graph is shown in Figure 4.37a; one vertical line appears on the screen. Zoom- 
ing out to the window |—100, 100] x |—100, 100] produces three vertical lines (Figure 
4.37b), which is not an accurate graph of the function. Expanding the window even more 
to [—1000, 1000] x |—1000, 1000] is no better. So, what do we do? 


K1 Try to graph f(x) = x°/3 — 400x using various windows on a graphing 
calculator. Can you find a window that gives a better graph of f than those in Figure 4.37? 


The function f(x) = x°/3 — 400x has a reasonable graph, but it cannot be found 
automatically by letting technology do all the work. Here is the message of this section: 
Graphing utilities are valuable for exploring functions, producing preliminary graphs, and 
checking your work. But they should not be relied on exclusively because they cannot 
explain why a graph has its shape. Rather, graphing utilities should be used in an interac- 
tive way with the analytical methods presented in this chapter. 


Graphing Guidelines 


The following set of guidelines need not be followed exactly for every function, and you 
will find that several steps can often be done at once. Depending on the specific prob- 
lem, some of the steps are best done analytically, while other steps can be done with a 
graphing utility. Experiment with both approaches and try to find a good balance. We 
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» The precise order of these steps may vary 
from one problem to another. 


also present a schematic record-keeping procedure to keep track of discoveries as they 
are made. 


Graphing Guidelines for y = f(x) 


1. Identify the domain or interval of interest. On what interval should the 
function be graphed? It may be the domain of the function or some subset of 
the domain. 


. Exploit symmetry. Take advantage of symmetry. For example, is the func- 
tion even (f(—x) = f(x)), odd (f(—x) = —f(x)), or neither? 


. Find the first and second derivatives. They are needed to determine 
extreme values, concavity, inflection points, and intervals of increase and 
decrease. Computing derivatives—particularly second derivatives—may not 
be practical, so some functions may need to be graphed without complete 
derivative information. 


. Find critical points and possible inflection points. Determine points at 
which f'(x) = 0 or f’ is undefined. Determine points at which f"(x) = 0 
or f” is undefined. 


. Find intervals on which the function is increasing/decreasing and 
concave up/down. The first derivative determines the intervals of increase 
and decrease. The second derivative determines the intervals on which the 
function is concave up or concave down. 


. Identify extreme values and inflection points. Use either the First or the 
Second Derivative Test to classify the critical points. Both x- and y-coordinates 
of maxima, minima, and inflection points are needed for graphing. 


. Locate vertical/horizontal asymptotes and determine end behavior. Verti- 
cal asymptotes often occur at zeros of denominators. Horizontal asymptotes 
require examining limits as x —> + ©; these limits determine end behavior. 


. Find the intercepts. The y-intercept of the graph is found by setting x = 0. 
The x-intercepts are the real zeros (or roots) of a function: those values of x 
that satisfy f(x) = 0. 


. Choose an appropriate graphing window and make a graph. Use the 
results of the above steps to graph the function. If you use graphing software, 
check for consistency with your analytical work. Is your graph complete—that 
is, does it show all the essential details of the function? 





EXAMPLE 1 A warm-up Given the following information about the first and second 
derivatives of a function f that is continuous on (— ©, ©), summarize the information us- 
ing a number line, and then sketch a possible graph of f. 


f' <0,f" > O0on(-~,0) f’ >0,f" >O0on(0,1) f >0,f" < Oon (1,2) 

f! < 0,7" < Oon (2,3) f' < 0,f" > 00n(3,4) f’ >0,f" > 0on (4, ©) 
SOLUTION We illustrate the given information on a number line. For example, on the 
interval (~œ, 0), f is decreasing and concave up; so we sketch a segment of a curve with 


these properties on this interval (Figure 4.38). Continuing in this manner, we obtain a 
useful summary of the properties of f. 
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7 =O SU eee eo id ee ee TL0 Su To >o 










| | | 
Behavior of f Decreasing ! Increasing | Increasing ! Decreasing ! Decreasing ! Increasing 
Concave up | Concave up : Concave down | Concave down ! Concave up | Concave up 
| | | | | 
0 1 2 3 4 a 
| | | | | 
| | | | | 
| Inflection | Local max , Inflection | 
| point | | || point | 
Graph of f | ! | | | 
| | | | | 
! | | | ! 
Local min : | | Local min 
| | | | | 
| | | | | 
FIGURE 4.38 | | | | l 
tsJ y-coordinates Assembling the information shown in Figure 4.38, a rough graph of f is produced 
cannot be (Figure 4.39). Notice that derivative information is not sufficient to determine the 
determined. 


y-coordinates of points on the curve. 


Related Exercises 7-8< 
x=3 





‘CK 2 Explain why the function f and f + C, where C is a constant, have the 
same derivative properties. « 


x=4 EXAMPLE 2 A deceptive polynomial Use the graphing guidelines to graph 
FIGURE 4.39 K 
f(x) = a 400x on its domain. 
SOLUTION 
1. Domain The domain of any polynomial is (—™, ~). 
> Notice that the first derivative of an odd 2. Symmetry Because f consists of odd powers of the variable, it is an odd function. Its 
polynomial is an even polynomial and the graph is symmetric about the origin. 


second derivative is an odd polynomial. ' , o 
3. Derivatives The derivatives of f are 


f'(x) =x? — 400 and f"(x) = 2x. 


4. Critical points and possible inflection points Solving f'(x) = 0, we find that the 
critical points are x = +20. Solving f”(x) = 0, we see that a possible inflection 
point occurs at x = 0. 


» See Appendix A for solving inequalities 5. Increasing/decreasing and concavity Note that 
using test values. 
i f'(x) = x? — 400 = (x — 20)(x + 20). 


Solving the inequality f'(x) < 0, we find that f is decreasing on the interval 

(—20, 20). Solving the inequality f'(x) > 0 reveals that f is increasing on the in- 
tervals (— ©, —20) and (20, ©) (Figure 4.40). By the First Derivative Test, we have 
enough information to conclude that f has a local maximum at x = —20 and a local 
minimum at x = 20. 





Critical 
points 
i | | 
Sign of | | 
f'@) = — 20 + 20) 
| | 
=20 20 Xx 
| | 
Behavior of f Increasing : Decreasing , Increasing 


FIGURE 4.40 
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3 
Local y= X _ 400x 
maximum 


(—20, 53335) 


<< 


Inflection 
point 












A 


(20, —5333Ż) 


Local 
minimum 


FIGURE 4.43 


Furthermore, f”(x) = 2x < 0 on (—%, 0), so f is concave down on this interval. 
Also, f”(x) > Oon (0, ©), so f is concave up on (0, ©) (Figure 4.41). 


Inflection point 





Sign of 
f"(x) = 2x jf) | fo 
| 
0 x 
| 
Behavior of f Concave down : Concave up 


FIGURE 4.41 


The evidence obtained so far is summarized in Figure 4.42. 


| | | 
Pe eT SAS E E PL A ee 





Behavior of f Increasing ! Decreasing ! Decreasing ! Increasing 
Concave down Concave down | Concave up . Concave up 
| | | 
—20 0 20 A 
| | | 
| | | 
Local max | | 
| | 
Graph of f | | | 
| | | 
| Inflection Local min 
point | 
| | | 
| | | 
FIGURE 4.42 | | | 


6. Extreme values and inflection points In this case, the Second Derivative Test is 
easily applied and it confirms what we have already learned. Because f”(—20) < 0 
and f”(20) > 0, f has a local maximum at x = —20 and a local minimum at 
x = 20. The corresponding function values are f(—20) = 16,000/3 = 53333 and 
f(20) = —f(—20) = —53334. Finally, we see that f” changes sign at x = 0, making 
(0, 0) an inflection point. 


7. Asymptotes and end behavior Polynomials have neither vertical nor horizontal 
asymptotes. Because the highest-power term in the polynomial is x° (an odd power) 
and the leading coefficient is positive, we have the end behavior 


lim f(x) = © and lim f(x) = —~. 
xa 0 x7 oe 


8. Intercepts The y-intercept is (0,0). We solve the equation f(x) = 0 to find the 
x-intercepts: 


x? x? 
— — 400x = x( — 10) =ü 
3 3 


The roots of this equation are x = 0 and x = +V1200 ~ +34.6. 


9. Graph the function Using the information found in Steps 1—8, we choose the graph- 
ing window |—40, 40] x [—6000, 6000] and produce the graph shown in Figure 4.43. 
Notice that the symmetry detected in Step 2 is evident in this graph. 

Related Exercises 9-14< 


EXAMPLE 3 The surprises of a rational function Use the graphing guidelines to 
3 


10 
graph f(x) = 4 on its domain. 
= 
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SOLUTION 
1. Domain The zeros of the denominator are x = +1, so the domain is {x:x # +1}. 


2. Symmetry This function consists of an odd function divided by an even function. 
The product or quotient of an even function and an odd function is odd. Therefore, the 
graph is symmetric about the origin. 


3. Derivatives The Quotient Rule is used to find the first and second derivatives: 


10x*(x? — 3) sa Fie 20x(x? + 3) 
Eep M POS ea 


4. Critical points and possible inflection points The solutions of f’(x) = 0 occur 
where the numerator equals 0, provided the denominator is nonzero at those points. 
Solving 10x*(x* — 3) = 0 gives the critical points x = 0 and x = + V3. The solu- 
tions of f"(x) = 0 are found by solving 20x(x* + 3) = 0; we see that the only pos- 
sible inflection point occurs at x = 0. 


f'a) = 


5. Increasing/decreasing and concavity To find the sign of f’, first note that the denomi- 
nator of f’ is nonnegative, as is the factor 10x” in the numerator. So, the sign of f’ is 
determined by the sign of the factor x” — 3, which is negative on (— V3, V3) (exclud- 
ing x = +1) and positive on (—%,— V3) and (V3, ©). Therefore, f is decreasing on 
(—V3, V3) (excluding x = +1) and increasing on (— ©, — V3) and (V3, œ). 

The sign of f" is a bit trickier. Because x” + 3 is positive, the sign of f” is 
determined by the sign of x in the numerator and (x° — 1)? in the denominator. 


Me Ces nncie used E When x and (x° — 1)° have the same sign, f”(x) > 0; when x and (x? — 1)° have 
asymptotes: The sign of f’ and f” may opposite signs, f”(x) < 0 (Table 4.1). The results of this analysis are shown in 
or may not change at an asymptote. Figure 4.44. 
Table 4.1 
20x x7 +3 £4(x7-1) Signoff” 
(—, —1) = + + — 
(—1, 0) = + = + 
(0, 1) + + — — 
(1, œ) + + + F 





| | | | | 

f > 0 f" < 0 ! T < 0 Fi A 0! ri = 0 ge > 0 y < 0 y < 0 r = 0 Ti > 0 T = 0 r > 0 
Behavior of f Increasing ! Decreasing ! Decreasing ! Decreasing ! Decreasing ! Increasing 

Concave down , Concave down , Concave up ? Concave down : Concave up | Concave up 

| | | | | 

mE — V3 x 
| | 
| | 
Local min 


0 

| 

| 

| 

| 

| 
Graph of f l 
Inflection point 


i 
l 
l 
l 
l 
l 
l 
l 
l 
l 
l 
l l 
l 


1 
| 
| 
Local max 
| 
| 
| 
| 
| 
| 
| 
| 
| 


| 

| | 
Asymptote | Asymptote 
FIGURE 4.44 
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6. Extreme values and inflection points The First Derivative Test is easily 

applied by looking at Figure 4.44. The function is increasing on (— ©, — V3) 

and decreasing on (— V3,—-1 ); therefore, f has a local maximum at x = — V3, 

where f(— V3) = —15 V3. Similarly, f has a local minimum at x = V3, where 

f(V3) = 15V3. (These results could also be obtained with the Second Derivative Test.) 

There is no local extreme value at the critical point x = 0, only a horizontal tangent line. 
Using the calculations of Step 5, we see that f” changes sign at x = +1 and at 

x = 0. The points x = +1 are not in the domain of f, so they cannot correspond to 

inflection points. However, there is an inflection point at (0, 0). 


7. Asymptotes and end behavior Recall from Section 2.4 that zeros of the denomina- 
tor, which in this case are x = + 1, are candidates for vertical asymptotes. Checking 
the sign of f on either side of x = +1, we find 


lim f(x) = — 0, lim f(x) = +0, 
x17 x17 

lim f(x) = — 0, lim f(x) = +0, 
x17 x—1T 


It follows that f has vertical asymptotes at x = + 1. The degree of the numerator is 
greater than the degree of the denominator, so there are no horizontal asymptotes. 
Using long division, it can be shown that 


10x 


x? — 





f(x) = 10x + 


Local minimum Therefore, as x — +, the graph of f approaches the line 
y = 10x. This line is a slant asymptote (Section 2.5). 


8. Intercepts The zeros of a rational function coincide with 
the zeros of the numerator, provided that those points are not 
also zeros of the denominator. In this case, the zeros of f satisfy 
10x? = 0, or x = 0 (which is not a zero of the denominator). 
Therefore, (0, 0) is both the x- and y-intercept. 









Inflection point 


Ze a | 
2 

oe 

ea 





9. Graphing We now assemble an accurate graph of f, as shown 
in Figure 4.45. A window of |—3, 3] x [—40, 40] gives a com- 
plete graph of the function. Notice that the symmetry about the 
origin deduced in Step 2 is apparent in the graph. 

FIGURE 4.45 Related Exercises 15-20 


Local maximum 





QUICK CHECK 3 Verify that the function f in Example 3 is symmetric about the origin by 
showing that f(—x) = —f(x).<« 


In the next two examples, we show how the guidelines may be streamlined to some extent. 


> The function f(x) = e~ and the family EXAMPLE 4 The normal distribution Analyze the function f(x) = e~ and draw 


of functions f(x) = ce are central its graph. 

to the study of statistics. They have bell- 

shaped graphs and describe Gaussian or SOLUTION The domain of f is all real numbers and f(x) > 0 for all x. Because 
noTmaldicta butions. f(—x) = f(x), fis an even function and its graph is symmetric about the y-axis. 


Extreme points and inflection points follow from the derivatives of f. Using the 
Chain Rule, we have f'(x) = —2xe™ . The critical points satisfy f'(x) = 0, which has 
the single root x = 0 (because e * > 0 for all x). It now follows that 
e f'(x) > 0, for x < 0, so f is increasing on (—~, 0). 

e f'(x) < 0, for x > 0, so f is decreasing on (0, ©). 


By the First Derivative Test, we see that f has a local maximum (and an absolute maxi- 
mum by Theorem 4.5) at x = 0 where f(0) = 1. 
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l l l 
POPS RUPE yey Sol o 


Behavior of f Increasing | Increasing Decreasing | Decreasing 
Concave up į Concave down | Concave down ; Concave up 





=l 0 aA x 
V2 : v3 
| | 
| Local max | 
l 

Graph of f | 
| | 

| i | 

| Inflection point | 

| | 

| | | 

| ! | 

| | 

FIGURE 4.46 | | | 


Differentiating f'(x) = —2xe~ with the Product Rule yields 
f(x) = e*'(-2) F (—2x)(—2xe™ ) Product Rule 


Absolute |» = 2e* (2x? iy Simplify. 


maximum 









Again using the fact that ex > 0, for all x, we see that f”(x) = 0 when 2x7 -1=0 
Inflection or when x = +1/ \/2; these values are candidates for inflection points. Observe that 
alga f"(x) > Oand f is concave up on (—%, —1/V2) and (1/2, ©), while f”(x) < 0 and 
f is concave down on (—1/V2, 1/ V2). Because f” changes sign atx = +1/V2, we 
have inflection points at ( + 1/ V2, 1/ Ve) (Figure 4.46). 
To determine the end behavior, notice that lim ex = 0, so y = O1s a horizontal 


x—> Ł oœ 


1 Ì 
V2 V2 asymptote of f. Assembling all of these facts, an accurate graph can now be drawn 
FIGURE 4.47 (Figure 4.47). Related Exercises 2]-42< 


Inflection 


point Ne 





=2 


EXAMPLE 5 Roots and cusps Graph f(x) = x?’ (9x? — 8x — 16) on its domain. 


SOLUTION The domain of f is (~œ, œ). The polynomial factor in f consists of both 
even and odd powers, so f has no special symmetry. Computing the first derivative is 
straightforward if you first expand f as a sum of three terms: 





d 9 8/3 
f'(x) = A — 79/3 — 2°!) Expand f. 
x 
5 4 
= 3x52 — za? — ne Differentiate. 
x= 1)(9x +4 
— EEL Ta K RB ) Simplify. 


The critical points are now identified: f’ is undefined at x = 0 (because x ig 


undefined there) and f'(x) = Oatx = 1 and x = —4, So we have three critical points to 
analyze. Table 4.2 tracks the signs of the three factors in f’ and shows the sign of f” on 
the relevant intervals; this information is recorded in Figure 4.48. 





Table 4.2 
x71 
5 9x + 4 x-1 Sign of f’ 
D i 
(-40) FO i 
(0, 1) + + — — 
(1, œ) + + + + 
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(—, —0.78) 
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l l l 
PAPRA ES es S A aad 





Behavior of f Decreasing ! Increasing |! Decreasing ! Increasing 
Concave up Concave up Concave up Concave up 
| | | 
_4 0 1 x 
9 | l 
| | | 
Graph of f | | l 
| | | 
! | | 
| | 
FIGURE 4.48 | | | 


We use the second line in the calculation of f’ to compute the second derivative: 


d 5 4 
” — — |3 D/O) al e D 
f”(x) A x 3% 3% 
10 4 
= 52/3 — read 3 + gt 3 Differentiate. 
45x? — 10x + 4 o 
Re a << Simplify. 


9x4/3 


Solving f"(x) = 0, we discover that f"(x) > 0, for all x except x = 0, where it is unde- 
fined. Therefore, f is concave up on (—, 0) and (0, ©) (Figure 4.48). 

By the Second Derivative Test, because f”(x) > 0, for x # 0, the critical points 
x =—Zandx = 1 correspond to local minima; their y-coordinates are f (—4) =~ —0.78 
and f(1) = —2 = —1.875. 

What about the third critical point x = 0? Note that f(0) = 0, and f is increasing 
just to the left of O and decreasing just to the right. By the First Derivative Test, f has 
a local maximum at x = 0. Furthermore, f'(x) —> œ as x— 0 and f'(x) > — as 
x — 0", so the graph of f has a cusp at x = 0. 

As x—> +, f is dominated by its highest-power term, which is ol /8. This term 
becomes large and positive as x— +; therefore, f has no absolute maximum. Its abso- 
lute minimum occurs at x = 1 because, comparing the two local minima, f(1) < f(—$). 

The roots of f satisfy $x7/7(9x? — 8x — 16) = 0, which gives x = 0 and 


4 
x= 9 +V10) = —0.96 or 1.85. Use the quadratic formula. 


x7/3(9x* — 8x — 16) 


J g 









Local 
maximum 






Local Absolute 
minimum L= 15\| minimum l l l l l l l l 
8 With the information gathered in this analysis, we obtain the graph shown in 
FIGURE 4.49 Figure 4.49. 


Related Exercises 21—42 < 


SECTION 4.3 EXERCISES 


Review Questions Basic Skills 
1. Why is it important to determine the domain of f before 7-8. Shape of the curve Sketch a curve with the following properties. 
raphing f? 

graphing f 7. f' <Oand f” <0, forx <3 

2. Explain why it is useful to know about symmetry in a function. f! <Oand f” > 0, forx > 3 

3. Can the graph of a polynomial have vertical or horizontal 8. f' <Oand f” <0, forx <—1 
asymptotes? Explain. f' <Oand f"> 0. ee ee 

4. Where are the vertical asymptotes of a rational function located? f! > Oand f” > 0, for2 <x <8 

5. How do you find the absolute maximum and minimum values of a f’ > Oand f” < 0, for8 < x < 10 
function that is continuous on a closed interval? f! > Oand f” > 0, for x > 10 

6. Describe the possible end behavior of a polynomial. 


9-14. Graphing polynomials Sketch a graph of the following 
polynomials. Identify local extrema, inflection points, and x- and 
y-intercepts when they exist. 


9, f(x) =x? — 6x? + 9x 
11. f(x) = xt — 6x? 
13. f(x) = (x — 6)(x + 6) 


10. f(x) = 3x — x? 
12. f(x) = 2 
14. f(x) = 27(x — 2)?(x + 2) 


15-20. Graphing rational functions Use the guidelines of this section 
to make a complete graph of f. 

















x x 
15. f(x) = 7-3 16. f(x) = od 
3x 2 = 3 
17. f(x) == 18. f(x) => — 
a dD 4x +4 
19. f(x) = ay 4: H 20. f(x) — x +3 


21-36. More graphing Make a complete graph of the following 
functions. lf an interval is not specified, graph the function on its 
domain. Use a graphing utility to check your work. 


2. fa) = tn a 22. f(x) = In (x? + 1) 

23. f(x) =x + 2cosxon|—2z7, 27] 

24. f(x) =x — 3x?’ 25. f(x) =x — 3x1? 

26. f(x) = x73 4 473 27. f(x) = sinx — xon(0, 27] 
28. f(x) =xVx+4 29. g(t) = e” sin ton |-r, 7] 
30. g(x) = x7 lnx 

31. f(x) =x + tanx on (7, m) 

32 fx) = ha) 33. f(x) =xlnx 

34. g(x) = ene 35. p(x) = xe 


36. g(x) = 1/(e* — 1) 


37—42. Graphing with technology Make a complete graph of the 
following functions. A graphing utility is useful in locating intercepts, 
local extreme values, and inflection points. 


l 
37. f(x) = 3° — 2x* — 5x +2 


= x+ | 


38. f(x) = Tr 
39. f(x) = 3x4 + 4x? — 12x? 
40. f(x) = x? — 33x* + 216x — 2 


3x = 5 
41. f(x) = Ta] 


42. f(x) = x!?(x — 2} 





Further Explorations 
43. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 
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a. The zeros of f’ are —3, 1, and 4, so the local extrema are 
located at these points. 

b. The zeros of f” are —2 and 4, so the inflection points are 
located at these points. 

c. The zeros of the denominator of f are —3 and 4, so f has verti- 
cal asymptotes at these points. 

d. If a rational function has a finite limit as x — œ, it must have a 
finite limit as x ~ — ©, 


44-47. Functions from derivatives Use the derivative f' to determine 
the local maxima and minima of f and the intervals of increase and 
decrease. Sketch a possible graph of f (f is not unique). 


44. f'(x) = («x — 1)(x + 2)(x + 4) 
45. f'(x) = 10sin 2x on |—27, 27] 
t=] 
F= E] 
x +2 
x°(x — 6) 


46. f'(x) = 


47. f'(x) = 


48-49. Functions from graphs Use the graphs of f' and f" to find 
the critical points and inflection points of f, the intervals on which f is 


increasing and decreasing, and the intervals of concavity. Then graph 
f assuming f(0) = 0. 


48. 





49. 





50-53. Nice cubics and quartics The following third- and fourth- 
degree polynomials have a property that makes them relatively easy to 
graph. Make a complete graph and describe the property. 


50. f(x) = xt + 8x? — 270x? + 1 


51. f(x) = x? — 6x? — 135x 
52. f(x) = x? — 147x + 286 
53. f(x) = x? — 3x? — 144x — 140 
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54. Oscillations Consider the function f(x) = cos (In x), for x > 0. 


Use analytical techniques and a graphing utility. 


a. Locate all local extrema on the interval (0, 4]. 

b. Identify the inflection points on the interval (0, 4]. 

c. Locate the three smallest zeros of f on the interval (0.1, ©). 
d. Sketch the graph of f. 


55. Local max/min of x!” Use analytical methods to find all local 
extreme points of the function f(x) = x!", for x > 0. Verify 


your work using a graphing utility. 


56. Local max/min of x* Use analytical methods to find all local 


extreme points of the function f(x) = x*, for x > 0. Verify your 
work using a graphing utility. 


57-60. Designer functions Sketch a continuous function f on some 
interval that has the properties described. 


57: 
58. 
59. 


The function f has one inflection point but no local extrema. 
The function f has three real zeros and exactly two local minima. 


The function f satisfies f’(—2) = 2, f'(0) = 0,f’(1) = —3, 
and f'(4) = 1. 


60. The function f has the same finite limit as x — + © and has 


exactly one local minimum and one local maximum. 


61-68. More graphing Make a complete graph of the following func- 
tions. If an interval is not specified, graph the function on its domain. 
Use analytical methods and a graphing utility together in a comple- 
mentary way. 


=x Vr — 4 








61. f(x) = ; 62. f(x) =3Wx -— Vx — 
ypa 
63. f(x) = 3x* — 44x? + 60x? (Hint: Two different graphing 
windows may be needed.) 
64. = l3 
Px) 1 + cos (mx) ome 
65. f(x) = 10x° — 36x° — 75x* + 300x? + 120x? — 720x 
66 ae) [0, 2] (Hint: Two diff hi 
. ee ; be t 
f(x) = eee on (Hint: Two different graphing 
windows may be needed.) 
or. so) = E 
: x) = == 
44] 
68. f(x) = sin (3r cos x) on|—7/2, m /2] 

69. Hidden oscillations Use analytical methods together with a 
graphing utility to graph the following functions on the interval 
|—27, 27 |. Define f at x = 0 so that it is continuous there. Be 
sure to uncover all relevant features of the graph. 

1 — cos? x 1 — cos? x 
a. f(x) = — z b f(x) = —~7_ 
x x 
70. Cubic with parameters Locate all local maxima and minima of 


f(x) = x? — 3bx* + 3a?x + 23, where a and b are constants, in 
the following cases. 
a. |a| < |b] b. |a| > |b| c. |a| = |b] 


Applications 


71. 


H 72. 


Height vs. volume The figure shows six containers, each of 
which is filled from the top. Assume that water is poured into 

the containers at a constant rate and each container is filled in 

10 seconds. Assume also that the horizontal cross sections of the 
containers are always circles. Let h(t) be the depth of water in the 
container at time t, forO = t = 10. 


a. For each container, sketch a graph of the function y = A(t), 
forO0 = ¢t = 10. 

b. Explain why A is an increasing function. 

c. Describe the concavity of the function. Identify inflection 
points when they occur. 

d. For each container, where does h’ (the derivative of h) have an 
absolute maximum on [0, 10]? 


Iva 


(B) (C) 


= iis 


(D) 


A pursuit curve Imagine a man standing 1 mi east of a cross- 
roads. At noon, a dog starts walking north from the crossroads at 

1 mi/hr (see figure). At the same instant, the man starts walking 
and at all times walks directly toward the dog at s > 1 mi/hr. The 
path in the xy plane followed by the man as he pursues his dog is 


given by the function 
am s 
T : 
ee se] 


Select various values of s > 1 and graph this pursuit curve. Com- 
ment on the changes in the curve as s increases. 


x stD/s 
y= f(x) = (2 F 


s +1 











y (north) 





x (east) 


Additional Exercises 84. 


73. Derivative information Suppose a continuous function f is con- 
cave up on (—©, 0) and (0, ©). Assume f has a local maximum 
at x = 0. What, if anything, do you know about f’(0)? Explain 
with an illustration. 
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An exotic curve (Putnam Exam 1942) Find the coordinates 
of four local maxima of the function f(x) = — > and 


1 + x° sin? x 
graph the function, for 0 = x = 10. 


185. A family of superexponential functions Let f(x) = (a — x)’, 
74. e” > n‘ Prove that e” > m° by first finding the maximum value where a > 0. 
of f(x) = ln x/x. ay ‘What etiedomain ot (Gn teansora)? 

75-81. Special curves The following classical curves have been studied b. Describe the end behavior of f (near the boundary of its domain). 
by generations of mathematicians. Use analytical methods (including c. Compute f'. Then graph f and f' fora = 0.5, 1, 2, and 3. 
implicit differentiation) and a graphing utility to graph the curves. d. Show that f has a single local maximum at the point z that 
Include as much detail as possible. satisfies z = (a — z) In (a — z). 

0/3 0/3 l Sa e. Describe how z (found in part (d)) varies as a increases. 
75. x“? + y“ = 1 Astroid or hypocycloid with four cusps Describe how f(z) varies as a increases. 
76. y= 8 Witch of Agnesi 86. x? versus y* Consider positive real numbers x and y. Notice that 
x* +4 43 < 34, while 3? > 2° and 4? = 24. Describe the regions in the 
77. x3 + y? = 3xy Folium of Descartes first quadrant of the xy-plane in which x” > y* and x” < y*. 
3 87-90. Combining technology with analytical methods Use a 





78. y’ Cissoid of Diocles graphing utility together with analytical methods to create a complete 
graph of the following functions. Be sure to find and label the inter- 
cepts, local extrema, inflection points, asymptotes, intervals where the 


function is increasing/decreasing, and intervals of concavity. 


V4x7 + 1 


x 
P 
79. yt — xÍ — 4y? + 5x? = 0 Devil’s curve 


80. y? = x?(1 — x) Pear curve 
-1 
4 tan x 




















2 R . = = 
81. x" —x* + y^ =0  Figure-8 curve 87. f(x) = ae 88. f(x) = es 
82. Elliptic curves The equation y? = x? — ax + 3, where a is a 
parameter, defines a well-known family of elliptic curves. 89. f(x) = a a on |—27, 27] 90. f(x) = x/Inx 
a. Verify that if a = 3, the graph consists of a single curve. ost 
b. Verify that if a = 4, the graph consists of two distinct curves. 
c. By experimentation, determine the value of a (3 < a < 4) at CHECK ANSWERS 
which the graph separates into two curves. 
1. Make the window larger in the y-direction. 
83. Lamé curves The equation |y/a|" + |x/a|" = 1,wherenanda 2, Notice that f and f + C have the same derivatives. 
are positive real numbers, defines the family of Lamé curves. Make 10(— xy 10x3 
a complete graph of this function with a = 1, forn = §, 1, 2, 3. 3. f(-x) = 5 = = —f(x)< 
Describe the progression that you observe as n increases. (~x) — 1 x — 1 
4.4 Optimization Problems 
The theme of this section is optimization, a topic arising in many disciplines that rely on 
mathematics. A structural engineer may seek the dimensions of a beam that maximize 
strength for a specified cost. A packaging designer may seek the dimensions of a container 
that maximize the capacity of the container for a given surface area. Airline strategists 
need to find the best allocation of airliners among several hubs in order to minimize fuel 
costs and maximize passenger miles. In all these examples, the challenge is to find an 
efficient way to carry out a task, where “efficient” could mean least expensive, most prof- 
Table 4.3 itable, least time consuming, or, as you will see, many other measures. 
To introduce the ideas behind optimization problems, think about pairs of nonnega- 
x y x+y P = xy tive real numbers x and y between O and 20 with the property that their sum is 20, that is, 
1 19 20 19 x + y = 20. Of all possible pairs, which has the greatest product? 
55 14.5 20 19.75 Table 4.3 displays a few cases showing how the product of two nonnegative numbers var- 
9 11 20 99 ies while their sum remains constant. The condition that x + y = 20 is called a constraint: It 
13 7 20 91 tells us to consider only (nonnegative) values of x and y satisfying this equation. 
18 2 20 36 The quantity that we wish to maximize (or minimize in other cases) is called the 


objective function; in this case, the objective function is the product P = xy. From 


266 CHAPTER 4 © APPLICATIONS OF THE DERIVATIVE 


» In this problem it is just as easy to 
eliminate x as y. In other problems, 
eliminating one variable may result 
in less work than eliminating other 
variables. 


Maximum product 
= 100 





Objective 
function P 


FIGURE 4.50 


Barn 





— y — 


Constraint: 4x + y = 400 


FIGURE 4.51 


» Recall from Section 4.1 that the absolute 
extreme points occur at critical points or 
endpoints. 


Table 4.3 it appears that the product is greatest if both x and y are near the middle of the 
interval |0, 20]. 

This simple problem has all the essential features of optimization problems. At their 
heart, optimization problems take the following form: 


What is the maximum (minimum) value of an objective function subject to the given 
constraint(s)? 


For the problem at hand, this question would be stated as, “What pair of nonnegative num- 
bers maximizes P = xy subject to the constraint x + y = 20?” The first step is to use the 
constraint to express the objective function P = xy in terms of a single variable. In this 
case, the constraint is 


x+y=20, or y= 20 --x. 
Substituting for y, the objective function becomes 
P = xy = x(20 — x) = 20x — x’, 


which is a function of the single variable x. Notice that the values of x lie in the interval 
0 =x < 20 with P(0) = P(20) = 0. 
To maximize P, we first find the critical points by solving 


P'(x) = 20 — 2x = 0 


to obtain the solution x = 10. To find the absolute maximum value of P on the interval 
[0, 20], we check the endpoints and the critical points. Because P(0) = P(20) = 0 and 
P(10) = 100, we conclude that P has its absolute maximum value at x = 10. By the 
constraint x + y = 20, the numbers with the greatest product are x = y = 10, and their 
product is P = 100. 

Figure 4.50 summarizes this problem. We see the constraint line x + y = 20 in 
the xy-plane. Above the line is the objective function P = xy. As x and y vary along 
the constraint line, the objective function changes, reaching a maximum value of 100 
when x = y = 10. 





QUICK CHECK 1 Verify that in the previous example the same result is obtained if the con- 
straint » x mae y= = 20 is used to eliminate x rather than y. «< 


Most optimization problems have the same basic structure as the preceding example: 
There is an objective function, which may involve several variables, and one or more con- 
straints. The methods of calculus (Sections 4.1 and 4.2) are used to find the minimum or 
maximum values of the objective function. 


EXAMPLE 1 Rancher’s dilemma A rancher has 400 ft of fence for constructing a rect- 
angular corral. One side of the corral will be formed by a barn and requires no fence. Three 
exterior fences and two interior fences partition the corral into three rectangular regions. 
What dimensions of the corral maximize the enclosed area? What is the area of that corral? 


SOLUTION We first sketch the corral (Figure 4.51), where x is the width and y is 
the length of the corral. The amount of fence required is 4x + y, so the constraint is 
4x + y = 400, or y = 400 — 4x. 

The objective function to be maximized is the area of the corral, A = xy. Using 
y = 400 — 4x, we eliminate y and express A as a function of x: 


A = xy = x(400 — 4x) = 400x — 4x’. 


Notice that the width of the corral must be at least x = 0, and it cannot exceed x = 100 
(because 400 ft of fence are available). Therefore, we maximize A(x) = 400x — 4x°, for 
0 = x = 100. The critical points of the objective function satisfy 


A'(x) = 400 — 8x = 0, 


Optimal solution: 
(50, 10,000) 


D 





A(x) = 400x — 4x? 
8000 


4000 











Objective function: V = wh 
Constraint: 2w + h = 64 


FIGURE 4.53 










Optimal solution at w = ṣ 


\ 


8000 


Objective function: 
V = 64w? — 2w° 


4000 


FIGURE 4.54 


Objective function: 
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which has the solution x = 50. To find the absolute maximum value of A, we check the 
endpoints of |0, 100] and the critical point x = 50. Because A(0) = A(100) = 0 and 
A(50) = 10,000, the absolute maximum value of A occurs when x = 50. Using the 
constraint, the optimal length of the corral is y = 400 — 4(50) = 200. Therefore, the 
maximum area of 10,000 ft? is achieved with dimensions x = 50 ft and y = 200 ft. The 
objective function A is shown in Figure 4.52. Related Exercises 5—14< 





QUICK CHECK 2 


€ Find the objective function in Example 1 (in terms of x) (1) 1f there is no 
interior fence and (11) if there is one interior fence. < 


EXAMPLE 2 Airline regulations Suppose an airline policy states that all baggage 
must be box-shaped with a sum of length, width, and height not exceeding 64 in. What 
are the dimensions and volume of a square-based box with the greatest volume under 
these conditions? 


SOLUTION We sketch a square-based box whose length and width are w and whose 
height is h (Figure 4.53). By the airline policy, the constraint is 2w + h = 64. The ob- 
jective function is the volume, V = wh. Either w or h may be eliminated from the objec- 
tive function; the constraint h = 64 — 2w implies that the volume is 


V = w*h = w’(64 — 2w) = 64w? — 2w?. 


The objective function has now been expressed in terms of a single variable. Notice that 
w is nonnegative and cannot exceed 32, so the domain of V is 0 S w < 32. The critical 
points satisfy 


V'(w) = 128w — 6w* = 2w(64 — 3w) = 0, 


which has roots w = 0 and w = — =~ 21.3. By the First (or Second) Derivative Test, 

w = = corresponds to a local maximum. At the endpoints, V(0) = V(32) = 0. 

Therefore, the volume function has an absolute maximum of V(64/3) ~ 9709 in’. 

The dimensions of the optimal box are w = 64/3 in and h = 64 — 2w = 64/3 in, 

so the optimal box is a cube. A graph of the volume function is shown in Figure 4.54. 
Related Exercises 15-17 


N N aD 


QUICK CHECK 3 


Find the objective function in Example 2 (in terms of w) if the constraint 
is that the sum of length and width and height cannot exceed 108 in. < 


Optimization Guidelines With two examples providing some insight, we present a 
procedure for solving optimization problems. These guidelines provide a general frame- 
work, but the details may vary depending upon the problem. 


Guidelines for Optimization Problems 


1. Read the problem carefully, identify the variables, and organize the given 
information with a picture. 


. Identify the objective function (the function to be optimized). Write it in 
terms of the variables of the problem. 


. Identify the constraint(s). Write them in terms of the variables of the problem. 


. Use the constraint(s) to eliminate all but one independent variable of the 
objective function. 


. With the objective function expressed in terms of a single variable, find the 
interval of interest for that variable. 


. Use methods of calculus to find the absolute maximum or minimum value of the 
objective function on the interval of interest. If necessary, check the endpoints. 
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3 a. eee ee 
= Finish taah 


aiai t 















FIGURE 4.55 


» You can check two special cases: If the 
entire trip is done walking, the travel 
time is (m mi)/(3 mi/hr) = 1.05 hr. 
If the entire trip is done swimming, the 
travel time is (2 mi)/(2 mi/hr) = 1 hr. 


Chord length = 2r sin (2) 


Arc length = r0 


FIGURE 4.56 


» To show that the chord length of a circle 
is 2r sin (0/2), draw a line from the 
center of the circle to the midpoint of 
the chord. This line bisects the angle 0. 
Using a right triangle, half the length of 
the chord is r sin (0/2). 





T Max. travel time 
= 1.23 r 
Min. travel 
5 / | time = 1 
(0, §) f 
0.8 m 
Objective function: 
0.4 _«. 9 , m 
T(0) = sin 5 + 3 


cL 
2 


FIGURE 4.57 


EXAMPLE 3 Walking and swimming Suppose you are standing on the shore of a 
circular pond with a radius of 1 mile and you want to get to a point on the shore directly 
opposite your position (on the other end of a diameter). You plan to swim at 2 mi/hr 
from your current position to another point P on the shore and then walk at 3 mi/hr along 
the shore to the terminal point (Figure 4.55). How should you choose P to minimize the 
total time for the trip? 


SOLUTION As shown in Figure 4.55, the initial point is chosen arbitrarily, and the termi- 

nal point is at the other end of a diameter. The easiest way to describe the transition point 

P is to refer to the central angle 0. If 0 = 0, then the entire trip is done by walking; if 

0 = m, the entire trip is done by swimming. So the interval of interest is 0 = 0 S 7. 

The objective function is the total travel time as it varies with 0. For each leg of the 

trip (Swim and walk), the travel time is the distance traveled divided by the speed. We 

need a few facts from circular geometry. The length of the swimming leg is the length 

of the chord of the circle corresponding to the angle @. For a circle of radius r, this chord 

length is given by 2r sin (0/2) (Figure 4.56). So the time for the swimming leg (with 

r = | anda speed of 2 mi/hr) is 
distance 


time = = 
rate 2 2 


2 sin (0/2) ag 4 


The length of the walking leg is the length of the arc of the circle corresponding to the 
angle m — 0. For a circle of radius r, the arc length corresponding to an angle 0 is ré 
(Figure 4.56). Therefore, the time for the walking leg (with an angle m — 0,r = 1, anda 


speed of 3 mi/hr) is 
distance 7 — 6 
tine = ————_ = 
rate 3 





The total travel time for the trip (in hours) is the objective function 


7 —0 
3 9 





0 
T(0) = sin> + for OS6 7. 


We now analyze the objective function. The critical points of T satisfy 


dT 1 0 1l 
-= cos . 
dð 2 2 3 2 3 
Using a calculator, the only solution in the interval [0, 7] is 6 = 2 cos™! (3) ~ 
1.68 rad ~ 96°, which is the critical point. 

Evaluating the objective function at the critical point and at the endpoints, we find 
that 7(1.68) ~ 1.23 hr, T(0) = 7/3 = 1.05 hr, and T(m) = 1 hr. We conclude that 
the minimum travel time is T(m) = 1 hr when the entire trip is done swimming. The 
maximum travel time, corresponding to 0 ~ 96°, is T ~ 1.23 hr. 

The objective function is shown in Figure 4.57. In general, the maximum and minimum 
travel times depend on the walking and swimming speeds (Exercise 18). 

Related Exercises 1S—21< 


EXAMPLE 4 Ladder over the fence An 8-foot-tall fence runs parallel to the side of 
a house 3 feet away (Figure 4.58a). What is the length of the shortest ladder that clears 
the fence and reaches the house? Assume that the vertical wall of the house and the hori- 
zontal ground have infinite extent (see Exercise 23 for more realistic assumptions). 


SOLUTION Let’s first ask why we expect a minimum ladder length. You could put the 
foot of the ladder far from the fence, making it clear the fence at a shallow angle; but 

the ladder would be very long. Or you could put the foot of the ladder close to the fence, 
making it clear the fence at a steep angle; but again, the ladder would be long. Some- 
where between these extremes, there is a ladder position that minimizes the ladder length. 








4.4 Optimization Problems 269 


The objective function in this problem is the ladder length L. The position of 
the ladder is specified by x, the distance between the foot of the ladder and the fence 
(Figure 4.58b). The goal is to express L as a function of x, where x > 0. 

The Pythagorean theorem gives the relationship 


L = (x + 3)? + D’, 


where b is the height of the top of the ladder above the ground. Similar triangles give the 
constraint 8/x = b/(3 + x). We now solve the constraint equation for b and substitute 
to express L in terms of x: 


L* = (x + 3)* + (==) = (x + p(s + =). 


—— am 
b 


At this juncture, we could find the critical points of L by first solving the preceding 
equation for L, and then solving L’ = 0. However, the solution is simplified consider- 
ably if we note that L is a nonnegative function. Therefore, L and L7 have local extrema 
at the same points; so we choose to minimize L°. The derivative of L7 is 


64 


FIGURE 4.58 


j 7 64 2( _ 128 \ Chain Rule and 
mal + 3) (1 + SN 2(x + (1 + =) +(e 4-3) (- F ) Product Rule 
2(x + 3)(x? — 192 
— ax + 3)" T Simplify. 


X 


d 
Because x > 0, we have x + 3 ¥ 0; therefore, the condition ik T) = 0 becomes 
x 


x? — 192 = 0,orx = ANa =~ 5.77. By the First Derivative Test, this critical point cor- 
responds to a local minimum. By Theorem 4.5, this solitary local minimum is also the abso- 
lute minimum on the interval (0, © ). Therefore, the minimum ladder length occurs when the 
foot of the ladder is approximately 5.77 ft from the fence. We find that L7(5.77) ~ 224.77 


and the minimum ladder length is V 224.77 ~ 15 ft. 


SECTION 4.4 EXERCISES 


Related Exercises 22—23< 


Review Questions 7. Minimum perimeter rectangles Of all rectangles of area 100, 
1. Fill in the blanks: The goal of an optimization problem is to find which one has the minimum perimeter? 
pe ene OP arya aecn ae Tne ON SUREE 8. Minimum perimeter rectangles Of all rectangles with a fixed 
tonie area A, which one has the minimum perimeter? (Give the dimen- 
2. Ifthe objective function involves more than one independent vari- sions in terms of A.) 
a a a ie veer mutates 9. Maximum product What two nonnegative real numbers with a 
3. Suppose the objective function is Q = xy and you know that sum of 23 have the largest possible product? 
‘ed i 7 vem, ante Ee Ore Ee EON HOU leek eeue 10. Sum of squares What two nonnegative real numbers a and b 
a whose sum is 23 maximize a? + b?? Minimize a° + b?? 
Pup ae wee ee ae meen) ae edn ae eee 11. Minimum sum What two positive real numbers whose product is 
interval, but you find that it has only a single local maximum. 56 have the smallest possible sum? 
Where should you look for the solution to the problem? 
12. Maximum product Find numbers x and y satisfying the equa- 
Basic Skills tion 3x + y = 12 such that the product of x and y is as large as 
5. Maximum area rectangles Of all rectangles with a perimeter of possible. 
10, which one has the maximum area? (Give the dimensions.) l B "orap 
13. Minimum sum Find positive numbers x and y satisfying the 
6. Maximum area rectangles Of all rectangles with a fixed equation xy = 12 such that the sum 2x + y is as small as 


perimeter of P, which one has the maximum area? (Give the 
dimensions in terms of P.) 


possible. 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
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Pen problems 


a. A rectangular pen is built with one side against a barn. Two 
hundred meters of fencing are used for the other three sides of 
the pen. What dimensions maximize the area of the pen? 

b. A rancher plans to make four identical and adjacent rectan- 
gular pens against a barn, each with an area of 100 m? (see 
figure). What are the dimensions of each pen that minimize the 
amount of fence that must be used? 


Barn 


Minimum-surface-area box Of all boxes with a square base and 
a volume of 100 m?, which one has the minimum surface area? 
(Give its dimensions.) 


Maximum-volume box Suppose an airline policy states that all 
baggage must be box shaped with a sum of length, width, and height 
not exceeding 108 in. What are the dimensions and volume of a 
square-based box with the greatest volume under these conditions? 


Shipping crates A square-based, box-shaped shipping crate is 
designed to have a volume of 16 ft®. The material used to make 
the base costs twice as much (per square foot) as the material in 
the sides, and the material used to make the top costs half as much 
(per square foot) as the material in the sides. What are the dimen- 
sions of the crate that minimize the cost of materials? 


Walking and swimming A man wishes to get from an initial 
point on the shore of a circular lake with radius 1 mi to a point on 
the shore directly opposite (on the other end of the diameter). He 
plans to swim from the initial point to another point on the shore 
and then walk along the shore to the terminal point. 


a. If he swims at 2 mi/hr and walks at 4 mi/hr, what are the 
minimum and maximum times for the trip? 

b. If he swims at 2 mi/hr and walks at 1.5 mi/hr, what are the 
minimum and maximum times for the trip? 

c. If he swims at 2 mi/hr, what is the minimum walking speed 
for which it is quickest to walk the entire distance? 


Minimum distance Find the point P on the line y = 3x that is 
closest to the point (50, 0). What is the least distance between P 
and (50, 0)? 


Minimum distance Find the point P on the curve y = x” that is 
closet to the point (18, 0). What is the least distance between P 
and (18, 0)? 


Walking and rowing A boat on the ocean is 4 mi from the nearest 
point on a straight shoreline; that point is 6 mi from a restaurant 
on the shore. A woman plans to row the boat straight to a point on 
the shore and then walk along the shore to the restaurant. 
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a. If she walks at 3 mi/hr and rows at 2 mi/hr, at which point on 
the shore should she land to minimize the total travel time? 

b. If she walks at 3 mi/hr, what is the minimum speed at which 
she must row so that the quickest way to the restaurant is to 
row directly (with no walking)? 


Shortest ladder A 10-ft-tall fence runs parallel to the wall of 

a house at a distance of 4 ft. Find the length of the shortest lad- 
der that extends from the ground, over the fence, to the house. 
Assume the vertical wall of the house and the horizontal ground 
have infinite extent. 


Shortest ladder—more realistic An 8-ft-tall fence runs parallel 
to the wall of a house at a distance of 5 ft. Find the length of the 
shortest ladder that extends from the ground, over the fence, to the 
house. Assume that the vertical wall of the house is 20 ft high and 
the horizontal ground extends 20 ft from the fence. 


Further Explorations and Applications 
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Rectangles beneath a parabola A rectangle is constructed with 
its base on the x-axis and two of its vertices on the parabola 

y = 16 — x°. What are the dimensions of the rectangle with the 
maximum area? What is that area? 


Rectangles beneath a semicircle A rectangle is constructed with 
its base on the diameter of a semicircle with radius 5 and with its 

two other vertices on the semicircle. What are the dimensions of 

the rectangle with maximum area? 


Circle and square A piece of wire of length 60 is cut, and the 
resulting two pieces are formed to make a circle and a square. 
Where should the wire be cut to (a) minimize and (b) maximize 
the combined area of the circle and the square? 


Maximum-volume cone A cone is constructed by cutting a sector 
from a circular sheet of metal with radius 20. The cut sheet is then 
folded up and welded (see figure). Find the radius and height of the 
cone with maximum volume that can be formed in this way. 





Covering a marble Imagine a flat-bottomed cylindrical pot with a 
circular cross section of radius 4. A marble with radius 0 < r < 4 
is placed in the bottom of the pot. What is the radius of the marble 
that requires the most water to cover it completely? 


Optimal garden A rectangular flower garden with an area of 

30 m? is surrounded by a grass border 1 m wide on two sides and 
2 m wide on the other two sides (see figure). What dimensions 
of the garden minimize the combined area of the garden and 
borders? 


Flower garden 
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Rectangles beneath a line 


a. A rectangle is constructed with one side on the positive x-axis, 
one side on the positive y-axis, and the vertex opposite the ori- 
gin on the line y = 10 — 2x. What dimensions maximize the 
area of the rectangle? What is the maximum area? 

b. Is it possible to construct a rectangle with a greater area than 
that found in part (a) by placing one side of the rectangle on 
the line y = 10 — 2x, and the two vertices not on that line on 
the positive x- and y-axes? Find the dimensions of the rect- 
angle of maximum area that can be constructed in this way. 


Kepler’s wine barrel Several mathematical stories originated with 
the second wedding of the mathematician and astronomer Johannes 
Kepler. Here is one: While shopping for wine for his wedding, 
Kepler noticed that the price of a barrel of wine (here assumed to be a 
cylinder) was determined solely by the length d of a dipstick that was 
inserted diagonally through a centered hole in the top of the barrel to 
the edge of the base of the barrel (see figure). Kepler realized that this 
measurement does not determine the volume of the barrel and that for 
a fixed value of d, the volume varies with the radius r and height h of 
the barrel. For a fixed value of d, what is the ratio r/h that maximizes 
the volume of the barrel? 





Folded boxes 


a. Squares with sides of length x are cut out of each corner of 
a rectangular piece of cardboard measuring 3 ft by 4 ft. The 
resulting piece of cardboard is then folded into a box without 
a lid. Find the volume of the largest box that can be formed in 
this way. 

b. Suppose that in part (a) the original piece of cardboard is a 
square with sides of length €. Find the volume of the largest 
box that can be formed in this way. 

c. Suppose that in part (a) the original piece of cardboard is 
a rectangle with sides of length € and L. Holding € fixed, 
find the size of the corner squares x that maximizes the vol- 
ume of the box as L —> ©. (Source: Mathematics Teacher, 
November 2002) 


Making silos A grain silo consists of a cylindrical concrete tower 
surmounted by a metal hemispherical dome. The metal in the 
dome costs 1.5 times as much as the concrete (per unit of surface 
area). If the volume of the silo is 750 m°, what are the dimensions 
of the silo (radius and height of the cylindrical tower) that mini- 
mize the cost of the materials? Assume the silo has no floor and 
no flat ceiling under the dome. 


Suspension system A load must be suspended 6 m below a 
high ceiling using cables attached to two supports that are 2 m 
apart (see figure). How far below the ceiling (x in the figure) 
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should the cables be joined to minimize the total length of 
cable used? 


pa 


4 


6m 


Light sources The intensity of a light source at a distance is 
directly proportional to the strength of the source and inversely 
proportional to the square of the distance from the source. Two 
light sources, one twice as strong as the other, are 12 m apart. At 
what point on the line segment joining the sources is the intensity 
the weakest? 


Crease-length problem A rectangular sheet of paper of width a 
and length b, where O < a < b, is folded by taking one corner of 
the sheet and placing it at a point P on the opposite long side of 
the sheet (see figure). The fold is then flattened to form a crease 
across the sheet. Assuming that the fold is made so that there is 
no flap extending beyond the original sheet, find the point P that 
produces the crease of minimum length. What is the length of 
that crease? 


Crease 


P a 


Laying cable An island is 3.5 mi from the nearest point on a 
straight shoreline; that point is 8 mi from a power station (see 
figure). A utility company plans to lay electrical cable under- 
water from the island to the shore and then underground along 
the shore to the power station. Assume that it costs $2400/mi to 
lay underwater cable and $1200/mi to lay underground cable. At 
what point should the underwater cable meet the shore in order to 
minimize the cost of the project? 


Island 
LA 
| N Cable 
N 
3.5mi ` 
% Power 
OAN station 
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Laying cable again Solve the problem in Exercise 37, but 

this time minimize the cost with respect to the smaller angle 0 
between the underwater cable and the shore. (You should get the 
same answer.) 


Sum of isosceles distances 


a. An isosceles triangle has a base of length 4 and two sides of 
length 2V2. Let P be a point on the perpendicular bisector of 
the base. Find the location P that minimizes the sum of the dis- 
tances between P and the three vertices. 

b. Assume in part (a) that the height of the isosceles triangle is 
h > 0 and its base has length 4. Show that the location of P 
that gives a minimum solution is independent of h for 

2 


= =. 


v3 


Circle in a triangle What are the radius and area of the circle of 
maximum area that can be inscribed in an isosceles triangle whose 
two equal sides have length 1? 


Slant height and cones Among all right circular cones with a 
slant height of 3, what are the dimensions (radius and height) that 
maximize the volume of the cone? The slant height of a cone is 
the distance from the outer edge of the base to the vertex. 


Blood testing Suppose that a blood test for a disease must be given 
to a population of N people, where N is large. At most N individual 
blood tests must be done. The following strategy reduces the num- 
ber of tests. Suppose 100 people are selected from the population 
and their blood samples are pooled. One test determines whether 
any of the 100 people test positive. If the test is positive, those 

100 people are tested individually, making 101 tests necessary. 
However, if the pooled sample tests negative, then 100 people have 
been tested with one test. This procedure is then repeated. Probabil- 
ity theory shows that if the group size is x (for example, x = 100, 
as described here), then the average number of blood tests required 
to test N people is N(1 — g* + 1/x), where q is the probability 
that any one person tests negative. What group size x minimizes 
the average number of tests in the case that N = 10,000 and 

q = 0.95? Assume that x is a nonnegative real number. 


Crankshaft A crank of radius r rotates with an angular frequency 
w. It is connected to a piston by a connecting rod of length L (see 
figure). The acceleration of the piston varies with the position of 
the crank according to the function 


r COS 2) 
-| 


For fixed œ and r, find the values of 0, with 0 = 0 < 27, for 
which the acceleration of the piston is a maximum and minimum. 


a(0) = o?r( cose F 


Crank 


Connecting rod 
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Metal rain gutters A rain gutter is made from sheets of metal 9 
in wide. The gutters have a 3-in base and two 3-in sides, folded 

up at an angle 0 (see figure). What angle 6 maximizes the cross- 
sectional area of the gutter? 





Cross-sectional area 


Optimal soda can 


a. Classical problem Find the radius and height of a cylindri- 
cal soda can with a volume of 354 cm? that minimize the 
surface area. 

b. Real problem Compare your answer in part (a) to a real soda 
can, which has a volume of 354 cm’, a radius of 3.1 cm, and a 
height of 12.0 cm, to conclude that real soda cans do not seem 
to have an optimal design. Then use the fact that real soda cans 
have a double thickness in their top and bottom surfaces to 
find the radius and height that minimizes the surface area of a 
real can (the surface areas of the top and bottom are now twice 
their values in part (a)). Are these dimensions closer to the di- 
mensions of a real soda can? 


Cylinder and cones (Putnam Exam 1938) Right circular cones 
of height h and radius r are attached to each end of a right circular 
cylinder of height h and radius r, forming a double-pointed object. 
For a given surface area A, what are the dimensions r and h that 
maximize the volume of the object? 


Viewing angles An auditorium with a flat floor has a large screen 
on one wall. The lower edge of the screen is 3 ft above eye level 
and the upper edge of the screen is 10 ft above eye level (see fig- 
ure). How far from the screen should you stand to maximize your 
viewing angle? 





Searchlight problem—narrow beam A searchlight is 100 m 
from the nearest point on a straight highway (see figure). As it 
rotates, the searchlight casts a horizontal beam that intersects the 
highway in a point. If the light revolves at a rate of 7/6 rad/s, 
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find the rate at which the beam sweeps along the highway as a 
function of 0. For what value of 0 is this rate maximized? 


Overhead view 


Highway 


Watching a Ferris wheel An observer stands 20 m from the bot- 
tom of a Ferris wheel on a line that is perpendicular to the face of 
the wheel, with her eyes at the level of the bottom of the wheel. 
The wheel revolves at a rate of 7 rad /min and the observer’s line 
of sight with a specific seat on the Ferris wheel makes an angle 0 
with the horizontal (see figure). At what time during a full revolu- 
tion is 0 changing most rapidly? 





Maximum angle Find the value of x 4 
that maximizes @ in the figure. 


|<— x—>| 


Maximum-volume cylinder in a sphere Find the dimensions of 
the right circular cylinder of maximum volume that can be placed 
inside of a sphere of radius R. 


Rectangles in triangles Find the dimensions and area of the 
rectangle of maximum area that can be inscribed in the following 
figures. 


a. A right triangle with a given hypotenuse length L 

b. An equilateral triangle with a given side length L 

c. A right triangle with a given area A 

d. An arbitrary triangle with a given area A (The result applies 
to any triangle, but first consider triangles for which all the 
angles are less than or equal to 90°.) 


Cylinder in a cone A right circular cylinder is placed inside a 
cone of radius R and height H so that the base of the cylinder lies 
on the base of the cone. 


a. Find the dimensions of the cylinder with maximum volume. 
Specifically, show that the volume of the maximum-volume 
cylinder is 5 the volume of the cone. 
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b. Find the dimensions of the cylinder with maximum lateral sur- 
face area (area of the curved surface). 


Maximizing profit Suppose you own a tour bus and you book 
groups of 20 to 70 people for a day tour. The cost per person is 
$30 minus $0.25 for every ticket sold. If gas and other miscel- 
laneous costs are $200, how many tickets should you sell to maxi- 
mize your profit? Treat the number of tickets as a nonnegative 
real number. 


Cone in a cone A right circular cone is inscribed inside a larger 
right circular cone with a volume of 150 cm’. The axes of the 
cones coincide and the vertex of the inner cone touches the center 
of the base of the outer cone. Find the ratio of the heights of the 
cones that maximizes the volume of the inner cone. 


Another pen problem A rancher is building a horse pen on the 
corner of her property using 1000 ft of fencing. Because of the un- 
usual shape of her property, the pen must be built in the shape of a 
trapezoid (see figure). 


a. Determine the lengths of the sides that maximize the area of 
the pen. 

b. Suppose there is already a fence along the side of the property 
opposite the side of length y. Find the lengths of the sides that 
maximize the area of the pen, using 1000 ft of fencing. 


X 


T E 


Minimum-length roads A house is located at each corner of a 
square with side lengths of 1 mi. What is the length of the short- 
est road system with straight roads that connects all of the houses 
by roads (that is, a road system that allows one to drive from 

any house to any other house)? (Hint: Place two points inside 
the square at which roads meet.) (Source: Halmos, Problems for 
Mathematicians Young and Old.) 


Light transmission A window consists of a rectangular pane of 
clear glass surmounted by a semicircular pane of tinted glass. The 
clear glass transmits twice as much light per unit of surface area as 
the tinted glass. Of all such windows with a fixed perimeter P, what 
are the dimensions of the window that transmits the most light? 


Slowest shortcut Suppose you are standing in a field near a 
straight section of railroad tracks just as the locomotive of a train 
passes the point nearest to you, which is 1 mi away. The train, 
with length 1 mi, is traveling at 20 mi /hr. If you start running in 
a straight line across the field, how slowly can you run and still 
catch the train? In which direction should you run? 


The arbelos An arbelos is the region enclosed by three mutually 
tangent semicircles; it is the region inside the larger semicircle 
and outside the two smaller semicircles (see figure). 
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a. Given an arbelos in which the diameter of the largest circle 
is 1, what positions of point B maximize the area of the 
arbelos? 

b. Show that the area of the arbelos is the area of a circle whose 
diameter is the distance BD in the figure. 


Proximity questions 


a. What point on the line y = 3x + 4 is closest to the origin? 

b. What point on the parabola y = 1 — x? is closest to the 
point (1, 1)? 

c. Find the point on the graph of y = Vx that is nearest the point 
(p, 0) if (i) p > 4; and (ii) 0 < p < 4. Express the answer in 
terms of p. 


62. Turning a corner with a pole 
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a. What is the length of the longest pole that can be carried hori- 
zontally around a corner at which a 3-ft corridor and a 4-ft cor- 
ridor meet at right angles? 

b. What is the length of the longest pole that can be carried hori- 
zontally around a corner at which a corridor that is a feet wide 
and a corridor that is b feet wide meet at right angles? 

c. What is the length of the longest pole that can be carried hori- 
zontally around a corner at which a corridor that is a = 5 ft 
wide and a corridor that is b = 5 ft wide meet at an angle 
of 120°? 

d. What is the length of the longest pole that can be carried 
around a corner at which a corridor that is a feet wide and 
a corridor that is b feet wide meet at right angles, assuming 
there is an 8-foot ceiling and that you may tilt the pole at any 
angle? 


Travel costs A simple model for travel costs involves the cost of 
gasoline and the cost of a driver. Specifically, assume that gaso- 
line costs $ p/gallon and the vehicle gets g miles per gallon. Also, 
assume that the driver earns $ w/hour. 


a. A plausible function to describe how gas mileage (in mi/gal) 
varies with speed is g(v) = v(85 — v)/60. Evaluate g(0), 
g(40), and g(60) and explain why these values are reasonable. 

b. At what speed does the gas mileage function have its 
maximum? 

c. Explain why the cost of a trip of length L miles is 
C(v) = Lp/g(v) + Lw/v. 

d. Let L = 400 mi, p = $4/gal, and w = $20/hr. At what 
(constant) speed should the vehicle be driven to minimize the 
cost of the trip? 

e. Should the optimal speed be increased or decreased (com- 
pared with part (d)) if L is increased from 400 mi to 500 mi? 
Explain. 

f. Should the optimal speed be increased or decreased (compared 
with part (d)) if p is increased from $4/gal to $4.20/gal? 
Explain. 

g. Should the optimal speed be increased or decreased (compared 
with part (d)) if w is decreased from $20/hr to $15 /hr? Explain. 


Do dogs know calculus? A mathematician stands on a beach with 
his dog at point A. He throws a tennis ball so that it hits the water 
at point B. The dog, wanting to get to the tennis ball as quickly 

as possible, runs along the straight beach line to point D and then 
swims from point D to point B to retrieve his ball. Assume C is 


the point on the edge of the beach closest to the tennis ball (see 
figure). 





—— 


. Assume the dog runs at speed r and swims at speed s, where 


r > s and both are measured in meters/second. Also assume 
the lengths of BC, CD, and AC are x, y, and z, respectively. 
Find a function T(y) representing the total time it takes for the 
dog to get to the ball. 


. Verify that the value of y that minimizes the time it takes to 


retrieve the ball is y = JAAA T 
r/s iis 


. If the dog runs at 8 m/s and swims at 1 m/s, what ratio y/x 


produces the fastest retrieving time? 


. A dog named Elvis who runs at 6.4 m/s and swims at 0.910 m/s 


was found to use an average ratio y/x of 0.144 to retrieve his 
ball. Does Elvis appear to know calculus? (Source: Timothy 
Pennings, College Mathematics Journal, May 2003) 


65. Fermat’s Principle 


a. Two poles of heights m and n are separated by a horizontal 


distance d. A rope is stretched from the top of one pole to the 
ground and then to the top of the other pole. Show that the 
configuration that requires the least amount of rope occurs 
when 6, = 0, (see figure). 


j 





. Fermat’ s Principle states that when light travels between two 


points in the same medium (at a constant speed), it travels on 
the path that minimizes the travel time. Show that when light 
from a source A reflects off of a surface and is received at 
point B, the angle of incidence equals the angle of reflection, 
or 0, = 0, (see figure). 
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Snell’s Law Suppose that a light source at A is in a medium in 
which light travels at speed v, and the point B is in a medium in 
which light travels at speed v, (see figure). Using Fermat’s Prin- 
ciple, which states that light travels along the path that requires 
the minimum travel time (Exercise 65), show that the path taken 
between points A and B satisfies (sin 0,)/v,; = (sin 62) /v2. 


Medium 2 





Tree notch (Putnam Exam 1938, 
rephrased) A notch is cut in a cylin- 
drical vertical tree trunk. The notch 
penetrates to the axis of the cylinder 
and is bounded by two half-planes that 
intersect on a diameter D of the tree. 
The angle between the two half planes is 
0. Prove that for a given tree and fixed 
angle 0, the volume of the notch is mini- 
mized by taking the bounding planes at 
equal angles to the horizontal plane that 
also passes through D. 





Gliding mammals Many species of small mammals (such as 
flying squirrels and marsupial gliders) have the ability to walk 
and glide. Recent research suggests that these animals choose the 
most energy-efficient means of travel. According to one empiri- 
cal model, the energy required for a glider with body mass m to 
walk a horizontal distance D is 8.46 Dm?” (where m is measured 
in grams, D is measured in meters, and energy is measured in 
microliters of oxygen consumed in respiration). The energy cost 
of climbing to a height D tan 0 and gliding at an angle of 0 (below 
the horizontal, with 0 = O representing perfectly horizontal flight 
and 0 > 45° representing controlled falling) a horizontal distance 
D is modeled by 1.36 mD tan 0. Therefore, the function 


S(m, 0) = 8.46m7/3 — 1.36m tan 0 
gives the energy difference per horizontal meter traveled between 


walking and gliding: If S > 0 for given values of m and 0, then it 
is more costly to walk than glide. 


a. For what glide angles is it more efficient for a 200-gram ani- 
mal to glide rather that walk? 
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b. Find the threshold function 6 = g(m) that gives the curve 
along which walking and gliding are equally efficient. Is it an 
increasing or decreasing function of body mass? 

c. In order to make gliding more efficient than walking, do larger 
gliders have a larger or smaller selection of glide angles than 
smaller gliders? 

d. Let 6 = 25° (a typical glide angle). Graph S as a function of 
m, forO = m = 3000. For what values of m is gliding more 
efficient? 

e. For = 25°, what value of m (call it m*) maximizes S? 

f. Does m*, as defined in part (e), increase or decrease with in- 
creasing 0? That is, as a glider reduces its glide angle, does its 
optimal size become larger or smaller? 

g. Assuming Dumbo is a gliding elephant whose weight is 1 met- 
ric ton (10° g), what glide angle would Dumbo use to be more 
efficient at gliding than walking? 


(Source: Energetic savings and the body size distribution of 
gliding mammals, Roman Dial, Evolutionary Ecology Research 
5 (2003): 1151-1162) 


A challenging pen problem Two triangular pens are built against 
a barn. Two hundred meters of fencing are to be used for the three 
sides and the diagonal dividing fence (see figure). What dimen- 
sions maximize the area of the pen? 


Barn 


Minimizing related functions Find the values of x that minimize 
each function. 


a. f(x) = (x — 1)? +(x- 5)? 
b. f(x) = (x — a} + (x — b}, for constant a and b 


c. f(x) = X (x — a}, for a positive integer n and constants 
c= 


ee eae P 


(Source: Calculus, Vol. 1, Tom M. Apostol, John Wiley and Sons, 
1967) 


HECK ANSWERS 





2. A = 400x — 2x?, A = 400x — 3x? 
3. V = 108w? — 2w><« 
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4.5 Linear Approximation and Differentials 


FIGURE 4.59 


Tangent line at (a, f(a)): 
YR | L(x) = f(a) + f'(a — a) 





FIGURE 4.60 


Imagine plotting a smooth curve with a graphing utility. Now pick a point P on the curve, 
draw the line tangent to the curve at P, and zoom in on it several times. As you succes- 
sively enlarge the curve near P, it looks more and more like the tangent line (Figure 4.59a). 
This fundamental observation—that smooth curves appear straighter on smaller scales—is 
the basis of many important mathematical ideas, one of which is linear approximation. 

Now, consider a curve with a corner or cusp at a point Q (Figure 4.59b). No amount 
of magnification “straightens out” the curve or removes the corner at Q. The different 
behavior at P and Q is related to the idea of differentiability: The function in Figure 4.59a 
is differentiable at P, whereas the function in Figure 4.59b is not differentiable at Q. One 
of the requirements for the techniques presented in this section is that the function be dif- 
ferentiable at the point in question. 





Tangent line at P 


The curve Magnification 

P approaches its Q does not remove 
tangent as we the corner at Q. 
zoom in on P. 


Zoom Zoom 


[JN 


Zoom Zoom 


A 
(a) (b) 


Linear Approximation 


Figure 4.59a suggests that when we zoom in on the graph of a smooth function at a 
point P, the curve approaches its tangent line at P. This fact is the key to understanding 
linear approximation. The idea is to use the line tangent to the curve at P to approximate 
the value of the function at points near P. Here’s how it works. 

Assume f is differentiable on an interval containing the point a. The slope of the line tan- 
gent to the curve at the point (a, f(a) ) is f'(a). Therefore, the equation of the tangent line is 
y— fla) =f'(a)\(x— a) or y= fla) + f'(a)(x — a). 

_ nd 
L(x) 
This tangent line represents a new function L that we call the linear approximation to f at 
the point a (Figure 4.60). If f and f’ are easy to evaluate at a, then the value of f at points 
near a is easily approximated using the linear approximation L. That 1s, 


fa) ~ L(x) = fla) + f'(a)(x = a). 


4.5 Linear Approximation and Differentials ZII 


This approximation improves as x approaches a. 


DEFINITION Linear Approximation to f at a 


Suppose f is differentiable on an interval J containing the point a. The linear approxi- 
mation to f at a is the linear function 


L(x) = f(a) + f'(a)(x — a), forxinZ. 





QUICK CHECK 1 Sketch the graph of a function f that is concave up on an interval contain- 
ing the point a. Sketch the linear approximation to f at a. Is the graph of the linear 
approximation above or below the graph of f?< 


EXAMPLE 1 Useful driving math Suppose you are driving along a highway at 

a fairly constant rate of speed and you record the number of seconds it takes to travel 
between two consecutive mile markers. If it takes 60 seconds to travel one mile, then 
your average speed is 1 mi/60 s or 60 mi/hr. Now suppose that you travel one mile in 
60 + x seconds; for example, if it takes 62 seconds, then x = 2, and if it takes 

57 seconds, then x = —3. The function 


3600 
60 + x 





s(x) = = 3600(60 + x)! 

gives your average speed in mi/hr if you travel one mile in x seconds more or less than 
60 seconds (Exercise 55). For example, if you travel one mile in 62 seconds then x = 2 
and your average speed is s(2) ~ 58.06 mi/hr. If you travel one mile in 57 seconds then 
x = —3 and your average speed is s(—3) ~ 63.16 mi/hr. Because you don’t want to use 
a calculator while driving, you need an easy approximation to this function. Use linear 
approximation to derive such a formula. 


SOLUTION The idea is to find the linear approximation to s at the point 0. We first use 
the Chain Rule to compute 


s'(x) = —3600(60 + x)’, 
and then note that s(0) = 60 and s'(0) = —3600-60 7 = —1. Using the linear approxi- 
mation formula, we find that 
s(x) =~ L(x) = s(0) + s'(0)(x — 0) = 60 — x. 


For example, if you travel one mile in 62 seconds, then x = 2 and your average speed is 
approximately L(2) = 58 mi/hr, which is very close to the exact value given previously. 
If you travel one mile in 57 seconds, then x = —3 and your average speed is approximately 
L(—3) = 63 mi/hr, which again is close to the exact value. 

Related Exercises 7—12< 





QUICK CHECK 2 In Example 1, suppose you travel one mile in 75 seconds. What is the 
average Spee given by the linear approximation formula? What is the exact average 
speed? Explain the discrepancy between the two values. < 


EXAMPLE 2 Linear approximations and errors 


a. Find the linear approximation to f(x) = Vx at x = 1 and use it to approximate V1.1. 


b. Use linear approximation to estimate the value of V0.1. 
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Linear approximation: 
Læ) =4@ + 1) 





The error in the 


HEN = approximation 
a 8 97 decreases as x > 1. 
FIGURE 4.61 
Table 4.4 
x L(x) Exact Vx Percent error 

i2 ill 1.0954... 0.4% 
1.1 1.05 1.0488... 0.1% 
1.01 1.005 1.0049... 0.001% 
1.001 1.0005 1.0005... 0.00001 % 


» We choose a = a because it is close to 
0.1 and its square root is easy to evaluate. 


APPLICATIONS OF THE DERIVATIVE 


SOLUTION 


a. We construct the linear approximation 


L(x) = fla) + f'(a)(x — a), 
where f(x) = Vor G) = 1/(2Vx), and a = 1. Noting that f(a) = f(1) = ] and 
f'(a) = f'(1) = 5, we have 


ES Gs, 


as eee 2 


which is an equation of the line tangent to the curve at the point (1, 1) (Figure 4.61). 
Because x = 1.1 is near x = 1, we approximate V1.1 by L(1.1): 


l 
AT A 08: 


The exact value is f(1.1) = V1.1 = 1.0488 . . .; therefore, the linear approximation 
has an error of about 0.1%. Furthermore, our approximation is an overestimate because 
the tangent line lies above the graph of f. In Table 4.4 we see several approximations to 
Vx for x near 1 and the associated errors. Clearly, the errors decrease as x approaches 1. 


b. If the linear approximation L(x) = 5(x + 1) obtained in part (a) is used to approxi- 
mate V0.1, we have 


l 
V0.1 ~ L(0.1) E 


A calculator gives V0.1 = 0.3162 ..., which shows that the approximation is well 
off the mark. The error arises because the tangent line through (1, 1) is not close to 
the curve at x = 0.1 (Figure 4.61). For this reason, we seek a different value of a, 
with the requirement that it is near x = 0.1, and both f(a) and f'(a) are easily com- 
puted. It is tempting to try a = 0, but f’(0) is undefined. One choice that works well 
is ad = z% = 0.09. Using the linear approximation L(x) = f(a) + f'(a)(x — a), 
we have 








V0.1 = L(0.1) 


| 9 1 1 9 
-l paui 
100 2 olio Za) 


3 2 1 ) 
= — + — 

10 6 \100 

19 


ae S O07. 
60 


This approximation agrees with the exact value to three decimal places. 
Related Exercises 13-20 


QUICK 


ag 


CHECK 3 


< CHECK 3 Suppose you want to use linear approximation to estimate V0.18. What 
ood choice for a? «< 





is 
EXAMPLE 3 Linear approximation for the sine function Find the linear approxi- 
mation to f(x) = sin x at x = 0 and use it to approximate sin 2.5°. 


SOLUTION We first construct a linear approximation L(x) = f(a) + f’(a)(x — a), 
where f(x) = sinx anda = 0. Noting that f(0) = 0 and f’(0) = cos (0) = 1, we have 


L(x) = 0+ I(x- 0) =x. 


Linear approximation: 
L(x) =x 





f(x) = sin x 


FIGURE 4.62 


(x, fo) 


(a, f(a)) 


FIGURE 4.63 
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Again, the linear approximation is the line tangent to the curve at the point (0, 0) 
(Figure 4.62). Before using L(x) to approximate sin 2.5°, we convert to radian measure 
(the derivative formulas for trigonometric functions require angles in radians): 





7 TT 
2.5° = 2.°( = — = 0.04363 rad. 
180° 72 
Therefore, sin 2.5° ~ L(0.04363) = 0.04363. A calculator gives sin 2.5° ~ 0.04362, 
so the approximation is accurate to four decimal places. 
Related Exercises 21-30 


In Examples 2 and 3, we used a calculator to check the accuracy of our approxima- 
tions. This begs the question: Why bother with linear approximation when a calculator 
does a better job? There are some good answers to that question. 

Linear approximation is actually just the first step in the larger process of polynomial 
approximation. While linear approximation does a decent job of estimating function val- 
ues when x is near a, we can generally do better with higher-degree polynomials. These 
ideas are explored further in Chapter 10. 

Linear approximation also allows us to discover simple approximations to com- 
plicated functions. In Example 3, we found the small-angle approximation to the sine 
function; sin x ~ x for x near Q. 


QUICK CHECK 4 Explain why the linear approximation to f(x) = cos x atx = Ois 
L(x) = 1.< 


A Variation on Linear Approximation Linear approximation says that a function 
f can be approximated as 


f(x) ~ fla) + f'(a)(x — a), 
where a is fixed and x is a nearby point. We first rewrite this expression as 
f(x) — fla) ~= f'a) — a). 
ee i ol 
Ay Ax 


It is customary to use the notation A (capital Greek delta) to 
y=L(@) denote a change. The factor x — a is the change in the x-coordinate 


A between a and a nearby point x. Similarly, f(x) — f(a) is the corre- 
TN | Ay =f) -f@ sponding change in the y-coordinate (Figure 4.63). So, we write this 
(a) 


approximation as 


Ay ~ f'(a)Ax Ay ~= f'(a) Ax. 


In other words, a change in y (the function value) can be approximated 
by the corresponding change in x magnified or diminished by a factor of 
f'(a). This interpretation states the familiar fact that f'(a) is the rate of 
change of y with respect to x. 


Relationship Between Ax and Ay 


Suppose f is differentiable on an interval J containing the point a. The change in 
the value of f between two points a and a + Ax is approximately 


Ay = f'(a) Ax, 


where a + Ax isin Z. 
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» Notice that the units in these calculations 
are consistent. If r has units of meters (m), 
S’ has units of m?/m = m, so AS has 
units of m7, as it should. 





QUICK CHECK 5 Given that the volume 
of a sphere is V = 47r? /3, find an 
expression for the approximate change 
in the volume when the radius changes 


from a toa + Ar.<« 





EXAMPLE 4 Estimating changes with linear approximations 


a. Approximate the change in y = f(x) = x? — 2x + 1 when x changes from 1.00 
to 1.05. 


b. Approximate the change in the surface area of a spherical hot-air balloon when the 
radius decreases from 4 m to 3.9 m. 


SOLUTION 
a. The change in yis Ay ~ f'(a) Ax, where a = 1, Ax = 0.05, and f'(x) = 9x? — 2. 
Substituting these values, we find that 
Ay = f'(a) Ax = f’(1)+0.05 = 7-0.05 = 0.35. 
If x increases from 1.00 to 1.05, then y increases by approximately 0.35. 


b. The surface area of a sphere is § = Amr’, so the change in the surface area when 
the radius changes by Aris AS ~ S'(a) Ar. Substituting S'(r) = 87rr, a = 4, and 
Ar = —0.1, the approximate change in the surface area is 


AS = S'(a) Ar = S'(4)+(-0.1) = 32+ (—0.1) = —10.05. 


The change in surface area is approximately — 10.05 m7; it is negative, reflecting a 
decrease. 
Related Exercises 31-36 


SUMMARY Uses of Linear Approximation 


e To approximate f near x = a, use 


flx) ~ L(x) = fla) + f'(a) = a). 


e To approximate the change Ay in the dependent variable when x changes from 
atoa + Ax, use 


Ay = f'(a) Ax. 





Differentials 


We now introduce an important concept that allows us to distinguish two related quantities: 


e the change in the function y = f(x) as x changes from a to a + Ax (which we call Ay, 
as before), and 


e the change in the linear approximation y = L(x) as x changes from a to a + Ax (which 
we call the differential dy). 


Consider a function y = f(x) differentiable on an interval containing a. If the x-coordinate 
changes from a to a + Ax, the corresponding change in the function is exactly 


Ay = fla + Ax) — fla). 


Using the linear approximation L(x) = f(a) + f'(a)(x — a), the change in L as x 
changes froma toa + Axis 


AL = L(a + Ax) — L(a) 
= [f(a) + f'(a)(a + Ax — a)] — [fla) + f'(a)(a - a)] 
L(a + Ax) L(a) 


= f'(a) Ax. 


» Of the two coinventors of calculus, 
Gottfried Leibniz relied on the idea 
of differentials in his development 
of calculus. Leibniz’s notation for 
differentials is essentially the same as 
the notation we use today. An Irish 
philosopher of the day, Bishop Berkeley, 
called differentials “the ghost of departed 
quantities.” 


> Recall that sin 2x = 2 sin x cos x. 
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In order to distinguish Ay and AL, we define two new variables called differentials. The 
differential dx is simply Ax; the differential dy is the change in the linear approximation, 
which is AL = f'(a) Ax. Using this notation, 

AL = dy = f'(a) Ax = f'(a) dx. 


same same 
as AL as Ax 


Therefore, at the point a, we have dy = f'(a) dx. More generally, we replace the fixed 
point a by a variable point x and write 


dy = f'(x) dx. 


DEFINITION Differentials 


Let f be differentiable on an interval containing x. A small change in x is denoted by 
the differential dx. The corresponding change in fis approximated by the differential 


dy = f'(x) dx; that is, 
Ay = f(x + dx) — f(x) ~ dy = f'(x) dx. 





Figure 4.64 shows that if Ax = dx is small, then the change in f, which is Ay, is 
well approximated by the change in the linear approximation, which is dy. Furthermore, 
the approximation Ay ~ dy improves as dx approaches 0. The notation for differentials 
is consistent with the notation for the derivative: If we divide both sides of dy = f'(x) dx 
by dx, we have 


dy _ f'(x)dx _ 


dx dx 


Ay = f(x + dx) — f(x) 
dy = f'(x)dx 





FIGURE 4.64 


EXAMPLE 5 Differentials as change Use the notation of differentials to write the 
approximate change in f(x) = 3 cos? x given a small change dx. 


SOLUTION With f(x) = 3 cos’ x, we have f'(x) = —6 cos x sin x = —3 sin 2x. 
Therefore, 


dy = f'(x) dx = —3 sin 2x dx. 


The interpretation is that a small change dx in the independent variable x produces an 
approximate change in the dependent variable of dy = —3 sin 2x dx in y. For example, if 
x increases from x = 7/4 tox = 7/4 + 0.1, then dx = 0.1 and 


dy = —3 sin (m /2)(0.1) = —0.3. 


The approximate change in the function is —0.3, which means a decrease of approxi- 
mately 0.3. 
Related Exercises 37-46< 
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SECTION 4.5 EXERCISES 


Review Questions 

1. Sketch the graph of a smooth function f and label a point 
P(a, (f(a)) on the curve. Draw the line that represents the linear 
approximation to f at P. 


2. Suppose you find the linear approximation to a differentiable 
function at a local maximum of that function. Describe the graph 
of the linear approximation. 


3. How can linear approximation be used to approximate the value of 
a function f near a point at which f and f’ are easily evaluated? 


4. How can linear approximation be used to approximate the change 
in y = f(x) given a change in x? 


5. Given a function f differentiable on its domain, write and explain 
the relationship between the differentials dx and dy. 


6. Does the differential dy represent the change in f or the change in 
the linear approximation to f? Explain. 


Basic Skills 
7-8. Estimating speed Use the linear approximation given in Example 
I to answer the following questions. 


7. Ifyou travel one mile in 59 seconds, what is your approximate 
average speed’? What is your exact speed? 


8. If you travel one mile in 63 seconds, what is your approximate 
average speed’? What is your exact speed? 


9-12. Estimating time Suppose you want to travel D miles at a constant 
speed of (60 + x) mi/hr, where x could be positive or negative. The 
time in minutes required to travel D miles is T(x) = 60D(60 + x)! 


9. Show that the linear approximation to T at the point x = O is 


o(a) 


T(x) ~ L(x) = o 


10. Use the result of Exercise 9 to approximate the amount of time it 
takes to drive 45 miles at 62 mi /hr. What is the exact time required? 


11. Use the result of Exercise 9 to approximate the amount of time it 
takes to drive 80 miles at 57 mi/hr. What is the exact time required? 


12. Use the result of Exercise 9 to approximate the amount of time it 
takes to drive 93 miles at 63 mi/hr. What is the exact time required? 


13-20. Linear approximation 


a. Write the equation of the line that represents the linear approxima- 
tion to the following functions at the given point a. 

b. Graph the function and the linear approximation at a. 

Use the linear approximation to estimate the given function value. 

d. Compute the percent error in your approximation, 
100 - |appro , Where the exact value is given by a 
calculator. 


13. f(x) = 12 — x7; a =2; f(2.1) 
14. f(x) = sinx; a = 7/4; (0.75) 
15. f(x) =In(1 +x); a = 0; f(0.9) 
16. f(x) =x/(x + 1); a=1; f(1.1) 


N 





17. f(x) = cosx; a = 0; f(—0.01) 

18. f(x) = e%; a = 0; f(0.05) 

19. f(x) = (8 +x)"; a = 0; f(—0.1) 
20. f(x) = Wx; a = 81; f(85) 


21-30. Estimations with linear approximation Use linear approxi- 
mations to estimate the following quantities. Choose a value of a to 
produce a small error. 


f(x 
f(x 


1/203 22. tan 3° Vi46 24. V65 
25. 1n (1.05) V5 /29 AE 28. 1/V119 
29. 1/\510 30. cos 31° 


31-36. Approximating changes 


31. Approximate the change in the volume of a sphere when its radius 
changes from r = 5 ft to r = 5.1 ft (V(r) = Far’). 


32. Approximate the change in the atmospheric pressure when 
the altitude increases from z = 2 km to z = 2.01 km 
(P(z) = 10000 7"): 


33. Approximate the change in the volume of a right circular cylinder 
of fixed radius r = 20 cm when its height decreases from 
h = 12cmtoh = 11.9 cm (V(h) = mr? h). 


34. Approximate the change in the volume of a right circular cone of 
fixed height h = 4 m when its radius increases from r = 3 m to 
r = 3.05 m (V(r) = mr? h/3). 


35. Approximate the change in the lateral surface area (excluding 
the area of the base) of a right circular cone of fixed height of 
h = 6 m when its radius decreases from r = 10 m to r = 9.9 m 
(S = mrVr? + h’). 


36. Approximate the change in the magnitude of the electrostatic 
force between two charges when the distance between them 
increases from r = 20 m tor = 21 m(F(r) = 0.01 /r°). 


37—46. Differentials Consider the following functions and express 
the relationship between a small change in x and the corresponding 
change in y in the form dy = f'(x) dx. 


37. f(x) = 2x+ 1 38. f(x) = sin? x 

39. f(x) = 1/x? 40. f(x) = 

41. f(x) = 2 — a cos x, a constant 

42. f(x) = (4+ x)/(4 — x) 

43. f(x) = 3x? — 4x 44. f(x) = sin ' x 
45. f(x) = tanx 46. f(x) =In(1 — x) 


Further Explorations 
47. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 
a. The linear approximation to f(x) = x? atx = Ois L(x) = 0. 
b. Linear approximation at x = 0 provides a good approximation 
to f(x) = |xl. 
c. If f(x) = mx + b, then the linear approximation to f at any 
point is L(x) = f(x). 


48. 


49. 


Linear approximation Estimate f(5.1) given that f(5) = 10 
and f'(5) = —2. 


Linear approximation Estimate f(3.85) given that f(4) = 3 
and f'(4) = 2. 


50-53. Linear approximation 


a. Write an equation of the line that represents the linear 
approximation to the following functions at a. 

b. Graph the function and the linear approximation at a. 

c. Use the linear approximation to estimate the given quantity. 

d. Compute the percent error in your approximation. 

50. f(x) = tanx; a = 0; tan 3° 

51. f(x) = 1/(x + 1); a=0; 1/11 

52. f(x) = cosx; a = 7/4; cos (0.8) 

<E =e (20 eo 

Applications 

54. Ideal Gas Law The pressure P, temperature 7, and volume V of 
an ideal gas are related by PV = nRT, where n is the number of 
moles of the gas and R is the universal gas constant. For the pur- 
poses of this exercise, let nR = 1; thus, P = T/V. 

a. Suppose that the volume is held constant and the temperature 
increases by AT = 0.05. What is the approximate change in 
the pressure? Does the pressure increase or decrease? 

b. Suppose that the temperature is held constant and the volume 
increases by AV = 0.1. What is the approximate change in the 
pressure? Does the pressure increase or decrease? 

c. Suppose that the pressure is held constant and the volume 
increases by AV = 0.1. What is the approximate change in the 
temperature? Does the temperature increase or decrease? 

55. Speed function Show that the function s(x) = 3600(60 + x)! 
gives your average speed in mi/hr if you travel one mile in x sec- 
onds more or less than 60 mi /hr. 

56. Time function Show that the function T(x) = 60 D(60 + x)! 
gives the time in minutes required to drive D miles at 60 + x 
miles per hour. 

57. Errors in approximations Suppose f(x) = Wx is to be 


approximated near x = 8. Find the linear approximation to f at 8. 
Then complete the following table, showing the errors in various 
approximations. Use a calculator to obtain the exact values. The 
percent error is 100+ | approximation — exact| /|exact|. Comment 
on the behavior of the errors as x approaches 8. 


Linear approx. Exact value Percent error 


o o oo 
E a a 
orf a 
ww o 
K a 
o» o 
E a A 
E a a 


3 
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58. Errors in approximations Suppose f(x) = 1/(1 + x) is to be 


approximated near x = 0. Find the linear approximation to f at 0. 
Then complete the following table showing the errors in various 
approximations. Use a calculator to obtain the exact values. The 
percent error is 100+ | approximation — exact| / |exact|. Com- 
ment on the behavior of the errors as x approaches 0. 


w o ooo 
ow o o 
ow f S 
oof 


ww O TC 
œw O o 
Hor [| 
a o S 





Additional Exercises 
59. Linear approximation and the second derivative Draw the 


graph of a function f such that f(1) = f’(1) = f"(1) = 1. 
Draw the linear approximation to the function at the point 

(1, 1). Now draw the graph of another function g such that 

g(1) = g'(1) = Land g"(1) = 10. (It is not possible to rep- 
resent the second derivative exactly, but your graphs should 
reflect the fact that f”(1) is relatively small and g”(1) is rela- 
tively large.) Now suppose that linear approximations are used to 
approximate f(1.1) and g(1.1). 


a. Which function value has the more accurate linear approxima- 
tion near x = 1 and why? 

b. Explain why the error in the linear approximation to f near a 
point a is proportional to the magnitude of f”(a). 





1. The linear approximation lies below the graph of f for x 
near a. 
to0. 3.a=0.16 4. Note that f(0) = 1 and f’(0) = 0, 
so L(x) = 1 (this is the line tangent to y = cos x at (0, 1)). 
5. AV = 4a’ Ar.< 


2. L(15) = 45, s(15) = 48; x = 15 is not close 
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4.6 Mean Value Theorem 





J 
f'(c) = 0 
| 
f y=f(x) 
nn. i 
| fla) = fib) 
| 
O a c b * 


FIGURE 4.65 


» Michel Rolle (1652-1719) is one of the 
less-celebrated mathematicians whose 
name is nevertheless attached to a 
theorem. He worked in Paris most of his 
life as a scribe and published his theorem 
in 1691. 


» The Extreme Value Theorem, discussed 
in Section 4.1, states that a function 
that is continuous on a closed bounded 
interval attains its absolute maximum and 
minimum values on that interval. 


FIGURE 4.66 





tangent 


The Mean Value Theorem is a cornerstone in the theoretical framework of calculus. Sev- 
eral critical theorems (some stated in previous sections) rely on the Mean Value Theo- 
rem; the theorem also appears in practical applications. We begin with a preliminary result 
known as Rolle’s Theorem. 


Rolle’s Theorem 


Consider a function f that is continuous on a closed interval (a, b| and differentiable on 
the open interval (a, b). Furthermore, assume f has the special property that f(a) = f(b) 
(Figure 4.65). The statement of Rolle’s Theorem is not surprising: It says that somewhere 
between a and b, there is at least one point at which f has a horizontal tangent line. 


THEOREM 4.8 Rolle’s Theorem 
Let f be continuous on a closed interval | a, b | and differentiable on (a, b) with 


f(a) = f(b). There is at least one point c in (a, b) such that f’(c) = 0. 





Proof: The function f satisfies the conditions of Theorem 4.1 (Extreme Value Theorem) 
and thus attains its absolute maximum and minimum values on (a, b|. Those values are 
attained either at an endpoint or at an interior point c. 


Case l: First suppose that f attains both its absolute maximum and minimum values at 
the endpoints. Because f(a) = f(b), the maximum and minimum values are equal, and 
it follows that f is a constant function on |a, b]. Therefore, f'(x) = 0 for all x in (a, b), 
and the conclusion of the theorem holds. 


Case 2: Assume at least one of the absolute extreme values of f does not occur at an end- 
point. Then, f must attain an absolute extreme value at an interior point of | a, b |; there- 
fore, f must have either a local maximum or a local minimum at a point c in (a, b). We 
know from Theorem 4.2 that at a local extremum the derivative is zero. Thus, f’(c) = 0 
for at least one point c of (a, b), and again the conclusion of the theorem holds. < 


Why does Rolle’s Theorem require continuity? A function that is not continuous on 
[a, b| may have identical values at both endpoints and still not have a horizontal tangent 
line at any point on the interval (Figure 4.66a). Similarly, a function that is continuous on 
|a, b| but not differentiable at a point of (a, b) may also fail to have a horizontal tangent 
line (Figure 4.66b). 


No horizontal tangent 


li l 
No horizontal tangent ines on (a, b) 


y lines on (a, b). y 


f not differentiable 


; on (a, b 
fnot continuous a) 


on [a, b] 





(b) 





JICK CHECK 1 Where on the interval [0, 4] does f(x) = 4x — x° have a horizontal 
line? < 






it. 


fo =9 
at two points 
in (0, 5). 





FIGURE 4.67 


These lines are parallel and 
their slopes are equal, that is... 


f(b) -fa 
b 


Secant line: slope = 


y =a 
Tangent line: slope = f'(c) 





TONG xy 
poe tO 


FIGURE 4.68 


g(x) = f(x) — €(x): The vertical distance 
between the points (x, €(x)) and (x, f(x)) 


g(b) = f(b) — €(b) = 0 
(x, fœ) 







y = (x) 


y =f) 


g(a) = f(a) — €(a) = 0 


FIGURE 4.69 
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EXAMPLE 1 Verifying Rolle’s Theorem Find an interval Z on which Rolle’s 
Theorem applies to f(x) = x? — 7x? + 10x. Then find all the points c in J at which 
f'(c) = 0. 

SOLUTION Because f is a polynomial, it is everywhere continuous and differentiable. 
We need an interval |a, b| with the property that f(a) = f(b). Noting that f(x) = 
x(x — 2)(x — 5), we choose the interval [0,5], because f(0) = f(5) = 0 (other 
intervals are possible). The goal is to find points c in the interval (0,5) at which 
f'(c) = 0, which amounts to the familiar task of finding the critical points of f. The 
critical points satisfy 


f'(x) = 3x% — 14x + 10 = 0. 
Using the quadratic formula, the roots are 


7+ V19 
x= — 3° or x ~ 0.88 and x = 3.79. 
As shown in Figure 4.67, the graph of f has two points at which the tangent line is 


horizontal. Related Exercises 7-14< 


Mean Value Theorem 


The Mean Value Theorem is easily understood with the aid of a picture. Figure 4.68 
shows a function f differentiable on (a, b) with a secant line passing through (a, f(a) ) 
and (b, f(b)); the slope of the secant line is the average rate of change of f over (a, b]. 
The Mean Value Theorem claims that there exists a point c in (a, b) at which the slope of 
the tangent line at c is equal to the slope of the secant line. In other words, we can find a 
point on the graph of f where the tangent line is parallel to the secant line. 


THEOREM 4.9 Mean Value Theorem 
If f is continuous on the closed interval |a, b] and differentiable on (a, b), then 
there is at least one point c in (a, b) such that 


f(b) = fla) 
b= @ 


f'(c). 





Proof: The strategy of the proof is to use the function f of the Mean Value Theorem to 
form a new function g that satisfies Rolle’s Theorem. Notice that the continuity and dif- 
ferentiability conditions of Rolle’s Theorem and the Mean Value Theorem are the same. 
We devise g so that it satisfies the condition that g(a) = g(b) = 0. 

As shown in Figure 4.69, the chord between (a, f(a)) and (b,f(b)) is a segment 
of the straight line described by a function €. We now define a new function g that 
measures the vertical distance between the given function f and the line €. This func- 
tion is simply g(x) = f(x) — €(x). Because f and £ are continuous on |a, b| and dif- 
ferentiable on (a, b), it follows that g is also continuous on la, b| and differentiable on 
(a, b). Furthermore, because the graphs of f and € intersect at x = a and x = b, we have 
g(a) = f(a) — €(a) = O and g(b) = f(b) — €(b) = 0. 

We now have a function g that satisfies the conditions of Rolle’s Theorem. By that 
theorem, we are guaranteed the existence of at least one point c in the interval (a, b) such 
that g'(c) = 0. By the definition of g, this condition implies that f’(c) — €'(c) = 0, or 
f'(c) = €'(c). 

We are almost finished. What is €'(c)? It is just the slope of the chord, which is 

f(b) — fla) 


b= a 
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» The proofs of Rolle’s Theorem 
and the Mean Value Theorem are 
nonconstructive: The theorems claim that 
a certain point exists, but their proofs do 
not say how to find it. 


» Meteorologists look for “steep” lapse 
rates in the layer of the atmosphere where 
the pressure is between 700 and 500 hPa 
(hectopascals). This range of pressure 
typically corresponds to altitudes 
between 3 km and 5.5 km. The data in 
Example 2 were recorded in Denver at 
nearly the same time a tornado struck 
50 mi to the north. 


APPLICATIONS OF THE DERIVATIVE 


Therefore, f’(c) = €’(c) implies that 


f(b) — fla) 


= P(e) < 





QUICK CHECK 2 Sketch the graph of a function that illustrates why the continuity condition 
of the Mean Value Theorem is needed. Sketch the graph of a function that illustrates why 
the differentiability condition of the Mean Value Theorem is needed. < 


The following situation offers an interpretation of the Mean Value Theorem. 
Imagine taking 2 hours to drive to a town 100 miles away. While your average speed 
is 100 mi/2 hr = 50 mi/hr, your instantaneous speed (measured by the speedometer) 
almost certainly varies. The Mean Value Theorem says that at some point during the trip, 
your instantaneous speed equals your average speed, which is 50 mi/hr. 


EXAMPLE 2 Mean Value Theorem in action The lapse rate is the rate at which 

the temperature T decreases in the atmosphere with respect to increasing altitude z. It is 

typically reported in units of °C/km and is defined by y = —dT/dz. When the lapse rate 

rises above 7°C /km in a certain layer of the atmosphere, it indicates favorable conditions for 

thunderstorm and tornado formation, provided other atmospheric conditions are also present. 
Suppose the temperature at z = 2.9 km is T = 7.6°C and the temperature at 

z = 5.6kmis T = —14.3°C. Assume also that the temperature function is continuous 

and differentiable at all altitudes of interest. What can a meteorologist conclude from 

these data? 


Woon iow die SOLUTION Figure 4.70 shows the two data points plotted on a 
temperature function graph of altitude and temperature. The slope of the line joining these 
10 (2900 m, 7.6°C) | between the points. points is 
3 —14.3°C — 7.6°C 
ke, 
5.6 km — 2.9 km 






Temperature (°C) 
© 


—10 The MVT guarantees at least 
one point where the slope of 
the tangent line is equal to the 
slope of the secant line. 


G 


2000 3000 4000 
Altitude (m) 


FIGURE 4.70 


Average rate of 
change = —8.1°C/km 


N 





5000 6000 K 


which means, on average, the temperature is decreasing at 8.1°C /km 
in the layer of air between 2.9 km and 5.6 km. With only two data 
points, we cannot know the entire temperature profile. The Mean 
Value Theorem, however, guarantees that there is at least one alti- 
tude at which dT/dz = —8.1°C/km. At each such altitude, the lapse 
rate is y = —dT/dz = 8.1°C/km. Because this lapse rate is above 
the 7°C/km threshold associated with unstable weather, the meteo- 
rologist might expect an increased likelihood of severe storms. 
Related Exercises 15—l6< 


(5600 m, —14.3°C) 


EXAMPLE 3 Verifying the Mean Value Theorem Determine whether the function 
f(x) = 2x? — 3x + 1 satisfies the conditions of the Mean Value Theorem on the interval 
|—2, 2]. If so, find the point(s) guaranteed to exist by the theorem. 


SOLUTION The polynomial f is everywhere continuous and differentiable, so it satisfies 
the conditions of the Mean Value Theorem. The average rate of change of the function on 


the interval |—2, 2] is 
fl2) a E 1-9) _, 
2.2) 4 l 


The goal is to find points in (—2, 2) at which the line tangent to the curve has a slope of 
5—that is, to find points at which f'(x) = 5. Differentiating f, this condition becomes 


4 
fF (x)= 6x7 -3=5 or w= 3 


Slope of secant line = 5 





y=2x —3x4+ 1 
FIGURE 4.71 





| €3 Give two linear func- 

tions f and g that satisfy 

f'(x) = g'(x); that is, the lines have 

equal slopes. Show that f and g differ 
by a constant. < 
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Therefore, the points guaranteed to exist by the Mean Value Theorem are x = +2/V3 ~ 
+ 1.15. The tangent lines have slope 5 at the points (+2/V3, f( +2/V3)) (Figure 4.71). 
Related Exercises 17—24< 


Consequences of the Mean Value Theorem 


We close with several results—some postponed from previous sections—that follow from 
the Mean Value Theorem. 

We already know that the derivative of a constant function is zero; that is, if f(x) = C, 
then f'(x) = 0 (Theorem 3.2). Theorem 4.10 states the converse of this result. 


THEOREM 4.10 Zero Derivative Implies Constant Function 
If f is differentiable and f'(x) = 0 at all points of an interval J, then f is a con- 


stant function on J. 





Proof: Suppose f'(x) = 0 on [a, b], where a and b are distinct points of J. By the Mean 
Value Theorem, there exists a point c in (a, b) such that 


f(b) - fla) _ 


=0. 
b — a file) = 0 
f'(x) = 0 for 

all xin J 


Multiplying both sides of this equation by b — a ¥ 0, it follows that f(b) = f(a), and 
this is true for every pair of points a and b in 7. If f(b) = f(a) for every pair of points in 
an interval, then f is a constant function on that interval. < 


Theorem 4.11 builds on the conclusion of Theorem 4.10. 


THEOREM 4.11 Functions with Equal Derivatives Differ by a Constant 
If two functions have the property that f'(x) = g'(x), for all x of an interval J, 


then f(x) — g(x) = C on I, where C is a constant; that is, f and g differ by a 
constant. 





Proof: The fact that f'(x) = g'(x) on J implies that f'(x) — g'(x) = 0 on Z. Recall 
that the derivative of a difference of two functions equals the difference of the derivatives, 
SO we can write 


f'(x) — g'(x) = (f - 8)'(x) = 0. 
Now we have a function f — g whose derivative is zero on J. By Theorem 4.10, 


f(x) — g(x) = C, for all x in J, where C is a constant; that is, f and g differ by a 
constant. < 


In Section 4.2, we stated and gave an argument to support the test for intervals 
of increase and decrease. With the Mean Value Theorem, we can prove this important 
result. 


THEOREM 4.12 Intervals of Increase and Decrease 
Suppose f is continuous on an interval J and differentiable at all interior points of 


I. If f'(x) > 0 at all interior points of 7, then f is increasing on 7. If f'(x) < Oat 
all interior points of J, then f is decreasing on 7. 
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Proof: Let a and b be any two distinct points in the interval J with b > a. By the Mean 


Value Theorem, 


f(b) — fla) 


= f(e), 


for some c between a and b. Equivalently, 


f(b) — fla) = f'(e)(b = a). 


Notice that b — a > 0 by assumption. So, if f’(c) > 0, then f(b) — f(a) > 0. There- 
fore, for all a and b in J with b > a, we have f(b) > f(a), which implies that f is in- 
creasing on 7. Similarly if f’(c) < 0, then f(b) — f(a) < Oor f(b) < f(a). It follows 


that f is decreasing on 7. 


SECTION 4.6 EXERCISES 


Review Questions 
1. Explain Rolle’s Theorem with a sketch. 


2. Draw the graph of a function for which the conclusion of Rolle’s 
Theorem does not hold. 


3. Explain why Rolle’s Theorem cannot be applied to the function 
f(x) = |x| on the interval |—a, a], for any a > 0. 


4. Explain the Mean Value Theorem with a sketch. 


5. Draw the graph of a function for which the conclusion of the 
Mean Value Theorem does not hold. 


6. At what points c does the conclusion of the Mean Value Theorem 
hold for f(x) = x? on the interval [—10, 10]? 


Basic Skills 

7-14. Rolle’s Theorem Determine whether Rolle’s Theorem applies to 
the following functions on the given interval. If so, find the point(s) that 
are guaranteed to exist by Rolle’s Theorem. 


7. f(x) = x(x — 1)’; [0,1] 8. f(x) = sin 2x; [0, 7/2] 





9. f(x) = cos 4x; [w/8, 37/8] 10. f(x) = 1 — |x|; [-1,1] 
11. f(x) = 1-7"; [-1,1] 

12. f(x) = x? — 2x? — 8x; [-2, 4] 

13. g(x) = x? — x? — 5x — 3; [-1,3] 


14. h(x) et: [-a, al, where a > 0 


15. Lapse rates in the atmosphere Concurrent measurements indi- 
cate that at an elevation of 6.1 km, the temperature is —10.3°C, 
and at an elevation of 3.2 km, the temperature is 8.0°C. Based 
on the Mean Value Theorem, can you conclude that the lapse 
rate exceeds the threshold value of 7°C /km at some intermediate 
elevation? Explain. 


16. Drag racer acceleration The fastest drag racers can reach a speed 
of 330 mi /hr over a quarter-mile strip in 4.45 seconds (from a 
standing start). Complete the following sentence about such a drag 


< 


racer: At some point during the race, the maximum acceleration of 
the drag racer is at least mi/hr/s. 


17-24. Mean Value Theorem 


a. Determine whether the Mean Value Theorem applies to the follow- 
ing functions on the given interval |a, b]. 

b. If so, find or approximate the point(s) that are guaranteed to exist 
by the Mean Value Theorem. 

c. Make a sketch of the function and the line that passes through 
(a, f(a)) and (b, f(b)). Mark the points P (if they exist) at which 
the slope of the function equals the slope of the secant line. Then 
sketch the tangent line at P. 


17. f(x) =7 — x’; [-1,2] 18. f(x) = 3 sin 2x; [0, 7/4] 
19. f(x) = e’; [0in4] 20. f(x) = In 2x; [Le] 

21. f(x) = sin! x; [0,1/2] 22. f(x) =x + 1/x; [1,3] 
23. f(x) = 2x'/3; [-8, 8] 24. f(x) = x/(x + 2); [-1,2] 


Further Explorations 
25. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 
a. The continuous function f(x) = 1 — |x| satisfies the condi- 
tions of the Mean Value Theorem on the interval |[—1, 1]. 
b. Two differentiable functions that differ by a constant always 


have the same derivative. 
c. If f'(x) = 0, then f(x) = 10. 


26-28. Questions about derivatives 


26. Without evaluating derivatives, which of the functions 
f(x) = Inx, g(x) = In 2x, h(x) = In x?, and p(x) = In 10x? 
have the same derivative? 


27. Without evaluating derivatives, which of the functions 
g(x) = 2x!°, h(x) = x! + 2, and p(x) = x!° — In2 have the 
same derivative as f(x) = x'? 


28. Find all functions f whose derivative is f'(x) = x + 1. 


29. Mean Value Theorem and graphs By visual inspection, locate 
all points on the graph at which the slope of the tangent line equals 
the average rate of change of the function on the interval [—4, 4]. 





Applications 

30. Avalanche forecasting Avalanche forecasters measure the tem- 
perature gradient dT/dh, which is the rate at which the tempera- 
ture in a snowpack T changes with respect to its depth h. If the 
temperature gradient is large, it may lead to a weak layer of snow 
in the snowpack. When these weak layers collapse, avalanches 
occur. Avalanche forecasters use the following rule of thumb: If 
dT /dh exceeds 10°C /m anywhere in the snowpack, conditions 
are favorable for weak-layer formation, and the risk of avalanche 
increases. Assume the temperature function is continuous and 
differentiable. 


a. An avalanche forecaster digs a snow pit and takes two temper- 
ature measurements. At the surface ( = 0) the temperature is 
—12°C. At a depth of 1.1 m, the temperature is 2°C. Using the 
Mean Value Theorem, what can he conclude about the tem- 
perature gradient? Is the formation of a weak layer likely? 

b. One mile away, a skier finds that the temperature at a depth 
of 1.4 mis — 1°C, and at the surface it is —12°C. What can be 
concluded about the temperature gradient? Is the formation of 
a weak layer in her location likely? 

c. Because snow is an excellent insulator, the temperature of 
snow-covered ground is near 0°C. Furthermore, the surface 
temperature of snow in a particular area does not vary much 
from one location to the next. Explain why a weak layer is more 
likely to form in places where the snowpack is not too deep. 

d. The term isothermal is used to describe the situation where all 
layers of the snowpack are at the same temperature (typically 
near the freezing point). Is a weak layer likely to form in iso- 
thermal snow? Explain. 


31. Mean Value Theorem and the police A state patrol officer saw 
a car start from rest at a highway on-ramp. She radioed ahead to a 
patrol officer 30 mi along the highway. When the car reached the 
location of the second officer 28 min later, it was clocked going 
60 mi/hr. The driver of the car was given a ticket for exceeding 
the 60-mi/hr speed limit. Why can the officer conclude that the 
driver exceeded the speed limit? 


32. Mean Value Theorem and the police again Compare carefully 
to Exercise 31. A state patrol officer saw a car start from rest at 
a highway on-ramp. She radioed ahead to another officer 30 mi 
along the highway. When the car reached the location of the 
second officer 30 min later, it was clocked going 60 mi/hr. 
Can the patrol officer conclude that the driver exceeded the 
speed limit? 
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33. Running pace Explain why if a runner completes a 6.2-mi (10-km) 
race in 32 min, then he must have been running at exactly 11 mi/hr 
at least twice in the race. Assume the runner’s speed at the finish 
line is zero. 


Additional Exercises 
34. Mean Value Theorem for linear functions Interpret the Mean 
Value Theorem when it is applied to any linear function. 


35. Mean Value Theorem for quadratic functions Consider the 
quadratic function f(x) = Ax? + Bx + C, where A, B, and C are 
real numbers with A # 0. Show that when the Mean Value Theo- 
rem is applied to f on the interval |a, b], the number c guaranteed 
by the theorem is the midpoint of the interval. 


36. Means 


a. Show that the point c guaranteed to exist by the Mean Value 
Theorem for f(x) = x on (a, b] is the arithmetic mean of a 
and b; that is,c = (a + b)/2. 

b. Show that the point c guaranteed to exist by the Mean Value 
Theorem for f(x) = 1/x on la, b), where 0 < a < b, is the 
geometric mean of a and b; that is, c = Vab. 


37. Equal derivatives Verify that the functions f(x) = tan? x and 
g(x) = sec? x have the same derivative. What can you say about 
the difference f — g? Explain. 


38. Equal derivatives Verify that the functions f(x) = sin? x and 
g(x) = —cos? x have the same derivative. What can you say 
about the difference f — g? Explain. 


39. 100-m speed The Jamaican sprinter Usain Bolt set a world record 
of 9.58 s in the 100-m dash in the summer of 2009. Did his speed 
ever exceed 37 km/hr during the race? Explain. 


40. Condition for nondifferentiability Suppose f'(x) < 0 < f"(x), 
for x < a, and f'(x) > 0 > f"(x), for x > a. Prove that f is 
not differentiable at a. (Hint: Assume f is differentiable at a, and 
apply the Mean Value Theorem to f’.) More generally, show that 
if f’ and f” change sign at the same point, then f is not differen- 
tiable at that point. 


41. Generalized Mean Value Theorem Suppose f and g are func- 
tions that are continuous on | a, b] and differentiable on (a, b), 
where g(a) # g(b). Then, there is a point c in (a, b) at which 

f(b) -= fla) _ f'(e) 

g(b) — gla) g'(c) 
This result is known as the Generalized (or Cauchy’s) Mean 
Value Theorem. 





a. If g(x) = x, then show that the Generalized Mean Value 
Theorem reduces to the Mean Value Theorem. 

b. Suppose f(x) = x” — 1, g(x) = 4x + 2, and [a,b] = [0,1]. 
Find a value of c satisfying the Generalized Mean Value 
Theorem. 


UICK CHECK ANSWERS 

1. x =2 2. The functions shown in Figure 4.66 provide 
examples. 3. The graphs of f(x) = 3x and g(x) = 3x + 2 
have the same slope. Note that f(x) — g(x) = —2, a 
constant. < 
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4./ L’Hopital’s Rule 


The notations 0/0 and œ% / are merely 
symbols used to describe various types 
of indeterminate forms. The notation 0/0 
does not imply division by 0. 


Guillaume Francois |’ Hôpital (lo-pee-tal) 
(1661-1704) is credited with writing 

the first calculus textbook. Much of 

the material in the book, including 

P Hôpital’ s Rule, was provided by the 
Swiss mathematician Johann Bernoulli 
(1667-1748). 


The study of limits in Chapter 2 was thorough but not exhaustive. Some limits, called 
indeterminate forms, cannot generally be evaluated using the techniques presented in 
Chapter 2. These limits tend to be the more interesting limits that arise in practice. A pow- 
erful result called /’H6pital’s Rule enables us to evaluate such limits with relative ease. 
Here is how indeterminate forms arise. If f is a continuous function at a point a, then 
we know that lim f(x) = f(a), allowing the limit to be evaluated by computing f(a). But 
xa 


there are many limits that cannot be evaluated by substitution. In fact, we encountered 
such a limit in Section 3.4: 





If we attempt to substitute x = 0 into (sin x) /x, we get 0/0, which has no meaning. Yet 
we proved that (sin x) /x has the limit 1 at x = 0 (Theorem 3.11). This limit is an example 
of an indeterminate form. aa 

The meaning of an indeterminate form is further illustrated by lim —, wherea # 0. 


x7 0 
This limit has the indeterminate form œ% /œ% (meaning that the numerator and denomina- 
tor of ax/x become arbitrarily large in magnitude as x — ©), but the actual value of the 
re p AA : — 
limit is lim oo lim a = a. In general, a limit with the form / or 0/0 can have 
x7 oOo x70 


any value—which is why these limits must be handled carefully. 


L’H6pital’s Rule for the Form 0/0 


Consider a function of the form f(x)/g(x) and assume that lim f(x) = lim g(x) = 0. 
xa xa 





A(X 
Then the limit lim 
x>a g x) 


and then prove a special case. 


has the indeterminate form 0/0. We first state 1’ H6pital’s Rule 


THEOREM 4.13 L’HOpital’s Rule 
Suppose f and g are differentiable on an open interval J containing a with 
g'(x) # Oon when x # a. If lim f(x) = lim g(x) = 0, then 

xa xa 


Fx) _ | A o 
xa g(x) xa g’(x)’ 


lim 


provided the limit on the right exists (or is =). The rule also applies if x — a is 
replaced by x > £%,x—a‘,orx—a . 





Proof (special case): The proof of this theorem relies on the Generalized Mean Value 
Theorem (Exercise 41 of Section 4.6). We prove a special case of the theorem in which we 
assume that f’ and g’ are continuous at a, f(a) = g(a) = 0, and g'(a) # 0. We have 


im f x) = f (a) Continuity of f’ and g’ 
xa g'(x) g(a) 

em mae LC, 

im 

x—a X — a 


Definition of f'(a) and g'(a) 


» The definition of the derivative provides 
an example of an indeterminate form: 


f(x + h) — f(x) 


i — li 
F(x) n>0 h 
has the form 0/0. 


y} f@Q=4a- a) 


a 








f®) _f@_4_, 
sa) go 2 
FIGURE 4.72 





Tangent to 


y = g(x) 
atx=a 





y = g(x) 


f'(x) 
g'(x) 






fa) 
g(x) 


FIGURE 4.73 





asx7a 


QUICK CHECK 1 Which of the follow- 
ing functions lead to an indeterminate 
form as x > 0: f(x) = x*/(x + 2), 
g(x) = (tan 3x)/x, or h(x) = 

(1 — cos x)/x*?< 





» The limit in part (a) can also be evaluated 
by factoring the numerator and canceling 


eS Te 








; x? + x* — 2x 
lim 
x1 x— | 
«ee eae 2) 
= lim 
x1 oe | 
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f(x) — fla) 

= ime — r Uid tient, g’ # 0 

a TE imit of a quotient, g' (a) 

Y= 

Aœ) - f@) i 
= a "E Cancel x — a. 
= lm fx) f(a) = g(a) = 0 < 

xa g(x) 


The geometry of l’ Hôpital’ s Rule offers some insight. First consider two linear func- 
tions, f and g, whose graphs both pass through the point (a, 0) with slopes 4 and 2 respec- 
tively; this means that 


f(x) =4(x-— a) and g(x) = 2(x — a). 
Furthermore, f(a) = g(a) = 0,f'(x) = 4, and g'(x) = 2 (Figure 4.72). 
Looking at the quotient f/g, we see that 


f(x) _ 4(x — a) Vs = F) Exactly 


g(x) 2(x=a) 2 g'(x) 
This argument may be generalized, and we find that for any linear functions f and g with 


f(a) = g(a) = 9, 








lim fx) = lim f(x) 


xa g(x) x>a g'(x) 








provided g'(a) # 0. 

If f and g are not linear functions, we replace them by their linear approximations 
at (a, 0) (Figure 4.73). Zooming in on the point a, the curves are close to their respec- 
tive tangent lines y = f’(a)(x — a) and y = g'(a)(x — a), which have slopes f'(a) and 
g'(a) # 0, respectively. Therefore, near x = a we have 

fle) _ Fa- a) _ f'(a) 
g(x) g'(a)(x-a) g(a) 

Therefore, the ratio of the functions is well approximated by the ratio of the deriva- 

tives. And in the limit as x — a, we again have 


f(x) 
aga) 








„ZO 
xa g'(x) 








EXAMPLE 1 Using l’H6pital’s Rule Evaluate the following limits. 


a. lim 


b. lim 


SOLUTION 
3 2 


. E” : X , : 
a. Direct substitution of x = 1 into produces the indeterminate form 0/0. 


Applying l Hôpital’s Rule with f(x) = x° + x* — 2x and g(x) = x — 1 gives 


o e 
x>1 g'(x) 


, x? + x? — 2x 
im = = 
x— | 


oe a 


x 1 1 


3. 
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b. Substituting x = 0 into this function produces the indeterminate form 0/0. Let 


3 
= V9 + 3x — 3 and = x, and note that f'(x) = ———— 
f(x) x and g(x) = x, and note that f'(x) N 


nd 


g'(x) = 1. Applying l Hôpital’s Rule, we have 


3 
= V9I+ 3x - 3 >. 2V9 + 3x 1 
lim = lim = 
x—0 X x—0 1 2 
e—a — ee 
f/g f'/g' 


Related Exercises 13-22< 


L’ Hôpital’ s Rule requires evaluating lim f’(x)/g'(x). It may happen that this second 
xa 


limit is another indeterminate form to which |’ H6pital’s Rule may be applied again. 


EXAMPLE 2 L’HOpital’s Rule repeated Evaluate the following limits. 


.. ea Fa x? — 3x7 + 4 
a. lim S E: b. lim “a a a ee 
x0 X x—2 x" — 4x? + 7x^ — 12x + 12 
SOLUTION 


a. This limit has the indeterminate form 0/0. Applying l Hôpital’s Rule, we have 





which is another limit of the form 0/0. Therefore, we apply l Hépital’s Rule again: 





. CS a I ei) l 
lim ——; ~~~ = lim L’Hôpital’s Rule 
x—>0 X x>0 2x 
X 
= lim — L’ H6pital’s Rule again 
x—>0 
l n 
= > Evaluate limit. 


b. Evaluating the numerator and denominator at x = 2, we see that this limit has the 
form 0/0. Applying l’ H6pital’s Rule twice, we have 


x? — 3x7 +4 3x7 — 6x o. 
lim A aa naaa. aAa. 4. aR, = lim Aco: aa D a dae. FA L’ Hôpital’ s Rule 
gx” = Ae ta me Tarta zdr = laa ss ee na 
—————— aMŘħiħiħiĖiĖț 
limit of the form 0/0 


N = &-6 L’ Hôpital’ s Rule 
x>2 12x? — 24x + 14 again 
3 e 

— as Evaluate limit. 


It is easy to overlook a crucial step in this computation: After applying |’ Hôpital’ s 
Rule the first time, you must establish that the new limit is an indeterminate form 
before applying |’ H6pital’s Rule a second time. 

Related Exercises 23-36 


» As shown in Section 2.5, the limit in 
Example 3a could also be evaluated 
by first dividing the numerator and 
denominator by x°. 


» In Exercise 3b, notice that we simplify 
sec” x/(sec x tan x) before taking the 
final limit. This step is important. 
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Indeterminate Form © / 

L’H6pital’s Rule also applies directly to limits of the form lim f(x)/g(x), where 
xa 

lim f(x) = +œ and lim g(x) = +; this indeterminate form is denoted ~/. The 

x—>a x—>a 


proof of this result is found in advanced books. 


THEOREM 4.14 L’Hôpital’s Rule (~/) 

Suppose that f and g are differentiable on an open interval J containing a, with 

g'(x) ~ Oon/ when x # a. If lim f(x) = œ and lim g(x) = £t œ, then 
x—>a xa 


IO Fe) 

xa g(x) xa g'(x) 
provided the limit on the right exists (or is + ©), The rule also applies for 
x2 to,x—> aT ,orx—-a. 





CHI 


= la r Z yo 
\ be KEN 


2 Which of the following functions lead to an indeterminate form as 
x— œ: f(x) = sinx/x, g(x) = 2*/x°, or h(x) = (3x7 + 4)/x72< 


FLL 
QUICK | 


EXAMPLE 3 L’HO@6pital’s Rule for © / Evaluate the following limits. 


Ax? — 6x? + 1 1 + tanx 
a. lim eT ae b. lm = — 
x>% 2x” — 10x + 3 x>m/2 secx 
SOLUTION 


a. This limit has the indeterminate form œ% /œ% because both the numerator and the 
denominator approach +œ as x—> ©. Applying l H6pital’s Rule three times, we have 


= 4x? — 6x? + 1 = 12x? — 12x 24x -— 12 = %4 
l 4 =...) mo an l= aA 
x>% 2x? — 10x + 3 x>% 6x^ — 10 x00 12x x0 12 
vooo s o s— yee Ne aua 
00 / oœ 00 / œ 00 / œ 


b. In this limit both the numerator and the denominator approach +œ as x—> 7/2. 
L’ Hôpital’ s Rule gives us 


. 1 + tanx . sec” x 
lim = ——— = lim —m L’Hopital’s Rule 
x—>7/2 SCX x—7/2 sec x tan x 
= lim Simplify. 





xa /2 sin x 


= | Evaluate limit. 
Related Exercises 37-44<t 


Related Indeterminate Forms: 0+ œ% and œ — œ 

We now consider limits of the form lim f(x)g(x), where lim f(x) = 0 and 
xa xa 

lim g(x) = + œ; such limits are denoted 0+ ©. L’H6pital’s Rule cannot be directly applied 

xa 


to this limit. Furthermore, it’s risky to jump to conclusions about such limits. 


l 
Suppose f(x) = x and g(x) = —, in which case lim f(x) = 0, lim g(x) = ©, and 
X x x 


l 
lim f(x)e(x) = lim P does not exist. On the other hand, if f(x) = x and g(x) = we 
x x 


i 
Vx 


have lim f(x) = 0, lim, g(x) = ~, and lim. f(x)g(x) = lim. Vx = 0. So a limit of 
x0 x—07 x—0* x—>0* 
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QUICK CHECK 3 What is the form of the 
limit im (x — m/2)(tan x)? Write 
TT 


TECK 3 





mit 1 
xX 


it in the form 0/0.< 


the form 0+ œ, in which the two functions compete with each other, may have any value 
or may not exist. The following example illustrates how this indeterminate form can be 
recast in the form 0/0 or œ% /. 


1 
EXAMPLE 4 L’Hôpital’s Rule for 0+ © Evaluate lim x7 sin (5) 
x7 oo X 


SOLUTION This limit has the form 0+ ©. A common technique that converts this form 
to either 0/0 or © /œ is to divide by the reciprocal. We rewrite the limit and apply 
lP Hôpital’ s Rule: 


1 
sin (5) 
. J s ( 1 ) ; Ax 2 1 
lim x sin | -5 = im —————— ae 
x> 4x x0 ( 1 1/x 
ee a 
0- œ form i 
= ÁÁ 


recast in 0/0 form 


1 \1 
=] {2 —3 
cos (5) Fi u 7) 


= lim = = << L’ Hôpital’ s Rule 
x7 oo —)x 
: li ( : Simplif 

= — Hm COS | —_,7, Imply. 
4 x0 Ax? i 
1 1 

= —, -a NnS | 
4 4x 


Related Exercises 45—-50< 


Limits of the form lim (f(x) — g(x)), where lim f(x) = © and lim g(x) = œ, 
xa xa xa 
are indeterminate forms that we denote œ — œ. L’HO6pital’s Rule cannot be applied 
directly to an © — © form. It must first be expressed in the form 0/0 or œ /. With the 
œ — o form, it is easy to reach erroneous conclusions. For example, if f(x) = 3x + 5 
and g(x) = 3x, then 
lim ((3x + 5) — (3x)) = 5. 


x7 0 
However, if f(x) = 3x and g(x) = 2x, then 

lim (3x — 2x) = lim x = œ. 

xa 0 x7 oo 
These examples show again why indeterminate forms are deceptive. Before proceeding, 
we introduce another useful technique. 

Occasionally, it helps to convert a limit as x — © to a limit as t — 0° (or vice versa) 

by a change of variables. To evaluate lim f(x), we define t = 1/x and note that as 
x— ©, t— 0". Then ee 


lim f(x) = lim (4). 


t—0* 


This idea is illustrated in the next example. 


» Notice the following: 


e For 1”, L has the form © -In] = œ- 0. 
e For 0°, L has the form 0-In0 = 0:-— o, 
e For œ, L has the form 0: In 2 = 0: œ, 
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EXAMPLE 5 L’Hôpital’s Rule for © — © Evaluate lim (x — Vx? — 3x). 
x—> 00 


SOLUTION As x — ©, both terms in the difference x — Vx? — 3x approach © and this 
limit has the form œ% — ©, We first factor x from the expression and form a quotient: 


lim (x — Vx’ — 3x) = lim (x — Vx7(1 — 3/x) Factor x? under square root. 
x7 0 x7 oo 
lim x(1 — VI —3/x)  x>0,s0 Vx? =x 
x7 0 
1 — V1 - 3/x Write 0+ œ form as 0/0 


= hm ——_——. 1 
Aes 1 /x bms = 
Pe 


This new limit has the form 0/0, and I’ H6pital’s Rule may be applied. 
One way to proceed is to use the change of variables t = 1 /x: 


1- VI —3/x Pe ac A ae 


lm — = lm —_ Lett = 1/x; replace lim by lim. 
x—>00 1 / x t—0* t / P x—>0 y t—0* 
3 
- 2V1 = oF 
= hm ——— L’ H6pital’s Rule 
t—0" 1 
3 ETO 
= 7 Evaluate limit. 


Related Exercises 5]—54< 


Indeterminate Forms 1”, 0°, and «° 
The indeterminate forms 1%, 0°, and 0° all arise in limits of the form un 1 f(x) , where 


x —a could be replaced by x —> a* orx—> Ło, L’ Hôpital’ s Rule Me be applied 
directly to the indeterminate forms 1”, 0°, and 0”. They must first be expressed in the 
form 0/0 or © /œ. Here is how we proceed. 

The inverse relationship between In x and e* says that f? = e£ Inf so we first write 


lim f(x)&) = lim e&) PFO), 

xa xa 
By the continuity of the exponential function, we switch the order of the limit and the 
exponential function; therefore, 


lim f(x) = Jim e&) nf) = etms) nfo), 
xa x—a 


provided lim g(x) In f(x) exists. Therefore, lim f(x)’“) is evaluated using the following 
x—>a xa 


two steps. 


PROCEDURE Indeterminate forms 1”, 0°, and ° 
0 


Assume lim f(x)§ (*) has the indeterminate form 1”, 0°, or 2°, 
xa 


1. Evaluate L = lim g(x) In f(x). This limit can be put in the form 0/0 or 
œ / œ, both of ghee are handled by l Hôpital’ s Rule. 


2. Then lim 1 f(x) 
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EXAMPLE 6 Indeterminate forms 0° and 1” Evaluate the following limits. 


1 X 
a. lim x* b. lim (1 + ) 
x—0* x—> 0 X 
SOLUTION 


a. This limit has the form 0°. Using the given two-step procedure, we note that 
x* = e*!* and first evaluate 


L= lim x In x. 


x—0 


This limit has the form 0+ ©, which may be put in the form œ% /œ so that |’ Hôpital’ s 


Rule can be applied: 
In x 1 
L = lim xlnx = lim — x = —— 
x—>0* x>0* 1/x 1/x 
1/x 


= dm= a L’Hôpital’s Rule for œ /œ% form 
a0" = 1)% 


= lim, (~x) = 0. Simplify and evaluate the limit. 


2-70 
The second step is to exponentiate: 


lim x* = eh = e? = 1. 





x—0* 
FIGURE 4.74 We conclude that lim, x* = 1 (Figure 4.74). 
x0 
b. This limit has the form 1”. Noting that (1 + 1/x)* = e” +!) the first step is to 
» The limit in Example 6b is often given as evaluate 
a definition of e. It is a special case of the 1 
more general limit | a xlnį 1 + r ; 
7 a á a . . . 
tim. (1 + z) =e. which has the form 0+ œ. Proceeding as in part (a), we have 
See Exercise 113. , 1 ~ Ihn(1 + 1/x) 1 
L = lim xln| 1 +- ] = bm — x= — 
xa X x—> 0 1 / X 1 7 X 
~ Fẹ i 
= lm | fay L’ H6pital’s Rule for 0/0 form 
x20 
( 3 
1 


= lim 


— = ]| Simplify and evaluate. 
xoo | + 1 /x aie 


The second step is to exponentiate: 


1 X. 
im (1+) =e =e =e 
x7 0 X 


The function y = (1 + 1/x)* (Figure 4.75) has a horizontal asymptote 
FIGURE 4.75 y = e = 2.11828. 


1\* 
lim f + 1) =e ~= 2.718 


X>% 





Related Exercises 55—68 


» Models of epidemics produce more 
complicated functions than the one given 
here, but they have the same general 
features. 


» The Prime Number Theorem was proved 
simultaneously (two different proofs) 
in 1896 by Jacques Hadamard and 
Charles de la Vallée Poussin, relying 
on fundamental ideas contributed by 
Riemann. 


» Another function with a large 
growth rate is the factorial 
function, defined for integers as 
f(n) =n! = n(n — 1)---2+1. 
See Exercise 110. 





QUICK CHECK 5 Before proceeding, 
use your intuition and rank these 
classes of functions in order of their 
growth rates. «< 
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Growth Rates of Functions 


An important use of l’ Hôpital’ s Rule is to compare the growth rates of functions. Here 
are two questions—one practical and one theoretical—that demonstrate the importance of 
comparative growth rates of functions. 


e A particular theory for modeling the spread of an epidemic predicts that the number of 
infected people ¢ days after the start of the epidemic is given by the function 


t? 


=Z 2 O07 — 
N(t) = 2.5te ™™" = 2.5 00r * 





Question: In the long run (as t—> œ), does the epidemic spread or does it die out? 


e A prime number is an integer p = 2 that has only two divisors, 1 and itself. The first 
few prime numbers are 2, 3, 5, 7, and 11. A celebrated theorem states that the number of 
prime numbers less than x is approximately 


P(x) = ae for large values of x. 


Question: According to this theorem, is the number of prime numbers infinite? 
These two questions involve a comparison of two functions. In the first question, if 
t” grows faster than e°”! as t— œ, then lim M(t) = œ and the epidemic grows. If e00" 
t—o00 
grows faster than t* as t— œ, then lim M(t) = 0 and the epidemic dies out. We will 
to 


explain what is meant by grows faster than in a moment. 
In the second example, the comparison is between x and In x. If x grows faster than 
In x as x— ©, then lim P(x) = © and the number of prime numbers is infinite. 
x7 0 


Our goal is to obtain a ranking of the following families of functions based on their 
growth rates: 
e mx, where m > O (represents linear functions) 
e xP, where p > O (represents polynomials and algebraic functions) 
e x* (sometimes called a superexponential or tower function) 
e In x (represents logarithmic functions) 
e In? x, where q > O (represents powers of logarithmic functions) 
e x? In x, where p > 0 (a combination of powers and logarithms) 
e e” (represents exponential functions). 


We need to be precise about growth rates and what it means for f to grow faster than 
g as x— ©, We work with the following definitions. 


DEFINITION Growth Rates of Functions (as x— 00 ) 


Suppose f and g are functions with a 1 flx) = = pe g(x) = œ. Then f grows 
faster than g as x > © if 


g(x) we oh 2 


lim = 0 or, equivalently, if lim 


oe f(a) 


x>% g(x 
The functions f and g have comparable growth rates if 
F(x) 
lim = 
where 0 < M < © (M is nonzero and finite). 
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yY 
y =x? for 
| p= 3, 4, 5, 6 
400,000 | 
Polynomials (degree > 1) 
| grow faster than linear 
300,000 : 
| functions as x > %. 
200,000 | y = mx, for 
| m = 100, 200, 300, 400 
100,000 | 
0 100 200 300 * 
FIGURE 4.76 
y = b* forb = 2, 
2.05, 2:592510.9 
y 
Exponential 
80,000 functions 
grow faster 
than polynomials 
60,000 ae 
40,000 y =x” for p = 2, 
22525 ,2:19,5 
20,000 
10 20 2 
FIGURE 4.77 





The idea of growth rates is illustrated nicely with graphs. Figure 4.76 shows a family 
of linear functions of the form y = mx, where m > 0, and a family of polynomials of the 
form y = x”, where p > 1. We see that the polynomials grow faster (their curves rise at a 
greater rate) than the linear functions as x > ©, 

Figure 4.77 shows that exponential functions of the form y = b*, where b > 1, grow 
faster than polynomials of the form y = x”, where p > 0, as x > © (Example 8). 


3 


QUICK CHECK 6 Compare the growth rates of f(x) = x* and g(x) = x? as x > ©. Com- 


pare the growth rates of f(x) = x” and g(x) = 10x* as x > %.< 

We now begin a systematic comparison of growth rates. Note that a growth rate limit 
involves an indeterminate form œ% /, so |’H6pital’s Rule is always in the picture. 
EXAMPLE 7 Powers of x vs. powers of In x Compare the growth rates as x > © of 


the following pairs of functions. 


a. f(x) = Inx and g(x) = x”, where p > 0 
b. f(x) = Inf x and g(x) = x’, where p > 0 and q > 0 


SOLUTION 


a. The limit of the ratio of the two functions is 





lim — = lim 


z L’ Hôpital’ s Rule 
xX—> 0 X xX—> 0 PX 


pol 
ie dl — 
= lim — Simplify. 
x>% px” 
= 0. Evaluate the limit. 


We see that any positive power of x grows faster than In x. 


b. We compare Inf x and x? by observing that 
. In?x Inx \? >. Inx \% 
lim — = lim | —] =| lim ——]. 
es 


q 


. lnx In? x 
By part (a), lim —— = 0 (because p/q > 0). Therefore, lim ——— = 0 (because 
x— oo xP/4 x— 0 xP 


q > 0). We conclude that any positive power of x grows faster than any positive 
power of In x. Related Exercises 69-80 


EXAMPLE 8 Powers of x vs. exponentials Compare the rates of growth of 
f(x) = x? and g(x) = e* as x— ©, where p is a positive real number. 
_ xP . ee . 
SOLUTION The goal is to evaluate lim —, for p > 0. This comparison is most easily 
x>% e 
done using Example 7 and a change of variables. We let x = Int and note that as x > %, 
we also have t — œ. With this substitution, x? = In? t and e* = e!"’ = t. Therefore, 
ee In’ t 
lim — = lim —— = 0. Example 7 
xo e t-o t 
We see that increasing exponential functions grow faster than positive powers of x 
(Figure 4.77). 
Related Exercises 69-80< 


These examples, together with the comparison of exponential functions b* and the 
superexponential x* (Exercise 114), establish a ranking of growth rates. 
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THEOREM 4.15 Ranking Growth Rates as x — œ 
Let f << g mean that g grows faster than f as x — ©. With positive real num- 


bers p, q, r, and s and b > 1, 


MWEE oe? SP I Sa Se Se 





You should try to build these relative growth rates into your intuition. They are useful 
in future chapters (Chapter 9 on sequences, in particular), and they can be used to evaluate 
limits at infinity quickly. 


Pitfalls in Using l Hopital’s Rule 
We close with a list of common pitfalls when using l’ Hôpital’ s Rule. 


x "(x 
1. L’Hopital’s Rule says lim fx) = lim f1 ) , 
x>a g(x) x>a 2 (x) 


tingey = MBL] o mo moo 


In other words, you should evaluate f'(x) and g'(x), form their quotient, and then take 
the limit. Don’t confuse l’ Hôpital’ s Rule with the Quotient Rule. 








not 














2. Be sure that the given limit involves the indeterminate form 0/0 or © / œ% before applying 
l Hôpital’ s Rule. For example, consider the following erroneous use of |’ Hôpital’ s Rule: 


1 — sinx ... COs x 





im im — , 
x>0 COSX x0 sinx 


which does not exist. The original limit is not an indeterminate form in the first place. 
This limit should be evaluated by direct substitution: 


1 — sinx 1 — sm0 
1m — SS O Lali T 
x—0 COSX 1 


3. When using l’ Hôpital’ s Rule repeatedly, be sure to simplify expressions as much as 
possible at each step and evaluate the limit as soon as the new limit is no longer an 
indeterminate form. 


4. Repeated use of l’ Hôpital’ s Rule occasionally leads to unending cycles, in which case 


ax + 1 
other methods must be used. For example, limits of the form lim -————., where a 
P l x>o Wbhx + 1 
and b are real numbers, lead to such behavior (Exercise 105). 
, a ; ; _ 3x + cosx , 
5. Be sure that the final limit exists. Consider lim ————, which has the form ~/. 
Applying I’ H6pital’s Rule, we have = E 
_ 3x + cosx >. 3 = sinx 
lim ———————— = — 
x— 00 X x— 0 1 


It is tempting to conclude that because the limit on the right side does not exist, the 
original limit also does not exist. In fact, the original limit has a value of 3 (divide 
numerator and denominator by x). In order to reach a conclusion from l’ Hôpital’ s Rule, 
the final limit in the calculation must exist (or be + œ). 
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SECTION 4.7 EXERCISES 


Review Questions 


1. Explain with examples what is meant by the indeterminate form 
0/0. 


2. Why are special methods, such as l H6pital’s Rule, needed to 
evaluate indeterminate forms (as opposed to substitution)? 


3. Explain the steps used to apply l H6pital’s Rule to a limit of the 
form 0/0. 


4. To which indeterminate forms does I’ H6pital’s Rule apply 
directly? 


5. Explain how to convert a limit of the form 0° © to a limit of the 
form 0/0 or «© /, 


6. Give an example of a limit of the form œ% /œ as x > 0. 


7. Explain why the form 1” is indeterminate and cannot be evaluated 


by substitution. Explain how the competing functions behave. 


8. Give the two-step method for attacking an indeterminate limit of 
the form lim f(x)8°?, 
xa 


9. In terms of limits, what does it mean for f to grow faster than g as 


x— œ? 


10. In terms of limits, what does it mean for the rates of growth of f 
and g to be comparable as x > œ? 


11. Rank the functions x°, In x, x*, and 2” in order of increasing 
growth rates as x > ©, 


12. Rank the functions x!%, In x!°, x*, and 10* in order of increasing 
growth rates as x > ©, 


Basic Skills 
13-22. 0/0 form Evaluate the following limits using |’H6pital’s Rule. 





























2 4 3 
=o E ERE ET 
ia m- — 14. lim ———— 7" * 
x28 — 6x + x? y=] x+1 
l x _ 4 
15. lim ——.—— 16. lim < 
x>l 4x- x^ -3 x0 x^ + 3x 
Inx — 1 4 tan`! x — 
i7.. im == ii fia — =" 
xe X—€e x21 x— 1 
19. lim 3 sin 4x 20. lim xsinx + x* — 4r’ 
x—0 5x x27 x — 2% 
t = t tan 4 
si i 2., im 
u>rTj4 u— m4 z—0 tan 7z 
23-36. 0/0 form Evaluate the following limits. 
1— 3 in? 3 
23. lim ——>~ 24. lim A 
x—0 8x x>0 x 
+1 xy | 
25. lim —~—— 26. lim ———, 
XT (x — T) x0 5X 
xX _. b 2. 1 1 = 
27. lim —$——* 28, lim ~~~ 
x0 x" + 8x? + 12x x—0 TX 




















el*— 1] tan`™!x — m/2 
29. lim —__—— 30. lim 
xo 1/x x7 0 1 /x 
3 2 
ae oe 
31. lim ~~~ > 
x>-1x* + 2x? — x? — 4x — 2 
a, eae 
32. lim , n is a positive integer 
x>1x—- 1 
a ee 7+ y-6 
33. lim” == 34. lim ——— 
x3 v-3 yr2 V8 — y? — y 
2 7 
— 4x +4 34 2 = 2 
35. lim ——— 6, tn o 
x2 sin’ (7 x) x2 y= 
37-44. œ% /œ form Evaluate the following limits. 
wear Ax? =x" +6 
37. lim = 38. lim ——— 
x>% Ox” + 12 x>% mx’ + 4 
3x 
39. lim | —"* — 40. lim — 
xm /2- 3/(2x — T) x0 3e” 4+ 5 
l In (3x + 5) In (3x + 5e”) 
41. lim ————— 42. lim ——————— 
x>% ln (7x + 3) + 1 xe In (7x + 3e7*) 
2 
yx 2 
43. tim Aa 44. lim <= 





2 


x>% 3x? + Dx x—>a/2 sec x 


45-50. 0: © form Evaluate the following limits. 


45. lim xcscx 46. lim (1 — x) tan (=) 
x0 21 2 


47. lim (csc 6x sin 7x) 48. lim (csc (1/x)(e!/* — 1)) 
x0 


x—0 


49. lim (z = x) secx 
xa/2 \ 2 
51-54. © — œ form Evaluate the following limits. 
1 
51. lim (cots = n 52. lim (x — Vx’? + 1) 
x0" X x—> 0 
54. lim (x — Vx? + 4x) 


xXx— >00 


l-—x 





50. lim (sinx) 
x0" 


53. lim (tan@ — sec @) 
eae ea 


55-68. 1°, 0°, ©° forms Evaluate the following limits or explain why 


they do not exist. Check your results by graphing. 


55. lim x” 56. lim (1 + 4x)” 
x—>0* x0 
57. lim (tang)°*? 58. lim. (sin @)*"° 
07/2 6—0* 
In x 
59. lim (1x)? 60. lim (1 4 z 
x—0* x—> 0 X 


xo x30) 


61. lim (1 F 2) fora constanta 62. lim (e™ + x)!~ 
x 
63. lim (e* + x)!/*, for a constant a 
x=? 


64. lim (2% + x)!/*, for a constant a 


x—0 


ion 
65. lim (tanx)* 66. lim (1 + 19) 95. 
x0" <a ve 
1 3 x 
67. lim (x + cosx)!/* 68. lim (As F z) 
x—0 x>0' \3 3 
69-80. Comparing growth rates Use limit methods to determine 96. 
which of the two given functions grows faster, or state that they have 
comparable growth rates. 97. 


69. x19. @0lx 70. x*Inx; In? x 71. Inx”; In x 
72. ma In (ns) 73. 100 3 74, x? Inx; x° 
75. x; 1.00001" 16, al nx Te Be ey 
78. In Vx; In? x 79. e”: em 80. et: x7/10 


Further Explorations 
81. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 
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~ A ae 2 -+n 

lim J (Hint: We show in Chapter 5 that 
n—oo n 

n(n + 1) ) 
L+2+---+n=——. 
2 

(= 

lim 

x0 X 


It may take time The ranking of growth rates given in the text 
applies for x — ©. However, these rates may not be evident for 
small values of x. For example, an exponential grows faster than 
any power of x. However, for 1 < x < 19,800, x? is greater than 
e*/1000 For the following pairs of functions, estimate the point at 
which the faster-growing function overtakes the slower-growing 
function (for the last time). 


b. 2°/! and x? 
d. In!° x and e*/!9 


a. In? x and x? 
c. x% and e* 


98-101. Limits with parameters Evaluate the following limits in 


terms of the parameters a and b, which are positive real numbers. In 


x 1 1 
i a ae 
= | 2X 4 
lim (xsin x) = lim f(x)g(x) = lim f’(x)lim g'(x) = 
x—0 x—0 x—0 0 


a. By l Hôpital’s Rule, 1 


1 im 
12-2 x 


x2 


b. 


each case, graph the function for specific values of the parameters to 
check your results. 





98. lim (1 + ax)’ 99. lim, (a — b*)",a>b>0 
(lim 1) (lim cos x) = 1 ii = ae 
aie 100. lim (a* — b*)",a>b>0 101. lim — i 
G m x!⁄ is an indeterminate form. ° peer j me ° pany x 
x= 
d. The number 1 raised to any fixed power is 1. Therefore, Applications 
because (1 + x) ~lasx—0, (1 + as —>lasx—0. 102. An optics limit The theory of interference of coherent oscillators 


100 


The functions In x ~~ and In x have comparable growth rates as 








x—> oo, 
f. The function e* grows faster than 2* as x > ©. 
82-83. Two methods Evaluate the following limits in two different 103. 
ways: Use the methods of Chapter 2 and use l’ Hôpital’s Rule. 
100x° — 3 2g See A 
82. lim — 83. lim ——— 
ya y =Z ma W Fu 


84. L’HOpital’s example Evaluate one of the limits l Hôpital used in 
his own textbook in about 1700: 


3 
V 2a°x — x*-— a 


a ay 





lim 
xa 


, where a is a real number. 


85-96. Miscellaneous limits by any means Use analytical methods to 5j 104. 
evaluate the following limits. 











5 
V5x + 2-2 tan 3t 
s m e 86. lim — 
x6 1/x = 1/6 t—>r/2* sec 5t 
87. lim (Vx = 2 = Vx = 4) 88. m (m = 2x) tan x 
xo XT 
1 1 
89. lim x° ( — sin z 90. lim (x7e!/* — x? — x) 
x— 0 X X x— 0 
91. li ( ) 92. lim x!™* 
° 1m SS ° 1m 
x>1* \x— 1 Vx — 1 ot 
105. 
_ logsx 
93. lim 94. lim (log,x — log3x) 
Xo log; x xX 


| sin’ (Nô/2) 
requires the limit lim —>——-— 
52mm sin’ (6/2) 


ger and m is any integer. Show that the value of this limit is N°. 


, Where N is a positive inte- 


Compound interest Suppose you make a deposit of $P into a 
Savings account that earns interest at a rate of 100 r% per year. 


a. Show that if interest is compounded once per year, then the 
balance after t years is B(t) = P(1 + r)’. 

If interest is compounded m times per year, then the balance 
after t years is B(t) = P(1 + r/m)™. For example, m = 12 
corresponds to monthly compounding, and the interest rate for 
each month is r/12. In the limit m — ©, the compounding is 
said to be continuous. Show that with continuous compound- 


ing, the balance after t years is B(t) = Pe”. 


b. 


Algorithm complexity The complexity of a computer algorithm 
is the number of operations or steps the algorithm needs to com- 
plete its task assuming there are n pieces of input (for example, 
the number of steps needed to put n numbers in ascending order). 
Four algorithms for doing the same task have complexities of 

A: n?/?, B: n log, n, C: n(log, n)’, and D: Vn log, n. Rank the 
algorithms in order of increasing efficiency for large values of n. 
Graph the complexities as they vary with n and comment on your 
observations. 


Additional Exercises 


Vax + b 
Vex +d 


and d are positive real numbers. Show that l’ Hôpital’ s Rule fails 
for this limit. Find the limit using another method. 





L’ Hôpital loops Consider the limit lim , where a, b, c, 


x72 oo 
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106. General © — © result Let a and b be positive real numbers. 





Evaluate lim (ax — Vax? — bx) in terms of a and b. 
xo 
107. Exponential functions and powers Show that any exponential 
function b*, for b > 1, grows faster than x”, for p > 0. 


108. Exponentials with different bases Show that f(x) = a* grows 
faster than g(x) = b* asx % if] <b <a. 


109. Logs with different bases Show that f(x) = log, x and g(x) = 
log, x, where a > 1 and b > 1, grow at a comparable rate as 
a 


110. Factorial growth rate The factorial function is defined for posi- 


tive integers as n! = n(n — 1)(n — 2) -+--+ 3+2+1. For example, 
5! = 5°4°3-2+1 = 120. A valuable result that gives good 
approximations to n! for large values of n is Stirling’s formula, 

n! ~ V2ann"e ". Use this formula and a calculator to deter- 
mine where the factorial function appears in the ranking of growth 
rates given in Theorem 4.15. (See the Guided Project Stirling’s 


112. A fascinating function Consider the function 


f(x) = (ab* + (1 — a)c*)"", where a, b, and c are positive real 

numbers withO <a < 1. 

a. Graph f for several sets of (a, b, c). Verify that in all cases f is 
an increasing function with a single inflection point, for all x. 

b. Use analytical methods to determine lim f(x) in terms of a, b, 
and c. =< 

c. Show that lim f(t) = max {a,b} and 


lim f(t) = min {b,c}, foranyO <a < 1. 
t—>— oo 
d. Use analytical methods to determine lim f(x)and lim f(x). 
x— 0 xXx——00 


e. Estimate the location of the inflection point (in terms of a, b, 
and c). 
xo 


113. Exponential limit Prove that lim (1 + z) = e° fora Æ 0. 


114. Exponentials vs. super exponentials Show that x* grows faster 
than b* as x—> ©, forb > 1. 


Formula.) 


111. A geometric limit Let f(0) be the area of the triangle ABP (see 
figure) and let g(0) be the area of the region between the chord 
PB and the arc PB. Evaluate lim 2(0)/f(@). 





area = f(0) 


115. Exponential growth rates 


a. For what values of b > 0 does b* grow faster than e* as 
x—> œ? 


b. Compare the growth rates of e* and e“ as x > œ, fora > 0. 


CK ANSWERS 


1. gandh 2. gandh 3. 0:%;(x — w/2)/cotx 4. The 
form 0” (for example, lim, x'/*) is not indeterminate, 
xz 





area = g(0) 


because as the base goes to zero, raising it to larger and 
larger powers drives the entire function to zero. 6. x° 
grows faster than x? as x — ©, whereas x? and 10x? have 
comparable growth rates as x > »,« 


4.8 Newton’s Method 


» Newton’s method is attributed to 
Sir Isaac Newton, who devised the 
method in 1669. However, similar 
methods were known prior to Newton’s 
time. A special case of Newton’s method 
for approximating square roots is called 
the Babylonian method and was probably 
invented by Greek mathematicians. 


One of the most common problems that arises in mathematics is finding the roots, or 
zeros, of a function. The roots of a function are the values of x that satisfy the equation 
f(x) = 0. Equivalently, they correspond to the x-intercepts of the graph of f. You have 
already seen an important example of a root-finding problem. To find the critical points 
of a function f, we must solve the equation f'(x) = 0; that is, the roots of f’ are critical 
points of f. Newton’s method, which we discuss in this section, is one of the most effective 
methods for approximating the roots of a function. 


Why Approximate? 


A little background about roots of functions explains why a method is needed to approxi- 
mate roots. If you are given a linear function, such as f(x) = 2x — 9, you know how to 
use algebraic methods to solve f(x) = 0 and find the single root x = a Similarly, given 
the quadratic function f(x) = x” — 6x — 72, you know how to factor or use the quadratic 
formula to discover that the roots are x = 12 and x = —6. It turns out that formulas also 
exist for finding the roots of cubic (third-degree) and quartic (fourth-degree) polynomials. 
Methods such as factoring and algebra are called analytical methods; when they work, they 
give the roots of a function exactly in terms of arithmetic operations and radicals. 
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Here is an important fact: Apart from the functions we have listed—polynomials of 
degree four or less—analytical methods do not give the roots of most functions. To be 
sure, there are special cases in which analytical methods work. For example, you should 
verify that the single root of f(x) = e** + 2e* — 3 is x = 0, and two of the roots of 
f(x) = x!? — 1 are x = 1 and x = —1. But in general, the roots of even relatively sim- 
ple functions such as f(x) = e * — x cannot be found exactly using analytical methods. 

When analytical methods do not work, which is the majority of cases, we need 
another approach. That approach is to approximate roots using numerical methods, such 
as Newton’s method. 


Deriving Newton’s Method 


Newton’s method is most easily derived geometrically. Assume that r is a root of f that 
we wish to approximate; this means that f(r) = 0. We also assume that f is differentiable 
on some interval containing r. Suppose xo is an initial approximation to r that is generally 
obtained by some preliminary analysis. A better approximation to r is often obtained by 
carrying out the following two steps: 


e A line tangent to the curve y = f(x) at the point (xo, f(x) ) is drawn. 


e The point (xı, 0) at which the tangent line intersects the x-axis is found and x, becomes 
the new approximation to r. 


For the curve shown in Figure 4.78a, x; is a better approximation to the root r than xo. 





FIGURE 4.78 


» Sequences are the subject of Chapter 9. 
An ordered set of numbers 


EAE TE, 
is a sequence, and if its values approach a 
number r we say that the sequence converges 
to r. If a sequence fails to approach a single 
number, the sequence diverges. 


» Recall that the point-slope form of the 
equation of a line with slope m passing 
through (xn, Yn) is 


y= 3, = ma 3). 


To improve the approximation x,, we repeat the two-step process, using x, to deter- 
mine the next estimate x, (Figure 4.78b). Then x, is used to obtain x3 (Figure 4.78c), and so 
forth. Continuing in this fashion, we obtain a sequence of approximations { x), X2, X3, ...} 
that ideally get closer and closer, or converge, to the root r. Several steps of Newton’s 
method and the convergence of the approximations to the root are shown in Figure 4.79. 

All that remains is to find a formula that captures the process just described. Assume 
that we have computed the nth approximation x, to the root r and we want to obtain 
the next approximation x, ,. We first draw the line tangent to the curve at the point 
(Xn f (Xn) ); its slope is m = f'(x,). Using the point-slope form of the equation of a line, 
an equation of the tangent line at the point (x,, f(x,)) is 


y7 f(%n) E I Ge 7 oa 
——” 
m 
We find the point at which this line intersects the x-axis by setting y = O in the equa- 
tion of the line and solving for x. This value of x becomes the new approximation x,,+: 


0 = fxn) =F (%n)( X = Xa): 


—— 


set y to 0 becomes 


Xn+1 


304 CHAPTER 4 © APPLICATIONS OF THE DERIVATIVE 


Solving for x and calling it x„+1, we find that 





fn) ee 
E = Xa  — z © provided f’(x,) # 0. 
new current 
approximation approximation 


We have derived the general step of Newton’s method for approximating roots of a 
function f. This step is repeated for n = 0, 1,2,... , until a termination condition is met 
(to be discussed). 


PROCEDURE Newton’s Method for Approximating Roots of f(x) = 0 





1. Choose an initial approximation x as close to a root as possible. 


2. Forn = 0,1,2,... 


FIGURE 4.79 


f(%n) 


Xnt+1 — Xn T f'(x ) 
n 


» Newton’s method is an example of 
a repetitive loop calculation called provided f"(x,) # 0. 
an iteration. The most efficient way 


aks 3. End the calculations when a termination condition is met. 
to implement the method is with a 





calculator or computer. The method is 


also included in many software packages. 





QUICK 


CHECK 1 Verify that setting y = 0 in the equation y — f(x,) = f’(x%,)(* — x) 
and solving for x gives the formula for Newton’s method. < 


EXAMPLE 1 Applying Newton’s method Approximate the roots of 
f(x) = x? — 5x + 1 using seven steps of Newton’s method. Use x9 = —3, xọ = 1, and 
Xo = 4 as initial approximations (margin figure). 


SOLUTION Noting that f'(x) = 3x? — 5, Newton’s method takes the form 






-4 -3 f2 -1 


fx) =x- 5x41 oe ee 


where n = 0, 1,2,..., and x9 is specified. With an initial approximation of x) = —3, 
the first approximation is 
eal 2 el 


= == = = -25. 
HS. 3e SG 


X1 


The second approximation is 
1 2-25) =1 


= = —2,345455. 
3x? —5 3(-2.5)* — 5 





X) — 


Continuing in this fashion, we generate the first seven approximations shown in Table 4.5. 
The approximations generated from the initial approximations xọ = 1 and xọ = 4 
are also shown in the table. 


Table 4.5 
k Xk Xk 
0 =3 1 
1 = —2.500000 —0.500000 
2 —2.345455 0.294118 
3 —2.330203 0.200215 
4  —2.330059 0.201639 
5 —2.330059 0.201640 
6 —2.330059 0.201640 
7 —2.330059 0.201640 


right of the decimal point. 


Xk 

4 

2.953488 
2.386813 
2.166534 
2.129453 
2.128420 
2.128419 
2.128419 


The numbers in Table 4.5 were computed 
with 16 decimal digits of precision. The 
results are displayed with 6 digits to the 
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Notice that with the initial approximation xọ = —3 (second column), the result- 
ing sequence of approximations settles on the value —2.330059 after four iterations, 
and then there are no further changes in these digits. A similar behavior is seen with the 
initial approximations xọ = 1 and xọ = 4. Based on this evidence, we conclude that 
—2.330059, 0.201640, and 2.128419 are approximations to the roots of f with at least six 
digits (to the right of the decimal point) of accuracy. 
A graph of f (Figure 4.80) confirms that f has three real roots and that the Newton ap- 
proximations to the three roots are reasonable. The figure also shows the first three New- 
ton approximations at each root. Related Exercises 5—14< 





QUICK CHECK 2 


2 If you applied Newton’s method to the function f(x) = x, what would 






the result be? <« 
y 
40 
With Xo = l, 
Newton’s method 
converges to 0.201640. 
x = 0.294118 x=1 


10 


fœ) =e —5x+ 1 


-< EN 


With Xo = 4, 
Newton’s method 





—10 
converges to 2.128419. 
With x9 = —3, 
Newton’s method 
converges to —2.330059. 70 
Xo = = X1 = —2.5 Xz = —2.34545 
i ai 
l 
i —30 
l 
l 
l 
l 
i 
—40 
l 
l 
l 
l 
l 
l 
l 
—50 
| 
l 
l 
l 
l 
l 
l 
I 
l 
l 
l 


w 238608 r = 2.95549 7 — 4 


FIGURE 4.80 
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» If you write a program for Newton’s 
method, it is a good idea to specify a 
maximum number of iterations as an 
escape clause in case the method does 
not converge. 


» Small residuals do not always imply 
small errors: The function represented 
by this graph has a zero at x = 0. An 
approximation (such as 0.5) has a small 
residual, but a large error. 





When Do You Stop? 


Example 1 raises an important question and gives a practical answer: How many Newton 
approximations should you compute? Ideally, we would like to compute the error in x, 
as an approximation to the root r, which is the quantity |x, — r|. Unfortunately, we don’t 
know r in practice; it is the quantity that we are trying to approximate. So we need a prac- 
tical way to estimate the error. 

In the second column of Table 4.5, we see that x, and xs agree in their seven digits, 
—2.330059. A general rule of thumb is that if two successive approximations agree to, say, 
seven digits, then those common digits are accurate (as an approximation to the root). So 
if you want p digits of accuracy in your approximation, you should compute until either 
two successive approximations agree to p digits or until some maximum number of itera- 
tions is exceeded (in which case Newton’s method has failed to find an approximation of 
the root with the desired accuracy). 

There is another practical way to gauge the accuracy of approximations. Because 
Newton’s method generates approximations to a root of f, it follows that as the approxi- 
mations x, approach the root, f(x,) should approach zero. The quantity f(x,) is called a 
residual, and small residuals usually (but not always) suggest that the approximations 
have small errors. In Example 1, we find that for the approximations in the second column, 
f(x7) = —1.78 X 10719; forthe approximations in the third column, f(x7) = 1.11 x 107'°; 
and for the approximations in the fourth column, f(x7) = —1.78 X 107". All these resid- 
uals (computed in full precision) are small in magnitude, giving additional confidence that 
the approximations have small errors. 


EXAMPLE 2 Finding intersection points Find the points at which the curves 
y = cosx and y = x intersect. 


SOLUTION The graphs of two functions g and h intersect at points whose x-coordinates 
satisfy g(x) = h(x), or, equivalently, where 


f(x) = g(a) — h(x) = 0. 


We see that finding intersection points is a root-finding problem. In this case, the 
intersection points of the curves y = cos x and y = x satisfy 


f(x) = cosx — x = 0. 


A preliminary graph is advisable to determine the number of intersection points and good 
initial approximations. From Figure 4.81a, we see that the two curves have one intersection 
point, and its x-coordinate is between 0 and 1. Equivalently, the function f has a zero 
between 0 and 1 (Figure 4.81b). A reasonable initial approximation is xọ = 0.5. 





FIGURE 4.81 





FIGURE 4.82 
Table 4.7 

k Xk 

0 0.200000 
1 0.499372 
2 0.550979 
3 0.553568 
4 0.553574 
5 0.553574 
6 0.553574 


Xk 
2.500000 
1.623915 
2.062202 
2.121018 
2.124360 
2.124371 
2.124371 
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Newton’s method takes the form 


COs a. = x Xx, sin x, + cos x, 


Xn+1 T nT : 
" " sinx, + 1 


—sin x, — 1 7 
k— 


F (Xn) 


The results of Newton’s method, using an initial approximation of xọ = 0.5, are shown in 
Table 4.6. 


Table 4.6 
k Xy Residual 
0 0.5 0.377583 
1 0.755222 —0.0271033 
2 0.739142 —(0.0000946154 
3 0.739085 —1.18098 x 10°? 
4 0.739085 0 
5 0.739085 0 
6 0.739085 0 
7 0.739085 0 
8 0.739085 0 
9 0.739085 0 
10 0.739085 0 


We see that after four iterations, the approximations agree to six digits; so we take 0.739085 
as the approximation to the root. Furthermore, the residuals, shown in the last column 
and computed with full precision, are essentially zero, which confirms the accuracy of the 
approximation. Therefore, the intersection point is approximately (0.739085, 0.739085) 
(because the point lies on the line y = x). 

Related Exercises 15-20 


EXAMPLE 3 Finding local extrema Find the x-coordinate of the first local 
maximum and the first local minimum of the function f(x) = e * sin 2x on the 
interval (0, ©). 


SOLUTION A graph of the function provides some guidance. Figure 4.82 shows that f 
has an infinite number of local extrema for x > 0. The first local maximum occurs on 
the interval |0, 1], and the first local minimum occurs on the interval | 2, 3]. 

To locate the local extrema, we must find the critical points by solving 


f'(x) = e* (2cos 2x — sin2x) = 0. 


To this equation we apply Newton’s method. The results of the calculations, using initial 
approximations of x) = 0.2 and x) = 2.5, are shown in Table 4.7. 

Newton’s method finds the two critical points quickly, and they are consistent with 
the graph of f. We conclude that the first local maximum occurs at x ~ 0.553574 and the 
first local minimum occurs at x ~ 2.124371. 

Related Exercises 21—24< 
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» Amore thorough analysis of the rate at 
which Newton’s method converges and 
the ways in which it fails to converge 
is presented in a course in numerical 
analysis. 

Newton’s method is widely used 
because in general it has a remarkable 
rate of convergence; the number of digits 
of accuracy roughly doubles with each 
iteration. 





FIGURE 4.83 


Pitfalls of Newton’s Method 


Given a good initial approximation, Newton’s method usually converges to a root. And 
when it converges, it usually does so quickly. However, when Newton’s method fails, 
it does so in curious and spectacular ways. The formula for Newton’s method suggests 
one way in which the method could encounter difficulties: The term f’(x,) appears in a 
denominator, so if at any step f’(x,) = 0, then the method breaks down. Furthermore, if 
f'(%,) is close to zero at any step, then the method may be slow to converge or may fail 
to converge. The following example shows three ways in which Newton’s method may 
go awry. 


8x7 


3x7 + 1 
using Newton’s method with initial approximations of x) = 1,x% = 0.15, and xọ = 1.1. 


EXAMPLE 4 Difficulties with Newton’s method Find the root of f(x) = 


SOLUTION Notice that f has the single root x = 0. So the point of the example is not to 
find the root, but to investigate the performance of Newton’s method. Computing f’ and 
doing a few steps of algebra show that the formula for Newton’s method is 


f%n)_ Xn 
f'n) 2 


The results of five iterations of Newton’s method are displayed in Table 4.8, and they tell 
three different stories. 





Xn+1 = Xp (1 = 3x2), 


Table 4.8 

k Xk Xk Xk 

0 1 0.15 1.1 

1 —] 0.0699375 — 1.4465 

2 1 0.0344556 3.81665 

3 -] 0.0171665 —81.4865 

4 1 0.00857564 8.11572 Xx 10° 

5 —] 0.00428687 —8.01692 x 10!” 


The approximations generated using x) = 1 (second column) get stuck in a cycle 
that alternates between +1 and —1. The geometry underlying this rare occurrence 1s 
illustrated in Figure 4.83. 





\ x; = 0.06994 x) = 0.15 * 
x3 = 0.01717 xy = 0.3446 x, = —1.4465 | x = 1.1 x, = 3.81665 ~* 


FIGURE 4.84 FIGURE 4.85 
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The approximations generated using x) = 0.15 (third column) actually converge to 
the root 0, but they converge slowly (Figure 4.84). Notice that the error is reduced by a 
factor of approximately 2 with each step. Newton’s method usually has a faster rate of 
error reduction. The slow convergence is due to the fact that both f and f’ have zeros at 0. 
As mentioned earlier, if the approximations x, approach a zero of f’, the rate of conver- 


gence is often compromised. 


The approximations generated using x) = 1.1 (fourth column) increase in magnitude 
quickly and do not converge to a finite value, even though this initial approximation seems 
reasonable. The geometry of this case is shown in Figure 4.85. 

The three cases in this example illustrate the most common ways that Newton’s 
method may fail to converge at its usual rate: The approximations may cycle or wander, 
they may converge slowly, or they may diverge (often at a rapid rate). 


SECTION 4.8 EXERCISES 


Review Questions 


1. Give a geometric explanation of Newton’s method. 
2. Explain how the iteration formula for Newton’s method works. 
3. How do you decide when to terminate Newton’s method? 
4. Give the formula for Newton’s method for the function 
f(x) =x? - 5. 
Basic Skills 


5-8. Formulating Newton’s method Write the formula for 
Newton’s method and use the given initial approximation to 
compute the approximations x, and Xo. 


5: 
6. 
T: 
8. 


f(x) =x? - 6; » = 
f(x) = x? — 2x — 3; x = 2 
f(x) =e* — x; x = In2 


9-14. Finding roots with Newton’s method Use a calculator or 
program to compute the first 10 iterations of Newton’s method when 
they are applied to the following functions with the given initial 
approximation. Make a table similar to that in Example 1. 


9. 


10. 
11. 
12. 
13. 
14. 


fix) =x = l0; u= 4 


f(x) = ln(x + 1) -— 1; x = 1.7 


15-20. Finding intersection points Use Newton’s method to 


approximate all the intersection points of the following pairs of curves. 


Some preliminary graphing or analysis may help in choosing good 
initial approximations. 


15. 


x 
y = sinx and 553 


16. 


17. 


18. 
19. 
20. 


Related Exercises 25—26< 


x 3 


y=e and y=x 
l 2 
y=-— and y=4- x 
x 
y=x> and y=x*+1 


y=4Vx and y=x*+1 


y=Inx and y=x>-2 


21-24. Newton’s method and curve sketching Use Newton’s method 
to find approximate answers to the following questions. 


21. 


22. 


23. 


24. 





. i cos x 
Where is the first local minimum of f(x) = on the interval 


(0, ©) located? 


Where are all the local extrema of 
f(x) = 3x4 + 8x? + 12x? + 48x located? 

9, 15,3; 
Where are the inflection points of f(x) = ge + 


I 
ae + 30x? + 1 located? 


Xx 


Where is the local extremum of f(x) = f located? 
X 


25-26. Slow convergence 


25. 


26. 


The functions f(x) = (x — 1)? and g(x) = x? — 1 both have 
a root at x = 1. Apply Newton’s method to both functions with 
an initial approximation x) = 2. Compare the rate at which the 
method converges in each case and give an explanation. 


Consider the function f(x) = x° + 4x4 + x3 — 10x? — 4x + 8, 
which has zeros at x = 1 and x = —2. Apply Newton’s 

method to this function with initial approximations of x) = —1, 
Xo = —0.2, xo = 0.2, and x) = 2. Discuss and compare the 
results of the calculations. 
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Further Explorations 
27. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 
a. Newton’s method is an example of a numerical method for 
approximating the roots of a function. 
b. Newton’s method gives a better approximation to the roots of a 
quadratic equation than the quadratic formula. 
c. Newton’s method always finds an approximate root of a function. 


28-31. Fixed points An important question about many functions 
concerns the existence and location of fixed points. A fixed point of f 
is a value of x that satisfies the equation f(x) = x; it corresponds to 
a point at which the graph of f intersects the line y = x. Find all the 
fixed points of the following functions. Use preliminary analysis and 
graphing to determine good initial approximations. 


28. f(x) =5 — x? 


29. 


30. f(x) = tan 7 on (=r, T) 

31. f(x) = 2xcosx on [0,2] 

32-38. More root finding Find all the roots of the following functions. 
Use preliminary analysis and graphing to determine good initial 
approximations. 


32. f(x) = cosx — - 


33. f(x) = cos 2x — x? + 2x 








34. f(x) = : — secx on [0,8] H 44. 
+ 4 
35. f(x) =e* - : 
5 
5 3 
x 1 
36. Ses T 
=F 20 
37. f(x) = Inx — x? + 3x — 1 
38. f(x) = x*(x — 100) + 1 
39. Residuals and errors Approximate the root of f(x) = x!” atx = 0 
using Newton’s method with an initial approximation of x) = 0.5. 
Make a table showing the first 10 approximations, the error in these 
approximations (which is |x, — 0] = |x,|), and the residual of these 
approximations (which is f(x,,) ). Comment on the relative size of the 
errors and the residuals, and give an explanation. 
40. A tangent question Verify by graphing that the graphs of 


y = sinx and y = x/2 have one point of intersection, for x > 0, 
whereas the graphs of y = sin x and y = x/9 have three points of 


41. 


42. 


43. 


intersection, for x > 0. Approximate the value of a such that the 
graphs of y = sinx and y = x/a have exactly two points of inter- 
section, for x > 0. 


A tangent question Verify by graphing that the graphs of y = e~ 
and y = x have no points of intersection, whereas the graphs of 
y = e*? and y = x have two points of intersection. Approximate 
the value of a > 0 such that the graphs of y = e*/“ and y = x 
have exactly one point of intersection. 


Approximating square roots Let a > 0 be given and suppose 
we want to approximate Va using Newton’s method. 


a. Explain why the square root problem is equivalent to finding 
the positive root of f(x) = x? — a. 
b. Show that Newton’s method applied to this function takes the 


form (sometimes called the Babylonian method) 


1 a 
Xn+1 = 5 Xn + 7 , forn = 0,1,2,.... 


n 


c. How would you choose initial approximations to approximate 


V 13 and V73? 
d. Approximate V13 and V73 with at least 10 significant digits. 


Approximating reciprocals To approximate the reciprocal of a 
number a without using division, we can apply Newton’s method 


l 
to the function f(x) = — — a. 
x 


a. Verify that Newton’s method gives the formula 
Xnt1 = (2 — aky) 

b. Apply Newton’s method with a = 7 using a starting value of 
your choice. Compute an approximation with eight digits of 
accuracy. What number does Newton’s method approximate in 
this case? 


Modified Newton’s method The function fhas a root of multi- 
plicity 2 at rif f(r) = f'(r) = Oand f"(r) # O. In this case, a 
slight modification of Newton’s method, known as the modified 
(or accelerated) Newton’s method, is given by the formula 


f(a) 

F (Xn) 
This modified form speeds up the rate at which { Xo, X1, X2, .. .} 
converges to r. 





X41 = Xn forn = 0,1,2,.... 


a. Verify that 0 is a root of multiplicity 2 of the function 
f(x) = e75™* — 2x — 1. 

b. Apply Newton’s method and the modified Newton’s method 
using xọ = 0.1 to find the value of x3 in each case. Compare 


the accuracy of each value of x3. 
2 


c. Consider the function f(x) = given in Example 4. 


3x7 + 1 
Use the modified Newton’s method to find the value of x3 us- 
ing xọ = 0.15. Compare this value to the value of x, found in 


Example 4 with x) = 0.15. 


Applications 
45. A damped oscillator The displacement of a particular object 


46. 


H 47. 


as it bounces vertically up and down on a spring is given by 
y(t) = 2.5e ‘cos 2t, where the initial displacement is y(0) = 2.5 
and y = O corresponds to the rest position (see figure). 





a. Find the time at which the object first passes the rest position, 
y= 0. 

b. Find the time and the displacement when the object reaches its 
lowest point. 

c. Find the time at which the object passes the rest position for 
the second time. 

d. Find the time and the displacement when the object reaches its 
high point for the second time. 





. . a sin x 
The sinc function The sinc function sinc(x) = 


frequently in signal-processing applications. 


a. Graph the sinc function on [-27, Zr |. 
b. Locate the first local minimum and the first local maximum of 
sinc (x), for x > 0. 


An eigenvalue problem A certain kind of differential equation 
(see Chapter 8) leads to the root-finding problem tan 7A = À, 
where the roots A are called eigenvalues. Find the first three posi- 
tive eigenvalues of this problem. 
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Additional Exercises 


48. 


49. 


Fixed points of quadratics and quartics Let f(x) = ax(1 — x), 
where a is areal number and 0 <= x < 1. Recall that the fixed point 
of a function is a value of x such that f(x) = x (Exercises 28-31). 


a. Without using a calculator, find the values of a, with 
O < a S 4, such that f has a fixed point. Give the fixed point 
in terms of a. 

b. Consider the polynomial g(x) = f(f(x)). Write g in terms of 
a and powers of x. What is its degree? 

c. Graph g fora = 2, 3, and 4. 

d. Find the number and location of the fixed points of g for 
a = 2,3, and 4 on the intervalO = x = 1. 


Basins of attraction Suppose f has a real root r and Newton’ s 
method is used to approximate r with an initial approximation Xo. 
The basin of attraction of r is the set of initial approximations that 
produce a sequence that converges to r. Points near r are often in 

the basin of attraction of r—but not always. Sometimes an initial 
approximation x) may produce a sequence that doesn’t converge, and 
sometimes an initial approximation x) may produce a sequence that 
converges to a distant root. Let f(x) = (x + 2)(x + 1)(x — 3), 
which has roots x = —2, — 1, and 3. Use Newton’s method with ini- 
tial approximations on the interval |—4, 4] and determine (approxi- 
mately) the basin of each root. 











CHECK ANSWERS 
1. 0 — f(%n) ST aye ae) eo =X n> 
f'(%n) 
_ Fn) , ee 
Cy Fæ) 2. Newton’s method will find the root 
Xn 


0 exactly in one step. < 


The goal of differentiation is to find the derivative f’ of a given function f. The reverse 
process, called antidifferentiation, is equally important: Given a function f, we look for 


an antiderivative function F whose derivative is f; that is, a function F such that F” 


aJ 


DEFINITION Antiderivative 


A function F is an antiderivative of f on an interval J provided F’ (x) = f(x), for all x in J. 





In this section, we revisit derivative formulas developed in previous chapters to dis- 
cover corresponding antiderivative formulas. 
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FL 
( K 


QUICK CHECK 1 Verify by differentia- 
tion that x? is an antiderivative of 3x? 
and —cos x is an antiderivative of 


sin x. < 





FIGURE 4.86 


APPLICATIONS OF THE DERIVATIVE 


Thinking Backward 


d 
Consider the derivative formula p (x) = 1. It implies that an antiderivative of f(x) = 1 is 
k 


F(x) = x because F''(x) = f(x). Using the same logic, we can write 
d a 

= — 2 

Jx (x°) x 


= anantiderivative of f(x) = 2x is F(x) = x” 


a (sinx) = cosx = anantiderivative of f(x) = cos xis F(x) = sin x. 
Each of these proposed antiderivative formulas is easily checked by showing that F’ = f. 

An immediate question arises: Does a function have more than one antiderivative? To 
answer this question, let’s focus on f(x) = 1 and the antiderivative F(x) = x. Because 
the derivative of a constant C is zero, we see that F(x) = x + C is also an antiderivative 
of f(x) = 1, which is easy to check: 


F'(x) = “(3 + C) =1= f(x). 


Therefore, f(x) = 1 actually has an infinite number of antiderivatives. For the same reason, any 
function of the form F(x) = x? + Cis an antiderivative of f(x) = 2x, and any function of the 
form F(x) = sinx + Cis an antiderivative of f(x) = cos x, where C is an arbitrary constant. 

We might ask whether there are still more antiderivatives of a given function. The fol- 
lowing theorem provides the answer. 


THEOREM 4.16 The Family of Antiderivatives 
Let F be any antiderivative of f on an interval 7. Then all the antiderivatives of f 


on J have the form F + C, where C is an arbitrary constant. 





Proof: Suppose that F and G are antiderivatives of f on an interval J. Then F’ = f and 
G' = f, which implies that F’ = G’ on J. From Theorem 4.11, which states that func- 
tions with equal derivatives differ by a constant, it follows that G = F + C. Therefore, 
all antiderivatives of f have the form F + C, where C is an arbitrary constant. < 


Theorem 4.16 says that while there are infinitely many antiderivatives of a function, 
they are all of one family, namely, those functions of the form F + C. Because the an- 
tiderivatives of a particular function differ by a constant, the antiderivatives are vertical 
translations of one another (Figure 4.86). 


y y 
; G(x) + C; 
GO) + C, 
r F(x) = x 
G(x) + C 
F(x) + 3.5 3 
(x) N 
F(x) +2 G(x) + C, 


x co ma 
"a Ga) +C, CA i 


F= 


NFO = 3 


Several antiderivatives of 
f(x) = 1 from the family 
Fa) + C=x+C 


If G is any antiderivative of g, the 
graphs of the antiderivatives G + C 
are vertical translations of one 
another. 


» Notice that if p = —1 in Theorem 4.17, 
then F(x) is undefined. The 
antiderivative of f(x) = x! is discussed 
shortly. The case p = 0 says that 
f Idx =x + C. 
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EXAMPLE 1 Finding antiderivatives Use what you know about derivatives to find 
all antiderivatives of the following functions. 





a. f(x) = 3x b. f(x) = c. f(x) = sinx 
SOLUTION 


d 3 2 anvan 2+. 3 
a. Note that p7 (x?) = 3x^. Therefore, an antiderivative of f(x) = 3x^ is x°. By 
xX 


Theorem 4.16, the complete family of antiderivatives is F(x) = x? + C, where C is 
an arbitrary constant. 


d 1 ERTE 
b. Because x (tan! x) = EF all antiderivatives of f are of the form 
x X 
F(x) = tan! x + C, where C is an arbitrary constant. 


d . l O O 
c. Recall that FA (cos x) = —sin x. We seek a function whose derivative is sin x, not 
x 


—sin x. Observing that pm (—cos x) = sin x, it follows that the antiderivatives of sin x 
x 
are F(x) = —cos x + C, where C is an arbitrary constant. 


Related Exercises 1]—22< 


QUICK CHECK 2 Find the family of antiderivatives for each of f(x) = e*, g(x) = 4x°, and 





h(x) = sec? x.< 
Indefinite Integrals 


. d — 
The notation as f) means take the derivative of f. We need analogous notation for 
x 


antiderivatives. For historical reasons that become apparent in the next chapter, the 
notation that means find the antiderivatives of f is the indefinite integral J Talar: 
Every time an indefinite integral sign f appears, it is followed by a function called the 
integrand, which in turn is followed by the differential dx. For now dx simply means 
that x is the independent variable, or the variable of integration. The notation | f(x) dx 


represents all the antiderivatives of f. 
Using this new notation, the three results of Example | are written as 





1 
[aze In > dx = tan 'x + C, and [sinxae = -cosx + € 
x 


where C is an arbitrary constant called a constant of integration. Virtually all the deriva- 
tive formulas presented earlier in the text may be written in terms of indefinite integrals. 
We begin with the Power Rule. 


THEOREM 4.17 Power Rule for Indefinite Integrals 


where p # —1 is areal number and C is an arbitrary constant. 














314 CHAPTER 4 œ APPLICATIONS OF THE DERIVATIVE 
Proof: The theorem says that the antiderivatives of f(x) = x? are of the form 
ale . , | 
F(x) = 4 + C. Differentiating F, we verify that F’(x) = f(x), provided p ~ —1: 
P 
d x p+1 
F'(x) = — tC 
dx\p + 1 
» Any indefinite integral calculation can o d y d 
be checked by differentiation: The n pt+l © ae (C) 
derivative of the alleged indefinite ~~ 
0 


integral must equal the integrand. 


< 


Theorems 3.4 and 3.5 (Section 3.2) state the Constant Multiple and Sum Rules for deriv- 
atives. Here are the corresponding antiderivative rules, which are proved by differentiation. 


THEOREM 4.18 Constant Multiple and Sum Rules 


J cf(x) dx = c J f(x) dx 


Constant Multiple Rule: 


Sum Rule: 


[Etdi fiad [ora 





EXAMPLE 2 Indefinite integrals Determine the following indefinite integrals. 


4 19 __ 5 —8 
a. [oe +2- a) dx D. [FR dx c. e 
x 


SOLUTION 





spam) 2 eau es be 


> | dxmeans f1 dx, which is the a. [oe oe se) dx = [x dx + f: dx — [sr dx Sum Rule 
indefinite integral of the constant 
function f(x) = 1,so fdx = x + C. = / E E. J jis Í 3/2 gy Constant Multiple 
Rule 
6 m 
> Each indefinite integral produces an arbitrary = 3°—+2°x-535: TO Power Rule 
constant, all of which may be combined in 6 (— l / 2) 
one arbitrary constant called C. = a” 1/2 
=a + 2x + 10x + C Simplify. 
19 8 
b. / (2 2 L ) ax = J (Aa = Se “Jdi Simplify the integrand. 


= a faa = JE 








a ae 
18 (9) ower Rule 
26 Sy a 
= F TC Simplify. 


Sum and Constant Multiple Rules 


» Examples 2b and 2c show that, in 
general, the indefinite integral of a 
product or quotient is not the product or 
quotient of indefinite integrals. 
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Č: Je +I 2 = 5d [ee — 5x? + 2x — 5)dx Expand integrand. 


5 
= 5 a 3° +x7-—5x+C Integrate each term. 


All these results should be checked by differentiation. 


Related Exercises 23-—36< 
Indefinite Integrals of Trigonometric Functions 
Any derivative formula can be restated in terms of an indefinite integral formula. For ex- 
ample, by the Chain Rule we know that 
(cos 3x) 3 sin 3 
—(cos 3x) = —3 sin 3x. 
dx 
Therefore, we can immediately write 
J- sin 3x dx = cos 3x + C. 
Factoring —3 from the left side and dividing through by —3, we have 


1 
[sn 3x dx = =e 3x + C. 


This argument works if we replace 3 by any constant a # 0. Similar reasoning leads to 
the results in Table 4.9, where a # O and C is an arbitrary constant. 


Table 4.9 Indefinite Integrals of Trigonometric Functions 
F 

1. —(sinax) = acosax —> [eos ax dx = —sinax + C 
dx a 
d 1 

2. — (cosax) = —asinax —> sin ax dx = —— cos ax + C 
dx a 
d 5 3 l 

3. — (tanax) = asec*ax — sec’ ax dx = —tanax + C 
dx a 

4. z 6 ax) = —acsc“ax => csc’ ax dx = ——cotax + C 
x a 


l 
5 a (secax) = asecaxtanax — [se ax tan ax dx = —secax + C 
x a 


l 
6. ae (csc ax) = —acscaxcotax — [se ax cot ax dx = ——cscax + C 
X a 





1 
IECK 3 Use differentiation to verify that / sin 2x dx = "5 cos 2x + C.< 


EXAMPLE 3 Indefinite integrals of trigonometric functions Determine the follow- 
ing indefinite integrals. 


a. [sc 3x dx b. [oosSa 
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» Tables 4.9 and 4.10 are subsets of the 


table of integrals at the end of the book. 


SOLUTION These integrals follow directly from Table 4.9 and can be verified by 
differentiation. 


a. Letting a = 3 in result (3) of Table 4.9, we have 


5 tan 3x 
sec’ 3x dx = 3 + C. 


b. We leta = j in result (1) of Table 4.9, which says that 


x sin (x/2) 
6. GS Oe + C. 
2 1/2 2 





Related Exercises 37-46 < 


Other Indefinite Integrals 


We now complete the process of rewriting familiar derivative results in terms of indefinite 


d 
integrals. For example, because a” > = ae™, where a Æ 0, we can divide both sides 
X 


1 
fa = —e™ + C. 
a 


d 1 d 
Similarly, because z” x|) = z for x # 0, it follows that J r = In |x| + C. Notice 
x 


of this equation by a and write 


that this result fills the gap in the Power Rule for the case p = —1. The same reasoning 
leads to the indefinite integrals in Table 4.10, where a # 0 and C is an arbitrary constant. 


Table 4.10 Other Definite Integrals 
7. L te) — ae —> j“ ax dx = ae + C 
8 r pubera LCD 
e oe _ n = = ae 5 >’ 
dx * Inb 
d l AX 
= = =— = + 
oE mk) > J = = In |x| + C 


d z -1% 1 dx 
10. — | sin =| = — 
Urar T 


d wa a dx o1 ae 
11. Z [tan |= ; n = Jz 5 = tan ate 


a” +x a rx 
d 
12. — 1 
a (sec 








ee: 
= sin —+C 
a 








_1|* 


a 


= — sec + C 


TE o 
= — 
xV x72 — a? xV x2 — a? a 














EXAMPLE 4 Indefinite integrals Determine the following indefinite integrals. 


a fewa b laa c o 
l EET — x? ` J 16x? + 1 


SOLUTION 
a. Setting a = —10 in result (7) of Table 4.10, we find that 


1 
—10x — —10x 
dx = —— EC, 
fe ss 10“ 


which should be verified by differentiation. 





QUICK CHECK 


antiderivative of f’ is f.< 


4 Explain why an 


Antiderivatives 
of x2 — 2x. 
3 
x 2 
== -x+ 
y P m re 
3 
-X __ 2 
G4 per aes 
jii 
[IX 3 
j CTA 3 
IVINS 8 
3 
3 
0S ee 


FIGURE 4.87 
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b. Setting a = 3 in result (10) of Table 4.10, we have 


= 4sin + C. 


l 4 dx 
eel Vor 
zw \/ 37 — x? 


c. An algebra step is needed to put this integral in a form that matches Table 4.10. We 
first write 


J dx _ al dx _ ai 
16x? + ] 16 x2 -- (£) 16 x? -- (4)? 


Setting a = 1 in result (11) of Table 4.10 gives 
J dx al dx 
16x7 +1 16 


1 1 

a = ae tan" 4x + C = tan" 4x + C. 
FE 4 

Introduction to Differential Equations 


16 
Related Exercises 47—58 


Suppose you know that the derivative of a function f satisfies the equation 
f'(x) = 2x + 10. 


To find a function f that satisfies this differential equation, we note that the solutions are 
antiderivatives of 2x + 10, which are x? + 10x + C, where C is an arbitrary constant. 
So we have found an infinite number of solutions, all of the form f(x) = x* + 10x + C. 

Now consider a more general differential equation of the form f’(x) = G(x), where 
G is given and f is unknown. The solution consists of antiderivatives of G, which involve 
an arbitrary constant. In most practical cases, the differential equation is accompanied by 
an initial condition that allows us to determine the arbitrary constant. Therefore, we con- 
sider problems of the form 


f'(x) = G(x), 
fla) = b, 


A differential equation coupled with an initial condition is called an initial value problem. 


where G is given Differential equation 


where a, b are given Initial condition 


EXAMPLE 5 An initial value problem Solve the initial value problem 
f'(x) = x? — 2x with f(1) = 4. 


SOLUTION The solution is an antiderivative of x? — 2x. Therefore, 


= x7 +C, 

3 

where C is an arbitrary constant. We have determined that the solution is a member of a 

family of functions, all of which differ by a constant. This family of functions, called the 

general solution, is shown in Figure 4.87, where we see curves for various choices of C. 
Using the initial condition f(1) = L we must find the particular function in the 

general solution whose graph passes through the point ( l, L). Imposing the condition 

fl) = , we reason as follows: 


Go 


X 5 l 
f(x) = ` + C General solution 
1 
f1) = i 1+ C Substitute x = 1. 
eee. f(l) =4 
~ : 
C= 1. Solve for C. 
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» Itis advisable to check that the 
solution satisfies the original 
problem: f'(x) = x? — 2x and 
GO eT da 





QUICK CH 5 Position is an antide- 
rivative of velocity. But there are infi- 
nitely many antiderivatives that differ 
by a constant. Explain how two 
objects can have the same velocity 
function but two different position 
functions. « 


CK CH 
or A g | 





» The convention with motion problems is 
to assume that motion begins at t = 0. 
This means that initial conditions are 
specified at t = 0. 


S, S 











Runner A overtakes 
Runner B at t = 4. 


20 Position of 


Runner B 
S(t) =2t+8 


10 Position of 


Runner A 
s(t) = t? 


FIGURE 4.88 
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Therefore, the solution to the initial value problem is 


a 
f(x) ==- x? +1, 
3 
which is just one of the curves in the family shown in Figure 4.87. 
Related Exercises 59-82 < 


Motion Problems Revisited 


Antiderivatives allow us to revisit the topic of one-dimensional motion introduced in 
Section 3.5. Suppose the position of an object that moves along a line relative to an origin is 
s(t), where t = 0 measures elapsed time. The velocity of the object is v(t) = s’(t), which 
may now be read in terms of antiderivatives: The position function is an antiderivative of 
the velocity. If we are given the velocity function of an object and its position at a particular 
time, we can determine its position at all future times by solving an initial value problem. 

We also know that the acceleration a(t) of an object moving in one dimension is the 
rate of change of the velocity, which means a(t) = v’(t). In antiderivative terms, this 
says that the velocity is an antiderivative of the acceleration. Thus, if we are given the ac- 
celeration of an object and its velocity at a particular time, we can determine its velocity at 
all times. These ideas lie at the heart of modeling the motion of objects. 


Initial Value Problems for Velocity and Position 


Suppose an object moves along a line with a (known) velocity v(t), for t = 0. 
Then its position is found by solving the initial value problem 


s'(t) = v(t), s(0) = sọ, where so is the initial position. 


If the acceleration of the object a(t) is given, then its velocity is found by solving 
the initial value problem 


v'(t) = a(t), v(O) = vo, where vo is the initial velocity. 





EXAMPLE 6 A race Runner A begins at the point s(0) = 0 and runs with velocity 

v(t) = 2t. Runner B begins with a head start at the point S(0) = 8 and runs with veloc- 
ity V(t) = 2. Find the positions of the runners for t = 0 and determine who is ahead at 

t = 6 time units. 


SOLUTION Let the position of Runner A be s(t), with an initial position s(0) = 0. Then, 
the position function satisfies the initial value problem 


s'(t) = 2t, s(0) = 0. 


The solution is an antiderivative of s'(t) = 2t, which has the form s(t) = t* + C. Sub- 
stituting s(0) = 0, we find that C = 0. Therefore, the position of Runner A is given by 
s(t) = t°, fort = 0. 

Let the position of Runner B be S(t), with an initial position S(0) = 8. This position 
function satisfies the initial value problem 


S'(t) = 2, S(0) = 8. 


The antiderivatives of S’(t) = 2 are S(t) = 2t + C. Substituting S(O) = 8 implies that 
C = 8. Therefore, the position of Runner B is given by S(t) = 2t + 8, fort = 0. 

The graphs of the position functions are shown in Figure 4.88. Runner B begins with 
a head start but is overtaken when s(t) = S(t), or when t? = 2t + 8. The solutions of 
this equation are t = 4 and t = —2. Only the positive solution is relevant because the 
race takes place for t = 0, so Runner A overtakes Runner B at t = 4, when s = S = 16. 
When ¢ = 6, Runner A has the lead. 

Related Exercises 83-96 < 


» The acceleration due to gravity at Earth’s 
surface is approximately g = 9.8 m/s’, 
or g = 32 ft/s”. It varies even at sea 
level from about 9.8640 at the poles 
to 9.7982 at the equator. The equation 
v'(t) = —g is an instance of Newton’s 
Second Law of Motion, assuming no 
other forces (such as air resistance) are 
present. 


A maximum height 
of 182 mis reached 
att~4.1s. 


s(t) = —4.9t + 40t + 100 








182}: ----> z: 
of the position 


function, not the 


100 


Object strikes 
the water at 
t= 10.2s. 


FIGURE 4.91 


This is the graph 


path of the stone. 
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EXAMPLE 7 Motion with gravity Neglecting air resistance, the motion of an object 
moving vertically near Earth’s surface is determined by the acceleration due to gravity, 
which is approximately 9.8 m/ s’. Suppose a stone is thrown vertically upward at t = 0 
with a velocity of 40 m/s from the edge of a cliff that is 100 m above a river. 

a. Find the velocity v(t) of the object, for t = 0. 

b. Find the position s(t) of the object, for t = 0. 

c. Find the maximum height of the object above the river. 

d. With what speed does the object strike the river? 

SOLUTION We establish a coordinate system in which the positive s-axis points vertically 
upward with s = 0 corresponding to the river (Figure 4.89). Let s(t) be the position 


of the stone measured relative to the river, for t = 0. The initial velocity of the stone is 
v(0) = 40 m/s and the initial position of the stone is s(0) = 100 m. 


a. The acceleration due to gravity points in the negative s-direction. Therefore, the initial 
value problem governing the motion of the object is 


acceleration = v'(t) = —9.8, v(0) = 40. 


The antiderivatives of —9.8 are v(t) = —9.8t + C. The initial condition v(0) = 40 
gives C = 40. Therefore, the velocity of the stone is 


v(t) = —9.8t + 40. 


As shown in Figure 4.90, the velocity decreases from its initial value v(0) = 40 until 
it reaches zero at the high point of the trajectory. This point is reached when 


v(t) = —9.8t + 40 = 0 


or when t ~ 4.1 s. Fort > 4.1, the velocity becomes increasingly negative as the 
stone falls to Earth. 
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moves upwards. exam g et ý Positive velocity, 
s ~ 182 m. . 
z 40 upward motion 
s= 100 / The velocity is 0 at 


t ~ 4.1 seconds, the high 
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river after reaching 

its maximum height. i 
8 

v(t) = —9.8t + 40 


TV 
Height = 100 m'i 
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j 


U 


“4 






Negative velocity, 
downward motion 





FIGURE 4.89 FIGURE 4.90 


b. Knowing the velocity function of the stone, we can determine its position. The posi- 
tion function satisfies the initial value problem 
v(t) = s'(t) = —9.8t + 40, s(0) = 100. 
The antiderivatives of —9.8t + 40 are 
s(t) = —4.9t° + 40t + C. 
The initial condition s(0) = 100 implies C = 100, so the position function of the stone is 
s(t) = —4.9t? + 40t + 100, 


as shown in Figure 4.91. The parabolic graph of the position function is not the actual 
trajectory of the stone; the stone moves vertically along the s-axis. 
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c. The position function of the stone increases for O < t < 4.1. Att ~ 4.1, the stone 
reaches a high point of s(4.1) ~ 182 m. 


d. For t > 4.1, the position function decreases, and the stone strikes the river when 


s(t) = 0. The roots of this equation are t ~ 10.2 and t = —2.0. Only the first root is 
relevant because the motion starts at t = 0. Therefore, the stone strikes the ground at 
t = 10.2 s. Its speed (in m/s) at this instant is |v(10.2)| ~ |-60| = 60. 


SECTION 4.9 EXERCISES 


Review Questions 

1. Fill in the blanks with either of the words the derivative or an 
antiderivative: If F' (x) = f(x), then f is of F 
and F is of f. 


2. Describe the set of antiderivatives of f(x) = 0. 
3. Describe the set of antiderivatives of f(x) = 1. 


4. Why do two different antiderivatives of a function differ by a 
constant? 


5. Give the antiderivatives of x”. For what values of p does your 
answer apply? 

Give the antiderivatives of e ~. 

Give the antiderivatives of 1/x, for x > 0. 


Evaluate f cos ax dx and f sin ax dx, where a is a constant. 


< S N p 


If F(x) = x? — 3x + Cand F(—1) = 4, what is the value of C? 


10. Fora given function f, explain the steps used to solve the initial 
value problem F''(t) = f(t), F(O) = 10. 


Basic Skills 
11-22. Finding antiderivatives Find all the antiderivatives of the fol- 
lowing functions. Check your work by taking derivatives. 


DE Hoe 12, 2@) = Tix" 
13. f(x) = sin 2x 14. g(x) = —4cos 4x 
15. P(x) = 3 sec? x 16. Q(s) = csc? s 
17. f(y) = -2/y? 18. H(z) = —-6z 7 
19. f(x) =e 20. h(y) =y” 

21. G(s) = — 22. F(t) =r 


23-36. Indefinite integrals Determine the following indefinite inte- 
grals. Check your work by differentiation. 


24. [ow — 4u? + 1) du 


5 
26. J (2 -- 4) dt 
t 


28. / 5m(12m°? — 10m) dm 


23. [ox — 5x”) dx 


A 
25. [las — 4) dx 


27. Jos + 3) ds 


Related Exercises 97-100 


29. fox + 4x77 +6)dx 30. Js Wx dx 
32. J (4z! — z7!) dz 


34. [wea 


31. [io + 1)(4 — x) dx 





37—46. Indefinite integrals involving trigonometric functions Determine 
the following indefinite integrals. Check your work by differentiation. 


t 

in 4t — sin— } dt 
[ (sn sint) 
f? sec? 2v dv 

ind — | 
j= -ly 

cos“ 0 
[os 3¢ cot 36 do 


[ose 6x dx 


47-58. Other indefinite integrals Determine the following indefinite 
integrals. Check your work by differentiation. 


1 
47. [xo 48. [ter + via 
y 


3 
50. / 5 dv 
4+y 


2 
52. J 5 dz 
16z- + 25 


54. J (49 — x?) !? dx 


37. [si 2y + cos 3y) dy 38. 
39. J (sec? x — 1) dx 40. 
41. J (sec%0 + sec@tan@)d@ 42. 


43. J (3t + sec? 2t)dt 44. 


45. J sec 40 tan 40 d0 46. 








49 


6 
. dx 
le — x? 


51 








dx 
l ins — 100 


53 





1 
: dx 
I. Vx? — 25 
t+1 
55. J dt 56. J (225 — MA e™)dx 


102° — 3 
57. / ext? dx 58. J ~ 





59-66. Particular antiderivatives For the following functions f, find 
the antiderivative F that satisfies the given condition. 


59, f(x) =x? — 2x7? + 1; F(1) =0 
60. f(t) = sec’ t; F(7/4) = 1 


61. f(v) = secvtanv; F(0) = 2 
62. f(x) = oy + 6/Vx)/x*; F(1) = 4 
63. f(x) = — 2x*; F(1) =5 
64. f(u) = 2e" + 3; F(0) = 8 
3y? + 5 
J) =F) 


T 
66. f(0) = 2 sin 20 — 4 cos 46; r(7) = 2 


67-76. Solving initial value problems Find the solution of the follow- 


ing initial value problems. 
67. f'(x) = 2x — 3; f(0) =4 
68. g'(x) = 7x® — 4x? + 12; g(1) = 24 


69. g'(x) = n(x = =}: Is 


70. h'(t) = 6sin 3t; h(a/6) = 6 
71. f'(u) = 4(cosu — sin 2u); f(7/6) = 


72. p'(t) = 10e”; p(0) = 100 
3 
73. y(t) =7 + 6; y(1) = 
e™ + 4e™ 
74. u(x) > ~; u(ln2) = 2 
e 
V2 cos’0 + 1 (=) 
75. 0 — FE = |} 
yO) = cos’ 6 4 
76. v'(x) = 4x1 + 2x713; (8) = 40 


77-82. Graphing general solutions Graph several functions that sat- 
isfy the following differential equations. Then find and graph the par- 
ticular function that satisfies the given initial condition. 


77. f'(x) = 2x — 5, f(0) =4 

78. f'(x) = 3x? - 1, f(1) = 

79. f'(x) = 3x + sin mx, f(2) = 3 
80. f'(s) = 4secstans, f(7/4) = 
81. f'(t) =1/t, f(1) =4 

82. f'(x) = 2cos2x, f(0) = 1 


) 
) 


83-88. Velocity to position Given the following velocity functions 
of an object moving along a line, find the position function with the 
given initial position. Then graph both the velocity and position 
functions. 


83. v(t) = 2t + 4; s(0) = 0 
84. v(t) = e” + 4; s(0) = 
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85. v(t) = 2Vf, s(0) = 1 

86. v(t) = 2cos t; s(0) = 

87. v(t) = 6t* + 4t — 10; s(0) = 
88. v(t) = 2sin2r, s(0) = 0 


89-94. Acceleration to position Given the following acceleration 
functions of an object moving along a line, find the position function 
with the given initial velocity and position. 


89. a(t) = —32; v(0) = 20, s(0) = 0 
90. a(t) = 4; v(0) = —3,5(0) = 2 
91. a(t) = 0.28; v(0) = 0,5(0) = 1 
92. a(t) = 2cost; v(0) = 1,s(0) = 0 
93. a(t) = 3 sin 2f, v(0) = 1,s(0) = 10 
94. a(t) = 2e™6; v(0) = 1,5(0) = 0 


95-96. Races The velocity function and initial position of Runners A 


and B are given. Analyze the race that results by graphing the position 
functions of the runners and finding the time and positions (if any) at 
which they first pass each other. 


95. A: v(t) = sint, s(0) = 0; 
96. A: v(t) = 2e”, s(0) = 0; 


B: V(t) = cost, S(0) = 0 
B: V(t) = 4e“, S(0) = 10 


97-100. Motion with gravity Consider the following descriptions of 

the vertical motion of an object subject only to the acceleration due to 

gravity. Begin with the acceleration equation a(t) = v'(t) = g, where 

g = —9.8 m/s’. 

a. Find the velocity of the object for all relevant times. 

b. Find the position of the object for all relevant times. 

c. Find the time when the object reaches its highest point. What is the 
height? 

d. Find the time when the object strikes the ground. 


97. A softball is popped up vertically (from the ground) with a veloc- 
ity of 30 m/s. 


98. A stone is thrown vertically upward with a velocity of 30 m/s 
from the edge of a cliff 200 m above a river. 


99. A payload is released at an elevation of 400 m from a hot-air bal- 
loon that is rising at a rate of 10 m/s. 


100. A payload is dropped at an elevation of 400 m from a hot-air bal- 
loon that is descending at a rate of 10 m/s. 


Further Explorations 
101. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. F(x) = x? — 4x + 100 and G(x) = x? — 4x — 100 are 
antiderivatives of the same function. 

b. If F'(x) = f(x), then f is an antiderivative of F. 

c. If F’(x) = f(x), then [f(x)dx = F(x) + C. 

d. f(x) = x? + 3 and g(x) = x? — 4 are derivatives of the 
same function. 

e. If F'(x) = G'(x), then F(x) = G(x). 
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102-109. Miscellaneous indefinite integrals Determine the following 
indefinite integrals. Check your work by differentiation. 


22 a 2X 
102. [ow + Væ?) dx 103. [Sia 


2 


104. J (4 cos 4w — 3 sin 3w) dw 105. J (csc?0 + 20° — 30) d0 


1 + 
107. [Sa 


X 


106. fiso + 1) dé 


2+ x? 
108. uN 
l +x 
110-113. Functions from higher derivatives Find the function F that 
satisfies the following differential equations and initial conditions. 
110. F"(x) = 1, F'(0) = 3,F(0) = 4 
111. F"(x) = cos x, F'(0) = 3, F(7) = 4 
112. F”(x) = 4x, F” (0) = 0, F'(0) = 1, F(O) = 3 
113. F(x) = 672x° + 24x, F"(0) = 0, F'(0) = 2, F(0) = 1 





109. [vec —AWx) dx 


Applications 

114. Mass on a spring A mass oscillates up and down on the end of a 
spring. Find its position s relative to the equilibrium position if its 
acceleration is a(t) = sin (7t), and its initial velocity and posi- 
tion are v(0) = 3 and s(0) = 0, respectively. 


115. Flow rate A large tank is filled with water when an outflow valve 
is opened at t = 0. Water flows out at a rate, in gal/min, given by 
Q'(t) = 0.1(100 — #7), for0 = t = 10. 


a. Find the amount of water Q(t) that has flowed out of the tank 
after t minutes, given the initial condition Q(0) = 0. 

b. Graph the flow function Q, forO = t = 10. 

c. How much water flows out of the tank in 10 min? 


O57 Naps) REVIEW EXERCISES 


1. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. If f’(c) = 0, then f has a local maximum or minimum at c. 
b. If f”(c) = 0, then f has an inflection point at c. 
c. F(x) = x? + 10 and G(x) = x° — 100 are antiderivatives of 
the same function. 
d. Between two local minima of a function continuous on 
(— 9, œ), there must be a local maximum. 
e. The linear approximation to f(x) = sin xat x = 0 is 
L(x) = x. 
f. If lim f(x) = œ% and lim g(x) = ©, then 
x00 x00 


lim (f(x) = g(x)) = 0. 
2. Locating extrema Consider the graph of a function f on the 
interval |—3, 3]. 


a. Give the approximate coordinates of the local maxima and 
minima of f. 





116. General headstart problem Suppose that object A is located at 
s = Oat time t = O and starts moving along the s-axis with a 
velocity given by v(t) = 2at, where a > 0. Object B is located 
ats = c > Oatt = O and starts moving along the s-axis with a 
constant velocity given by V(t) = b > 0. Show that A always 
overtakes B at time 





b+ Vb? + 4ac 


2a 


f= 


Additional Exercises 
117. Using identities Use the identities sin’ x = (1 — cos 2x) /2 and 
cos? x = (1 + cos 2x) /2 to find [ sin? x dx and | cos? dr- 


118-121. Verifying indefinite integrals Verify the following indefinite 
integrals by differentiation. These integrals are derived in later chapters. 


COS Vx 
Vx 





118. dx = 2sin Vx + C 





X 
ns. f dx = Vx7+1+C 
Vx? +1 


1 
120. J cos x? dx = 3 sin x? + C 


1 
121. | su =-— 5 HC 
(x? — 1) 2(x? — 1) 








ANSWERS 


1. d/dx(x°) = 3x* and d/dx(—cosx) = sinx 2. e” + C, 
x*+C,tanx + C 3. d/dx(—cos (2x)/2 + C) = sin 2x 
4. One function that can be differentiated to get f’ is f. 
Therefore, f is an antiderivative of f’. 5. The two position 
functions involve two different initial positions; they differ 
by a constant. < 


=g 


. Give the approximate coordinates of the absolute maximum 
and minimum of f (if they exist). 

Give the approximate coordinates of the inflection point(s) of f. 
. Give the approximate coordinates of the zero(s) of f. 

On what intervals (approximately) is f concave up? 

On what intervals (approximately) is f concave down? 


moan 


y 


3—4. Designer functions Sketch the graph of a function continuous on 
the given interval that satisfies the following conditions. 


3. f is continuous on the interval [—4, A: f'(x) = 0 for x = —2, 0, 
and 3; f has an absolute minimum at x = 3; f has a local mini- 
mum at x = —2; f has a local maximum at x = 0; f has an abso- 
lute maximum at x = —4. 


4. fis continuous on (~~, ©); f'(x) < Oand f"(x) < 0 on 
(—0, 0); f'(x) > Oand f"(x) > Oon (0, œ). 

5. Functions from derivatives Given the graphs of f’ and f”, 
sketch a possible graph of f. 





6-10. Critical points Find the critical points of the following functions 
on the given intervals. Identify the absolute maximum and minimum 
values (if they exist). Graph the function to confirm your conclusions. 


6. f(x) = sin 2x + 3; [-r, 7] 

7. f(x) = 2x? — 3x? — 36x + 12; (—%, œ) 
8. f(x) = 4x!/? — x5/2; [0,4] 

9. f(x) = 2xInx + 10; (0,4) 

10. g(x) = x'3(9 — x); [-4,4] 


Absolute values Consider the function f(x) = |x — 2| + |x + 3| 
on |—4, 4]. Graph f, identify the critical points, and give the 
coordinates of the local and absolute extreme values. 


12. Inflection points Does f(x) = 2x° — 10x* + 20x? + x + 1 
have any inflection points? If so, identify them. 


13-20. Curve sketching Use the guidelines given in Section 4.3 to 


make a complete graph of the following functions on their domains or 
on the given interval. Use a graphing utility to check your work. 


13. f(x) = x*/2 — 3x? + 4x + 1 


3x 
x7 +3 





14. f(x) = 


15. f(x) = 4cos (m(x — 1)) on (0, 2] 
x +x 
A — x? 


17. f(x) = Wx- Ve +2 





16. f(x) = 


COS TX 
1+ x? 





18. f(x) = on |—2, 2] 


19. f(x) = x2/3 4 (x+ Aa 
20. f(x) =x(x— l)e* 


22. 
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21. Optimization A right triangle has legs of length h and r, and a 
hypotenuse of length 4 (see figure). It is revolved about the leg of 
length h to sweep out a right circular cone. What values of and r 
maximize the volume of the cone? (Volume of a cone = mr7h/3.) 





Rectangles beneath a curve A rectangle is constructed with 

one side on the positive x-axis, one side on the positive y-axis, 
and the vertex opposite the origin on the curve y = cos x, for 

0 < x < 7/2. Approximate the dimensions of the rectangle that 
maximize the area of the rectangle. What is the area? 


23. Maximum printable area A rectangular page in a textbook 
(with width x and length y) has an area of 98 in’, top and bottom 
margins set at | in, and left and right margins set at - in. The print- 
able area of the page is the rectangle that lies within the margins. 
What are the dimensions of the page that maximize the printable 
area? 


24. Nearest point What point on the graph of f(x) = 2 — x? is 


closest to the origin? (Hint: You can minimize the square of the 
distance.) 


25. Maximum area A line segment of length 10 joins the points 
(0, p) and (q, 0) to form a triangle in the first quadrant. Find the 
values of p and q that maximize the area of the triangle. 


26. Minimum painting surface A metal cistern in the shape of 
a right circular cylinder with volume V = 50 m° needs to be 
painted each year to reduce corrosion. The paint is applied only 
to surfaces exposed to the elements (the outside cylinder wall and 
the circular top). Find the dimensions r and h of the cylinder that 
minimize the area of the painted surfaces. 


27-28. Linear approximation 


a. Find the linear approximation to f at the given point a. 
b. Use your answer from part (a) to estimate the given function value. 


i fa) Sa GST, 9) 
28. f(x) = sin"'!x; a = 1/2; f(0.48) 
29-30. Estimations with linear approximation Use linear approxi- 


mation to estimate the following quantities. Choose a value of a to 
produce a small error. 


29. 1/4.2? 
30. tan’! 1.05 


31. Change in elevation The elevation h (in feet above the ground) of 
a stone dropped from a height of 1000 ft is modeled by the equa- 
tion h(t) = 1000 — 16¢?, where t is measured in seconds and air 
resistance is neglected. Approximate the change in elevation over 
the interval 5 < ¢ < 5.7 (recall that Ah ~ h'(a)At). 
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32. Change in energy The energy E (in joules) released by 52-59. 1°, 0°, œ? forms Evaluate the following limits. Check your 
an earthquake of magnitude M is modeled by the equation results by graphing. 
E(M) = 25,000: 10'°™. Approximate the change in energy . See . ame 
released when the magnitude changes from 7.0 to 7.5 (recall that 52. an (1 + x) 53. Bee (sin x) 
AE =~ E'(a)AM). 
54. lim (Vx + 1)!" 55. lim (In x)" 
33. Mean Value Theorem The population of a culture of cells grows mae x0 ae 
100t : Lex - 
according to the function P(t) = ET where t = Ois measured 56. m y% 57. tim (1 = >) 
in weeks. i E a 
l l 58. lim{—tan x 59. lm (x= 1)" 
a. What is the average rate of change in the population over the x0 \ TT z>] 


interval [0, 8]? 
b. At what point of the interval (0, 8] is the instantaneous rate of 
change equal to the average rate of change? 


60-67. Comparing growth rates Determine which of the two functions 
grows faster, or state that they have comparable growth rates. 


1/2 1/3 
34. Growth rate of bamboo Bamboo belongs to the grass family and oe ee Bh anes 
is one of the fastest growing plants in the world. 62. Inx and logigx 63. Vx and In’? 
a. A bamboo shoot was 500 cm tall at 10.00 a.m. and 515 cm at 64. lürmd nx 6s. 2 ao 
3:00 p.m. Compute the average growth rate of the bamboo shoot 
in cm/hr over the period of time from 10:00 a.m. to 3:00 p.m. 66. Vx° + 10 and x° 67. 2* and 4"? 


b. Based on the Mean Value Theorem, what can you conclude 
about the instantaneous growth rate of bamboo measured in 
millimeters per second between 10:00 a.m. and 3:00 p.m.? 


68-81. Indefinite integrals Determine the following indefinite integrals. 


68. [oe — 3x? + 1) dx 69. ic + 1)*dx 


35. Newton’s method Use Newton’s method to approximate the roots 








of f(x) = 3x? — 4x* + 1 to six digits. PENE 1 2 
, 70. J dx 71. e — E dx 
36. Newton’s method Use Newton’s method to approximate the roots x x x 
of f(x) = e * + 2e* — 6 to six digits. Make a table showing å T 
the first five approximations for each root using an initial estimate 72. J eT g A dx 73. J (1 + cos 30) d0 
of your choice. a 
37. Newton’s method Use Newton’s method to approximate the 74. J Jao ady 75, / See E TE E T 
x-coordinatesof the inflection points of f(x) = 2x7 — 6x? — 
4x + 2 to six digits. 1 
38-51. Limits Evaluate the following limits. Use l’ Hépital’s Rule 10; J 2e™ dx T1. ra dx 


when needed. 


dx dx 
P-P- 1 — cos 6t 78. I E 79. J 
38. lim ——————— 39. lim A ORN Vica ye te | 


2 ot? — 4 T 2t 


+ 
5x2 + 2x — 5 3 sin? 20 pe 81. | (Vx + Vx’) dx 
40. lim S 41. lim —— sec 6 

x— 00 x4 =. | 0—0 0 





82-85. Functions from derivatives Find the function with the 


a2: mV tat 1 yea) following properties. 














x— 00 
24° ; = = 
43. lim 26 cot 30 44. lim “—_—** 82. f'(x) = 3x° — Land f(0) = 10 
0—0 —>0 
: i 83. f'(t) = sint + 2tandf(0) = 5 
In’? y 3 sin 80 
45. lim 46. lim 84. g'(t) = 1? + £7 andg(1) = 1 
yO" Vy 60 8 sin 36 a(t) Le 
in a x4 — x3 — 3x2 + 54-2 85. h'(x) = sin? x and h(1) = 1 (Hint: sin’ x = (1 — cos 2x) /2.) 
i a goa eee. See 86. Motion along a line Two objects move along the x-axis with 
a position functions x;(t) = 2 sint and x(t) = sin (t — w/2). At 
48. lim In x AS. Tivdse Gan ar what times on the interval [0, 27r | are the objects closest to each 
foe Ax x0 other and farthest from each other? 
In x x+1 87. Vertical motion with gravity A rocket is launched vertically 
50. um : 51. pin In pes Al upward with an initial velocity of 120 m/s from a platform that 


is 125 m above the ground. Assume that the only force at work is 
gravity. Determine and graph the velocity and position functions 
of the rocket, for t = 0. Then describe the motion in words. 


88. Logs of logs Compare the growth rates of In x, In (In x), and 
In (in (In x)). 


x 
89. Two limits with exponentials Evaluate lim, ; and 
x0 1 — e~ 
r 
m ———, and confirm your result by graphing. 
a Se 

. A eG ee ot 1/r 

90. Geometric mean Prove that _ 3 = Vabe, 

ra 


where a, b, and c are positive real numbers. 


91-92. Two methods Evaluate the following limits in two different 
ways: Use the methods of Chapter 2 and use l’Hopital’s Rule. 


93. Towers of exponents The functions f(x) = (x*)* and 


g(x) = xX 
and g(3) ~ 7.6 X 10!*. Determine whether lim, f(x) and 


Xx 
lim, g(x) are indeterminate forms and evaluate the limits. 
x= 


Chapter 4 Guided Projects 


) are different functions. For example, f(3) = 19,683 


94. 


95. 


96. 
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Cosine limits Let n be a positive integer. Use graphical and/or 
analytical methods to verify the following limits. 
r I= cosx" 1 
a. lim ——~>~—— = = 
x0) x?” 2 
b. lim = = on 
x—>0 x 2 
Limits for e Consider the function g(x) = (1 + 1/x)**“. Show 


that if0 < a < 5, then g(x) > e from below as x > %; if 
+ <a < 1, then g(x) — e from above as x > &. 


A family of super-exponential functions Let f(x) = (a + x)’, 
where a > 0. 


a. What is the domain of f (in terms of a)? 

b. Describe the end behavior of f (near the left boundary of its 
domain and as x > ©), 

c. Compute f’. Then graph f and f’, fora = 0.5, 1, 2, and 3. 

d. Show that f has a single local minimum at the point z that sat- 
isfies (z + a) In(z+a)+z=0. 

e. Describe how z (found in part (d)) varies as a increases. 
Describe how f(z) varies as a increases. 


Applications of the material in this chapter and related topics can be found in the following Guided Projects. For additional informa- 


tion, see the Preface. 


e Oscillators 


e Newton’s method 


e Ice cream, geometry, and calculus 


F <=. WN ere Wes 
ee ie. =. a # 
eal gs —- ye a Mra -a x 
in e i = 
an. =, SS — -_~3 i —— ~ => Ee = 
SS SS SS a ~ 





5.1 Approximating Areas 
under Curves 


Chapter Preview We are now at a critical point in the calculus story. 
Many would argue that this chapter is the cornerstone of calculus because it explains 
the relationship between the two processes of calculus: differentiation and integra- 
5.3 Fundamental Theorem tion. We begin by explaining why finding the area of regions bounded by the graphs 

of Calculus of functions is such an important problem in calculus. Then you will see how anti- 
derivatives lead to definite integrals, which are used to solve this problem. But there 
is more to the story. You will also see the remarkable connection between deriva- 
5.5 Substitution Rule tives and integrals, which is expressed in the Fundamental Theorem of Calculus. In 
this chapter, we develop key properties of definite integrals, investigate a few of their 
many applications, and present the first of several powerful techniques for evaluating 
definite integrals. 


5.2 Definite Integrals 


5.4 Working with Integrals 


5.1 Approximating Areas under Curves 


The derivative of a function is associated with rates of change and slopes of tangent lines. 
We also know that antiderivatives (or indefinite integrals) reverse the derivative operation. 
Figure 5.1 summarizes our current understanding and raises the question: What is the geo- 
metric meaning of the integral? The following example reveals a clue. 


Area under a Velocity Curve 


Consider an object moving along a line with a known position function. You learned in 
previous chapters that the slope of the line tangent to the graph of the position function 
at a certain time gives the velocity v at that time. We now turn the situation around. If 


Slopes of 9 we know the velocity function of a moving object, what can we learn about its position 
tangent lines function? 





FIGURE 5.1 Imagine a car traveling at a constant velocity of 60 mi/hr along a straight high- 
way over a two-hour period. The graph of the velocity function v = 60 on the interval 
0 = ¢t S 21s a horizontal line (Figure 5.2). The displacement of the car between t = 0 


and t = 2 hr is found by a familiar formula: 
» Recall from Section 3.5 that the 


displacement of an object moving along displacement = rate - time 

a line is the difference between its initial = 60 mi i hr: 2 hr = 120 mi. 

and final position. If the velocity of an 

object is positive, its displacement equals This product is the area of the rectangle formed by the velocity curve and the f-axis 
the distance traveled. between t = 0 and t = 2 (Figure 5.3). In the case of constant positive velocity, we 
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» The side lengths of the rectangle in 
Figure 5.3 have units mi/hr and hr. 
Therefore, the units of the area are 
mi/hr+hr = mi, which is the unit of 
displacement. 
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see that the area between the velocity curve and the t-axis is the displacement of the 
moving object. 


<— Elapsed time 













70 70 = 2 hr 
> 60 = 
E (velocity function) E Area = displacement l 
> > = Velocity 
= = = (60 mi/hr)(2 hr) = 60 miit 
© © = 120 mi ee 
e 3 | 
0 LO 15 20 fÍ 0 05 10 15 20 t 
Time (hr) Time (hr) 
FIGURE 5.2 FIGURE 5.3 





on TE mi i/ hr = a half hour, 20 mi/hr for the next half hour, and 30 mi/hr for the next 
hour? < 


Because objects do not necessarily move at a constant velocity, we must extend 
these ideas to positive velocities that change over an interval of time. One strategy 
is to divide the time interval into many subintervals and approximate the velocity on 
each subinterval by a constant velocity. Then the displacements on each subinterval 
are calculated and summed. This strategy produces only an approximation to the dis- 
placement; however, this approximation generally improves as the number of subin- 
tervals increases. 


EXAMPLE 1 Approximating the displacement Suppose the velocity in meters / 
second of an object moving along a line is given by the function v = t?, where 0 = t < 8. 
Approximate the displacement of the object by dividing the time interval | 0, 8] into n sub- 
intervals of equal length. On each subinterval, approximate the velocity by a constant equal 
to the value of v evaluated at the midpoint of the subinterval. 

a. Begin by dividing |0, 8] into n = 2 subintervals: | 0, 4] and [4, 8]. 

b. Divide [0, 8] into n = 4 subintervals: [0,2], [2,4], [4,6], and [6, 8]. 

c. Divide |0, 8] into n = 8 subintervals of equal length. 


SOLUTION 


a. We divide the interval 0, 8 | into n = 2 subintervals, [0, 4 | and (4, 8], each with 
length 4. The velocity on each subinterval is approximated using the value of v evalu- 
ated at the midpoint of that subinterval (Figure 5.4a). 


e We approximate the velocity on [0, 4] by v(2) = 2? = 4 m/s. Traveling at 4 m/s 
for 4 s results in a displacement of 4m/s+4s = 16m. 


e We approximate the velocity on [4, 8] by v(6) = 6” = 36 m/s. Traveling at 36 m/s 
for 4 s results in a displacement of 36 m/s:4s = 144 m. 


Therefore, an approximation to the displacement over the entire interval | 0, 8] is 


(v(2)-4s) + (v(6)°4s) = (4m/s-4s) + (36m/s+4s) = 160m. 
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b. With n = 4 (Figure 5.4b), each subinterval has length 2. The approximate displace- 
ment over the entire interval is 
(1m/s:2s) + (9m/s:2s) + (25m/s:2s) + (49m/s:2s) = 168m. 


——— —— B p ee? 


v(1) v(3) v(5) v(7) 


c. With n = 8 subintervals (Figure 5.4c), the approximation to the displacement is 170 m. 
In each case, the approximate displacement is the sum of the areas of the rectangles 
under the velocity curve. 


The midpoint of each subinterval is used to 
approximate the velocity over that subinterval. 





(c) 
FIGURE 5.4 Related Exercises 9-16< 





1ECK 2 In Example 1, if we used n = 32 subintervals of equal length, what would 
be the length of each subinterval? Find the midpoint of the first and last subinterval.<« 


The progression in Example 1 may be continued. Larger values of n mean more 
rectangles; in general, more rectangles give a better fit to the region under the curve 
(Figure 5.5). With the help of a calculator, we can generate the approximations in Table 5.1 
using n = 1, 2, 4, 8, 16, 32, and 64 subintervals. Observe that as n increases, the approxi- 
mations appear to approach a limit of approximately 170.7 m. The limit is the exact dis- 
placement, which is represented by the area of the region under the velocity curve. This 
strategy of taking limits of sums is developed fully in Section 5.2. 


Table 5.1 Approximations to the area under the 
velocity curve v = ¢* on [0,8] 





FIGURE 5.5 Number of Length of Approximate 
subintervals each subinterval displacement 
(area under curve) 


1 8S 128.0 m 

2 4s 160.0 m 

4 2s 168.0 m 

8 ls 170.0 m 
16 0.5 s 170.5 m 
32 0.25 s 170.625 m 


64 0.125 s 170.65625 m 
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Approximating Areas by Riemann Sums 


> The language “the area of the region We now develop a method for approximating areas under curves. Consider a function f 
bounded by the graph of a function” is that is continuous and nonnegative on an interval |a, b]. The goal is to approximate the 
often abbreviated as “the area under the area of the region R bounded by the graph of f and the x-axis from x = ato x = b (Fig- 


curve.” 


ure 5.6). We begin by dividing the interval | a, b] into n subintervals of equal length, 


LX, th EEN e.’ PEE 


where a = xo and b = x, (Figure 5.7). The length of each subinterval, denoted Ax, is 
found by dividing the length of the interval by n: 


b= 4 
n 


e <> 
FIGURE 5.6 Xy =a Xe i Ky ms Win x =b % 
FIGURE 5.7 


Ax = 








DEFINITION Regular Partition 


Suppose | a, b | is a closed interval containing n subintervals 


| Xo, xı], x, cone res aie] 


b 
of equal length Ax = = witha = x) and b = x,. The endpoints x9, x}, X2, ..-, 


Xn—1, Xn Of the subintervals are called grid points, and they create a regular partition 
of the interval | a, b |. In general, the kth grid point is 


x, = a + kAx, fork = 0,1,2,...,n 





QUICK CHECK 3 If the interval | 1, 9] is partitioned into 4 subintervals of equal length, 
what 1S “Ax? List the grid points xp, x1, X2, x3, and x4. < 





In the kth subinterval | x,_;, x,], we choose any point x, and build a rectangle whose 
height is F(x); the value of f at x, (Figure 5.8). The area of the rectangle on the kth sub- 
interval is 


height > base = f(x;,) Ax, where k = 1,2,...,n 


» Although the idea of integration was : . ; . . . 
Summing the areas of the rectangles in Figure 5.8, we obtain an approximation to the area 


developed in the 17th century, it was os i 
of R, which is called a Riemann sum: 


almost 200 years later that the German 
mathematician Bernhard Riemann Fl x1) Ax + f( x ) oe ee f( x * ) Äx. 

(1826-1866) worked on the mathematical 

theory underlying integration. Three notable Riemann sums are the left, right, and midpoint Riemann sums. 
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Area of kth rectangle 
y = height - base 





FIGURE 5.8 


Left Riemann Sum 





FIGURE 5.9 


DEFINITION Riemann Sum 
Suppose f is defined on a closed interval | a, b], which is divided into n subin- 
tervals of equal length Ax. If x; is any point in the kth subinterval [x;,_,, x; |, for 
k = 1,2,...,n, then 

JaA + f(x2)Ax + +++ + flan) Ax 
is called a Riemann sum for f on |a, b]. This sum is 


e a left Riemann sum if x; is the left endpoint of |x,_1, x,| (Figure 5.9): 
¢ aright Riemann sum if x, is the right endpoint of | x,_,, x,| (Figure 5.10); and 


e a midpoint Riemann sum if x; is the midpoint of |x,_,, x] (Figure 5.11), 
fork = 1,2,...,n. 





Right Riemann Sum Midpoint Riemann Sum 





FIGURE 5.10 FIGURE 5.11 


EXAMPLE 2 Area under the sine curve Let R be the region bounded by the graph 
of f(x) = sin x and the x-axis between x = 0 and x = 7/2. 


a. 


b. 


Approximate the area of R using a left Riemann sum with n = 6 subintervals. 
Illustrate the sum with the appropriate rectangles. 

Approximate the area of R using a right Riemann sum with n = 6 subintervals. 
Illustrate the sum with the appropriate rectangles. 


. How do the area approximations in parts (a) and (b) compare to the actual area under 


the curve? 
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SOLUTION Dividing the interval |a, b] = [0, 7/2] into n = 6 subintervals means the 
length of each subinterval is 


b-a @/2-0_ Ff 









A= ————. Ss SS 
n 6 12 
a. To find the left Riemann sum, we set Xi Ya, Sa Xe equal to the left endpoints of the 
six subintervals. The heights of the rectangles are f(x;,), for k = 1,...,6. 
y 
f(x) = sinx 


Left Riemann Sum 


Width of each 
First rectangle rectangle is 
has height 0. ea = 
oa) 


F(x¥) = 0 


FIGURE 5.12 
The resulting left Riemann sum (Figure 5.12) is 


fei) Ax + flea) Ax +--+ fle) Ax 
=|s 0-73] + [so (G3) aa] * se) aa] 
+ [sm (E * Le 3) aa) * Lea) a 


=~ 0.863. 


b. In a right Riemann sum, the right endpoints are used for x1 oe bats ee and the 
heights of the rectangles are f(x%), fork = 1,...,6. 










f(x) = sin x 


Right Riemann Sum 


Width of each 
rectangle is 


eee 


FIGURE 5.13 
The resulting right Riemann sum (Figure 5.13) 1s 


"POZ EOZ eez 
+ [sin($)-Z] + Gah Ga 
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QUICK CHECK 4 If the function in c. Looking at the graphs, we see that the left Riemann sum in part (a) underestimates the 
Example 2 is f(x) = cos x, does the actual area of R, whereas the right Riemann sum in part (b) overestimates the area of 
left Riemann sum or the right R. Therefore, the area of R is between 0.863 and 1.125. As the number of rectangles 
Riemann sum overestimate the area increases, these approximations improve. Related Exercises 17-26< 


under the curve? << 
EXAMPLE 3 A midpoint Riemann sum Let R be the region bounded by the graph 
of f(x) = sin x and the x-axis between x = 0 and x = 77/2. Approximate the area of R 
using a midpoint Riemann sum with n = 6 subintervals. Illustrate the sum with the ap- 
propriate rectangles. 


SOLUTION The grid points and the length of the subintervals Ax = 77/12 are the same 
as in Example 2. To find the midpoint Riemann sum, we set Xi Xa Lees Ge equal to the 
midpoints of the subintervals. The midpoint of the first subinterval is the average of x 
and x,, which is 

$ x1 + Xo miro a 


Qo OO ‘ 
2 2 24 


The remaining midpoints are also computed by averaging the two nearest grid points. 










Midpoint Riemann Sum f(x) = sinx 





Width of each 
rectangle is 


a 
Ax =75- 


FIGURE 5.14 


The resulting midpoint Riemann sum (Figure 5.14) is 


f(x Ae Ff) Ax «oe fe) Ax 
sin( 2). 2] + [sin(3)- 2] + [sin( 3). 2] 
+ [sin SF) aa] + [se (Sa) aa] + [= (GE) ab. 


=~ 1.003. 


Comparing the midpoint Riemann sum (Figure 5.14) with the left (Figure 5.12) and right 
(Figure 5.13) Riemann sums suggests that the midpoint sum is a more accurate estimate 


Table 5.2 of the area under the curve. Related Exercises 27-34< 
x fŒ) EXAMPLE 4 Riemann sums from tables Estimate the area A under the graph of f 

0 l on the interval [0, 2] using left and right Riemann sums with n = 4, where f is continu- 
0.5 3 ous but known only at the points in Table 5.2. 

1.0 4.5 


SOLUTION With n = 4 subintervals on the interval [0,2], Ax = 2/4 = 0.5. Using the 
left endpoint of each subinterval, the left Riemann sum is 


A = (f(0) + (0.5) + f(1.0) + f(1.5)) Ax = (1 + 3 + 4.5 + 5.5)0.5 = 7.0. 


» Formulas for Ske , where p is a positive 
k=l 
integer, have been known for centuries. 
The formulas for p = 0, 1,2, and 3 are 
relatively simple. The formulas become 
complicated as p increases. 
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Using the right endpoint of each subinterval, the right Riemann sum is 
A = (f(0.5) + f(1.0) + f(1.5) + f(2.0))Ax = (3 + 4.5 + 5.5 + 6.0)0.5 = 9.5. 


With only five function values, these estimates of the area are necessarily crude. Better 
estimates are obtained by using more subintervals and more function values. 
Related Exercises 35—38< 


Sigma (Summation) Notation 


Working with Riemann sums is cumbersome with large numbers of subintervals. There- 
fore, we pause for a moment to introduce some notation that simplifies our work. 


Sigma (or summation) notation is used to express sums in a compact way. For example, 
10 


the sum 1 + 2+ 3 + --- + 10 is represented in sigma notation as Sk. Here is how 
k=1 

the notation works. The symbol $ (sigma, the Greek capital S) stands for sum. The index 

k takes on all integer values from the lower limit (k = 1) to the upper limit (k = 10). 

The expression that immediately follows È (the summand) is evaluated for each value of 

k, and the resulting values are summed. Here are some examples. 


99 n 
SkK=14+24+34+---4+99= 4950 Šk=1+2+'-+n 

k=1 k=1 

3 4 

SeP=04+74+27+37= 14 S(2k+1)=34+54+74+9=24 
k=0 k=1 


S (2 + 6 = [(-1)2 + (-1)] + (02 + 0) + (12 + 1) + (2 +2) =8 


The index in a sum is a dummy variable. It is internal to the sum, so it does not matter 
what symbol you choose as an index. For example, 


99 99 99 
k= Dn = Dp. 
k=1 n=l p=1 
Two properties of sums and sigma notation are useful in upcoming work. Suppose that 


{ ay, Ci ba <x and { by, Diiss b, } are two sets of real numbers, and suppose that c 
is a real number. Then we can factor constants out of a sum: 


n n 
Constant Multiple Rule > Cay = c > Ap. 
k=1 k=1 


We can also split a sum into two sums: 


n 


Addition Rule X (ae + by) = Xart X br 
k=l k=1 k=l 


In the coming examples and exercises, the following formulas for sums of powers of inte- 
gers are essential. 


THEOREM 5.1 Sums of Positive Integers 
Let n be a positive integer. 


n(n + 1)(2n + 1) 


n 2 = 
> 6 





Related Exercises 39—42 < 
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Riemann Sums Using Sigma Notation 


With sigma notation, a Riemann sum has the convenient compact form 


flar)Ax + flx2)Ax + +++ + flap) Ax = 2 flr) Ax. 


To express left, right, and midpoint Riemann sums in sigma notation, we must identify the 
points x;. 
e For left Riemann sums, the left endpoints of the subintervals are 

xp=at (k — 1)Ax, fork = 1,...,n. 


e For right Riemann sums, the right endpoints of the subintervals are x, = a + kAx, 
fork = 1,..., 7. 


e For midpoint Riemann sums, the midpoints of the subintervals are 
xp=at c= +) Ax, for k = ee 


The three Riemann sums are written compactly as follows. 


DEFINITION Left, Right, and Midpoint Riemann Sums in Sigma Notation 


Suppose f is defined on a closed interval la, b), which is divided into n subintervals of 
equal length Ax. fxi is a point in the kth subinterval = Xgl, fork = 1,2,...,n, 


n 
then the Riemann sum of f on |a, b| is X, f(x;,) Ax. Three cases arise in practice. 
k=1 


e left Riemann sum if x, = a + (k — 1)Ax 
e right Riemann sum if x, = a + kAx 


e midpoint Riemann sum if. x, = aqa + (k = +) Ax, fork = 1,2,...,n 





10 fa 24 EXAMPLE 5 Calculating Riemann sums Evaluate the left, right, and midpoint 
Riemann sums of f(x) = x? + 1 between a = 0 and b = 2 using n = 50 subintervals. 
Make a conjecture about the exact area of the region under the curve (Figure 5.15). 


SOLUTION With n = 50, the length of each subinterval is 


b-a 2-0 1 
= — = — = 0.04. 


A 
j n 50 25 





The value of x% for the left Riemann sum is 


x, = a+ (k— 1)Ax = 0 + 0.04(k — 1) = 0.04k — 0.04, 





FISURE S43 fork = 1,2,...,50. Therefore, the left Riemann sum, evaluated with a calculator, is 


n 50 
Dd f(xy) Ax = > f(0.04k — 0.04)0.04 = 5.8416. 
k=1 k=l 
To evaluate the right Riemann sum, we let x, = a + kAx = 0.04k and find that 


n 50 
NX f(x) Ax = X f(0.04k)0.04 = 6.1616. 
k=1 k=1 


Table 5.3 Left, right, and 


100 
120 
140 
160 
180 
200 


midpoint riemann 
sum approximations 


Ly 


5.61 
5.8025 
5.86778 
5.90063 
5.9204 
5.93361 
5.94306 
5.95016 
5.95568 
5.9601 


R, 


6.41 
6.2025 
6.13444 
6.10063 
6.0804 
6.06694 
6.05735 
6.05016 
6.04457 
6.0401 


Mn 


5.995 
5.99875 
5.99944 
5.99969 
5.9998 
5.99986 
5.9999 
5.99992 
5.99994 
3.99999 
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For the midpoint Riemann sum, we let 


$ 1 1 
x; =a + (x = Hax = 0 + 0.04(k = =) = 0.04k — 0.02. 
The value of the sum is 
n 50 
X f(xi)Ax = X f(0.04k — 0.02)0.04 = 5.9992. 
k=1 k=l 


Because f is increasing on [0, 2], the left Riemann sum underestimates the area of the 
shaded region in Figure 5.15, while the right Riemann sum overestimates the area. There- 
fore, the exact area lies between 5.8416 and 6.1616. The midpoint Riemann sum usually 
gives the best estimate for increasing or decreasing functions. 

Table 5.3 shows the left, right, and midpoint Riemann sum approximations for val- 
ues of n up to 200. All three sets of approximations approach a value near 6, which is a 
reasonable estimate of the area under the curve. In Section 5.2, we show rigorously that 
the limit of all three Riemann sums as n — © is 6. 


ALTERNATIVE SOLUTION It is worth examining another approach to Example 5. Con- 
sider the right Riemann sum given previously: 


n 50 
Ș f(xp)dx = X, f(0.04k)0.04. 
k=1 k=l 


Rather than evaluating this sum with a calculator, we note that f(0.04k) = (0.04k)? + 1 
and then use the properties of sums: 


a 50 
X f(x Ax = X ((0.04k)° + 1)0.04 
k=1 k= —_—_—" 
po = 
50 50 
= X (0.04k)? 0.04 + X1:0.04 S(a, +h) = Sart Sh 
k=l k=1 


N car =< c> ar 


50 50 
= (0.04)* k? + 0.041. 
k=1 k=1 
Using the summation formulas for powers of integers in Theorem 5.1, we find that 


50 50 2 2 
507-51 

X1 = 50 and NK Tae 

= = 4 


Substituting the values of these sums into the right Riemann sum, its value is 


50 

s 3851 
X f(x) Ax = = = 6.1616, 
= 625 


confirming the result given by a calculator. The idea of evaluating Riemann sums for 
arbitrary values of n is used in Section 5.2, where we evaluate the limit of the Riemann 
sum as n — ©, 

Related Exercises 435-52 < 
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SECTION 5.1 EXERCISES 


Review Questions 10. 


1. 


Suppose an object moves along a line at 15 m/s forO = t < 2, 
and at 25 m/s for 2 < t < 5, where t is measured in seconds. 
Sketch the graph of the velocity function and find the displace- 
ment of the object for 0 = t s 5. 


Approximating displacement The velocity in feet /second of an 
object moving along a line is given by v = V 10t on the interval 


1 


<t<7. 


a. Divide the time interval | 1,7] into n = 3 subintervals, | 1, 3], 





[3, 5], and [5, T|; On each subinterval, assume the object 
moves at a constant velocity equal to the value of v evaluated 











2. Given the graph of the positive velocity of an object moving along a i 
a line, what is the geometrical representation of its displacement l the midp oint of the subinter val and use these APPIUS E 
over a time interval [a, b]? tions to estimate the displacement of the object on |1, 7] (see 
part (a) of the figure). 
3. Suppose you want to approximate the area of the region bounded b. Repeat part (a) for n = 6 subintervals (see part (b) of the 
by the graph of f(x) = cos x and the x-axis between x = 0 and figure). 
x = 7/2. Explain a possible strategy. 
Vv 
4. Explain how Riemann sum approximations to the area of a region v =V108 
under a curve change as the number of subintervals increases. 
5. Suppose the interval | 1, 3] is partitioned into n = 4 subintervals. 
What is the subinterval length Ax? List the grid points x9, x1, X2, 
x3, and x4. Which points are used for the left, right, and midpoint 
Riemann sums? 
6. Suppose the interval |2, 6] is partitioned into n = 4 subintervals 
with grid points xọ = 2,x, = 3,x%, = 4,%; = 5, and x4 = 6. (b) 
Write, but do not evaluate, the left, right, and midpoint Riemann 
sums for f(x) = x”. 11-16. Approximating displacement The velocity of an object 
is given by the following functions on a specified interval. 
7. Does the right Riemann sum underestimate or overestimate the A oe med o a ene ee 
a pproximate the disp f j y 
sea of the nero under the graph of a positive decreasing func- subdividing the interval into the indicated number of subintervals. 
tion? Explain. Use the left endpoint of each subinterval to compute the height of 
8. Does the left Riemann sum underestimate or overestimate the area the rectangles. 
of the region under the graph of a positive increasing function? 11. v = 2t+1(m/s),for0 <1 <8; n=2 
Explain. 
12. v = e' (m/s), forO St $3; n =3 
Basic Skills 1 
9. Approximating displacement The velocity in feet /second of an 13. v= (m/s), fr0 StS 8; n=4 
object moving along a line is given by v = 3t? + 1 on the inter- 21+ | 
va OS t= 4. 14. v = 2/2 + 4 (ft/s), for0 St <= 12; n =6 
a. Divide the interval | 0, 4| into n = 4 subintervals, | 0, 1 |, —=,.. 
[1,2], [2,3], and a each subinterval, a a ARIS: PONE E OBE Cte 
object moves at a constant velocity equal to the value of v t+ 3 
evaluated at the midpoint of the subinterval and use these oe 6 (m/s), for0 =1= 4; n= 4 
approximations to estimate the displacement of the object on 
[0, 4] (see part (a) of the figure). 17-18. Left and right Riemann sums Use the figures to calculate 
b. Repeat part (a) for n = 8 subintervals (see part (b) of the the left and right Riemann sums for f on the given interval and for the 
figure). given value of n. 





br 





17. f(x) =x+1on[1,6]; n=5 


x 
fax 1 f@=x+1 
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subinterval to determine the height of each rectangle (see 
figure). 


f(x) = I/x fœ) = lk 











19-26. Left and right Riemann sums Complete the following steps 


for the given function, interval, and value of n 29-34. Midpoint Riemann sums Complete the following steps for the 


given function, interval, and value of n. 
a. Sketch the graph of the function on the given interval. 


b. Calculate Ax and the grid points xo, x; ” a. Sketch the graph of the function on the given interval. 


c. Illustrate the left and right Riemann sums. Then determine which b. Calculate Ax and the BP id POUUS Ag pit eiepets . 
Riemann sum underestimates and which sum overestimates the area © 4lustrate the midpoint Riemann sum by sketching the appropriate 
under the curve. rectangles. 


d. Calculate the left and right Riemann sums. d. Calculate the midpoint Riemann sum. 


19. f(x) =x+t+1 on[0, 4]; n=4 29. f(x) =2x +1 on[0,4];n = 4 
20. f(x) =9-—x on[3,8];n=5 30. f(x) =2cos'x on[0,1]; n =5 
21. f(x) =cosx on[0,7/2|; n= 4 M31. f(x) = Vx on[1,3]; a = 
as oD eee 
M22. f(x) = sin! (x/3) on [0,3]; n= 6 32. f(x) =x* on[0,4]; n= 4 
- — 1 
23 f(x) =x? -— 1 on [2,4]; n = 4 33. f(x) =- on [1,6]; 2 =5 
x 
24. f(x) = 2x”? on[1,6]; n =5 
34. f(x) =4-—-x on[-1,4]; n=5 
M25. f(x) =e? on[1,4]; n = 6 
35-36. Riemann sums from tables Use the tabulated values of f to 
m26. f(x) = In4x on eas evaluate the left and right Riemann sums for the given value of n. 


27. A midpoint Riemann sum Approximate the area of the region 35. n = 4; [0,2] 
bounded by the graph of f(x) = 100 — x? and the x-axis 
on [0, 10] with n = 5 subintervals. Use the midpoint of each 
subinterval to determine the height of each rectangle (see 
figure). 








= 100 — x? 


peel? Bl? eb fof? [> 


37. Displacement from a table of velocities The velocities 
(in miles /hour) of an automobile moving along a straight high- 
way over a two-hr period are given in the following table. 


ee [o [oas os os o pas s a 
28. A midpoint Riemann sum Approximate the area of the region | v(mifhr) | 50 | so | 6o | 60 |55| 65 | 50 | 60 | 70 | 


bounded by the graph of f(t) = cos (t/2) and the t-axis 
on [0, 7] with n = 4 subintervals. Use the midpoint of each 








a. Sketch a smooth curve passing through the data points. 
b. Find the midpoint Riemann sum approximation to the dis- 
placement on [0,2] with n = 2 andn = 4. 
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38. 


39. 


40. 


41. 


42. 
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Displacement from a table of velocities The velocities (in meters/ 


second) of an automobile moving along a straight freeway over a 
four-second period are given in the following table. 


o ec 





ri [> fs o [3 [50 | a [5] [oo 


a. Sketch a smooth curve passing through the data points. 
b. Find the midpoint Riemann sum approximation to the dis- 
placement on [0, 4| with n = 2 and n = 4 subintervals. 


Sigma notation Express the following sums using sigma notation. 


(Answers are not unique.) 


a 1+2+3+4+5 b.4+5+6+7+8+9 
e 1? +2 +3 +4 d.1+5+5+3 


Sigma notation Express the following sums using sigma notation. 


(Answers are not unique.) 


a leat oo 7 eee O90 
b.44+9+144+---+ 44 
e 3+8 + 13 ++ + 63 


l l I 
— + + +-+ 


aT 2-3 3.4 49 - 50 








Sigma notation Evaluate the following expressions. 


a. Dk b. X (2k + 1) 





k=1 k=1 
5 
c k? d. S(1 +n’) 
k=1 n=l 
3 2m+2 
e > ; f. > Bj- 4) 
m=1 j=l 
5 4 nT 
g X (2p +p’) h > sin — 
p=1 n=0 2 


Evaluating sums Evaluate the following expressions by two 
methods. 





(i) Use Theorem 5.1. (ii) Use a calculator. 
45 45 75 
a. Dk b. X (5k — 1) ce >) 2k? 
k=1 k=1 k=1 
50 75 20 
2m + 2 
a Stn) e YZ £. S(3j- 4) 
n=l m=1 5 j=l 
35 40 
g > (2p +p?) h X(n? + 3n —- 1) 
p=1 n=0 


43-46. Riemann sums for larger values of n Complete the following 
steps for the given function f and interval. 


a. For the given value of n, use sigma notation to write the left, right, 
and midpoint Riemann sums. Then evaluate each sum using a 
calculator. 

b. Based on the approximations found in part (a), estimate the area of 
the region bounded by the graph of f and the x-axis on the interval. 


43. 
44. 


f(x) = Vx, [0,4]; n = 40 
f(x) = x7 +1, [-1, ii n = 50 


45. f(x) = x? — 1, [2,7]; n = 75 
46. f(x) = cos 2x, [0, m/4];n = 60 


47-52. Approximating areas with a calculator Use a calculator and 
right Riemann sums to approximate the area of the region described. 
Present your calculations in a table showing the approximations 
forn = 10, 30, 60, and 80 subintervals. Comment on whether your 
approximations appear to approach a limit. 


47. The region bounded by the graph of f(x) = 4 — x° and the 
x-axis on the interval [—2, 2 | 


48. The region bounded by the graph of f(x) = x? + 1 and the 
x-axis on the interval [0, 2 | 


49. The region bounded by the graph of f(x) = 2 — 2 sin x and the 
x-axis on the interval [—a /2, 7/2] 


50. The region bounded by the graph of f(x) = 2* and the x-axis on 
the interval | 1, 2 | 


51. The region bounded by the graph of f(x) = In x and the x-axis on 
the interval | 1, e] 


52. The region bounded by the graph of f(x) = Vx + 1 and the 
x-axis on the interval [0, 3| 


Further Explorations 
53. Explain why or why not State whether the following statements 
are true and give an explanation or counterexample. 


a. Consider the linear function f(x) = 2x + 5 and the region 
bounded by its graph and the x-axis on the interval [3, 6]. Sup- 
pose the area of this region is approximated using midpoint 
Riemann sums. Then the approximations give the exact area of 
the region for any number of subintervals. 

b. A left Riemann sum always overestimates the area of a region 
bounded by a positive increasing function and the x-axis on an 
interval |a, b]. 

c. For an increasing or decreasing nonconstant function on an 
interval |a, b| and a given value of n, the value of the midpoint 
Riemann sum always lies between the values of the left and 
right Riemann sums. 


54. Riemann sums for a semicircle Let f(x) = V1 — x’. 


a. Show that the graph of f is the upper half of a circle of radius 
1 centered at the origin. 

b. Estimate the area between the graph of f and the x-axis on the 
interval [—1, 1] using a midpoint Riemann sum with n = 25. 

c. Repeat part (b) using n = 75 rectangles. 

d. What happens to the midpoint Riemann sums on [—1, 1] as 
n— œ? 


55-58. Sigma notation for Riemann sums Use sigma notation to 
write the following Riemann sums. Then evaluate each Riemann sum 
using Theorem 5.1 or a calculator. 


55. The right Riemann sum for f(x) = x + 1 on [0,4] withn = 50 
56. The left Riemann sum for f(x) = e* on [0, In 2] with n = 40 
57. The midpoint Riemann sum for f(x) = x? on [3,11] with n = 32 


58. The midpoint Riemann sum for f(x) = 1 + cos ax on |0, 2 | 
with n = 50 


59-62. Identifying Riemann sums Fill in the blanks with right, left, or 


59. 


60. 


61. 


62. 


63. 


64. 


midpoint; an interval; and a value of n. In some cases, more than 
one answer may work. 


4 
X fQ + k)+1isa____ Riemann sum for f on the interval 
k=1 


,___| withn = 
Riemann sum for f on the interval 


| 
S2 +k) lisa 


| with n = 








Riemann sum for f on the interval 


4 
X f(1.5 + k)- lisa 
1 


,___] withn = 





Riemann sum for f on the 


S(s + E) isa 
EA 2) 2 
interval L, o] with n = 


Approximating areas Estimate the area of the region bounded 

by the graph of f(x) = x? + 2 and the x-axis on [0, 2] in the fol- 

lowing ways. 

a. Divide [0,2] into n = 4 subintervals and approximate the area 
of the region using a left Riemann sum. Illustrate the solution 
geometrically. 

b. Divide [0, 2] into n = 4 subintervals and approximate the 
area of the region using a midpoint Riemann sum. Illustrate the 
solution geometrically. 

c. Divide [0,2] into n = 4 subintervals and approximate the area 
of the region using a right Riemann sum. Illustrate the solution 
geometrically. 


Approximating area from a graph Approximate the area of 
the region bounded by the graph (see figure) and the x-axis 
by dividing the interval [0, 6] into n = 3 subintervals. Then 
use left and right Riemann sums to obtain two different 
approximations. 





N wo A a A` N CO O 





—_ 


65. Approximating area from a graph Approximate the area of the 


region bounded by the graph (see figure) and the x-axis by divid- 
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ing the interval | 1,7] into n = 6 subintervals. Then use left and 
right Riemann sums to obtain two different approximations. 


y 





Applications 


66. 


67. 


Displacement from a velocity graph Consider the velocity func- 
tion for an object moving along a line (see figure). 


a. Describe the motion of the object over the interval [0, 6]. 

b. Use geometry to find the displacement of the object between 
t = Oandt = 3. 

c. Use geometry to find the displacement of the object between 
t = 3andt = 5. 

d. Assuming that the velocity remains 30 m/s, for t = 4, find the 
function that gives the displacement between t = O and any 
time? = 5. 


Velocity (m/s) 





Time (s) 


Displacement from a velocity graph Consider the velocity func- 
tion for an object moving along a line (see figure). 


a. Describe the motion of the object over the interval | 0, 6]. 

b. Use geometry to find the displacement of the object between 
t = Oandt = 2. 

c. Use geometry to find the displacement of the object between 
t = 2andt = 5. 

d. Assuming that the velocity remains 10 m/s, for t = 5, find the 
function that gives the displacement between t = O and any 
time? = 5. 


Velocity (m/s) 





Time (s) 
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68. Flow rates Suppose a gauge at the outflow of a reservoir mea- 
sures the flow rate of water in units of ft? /hr. In Chapter 6 we 
show that the total amount of water that flows out of the reservoir 
is the area under the flow rate curve. Consider the flow-rate func- 
tion shown in the figure. 


a. Find the amount of water (in units of ft’) that flows out of the 
reservoir over the interval | 0, 4]. 

b. Find the amount of water that flows out of the reservoir over 
the interval [ 8, 10]. 

c. Does more water flow out of the reservoir over the interval 
[0, 4] or [4, 6]? 

d. Show that the units of your answer are consistent with the 
units of the variables on the axes. 


Water flow rate (ft? /hr) 





4 6 
Time (hr) 


69. Mass from density A thin 10-cm rod is made of an alloy whose 
density varies along its length according to the function shown in the 
figure. Assume density is measured in units of g/cm. In Chapter 6, 
we show that the mass of the rod is the area under the density curve. 


a. Find the mass of the left half of the rod (0 = x = 5). 

b. Find the mass of the right half of the rod (5 = x =< 10). 

c. Find the mass of the entire rod (0 = x = 10). 

d. Estimate the point along the rod at which it will balance (called 
the center of mass). 


Density (g/cm) 





0 2 4 6 8 10 * 
Length (cm) 
70-71. Displacement from velocity The following functions describe 
the velocity of a car (in mi/hr) moving along a straight highway for 
a 3-hr interval. In each case, find the function that gives the displace- 
ment of the car over the interval |0, t|, where 0 = t = 3. 


40 fOsrsl5 


70. — 
0: ‘Se wise27es 


Velocity (mi/hr) 





1.5 2.0 205 
Time (hr) 


30 f0 st=2 
71. v(t) = 450 if2<t=s2.5 
44 fW25<ts3 


Velocity (mi/hr) 





1.5 2.0 2.5 
Time (hr) 


72-75. Functions with absolute value Use a calculator and the 


method of your choice to approximate the area of the following 
regions. Present your calculations in a table, showing approximations 
using n = 16, 32, and 64 subintervals. Comment on whether your 
approximations appear to approach a limit. 


72. The region bounded by the graph of f(x) = |25 — x?| and the 
x-axis on the interval (0, 10] 


73. The region bounded by the graph of f(x) = |x(x* — 1)| and the 
x-axis on the interval [—1, 1 | 


74. The region bounded by the graph of f(x) = |cos 2x| and the 
x-axis on the interval [0, 7 ] 


75. The region bounded by the graph of f(x) = |1 — x°| and the 
x-axis on the interval [—1, 2 | 


Additional Exercises 

76. Riemann sums for constant functions Let f(x) = c, where 
c > 0, be a constant function on |a, b]. Prove that any Riemann 
sum for any value of n gives the exact area of the region between 
the graph of f and the x-axis on (a, b]. 


77. Riemann sums for linear functions Assume that the linear 
function f(x) = mx + c is positive on the interval |a, b |. Prove 
that the midpoint Riemann sum with any value of n gives the 
exact area of the region between the graph of f and the x-axis 
on [a,b]. 





CK CHECK ANSWERS 


1.45mi 2. 0.25, 0.125, 7.875 3. Ax = 2; 
{1,3,5,7,9} 4. The left sum overestimates the area. < 


5.2 Definite Integrals 341 


5.2 Definite Integrals 









1.25 1.75 2.25 2.75 


| 1.5 | 2.0 | =| 


The midpoint Riemann 
sum for f(x) = 1 — x 
on [1, 3] is —6.625. 


FIGURE 5.16 


We introduced Riemann sums in Section 5.1 as a way to approximate the area of a region 
bounded by a curve y = f(x) and the x-axis on an interval la, b]. In that discussion, we 
assumed f to be nonnegative on the interval. Our next task is to discover the geometric 
meaning of Riemann sums when f is negative on some or all of |a, b]. Once this matter 
is settled, we can proceed to the main event of this section, which is to define the definite 
integral. With definite integrals, the approximations given by Riemann sums become exact. 


Net Area 


How do we interpret Riemann sums when f is negative at some or all points of la, b]? 
The answer follows directly from the Riemann sum definition. 


EXAMPLE 1 Interpreting Riemann sums Evaluate and interpret the following Rie- 
mann sums for f(x) = 1 — x? on the interval | a, b] with n equally spaced subintervals. 


a. A midpoint Riemann sum with la, b| = [1, 3] andn = 4 
b. A left Riemann sum with la, b] = [0,3] and n = 6 


SOLUTION 


=A 3:2 | . : 
=a 0.5. So the grid points are 





a. The length of each subinterval is Ax = 


X0 = 1, x, = 1.5, x) = 2. X3 — 2.9, X4 = 3. 


To compute the midpoint Riemann sum, we evaluate f at the midpoints of the subin- 
tervals, which are 


AFi, aS 1 a m= 2. ma. 


The resulting midpoint Riemann sum is 


DfA = > f(x;,)(0.5) 


= f(1.25)(0.5) + f(1.75)(0.5) + f(2.25)(0.5) + f(2.75)(0.5) 

= (—0.5625 — 2.0625 — 4.0625 — 6.5625 )0.5 

= —6.625. 
All values of f(xz) are negative, so the Riemann sum is also negative. Because area 
is always a nonnegative quantity, this Riemann sum does not approximate an area. 
Notice, however, that the values of f(xx) are the negative of the heights of the corre- 


sponding rectangles (Figure 5.16). Therefore, the Riemann sum is an approximation to 
the negative of the area of the region bounded by the curve. 


b-a 3-0 





b. The length of each subinterval is Ax = a 6 = 0.5 and the grid points are 


XH =0, x, =05, » = 1, x = 15, m= 2, x; = 2.5, xX = 3. 


To calculate the left Riemann sum, we set a i. eer oe equal to the left endpoints of 
the subintervals: 


rat = 0, oa = 0.5, re = 1, xa = 1.5, x: = 2, xe = 2.5. 
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The left Riemann || The left Riemann 
sum on [0, 1.5] sum on [1.5, 3] 
is 0.875. is —4.75. 











The resulting left 
Riemann sum on 
[0, 3] is — 3.875. 


FIGURE 5.17 






Regions above 
the x-axis 






b xX 


Region below 
the x-axis 


FIGURE 5.19 


» Net area suggests the difference between 
positive and negative contributions much 
like net change or net profit. Some texts 
use the term signed area for net area. 





The resulting left Riemann sum is 


n 6 
Di flrn)Ax = 2 f(x) (0.5) 
(f(0) + f(0.5) + f(1) + f(1.5) + f(2) + f(2.5)) 0.5 


— qe i uc cq 





nonnegative contribution negative contribution 
= (1 + 0.75 + 0 — 1.25 — 3 — 5.25) 0.5 
= —3.875. 


In this case the values of f(x;,) are nonnegative for k = 1, 2, and 3 and negative for 

k = 4,5, and 6 (Figure 5.17). Where f is positive, we get positive contributions to the 

Riemann sum and where f is negative, we get negative contributions to the sum. 
Related Exercises 11-20 


Let’s recap what was learned in Example 1. On intervals where f(x) < 0, Riemann 
sums approximate the negative of the area of the region bounded by the curve (Figure 5.18). 





n 
The Riemann sum > f(xpAx 
k=1 
approximates the negative of the 
area of the region bounded 
between the x-axis and the curve. 





FIGURE 5.18 


In the more general case that f is positive on only part of | a, b], we get positive contributions 
to the sum where f is positive and negative contributions to the sum where f is negative. In 
this case, Riemann sums approximate the area of the regions that lie above the x-axis minus the 
area of the regions that lie below the x-axis (Figure 5.19). This difference between the positive 
and negative contributions is called the net area; it can be positive, negative, or zero. 


QUICK CHECK 1 Suppose f(x) = —5. What is the net area of the region bounded by the graph 
of f and the x-axis on the interval | 1, 5 |? Make a sketch of the function and the region. < 


DEFINITION Net Area 


Consider the region R bounded by the graph of a continuous function f and the 
x-axis between x = a and x = b. The net area of R is the sum of the areas of the 


parts of R that lie above the x-axis minus the sum of the areas of the parts of R that 
lie below the x-axis on | a, b]. 





QUICK CHECK 2 Sketch a continuous 
function f that is positive over the 
interval [0, 1), negative over the inter- 
val (1, 2], such that the net area of the 
region bounded by the graph of f and 
the x-axis on |0, 2] is zero.< 








n = 75 subintervals 
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The Definite Integral 


Riemann sums for f on |a, b] give approximations to the net area of the region bounded 
by the graph of f and the x-axis between x = a and x = b, where a < b. How can we 
make these approximations exact? If f is continuous on |a, b], it is reasonable to expect 
the Riemann sum approximations to approach the exact value of the net area as the num- 
ber of subintervals n — © and as the length of the subintervals Ax — 0 (Figure 5.20). In 
terms of limits, we write 


netarea = lim X f(x;) Ax. 


n> k=] 





n = 40 subintervals 





: y =f) 
Net area = lim > T (xpAx 
n>” k=l 


n >œ and Ax >Q 


FIGURE 5.20. As the number of subintervals n increases, the Riemann sum approaches the net area of the region 
between the curve y = f(x) and the x-axis on [a, b]. 


The Riemann sums we have used so far involve regular partitions in which the sub- 
intervals have the same length Ax. We now introduce partitions of (a, b] in which the 
lengths of the subintervals are not necessarily equal. A general partition of la, b| con- 
sists of the n subintervals 


ll rera ee 
where xọ = a and x, = b. The length of the kth subinterval is Ax, = x, — x,_,, for 
k = 1,...,n. We let x; be any point in the subinterval | x,_,, xų]. This general partition is 


used to define the general Riemann sum. 
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» Note that A — 0 forces all Ax, —> 0, 
which forces n — œ. Therefore, it 
suffices to write A — 0 in the limit. 


» Itis imperative to remember that the 
indefinite integral f f(x) dx is a family of 
functions of x, while the definite integral 
J T (x) dx is a real number (the net area 
of a region). 


Upper limit Upper limit 
of integration of summation 


/ / 
J f(x) de = lim > foe) Ax, 


\ Integrand \ 


Lower limit Lower limit 
of integration of summation 


x is the variable of integration. 


FIGURE 5.21 


DEFINITION General Riemann Sum 


Suppose | Xo, x; |, [1.x |,.... [%,—1, Xn] ate subintervals of |a, b] with 


= My — ma St = oy = Xe, — B: 


Let Ax, be the length of the subinterval | x,_,, x;,] and let x; be any point in 
ESR) fork = 1,2,...,n. 


If f is defined on ee b), the sum 
ZS Ax = f(xi)Ax + fl(xz)Axm + +--+ f(x) Ax, 
=] 


is called a general Riemann sum for f on [a, b]. 





Now consider the limit of X f(x;)Ax, as n —> © and as all the Ax, > 0. We let A denote 
k=1 
the largest value of Ax that is, A = max { Ax, 5+ Grains Ax, }. Observe that if A —> 0, 
then Ax, — 0, fork = 1,2,...,n. In order for the limit lim ` f(x, ) Ax to exist, it must 
>Y k=] 


have the same value over all general partitions of |a, b] and for all choices of x; on 
a partition. 


DEFINITION Definite Integral 


A function f defined on (a, b] is integrable on la, b] if jim, >» f (xz) Axy exists 
Y k=1 


and is unique over all partitions of | a, b | and all choices of x; on a partition. This 
limit is the definite integral of f from a to b, which we write 


b n 
J fe dx = lim X f(xy) Ax% 
a A>0 =] 





Notation The notation for the definite integral requires some explanation. There is a direct 
match between the notation on either side of the equation in the definition (Figure 5.21). In the 
limit as A — 0, the finite sum, denoted >), becomes a sum with an infinite number of terms, 
denoted I . The integral sign I is an elongated S for sum. In this limit, the lengths of the 
subintervals Ax; are replaced by dx. The limits of integration, a and b, and the limits of sum- 
mation also match: The lower limit in the sum, k = 1, corresponds to the left endpoint of the 
interval, x = a, and the upper limit in the sum, k = n, corresponds to the right endpoint of 
the interval, x = b. The function under the integral sign is called the integrand. Finally, the 
differential dx in the integral is an essential part of the notation; it tells us that the variable of 
integration is x. 

The variable of integration is a dummy variable that is completely internal to the 
integral. It does not matter what the variable of integration is called, as long as it does not 
conflict with other variables that are in use. Therefore, the integrals in Figure 5.22 all have 
the same meaning. 


» For Leibniz, who introduced this notation 
in 1675, dx represented the width of an 
infinitesimally thin rectangle and f(x) dx 
represented the area of such a rectangle. 
He used J 7 f(x) dx to denote the sum of 
all these areas from a to b. 


» A function f is bounded on an interval 
I if there is a number M such that 
|f(x)| < M for all x in 7. 


b 
Net area = | f(x) dx 


= area above x-axis (Regions | and 3) 
— area below x-axis (Region 2) 





A bounded piecewise continuous 
function is integrable. 


FIGURE 5.23 
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FIGURE 5.22 


The strategy of slicing a region into smaller parts, summing the results from the parts, 
and taking a limit is used repeatedly in calculus and its applications. We call this strategy 
the slice-and-sum method. It often results in a Riemann sum whose limit is a definite 
integral. 


Evaluating Definite Integrals 


Most of the functions encountered in this text are integrable (see Exercise 81 for an excep- 
tion). In fact, if f is continuous on | a, b] or if f is bounded on |a, b| with a finite number 
of discontinuities, then f is integrable on |a, b|. The proof of this result goes beyond the 
scope of this text. 


THEOREM 5.2 Integrable Functions 
If f is continuous on la, b] or bounded on |a, b] with a finite number of disconti- 
nuities, then f is integrable on | a, b]. 





; oe b 
When f is continuous on la, b), we have seen that the definite integral J. i f(x) dx is 
the net area bounded by the graph of f and the x-axis on |a, b]. Figure 5.23 illustrates how 
the idea of net area carries over to piecewise continuous functions. 


1ECK 3 Graph f(x) = x and use geometry to evaluate f 7 x dx.< 





EXAMPLE 2 Identifying the limit of a saum Assume that 


lim X (3x + 2x, + 1)Ax 
A>0 <= 


is the limit of a Riemann sum for a function f on | 1, 3]. Identify the function f and express 
the limit as a definite integral. What does the definite integral represent geometrically? 


AMSER By comparing the sum Si 3x,° + 2x, + 1)Ax to the general Riemann sum 
ye T (1 JA we see that f(x) = 3y? + 2x + 1. Because f is a polynomial, it is continuous 
on 1. 3] and is, therefore, integrable on [1, 3]. It follows that 


3 
jim X Gx + 2xg + 1) Ax = J (3x7 + 2x + 1) dx. 
V k=1 1 
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Because f is positive on | 1, 3 |, the definite integral f i (3x7 + 2x + 1) dxis the area of the 
region bounded by the curve y = 3x? + 2x + 1 and the x-axis on |1, 3 | (Figure 5.24). 





n 3 
li 3x*? + 2x*+ LA =| Gx? +2 + Dd 
im D Gx; xy )Ax, Ox xX )dx 


FIGURE 5.24 Related Exercises 21—24<« 





EXAMPLE 3 Evaluating definite integrals using geometry Use familiar area 
y=2x + 3 formulas to evaluate the following definite integrals. 


a. [oe + 3) dx b. [oe ~ 6) dx c. | VE Fa 


SOLUTION To evaluate these definite integrals geometrically, a sketch of the correspond- 
ing region is essential. 


Area = 18 





a. The definite integral [ (2x + 3) dx is the area of the trapezoid bounded by the x-axis 





i | and the line y = 2x + 3 from x = 2 tox = 4 (Figure 5.25). The width of its base is 
L 2 2 and the lengths of its two parallel sides are f(2) = 7 and f(4) = 11. Using the area 
FIGURE 5.25 formula for a trapezoid we have 
4 
» A trapezoid and its area When a = 0, J (2x 4+ 3) dx = zo $ 7) = 18. 
we get the area of a triangle. When 2 2 


a = b, we get the area of a rectangle. l 
b. A sketch shows that the regions bounded by the line y = 2x — 6 and the x-axis are 


triangles (Figure 5.26). The area of the triangle on the interval |1, 3] is L. 2°4 = 4. 
Similarly, the area of the triangle on |3, 6] is -3-6 = 9. The definite integral is the 
net area of the entire region, which is the area of the triangle above the x-axis minus 
a the area of the triangle below the x-axis: 


6 
| x-6) de= netara =9 -4 = 5. 
1 


y y=2x—6 





FIGURE 5.26 
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y _ p) : 
c. We first let y = V 1 — (x — 3Y and observe that y = 0 when 2 < x < 4. Squarin 
MERV y ( ) y q g 


both sides leads to the equation (x — 3)? + y% = 1, whose graph is a circle of radius 
1 centered at (3, 0). Because y = 0, the graph of y = V1 — (x — 3)? is the upper 
half of the circle. It follows that the integral [ i V1 — (x — 3)? dx is the area of a 
quarter circle of radius 1 (Figure 5.27). Therefore, 





Area of shaded region = r1)? = Lr 


FIGURE 5.27 


| Ve Fa a P =7 


Related Exercises 25—32< 


HECK 4 Let f(x) = 5 and use geometry to evaluate If f(x) dx. What is the value 





of E fe, c dx where c is a real number? < 


EXAMPLE 4 Definite integrals from graphs Figure 5.28 shows the graph of a func- 
tion f with the areas of the regions bounded by its graph and the x-axis given. Find the 
values of the following definite integrals. 


a. J a) dx b. J Ha) de J Ha) dxs d. J re dx 


SOLUTION 





a. Because f is positive on | a, b], the value of the definite integral is the area of the 


FIGURE 5.28 


region between the graph and the x-axis on | a, b|; that is, f ° f(x) dx = 12. 


b. Because f is negative on |b, c], the value of the definite integral is the negative of the 
area of the corresponding region; that is, | E f(x) dx = —10. 


c. The value of the definite integral is the area of the region on | a, b] (where f is 
positive) minus the area of the region on |b, c| (where f is negative). Therefore, 
J. f(x) dx = 12 — 10 = 2. 


d. Reasoning as in part (c), we have SER) dx = —10 + 8 = -2. 
Related Exercises 33—40< 


Properties of Definite Integrals 


ae b . ' 
Recall that the definite integral J , f(x) dx was defined assuming that a < b. There are, 
however, occasions when it is necessary to allow the limits of integration to be reversed. If 
f is integrable on (a, b], we define 


J f(x) dx = — J Aa) dx. 


In other words, reversing the limits of integration changes the sign of the integral. 

Another fundamental property of integrals is that if we integrate from a point to itself, 
then the length of the interval of integration is zero, which means the definite integral is 
also zero. 





QUICK CHECKS) Evaluate DEFINITION Reversing Limits and Identical Limits 


b a : : 
k f(x) dx + Ji f(x) dx if f is Suppose f is integrable on (a, b]. 
integrable on [a, b].< 


Lf f(x) dx = — [ fx) dx 2. S f(x) dx = 0 





348 


CHAPTER 5 


INTEGRATION 


Integral of a Sum Definite integrals possess other properties that often simplify 
their evaluation. Assume f and g are integrable on (a, b]. The first property states that 
their sum f + g is integrable on |a, b] and the integral of their sum is the sum of their 
integrals: 


b b b 
J (f(x) + g(x)) dx = J ro dx + J g(x) dx. 
We prove this property, assuming that f and g are continuous. In this case, f + g is con- 


tinuous and, therefore, integrable. We then have 


n 


b 
oe x x Definition of definite 
[ (re) td = im, SIE + glAn — 


n n 
o x * Split into two finite 
= lim Ax, + A 
tim | Syeda + Bean] S, 


n n 
= lim X f(x) Ax + lim Yi g(x;,)Ax% Split into two limits. 
A>0 $=] A>0 =] 


b b 
_ I fa f a Definition of definite 
a a 


integral 


Constants in Integrals Another property of definite integrals is that constants can be 
factored out of the integral. If f is integrable on |a, b] and c is a constant, then cf is inte- 


grable on |a, b| and 
b b 
J cf(x) dx = e| f(x) dx. 


The justification (Exercise 79) is based on the fact that for finite sums, 
S cf(xk) Ax = c X, fxg) Axe 
k=1 k=1 


Integrals over Subintervals If c lies between a and b, then the integral on (a, b] 
may be split into two integrals. As shown in Figure 5.29, we have the property 


| TO dx | = | fx) dx | + | A ae 


y =f) 





O 
FIGURE 5.29 
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It is surprising that this same property also holds when c lies outside the interval [a, b]. 
For example, if a < b < cand f is integrable on |a, c], then it follows (Figure 5.30) that 


b c c 
| Toads] = | fæœ)dx| — | f(x) dx. 





FIGURE 5.30 


Because I 4 f(x) dx == | , f(x) dx, we have the original property f Px) dx = 
Aa F(x) ax. 


Integrals of Absolute Values Finally, how do we interpret f? |f(x)| dx, the inte- 
gral of the absolute value of a function? The graphs f and |f| are shown in Figure 5.31. 

The integral L If(x)| dx gives the area of regions R; and R>. But R, and R; have the 
same area; therefore, I |f(x)| dx also gives the area of R; and R}. The conclusion is that 
iC |f(x)| dx is the area of the entire region (above and below the x-axis) that lies between 
the graph of f and the x-axis on |a, b]. 


Table 5.4 Properties of definite integrals 





Let f and g be integrable functions on an interval that contains a, b, and c. 





1. J f(x) dx =0 Definition 
y = |œ] i 


a b 
2, / f(x) dx = — / f(x) dx Definition 
b a 


3. | G) + g(a) de = J fs) dx + J oe 


b 
4. J cf(x)dx = c a f(x) dx For any constant c 


| dx = dx + 
f Irœl dx = area of R; + area of R, s. [70 is [we X [roe 
Í = area of R| + area of R, 6. The function | f| is integrable on [a, b| and T ” f(x)| dx is the sum of the areas 
FIGURE 5.31 of the regions bounded by the graph of f and the x-axis on la, b). 


EXAMPLE 5 Properties of integrals Assume that fi i f(x)dx = 3 and 
I i f(x) dx = —10. Evaluate the following integrals, if possible. 


a. fy 2f(x) dx b. SIF) dx C [ f(x) dx d. J: 6f(x) dx e. i |f(x)| dx 
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x4 
Xa = n 
go 2 so 2k 
od ee) x na 
a=0 ~ b=2 
Ax = F 


k 


5 tage N 


2k 


xf = a + kAx = — 
n 


SOLUTION 

a. By Property 4 of Table 5.4, {02 f(x) dx = 2 fI f(x) dx = 2+(—10) = —20. 

b. By Property 5 of Table 5.4, hro dx = RF) dx + [3 f(x) dx. Therefore, 
Is fla) de = fo f(x) dx — fo f(x) dx = -10 — 3 = -13. 

c. By Property 2 of Table 5.4, 


IEG dx = - f 1 dx = —3. 


d. Using Properties 2 and 4 of Table 5.4, we have 


0 I 7 
J 6f(x) dx = -J 6f(x) dx = -6 | f(x)dx = (—6)(—10) = 60. 
7 0 0 
e. This integral cannot be evaluated without knowing the intervals on which f is positive 
and negative. It could have any value greater than or equal to 10. 


Related Exercises 41-46< 


CHECK 6 Evaluate f ie x dx and J 7 |x| dx using geometry. < 





Evaluating Definite Integrals Using Limits 


In Example 3 we used area formulas for trapezoids, triangles, and circles to evaluate defi- 
nite integrals. Regions bounded by more general functions have curved boundaries for 
which conventional geometrical methods do not work. At the moment the only way to 
handle such integrals is to appeal to the definition of the definite integral and the summa- 
tion formulas given in Theorem 5.1. 


We know that if f is integrable on |a, b], then SER) dx = jim Dd f (xp) Axe 
>Y k=l 


for any partition of [a,b] and any points x;. To simplify these calculations, we use 
equally spaced grid points and right Riemann sums. That is, for each value of n we let 


b — x 
Ax, = Ax = —— and xj =a+kAx,fork = 1,2,...,n.Then,asn — œ and A —> 0, 


b m , 
J ro dx = lim X f(x) Ax = lim > Ja + kAx)Ax. 
a 70 k=1 n> =j 


EXAMPLE 6 Evaluating definite integrals Find the value of f, 5 (x + 1) dx by 
evaluating a right Riemann sum and letting n — ~., 


SOLUTION Based on approximations found in Example 5, Section 5.1, we conjectured that 

the value of this integral is 6. To verify this conjecture, we now evaluate the integral exactly. 
b-a 2 

The interval |a, b] = [0, 2] is divided into n subintervals of length Ax = ne 





which produces the grid points 


i 2 2k 
X= a+ kâx=0+k = —, fork = 1,2,...,n. 
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Letting f(x) = x? + 1, the right Riemann sum is 


n R n 2k 3 2 
2 f(r) Ax = | *) + 12 


k= 
2 & [8k : i 
z (+ 1) XN cap = cD ay 
k=1\ k=1 k=1 
» An analogous calculation could be done 1/82 i F F P 
: ; N _ 3 
using left Riemann sums or midpoint = 3k J >!) X (a + bj) = ya i Xb 
Riemann sums. k=1 k=1 k=1 =1 k=1 
2 2 2 2 
= T Le) T n| Se = ee is = n; Theorem 5.1 
nin 4 j=l 4 k=1 
4(n? + 2n + 1) 
Se 2, Simplify. 
n 


Now we evaluate Jf a (x? + 1) dx by letting n — œ% in the Riemann sum: 


2 n 
J (x? + 1)dx = lim ¥ f(x,) Ax 
0 


n° k=1 
= [A(n? + 2n + 1) 
= lim E +2 
n—> 0 n 
l n? +2n+1 l 
= 4 lim —— + lim 2 
noo h noo 
= 4(1) +2 = 6. 


Therefore, I 5 (x3 + 1) dx = 6, confirming our conjecture in Example 5, Section 5.1. 
Related Exercises 47—52< 


The Riemann sum calculations in Example 6 are tedious even if f is a simple func- 
tion. For polynomials of degree 4 and higher, the calculations are much more chal- 
lenging, and for rational and transcendental functions, advanced mathematical results 
are needed. The next section introduces more efficient methods for evaluating definite 


integrals. 
SECTION 5.2 EXERCISES 
Review Questions 6. Explain how the notation for Riemann sums, > f (xz) Ax, 
1. Explain what net area means. k=1 ; 
ds to the notation for the definite integral, dx. 

2. How do you interpret geometrically the definite integral of a func- pene aerate E ewer E J a F(x) dx 

tion that changes sign on the interval of integration? 7. Give a geometrical explanation of why | s f(x)dx = 0. 
3. When does the net area of a region equal the area of a region? When 8. Use Table 5.4 to rewrite J o — 4x) dx as the sum of two 

does the net area of a region differ from the area of a region? integrals. 
4. Suppose that f(x) < 0 on the interval [a,b]. Using Riemann 9. Use geometry to find a formula for Í > x dx, in terms of a. 

lain why the definite integral dx i tive. 

i a ad e integral J a a) ae ani 10. If f is continuous on [a,b] and f i |f(x)| dx = 0, what can you 

5. Use graphs to evaluate I 0 ” sin x dx and J 0 ” cos x dx. conclude about f? 
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Basic Skills 
11-14. Approximating net area The following functions are negative 
on the given interval. 


a. Sketch the function on the given interval. 

b. Approximate the net area bounded by the graph of f and the 
x-axis on the interval using a left, right, and midpoint Riemann sum 
withn = 4. 


11. f(x) = —2x — 1; [0,4] 
M13. f(x) = sin 2x; [m/2, 7] 


12. f(x) =—4 — x’; [3,7] 
14. f(x) =x? — 1; [-2,0] 
15-20. Approximating net area The following functions are positive 
and negative on the given interval. 


a. Sketch the function on the given interval. 

b. Approximate the net area bounded by the graph of f and the 
x-axis on the interval using a left, right, and midpoint Riemann sum 
withn = 4. 

c. Use the sketch in part (a) to show which intervals of | a, b| make 
positive and negative contributions to the net area. 


15. f(x) = 4 — 2x; [0,4] 16. f(x) = 8 — 2x’; [0,4] 
17. f(x) = sin 2x; [0, 37/4] 18. f(x) = x°; [-1,2] 
19. f(x) =tan-'(3x — 1); [0,1] 20. f(x) = xe; [-1,1] 


21-24. Identifying definite integrals as limits of sums Consider the 
following limits of Riemann sums of a function f on (a, b]. Identify f 
and express the limit as a definite integral. 


n 


21. lim Si(x + 1)Ax; [0,2] 
A>0 <=] 


22: lim > Ax, Axe |=2,2| 
A>0 «= 


n 


23. lim 


` In x{Axg [1,2 
aoo a n XkAXk [ | 


24. lim |x? — 1]Ax; |-2, 2] 
A>0 <=] 


25-32. Net area and definite integrals Use geometry (not Riemann 
sums) to evaluate the following definite integrals. Sketch a graph of the 
integrand, show the region in question, and interpret your result. 


2 
26. J (2x + 4) dx 
—4 


28. fo — |x|) dx 


w f erea 


4 
25. / (8 = 2x) dx 
0 


27. [ (—|x]) dx 


4 
29. J V16 — x? dx 
0 


m 3 er fs ifx <2 
: / f(x) dx, where f(x) = a a oe 
10 4x il =x%= 2 
32, J g(x) dx, where g(x) = § -8x + 16 if2<xs3 
I —8 ifx>3 


33-36. Net area from graphs The figure shows the areas of regions 
bounded by the graph of f and the x-axis. Evaluate the following 
integrals. 


y 





33. J l f(x) dx 34. J f(x) dx 


35. / l f(x) dx 36. / l f(x) dx 


37—40. Net area from graphs The accompanying figure shows four 
regions bounded by the graph of y = x sin x: R4, Ro, R3, and Ra, 
whose areas are 1,7 — 1,7 + 1, and 27 — 1, respectively. (We 


verify these results later in the text.) Use this information to evaluate 


the following integrals. 







Area = 7 + 1 
y=xsinx 






Area = 7 — 1 


T 3m /2 
37. J x sin x dx 38. J x sin x dx 
0 0 


2T 2 
39. J x sin x dx 40. J x sin x dx 
0 ar /2 


41. Properties of integrals Use only the fact that 
J o 3x(4 — x) dx = 32 and the definitions and properties of 
integrals to evaluate the following integrals, if possible. 


b. [ou — 4) dx 


8 
d. J 3x(4 — x) dx 
0 


0 
a. J 3x(4 — x) dx 
4 


0 
c. J 6x(4 — x) dx 
4 


A : 4 
42. Properties of integrals Suppose f i f(x) dx = 8 and 
Í _ f(x) dx = 5. Evaluate the following integrals. 


b. / l 3f(x) dx 


d. [31 dx 


a. [ (—3 f(x)) dx 


4 
c. J 12 f(x) dx 
6 


6 
43. as of integrals Suppose I ae) Ge = 2, J Jaa = —S, 
nd fS 3 @(x) dx = 1. Evaluate the following integrals. 


a. J l 5f(x) dx b. / l (—3g(x)) dx 


e f IO- a f UO) 
44. Properties of integrals Suppose that f(x) = 0 on [0, 2], 


f(x) = 0 on [2,5], fo f(x) dx = 6, and f} f(x) dx = -8. 
Evaluate the following integrals. 


a. [ moe b. [ Ola 
c. J Ald a. J E + Il) ae 


45-46. Using properties of integrals Use the value of the first integral 
I to evaluate the two given integrals. 


45. r= f (8-204 x = 3 


a. [ (4x — 2x°) dx 
0 


0 
b. J (2x — x?) dx 
1 


tr /2 
46. r= f (cos 0 — 2 sin 0) dd = -1 
0 
a /2 
a. J (2 sin — cos 0) dé 
0 


0 
b. J (4cos0 — 8 sin 0) dé 
a /2 


47-52. Limits of sums Use the definition of the definite integral to 
evaluate the following definite integrals. Use right Riemann sums and 
Theorem 5.1. 


2 5 
47. J (Qe Lge 48. J (iL =x) ox 
0 1 
7 2 
49. J (4x + 6) dx 50. J (x? — 
3 0 
4 2 
51. J (x? — 1) dx 52. J An? di 
1 0 


Further Explorations 

53. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 
a. If f is a constant function on the interval |a, b], then the right 


and left Riemann sums give the exact value of f a f(x) dx, for 
any positive integer n. 
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b. If f is a linear function on the interval | a, b], then a midpoint 
Riemann sum gives the exact value of f i f(x) dx, for any 
positive integer n. 

2a/a_. 2ar/a ; 

9  sinaxdx = J ọ Cos ax dx = 0 (Hint: Graph the 
functions and use properties of trigonometric functions). 
d. If J i f(x) dx = f 4 f(x) dx, then f is a constant function. 


e. Property 4 of Table 5.4 implies that f” xf(x) dx = x f? f(x) dx 


54-57. Approximating definite integrals Complete the following 
steps for the given integral and the given value of n. 


a. Sketch the graph of the integrand on the interval of integration. 

b. Calculate Ax and the grid points xo, X1, . . . , Xn, assuming a regular 
partition. 

c. Calculate the left and right Riemann sums for the given value of n. 

d. Determine which Riemann sum (left or right) underestimates the 
value of the definite integral and which overestimates the value of 
the definite integral. 


2 6 
54. J (x? — 2)\dx; n= 55. f a-za n= 
0 3 


ar /2 Va 
56. J cos x dx, n = 4 57. J —dx; n= 6 
0 pA 


58—62. Approximating definite integrals with a calculator Consider 
the following definite integrals. 


a. Write the left and right Riemann sums in sigma notation, for 
n = 20, 50, and 100. Then evaluate the sums using a calculator. 
b. Based upon your answers to part (a), make a conjecture about the 
value of the definite integral. 


9 1 

58. | aveae 59. foe dx 
4 0 
e 1 

60. J In x dx 61. J cos | x dx 
1 0 
TX 

62. J T COS (==) dx 
4 2 


63—66. Midpoint Riemann sums with a calculator Consider the 
following definite integrals. 


a. Write the midpoint Riemann sum in sigma notation for an arbitrary 
value of n. 

b. Evaluate each sum using a calculator with n = 20,50, and 100. 
Use these values to estimate the value of the integral. 


4 2 
63. J 2Vx dx 64. J sin (=) dx 
1 =i 4 
4 1/2 
65. J (4x — x°) dx 66. / sin | x dx 
0 0 


67. More properties of integrals Consider two functions f and g on 
[1,6] such that f° f(x) dx = 10, f g(x) dx = 5, 


[°° f(x) dx = 5, and ['g(x) dx = 2. Evaluate the following 
eh 


a. [ora b. [ 9 -aeona 
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4 6 
J Poedoe i / (o(x) — flx)) dx 
6 1 


e. / 8g(x) dx f. J 2 f(x) dx 


68-71. Area versus net area Graph the following functions. Then use 
geometry (not Riemann sums) to find the area and the net area of the 
region described. 


68. The region between the graph of y = 4x — 8 and the x-axis, for 
—4 sxs 


69. The region between the graph of y = —3x and the x-axis, for 
=L Enea 


70. The region between the graph of y = 3x — 6 and the x-axis, for 
0&0 


71. The region between the graph of y = 1 — |x| and the x-axis, for 
a 


72-75. Area by geometry Use geometry to evaluate the following 


integrals. 
6 
T3: J [2x — 4| dx 
1 


3 
72. [lee ila 
A 
75. | NA -n-a 
—6 


-2 
6 
74. (x= 6) dx 
1 


Additional Exercises 

76. Integrating piecewise continuous functions Suppose f is con- 
tinuous on the interval |a, c] and on the interval (c, b], where 
a < c < b, with a finite jump at c. Form a uniform partition on 
the interval la, c] with n grid points and another uniform parti- 
tion on the interval |c, b| with m grid points, where c is a grid 
point of both partitions. Write a Riemann sum for f ° f(x) ax 
and separate it into two pieces for |a, c] and [c, b]. Explain why 


PO F(x) dx = ffl) de +f? fx) dx. 


77-78. Piecewise continuous functions Use geometry and the result 
of Exercise 76 to evaluate the following integrals. 


- > 40 =x =5 
Th f(x) dx, where f(x) = 3 
0 


toesas 
6 . 
2x ilased 
78. oah = l 
[ 1 Cd ae ieac2é 


79. Constants in integrals Use the definition of the definite integral 
to justify the property [°c f(x) dx = c J,” f(x) dx, where f is 
continuous and c is a real number. 


80. Zero net area If 0 < c < d, then find the value of b (in terms of 
c and d) for which [“(x + b) dx = 0. 


81. A nonintegrable function Consider the function defined on 
[0, 1] such that f(x) = 1 if x is a rational number and f(x) = 0 
if x is irrational. This function has an infinite number of disconti- 
nuities, and the integral I 5 f(x) dx does not exist. Show that the 
right, left, and midpoint Riemann sums on regular partitions with 
n subintervals, equal 1 for all n. 


82. Powers of x by Riemann sums Consider the integral 
I(p) = I x” dx where p is a positive integer. 
a. Write the left Riemann sum for the integral with n 
subintervals. 
b. It is a fact (proved by the 17th-century mathematicians Fermat 
LS 
and Pascal) that lim — > (5) = 


nono n k=0 n 





. Use this fact to 
pti 


evaluate I(p). 


CK ANSWERS 


1. —20 2. f(x) = 1 — xis one possibility. 3. 0 
4. 10;c(b—a) 5.0 6. 3;3< 





5.3 Fundamental Theorem of Calculus 


Evaluating definite integrals using limits of Riemann sums, as described in Section 5.2, 
is usually not possible or practical. Fortunately, there is a powerful and practical method 
for evaluating definite integrals, which is developed in this section. Along the way, we 
discover the inverse relationship between differentiation and integration, expressed in 
the most important result of calculus, the Fundamental Theorem of Calculus. 


Area Functions 


The concept of an area function is crucial to the discussion about the connection 
between derivatives and integrals. We start with a continuous function y = f(t) defined 
for t = a, where a is a fixed number. The area function for f with left endpoint a is 
denoted A(x); it gives the net area of the region bounded by the graph of f and the 


AQ) = | fO dt 





constant variable 


FIGURE 5.32 


» A dummy variable is a placeholder; its 
role can be played by any symbol that 
does not conflict with other variables in 
the problem. 


» Notice that tis the independent variable 
when we plot f and x is the independent 
variable when we plot A. 
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t-axis between t = a and t = x (Figure 5.32). The net area of this region is also given 
by the definite integral 


Independent variable 
of the area function 


[ \ 


A(x) = | f(t) dt. 


Variable of integration 
(dummy variable) 


Notice that x is the upper limit of the integral and the independent variable of the 
area function: As x changes, so does the net area under the curve. Because the symbol x is 
already in use as the independent variable for A, we must choose another symbol for the 
variable of integration. Any symbol—except x—can be used because it is a dummy vari- 
able; we have chosen t as the integration variable. 

Figure 5.33 gives a general view of how an area function is generated. Suppose that f 
is acontinuous function and a is a fixed number. Now choose a point b > a. The net area 
of the region between the graph of f and the t-axis on the interval |a, b] is A(b). Mov- 
ing the right endpoint to (c, 0) or (d, 0) produces different regions with net areas A(c) 
and A(d), respectively. In general, if x > a is a variable point, then A(x) = f > f(t) dt is 
the net area of the region between the graph of f and the t-axis on the interval la, x]. 


Aid) = [fear + [foo a 


b c 
A(b) = | FO at A) =| fdr | y 





y=s) 


Values of the net Net area increases Net area decreases 
area appear on fromx = atox = c¢) |forx > c 

the graph of the y = _ 

area function. (c, A(c)) 





Aa) = [fO at = 0 


FIGURE 5.33 


Figure 5.33 shows how A(x) varies with respect to x. Notice that A(a) = 
SEFA) dt = 0. Then, for x > a the net area increases until x = c, at which point 
f(c) = 0. For x > c, the function f is negative, which produces a negative contribution 
to the area function. As a result, the area function decreases for x > c. 
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DEFINITION Area Function 


Let f be a continuous function, for t = a. The area function for f with left endpoint 
ais 


A(x) = J F) at, 


where x = a. The area function gives the net area of the region bounded by the graph 
of f and the t-axis on the interval | a, x]. 





EXAMPLE 1 Area of regions The graph of f is shown in Figure 5.34 with areas of 
various regions marked. Let A(x) = f io f(t) dt and F(x) = [ : f(t) dt be two area func- 
tions for f (note the different left endpoints). Evaluate the following area functions. 


a. A(3) and F(3) b. A(5) and F(5) c. A(9) and F(9) 

SOLUTION 

a. The value of A(3) = f > f(t) dt is the net area of the region bounded by the graph of 
f and the t-axis on the interval |—1, 3]. Using the graph of f, we see that A(3) = —27 
(because this region has an area of 27 and lies below the t-axis). On the other hand, 
F(3) = I f(t) dt = 0 by Property 1 of Table 5.4. 

b. The value of A(5) = f H f(t) dt is found by subtracting the area of the region that lies 


below the ż-axis on |—1, 3] from the area of the region that lies above the t-axis on 
[3, 5]. Therefore, A(5) = 3 — 27 = —24. Similarly, F(5) is the net area of the region 
bounded by the graph of f and the t-axis on the interval |3, 5]; therefore, F (5) = 3. 





FIGURE 5.34 


c. Reasoning as in parts (a) and (b), we see that A(9) = —27 + 3 — 35 = —59 and 
F(9) = 3 — 35 = —32. 
Related Exercises 11—12< 





QUICK CHECK 1 In Example 1, let B(x) be the area function for f with left endpoint 5. 
Evaluate B(5) and B(9).< 


A(x) = | E + 3) dt 7 EXAMPLE 2 Area of a trapezoid Consider the trapezoid bounded by the line 
sae te f(t) = 2t + 3 and the t-axis from t = 2 to t = x (Figure 5.35). The area function 

A= > f(t) dt gives the area of the trapezoid, for x = 2. 

a. Evaluate A (2). 

b. Evaluate A (5). 

c. Find and graph the area function y = A(x), for x = 2. 

d. Compare the derivative of A to f. 





FIGURE 5.35 SOLUTION 
a. By Property 1 of Table 5.4, A(2) = f; (2t + 3) dt = 0. 


b. Notice that A(5) is the area of the trapezoid (Figure 5.35) bounded by the line 
y = 2t + 3 and the t-axis on the interval |2, 5]. Using the area formula for a trap- 
p ezoid (Figure 5.36), we find that 


-3(7 + 13) = 30. 


W]e 


i l 
7 AS) = f (a+ 3)dr=5 6-2 O +5) = 


distance between sum of parallel 
parallel sides side lengths 


FIGURE 5.36 
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c. Now the right endpoint of the base is a variable x = 2 (Figure 5.37). The distance be- 
tween the parallel sides of the trapezoid is x — 2. By the area formula for a trapezoid, 
the area of this trapezoid for any x = 2 1s 


A(x) => (x= 2) (F(2) +) 


distance between sum of parallel 
parallel sides side lengths 
l 

rac = 2)(7 PAT 3) 

= (x — 2)(x + 5) 

= x* + 3x — 10. 


X 
y AG) = | Qt + 3)dt = x? + 3x — 10 
2 


f(t) = 24 +3 


2x +3 





2 x 
a= y=? >| 
FIGURE 5.37 


Area function: Expressing the area function in terms of an integral with a variable upper limit we have 
y A(x) = x? + 3x — 10 


A(x) = | (r+ 3)dr= 2? + 3x 10. 
2 


Because the line f(t) = 2t + 3 is above the t-axis, for t = 2, the area function 
A(x) = x? + 3x — 10 is an increasing function of x with A(2) = 0 (Figure 5.38). 


d. Differentiating the area function, we find that 





A'(x) = < (x? + 3x — 10) = 2x + 3 = f(x). 


FIGURE 5.38 
> Recall that if A’(x) = f(x), then f is Therefore, A'(x) = f(x), or equivalently, the area function A is an antiderivative of f. 
the derivative of A; equivalently, A is an We soon show that this relationship is not an accident; it is one part of the Fundamen- 
antiderivative of f. tal Theorem of Calculus. 


Related Exercises 13—22< 





QUICK CHECK 2 Verify that the area function in Example 2 gives the correct area when 
x = 6andx = 10.< 


Fundamental Theorem of Calculus 


Example 2 suggests that the area function A for a linear function f is an antiderivative of 
f; that is, A'(x) = f(x). Our goal is to show that this conjecture holds for more general 
functions. Let’s start with an intuitive argument. 

Assume that f is a continuous function defined on an interval la, b]. As before, 
A(x) = f > f(t) dt is the area function for f with a left endpoint a: It gives the net area 
of the region bounded by the graph of f and the t-axis on the interval |a, x], for x = a. 
Figure 5.39 is the key to the argument. 
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FIGURE 5.39 


» Recall that 





tx) = tim LOA Le) 


h-0 h 


If the function f is replaced by A, then 


Approximately 
rectangular 
when / is small 
Area ~= hf(x) 


y=f@ 


Note that with h > 0,A(x + h) is the area of the region whose base is the inter- 

val [a,x + h], while A(x) is the area of the region whose base is the interval |a, x]. 
So the difference A(x + h) — A(x) is the area of the region whose base is the interval 
[x, x + h]. If his small, the region in question is nearly rectangular with a base of length h 
and a height f(x). Therefore, the area of this region is approximately 

A(x + h) — A(x) = hf(x). 
Dividing by h, we have 

A(x + h) — A(x) 


An analogous argument can be made with h < 0. Now observe that as h tends to zero, this 
approximation improves. In the limit as h — 0, we have 


A(x + h) — A(x) 


h—0 h ~ mi fix): 
A'(x) f(x) 


We see that indeed A'(x) = f(x). Because A(x) = [ A f(t) dt, the result can also be written 
/ d 7 
A(x) = z | Flt) dt = f(x), 
X a 
i—i 
A(x) 


which says that the derivative of the integral of f is f. A formal proof that A’ (x) = f(x) 
is given at the end of the section; but for the moment, we have a plausible argument. This 
conclusion is the first part of the Fundamental Theorem of Calculus. 


THEOREM 5.3 (PART 1) Fundamental Theorem of Calculus 
If f is continuous on la, b], then the area function 


A(x) = [50 dt, for a=<x<=b, 


is continuous on (a, b | and differentiable on (a, b). The area function satisfies 
A'(x) = f(x); or, equivalently, 


aa) = 4 / fle) dt = f(x), 


which means that the area function of f is an antiderivative of f on la, b]. 
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Given that A is an antiderivative of fon |a, b], it is one short step to a powerful 
method for evaluating definite integrals. Remember (Section 4.9) that any two antideriva- 
tives of f differ by a constant. Assuming that F is any other antiderivative of f on [a, b], 
we have 


F(x) = A(x) + C, fora =x S b. 
Noting that A(a) = 0, it follows that 
F(b) — F(a) = (A(b) + C) — (A(a) + C) = A(b). 


Writing A(D) in terms of a definite integral leads to the remarkable result 


A(b) = J ro dx = F(b) — F(a). 


We have shown that to evaluate a definite integral of f, we 


e find any antiderivative of f, which we call F; 


e compute F(b) — F(a), the difference in the values of F between the upper and lower 
limits of integration. 


This process is the essence of the second part of the Fundamental Theorem of Calculus. 


THEOREM 5.3 (PART 2) Fundamental Theorem of Calculus 
If f is continuous on |a, b] and F is any antiderivative of fon |a, b], then 


/ f(x) dx = F(b) — F(a). 





It is customary and convenient to denote the difference F(b) — F(a) by F(x)|?. 
Using this shorthand, the Fundamental Theorem is summarized in Figure 5.40. 


x is variable Antiderivative of f 
of integration | | evaluated at a and b 


PE T] a l = / Na >p w| 


\ / 


Integrand Shorthand notation 


FIGURE 5.40 





The Inverse Relationship between Differentiation and Integration Itis 
worth pausing to observe that the two parts of the Fundamental Theorem express the 
inverse relationship between differentiation and integration. Part 1 of the Fundamental 
Theorem says 


gf O= ro 


or the derivative of the integral of f is f itself. 
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QUICK CHECK 4 





antiderivative of f’.<« 





FIGURE 5.41 


y=3sinx 





2i 
Net area = l 3 sin x dx = Q. 
0 


FIGURE 5.42 


» We know that 


A (pny = 1 ap 
dt 2 


Therefore, 
[yea T a oC 


and 


at 
Vt 


Explain why f is an 


= [rea = 0! + C. 


Noting that f is an antiderivative of f’, Part 2 of the Fundamental Theorem says 


J f'(x) dx = f(b) — fla), 


or the definite integral of the derivative of f is given in terms of f evaluated at two points. 
In other words, the integral “undoes” the derivative. 


EXAMPLE 3 Evaluating definite integrals Evaluate the following definite integrals 
using the Fundamental Theorem of Calculus, Part 2. Interpret each result geometrically. 


10 2ar Uai -į 
a. / (60x — 6x7) dx b. J 3 sin x dx c. / dt 
0 0 1 


i6 £ 
a. Using the antiderivative rules of Section 4.9, an antiderivative of 60x — 6x7 is 
30x? — 2x?, By the Fundamental Theorem, the value of the definite integral is 





SOLUTION 


10 
Fundamental Theorem 





0 
= (30-10* — 2-10°) — (30-0* — 2-0°) 


10 
J (60x — 6x*) dx = (30x* — 2x?) 
0 


Evaluate at x = 10 
and x = 0. 
= (3000 = 2000) = 0 


= 1000. Simplify. 


Because f is positive on 0, 10], the definite integral i o (60x = 6x*) dx is the area of 
the region between the graph of f and the x-axis on the interval |0, 10] (Figure 5.41). 


b. As shown in Figure 5.42, the region bounded by the graph of f(x) = 3 sin x and the 
x-axis on [0, 27 | consists of two parts, one above the x-axis and one below the x-axis. 
By the symmetry of f, these two regions have the same area, so the definite integral over 
[0, 27 | is zero. Let’s confirm this fact. An antiderivative of f(x) = 3 sin x 
is —3 cos x. Therefore, the value of the definite integral is 


2T 2T 
/ 3 sin x dx = —3 cos x 
0 


Fundamental Theorem 


0 
= (—3 cos (2m )) — (—3 cos (0)) Substitute. 
za aa = 0 Simplify. 


c. Although the variable of integration is t, rather than x, we proceed as in parts (a) and 
(b) after simplifying the integrand: 


yel 1 


t 





ae 


~ 


Finding antiderivatives with respect to t and applying the Fundamental Theorem, we have 





Ua 1/4 
t= i] 1 . : 
1/16 f 1/16 t integrand. 
1/4 
= 41/2 =n lt Fundamental 
1/16 Theorem 





pyn 1 e 1 
= 2 (=) — In A = 2 (=) —]n +] Evaluate. 
4 4 16 16 
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Sting ie Simplif 
na 5 ey implify. 
l 
=y AAA S0: 


The definite integral is negative because the graph of f lies below the t-axis 
(Figure 5.43). Related Exercises 23—50< 


EXAMPLE 4 Net areas and definite integrals The graph of 

f(x) = 6x(x + 1)(x — 2) is shown in Figure 5.44. The region R4 is bounded by the 
curve and the x-axis on the interval |—1, 0], and R, is bounded by the curve and the x-axis 
FIGURE 5.43 on the interval [0, 2]. 





a. Find the net area of the region between the curve and the x-axis on |—1, 2]. 
b. Find the area of the region between the curve and the x-axis on |—1, 2]. 


SOLUTION 


a. The net area of the region is given by a definite integral. The integrand f is first 
expanded in order to find an antiderivative: 


2 2 





Y 
y = 6x(x + 1)(x — 2) IEG dx = J (6x? — 6x* — 12x) dx. Expanding f 
-1 -1 

3 4 3 2 i 

= a = = Ox Fundamental Theorem 

-1 

21 Eas 

= 5 Simplify. 





The net area of the region between the curve and the x-axis on [—1, 2] is =, which 
FIGURE 5.44 is the area of R, minus the area of R, (Figure 5.44). Because R, has a larger area than 
R,, the net area is negative. 


b. The region R, lies above the x-axis, so its area is 





i 3 0 5 
/ (6x? — 6x* — 12x) dx = (Gx — 2x7 — sx?) =. 
zj 2 = 2 
The region R, lies below the x-axis, so its net area is negative: 
2 3 2 
J (6x? — 6x? — 12x) dx = Gx — 2x? — sx?) = —16. 
0 0 





Therefore, the area of R, is —(—16) = 16. The combined area of R, and R, is 
- t 16 = F We could also find the area of this region directly by evaluating 
f “Ild. Related Exercises 51—-60< 


Examples 3 and 4 make use of Part 2 of the Fundamental Theorem, which is the most 
potent tool for evaluating definite integrals. The remaining examples illustrate the use of 
the equally important Part 1 of the Fundamental Theorem. 


EXAMPLE 5 Derivatives of integrals Use Part 1 of the Fundamental Theorem to 
simplify the following expressions. 


x 5 x 
d d d 
a. “| sin’ t dt b. “| Vr + Idt c. <j cos t° dt 
dx Jı dx J dx Jo 
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» Example 5c illustrates one case of 
Leibniz’s Rule: 


d g(x) 
dx J, 





FIGURE 5.45 


» Recall that local extrema occur only at 
interior points of the domain. 


SOLUTION 


a. Using Part | of the Fundamental Theorem, we see that 


d X 
— | sin* tdt = sin’ x. 
dx Jı 


. To apply Part 1 of the Fundamental Theorem, the variable must appear in the upper 


limit. Therefore, we use the fact that Í i f(t) dt = — f A f(t) dt and then apply the 
Fundamental Theorem: 


5 x 
d 
<) Vēria=-4 f VP + 1d =-Vx +1. 
XS x XS 5 


. The upper limit of the integral is not x, but a function of x. Therefore, the function 


to be differentiated is a composite function, which requires the Chain Rule. We let 
u = x° to produce 


y = glu) = J cos t° dt. 
0 
By the Chain Rule, 


2 
X 
d dy du 
cos t? dt = Teo Chain Rule 


dx Jo dx du dx 


d u 
= zf cos t’ a (2x) Substitute for g; note that u'(x) = 2x. 
MIO 


= (cos u”) (2x) Fundamental Theorem 


= 2x cos x". Substitute u = x’. 


Related Exercises 61-68< 


EXAIVIPLE 6 Working with area functions Consider the function f shown in 
Figure 5.45 and its area function A(x) = I > f(t) dt, for 0 S x = 17. Assume that the 
four regions R4, R2, R3, and R; have the same area. Based on the graph of f, do the 
following. 


a. 


Find the zeros of A on [0, 17]. 


b. Find the points on |0, 17] at which A has local maxima or local minima. 


C. 


Sketch a graph of A, for 0 S x s 17. 


SOLUTION 


a. 


The area function A(x) = Jf E f(t) dt gives the net area bounded by the graph of f and 
the t-axis on the interval [0, x] (Figure 5.46a). Therefore, A(0) = I h f(t) dt = 0. 
Because R, and R, have the same area but lie on opposite sides of the t-axis, it follows 
that A(8) = [ofa dt = 0. Similarly, A(16) = 5 f(t) dt = 0. Therefore, the zeros 
of A are x = O, 8, and 16. 


. Observe that the function f is positive, for 0 < t < 4, which implies that A(x) 


increases as x increases from 0 to 4 (Figure 5.46b). Then, as x increases from 4 to 8, 
A(x) decreases because f is negative, for 4 < t < 8 (Figure 5.46c). Similarly, A(x) 
increases as x increases from x = 8 to x = 12 (Figure 5.46d) and decreases from 

x = 12tox = 16. By the First Derivative Test, A has local minima at x = 8 and 

x = 16 and local maxima at x = 4 and x = 12 (Figure 5.46e). 


. Combining the observations in parts (a) and (b) leads to a qualitative sketch of A 


(Figure 5.46e). Note that A(x) = 0, for all x = 0. It is not possible to determine func- 
tion values (y-coordinates) on the graph of A. 
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X 
A(x) = f(t) dt = net area over [0, x]. The net area A(x) increases The net area decreases 
0 as x increases from 0 to 4. as x increases from 4 to 8. 


y=fO y=fO y=f@ 





(b) 





The net area A(x) increases 


as x increases from 8 to 12. 3 Graph of area function on [0, 17] 


y=sf 





FIGURE 5.46 
Related Exercises 69-S80< 


EXAMPLE 7 The sine integral function Let 
sint 
— ft 0 

g(t) = 
1 ift = 0. 


Graph the sine integral function S(x) = Jf D g(t) dt, for x = 0. 


SOLUTION Notice that S is an area function for g. The independent variable of S is x, 
while źt has been chosen as the (dummy) variable of integration. A good way to start is by 
graphing the integrand g (Figure 5.47a). The function oscillates with a decreasing ampli- 
tude with g(0) = 1. Beginning with S(0) = 0, the area function S increases until x = 7 
because g is positive on (0, m). However, on (m, 277), g is negative and the net area 
decreases. Then, on (277, 37), g is positive again, so S again increases. Therefore, the 
graph of S has alternating local maxima and minima. Because the amplitude of g decreases, 
each maximum of S is less than the previous maximum and each minimum of S is greater 
than the previous minimum (Figure 5.47b). Determining the exact value of S at these 
maxima and minima is difficult. 





(b) 





FIGURE 5.47 
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Appealing to Part 1 of the Fundamental Theorem, we find that 


d [‘sint sin x 
S'(x) = — | — dt = , for x > 0. 
5 x 





dx t 
E Norti As anticipated, the derivative of S changes sign at integer multiples of 77. Specifically, S’ 
l is positive and S increases on the intervals (0, m), (277, 3m), ..., (2n7r, (2n + 1)r),..., 
a (x) = ams (x) = 0. while S’ is negative and S decreases on the remaining intervals. Clearly, S has local max- 
ima at x = 7,377,57,..., and it has local minima at x = 277,477, 677,.... 


One more observation is helpful. It can be shown that, while S oscillates for 
increasing x, its graph gradually flattens out and approaches a horizontal asymptote. 
(Finding the exact value of this horizontal asymptote is challenging; see Exercise 109.) 
Assembling all these observations, the graph of the sine integral function emerges 
(Figure 5.47b). 

Related Exercises 81-84< 


Proof of the Fundamental Theorem: Let f be continuous on |a, b] and let A be the area 
function for f with left endpoint a. The first step is to prove that A' (x) = f(x), which is 
Part 1 of the Fundamental Theorem. The proof of Part 2 then follows. 


Step 1. We use the definition of the derivative, 
A(x + h) — A(x) 
h> 0 h 
First assume that h > 0. Using Figure 5.48 and Property 5 of Table 5.4, we have 


A(x + h) — A(x) = J "A dt — J f(t) dt = | a(t) dt. 


That is, A(x + h) — A(x) is the net area of the region bounded by the curve on the 
interval |x, x + Al. 





FIGURE 5.48 


Let m and M be the minimum and maximum values of f on [ x, Bake h], respectively, which 
exist by the continuity of f. In the case that 0 = m < M (Figure 5.49), A(x + h) — A(x) 
is greater than or equal to the area of a rectangle with height m and width h and it is less 
than or equal to the area of a rectangle with height M and width A; that is, 


mh = A(x + h) — A(x) S Mh. 
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mh = A(x + h) — A(x) = Mh 






Area = mh 


FIGURE 5.49 


» The quantities m and M exist for any 
h > 0; however, their values depend 
on h. Figure 5.49 illustrates the case 
0 <m < M. The argument that follows 
holds for the general case. 






y=f@ 


Area = 
A(x + h) — A(x) 





Dividing these inequalities by h, we have 


_ A(x + h) — A(x) 
7 h 


= M. 


The case h < 0 is handled similarly and leads to the same conclusion. 


We now take the limit as h — 0 across these inequalities. As h ~ 0, m and M squeeze 
together toward the value of f(x), because f is continuous at x. At the same time, as 
h — 0, the quotient that is sandwiched between m and M approaches A'(x): 


A(x + h) — A(x) 


lim m = lim = lim M. 
h—0 h—0 h h—0 
— =e — a 
f(x) A'(x) f(x) 


By the Squeeze Theorem (Theorem 2.5), we conclude that A’(x) = f(x). 


» Once again we use an important fact: 


Two antiderivatives of the same function 
differ by a constant. 


Step 2. Having established that the area function A is an antiderivative of f, we know that 
F(x) = A(x) + C, where F is any antiderivative of f and C is a constant. Noting that 
A(a) = 0, it follows that 


F(b) — F(a) = (A(b) + C) — (A(a) + C) = A(b). 
Writing A(D) in terms of a definite integral, we have 


A(b) = [we dx = F(b) — F(a), 


which is Part 2 of the Fundamental Theorem. 


SECTION 5.3 EXERCISES 


Review Questions 
1. Suppose A is an area function of f. What is the relationship 
between f and A? 


2. Suppose F is an antiderivative of f and A is an area function of f. 
What is the relationship between F and A? 


3. Explain in words and write mathematically how the Fundamental 
Theorem of Calculus is used to evaluate definite integrals. 


4. Let f(x) = c, where c is a positive constant. Explain why an area 
function of f is an increasing function. 


5. The linear function f(x) = 3 — x is decreasing on the interval 
[0, 3]. Is its area function on the interval [0, 3] increasing or 
decreasing? Draw a picture and explain. 


6. Evaluate [> 3x? dxand f? 3x? dx. 


7. Explain in words and express mathematically the inverse relation- 
ship between differentiation and integration as given by the Fun- 
damental Theorem of Calculus. 


8. Why can the constant of integration be omitted from the antide- 
rivative when evaluating a definite integral? 
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x b 
d d 
9. Evaluate ral f(t) dt and «| f(t) dt, where a and b are 
x x 


constants. 
10. Explain why f’ f'(x) dx = f(b) — f(a). 


Basic Skills 

11. Area functions The graph of f is shown in the figure. Let 
A(x) = re f(t) dt and F(x) = LIA dt be two area functions 
for f. Evaluate the following area functions. 


a. A(—2) b. F(8) © A(4) d. F(4) e. A(8) 


y y=fO 





12. Area functions The graph of f is shown in the figure. Let 
A(x) = Je f(t) dt and F(x) = Lf) dt be two area functions 
for f. Evaluate the following area functions. 


a. A(2) b. F(5) c. A(0) d. F(8) e. A(8) 
f. A(5) g. F(2) 
y y=s@® 





Area = 11 


13-16. Area functions for constant functions Consider the following 
functions f and real numbers a (see figure). 


a. Find and graph the area function A(x) = J. i f(t) dt for f. 
b. Verify that A' (x) = f(x). 


y=fO 


A(x) = area 





17. Area functions for the same linear function Let f(t) = t 

and consider the two area functions A(x) = I i f(t) dt and 

F(x) = J f(t) dt. 

a. Evaluate A(2) and A(4). Then use geometry to find an expres- 
sion for A(x), for x = 0. 

b. Evaluate F(4) and F(6). Then use geometry to find an expres- 
sion for F(x), for x = 2. 

c. Show that A(x) — F(x) is a constant, and 


A'(x) = F'(x) = f(x). 


18. Area functions for the same linear function Let f(t) = 2t — 2 

and consider the two area functions A(x) = Í n f(t) dt and 

F(x) = fj f(t) dt. 

a. Evaluate A(2) and A(3). Then use geometry to find an expres- 
sion for A(x), for x = 1. 

b. Evaluate F(5) and F(6). Then use geometry to find an expres- 
sion for F(x), for x = 4. 

c. Show that A(x) — F(x) is a constant, and 


A'(x) = F'(x) = f(x). 


19-22. Area functions for linear functions Consider the following 
functions f and real numbers a (see figure). 


a. Find and graph the area function A(x) = | > f(t) dt. 
b. Verify that A' (x) = f(x). 


y=fO 






A(x) = area 


19. f(t) =t+5,a=—5 
21. f(t) =3t+1l,a=2 


20. f(t) = 2t+5,a=0 
22. f(t) =4t+2,a=0 


23-24. Definite integrals Evaluate the following integrals using the 
Fundamental Theorem of Calculus. Discuss whether your result is con- 
sistent with the figure. 


Tar /4 
24. J (sinx + cos x) dx 
=T /4 


1 
23. J (x? — 2x + 3) dx 
0 





25-28. Definite integrals Evaluate the following integrals using the 
Fundamental Theorem of Calculus. Sketch the graph of the integrand 
and shade the region whose net area you have found. 


3 1 
25. [e-x- 6a 26. fa- Vx) dx 
=) 0 


5 
27. | (x? — 9) dx 
0 


i 1 
28. J (1 = =) dx 
1/2 X 


29-50. Definite integrals Evaluate the following integrals using the 
Fundamental Theorem of Calculus. 


3 
29. [ava 
0 


1 
31. [wt Vaan 2. | 2 cos x dx 
0 


0 


9 9 
2 2 + t 
33. J —— dx 34. J 2+ Vt dt 
1 Va 4 t 


2 In & 
35. J (x? — 4) dx 36. J e* dx 
2 0 
1 


p 
30. J (3x? + 2x)dx 
0 
a /4 











4 
37. (x° — 8) dx 38. J Ix = 2) = 4jdy 
1/2 0 
a /4 1/2 
d 
39, J sec? 0 dO 40. 2 
0 0 1 — x? 
-1 T 
41. / X 5 42. J (1 — sin x) dx 
r 0 
4 ar /2 
43. (l= (x= 4) ay 44. / (cosx = 1) ax 
1 =T /2 
23 "x — Vx 
45. J “at 46. ~ dy 
1 t 4 X 
17/8 1 
47. J cos 2x dx 48. J 10e** dx 
0 0 
V3 17/8 
d 
49. J — 50. J 8 csc? 4x dx 
ı L+rx 7/16 


51-54. Areas Find (i) the net area and (ii) the area of the following 
regions. Graph the function and indicate the region in question. 


51. The region bounded by y = x'/? and the x-axis between x = 1 
and x = 4 


52. The region above the x-axis bounded by y = 4 — x? 
53. The region below the x-axis bounded by y = x* — 16 


54. The region bounded by y = 6 cos x and the x-axis between 
x = —a/2andx = 7 


55-60. Areas of regions Find the area of the region bounded by the 
graph of f and the x-axis on the given interval. 


55. f(x) =x? — 25; [2,4] 56. f(x) =x? — 1; [-1,2] 
57. f(x) = =; [-2,-1] 

58. f(x) = x(x + 1)(x — 2); [-1,2] 

59. f(x) = sinx; [-7/4, 37/4] 

60. f(x) = cosx; |[T/2, T] 
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61-68. Derivatives of integrals Simplify the following expressions. 


d Xx 
61. “| (t° +t+1)dt 
dx J 3 


d [* dp 


63. ; 


dx}, p 


1 
d 
65. J Vtt + ldt 
dx), 
d X 
67. al V1+¢ dt 
X =X 


62. 


64. 


66. 


68. 


d X 
— | e'dt 
dx Jo 


10 








2x 


d a 
L J In t? dt 
dx e 


69. Matching functions with area functions Match the func- 
tions f, whose graphs are given in a—d with the area functions 
AG) = f 0 f(t) dt, whose graphs are given in A-D. 


(A) 








(b) 





(d) 





(B) 





(C) 


(D) 
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70-73. Working with area functions Consider the function f and its 


graph. 

a. Estimate the zeros of the area function A(x) = da at t) dt, for 
=x = 10, 

b. Estimate the points (if any) at which A has a local maximum or 
minimum. 


c. Sketch a graph of A, forO S x = 10, without a scale on 
the y-axis. 


71. 





72. T3: 





74. Area functions from graphs The graph of f is given in the 
figure. Let A(x) 
and A (6). 


y 1 of circle 
of radius 2 





75. Area functions from graphs The graph of f is given in the 
figure. Let A(x) = 
and A(12). 





i 
4 


of circle of radius 2 





— Ie f(t) dt and evaluate A(1), A(2), A(4), 


Lo dt and evaluate A(2), A(5), A(8), 


76-80. Working with area functions Consider the function f and the 
points a, b, and c. 


a. Find the area function A(x) = J > f(t) dt using the Fundamental 


Theorem. 
b. Graph f and A. 
c. Evaluate A(b) and A(c) and interpret the results using the graphs 


of part (b). 
76. f(x) = sinx; a = 0,b = m/2,c = Tm 
77. f(x) =e; a=0,b = In2,c = In4 
78. f(x) = —-12x(x — 1)\(x - 2); a=0,b=1,c =2 
J= 


1 
COST XO = 0,0 =5,0 =. 1 


1 
80. As RoS 102,66 


81-84. Functions defined by integrals Consider the function g, which 


is given in terms of a definite integral with a variable upper limit. 


a. Graph the integrand. 
b. Calculate g'(x). 
c. Graph g, showing all your work and reasoning. 


y= ferna 


81. g(x) = / sin? t dt 82. g(x 
0 


83. g(x) = J sin (at) dt (a Fresnel integral) 
0 


84. g(x) = f cos (mVt) dt 


Further Explorations 
85. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. Suppose that f is a positive decreasing function, for x > 0. 
Then the area function A(x) = f 7 f(t) dt is an increasing 
function of x. 

b. Suppose that f is a negative increasing function, for x > 0. 
Then the area function A(x) = f l f(t) dt is a decreasing func- 
tion of x. 

c. The functions p(x) = sin 3x and q(x) = 4 sin 3x are antide- 
rivatives of the same function. 

d. If A(x) = 3x? — x — 3 is an area function for f, then 
Be) = 3x? — x is also an area function for f. 


e — fear = 0 


86-94. Definite integrals Evaluate the following definite integrals 
using the Fundamental Theorem of Calculus. 


86 Af xd 87 x= 2 | 88 IC ‘Ja 
é co e X b X é eS S 
2 0 1 Vx 1 S s? 


1/3 1/2 8 
89. J sec x tan x dx 90. J csc? 0 d0 91. J Wy dy 
0 T 1 


/4 











2 2 2 V3 
d +4 3d 
92. J — 9. | a 94. J L 
v2 xVx* — 1 oOo 0 9+x 


95-98. Areas of regions Find the area of the region R bounded by the 


graph of f and the x-axis on the given interval. Graph f and show the 
region R. 





95. f(x) =2— |x|; [2,4] 
. fx) = (bee) [12,372] 
97. f(x) = x4 - 4; [1,4] 


98. f(x) = x7(x — 2); [-1,3] 


99-102. Derivatives and integrals Simplify the given expressions. 


8 
99, / f'(t) dt, where f’ is continuous on [3, 8] 
3 


d COS x 
101. — t4 + 6) dt 
1 J (1* + 6) 


al ù 
100. — 
dx 0 t? + 4 


df, 
102. — dt 
an i 


Additional Exercises 
103. Zero net area Consider the function f(x) = x? — 4x. 





a. Graph f on the interval x = 0. 

b. For what value of b > Ois fy f(x) dx = 0? 

c. In general, for the function f(x) = x” — ax, where a > 0, for 
what value of b > 0 (as a function of a) is f} f(x) dx = 0? 


104. Cubic zero net area Consider the graph of the cubic 
y = x(x — a)(x — b), where 0 < a < b. Verify that the graph 
bounds a region above the x-axis, for 0 < x < a, and bounds a 
region below the x-axis, fora < x < b. What is the relationship 
between a and b if the areas of these two regions are equal? 


105. Maximum net area What value of b > —1 maximizes the integral 


b 
J x? (3 — x) dx? 
-1 


106. Maximum net area Graph the function f(x) = 8 + 2x — x° and 
determine the values of a and b that maximize the value of the 


integral 
b 
/ (8 + 2x — x°) dx. 
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107. An integral equation Use the Fundamental Theorem of Calculus, 
Part 1, to find the function f that satisfies the equation 


[roa = 2 cosx + 3x — 2. 
0 


Verify the result by substitution into the equation. 


108. Max / min of area functions Suppose f is continuous on [0, œ) 
and A(x) is the net area of the region bounded by the graph of 
f and the t-axis on [0, x]. Show that the maxima and minima 
of A occur at the zeros of f. Verify this fact with the function 
f(x) = x? — 10x. 


109. Asymptote of sine integral Use a calculator to approximate 


sin a 
lim S(x) = lim f == 
x7 0 x7 oOo 


where S is the sine integral function (see Example 7). Explain 
your reasoning. 


t 
110. Sine integral Show that the sine integral S(x) = SIT dt sat- 


0 
isfies the (differential) equation xS'(x) + 2S"(x) + xS” (x) = 0. 


111. Fresnel ate Show that the Fresnel integral 
S(x) = k ọ sin (t°) dt satisfies the (differential) equation 


sora (SP a 


d X 
112. Variable integration limits Evaluate PA J (t + t) dt. (Hint: 
i = 


Separate the integral into two pieces.) 





CHECK ANSWERS 


1. 0,-35 2. A(6) = 44; A(10) = 120 3.$-45= 
4. If f is differentiated, we get f’. Thus f is an antideriva- 
tive of f’.<« 


5.4 Working with Integrals 


With the Fundamental Theorem of Calculus in hand, we may begin an investigation of 
integration and its applications. In this section we discuss the role of symmetry in inte- 
grals, we use the slice-and-sum strategy to define the average value of a function, and then 
we explore a theoretical result called the Mean Value Theorem for integrals. 


Integrating Even and Odd Functions 


Symmetry appears throughout mathematics in many different forms, and its use often 
leads to insights and efficiencies. Here we use the symmetry of a function to simplify 


integral calculations. 
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y=] 


(even function) 


fx = f(x) 





| fe dx =2 | f(x) dx 


(a) 


y =f) 
(odd function) 


[roo dx = 0 





fx = —f(@) 


(b) 
FIGURE 5.50 


Section 1.1 introduced the symmetry of even and odd functions. An even function 
satisfies the property that f(—x) = f(x), which means that its graph is symmetric about 
the y-axis (Figure 5.50a). Examples of even functions are f(x) = cos x and f(x) = x”, 
where n is an even integer. An odd function satisfies the property that f(—x) = —f(x), 
which means that its graph is symmetric about the origin (Figure 5.50b). Examples of odd 
functions are f(x) = sin x and f(x) = x”, where n is an odd integer. 

Special things happen when we integrate even and odd functions on intervals cen- 
tered at the origin. First, suppose f is an even function and consider f H f(x) dx. From 
Figure 5.50a, we see that the integral of f on |—a, 0] equals the integral of f on [0, a]. 
Therefore, the integral on [—a, a] is twice the integral on |0, a], or 


a= 2 ffx) ax 


On the other hand, suppose f is an odd function and consider 1 ” f(x) dx. As shown in 
Figure 5.50b, the integral on the interval |—a, 0] is the negative of the integral on [0, a]. 
Therefore, the integral on l—a, al] is zero, or 

f(x) dx = 0. 


We summarize these results in the following theorem. 


THEOREM 5.4 Integrals of Even and Odd Functions 
Let a be a positive real number and let f be an integrable function on the interval 
[—a, al]. 


e If f is even, JE FC) dx = 2/5 f(x) dx. 
e If f is odd, [| f(x) dx = 0. 








1 If f and g are both even functions, is the product fg even or odd? Use the 
ee ce TE = = f(x) and g(—x) = g(x).< 


EXAMPLE 1 Integrating symmetric functions Evaluate the following integrals 
using Symmetry arguments. 


2 a /2 
a. J (xt — 3x?) dx b. / (cosx — 4 sin? x) dx 


2 T/2 
SOLUTION 
a. Using Properties 3 and 4 of Table 5.4, we split the integral into two integrals and use 
symmetry: 
2 2 2 
/ (xt — 3x7) dx = [a = a| i at 
-2 -2 -2 
ed 
0 
2 
=2] x*dx—-—0 x* is even, x° is odd. 


Fundamental Theorem 


(2) 64 a 
= į —}]=—. Simplify. 





» There are a couple of ways to see that 
sin? x is an odd function. Its graph 

is symmetric about the origin. Or by 

analogy, take an odd power of x and 

raise it to an odd power. For example, 

Cay = x!>, which is odd. See Exercises 

53—56 for direct proofs of symmetry in 


composite functions. 
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Notice how the odd-powered term of the integrand is eliminated by symmetry. Inte- 
gration of the even-powered term is simplified because the lower limit is zero. 


b. The cos x term is an even function, so it can be integrated on the interval | 0, 7/2]. 
What about sin? x? It is an odd function raised to an odd power, which results in an 
odd function; its integral on |—7 (2; a} 2 | is zero. Therefore, 


ar /2 17/2 
/ (cosx — 4 sin? x) dx = 2f cos x dx — 0 Symmetry 
=T /2 0 





T/2 

= 2 sinx Fundamental Theorem 
0 

= 2(1 — 0) = 2. Simplify. 


Related Exercises 7—20<« 


Average Value of a Function 
If five people weigh 155, 143, 180, 105, and 123 lb, their average (mean) weight is 


155 + 143 + 180 + 105 + 123 


= 141.2 lb. 
5 


This idea generalizes quite naturally to functions. Consider a function f that is continuous 
on la, b). Let the grid points x) = a, X1, X2, . . ., X, = b form a regular partition of la, b| 


; —_ a : : : * 
with Ax = a We now select a point x; in each subinterval and compute f(x;,), for 


k = 1,...,n. The values of f(xx) may be viewed as a sampling of f on |a, b|. The aver- 
age of these function values is 


* 


flxi) + flea) to + fin) 


DG f 
Noting that n = ——, we write the average of the n sample values as the Riemann sum 


Ax 


(b = al Ax 73 2 flr) Ax. 


Now suppose we increase n, taking more and more samples of f, while Ax decreases to 
zero. The limit of this sum is a definite integral that gives the average value f on |a, b|: 





a 


This definition of the average value of a function is analogous to the definition of the aver- 
age of a finite set of numbers. 


DEFINITION Average Value of a Function 


The average value of an integrable function f on the interval | a, b| is 


7 1 
J= rt | f(x) dx. 
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y =f) 


Height of _ 
rectangle = f 





FIGURE 5.51 


Elevation of a hiking trail 
over 5 horizontal miles 









5000 
= A000 See ee 
=| 
‘3000 
ise) 
> 
~ 2000 
aa) 

1000 

2 3 4 
Horizontal distance (m1) 

FIGURE 5.52 


» Compare this statement to that of the 
Mean Value Theorem for Derivatives: 
There is at least one point c in (a, b) 
such that f’(c) equals the average 
slope of f. 


=f. 


Average elevation 





The average value of a function f on an interval |a, b] has a clear 
geometrical interpretation. Multiplying both sides of the definition of 
average value by (b — a), we have 


b 
Area of rectangle 5 — T — 
i a) = [fŒ dx (= at = J an 
— amm a 
= net area of —_ 
rectangle net area of region 


bounded by curve 


We see that the average value is the height of the rectangle with base 
[a, b] that has the same net area as the region bounded by the graph 
of f on the interval la, b| (Figure 5.51). (We need to use net area in 
case f is negative on part of |a, b], which could make f negative.) 





) 


QUICK CHECK 


(2 What is the average value of a constant function on an interval? What is 
the average value of an odd function on an interval |—a, a]?< 


EXAMPLE 2 Average elevation A hiking trail has an elevation given by 
f(x) = 60x? — 650x* + 1200x + 4500, 


where f is measured in feet above sea level and x represents horizontal distance along the 
trail in miles, with O = x S 5. What is the average elevation of the trail? 


SOLUTION The trail ranges between elevations of about 2000 and 
5000 ft (Figure 5.52). If we let the endpoints of the trail correspond to 
the horizontal distances a = 0 and b = 5, the average elevation of the 
trail in feet is 


f 


Pa 3 2 
(60x? — 650x + 1200x + 4500) dx 
0 





5 
1 xÍ x’ x i 

= He — = 650 — +: 1200 — + 4500: ) Fundamental Theorem 
5 4 3 2 0 

= 3958 Ł. Simplify. 


The average elevation of the trail is slightly less than 3960 ft. 
Related Exercises 21—34< 


Mean Value Theorem for Integrals 


The average value of a function brings us close to an important theoretical result. The 
Mean Value Theorem for Integrals says that if f is continuous on |a, b] then there is 
at least one point c in the interval (a, b] such that f(c) equals the average value of f 
on |a, b]. In other words, the horizontal line y = f intersects the graph of f for some 
point c in la, b] (Figure 5.53). If f were not continuous, such a point might not exist. 






Height of _ 
rectangle = f 


FIGURE 5.53 


» Amore general form of the Mean 
Value Theorem states that if fand g are 
continuous on |a, b| with g(x) = 0 on 
[a, b], then there exists a number c in 
[a, b] such that 


J T Te J oe 


0.6 y = 2x(1 — x) 





FIGURE 5.54 
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THEOREM 5.5 Mean Value Theorem for Integrals 
Let f be continuous on the interval | a, b|. There exists a point c in |a, b| such 
that 


fle) =F = 5 f sat 





Proof: We begin by letting F(x) = f E f(t) dt and noting that F is continuous on [a, b| 
and differentiable on (a, b) (by Theorem 5.3, Part 1). We now apply the Mean Value 
Theorem for derivatives (Theorem 4.9) to F and conclude that there exists at least one 
point c in (a, b) such that 


rte) = EO FO 
f(e) 


By Theorem 5.3, Part 1, we know that F’(c) = f(c) and by Theorem 5.3, Part 2, we 
know that 


F(b) — F(a) = | fou. 


Combining these observations, we have 


fe) = 5 | Anat 


where c is a point in (a, b). < 





QUICK CHECK 3 Explain why f(x) = 0 for at least one point of la, b| if f is continuous 
and |” f(x) dx = 0. « 


EXAMPLE 3 Average value equals function value Find the point(s) on the interval 
[0, 1] at which f(x) = 2x(1 — x) equals its average value on [0, 1]. 


SOLUTION The average value of f on [0, 1] is 
1 


= 1 pi 
f =a, | 2x(1 — x) dx = (2-2) 


E 


0 3 





We must find the points on [0, 1] at which f(x) = l (Figure 5.54). Using the quadratic 
formula, the two solutions of f(x) = 2x(1 — x) = 3 are 

Las V3 Le Vis 

— 0211 aid: ———— = 0/89. 

2 2 
These two points are located symmetrically on either side of x = L The two solutions, 
0.211 and 0.789, are the same for f(x) = ax(1 — x) for any value of a (Exercise 57). 
Related Exercises 35-40< 
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SECTION 5.4 EXERCISES 
Review Questions 28. f(x) = x(1 — x); [0,1] 


1. If f is an odd function, why is JE f(x)dx = 0? 29. f(x) = x"; [0, 1], for any positive integer n 


If f is an even function, why is I f(x) dx = am f(x) dx? 30. f(x) = x'/"; [0, 1], for any positive integer n 


2? an even or odd function? 31. Average distance on a parabola What is the average distance 


between the parabola y = 30x(20 — x) and the x-axis on the in- 


2 
3. Is x! an even or odd function? Is sin x 
4 

terval [0, 20]? 


Explain how to find the average value of a function on an interval 
la, b| and why this definition is analogous to the definition of the 
average of a set of numbers. 32. Average elevation The elevation of a path is given by 

f(x) = x? — 5x* + 30, where x measures horizontal distances. 
Draw a graph of the elevation function and find its average value, 
forO0 =x = 4. 


5. Explain the statement that a continuous function on an interval 
la, b| equals its average value at some point on |a, b]. 


6. Sketch the function y = x on the interval [0, 2] and let R be the 
region bounded by y = x and the x-axis on [0, 2]. Now sketch a 
rectangle in the first quadrant whose base is | 0, 2| and whose area 
equals the area of R. 


33. Average height of an arch The height of an arch above the 
ground is given by the function y = 10 sinx,forO = x S 7. 
What is the average height of the arch above the ground? 


34. Average height of a wave The surface of a water wave is 


Basic Skills described by y = 5(1 + cos x), for -m = x = m, where y = 0 
7-16. Symmetry in integrals Use symmetry to evaluate the following corresponds to a trough of the wave (see figure). Find the average 
integrals. height of the wave above the trough on |[—7, zr]. 


9 200 
7. / x? dx 8. J 2x° dx y 
7 —200 


2 
2 a /4 

9. J (3x8 — 2) dx 10. J cos x dx 
—2 = 


a7 /4 


y = 5(1 + cos x) 


2 
11. J (x? — 3x? + 2x? — 10) dx 
—2 





ar /2 10 
x 
12. J 5 sin x dx 13. J —— dx 
—r/2 -10V 200 — x? 


35—40. Mean Value Theorem for Integrals Find or approximate the 





m/2 point(s) at which the given function equals its average value on the 
=r /2 
“a l 35. f(x) = 8 — 2x; [0,4] 36. f(x) = e*; [0,2] 
. 5 = 
15. J , sin? x dx 16. im |x|) dx 37. f(x) =1- rla. [0, al, where a is a positive real number 
17-20. Symmetry and definite integrals Use symmetry to evaluate 38. f(x) = oe x; [0,77] 39. f(x) =1 — |x|; [-1,1] 
the following integrals. Draw a figure to interpret your result. 4 
g dar 40. f(x) = 1/x; [1,4] 
17. J sin x dx 18. J cos x dx 
=e j Further Explorations 
m 2a l 41. Explain why or why not Determine whether the following state- 
19. J cos x dx 20. J sin x dx ments are true and give an explanation or counterexample. 
0 0 
a. If f is symmetric about the line x = 2, then [ f(x) dx = 
21-30. Average values Find the average value of the following func- p J k f(x) dx. 
tions on the given interval. Draw a graph of the function and indicate b. If f has the property f(a + x) = —f(a — x), for all x, where 
the average value. a is a constant, then f f(x) dx = 0. 
21. f(x) = x; [-1,1] 22. f(x) =x? + 1; [2,2] c. The average value of a linear function on an interval |a, b] is 
the function value at the midpoint of (a, b]. 
mr d. Consider the function f(x) = x(a — x) on the interval | 0, aj, 
23. f(x) =—— [1,1] 24. f(x) = cos 2x; [-%, 2] A aa aa [05a] 





for a > 0. Its average value on [0, a] is l of its maximum 
value. 


42—45. Symmetry in integrals Use symmetry to evaluate the following 


integrals. 
a /4 a /4 
42. J tan x dx 43. J sec? x dx 
=T /4 =T /4 
2 2 3 
— 4 
44. fa — Jx’) dx 45. [a 
=) a Å + 1 
Applications 


46. Root mean square The root mean square (or RMS) is used to 
measure the average value of oscillating functions (for example, 
sine and cosine functions that describe the current, voltage, or 
power in an alternating circuit). The RMS of a function f on the 


interval |0, T] is 
_ a ee 
firms = “| f(t)? dt. 


Compute the RMS of f(t) = A sin (wt), where A and w are posi- 
tive constants and T is any integer multiple of the period of f, 
which is 277 /w. 


47. Gateway Arch The Gateway Arch in St. Louis is 630 ft high and 
has a 630-ft base. Its shape can be modeled by the parabola 


„=ef: - (Y) 


Find the average height of the arch above the ground. 


4 el) 





48. Another Gateway Arch Another description of the Gateway 
Arch is 


p= 1260 — cii i alt owe, 


where the base of the arch is |—315, 315] and x and y are mea- 
sured in feet. Find the average height of the arch above the 
ground. 


49. Planetary orbits The planets orbit the Sun in elliptical orbits with 
the Sun at one focus (see Section 11.4 for more on ellipses). The 


5.4 Working with Integrals 375 


equation of an ellipse whose dimensions are 2a in the x-direction 
2 2 
and 2b in the y-direction is =; + = |. 
a 
a. Let d° denote the square of the distance from a planet to 
the center of the ellipse at (0, 0). Integrate over the interval 
[—a, a] to show that the average value of d° is (a? + 2b7) /3. 
b. Show that in the case of a circle (a = b = R), the average 
value in part (a) is R”, 
c. Assuming 0 < b < a, the coordinates of the Sun are 
(Va? — b?,0). Let D? denote the square of the distance 


from the planet to the Sun. Integrate over the interval |—a, a | 
to show that the average value of D?” is (4a? — b)/3. 





Additional Exercises 


50. Comparing a sine and a quadratic function Consider the func- 


4 
tions f(x) = sin x and g(x) = —, x(a — x). 
T 


a. Carefully graph f and g on the same set of axes. Verify that 
both functions have a single local maximum on the interval 
[0, 7 | and they have the same maximum value on [0, zr]. 

b. On the interval [0, a], which is true: f(x) = g(x), 

g(x) = f(x), or neither? 
c. Compute and compare the average values of f and g on [0, zr]. 


51. Using symmetry Suppose f is an even function and 


J ft) dx = 18. 


8 8 
a. Evaluate J f(x) dx b. Evaluate J xf(x) dx 
0 8 


4 
52. Using symmetry Suppose f is an odd function, / f(x) dx = 3, 
8 0 
and [we dx = 9. 
0 


8 4 
a. Evaluate / f(x) dx b. Evaluate J f(x) dx 
—4 -8 
53-56. Symmetry of composite functions Prove that the integrand is 
either even or odd. Then give the value of the integral or show how it 
can be simplified. Assume that f and g are even functions and p and q 
are odd functions. 


53, J fle(x)) dx 54. J flp(x)) a 


376 


JD. 


57: 


58. 


59. 


60. 


61. 


62. 


63. 
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/ PE) dx 


Average value with a parameter Consider the function 
f(x) = ax(1 — x) on the interval [0, 1], where a is a positive 
real number. 


56. COL 


a. Find the average value of f as a function of a. 
b. Find the points at which the value of f equals its average value 
and prove that they are independent of a. 


Square of the average For what functions f is it true that the 
square of the average value of f equals the average value of the 
square of f over all intervals | a, b|? 


Problems of antiquity Several calculus problems were solved by 
Greek mathematicians long before the discovery of calculus. The 
following problems were solved by Archimedes using methods 
that predated calculus by 2000 years. 


a. Show that the area of a segment of a parabola is -= that of its 
inscribed triangle of greatest area. In other words, the area 
bounded by the parabola y = a? — x? and the x-axis is the 
area of the triangle with vertices ( + a, 0) and (0, a”). Assume 
that a > 0, but is unspecified. 

b. Show that the area bounded by the parabola y = a? — x? and 
the x-axis is £ the area of the rectangle with vertices ( + a, 0) 
and ( +a, a°). Assume that a > 0, but is unspecified. 


Unit area sine curve Find the value of c such that the region 
bounded by y = c sin x and the x-axis on the interval |0, 7 | has 
area 1. 


Unit area cubic Find the value of c > O such that the region 
bounded by the cubic y = x(x — c)? and the x-axis on the inter- 
val [0, c] has area 1. 


Unit area 


a. Consider the curve y = 1/x, for x = 1. For what value of 
b > 0 does the region bounded by this curve and the x-axis on 
the interval | 1, b] have an area of 1? 

b. Consider the curve y = 1/x?, where x = 1 and p < 2isa 
rational number. For what value of b (as a function of p) does 
the region bounded by this curve and the x-axis on the interval 
[1, b] have unit area? 

c. Is b(p) in part (b) an increasing or decreasing function of p? 
Explain. 


A sine integral by Riemann sums Consider the integral 
[= ie sin x dx. 

a. Write the left Riemann sum for J with n subintervals. 
cos@ + sin — -) ne 


2(1 — cos 0) 


TT T T 
COs (=) + sin (z) — 1 
2n 2n 
— cos | == 
2n 
Use this fact and part (b) to evaluate J by taking the limit of 
the Riemann sum as n —> ©, 


b. Show that lim o( 
60 


n—-1 
k 
c. Itis a fact that > sin (= E 
k=0 2n 


64. Alternate definitions of means Consider the function 


65. 


66. 


67. 


68. 


QU JIC -K 











( Jan dx 
f(t) = = — 

[ext dx 
Show that the following means can be defined in terms of f. 

+b 
a. Arithmetic mean: f(0) = 2 5 
3 
b. Geometric mean: f (-3) = Vab 
H , F(-3) 2ab 
c. Harmonic mean: f(—3) = 
a+b 
d. L ithmic mean: f(—1) A 
. Logarithmic mean: f(—1) = 
i lnb — lna 


(Source: Mathematics Magazine 78, No. 5 (December 2005)) 


Fill in the following table with either even or odd and prove each 
result. Assume n is a nonnegative integer and f” means the nth 
power of f. 


fis even 
f" is f' is 

f" is f" is 

Average value of the derivative Suppose that f’ is a continuous 
function for all real numbers. Show that the average value of the 


f(b) — fla) 


b — 


fis odd 


n is even 
n is odd 


derivative on an interval |a, b| is f’ = . Interpret 


this result in terms of secant lines. 


Symmetry about a point A function f is symmetric about a 
point (c, d) if whenever (c — x,d — y) is on the graph, then so is 
(c + x,d + y). Functions that are symmetric about a point (c, d) 
are easily integrated on an interval with midpoint c. 


a. Show that if f is symmetric about (c, d) anda > 0, then 
JEI) dx = 2af(c) = 2ad. 

b. Graph the function f(x) = sin? x on the interval [0, 7/2] and 
show that the function is symmetric about the point (F, 5). 

c. Using only the graph of f (and no integration), show that 


[O° sin? x dx = I (See the Guided Project Symmetry in 
Integrals.) 


Bounds on an integral Suppose f is continuous on |a, b] with 
f”(x) > 0 on the interval. It can be shown that 


rae « [1 Jax = (b— a) SO) 70) 


a. Assuming f is nonnegative on (a, b], draw a figure to illus- 
trate the geometric meaning of these inequalities. Discuss your 
conclusions. 

b. Divide these inequalities by (b — a) and interpret the resulting 
inequalities in terms of the average value of f on |a, b]. 








‘CK ANSWERS 





CHE 


1. f(—x)g(-x) = f(x)e(x); therefore, fg is even. 


2. The average value is the constant; the average value is 0. 
3. The average value is zero on the interval; by the Mean 
Value Theorem for Integrals, f(x) = 0 at some point on the 
interval. <«< 
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5.5 Substitution Rule 


» We assume C is an arbitrary constant 
without stating so each time it appears. 


Given just about any differentiable function, with enough know-how and persistence, you 
can compute its derivative. But the same cannot be said of antiderivatives. Many func- 
tions, even relatively simple ones, do not have antiderivatives that can be expressed in terms 
of familiar functions. Examples are sin (x), (sin x) /x, and x*. The immediate goal of this 
section is to enlarge the family of functions for which we can find antiderivatives. This cam- 
paign resumes in Chapter 7, where additional integration methods are developed. 


Indefinite Integrals 


One way to find new antiderivative rules is to start with familiar derivative rules and work 
backward. When applied to the Chain Rule, this strategy leads to the Substitution Rule. 
A few examples illustrate the technique. 


EXAMPLE 1 Antiderivatives by trial and error Find f cos 2x dx. 


SOLUTION The closest familiar indefinite integral related to this problem is 
[cosixas = sinx + C, 
which is true because 
— (sinx + C) 
—~( Six = COS x. 
dx 


Therefore, we might incorrectly conclude that the indefinite integral of cos 2x is 
sin 2x + C. However, by the Chain Rule, 


d 
z osin 2x + C) = 2cos 2x ¥ cos 2x. 
x 


Note that sin 2x fails to be an antiderivative of cos 2x by a multiplicative factor of 2. 
A small adjustment corrects this problem. Let’s try 4 sin 2x: 


d/l. 1 
— | > sin 2x | =>" cos 2x = cos 2x. 
dx \2 2 


It works! So we have 


1 
feos 2x = z Sin 2x + C. 


Related Exercises 9-12< 


The trial-and-error approach of Example 1 does not work for complicated integrals. 
To develop a systematic method, consider a composite function F(g(x)), where F is an 
antiderivative of f; that is, F’ = f. Using the Chain Rule to differentiate the composite 
function F(g(x)), we find that 


“[F(g(2))] = F'(a(x))8'(2) = Alga) "(2 
f(g(x)) 


This equation says that F(g(x)) is an antiderivative of f(g(x))g’(x), which is written 


J fle(x))e"(x) dx = EE a) 


where F is any antiderivative of f. 
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Why is this approach called the Substitution Rule (or Change of Variables Rule)? 


» You can call the new variable anything 


you want because it is just another In the composite function f(g(x)) in equation (1), we identify the “inner function” as 
variable of integration. Typically, u is a u = g(x), which implies that du = g'(x) dx. Making this identification, the integral in 
standard choice for the new variable. equation (1) is written 


(eae [iv du = Flu) + C 


aS ee 
f(u) du 

We see that the integral | f(g(x))g'(x) dx with respect to x is replaced by a new integral 

f f(u)du with respect to the new variable u. In other words, we have substituted the new 

variable u for the old variable x. Of course, if the new integral with respect to u is no 

easier to find than the original integral, then the change of variables has not helped. The 

Substitution Rule requires some practice until certain patterns become familiar. 


THEOREM 5.6 Substitution Rule for Indefinite Integrals 
Let u = g(x), where g’ is continuous on an interval, and let f be continuous on 
the corresponding range of g. On that interval, 


[aeons dx = [iu 


PROCEDURE Substitution Rule (Change of Variables) 


1. Given an indefinite integral involving a composite function f(g(x)), iden- 
tify an inner function u = g(x) such that a constant multiple of g'(x) 
appears in the integrand. 


. Substitute u = g(x) and du = g'(x) dx in the integral. 
. Evaluate the new indefinite integral with respect to u. 
. Write the result in terms of x using u = g(x). 


Disclaimer: Not all integrals yield to the Substitution Rule. 





EXAMPLE 2 Perfect substitutions Use the Substitution Rule to find the following 
indefinite integrals. Check your work by differentiating. 


a. [ro + 1)? dx b. [i001 ax 


SOLUTION 


a. We identify u = 2x + 1 as the inner function of the composite function (2x + 1)°. There- 
fore, we choose the new variable u = 2x + 1, which implies that du = 2 dx. Notice that 
du = 2 dx appears as a factor in the integrand. The change of variables looks like this: 


fe T 1)°-2dx = fu du Substitute u = 2x + 1, du = 2 dx. 
—n amam Oo” 
u? du 
4 
» Itis a good idea to check the result. By = u + C Andee 
the Chain Rule, we have 4 
d [ (2x + 1)4 2x + 1)4 
s ie = 2 ed 1), = a + C. Replace u by 2x + 1. 





Notice that the final step uses u = 2x + 1 to return to the original variable. 
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b. The composite function e!™ has the inner function u = 10x, which implies that 
du = 10 dx. The change of variables appears as 


J e1" 10 dx = / e“du Substitute u = 10x, du = 10 dx. 


eG Antiderivative 
= e!% + C. Replace u by 10x. 


d 
In checking, we see that z (en + C) =e 10 = 10e!™., 
X 


Related Exercises 13—l6< 





JICK CHECK 1 Find a new variable u so that J Ax (a + 5)” dx = J u du.< 


EXAMPLE 3 Introducing a constant Find the following indefinite integrals. 

a. Feta + 6) dx b. | cos? x sin x dx 

SOLUTION 

a. The inner function of the composite function (x? + 6)? is x? + 6 and its derivative 
5x* also appears in the integrand (up to a multiplicative factor). Therefore, we use the 


substitution u = x° + 6, which implies that du = 5x* dx or xt dx = 1 /5 du. By the 
Substitution Rule, 


Substitute u = x° + 6, 
du = 5x* dx => xt dx = 5 du 


-1 I du fens ar=c [raya 


l 
Je + 6? xtdx = | u?’-du 
—— 5 


u?’ — du 
5 


1 yi 
= Fe OG Antiderivative 
5 10 
l os 10 5 
= a +6) +C. Replace u by x° + 6. 

b. The integrand can be written as (cos x)° sin x. The inner function in the composi- 
tion is cos x, which suggests the substitution u = cos x. Note that du = —sin x dx or 
sin x dx = —du. The change of variables appears as 

J cos? x sin x dx = — / u” du Substitute u = cos x, du = —sin x dx. 
—[——Sant OS 
ue —du 
y 
= “A TE Antiderivative 
4 


COS xX 





+ C. Replace u by cos x. 


Related Exercises 17—32< 


LIF 





CK CHECK 2 In Example 3a, explain why the same substitution would not work as well 
or the integral Ice + 6)’ dx.< 


Sometimes the choice for a u-substitution is not so obvious or more than one 
u-substitution works. The following example illustrates both of these points. 
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‘ 
EXAMPLE 4 Variations on the substitution method Find | —— dx. 
Vr tIl 

SOLUTION 


Substitution 1 The composite function Vx + 1 suggests the new variable u = x + 1. 
You might doubt whether this choice will work because du = dx, which leaves the x in 
the numerator of the integrand unaccounted for. But let’s proceed. Letting u = x + 1, 
we have x = u — 1, du = dx, and 





x u= I 
———— _ dx = du Substitute u = x + 1, du = dx. 
J Vx + 1 J Vu 


1 
J (vi — =) du Rewrite integrand. 


— [wr — u/*) du. Fractional powers 
We integrate each term individually and then return to the original variable x: 


2 
J (wl? — Ww?) du = zu? — 2u"? + C Antiderivatives 


2 
3% + 1) — 2(x + 1)? + C Replace u by x + 1. 


Factor out (x + 1)!/? and 


Z 
3 -- 1)! (x =D) EG, 











simplify. 
o. SORT ; VE ee VEE a 
» In Substitution 2, you could also use the Substitution 2 Another possible substitution isu = Vx + 1. Nowu* = x + 1, 
fact that x = u? — 1, and dx = 2u du. Making these substitutions leads to 
œ) == 
u ix) = 5 x u^ — 
2Vx + l |a= J 2u du Substituteu = Vx + 1,x = u? — 1. 
which implies x+ 1 ss 
Hie D = 2 / (u° — 1) du Simplify the integrand. 
2VvVx + 1 
P 
= 2 (£ — n) PC Antiderivatives 


(x + 1) — 2(x + 1)? + C Replace uby Vx + 1. 


WIN toe 


(x + 1)'?%(x -2) +. Factor out (x + 1)!/? and simplify. 


The same indefinite integral is found using either substitution. 
Related Exercises 33-38 


Definite Integrals 


The Substitution Rule is also used for definite integrals; in fact, there are two ways to proceed. 


e You may use the Substitution Rule to find an antiderivative F, and then use the Funda- 
mental Theorem to evaluate F(b) — F(a). 


e Alternatively, once you have changed variables from x to u, you may also change the 
limits of integration and complete the integration with respect to u. Specifically, if 
u = g(x), the lower limit x = ais replaced by u = g(a) and the upper limit x = b is 
replaced by u = g(b). 


The second option tends to be more efficient, and we use it whenever possible. A few 
examples illustrate this idea. 
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THEOREM 5.7 Substitution Rule for Definite Integrals 
Let u = g(x), where g’ is continuous on la, b], and let f be continuous on the 
range of g. Then 


b g(b) 
x))e'(x) dx = u) du. 
J tere J, flu) 





EXAMPLE 5 Definite integrals Evaluate the following integrals. 


2 4 mr /2 
dx X | 
a. J F a BAS b. J z a Oh C. / sin“ x cos x dx 
0 (x + 3) 0o x + 1 0 


SOLUTION 
» When the integrand has the form 
f(ax + b), the substitution u = ax + b 
is often effective. 


a. Let the new variable be u = x + 3 and then du = dx. Because we have changed the 
variable of integration from x to u, the limits of integration must also be expressed in 
terms of u. In this case, 


x = Oimpliesu = 0 + 3 = 3, Lower limit 
x = 2impliesu = 2 + 3 = 5. Upper limit 


The entire integration is carried out as follows: 





2 5 
dx 3 
/ AFE / u ` du Substitute u = x + 3, du = dx. 
o (x + 3) 3 

u`? 5 

= > Fundamental Theorem 

3 

1 8 

= —_ (5% — 3%) = Simplify. 
3 | ) = 595 ae 


b. Notice that a multiple of the derivative of the denominator appears in the numerator; 
therefore, we let u = x? + 1. Then du = 2x dx, or x dx = + du. Changing limits of 
integration, 

x = Oimpliesu = 0+ 1 = 1, Lower limit 


x = 4impliesu = 47 + 1 = 17. Upper limit 


Changing variables, we have 


A 17 
x 1 
J z U = >| u`! du Substitute u = x? + 1, du = 2x dx. 
0 x^ + 1 2 1 
1 17 
= A In |u| Fundamental Theorem 





l et 
5 (In 17 —1In1) Simplify. 


l 
zP 17 = 1.417. Inl =0 
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» See Exercise 102 for a generalization 
of Example 6. Trigonometric integrals 
involving powers of sin x and cos x are 
explored in greater detail in Section 7.3. 


y = 2(2x + 1) 






Area of R 


2 
= | 2(2x + Da 
0 


Area of R = Area of R’ 
FIGURE 5.55 





c. Letu = sin x, which implies that du = cos x dx. The lower limit of integration 
becomes u = 0 and the upper limit becomes u = 1. Changing variables, we have 


ar /2 1 
/ sin’ x cos x dx = J u* du 
0 0 


= —. Fundamental Theorem 


u = sin x, du = cos x dx 





Related Exercises 39-52< 


The Substitution Rule enables us to find two standard integrals that appear frequently in 
practice, J sin? x dx and J cos? x dx. These integrals are handled using the identities 


2 


1 — cos 2x 5 1 + cos 2x 
x= ~~~ and cos x = —— ~~~. 


sin 
2 2 


EXAMPLE 6 Integral of cos? 0 Evaluate f a “cos? 0 dO. 
SOLUTION Working with the indefinite integral first, we use the identity for cos” 8: 


5 1 + cos 26 1 1 
cos’ 0 d0 = 5 =, abt cos 26 dé. 


The change of variables u = 26 is now used for the second integral, and we have 


1 1 

[cos 0 de = | + 5 | cos 2640 
2 2 
1 


1 1 
— | d0 + —'— | cosudu u = 20,du = 2 d0 
2 2 2 


0 1. 
eee 


Evaluate integrals; u = 20. 


2 
Using the Fundamental Theorem of Calculus, the value of the definite integral is 
1/2 r ra 1 l a /2 
cos’ 0 d0 = | = + —sin 20 
0 2 4 0 





TT 1. 1. TT 
= | — + -snr |— | 04+ —sn0 ) = — 
4 4 4 4 


Related Exercises 53-60 


Geometry of Substitution 

The Substitution Rule may be interpreted graphically. To 
keep matters simple, consider the integral I » 2(2x Fijar 
The graph of the integrand y = 2(2x + 1) on the inter- 
val [0,2] is shown in Figure 5.55, along with the region R 
whose area is given by the integral. The change of variables 


ad u = 2x + 1,du = 2 dx, u(0) = 1, and u(2) = 5 leads to the 
Area of R’ new integral 
> 2 5 
a =| udu [oe + 1)dx = f| uau 
0 1 


Figure 5.55 also shows the graph of the new integrand y = u 
on the interval |1, 5] and the region R’ whose area is given by 
the new integral. You can check that the areas of R and R’ are 
equal. An analogous interpretation may be given to more com- 
plicated integrands and substitutions. 
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QUICK CHECK 3 Changes of variables eer pi a in mathematics. For example, 
suppose you want to solve the equation x — 13x? + 36 = 0. If you use the substitution 
u = x°, what is the new equation that must be solved for u? What are the roots of the 


original equation? «< 


SECTION 5.5 EXERCISES 


Review Questions 
1. On which derivative rule is the Substitution Rule based? 


2. Explain why the Substitution Rule is referred to as a change of 
variables. 


3. The composite function f(g(x)) consists of an inner function g 
and an outer function f. When doing a change of variables, which 
function is often a likely choice for a new variable u? 


4. Find a suitable substitution for evaluating f tan x sec? x dx, and 
explain your choice. 


5. When using a change of variables u = g(x) to evaluate the defi- 
nite integral ris f(g(x))g' (x) dx, how are the limits of integration 
transformed? 


6. If the change of variables u = x” — 4 is used to evaluate the defi- 
nite integral T „f(x) dx, what are the new limits of integration? 


7. Find | cos? x dx. 
8. What identity is needed to find | sin? x dx? 


Basic Skills 
9-12. Trial and error Find an antiderivative of the following func- 
tions by trial and error. Check your answer by differentiation. 


9, f(x) = (x +1)” 10. f(x) = e™t! 
11. f(x) = V2x+ 1 12. f(x) = cos (2x + 5) 


13-16. Substitution given Use the given substitution to find the fol- 
lowing indefinite integrals. Check your answer by differentiation. 


13. [xc + 1)f dx, u = x° + 1 
14. [sxco (4x? + 3) dx, u = 4x7 + 3 
15. J sin? xos xas u = sinx 


16. IGE 1) V 3x? + xdx, u = 3x? + x 


17—32. Indefinite integrals Use a change of variables to find the fol- 
lowing indefinite integrals. Check your work by differentiation. 


17. Ja — 1)” dx 18. fr dx 


(Vx + 1) 
20. [ee 


19 J 2x" d 
ë AX 
V1 -— 4x? 2Vx 


21. Je + x)! (2x + 1) dx 


23. J x?(xt + 16)® dx 24. J sin!? @ cos 6 do 


25. 


27. Je 
28. J = 
e 
d 3 
29. hfe 30. foe 
1+ 4x 1 + 25x 


8x + 6 


2 
SS —— 32. — dx 
ia —] JÈ + 3x 


33-38. Variations on the substitution method Find the following 


integrals. 
2 
34. / ay 
(eer A) 
36. / << ay 
e tre 


38. fo PIV 2a 


26. Je sin x!° dx 





> dx (Hint: Letu = x — 2.) 


31. Ws >2 


X 
33. —— d 
les g 
x 
35. | Se 
\/ 96+ 
37. |E lax 


39-52. Definite integrals Use a change of variables to evaluate the 
following definite integrals. 











1 2 
2 
39. J 2x(4 — x°) dx 40. J : 5 AX 
0 0 (x + 1) 
a 7/4 sinx 
41. J sin’ 0 cos 6 dO 42. J 5 dx 
0 o COs’ x 
° D 
43. J xe” t! dx 44. J dp 
-1 0 V9 +p? 








T ajA sin x 
45. J a ax 46. J z UN 
mj4 SIN” x 0 cos x 





2/5 3 2 
d Hi 
47. / ne Ag | 2g, 
2/(5V3) xV 25x? — 1 o Vrt 3v+4 
4 
X X 
49. / dx 50. / — < gy 
ox? +1 0 Vi = 16x? 
1/V3 n4 sy 
4 
51 J ; 52. J ——— k 
1/3 9x + 1 0 3 + 2e 
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53-60. Integrals with sin? x and cos? x Evaluate the following 


integrals. 
54. J sin? x dx 


53. | coxa 
a7 /4 
56. J cos? 80 d0 
0 


55, I sin?(0 + z) do 


a /4 
57. / sin? 26 d0 
=r /4 


58. f cos” (x dx 
es Sy l l 
59. a ay (Hint: sin 2 y = 2 sin y cos y.) 
ge: sin y a2 


a /2 
60. ; sin* 0 d0 
0 


Further Explorations 
61. Explain why or why not Determine whether the following 


statements are true and give an explanation or counterexample. 


Assume that f, f’, and f” are continuous functions for all real 
numbers. 


a [IOF de = 5 (Fe)? + € 





b. JEFO) de = —— (fo) "+ Gn #1 


c. [sinzea = 2 f sin xa 


2 10 
Irl 
d. fera- -c 


M J Oe — f'(a) 


62-78. Additional integrals Use a change of variables to evaluate the 


following integrals. 


62. J sec 4w tan 4w dw 63. J sec? 10x dx 


64. fiina + 3 sin? x — sin x) cos x dx 





2 
65. / a dex 66. J (x3/2 + 8)5 Vx dx 
cot x 
ek 
67. J sin x sec® x dx 68. J ; dx 
i a | 
i! e? 
] 
69. [vi — x? dx 7. | =a 
0 poA 


6/5 
P m |e 
0 25x + 36 


3 
x 
. bs 
J, Yx? -1 
2 
73. [= V16 — x* dx 
0 


74 


T3: 


76. 


Tis 


78. 


V3 

f (x — 1)(x? — 2x)" dx 
v2 
0 


sin x 


d 
E ~ 


[ (x + 1)(x + 2) 
0 


3 2 A 
2x° + 9Ox- + 12x + 36 


kare 
5 dx 
1 9x4 + Ox = 1 


1/4 
- 2 . 
J e™ * sin 2 x dx 
0 








79-82. Areas of regions Find the area of the following regions. 





79. The region bounded by the graph of f(x) = x sin (x°) and the 
x-axis between x = 0 and x = Va 
80. The region bounded by the graph of f(@) = cos 0 sin 0 and the 
0-axis between 0 = 0 and 0 = 7/2 
81. The region bounded by the graph of f(x) = (x — 4)* and the 
x-axis between x = 2 and x = 6 
82. The region bounded by the graph of f(x) = and the 
x-axis between x = 4 and x = 5 x" — 9 
83. Morphing parabolas The family of parabolas y = (1/a) — x*/a’, 
where a > 0, has the property that for x = 0, the x-intercept 
is (a, 0) and the y-intercept is (0, 1 /a). Let A(a) be the area 
of the region in the first quadrant bounded by the parabola and 
the x-axis. Find A(a) and determine whether it is an increasing, 
decreasing, or constant function of a. 
84. Substitutions Suppose that fis an even integrable function with 
Jo f(x)dx aie 
1 2 
a. Evaluate J x f(x?) dx. b. Evaluate J aJa lar 
=1 -2 
85. Substitutions Suppose that p is a nonzero real number and f is an 
odd integrable function with f} f(x)dx = 7. 
7/(2p) 
a. Evaluate J cos px f(sin px) dx. 
0 
ar /2 
b. Evaluate J cos x f(sin x) dx. 
=r /2 
Applications 
86. Periodic motion An object moves in one dimension with a 


velocity in m/s given by v(t) = 8 cos (mt/6). 

a. Graph the velocity function. 

b. As discussed in Chapter 6, the position of the object is given 
by s(t) = Jo v(y) dy, for t = 0. Find the position function, 
fort = 0. 

c. What is the period of the motion—that is, starting at any point, 
how long does it take the object to return to that position? 


87. Population models The population of a culture of bacteria has 
200 
a growth rate given by p’(t) = ———— 
g given by p'(t) Ga 
t = 0, where r > 1 is areal number. In Chapter 6 it is shown 
that the increase in the population over the time interval | 0, r] is 


bacteria per hour, for 


given by I ` p'(s) ds. (Note that the growth rate decreases in time, 


reflecting competition for space and food.) 


a. Using the population model with r = 2, what is the increase in 


the population over the time interval 0 = t S 4? 


b. Using the population model with r = 3, what is the increase in 


the population over the time interval 0 = t S 6? 
c. Let AP be the increase in the population over a fixed time 


interval |0, T]. For fixed T, does AP increase or decrease with 


the parameter r? Explain. 


d. A lab technician measures an increase in the population of 350 


bacteria over the 10-hr period [0, 10]. Estimate the value of r 
that best fits this data point. 

e. Looking ahead: Work with the population model using r = 3 
in part (b) and find the increase in population over the time 
interval [0, T], for any T > O. If the culture is allowed to 
grow indefinitely (T — œ ), does the bacteria population 
increase without bound? Or does it approach a finite limit? 


88. Consider the right triangle with vertices (0, 0), (0, b), and (a, 0), 
where a > O and b > 0. Show that the average vertical distance 
from points on the x-axis to the hypotenuse is b/2, for all a > 0. 


89. Average value of sine functions Use a graphing utility to verify 
that the functions f(x) = sin kx have a period of 27r /k, where 

k = 1,2,3,.... Equivalently, the first “hump” of f(x) = sin kx 
occurs on the interval |0, 7 /k]. Verify that the average value of 
the first hump of f(x) = sin kx is independent of k. What is the 


average value? 


Additional Exercises 
90. Looking ahead: Integrals of tan x and cot x 


a. Use a change of variables to show that 
fonsar = —In |cosx| + C = In |sec x| + C. 


b. Show that 


[oo x dx 


91. Looking ahead: Integrals of sec x and csc x 


In |sin x| + C. 
a. Multiply the numerator and denominator of sec x by 
sec x + tan x; then use a change of variables to show that 


[sccxar = In|secx + tanx| + C. 


b. Show that 


[osexa = —In |esc x + cotx| + C. 


92. Equal areas The area of the shaded region under the curve 
y = 2 sin 2x in (a) equals the area of the shaded region under the 


5.5 Substitution Rule 385 


curve y = sin x in (b). Explain why this is true without computing 
areas. 





(a) (b) 


93. Equal areas The area of the shaded region under the curve 


(Vx — 1) , | 
y = ———— on the interval | 4, 9] in (a) equals the area of 


2Vx 


the shaded region under the curve y = x” on the interval | 1,2] in 
(b). Without computing areas, explain why. 





(b) 


94-98. General results Evaluate the following integrals in which the 
function f is unspecified. Note f P) is the pth derivative of f and fP is 
the pth power of f. Assume f and its derivatives are continuous for all 
real numbers. 


94. f PO) + PO) HSA dr 
95. J (5 (x) + TF (x) + f(x))f' (x) dx, where f(1) = 4, f(2)=5 


1 
96. [rove dx, where f'(0) = 3 and f’(1) = 2 

0 
97. [errr dx, where p is a positive integer, n # —1 


98, J WPO ETOO f(x) ax 


99-101. More than one way Occasionally, two different substitutions 
do the job. Use both of the given substitutions to evaluate the following 
integrals. 


1 
99. | aV Fads a> 0 (u= Vx + aandu =x + a) 


0 


1 
100. | VF adn a> 0 (u = Vx + aandu =x + a) 
0 
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105. Substitution: scaling Another change of variables that can be 
interpreted geometrically is the scaling u = cx, where c is a real 
number. Prove and interpret the fact that 


101. J sec? 0 tan 0 dO (u = cos 0 andu = sec 0) 


102. sin? ax and cos? ax integrals Use the Substitution Rule to prove 


that fi cx) dx = — Mor 
J sin? ax dx 


; x sin (2ax) 
cos’ ax dx 5 + Ao tC. 106-109. Multiple substitutions Use two or more substitutions to find 
the following integrals. 


> 
7 An Draw a picture to illustrate this change of variables in the case that 
f(x) = sinx,a = 0,b = m, and c = L 





103. Integral of sin? x cos? x Consider the integral 


I = | sin? x cos’ x dx. 106. f sinf (x°) cos (x*) dx (Hint: Begin with u = x7, then use 

a. Find / using the identity sin 2x = 2 sin x cos x. v = sinu.) 

b. Find J using the identity cos? x = 1 — sin’ x. 

c. Confirm that the results in parts (a) and (b) are consistent and 107. J oo A _ _ (Hint: Begin with u = ^ IE x.) 
compare the work involved in each method. V1l+V1Il4+x 


104. Substitution: shift Perhaps the simplest change of variables is the 40g tan!? 4x sec? 4x dx (Hint: Begin with u = 4x.) 
shift or translation given by u = x + c, where c is a real number. | 


a. Prove that shifting a function does not change the net area un- dae ere 


der the curve, in the sense that 109. 5 dð (Hint: Begin with u = cos 6.) 
0 Vcos 6+ 16 








b b+c 
J ro + c) dx = f(u) du 


Fa JICK CHECK ANSWERS 





b. Draw a picture to illustrate this change of variables in the case tga Ss Wa ee 5r 


at SS OP PSR anh Ae and x* does not appear in the integrand. 3. New equation: 


2 — 13u + 36 = 0; roots: x = +2, +3< 





€A: REVIEW EXERCISES 


1. Explain why or why not Determine whether the following state- 3. Area by geometry Use geometry to evaluate the following defi- 
ments are true and give an explanation or counterexample. As- nite integrals, where the graph of f is given in the figure. 
sume f and f’ are continuous functions for all real numbers. 4 4 
a. If A(x) = J" f(t) dt and f(t) = 2t — 3, then A is a quadratic J F(x J Fx 
function. a 4 
b. Given an area function A(x) = f: ” f(t) dt and an antideriva- 
tive F of f, it follows that A' (x) = F(x). - fr) ax d f Aa 


c. f’ f'(x) dx = f(b) — fla). 

d. If f is continuous on |a, b] and SAIF dx = 0, then 
f(x) = 0 on [a,b]. 

e. If the average value of f on |a, b] is zero, then f(x) = 0 on 
La, b]. 

f JOR) — 3g(x)) dx = 2° 7 ) dx + 3 f g(x) dx 

g. | f’(g(x))a'(x) dx = f(a(x)) + 


2. Velocity to displacement An object travels on the x-axis with a 
velocity given by v(t) = 2t + 5,for0 =r = 4. 
a. How far does the object travel, for 0 = t S 4? 
b. What is the average value of v on the interval [0, 4]? 
c. True or false: The object would travel as far as in part (a) if it 
traveled at its average velocity (a constant), for 0 S t S 4. 





4. Displacement by geometry Use geometry to find the displace- 
ment of an object moving along a line for the time intervals 
D0sts 5, (i3 St S 7, and (iii) 0 = t S 8, where the 
graph of its velocity v = g(t) is given in the figure. 





5. Area by geometry Use geometry to evaluate I i V 8x — x? dx. 
(Hint: Complete the square of 8x — x7.) 


6. Bagel output The manager of a bagel bakery collects the follow- 
ing production rate data (in bagels per minute) at six different 
times during the morning. Estimate the total number of bagels 
produced between 6:00 and 7:30 a.m. 


Production rate 


Time of day (a.m.) (bagels/min) 
6:00 45 
6:15 60 
6:30 75 
6:45 60 
7:00 50 
TAD 40 


Ie Integration by Riemann sums Consider the integral 

[Gx — 2) de. 

a. Evaluate the right Riemann sum for the integral with n = 3. 

b. Use summation notation to write the right Riemann sum for an 
arbitrary positive integer n. 

c. Evaluate the definite integral by taking the limit as n —> © of 
the Riemann sum in part (b). 

d. Confirm the result from part (c) by graphing y = 3x — 2 and 
using geometry to evaluate the integral, and also by evaluating 
| ‘(3x — 2) dx with the Fundamental Theorem of Calculus. 


8—11. Limit definition of the definite integral Use the limit definition 
of the definite integral with right Riemann sums and a regular partion 


( f A fix) dx = lim > Ja ¢ )Ax) to evaluate the following definite 
dae aa 


integrals. Use the Fundamental Theorem of Calculus to check your 
answer. 


1 2 
| -2a 9, fœ- dx 
0 0 
2 4 
10. J (3x? + x) dx 11. J (x? — x) dx 
1 0 


12. Evaluating Riemann sums Consider the function 
f(x) = 3x + 4 on the interval [3,7]. Show that the midpoint 
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Riemann sum with n = 4 gives the exact area of the region 
bounded by the graph. 


13. Sum to integral Evaluate the following limit by identifying the 
integral that it represents: 
G) 
ay 


n Ak 8 
lim >|(“) +1 
nS =] n 


14. Area function by geometry Use geometry to find the area A(x) 
that is bounded by the graph of f(t) = 2t — 4 and the t-axis be- 
tween the point (2, 0) and the variable point (x, 0), where x = 2. 
Verify that A’ (x) = f(x). 





15-30. Evaluating integrals Evaluate the following integrals. 


2 
15. / (3x* — 2x + 1) dx 16. [eos 3x dx 
=2 
2 1 
17. J (x + 1)? dx 18. J (4x°! — 2x16 + 1) dx 
0 0 


2 
19. ic — 7x°) dx 20. / gre dx 
-2 


1 2 
21. | vive + ya 2. [se 
0 x +2 


1 
dx 
23. / 24. [rors 1)* dy 
0 V4 — x? 











X 

25. / dx 26. fJ sin x? cos x? dx 

0 V25 — x? 
27. J sin ? 50 dO 28. / (1 — cos? 36) d0 

0 
2497-2 mee 

29, |e 30. J dx 

x? Fx = Ox o 1+e™ 


31-34. Area of regions Compute the area of the region bounded by 
the graph of f and the x-axis on the given interval. You may find it 
useful to sketch the region. 


31. f(x) = 16 — x’; [-4,4] 

32. f(x) =x? — x; [-1,0] 

33. f(x) = 2sin(x/4); [0,27] 
34. f(x) = 1/(x2 + 1); [-1, V3] 


35-36. Area versus net area Find (i) the net area and (ii) the area of 
the region bounded by the graph of f and the x-axis on the given inte- 
gral. You may find it useful to sketch the region. 


35. f(x) = xt — x^; [-1,1] 
36. f(x) = xX [0, 3 | 
37. Symmetry properties Suppose that J ; f(x) dx = 10 and 


I N g(x) dx = 20. Furthermore, suppose that f is an even function 
and g is an odd function. Evaluate the following integrals. 


a. J feo dx b. / 3400 dx 
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c. / (Af) ~ 3a) ax d. J 8x f(4x7) dx 


2 
e. / 3x f(x) dx 
2 


38. Properties of integrals The figure shows the areas of regions bounded 


by the graph of f and the x-axis. Evaluate the following integrals. 


a. J Aa) dx b. J Aa) dx c. J 2 f(x) dx 
d 


d. J 4 f(x) dx e. J f f(x) dx f. / r f(x) dx 


Area = 15 








Area = 20 
Area = 12 






39-44. Properties of integrals Suppose that J i f(x) dx = 6, 
L g(x) dx = 4, and I f(x)dx = 2. Evaluate the following integrals 
or state that there is not enough information. 


4 1 
39. J 3 f(x) dx 40. -J 2 F(x) dx 
1 4 


41. J (3 f(x) = 2g(x)) dx 42. J rece dx 





“f(x) 
1 g(x) a 


45. Displacement from velocity A particle moves along a line with a 
velocity given by v(t) = 5 sin 7t starting with an initial position 
s(0) = 0. Find the displacement of the particle between t = 0 
and t = 2, which is given by s(t) = J, v(t) dt. Find the distance 
traveled by the particle during this interval, which is fọ |v(t)| dt. 


43. 44. J (f(x) — g(x)) dx 


46. Average height A baseball is launched into the outfield on a para- 
bolic trajectory given by y = 0.01x(200 — x). Find the average 
height of the baseball over the horizontal extent of its flight. 


47. Average values Integration is not needed. 


a. Find the average value of f shown in the figure on the interval 
| 1, 6], and the find the point(s) c on |1, 6] guaranteed to exist 
by Theorem 5.5. 





48. 


49. 


50. 


51. 


52. 


53; 


54. 


Io; 


b. Find the average value of f shown in the figure on the interval 
[2, 6], and then find the point(s) c on [2, 6] guaranteed to exist 
by Theorem 5.5. 





(b) 


An unknown function The function f satisfies the equation 
3x4 — 48 = f N f(t) dt. Find f and check your answer by 
substitution. 


An unknown function Assume f’ is continuous on [2, 4), 
J; f' (2x) dx = 10, and f(2) = 4. Evaluate f(4). 


Function defined by an integral Let H(x) = f 4 V4 — t? dt, 
[ot =2. = 2 2. 


a. Evaluate H(0). 

b. Evaluate H'(1). 

c. Evaluate H’(2). 

d. Use geometry to evaluate H(2). 

e. Find the value of s such that H(x) = sH(—x). 


Function defined by an integral Make a graph of the function 


“dt 
f(x) = J P for x = 1. Be sure to include all of the evidence 
1 


you used to arrive at the graph. 


Identifying functions Match the graphs A, B, and C in the figure 
with the functions f(x), f'(x), and fọ f(t) dt. 


y 
1.8 
1.0 

A 
0.5 

va : 

ZN L_a 
1 2 3 4 5 6 8 x 
—Of C 

= 1.0 


Geometry of integrals Without evaluating the integrals, explain 
why the following statement is true for positive integers n: 


1 1 
fean / Vx dx = 1. 
0 0 


Change of variables Use the change of variables u? = x? — 1 to 
evaluate the integral f i x Wx? — 1 dx. 


Inverse tangent integral Prove that, for nonzero constants a and b, 


J dx 1 i (2) pe 
= a —— , 
a?x? + b? ab b 





56-61. Additional integrals Evaluate the following integrals. 


56. 


7. 


59 


61. 


62. 


63. 


64. 


~ gin 2x , ; . 
J ——— dx (Hint: sin 2x = 2 sin x cos x.) 
1 + cos’ x 


1 1 (tan! x)? 
=p sin — dx 58. ——— ae 
x x l +x 

/ dx 
(tan! x)(1 + x?) 
g =g 


=X 
— dx 
ie +e” 


Area with a parameter Let a > 0 be a real number and consider 
the family of functions f(x) = sin ax on the interval [0, 7r /a]. 


a. Graph f, fora = 1,2, 3. 

b. Let g(a) be the area of the region bounded by the graph 
of f and the x-axis on the interval |0, 7/a]. Graph g for 
0O <a < ©, Is g an increasing function, a decreasing 
function, or neither? 


sin | x 


Vio 


60. 








Equivalent equations Explain why if a function satisfies the 
equation u(x) + 2 I 5 u(t) dt = 10, then it also satisfies the equa- 
tion u'(x) + 2u(x) = 0. Is it true that if u satisfies the second 
equation, then it satisfies the first equation? 


Area function properties Consider the function f(x) = 
x? — 5x + 4 and the area function A(x) = Io f(t) dt. 


a. Graph f on the interval [0, 6]. 
b. Compute and graph A on the interval [0, 6]. 
c. Show that the local extrema of A occur at the zeros of f. 


Chapter 5 Guided Projects 


Applications of the material in this chapter and related topics can be found in the following Guided Projects. For additional informa- 
tion, see the Preface. 


Limits of sums 


Symmetry in integrals 


65. 


66. 
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d. Give a geometrical and analytical explanation for the observa- 
tion in part (c). 

e. Find the approximate zeros of A, other than 0, and call them x, 
and x2, where x; < Xp. 

f. Find b such that the area bounded by the graph of f and the 
x-axis on the interval [0, x, | equals the area bounded by the 
graph of f and the x-axis on the interval [x,, b]. 

g. If f is an integrable function and A(x) = f ` f(t) dt, is it 
always true that the local extrema of A occur at the zeros 
of f? Explain. 


Function defined by an integral 

Lafa) = h a= 1)8(¢ — 2)? di 

a. Find the intervals on which f is increasing and the intervals on 
which f is decreasing. 

b. Find the intervals on which f is concave up and the intervals 
on which f is concave down. 

c. For what values of x does f have local minima? Local 
maxima? 

d. Where are the inflection points of f? 


Exponential inequalities Sketch a graph of f(t) = e' on an arbi- 
trary interval | a, b|. Use the graph and compare areas of regions 
to prove that 





b 
SGT) 2 aa 
b-a 2 


(Source: Mathematics Magazine 81, no. 5 (December 2008): 374) 


Distribution of wealth 
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ee 
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Applications of Integration 





6.1 Velocity and Net Change ; 
J 7 Chapter Preview Now that we have some basic techniques for evaluating 


6.2 Regions Between Curves integrals, we turn our attention to the uses of integration, which are virtually endless. 
6.3 Volume by Slicing We first illustrate the general rule that if the rate of change of a quantity is known, then 
integration can be used to determine the net change or future value of that quantity over 
a certain time interval. Next, we explore some rich geometric applications of integra- 
6.5 Length of Curves tion: computing the area of regions bounded by several curves, the volume and surface 
area of three-dimensional solids, and the length of curves. A variety of physical appli- 
6.6 Surface Area W u l i 
cations of integration include finding the work done by a variable force and computing 
6.7 Physical Applications the total force exerted by water behind a dam. All of these applications are unified by 
6.8 Logarithmic and Exponential their use of the slice-and-sum strategy. We end this chapter by revisiting the logarithmic 
Functions Revisited function, exploring the many applications of the exponential function, and introducing 
hyperbolic functions. 


6.4 Volume by Shells 


6.9 Exponential Models 
6.10 Hyperbolic Functions 


6.1 Velocity and Net Change 


In previous chapters we established the relationship between the position and velocity 
of an object moving along a line. With integration, we can now say much more about 
this relationship. Once we relate velocity and position through integration, we can make 
analogous observations about a variety of other practical problems, which include fluid 
flow, population growth, manufacturing costs, and production and consumption of natural 
resources. The ideas in this section come directly from the Fundamental Theorem of Cal- 
culus, and they are among the most powerful applications of calculus. 


Posten. Poa Velocity, Position, and Displacement 


Suppose you are driving along a straight highway and your position 


$20 40) H s (line of motion) relative to a reference point or origin is s(t) for times t = O (Figure 6.1). 
Your displacement over a time interval |a, b] is the change in the position 
Displacement = s(b) — s(a) > 0 s(b) — s(a). If s(b) > s(a), then your displacement is positive; when 
s(b) < s(a), your displacement is negative. 
Positionatt=b>a Position att = a Now assume that v(t) is the velocity of the object at a particular time t. 
Recall from Chapter 3 that v(t) = s’(t), which means that s is an antideriva- 
s=0 s(b) s(a) s (line of motion) tive of v. From the Fundamental Theorem of Calculus, it follows that 
b b 
Displacement = s(b) — s(a) < 0 J v(t) dt = / s'(t) dt = s(b) — s(a) = displacement. 
FIGURE 6.1 a a 
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a 





b 
Distance traveled = A, + A, = Í |v()| dt 


a 


(b) 


FIGURE 6.2 





QUICK CHECK 2 Describe a possible 
motion of an object along a line for 

0 <= t = 5 for which the displacement 
and the distance traveled are 
different. < 
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We see that the definite integral f u(t) dt is the displacement (change in position) 
between times t = a and t = b. Equivalently, the displacement over the time interval 
| a, b] is the net area under the velocity curve over | a, b| (Figure 6.2a). 

Not to be confused with the displacement is the distance traveled over a time interval, 
which is the total distance traveled by the object, independent of the direction of motion. 
If the velocity is positive, the object moves in the positive direction and the displacement 
equals the distance traveled. However, if the velocity changes sign, then the displacement 
and the distance traveled are not generally equal. 


PALI oe ree 
QUICK CHEC 





ing north (the positive direction) for 40 mi between 9 a.m. and 10 a.m. From 10 a.m. to 
1] a.m., he travels south to a point 20 mi south of the station. What are the distance trav- 
eled and the displacement between 9:00 a.m. and 11:00 a.m.?<« 


To compute the distance traveled, we need the magnitude, but not the sign, of the 
velocity. The magnitude of the velocity |v(t)| is called the speed. The distance traveled over 
a small time interval dt is |v(t)| dt (speed multiplied by elapsed time). Summing these dis- 
tances, the distance traveled over the time interval | a, b] is the integral of the speed; that is, 





b 
distance traveled = / }v(t)| dt. 


As shown in Figure 6.2b, integrating the speed produces the area (not net area) 
bounded by the velocity curve and the t-axis, which corresponds to the distance traveled. 
The distance traveled is always nonnegative. 


DEFINITION Position, Velocity, Displacement, and Distance 


1. The position of an object moving along a line at time t, denoted s(t), is the 
location of the object relative to the origin. 


2. The velocity of an object at time t is v(t) = s'(t). 


3. The displacement of the object between t = a and t = b > ais 


s(b) — s(a) = / v(t) dt. 


. The distance traveled by the object between t = a and t = b > ais 


J ‘pola: 


where |v(r)| is the speed of the object at time t. 





EXAMPLE 1 Displacement from velocity A cyclist pedals along a straight road with 
velocity v(t) = 2t” — 8t + 6 mi/hr, for 0 < t < 3, where t is measured in hours. 


a. Graph the velocity function over the interval |0, 3]. Determine when the cyclist moves 
in the positive direction and when she moves in the negative direction. 


b. Find the displacement of the cyclist (in miles) on the time intervals |0, 1], [1,3], and 
[0, 3]. Interpret these results. 


c. Find the distance traveled over the interval | 0, 3]. 
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SOLUTION 


a. 


By solving v(t) = 217 — 8t + 6 = 2(t — 1)(t — 3) = 0, we find that the velocity is 
zero att = l andt = 3. The velocity is positive on the interval 0 = t < 1 (Figure 6.3a), 
which means the cyclist moves in the positive s direction. For 1 < t < 3, the velocity 1s 
negative and the cyclist moves in the negative s direction. 


. The displacement (in miles) over the interval |0, 1 | is 


s(1) = s(0) 


fo dt 


1 
= / QF — 8t + 6) dt Substitute for v. 
0 


2 
= (Ze — 417 + sr) 
3 
A similar calculation shows that the displacement over the interval | 1, 3] is 
3 
8 
s(3) — s(1) = / v(t) dt = E 
1 


Over the interval 0, 3], the displacement is : F (—§) = 0, which means the cyclist 
returns to the starting point after three hours. 


1 
8 
=-. Evaluate integral. 





0 


. From part (b), we can deduce the total distance traveled by the cyclist. On the interval 


[0, 1] the distance traveled is : mi; on the interval | 1, 3], the distance traveled is also 
: mi. Therefore, the distance traveled on | 0, 3] is — mi. Alternatively (Figure 6.3b), 
we can integrate the speed and get the same result: 


3 1 3 
/ \v(t)| dt = f (21° — 8t + 6) dt + J (—(2t° — 8t + 6))dt Definition of |v(1)| 
0 0 l 


2 3 2 i 2 3 2 : 
—f — 47° + 6t + {t + 4t — 6t 
3 0 3 


a ae Simplify. 


Evaluate integrals. 








1 


v(t) =2-— 8t+6 







Displacement 
, 8 
= i v(t) dt = 3 
0 


Displacement 
Area = > P 


3 
=| voar = -$ 
1 









—2 Distance traveled from t = 0 to t = 3 


Displacement from t = 0 
8 


= es 8 8 
tot=3is3 3 — 9. 


16 


3 
is [pold =$ +5 = 4. 
0 


(a) (b) 


FIGURE 6.3 
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Future Value of the Position Function 


To find the displacement of an object, we do not need to know its initial position. For 
example, whether an object moves from s = —20 to s = —10 or from s = 50 to s = 60, 
its displacement is 10 units. What happens if we are interested in the actual position of the 
object at some future time? 

Suppose we know the velocity of an object and its initial position s(0). The goal is to 
find the position s(t) at some future time tf = 0. The Fundamental Theorem of Calculus 
gives us the answer directly. Because the position s is an antiderivative of the velocity v 





we have 
» Note that ¢ is the independent variable of f ! l t 
the position function. Therefore, another v(x) dx = s'(x) dx = s(x)| = s(t) — s(0). 
(dummy) variable, in this case x, must be 0 0 0 
used as the variable of integration. Rearranging this expression, we have the following result. 


THEOREM 6.1 Position from Velocity 
Given the velocity v(t) of an object moving along a line and its initial position 
s(0), the position function of the object for future times t = 0 is 


» Theorem 6.1 is a consequence (actually í 
a restatement) of the Fundamental s(t) = s(0) + v(x) dx. 
0 


end ed 
position at initial — 
timeź position displacement 
over 0, t] 


Theorem of Calculus. 





Theorem 6.1 says that to find the position s(t), we add the displacement over the interval 
[0, t] to the initial position s(0). 





QUICK CHECK 3 Is the position s(t) a number or a function? For fixed times t = a and 
t = b, is the displacement s(b) — s(a) a number or a function? < 


There are two eguivalent ways to determine the position function: 
e Using antiderivatives (Section 4.8) 
e Using Theorem 6.1 


The latter method is usually more efficient, but either method produces the same result. 
The following example illustrates both approaches. 


EXAMPLE 2 Position from velocity A block hangs at rest from a massless spring 
at the origin (s = 0). At t = 0, the block is pulled downward 1 m to its initial position 
s(0) = —ż} and released (Figure 6.4). Its velocity (in m/s) is given by v(t) = 4 sin t, for 
t = 0. Assume that the upward direction is positive. 


a. Find the position of the block, for t = 0. 





b. Graph the position function, for 0 S t S 3%. 
Position of Position of a 
keblock hinge c. When does the block move through the origin for the first time? 
A a d. When does the block reach its highest point for the first time and what is its position at 


FIGURE 6.4 that time? When does the block return to its lowest point? 
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Velocity function 





-I 
0.25 v(t) = 4 Sint 


(a) 


Position function 


1 
s(t) = =z cos t 





(b) 
FIGURE 6.5 


> Itis worth repeating that to find the 
displacement, we need to know only the 
velocity. To find the position, we must 
know both the velocity and the initial 
position s(0). 


SOLUTION 


a. The velocity function (Figure 6.5a) is positive, for O < t < m, which means the block 
moves in the positive (upward) direction. At t = m, the block comes to rest momen- 
tarily; for 7 < t < 277, the block moves in the negative (downward) direction. We let 
s(t) be the position at time t = 0 with the initial position s(0) = —{m. 


Method 1: Using antiderivatives Because the position is an antiderivative of the ve- 
locity, we have 


l T l 
s(t) = fro dt = Jaia = 7 cost + C. 


To determine the arbitrary constant C, we substitute the initial condition s(0) = — 
into the expression for s(t): 


Air 


~~ =‘ 000 + C 
J es 


Solving for C, we find that C = 0. Therefore, the position for any time t = O is 
t) = —— cost 
s(t) 4 00S 
Method 2: Using Theorem 6.1 Alternatively, we may use the relationship 
t 
s(t) = s(0) + J v(x) dx. 
0 


Substituting v(x) = Ł sin x and s(0) = —3, the position function is 





1 1 
s(t) = —-— + — sin x dx 
4 o 4 
s(0) v(x) 

1 1 i 

= —— — | —cosx Evaluate integral. 
4 4 0 
1 1 ee 

= P (cost — 1) Simplify. 

— “4 cos t. Simplify. 


b. The graph of the position function is shown in Figure 6.5b. We see that s(0) = —; m, 
as prescribed. 


c. The block initially moves in the positive s direction (upward), reaching the origin 
(s = 0) when s(t) = —ż} cos t = 0. So the block arrives at the origin for the first time 
when t = 77/2. 


d. The block moves in the positive direction and reaches its high point for the first time 
when ft = 7; the position at that moment is s(77) = lm. The block then reverses 
direction and moves in the negative (downward) direction, reaching its low point at 
t = 2m. This motion repeats every 277 seconds. 

Related Exercises 13-22< 





QUICK CHECK 4 Without doing further calculations, what are the displacement and 
distance traveled by the block in Example 2 over the interval | 0, 27 |?< 
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> The terminal velocity of an object EXAMPLE 3 Skydiving Suppose a skydiver leaps from a hovering helicopter and 
depends on its density, shape, size, falls in a straight line. He falls at a terminal velocity of 80 m/s for 19 seconds, at which 
and the medium through which it falls. time he opens his parachute. The velocity decreases linearly to 6 m/s over a two-second 
Estimates for human beings in free period and then remains constant until he reaches the ground at t = 40 s. The motion is 


fall vary from 120 mi/hr (54 m/s) to 


described by the velocity function 
180 mi/hr (80 m/s). 


80 fosr< 19 
v(t) = § 783 — 37t if 19 St < 21 
6 if21 s t s 40. 


Determine the altitude from which the skydiver jumped. 


SOLUTION We let the position of the skydiver increase downward with the origin 
(s = 0) corresponding to the position of the helicopter. The velocity (Figure 6.6) is 
positive, so the distance traveled by the skydiver equals the displacement, which is 


40 19 21 40 
/ \v(t)| dt | soas | (783 -smars | 6 dt 
0 0 19 21 
19 3712 21 40 
-- (783r — 7 
i 2 


+ 6t 
= 1720. Evaluate and simplify. 


= 80 


Fundamental Theorem 











19 21 


The skydiver jumped from 1720 m above the ground. Notice that the displacement of the 
skydiver is the area under the velocity curve. 







80 1 


if (783 — 370) dt 
19 


40 40 
v(t) = 783 — 37t K dt 


v(t) = 6 


40 19 21 40 
Distance traveled = Í W| dt = Í 80 dt + Í (783 — 37ù) dt + Í 6 dt 
0 0 19 21 


FIGURE 6.6 
Related Exercises 23—24< 





QUICK CHECK 5 Suppose (unrealistically) in Example 3 that the velocity of the skydiver is 
80 m/s, for O < t < 20, and then it changes instantaneously to 6 m/s, for 20 < t < 40. 
Sketch the velocity function and, without integrating, find the distance the skydiver falls 


in 40 s.<« 


Acceleration 


Because the acceleration of an object moving along a line is given by a(t) = v’(t), the 
relationship between velocity and acceleration is the same as the relationship between 
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» Theorem 6.2 is a consequence of the 
Fundamental Theorem of Calculus. 








v) = 300 —9 87 






— 300 High point of 
trajectory at t ~ 30.6 s 


FIGURE 6.8 


» Note that the units in the integral are 
consistent. For example, if Q’ has units 
of gallons /second, and t and x have units 
of seconds, then Q'(x) dx has units of 
(gallons /second)(seconds) = gallons, 
which are the units of Q. 


position and velocity. Given the acceleration of an object, the change in velocity over an 
interval | a, b] is 


b b 
change in velocity = v(b) — v(a) = f v'(t)dt = / a(t) dt. 


Furthermore, if we know the acceleration and initial velocity v(0), then the velocity at 
future times can also be found. 


THEOREM 6.2 Velocity from Acceleration 
Given the acceleration a(t) of an object moving along a line and its initial veloc- 
ity v(O), the velocity of the object for future times t = 0 is 


v(t) = v(0) + [ow dx. 





EXAMPLE 4 Motion in a gravitational field An artillery shell is fired directly upward 
with an initial velocity of 300 m/s from a point 30 m above the ground (Figure 6.7). 
Assume that only the force of gravity acts on the shell and it produces an acceleration of 
9.8 m/ s?. Find the velocity of the shell, for t = Q. 


SOLUTION We let the positive direction be upward with the origin (s = 0) correspond- 
ing to the ground. The initial velocity of the shell is v(0) = 300 m/s. The acceleration 


due to gravity is downward; therefore, a(t) = —9.8 m/ s’. The velocity for t = 0 is 
t t 
v(t) = v(0) + / a(x) dx = 300 + [ss dx = 300 — 9.8t. 
300m/s  —9.8 m/s” 


The velocity decreases from its initial value of 300 m/s, reaching zero at the high point 
of the trajectory when v(t) = 300 — 9.8 = 0, or att = 30.6 s (Figure 6.8). At this 
point the velocity becomes negative, and the shell begins its descent to Earth. 
Knowing the velocity function, you could now find the position function using the 
methods of Example 3. 
Related Exercises 25—35< 


Net Change and Future Value 


Everything we have said about velocity, position, and displacement carries over to more 
general situations. Suppose you are interested in some quantity Q that changes over time; 
Q may represent the amount of water in a reservoir, the population of a cell culture, or the 
amount of a resource that is consumed or produced. If you are given the rate Q’ at which 
QO changes, then integration allows you to calculate either the net change in the quantity Q 
or the future value of Q. 

We argue just as we did for velocity and position: Because Q(t) is an antiderivative 
of Q' (t), the Fundamental Theorem of Calculus tells us that 


b 
/ Q'(t) dt = Q(b) — O(a) = net change in Q over (a, b]. 


Geometrically, the net change in Q over the time interval (a, b] is the net area under the 
graph of Q’ over |a, b]. 
Alternatively, suppose we are ani both the rate of change Q’ and the initial value 
Q(0). Integrating over the interval [0, t], where t = 0, we have 


[or (x) de = (1) — (0). 
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Rearranging this equation, we write the value of Q at any future time t = O as 


00) = 9(0) + f O(a) dx 


future initial —————=— 
value value net change 
over [0, z] 


Be ee Oe ne THEOREM 6.3 Net Change and Future Value 
Suppose a quantity Q changes over time at a known rate Q’. Then the net change 
in Q between t = a and t = bis 


b 
ob) - aa) = f oat 


Theorem 6.3 is also a consequence of the 
Fundamental Theorem of Calculus. We 
assume that Q’ is an integrable function. 


— ee 
net change in Q 


Given the initial value Q(0), the future value of Q at time t = 0 is 


at) = 000) + fovea. 





The correspondences between velocity—displacement problems and more general prob- 
lems are shown in Table 6.1. 


Table 6.1 

Velocity—Displacement Problems General Problems 

Position s(t) Quantity Q(t) (such as volume or population size) 
Velocity: s(t) = v(t) Rate of change: Q'(f) 


b b 
Displacement: s(b) — s(a) = J v(t) dt Net change: Q(b) — Q(a) = J Q'(t) dt 
Future position: s(t) = s(0) + [vw dx Future value of Q: Q(t) = Q(0) + [ow dx 
0 0 


EXAMPLE 5 Cell growth A culture of cells in a lab has a population of 100 cells when 
nutrients are added at time t = 0. Suppose the population M(t) increases at a rate given by 


N' (t) = 90e*"" cells /hr. 








» Although N is a positive integer Find N( t), fort = 0. 
(the number of cells), we treat it as a 
continuous variable in this example. SOLUTION As shown in Figure 6.9, the growth rate is large when tf is small (plenty 
of food and space) and decreases as t increases. Knowing that the initial population 
is N(0) = 100 cells, we can find the population M(t) at any future time t = 0 using 
N’ : 
The growth rate is initially Theorem 6.3: 
90 cells/hr and decreases as t 
90 time increases. N(t) = N(0) + J N' (x) dx 
0 


t 


= 100 + | 90e° dx 


SQ a —— 


0 
N(0) N'(x) 


90 
10 = 100 + ( Jeo 
—0.1 


Time (hr) p 
1000 — 900e °°", Simplify. 







N'(t) = 90e! 


Growth rate (cells/hr) 
nN 
© 


t 
Fundamental Theorem 









FIGURE 6.9 
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The graph of the population function (Figure 6.10) shows that the population increases, 
but at a decreasing rate. Note that the initial condition N(0) = 100 cells is satisfied and 
that the population size approaches 1000 cells as t— œ. 






Max. population = 1000 







-UT SS N(t) = 1000 — 900e~°-!" 








N(10) — N(5) ~ 215 cells 

N(15) — N(10) =~ 130 cells 
The population is growing 
at a decreasing rate. 


Cell population 
nN 
S 







20 
Time (hr) 





FIGURE 6.10 
Related Exercises 36-42 < 


EXAMPLE 6 Production costs A book publisher estimates that the marginal cost of 
a particular title (in dollars/book) is given by 


C'(x) = 12 — 0.0002x, 


where 0 = x <= 50,000 is the number of books printed. What is the cost of producing the 
12,001st through the 15,000th book? 


SOLUTION Recall from Section 3.5 that the cost function C(x) is the cost required to 
produce x units of a product. The marginal cost C’ (x) is the approximate cost of produc- 
ing one additional unit after x units have already been produced. The cost of producing 
> Although x is a positive integer (the books x = 12,001 through x = 15,000 is the cost of producing 15,000 books minus the 
number of books produced), we treat it as cost of producing the first 12,000 books. Therefore, the cost in dollars of producing books 


a continuous variable in this example. 12,001 through 15,000 is 
15,000 
J C'(x) dx 
12,000 


15,000 
J (12 — 0.0002x) dx Substitute for C’ (x). 
1 


C(15,000) — C(12,000) 





2,000 
15,000 
= (12x — 0.0001x°) Fundamental Theorem 
12,000 
= 27,900. Simplify. 


Related Exercises 43—46< 


QUICK CHECK 6 Would the cost of increasing the production from 9000 books to 12,000 
Bock be more or less than the cost of increasing the production from 12,000 books to 
15,000 books? Explain. < 





SECTION 6.1 EXERCISES 


Review Questions 3. Given the velocity function v of an object moving along a line, ex- 

1. Explain the meaning of position, displacement, and distance trav- plain how definite integrals can be used to find the displacement 
eled as they apply to an object moving along a line. of the object. 

2. Suppose the velocity of an object moving along a line is positive. 4. Explain how to use definite integrals to find the net change in a 


Are position, displacement, and distance traveled equal? Explain. quantity, given the rate of change of that quantity. 


5. Given the rate of change of a quantity Q and its initial value Q(0), 
explain how to find the value of Q at a future time t = 0. 

6. What is the result of integrating a population growth rate between 
two times t = a andt = b, where b > a? 

Basic Skills 


7-12. Displacement from velocity Assume t is time measured in sec- 
onds and velocities have units of m/s. 


a. 


eS 


= p n 


11. 
12. 


Graph the velocity function over the given interval. Then determine 
when the motion is in the positive direction and when it is in the 
negative direction. 

Find the displacement over the given interval. 

Find the distance traveled over the given interval. 


v(t) = E 


13-18. Position from velocity Consider an object moving along a line 
with the following velocities and initial positions. 


a. Graph the velocity function on the given interval and determine 


when the object is moving in the positive direction and when it is 
moving in the negative direction. 


b. Determine the position function, for t = 0, using both the anti- 


derivative method and the Fundamental Theorem of Calculus 
(Theorem 6.1). Check for agreement between the two methods. 


c. Graph the position function on the given interval. 


13. 
14. 
15. 
16. 
17. 
18. 
19. 


20. 


v(t) = sin ton [0,27]; s(0) = 1 

v(t) = — + 3° — 2ron [0,3]; s(0) = 4 
v(t) = 6 — 2ton [0,5]; s(0) = 0 

v(t) = 3 s(0) = 1 

v(t) = 9 — t'on [0,4]; s(0) = —2 

v(t) = 1/(t + 1) on[0, 8]; s(0) = —4 


sin 7t on [0, 4|: 


) 
) 


Oscillating motion A mass hanging from a spring is set in motion 
and its ensuing velocity is given by v(t) = 2r cos mt, for t = 0. 
Assume that the positive direction is upward and s(0) = 0. 


a. Determine the position function, for t = 0. 

b. Graph the position function on the interval [0, 4]. 

c. At what times does the mass reach its low point the first three 
times? 

d. At what times does the mass reach its high point the first three 
times? 


Cycling distance A cyclist rides down a long straight road 

at a velocity (in m/min) given by v(t) = 400 — 20t, for 

C= t= 10, 

a. How far does the cyclist travel in the first 5 min? 

b. How far does the cyclist travel in the first 10 min? 

c. How far has the cyclist traveled when her velocity is 250 m/min? 


21. 


22. 


20: 


24. 


6.1 Velocity and Net Change 399 


Flying into a headwind The velocity (in miles /hour) of an air- 
plane flying into a headwind is given by v(t) = 30(16 — t°), for 
0 = t < 3. Assume that s(0) = 0. 

a. Determine and graph the position function, for 0 = ¢ S 3. 

b. How far does the airplane travel in the first 2 hr? 


c. How far has the airplane traveled at the instant its velocity 
reaches 400 mi/hr? 


Day hike The velocity (in miles /hour) of a hiker walking along 

a straight trail is given by v(t) = 3 sin? (at/2), forO < t < 4. 

Assume that s(0) = 0. 

a. Determine and graph the position function, for 0 = t S 4. 

b. What is the distance traveled by the hiker in the first 15 min of 
the hike? (Hint: sin? t = 4(1 — cos 2t).) 

c. What is the hiker’s position at t = 3? 


Piecewise velocity The velocity of a (fast) automobile on a 
straight highway is given by the function 


31 if0 <1 < 20 
v(t) = < 60 if20 <1 < 45 
240 — 41 ifr = 45, 


where ft is measured in seconds and v has units of meters /second. 


a. Graph the velocity function, for 0 = t = 70. When is the 
velocity a maximum? When is the velocity zero? 

b. What is the distance traveled by the automobile in the 
first 30 s? 

c. What is the distance traveled by the automobile in the first 
60 s? 

d. What is the position of the automobile when t = 75? 


Probe speed A data collection probe is dropped from a stationary 
balloon and it falls with a velocity (in meters/second) given by 
v(t) = 9.81, neglecting air resistance. After 10 s, a chute deploys 
and the probe immediately slows to a constant speed of 10 m/s, 
which it maintains until it enters the ocean. 


a. Graph the velocity function. 

b. How far does the probe fall in the first 30 s after it is released? 

c. If the probe was released from an altitude of 3 km, when does 
it enter the ocean? 


25-32. Position and velocity from acceleration Find the position and 
velocity of an object moving along a straight line with the given accel- 
eration, initial velocity, and initial position. 


25. 
26. 
2T 
28. 
29. 


30. 


31. 


32. 


a(t) = —32, v(0) = 70, 5(0) = 10 


a(t) = —32,v(0) = 50, s(0) = 0 
a(t) = —9.8, (0) = 20, s(0) = 0 
a(t) = e™, v(0) = 60, s(0) = 40 
a(t) = —0.01t, (0) = 10, 5(0) = 0 


20 op ay 
a(t) = Fp z? M0) = 20.5(0) = 10 
a(t) = cos 2t, v(0) = 5,5(0) = 7 

2f 
a(t) = (2+ 1)” v(0) = 0, s(0) = 0 


400 


33. 


34. 


35; 


36. 


57. 
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Acceleration A drag racer accelerates at a(t) = 88 ft/s”. Assume 
that v(0) = 0 and s(0) = 0. 

. Determine and graph the position function, for t = 0. 

. How far does the racer travel in the first 4 seconds? 

At this rate, how long will it take the racer to travel i mi? 

. How long does it take the racer to travel 300 ft? 

How far has the racer traveled when it reaches a speed of 

178 ft/s? 


canoe 


Deceleration A car slows down with an acceleration of 
a(t) = —15 ft/s”. Assume that v(0) = 60 ft/s and s(0) = 0. 
a. Determine and graph the position function, for t = 0. 
b. How far does the car travel in the time it takes to come 
to rest? 


Approaching a station At ¢ = 0, a train approaching a station 
begins decelerating from a speed of 80 mi/hr according to the 
acceleration function a(t) = —1280(1 + 81) °, where t = 0 is 
measured in hours. How far does the train travel between t = 0 
and t = 0.2? Between t = 0.2 and t = 0.4? The units of accelera- 
tion are mi/hr’. 


Peak oil extraction The owners of an oil reserve begin extract- 
ing oil at time t = 0. Based on estimates of the reserves, suppose 
the projected extraction rate is given by Q'(t) = 317 (40 — 1)’, 
where 0 < t < 40, Q is measured in millions of barrels, and t is 
measured in years. 


a. When does the peak extraction rate occur? 

b. How much oil is extracted in the first 10, 20, and 30 years? 

c. What is the total amount of oil extracted in 40 years? 

d. Is one-fourth of the total oil extracted in the first one-fourth of 
the extraction period? Explain. 


Oil production An oil refinery produces oil at a variable rate 


given by 
800 if0 = t< 30 
O'(t) = § 2600 — 60t if30 < t< 40 
200 ift = 40, 


where f is measured in days and Q is measured in barrels. 


a. How many barrels are produced in the first 35 days? 

b. How many barrels are produced in the first 50 days? 

c. Without using integration, determine the number of barrels 
produced over the interval | 60, 80]. 


38—41. Population growth 


38. 


39. 


Starting with an initial value of P(0) = 55, the population of a 
prairie dog community grows at a rate of P’(t) = 20 — t/5 
(in units of prairie dogs /month), for0 < rt = 200. 


a. What is the population 6 months later? 
b. Find the population P(t), for 0 =< t = 200. 


When records were first kept (t = 0), the population of a rural 
town was 250 people. During the following years, the population 
grew at arate of P’(t) = 30(1 + Vr), where t is measured 

in years. 


a. What is the population after 20 years? 
b. Find the population P(t) at any time t = 0. 


40. The population of a community of foxes is observed to fluctuate on 
a 10-year cycle due to variations in the availability of prey. When 
population measurements began (t = 0), the population was 
35 foxes. The growth rate in units of foxes /year was observed to be 


t 
P'(t) =5 + 10sin( Z). 
5 


a. What is the population 15 years later? 35 years later? 
b. Find the population P(t) at any time t = 0. 


41. A culture of bacteria in a Petri dish has an initial population of 
1500 cells and grows at a rate (in cells /day) of N’(t) = 100e °?™. 


a. What is the population after 20 days? After 40 days? 
b. Find the population M(t) at any time t = 0. 


42. Endangered species The population of an endangered species 
changes at a rate given by P’(t) = 30 — 20t (individuals /year). 
Assume the initial population of the species is 300 individuals. 

a. What is the population after 5 years? 
b. When will the species become extinct? 


c. How does the extinction time change if the initial population is 
100 individuals? 400 individuals? 


43-46. Marginal cost Consider the following marginal cost functions. 


a. Find the additional cost incurred in dollars when production is 
increased from 100 units to 150 units. 

b. Find the additional cost incurred in dollars when production is 
increased from 500 units to 550 units. 


43. C'(x) = 2000 — 0.5x 
44. C'(x) = 200 — 0.05x 
45. C'(x) = 300 + 10x — 0.01x? 
46. C'(x) = 3000 — x — 0.001x? 


Further Explorations 
47. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. The distance traveled by an object moving along a line is the 
same as the displacement of the object. 

b. When the velocity is positive on an interval, the displacement 
and the distance traveled on that interval are equal. 

c. Consider a tank that is filled and drained at a flow rate of 
V'(t) = 1 — t7/100 (gal/min), for t = O. It follows that 
the volume of water in the tank increases for 10 min and then 
decreases until the tank is empty. 

d. A particular marginal cost function has the property that it is 
positive and decreasing. The cost of increasing production 
from A units to 2A units is greater than the cost of increasing 
production from 2A units to 3A units. 


48—49. Velocity graphs The figures show velocity functions for motion 
along a straight line. Assume the motion begins with an initial position 
of s(0) = 0. Determine the following: 


The displacement between t = 0 and t = 5 
The distance traveled between t = 0 and t = 5 
The position at t = 5 

A piecewise function for s(t) 


AN SS 





50-53. Equivalent constant velocity Consider the following veloc- 
ity functions. In each case, complete the sentence: The same distance 
could have been traveled over the given time period at a constant 
velocity of 


50. v(t) = 2t + 6, forO = t+ = 8 

51. v(t) = 1 — 27/16, forO =t = 4 
52. v(t) = 2sint, forl = ta a 

53. v(t) = (25 — t?)'?, forO st <5 


54. Where do they meet? Kelly started at noon (t = 0) riding a 
bike from Niwot to Berthoud, a distance of 20 km, with veloc- 
ity v(t) = 15/(t + 1)* (decreasing because of fatigue). Sandy 
started at noon (t = 0) riding a bike in the opposite direction 
from Berthoud to Niwot with velocity u(t) = 20/(t + 1)? (also 
decreasing because of fatigue). Assume distance is measured in 
kilometers and time is measured in hours. 


a. Make a graph of Kelly’s distance from Niwot as a function 
of time. 

b. Make a graph of Sandy’s distance from Berthoud as a function 
of time. 

c. How far has each person traveled when they meet? When do 
they meet? 

d. More generally, if the riders’ speeds are v(t) = A/(t + 1)? 
and u(t) = B/(t + 1)? and the distance between the towns is 
D, what conditions on A, B, and D must be met to ensure that 
the riders will pass each other? 

e. Looking ahead: With the velocity functions given in part (d), 
make a conjecture about the maximum distance each person 
can ride (given unlimited time). 


55. Bike race Theo and Sasha start at the same place on a straight road 
riding bikes with the following velocities (measured in mi/hr): 


Theo: v(t) = 10, fort = 0, 
Sasha: v(t) = 15t, forO = t S 1 andv,(t) = 15, fort > 1. 


x 


Graph the velocity functions for both riders. 

b. If the riders ride for 1 hr, who rides farther? Interpret your 
answer geometrically using the graphs of part (a). 

c. If the riders ride for 2 hr, who rides farther? Interpret your 
answer geometrically using the graphs of part (a). 

d. Which rider arrives first at the 10-, 15-, and 20-mile markers of 
the race? Interpret your answer geometrically using the graphs 
of part (a). 

e. Suppose Sasha gives Theo a head start of 0.2 mi and the riders 
ride for 20 mi. Who wins the race? 

f. Suppose Sasha gives Theo a head start of 0.2 hr and the riders 

ride for 20 mi. Who wins the race? 
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56. Two runners At noon (t = 0), Alicia starts running along a long 
straight road at 4 mi/hr. Her velocity decreases according to the 
function v(t) = 4/(t + 1), fort = 0. At noon, Boris also starts 
running along the same road with a 2-mi head start on Alicia; his 
velocity is given by u(t) = 2/(t + 1), fort = 0. 

a. Find the position functions for Alicia and Boris, where s = 0 
corresponds to Alicia’s starting point. 
b. When, if ever, does Alicia overtake Boris? 


57. Running in a wind A strong west wind blows across a circular 
running track. Abe and Bess start at the south end of the track and 
at the same time, Abe starts running clockwise and Bess starts 
running counterclockwise. Abe runs with a speed (in units of 
miles /hour) given by u(@) = 3 — 2 cos g and Bess runs with a 
speed given by v(0) = 3 + 2 cos 0, where ¢ and 0 are the central 
angles of the runners. 





start 


a. Graph the speed functions u and v, and explain why they 
describe the runners’ speeds (in light of the wind). 

b. Compute each runner’s average speed (over one lap) with 
respect to the central angle. 

c. Challenge: If the track has a radius of 7 mi, how long 
does it take each runner to complete one lap and who wins 
the race? 


Applications 

58. Filling a tank A 200-L cistern is empty when water begins 
flowing into it (at t = 0) at a rate (in liters /minute) given by 
QO'(t) = 3Vt. 
a. How much water flows into the cistern in 1 hour? 
b. Find and graph the function that gives the amount of water in 

the tank at any time t = 0. 

c. When will the tank be full? 


59. Depletion of natural resources Suppose that r(t) = me, 


with k > 0, is the rate at which a nation extracts oil, where 
ro = 10’ barrels /yr is the current rate of extraction. Suppose also 
that the estimate of the total oil reserve is 2 X 10° barrels. 


a. Find Q(t), the total amount of oil extracted by the nation after 
t years. 
b. Evaluate lim Q(t) and explain the meaning of this limit. 
t— o 


c. Find the minimum decay constant k for which the total oil 
reserves will last forever. 

d. Suppose rọ = 2 X 10’ barrels /yr and the decay constant k is 
the minimum value found in part (c). How long will the total 
oil reserves last? 
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Snowplow problem With snow on the ground and falling at a con- 
stant rate, a snowplow began plowing down a long straight road at 
noon. The plow traveled twice as far in the first hour as it did in the 
second hour. At what time did the snow start falling? Assume the 
plowing rate is inversely proportional to the depth of the snow. 


Filling a reservoir A reservoir with a capacity of 2500 m° is 
filled with a single inflow pipe. The reservoir is empty when the 
inflow pipe is opened at tf = 0. Letting Q(t) be the amount of water 
in the reservoir at time t, the flow rate of water into the reservoir 
(in m?/hr) oscillates on a 24-hr cycle (see figure) and is given by 


O'(t) = 20 E 4608 (= 


Flow rate of water (m?/hr) 





0 12 24 t 
Time (hr) 


a. How much water flows into the reservoir in the first 2 hr? 

b. Find and graph the function that gives the amount of water in 
the reservoir over the interval [0, t], where t = 0. 

c. When is the reservoir full? 


Blood flow A typical human heart pumps 20 mL of blood with 
each stroke (stroke volume). Assuming a heart rate of 

60 beats /min, a reasonable model for the outflow rate of the heart 
is V’(t) = 20(1 + sin (27rt)), where V(t) is the amount of blood 
(in milliliters) pumped over the interval [0, t|, V(O) = 0, and ż is 
measured in seconds. 


a. Graph the outflow rate function. 

b. Verify that the amount of blood pumped over a one-second 
interval is 20 mL. 

c. Find the function that gives the total blood pumped between 
t = O and a future time t > 0. 

d. What is the cardiac output over a period of 1 min? (Use calcu- 
lus, then check your answer with algebra.) 


Air flow in the lungs A reasonable model (with different parameters 
for different people) for the flow of air in and out of the lungs is 


TV (=) 
= ——- sin | — |, 
10 5 


where V(t) is the volume of air in the lungs at time t = 0, mea- 
sured in liters, t is measured in seconds, and Vo is the capacity 
of the lungs. The time t = 0 corresponds to a time at which the 
lungs are full and exhalation begins. 
a. Graph the flow rate function with Vy) = 10 L. 
b. Find and graph the function V, assuming that 

V(0) = VY = 10L. 
c. What is the breathing rate in breaths /minute? 


v'(t) 


64. Oscillating growth rates Some species have growth rates that 


65. 


oscillate with an (approximately) constant period P. Consider the 
growth rate function 


_ ( 27t 
N'(t) = Asin| —] +r, 
P 


where A and r are constants with units of individuals / year. 

A species becomes extinct if its population ever reaches 0 after 

t = 0. 

a. Suppose P = 10, A = 20, andr = Q. If the initial popula- 
tion is N(0) = 10, does the population ever become extinct? 
Explain. 

b. Suppose P = 10, A = 20, andr = Q. If the initial popula- 
tion is N(0) = 100, does the population ever become extinct? 
Explain. 

c. Suppose P = 10, A = 50, andr = 5. If the initial popula- 
tion is N(0) = 10, does the population ever become extinct? 
Explain. 

d. Suppose P = 10, A = 50, and r = —5. Find the initial 
population (0) needed to ensure that the population never 
becomes extinct. 


Power and energy Power and energy are often used interchange- 
ably, but they are quite different. Energy is what makes matter 
move or heat up and is measured in units of joules (J) or Calories 
(Cal), where 1 Cal = 4184 J. One hour of walking consumes 
roughly 10° J, or 250 Cal. On the other hand, power is the rate at 
which energy is used and is measured in watts (W; 1 W = 1 J/s). 
Other useful units of power are kilowatts (1 kW = 10° W) and 
megawatts (1 MW = 10° W). If energy is used at a rate of 1 kW 
for 1 hr, the total amount of energy used is 1 kilowatt-hour (kWh), 
which is 3.6 X 10°J. 

Suppose the power function of a large city over a 24-hr 
period is given by 


t 
P(t) = E'(t) = 300 — 200 sin (=), 


where P is measured in megawatts and t = 0 corresponds to 
6:00 p.m. (see figure). 








P(t) = E(t) 


= 300 — 200 sin(=) 


Power (MW) 


12 
Time (hr) 


a. How much energy is consumed by this city in a typical 24-hr 
period? Express the answer in megawatt-hours and in joules. 

b. Burning 1 kg of coal produces about 450 kWh of energy. How 
many kg of coal are required to meet the energy needs of the 
city for 1 day? For 1 year? 
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c. Fission of 1 g of uranium-235 (U-235) produces about d. Integrate both sides of the equation in part (c) with respect to y 
16,000 kWh of energy. How many grams of uranium are needed using the fact that when y = 0, v = vo. Show that 
to meet the energy needs of the city for | day? For | year? 1 1 

d. A typical wind turbine can generate electricity at a rate of = ( y? — yo) =R (3 = 1) 
about 200 kW. Approximately how many wind turbines are = 1 + y/R 
needed to meet the average energy needs of the city? e. When the projectile reaches its maximum height, v = 0. 

66. Variable gravity At Earth’s surface the acceleration due to Use this fact a determine that the maximum height is 
gravity is approximately g = 9.8 m/s” (with local variations). Pa = _ 
However, the acceleration decreases with distance from the sur- = 2gR — vô 


face according to Newton s law of gravitation. At a distance of E Graphe asaini Where hemani iehi 
y meters from Earth’s surface, the acceleration is given by 


when vy = 500 m/s, 1500 m/s, and 5 km/s? 


E g g. Show that the value of vg needed to put the projectile into orbit 
aly) = — (1 + y/R)?’ (called the escape velocity) is V2eR. 


where R = 6.4 X 10° m is the radius of Earth. 


a. Suppose a projectile is launched upward with an initial veloc- 
ity of vo m/s. Let v(t) be its velocity and y(t) its height (in 


CHECK ANSWERS 








meters) above the surface t seconds after the launch. Neglecting 1. Displacement = —20 mi (20 mi south); distance 
Ay traveled = 100 mi. 2. Suppose the object moves in the 
forces such as air resistance, explain why ae a(y) and positive direction for 0 = t < 3 and then moves in the 
dy negative direction for3 < t s 5. 3. A function; a number 
P =v): 4. Displacement = 0; distance traveled = 1 5. 1720m 
ae ta 6. The production cost would increase more between 9000 
b. Use the Chain Rule to show that it 2 dy (v*). and 12,000 books than between 12,000 and 15,000 books. 
c. Show that the equation of motion for the projectile is Graph C’ and look at the area under the curve. « 


ld 
re (v?) = a(y), where a(y) is given previously. 
y 
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7 In this section, the method for finding the area of a region bounded by a single curve is 
Upper curve generalized to regions bounded by two or more curves. Consider two functions f and 
=I g continuous on an interval |a, b] on which f(x) = g(x) (Figure 6.11). The goal is to 
find the area A of the region bounded by the two curves and the vertical lines x = a 
and x = b. 

Once again we rely on the slice-and-sum strategy (Section 5.2) for finding areas 
by Riemann sums. The interval la, b] is partitioned into n subintervals using uniformly 
spaced grid points separated by a distance Ax = (b — a)/n (Figure 6.12). On each sub- 
interval, we build a rectangle extending from the lower curve to the upper curve. On the 
kth subinterval, a point x; is chosen, and the height of the corresponding rectangle is 
taken to be f(x;,) — g(x%). Therefore, the area of the kth rectangle is (f(x;) — g(x,)) Ax 
FIGURE 6.11 (Figure 6.13). Summing the areas of the n rectangles gives an approximation to the area of 

the region between the curves: 





Lower curve 
y = g(x) 


n 


A ~= EFE) — g(xi)) Ax. 


k=1 
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It is helpful to interpret the area 
formula: f(x) — g(x) is the length of 
a rectangle and dx is its width. We sum 
(integrate) the areas of the rectangles 
(f(x) — g(x)) dx to obtain the area of 
the region. 


The intersection point satisfies the 





1 
equation =x- 5° which has 


+ x? 


the same roots as the cubic equation 
2x? — x? + 2x — 3 = 0. Using 
synthetic division or a root finder, we 
find that x = 1 is the only real root. 
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y 
OSOE y= fe) 
Area of kth rectangle 
= (f(x;*) — g(x) Ax 





Ax = width of each rectangle 
= b-a 


n 


Area of region: A ~), (Faj) — gaj) Ax 
k=1 


FIGURE 6.12 FIGURE 6.13 


As the number of grid points increases, Ax approaches zero and these sums approach the 
area between the curves; that is, 
A= lim > (fai) — (xt) Ax. 


n>% k=] 


The limit of these Riemann sums is a definite integral of the function f — g. 


DEFINITION Area of a Region Between Two Curves 


Suppose that f and g are continuous functions with f(x) = g(x) on the interval 
[a, b|. The area of the region bounded by the graphs of f and g on |a, b] is 


b 
/ (F(x) — e(x)) a 





QUICK CHECK 1 In the area formula for a region between two curves, verify that if the 
lower curve is g(x) = 0, the formula becomes the usual formula for the net area of the 


region bounded by y = f(x) and the x-axis. < 





EXAMPLE 1 Area between curves Find the area of the region bounded by the 





1 
graphs of f(x) = ea) =S 7 and the y-axis (Figure 6.14). 


L x 
SOLUTION A key step in the solution of many area problems is finding the intersection 
points of the boundary curves, which often determine the limits of integration. The 


1 1 
io i — , whose 
2 





intersection point of these two curves satisfies the equation ri 
x 


only real solution is x = 1. Because the intersection point is the rightmost boundary point 
of the region, its x-coordinate becomes the upper limit of integration. The line x = O (the 
y-axis) bounds the region on the left, which gives the lower limit of integration. 
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Recansisheeht =F 20) The graph of f is the upper curve and the graph of g is the lower curve on the interval 
Rectangle width = Ax [0, 1], so the area of the region is 


1 
1 1 
A= J = Er = (x = >) dx Substitute for f and g. 


Fundamental Theorem 







(x, fo) 








| 1 1 T — 
= | tan 1 — 5 +-]-O= 4 Evaluate and simplify. 


Related Exercises 5—14< 





QUICK CHECK 2 Interpret the area formula when written in the form 
ma = Pa ai = [2 g(x) dx, where f(x) = g(x) = Oon |a, b].< 


Slice the region using 
vertical rectangles 


from x = Otox = 1. 





EXAMPLE 2 Compound region Find the area of the region between the graphs of 
FIGURE 6.14 f(x) = x + 3 and g(x) = |2x| (Figure 6.15a). 


SOLUTION The lower boundary of the region in question is bounded by two different 
branches of the absolute value function. In situations like this, the region is divided into 
two (or more) subregions, whose areas are found independently and then summed; these 
regions are labeled R, and R, (Figure 6.15b). By the definition of absolute value, 


Ore 2X ifx = 0 
Se X —2x ifx < 0. 
y 





6 


0 
Area =| [@œ + 3) — (—2x)] dx 
—] 





FIGURE 6.15 (a) (b) 


The left intersection point of f and g satisfies —2x = x + 3, or x = —1. The right inter- 
section point satisfies 2x = x + 3, or x = 3. We see that the region R, is bounded by the 
lines y = x + 3 and y = —2x on the interval [—1, 0]. Similarly, region R, is bounded by 
the lines y = x + 3 and y = 2x on (0, 3] (Figure 6.15b). Therefore, 


a= | [+3)-Crode+ f [e+ 3)- 2a 


1 





| 
area of region R, area of region R3 


0 3 
= J (30 3 ae J (aF d Simplify. 
-1 0 
3 0 a 
= (Fe T ar) + (- a ar) 
2 E 2 0 
3 9 
— (Q — (G — 3) F -> F o ) -0 =6. Simplify. 


Related Exercises 15—22< 


3 








Fundamental Theorem 
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x = gy) A x= f(y) 







(ye 802) 
Wy 

Ay $= == =~ 9-----8(y8, fy) 
ox y 





Area of region: A ~ > SOH- gy) Ay 
k=1 


FIGURE 6.17 


» This area formula is identical to the one 
given on page 404; it is now expressed 
with respect to the y-axis. In this 
case, f(y) — g(y) is the length of a 
rectangle and dy is its width. We sum 
(integrate) the areas of the rectangles 
(f(y) — g(y)) dy to obtain the area of 
the region. 


Area of kth rectangle 
= f(y*) — 80") Ay 


Integrating with Respect to y 


There are occasions when it is convenient to reverse the roles of x and y. Consider the 
regions shown in Figure 6.16 that are bounded by the graphs of x = f(y) and x = g(y), 
where f(y) = g(y), for c = y = d (which implies that the graph of f lies to the right 
of the graph of g). The lower and upper boundaries of the regions are y = c and y = d, 
respectively. 





O 





FIGURE 6.16 


In cases such as these, we treat y as the independent variable and divide the 
interval |c, d] into n subintervals of width Ay = (d — c)/n (Figure 6.17). On the 
kth subinterval, a point y% is selected and we construct a rectangle that extends from 
the left curve to the right curve. The kth rectangle has length f(y;,) — g(y%), and 
so the area of the kth rectangle is (f(y;,) — g(y%))Ay. The area of the region is 
approximated by the sum of the areas of the rectangles. In the limit as n — œ and 
Ay — 0, the area of the region is given as the definite integral 


n 


am eE / yee 


A? k=1 


DEFINITION Area of a Region Between Two Curves with Respect to y 


Suppose that f and g are continuous functions with f(y) = g(y) on the interval |c, d]. 
The area of the region bounded by the graphs x = f(y) and x = g(y) on |c, d] is 


d 
A= f (fy) — ely) dy. 





EXAMPLE 3 Integrating with respect to y Find the area of the region R bounded by 
the graphs of y = x, y = x + 6, and the x-axis. 


SOLUTION The area of this region could be found by integrating with respect to x. But 
this approach requires splitting the region into two pieces (Figure 6.18). Alternatively, 
we can view y as the independent variable, express the bounding curves as functions of y, 
and make horizontal slices parallel to the x-axis (Figure 6.19). 





0 2 
Area = | (œ + 6) — 0) de + | (@ + 6) — ô) dx 
—6 0 


FIGURE 6.18 


» You may use synthetic division or a root 
finder to factor this cubic polynomial. 
Then the quadratic formula shows that 
the equation 


y? — 10y + 27=0 


has no real roots. 


QUICK CHECK 3 The region R is 
bounded by the curve y = Vx, the 
line y = x — 2, and the x-axis. 
Express the area of R in terms of 
(a) integral(s) with respect to x and 


(b) integral(s) with respect to y.<« 





Area of region R 





FIGURE 6.20 
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Rectangle length 
9 Ho) 
Rectangle width 


Slice the region using horizontal 
rectangles from y = Oto y = 8. 


FIGURE 6.19 


Solving for x in terms of y, the right curve y = x? becomes x = f(y) = y'/?. The 
left curve y = x + 6 becomes x = g(y) = y — 6. The intersection point of the curves 
satisfies the equation yl/ 3 = y— 6, ory = (y — 6)°. Expanding this equation gives the 
cubic equation 


y? — 18y* + 107y — 216 = (y — 8)(y? — 10y + 27) = 0, 


whose only real root is y = 8. As shown in Figure 6.19, the areas of the slices through 
the region are summed from y = 0 to y = 8. Therefore, the area of the region is given by 


8 2) y 
/ (yi? — (y — 6)) dy = (2y D 6y ) 
0 


3 
= (3. 16 = 32 + +8) — 0 = 28. Simplify. 


8 
Fundamental Theorem 





0 


Related Exercises 23—32< 


EXAMPLE 4 Calculus and geometry Find the area of the region R in the first quad- 
rant bounded by the curves y = x?’ and y = x — 4 (Figure 6.20). 


SOLUTION Slicing the region vertically and integrating with respect to x requires two 
integrals. Slicing the region horizontally requires a single integral with respect to y. The 
second approach appears to involve less work. 

Slicing horizontally, the right bounding curve is x = y + 4 and the left bound- 
ing curve is x = y 2 The two curves intersect at (8, 4), so the limits of integration are 
y = Oand y = 4. The area of R is 


4 2 4 
2 56 
J (y+4— y)dy = € + 4y — y2) K 
right curve left curve 





Can this area be found using a different approach? Sometimes it helps to use geom- 
etry. Notice that the region R can be formed by taking the entire region under the curve 
y = x7 on the interval [0, 8] and then removing a triangle whose base is the interval 
[4, 8 | (Figure 6.21). The area of the region R, under the curve y = x?’ is 


8 8 
f 2h ac= 50 — 
0 5 0 5 





408 CHAPTER6 © APPLICATIONS OF INTEGRATION 


The triangle R, has a base of length 4 and a height of 4, so its area is L. 4-4 = 8. 


Therefore, the area of R is 2 — 8 = S, which agrees with the first calculation. 





FIGURE 6.21 





QUICK CHI 


Related Exercises 33-38< 


CHECK 4 An alternative way to determine the area of the region in Example 3 


(Figure 6.18) is to compute 18 + Ia + 6 — x°) dx. Why?< 


SECTION 6.2 EXERCISES 


Review Questions 

1. Draw the graphs of two functions f and g that are continuous and 
intersect exactly twice on (—%, ©). Explain how to use integra- 
tion to find the area of the region bounded by the two curves. 


2. Draw the graphs of two functions f and g that are continuous and 
intersect exactly three times on (~œ, ©). Explain how to use 


integration to find the area of the region bounded by the two curves. 


3. Make a sketch to show a case in which the area bounded by two 
curves is most easily found by integrating with respect to x. 


4. Make a sketch to show a case in which the area bounded by two 
curves is most easily found by integrating with respect to y. 


Basic Skills 
5-8. Finding area Determine the area of the shaded region in the 
following figures. 


5. 








(Hint: Find the intersection 
point by inspection.) 


9—14. Regions between curves Sketch the region and find 





its area. 
9. The region bounded by y = 2(x + 1), y = 3(x + 1), and 
x=4 
10. The region bounded by y = cos x and y = sin x between 
x = 7/4and x = 57/4 
11. The region bounded by y = e*, y = e *, and x = In4 
12. The region bounded by y = 2x and y = x° + 3x — 6 
; 2 
13. The region bounded by y = 5 andy = | 
l= x 
14. The region bounded by y = 24Vx and y = 3x? 


15-22. Compound regions Sketch the following regions (if a figure is 
not given) and then find the area. 


15. The region bounded by y = sin x,y = cos x, and the x-axis 
between x = 0 and x = 77/2 





16. The regions between y = sin x and y = sin 2x, for 
CSS a 





17. The region bounded by y = x,y = 1/x, y = 0, and x = 2 


18. The two regions in the first quadrant bounded by y = 4x — x°, 


y = 4x — 4, and x = 0. 
19. The region bounded by y = 1 — |x| and2y -x + 1 =0 
20. The regions bounded by y = x°? and y = 9x 
21. The region bounded by y = |x — 3| and y = x/2 
22. The regions bounded by y = x*(3 — x) and y = 12 — 4x 


23-26. Integrating with respect to y Sketch the following regions (if 
a figure is not given) and find the area. 


23. The region bounded by y = 8 — 2x, y = x + 8, and y = 0 (Use 
integration.) 
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24. The region bounded by y = ln x, y = 2, y = 0, and x = 0 





25. The region bounded by y = x and x = y? 


26. The region bounded by y = ln x°, y = In x, and x = e? 


27-30. Two approaches Express the area of the following shaded 
regions in terms of (a) one or more integrals with respect to x, and 
(b) one or more integrals with respect to y. You do not need to evalu- 
ate the integrals. 


ZI 


29. 





31-32. Two approaches Find the area of the following regions by 
(a) integrating with respect to x, and (b) integrating with respect to y. 
Be sure your results agree. Sketch the bounding curves and the region 
in question. 


31. The region bounded by y = 2x — 1 and x = y? 
32. The region bounded between x = 2 — y? and x = |y| 


33-38. Any method Use any method (including geometry) to find the 
area of the following regions. In each case, sketch the bounding curves 
and the region in question. 


33. The region in the first quadrant bounded by y = x?’ and y = 4 


34. The region in the first quadrant bounded by y = 2 and 
y = 2 sin x on the interval [0, 7/2] 
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35. The region bounded by y = e*, y = 2e * + l,andx = 0 52-55. Complicated regions Find the area of the regions shown in the 


llowing fi 
36. The region below the line y = 2 and above the curve y = sec? x following figures 


on the interval |0, 7/4] 52. 


37. The region between the line y = x and the curve 
y= 2xV1 — x? in the first quadrant 


38. The region bounded by x = y? — 4andy = x/3 


Further Explorations 
39. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. The area of the region bounded by y = x and x = y’ canbe 
found only by integrating with respect to x. 53. 
b. The area of the region between y = sin x and y = cos x on the 
interval [0, 7/2] is S (cos = siny) ax, 


1 1 
C. m (x — x?) dx = Jo (vy — y) dy. 
40-43. Regions between curves Sketch the region and find its area. 


40. The region bounded by y = sin x and y = x(x — 7), for 
(azar 


41. The region bounded by y = (x — 1)? and y = 7x — 19 
1 





42. The region bounded by y = 2 and y = 5 54 


l= x 
43. The region bounded by y = x? — 2x + landy = 5x — 9 


44-50. Either method Use the most efficient strategy for computing 
the area of the following regions. 


44. The region bounded by x = y(y — 1) and x = —y(y — 1) 
45. The region bounded by x = y(y — 1) and y = x/3 





46. The region bounded by y = x’, y= —x?, and 


3y — 7x — 10 = 0 


56-59. Roots and powers Find the area of the following regions, 


47. The region bounded by y = Vx, y = 2x — 15, and y = 0 expressing your results in terms of the positive integern = 2. 
48. The region bounded by y = x” — 4, 4y — 5x — 5 = 0, and 56. The region bounded by f(x) = x and g(x) = x", 
y = 0, for y = 0 forx = 0 
5 o d 7. The regi = =a", 
Ais erroa od mage Sr pionbdundedty eign) =a 
2 Ss tor x= 0 
50. The region in the first quadrant bounded by y = x, y = 4x, and 58. The region bounded by f(x) = x!/" and g(x) = x”, 
y=x/4 for x = 0 
51. Comparing areas Let f(x) = x? and g(x) = x'/4, where p > 1 59. Let A, be the area of the region bounded by f(x) = x!” and 
and q > 1 are positive integers. Let R} be the region in the first g(x) = x” on the interval [0, 1], where n is a positive integer. 
quadrant between y = f(x) and y = x and let R, be the region in Evaluate lim A, and interpret the result. 
the first quadrant between y = g(x) and y = x. ” 
Applications 


a. Find the area of R,; and R) when p = q, and determine which 
region has the greater area. 

b. Find the area of R; and R when p > q, and determine which 
region has the greater area. 

c. Find the area of R; and R when p < q, and determine which 
region has the greater area. 


60. Geometric probability Suppose a dartboard occupies the square 
{(x,y):0 < |x| = 1,0 S |y| = 1}. A dart is thrown randomly 
at the board many times (meaning it is equally likely to land at 
any point in the square). What fraction of the dart throws land 
closer to the edge of the board than the center? Equivalently, what 


is the probability that the dart lands closer to the edge of the board 
than the center? Proceed as follows. 





a. Argue that by symmetry it is necessary to consider only one 
quarter of the board, say the region R: { (x,y): |x| <y = 1}. 

b. Find the curve C in this region that is equidistant from the cen- 
ter of the board and the top edge of the board (see figure). 

c. The probability that the dart lands closer to the edge of the board 
than the center is the ratio of the area of the region R; above C 
to the area of the entire region R. Compute this probability. 


61. Lorenz curves and the Gini index A Lorenz curve is given by 


y = L(x), where 0 = x < 1 represents the lowest fraction of the 
population of a society in terms of wealth and 0 = y < 1 repre- 
sents the fraction of the total wealth that is owned by that fraction 
of the society. For example, the Lorenz curve in the figure shows 
that L(0.5) = 0.2, which means that the lowest 0.5 (50%) of the 
society owns 0.2 (20%) of the wealth. (See the Guided Project 
Distribution of Wealth for more on Lorenz curves.) 


1.0 


Line of perfect 
equality 


0.8 of households 


0.6 control 0.6 of the wealth 






Lorenz curve, y = L(x) 


Fraction of total income 


0.2 0.5 of households 
control 0.2 of the wealth 
0 0.5 08 10 * 


Fraction of households 


a. A Lorenz curve y = L(x) is accompanied by the line y = x, 
called the line of perfect equality. Explain why this line is 
given this name. 

b. Explain why a Lorenz curve satisfies the conditions 
L(0) = 0, L(1) = 1, and L'(x) = 0 on [0, 1]. 

c. Graph the Lorenz curves L(x) = x? corresponding to 
p = 1.1, 1.5, 2, 3,4. Which value of p corresponds to the most 
equitable distribution of wealth (closest to the line of perfect 
equality)? Which value of p corresponds to the least equitable 
distribution of wealth? Explain. 

d. The information in the Lorenz curve is often summarized 
in a single measure called the Gini index, which is defined 
as follows. Let A be the area of the region between y = x 
and y = L(x) (see figure) and let B be the area of the region 
between y = L(x) and the x-axis. Then the Gini index is 





1 
Q= Show that G = 2A = 1 — 2f L(x) dx. 
0 


A 
A+B 
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e. Compute the Gini index for the cases L(x) = x? and 
p = 1.1, 1.5, 2, 3, 4. 

f. What is the smallest interval | a, b | on which values of the Gini 
index lie for L(x) = x? with p = 1? Which endpoints of | a, b] 
correspond to the least and most equitable distribution of wealth? 

g. Consider the Lorenz curve described by L(x) = 5x7/6 + x/6. 
Show that it satisfies the conditions L(0) = 0,Z(1) = 1, and 
L'(x) = 0 on[0, 1]. Find the Gini index for this function. 


Additional Exercises 


62. 


63. 


64. 


65. 


Equal area properties for parabolas Consider the parabola 

y = x’. Let P, Q, and R be points on the parabola with R between 
P and Q on the curve. Let fp, fọ, and € be the lines tangent to the 
parabola at P, Q, and R, respectively (see figure). Let P’ be the 
intersection point of fg and £p; let QO’ be the intersection point of 
€p and £g; and let R’ be the intersection point of €p and £ọ. Prove 
that Area APOR = 2: Area AP'Q'R’ in the following cases. 

(In fact, the property holds for any three points on any parabola.) 
(Source: Mathematics Magazine 81, No. 2 (April 2008): 83—95.) 





a. P(—a,a*), O(a, a”), and R(0, 0), where a is a positive real 
number 

b. P(—a, a°), O(b, b”), and R(0, 0), where a and b are positive 
real numbers 

c. P(—a, a°), O(b, b”), and R is any point between P and Q on 
the curve 


Minimum area Graph the curves y = (x + 1)(x — 2) and 
y = ax + 1 for various values of a. For what value of a is the 
area of the region between the two curves a minimum? 


An area function Graph the curves y = a°x? and y = Vx for 
various values of a > 0. Note how the area A(a) between the 
curves varies with a. Find and graph the area function A(a). For 
what value of a is A(a) = 16? 


Area of a curve defined implicitly Determine the area of the 
shaded region bounded by the curve x7 = y4(1 — y?) (see figure). 





H 67. 


69. 
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66. Rewrite first Find the area of the region bounded by the curve 


1 a 
x = >—— ,/—~5 — | and the line x = | in the first quadrant. 
2y ay 


(Hint: Express y in terms of x.) 


70. Shifting sines Consider the functions f(x) = a sin 2x and 
g(x) = (sin x)/a, where a > 0 is a real number. 
a. Graph the two functions on the interval [0, Tr / 2, fora = L, l, 
and 2. 
b. Show that the curves have an intersection point x* (other than 





Area function for a cubic Consider the cubic polynomial a 5 
_ x = 0) on [0, 7/2] that satisfies cos x* = 1/(2a’), provided 
f(x) =e —a)(2 — b) where 0 = o = b, = V2 
: b ion 
a. For a fixed value of b, find the function F (a) = fo f(x) dx. c. Find the area of the region between the two curves on [| 0, x* | 
For what value of a (which depends on b) is F(a) = 0? aan =i: 
b. For a fixed value of b, find the function A(a) that gives the d. Show that as a > 1/2, the area of the region between the 
area of the region bounded by the graph of f and the x-axis two curves on [0, x*] approaches zero. 
between x = 0 and x = b. Graph this function and show that 
it has a minimum at a = b/2. What is the maximum value of 
A(a), and where does it occur (in terms of b)? CK ANSWERS 
68. Differences of even functions Assume f and g are even, 1. If g(x) = Oand f(x) = 0, then the area between the curves 
integrable functions on |—a, a], where a > 1. Suppose is [ k (f(x) — 0) dx = f K f(x) dx, which is the area between 
E o O a E = f(x) and the x-axis. 2 f í f(x) dx is the area of the region 
the graphs of f and g on |—a, a] is 10. What is the value of y ` e Ja b 8 
i wase ia between the graph of f and the x-axis. f a 8(x) dx is the area of 
i the region between the graph of g and the x-axis. The difference 
Roots and powers Consider the functions f(x) = x” and 


g(x) = xl" 


a. Graph f and g forn = 2,3, and 4, for x = 0. 
b. Give a geometric interpretation of the area function 
A,(x) = Je (f(s) — g(s)) ds, forn = 2,3,4,...andx > 0. 
c. Find the positive root of A,(x) = 0 in terms of n. Does the 
root increase or decrease with n? 


, where n = 2 is a positive integer. 


of the two integrals is the area of the region between the graphs 
offandg. 3. a. fo Vxdx + f (Vx — x + 2) dx 

b. I (y + 2 — y°) dy. 4. The area of the triangle to the 
left of the y-axis is 18. The area of the region to the right of 
the y-axis is given by the integral. < 
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Cross section 
with area A(x) 





FIGURE 6.22 


Ax 






Cross-sectional 
area = A(x č) 





-Wolumio of Mh slice | 
= A(x *) Ax 


FIGURE 6.23 


We have seen that integration is used to compute the area of two-dimensional regions 
bounded by curves. Integrals are also used to find the volume of three-dimensional regions 
(or solids). Once again, the slice-and-sum method is the key to solving these problems. 


General Slicing Method 


Consider a solid object that extends in the x-direction from x = ato x = b. Imagine cut- 
ting through the solid, perpendicular to the x-axis at a particular point x, and suppose the 
area of the cross section created by the cut is given by a known integrable function A 
(Figure 6.22). 

To find the volume of this solid, we first divide | a, b] into n subintervals of length 
Ax = (b — a)/n. The endpoints of the subintervals are the grid points x9 = a, x}, 
Xo,...,X, = b. We now make cuts through the solid perpendicular to the x-axis at each grid 
point, which produces n slices of thickness Ax. (Imagine cutting a loaf of bread to create n 
slices of equal width.) On each subinterval, an arbitrary point x, is identified. The kth slice 
through the solid has a thickness Ax, and we take A(x; ) as a representative cross-sectional area 
of the slice. Therefore, the volume of the kth slice is approximately A(x;,) Ax (Figure 6.23). 
Summing the volumes of the slices, the approximate volume of the solid is 


V = SA(x,) Ax. 
k=1 


As the number of slices increases (n — ©) and the thickness of each slice goes to zero 
(Ax — 0), the exact volume V is obtained in terms of a definite integral (Figure 6.24): 


V = lim SA(x7) Ax = [aw dx. 


» The factors in this volume integral have 
meaning: A(x) is the cross-sectional 
area of a slice and dx is its thickness. 
Summing (integrating) the volumes of 
the slices A(x) dx gives the volume of 
the solid. 
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Increase the number of slices. 





n 
Volume = lim > A(xe)Ax 


= i vere 


FIGURE 6.24 


General Slicing Method 


Suppose a solid object extends from x = ato x = b and the cross section of the 
solid perpendicular to the x-axis has an area given by a function A that is integrable 


on | a, b|. The volume of the solid is 


V = J NT dx. 


CHECK 1 Explain why the volume, as given by the general slicing method, is equal 
to Fie average value of A(x) on la, b| multiplied by b — a.< 








EXAMPLE 1 Volume of p “parabolic hemisphere” A solid has a base that is 
bounded by the curves y = x? and y = 2 — x? in the xy-plane. Cross sections through 
the solid perpendicular to the x-axis are semicircular disks. Find the volume of the solid. 


SOLUTION Because a typical cross section perpendicular to the x-axis is a semicircular disk 
(Figure 6.25), the area of a cross section 1s ar’, where r is the radius of the cross section. 
The key observation is that this radius is one-half of the distance between the upper bounding 
curve y = 2 — x? and the lower bounding curve y = x°. So the radius at the point x is 


= 5 (2-3?) — x7) =1-—- x’. 





Semicircular slice 


Radius of slice 
1 
a Cage et, 


=|- x? 


FIGURE 6.25 
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QUICK CHECK 2 In Example 1, what is 


the cross-sectional area function A(x) 
if cross sections perpendicular to the 
base are squares rather than 
semicircles? <«< 





FIGURE 6.26 


This means that the area of the semicircular cross section at the point x is 


] T 
A(x) = rr = —(1 — xY. 
2 2 
The intersection points of the two bounding curves satisfy 2 — x? = x7, which has solu- 
tions x = + 1. Therefore, the cross sections lie between x = —1 and x = 1. Integrating 
the cross-sectional areas, the volume of the solid is 


1 
y= / A( x) dx General slicing method 
-1 


1 
= / 5 (1 — a dx Substitute for A(x). 
=j 


1 
TT 2 4 : 
= > J (1 — 2x“ + x*) dx Expand integand. 
=i 


STT 


ig 


Evaluate. 


Related Exercises 7-l6< 


The Disk Method 


We now consider a specific type of solid known as a solid of revolution. Suppose f is a 
continuous function with f(x) = 0 on an interval la, b|. Let R be the region bounded by 
the graph of f, the x-axis, and the lines x = a and x = b (Figure 6.26). Now revolve R 
around the x-axis. As R revolves once around the x-axis, it sweeps out a three-dimensional 
solid of revolution (Figure 6.27). The goal is to find the volume of this solid, and it may be 
done using the general slicing method. 








| Revolving the region R 
generates a solid of revolution. | 





FIGURE 6.27 





Cross sections of a 
solid of revolution 
are circular disks of 
radius f(x) and area 


mf (x). 
FIGURE 6.28 








$= GIy 


Radius = (x + 1)? 





| Cross-sectional 
area = m((x + 1)? 


FIGURE 6.29 
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YUICK CHECK 3 What solid results when the region R is revolved about the x-axis if 
(a) R is a square with vertices (0, 0), (0,2), (2, 0), and (2, 2) and (b) R is a triangle with 


vertices (0, 0), (0, 2), and (2, 0)?< 


With a solid of revolution, the cross-sectional area function has a special form 
because all cross sections perpendicular to the x-axis are circular disks with radius f(x) 
(Figure 6.28). Therefore, the cross section at the point x, where a S x S b, has area 


A(x) = a(radius)* = f(x)’. 


By the general slicing method, the volume of the solid is 


v= [a0 dx = | rite 


Because each slice through the solid is a circular disk, the resulting method is called the 
disk method. 


Disk Method About the x-Axis 


Let f be continuous with f(x) = 0 on the interval [a, b]. If the region R bounded 
by the graph of f, the x-axis, and the lines x = a and x = bis revolved about the 


x-axis, the volume of the resulting solid of revolution is 


b 
V = [ af? ae 





EXAMPLE 2 Disk method at work Let R be the region bounded by the curve 
f(x) = (x + 1)?, the x-axis, and the lines x = 0 and x = 2. Find the volume of the 
solid of revolution obtained by revolving R about the x-axis. 


SOLUTION When the region R is revolved about the x-axis, it generates a solid of revolu- 
tion (Figure 6.29). A cross section perpendicular to the x-axis at the point 0 S x S 2isa 
circular disk of radius f(x). Therefore, a typical cross section has area 


A(x) = f(x)” = a((x + 1)°)’. 


Integrating these cross-sectional areas between x = 0 and x = 2 gives the volume of the 
solid: 


3 2 
V = / A(x) dx = J m ((x + 1) ) dx Substitute for A(x). 
0 0 


2 
= J a(x + 1)* dx Simplify. 
0 
u|> 2427 
= T 5 = z Letu = x + 1 and evaluate. 
1 





Related Exercises 17—26< 


Washer Method A slight variation on the disk method enables us to compute the 
volume of more exotic solids of revolution. Suppose that R is the region bounded by the 
graphs of f and g between x = a and x = b, where f(x) = g(x) = 0 (Figure 6.30). If R 
is revolved about the x-axis to generate a solid of revolution, the resulting solid generally 
has a hole through it. 
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R 
= 
Cross-sectional 
area = a(R? = r’) 
y 


(x, f) 
(x, g(x) 





Cross-sectional area 
= mf — 9(x)”) 


FIGURE 6.31 


» The washer method is really two 
applications of the disk method. We 
compute the volume of the entire solid 
without the hole (by the disk method) and 
then subtract the volume of the hole (also 
computed by the disk method). 


——— 
Revolving region R 
around the x-axis... 


... produces a solid 
with a hole. 





FIGURE 6.30 


Once again we apply the general slicing method. In this case, a cross section through 
the solid perpendicular to the x-axis is a circular washer with an outer radius of R = f(x) 
and a hole with a radius of r = g(x), where a S x S b. The area of the cross section is 
the area of the entire disk minus the area of the hole, or 


A(x) = a(R* — r*) = a(f(x)’ — g(x)’) 
(Figure 6.31). The general slicing method gives the area of the solid. 


Washer Method About the x-Axis 


Let f and g be continuous functions with f(x) = g(x) = 0 on (a, b]. Let R be the 
region bounded by y = f(x), y = g(x), and the lines x = a and x = b. When R 


is revolved about the x-axis, the volume of the resulting solid of revolution is 


/ C= sae 





QUICK CHECK 4 Show that when g(x) = 0 in the washer method, the result is the disk 
method. < 


EXAMPLE 3 Volume by the washer method The region R is bounded by the graphs 
of f(x) = Vx and g(x) = x? between x = 0 and x = 1. What is the volume of the 
solid that results when R is revolved about the x-axis? 


SOLUTION The region R is bounded by the graphs of f and g with f(x) = g(x) on 
[0, 1], so the washer method is applicable (Figure 6.32). The area of a typical cross 
section at the point x is 


A(x) = m(f(x)* = gay) = a((Vx)? = E) = a(x — x"). 


Therefore, the volume of the solid is 


1 
V / m(x — xt) dx Washer method 
0 


x? 4 \ (4 qT 
T 5 = 5 = —. Fundamental Theorem 


> 10 
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Revolving the region 
y about the x-axis... y ae produces a bowl- 
shaped solid. 


g(x) = x? 








Interval of 
integration 





Area of washer face = 7(f(x)* — g(x) 
= m(x — x*) 
FIGURE 6.32 
Related Exercises 27-34< 


QUICK CHECK 5 Suppose the region in Example 3 is revolved about the line y = —1 
instead of the x-axis. (a) What is the inner radius of a typical washer? (b) What is the 
outer radius of a typical washer? «< 


Revolving About the y-Axis 


Everything you learned about revolving regions about the x-axis applies to revolving 
regions about the y-axis. Consider a region R bounded by the curve x = p(y) on the right, 
the curve x = q(y) on the left, and the horizontal lines y = c and y = d (Figure 6.33). 

To find the volume of the solid generated when R is revolved about the y-axis, we 
use the general slicing method—now with respect to the y-axis. The area of a typical cross 
section is A(y) = a(p(y)* — g(y)”), where c = y < d. As before, integrating these 
cross-sectional areas of the solid gives the volume. 












Outer radius = p(y) 






Interval of 
integration 


Inner radius = qy) 


FIGURE 6.33 
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» The disk/washer method about the 
y-axis is the disk /washer method about 
the x-axis with x replaced by y. 


‘Interval of | 
| integration | 


Disk and Washer Methods About the y-Axis 


Let p and q be continuous functions with p(y) = g(y) = 0 on |c, d]. Let R 
be the region bounded by x = p(y), x = q(y), and the lines y = c and y = d. 
When R is revolved about the y-axis, the volume of the resulting solid of 
revolution is given by 


d 
v= | moo) - 40) 
If g(y) = 0, the disk method results: 


d 
v= | 0? ay 





EXAMPLE 4 Which solid has greater volume? Let R be the region in the first 
quadrant bounded by the graphs of x = y? and x = 4y. Which is greater, the volume of 
the solid generated when R is revolved about the x-axis or the y-axis? 


SOLUTION Solving y? = 4y—or, equivalently, y(y* — 4) = O—we find that the bound- 
ing curves of R intersect at the points (0, 0) and (8, 2). When the region R is revolved 
about the y-axis, it generates a funnel with a curved inner surface (Figure 6.34). Washer- 
shaped cross sections perpendicular to the y-axis extend from y = 0 to y = 2. The outer 
radius of the cross section at the point y is determined by the line x = p(y) = 4y. The 
inner radius of the cross section at the point y is determined by the curve x = g(y) = y’. 
Applying the washer method, the volume of this solid is 


2 
V = / a(p(y)” — q(y)*) dy Washer method 
0 





2 
= / m(16y° = y®) dy Substitute for p and q. 
0 
16 i y7 2 
= Ty nana Fundamental Theorem 
3 T Jio 
5127 
= Ea = 76.60. Evaluate. 


Area of washer face | 


= mpor — ayy”) 


( Outer radius = Ay | 
: = m(l6y?—y) | 








| Inner radius = y° | 


qv) = y? 


FIGURE 6.34 
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When the region R is revolved about the x-axis, it generates a funnel (Figure 6.35). 
Vertical slices through the solid between x = 0 and x = 8 produce washers. The outer radius 
of the washer at the point x is determined by the curve x = y*, ory = f(x) = x '/3 The inner 
radius is determined by x = 4y, or y = g(x) = x/4. The volume of the resulting solid is 


8 
v= J a(f(x)* — g(x)7)dx Washer method 
0 


8 3 
X 
= J a(x? = E) dx Substitute for f and g. 
0 





16 
e x? 8 
= a( 2x9 gm E) Fundamental Theorem 
5 48 / lo 
1287 
= 715 = 26.81. Evaluate. 


We see that revolving the region about the y-axis produces a solid of greater volume. 


Area of washer face 


= mf (x)" — g(x)) 


_ a(x — aa 






l Outer radius = x! | 


| Inner radius = x/4 | 





( Interval of integration | 


FIGURE 6.35 


Related Exercises 35—44< 


ae 





i ‘CHECK 6 The region in the first quadrant bounded by y = x and y = x is revolved 
ETET ines y-axis. Give the integral for the volume of the solid that is generated. «< 


SECTION 6.3 EXERCISES 


Review Questions Basic Skills 

1. Suppose a cut is made through a solid object perpendicular to the 7-16. General slicing method Use the general slicing method to find 
x-axis at a particular point x. Explain the meaning of A(x). the volume of the following solids. 

2. Describe how a solid of revolution is generated. 7. The solid whose base is the region bounded by the curves y = x 


and y = 2 — x? and whose cross sections through the solid 
perpendicular to the x-axis are squares 


3. The region bounded by the curves y = 2x and y = x? is revolved 


about the x-axis. Give an integral for the volume of the solid that 
is generated. 


4. The region bounded by the curves y = 2x and y = x? is revolved 
about the y-axis. Give an integral for the volume of the solid that 
is generated. 


5. Why is the disk method a special case of the general slicing method? 























6. A solid has a circular base and cross sections perpendicular to the 
base are squares. What method should be used to find the volume 
of the solid? 
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8. The solid whose base is the region bounded by the semicircle 
y = V1 — x° and the x-axis and whose cross sections through 


the solid perpendicular to the x-axis are squares square 
cross-section 






base 


y= 





9. The solid whose base is the region bounded by the curve 13. The solid whose base is the triangle with vertices (0, 0), (2, 0), 
y = Vcos x and the x-axis and whose cross sections through the and (0, 2) and whose cross sections perpendicular to the base and 
solid perpendicular to the x-axis are isosceles right triangles with parallel to the y-axis are semicircles 
a horizontal leg in the xy-plane and a vertical leg above 


14. The pyramid with a square base 4 m on a side and a height of 2 m 


the x-axis (Use calculus.) 


` N 15. The tetrahedron (pyramid with four triangular faces), all of whose 
edges have length 4 


16. A circular cylinder of radius r and height h whose axis is at an 
angle of 7/4 to the base 









circular 
base 


10. The solid with a circular base of radius 5 whose cross sections 
perpendicular to the base and parallel to the x-axis are equilateral 


triangles 


17-26. Disk method Let R be the region bounded by the following 
curves. Use the disk method to find the volume of the solid generated 
when R is revolved about the x-axis. 





equilateral triangles 


17. y = 2x, y = 0,x = 3 (Verify that your answer agrees with the 
volume formula for a cone.) 


circular base 





11. The solid with a semicircular base of radius 5 whose cross 
sections perpendicular to the base and parallel to the diameter are 
squares 





12. The solid whose base is the region bounded by y = x? and the 3 a 
line y = 1 and whose cross sections perpendicular to the base and 
parallel to the x-axis are squares 
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18. y = 2 — 2x,y = 0,x = 0 (Verify that your answer agrees with 27: VS = 2V x 
the volume formula for a cone.) 





19. y=e*y=0,x =0,x = 1In4 





29. y= el? y = etl? x = ]n2,x =mn3 





21. y = sinx, y = 0, for 0 S x S 7m (Recall that 
sin? x = }(1 — cos 2x).) 


22. y = V25 — x°, y = 0 (Verify that your answer agrees with the 
volume formula for a sphere.) 


I 1 
y= 0,41 = 0 andr = 5 








23. y = 


30. y= xy=xt+2,x=0,x =4 
24. y = secx, y = 0,x = 0,andx = 7 


25. y = ——=—_,, y = 0,x = —-l,andx = 1 


26. y= = 0,x = —3,andx = 5 





V 1= a 


27-34. Washer method Let R be the region bounded by the following 
curves. Use the washer method to find the volume of the solid gener- 
ated when R is revolved about the x-axis. 
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31. y=x+3,y=x74+1 c. Let R, be the region bounded by y = cos x and the x-axis on 
ee E [—-m /2, 7/2]. Let R, be the region bounded by y = sin x and 
ae VN EE the x-axis on |0, 7 |. The volumes of the solids generated when 


33. y = sinx,y = Vsinx, forO0 = x = 7/2 R, and R, are revolved about the x-axis are equal. 
34. y= |x|,y =2- x2 46-52. Solids of revolution Find the volume of the solid of revolution. 





Sketch the region in question. 
35-40. Disks / washers about the y-axis Let R be the region bounded 


by the following curves. Use the disk or washer method to find the vol- 46. The region bounded by y= (In x)/ Vx, y = 0, and x = 2 
ume of the solid generated when R is revolved about the y-axis. revolved about the x-axis 


5. Heaney =o 47. The region bounded by y = 1/Vx, y = 0,x = 2, andx = 6 
revolved about the x-axis 


1 
and y = —= revolved 


48. The region bounded by y = V2 


Se So 
Vx? +1 
about the x-axis 


49. The region bounded by y = e*, y = 0,x = 0, and x = 2 
revolved about the x-axis 


50. The region bounded by y = e *, y = e*,x = 0, and x = In4 
revolved about the x-axis 


51. The region bounded by y = Inx, y = In x, and y = In 8 revolved 
about the y-axis 


52. The region bounded by y = e *,y = 0,x = 0,andx = p> 0 
revolved about the x-axis (Is the volume bounded as p —> œ?) 


53. Fermat’s volume calculation (1636) Let R be the region 
bounded by the curve y = Vx + a (witha > 0), the y-axis, and 
the x-axis. Let S be the solid generated by rotating R about the 
y-axis. Let T be the inscribed cone that has the same circular base 
as S and height Va. Show that volume(S) /volume(T) = Å. 





54. Solid from a piecewise function Let 


ifO0Osx=x=2 
I. vw =a y=- Da2 l ! i 
Ja) =4 2=2 t22 725 
38. y= Vx,y=0,x=4 —2x +18 if5<x=6. 
39. x= V4-y4,x=0 Find the volume of the solid formed when the region bounded by 
40. y = sin! x, x =0,y=7 J4 the graph of f, the x-axis, and the line x = 6 is revolved about 


the x-axis. 


41-44. Which is greater? For the following regions R, determine 
which is greater—the volume of the solid generated when R is revolved 
about the x-axis or about the y-axis. 


41. R is bounded by y = 2x, the x-axis, and x = 5. 


42. R is bounded by y = 4 — 2x, the x-axis, and the y-axis. 
43. Ris bounded by y = 1 — x°, the x-axis, and the y-axis. 


44. Ris bounded by y = x? andy = V8x. 





Further Explorations 
45. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. A pyramid is a solid of revolution. 
b. The volume of a hemisphere can be computed using the disk 
method. 
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55. Solids from integrals Sketch a solid of revolution whose volume 60. Which is greater? Let R be the region bounded by y = x? and 


by the disk method is given by the following integrals. Indicate y = Vx. Which is greater, the volume of the solid generated 
the function that generates the solid. Solutions are not unique. when R is revolved about the x-axis or about the line y = 1? 
a. J m sin? x dx Additional Exercises 

0 61. Cavalieri’s principle Cavalieri’s principle states that if two sol- 


ids of equal altitudes have the same cross-sectional areas at every 


2 
2 
b. / m(x" + 2x + 1) dx height, then they have equal volumes (see figure). 


Same volume 


Applications y 
56. Volume of a wooden object A solid wooden object turned on 
a lathe has a length of 50 cm and diameters (measured in cm) 
shown in the figure. (A lathe is a tool that spins and cuts a block 
of wood so that it has circular cross sections.) Use left Riemann 
sums to estimate the volume of the object. 





Same cross section 
area at every level 


a. Use the theory of this section to justify Cavalieri’ s principle. 


, , b. Find the radius of a circular cylinder of height 10 m that has 
57. Cylinder, cone, hemisphere A right circular cylinder with height the same volume as a box whose dimensions in meters are 


R and radius R has a volume of Vç = mR? (height = radius). 2Xx2xX 10. 





a. Find the volume of the cone that is inscribed in the cylinder 
with the same base as the cylinder and height R. Express the 
volume in terms of Vo. 


62. Limiting volume Consider the region R in the first quadrant 
bounded by y = x!” and y = x”, where n is a positive number. 


b. Find the volume of the hemisphere that is inscribed in the a. Find the volume V(n) of the solid generated when R is 
cylinder with the same base as the cylinder. Express the vol- revolved about the x-axis. Express your answer in terms of n. 
ume in terms of Vo. b. Evaluate lim V(n). Interpret this limit geometrically. 

n— oo 


58. Water in a bowl A hemispherical bowl of radius 8 inches is 
filled to a depth of h inches, where 0 = h < 8. Find the volume 
of water in the bowl as a function of h. (Check the special cases 


b 
= 1 
h = Oandh = 8.) 1. The average value of A on [a,b] is A = Er A(x) dx. 


59. A torus (doughnut) Find the volume of the torus formed when = = B 292 
the circle of radius 2 centered at (3, 0) is revolved about the Theretore, r = (b B a)A. 2. A(x) 7 (2 = 2x") 
y-axis. Use geometry to evaluate the integral. 3. (a) A cylinder with height 2 and radius 2; (b) a cone 


with height 2 and base radius 2 4. When g(x) = 0, 
the washer method V = J "a f(x)? — g(x)*) dx reduces to 


the disk method V = f Pm f(x)*) dx. 5. (a) Inner radius = 
Vx + 1; (b) outer radius = x? + 1 6. fia? = y) dy< 
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6.4 Volume by Shells 


You can solve a lot of challenging volume problems using the disk / washer method. There 
are, however, some volume problems that are difficult to solve with this method. For this 
reason, we extend our discussion of volume problems to the shell method, which—like the 
disk /washer method—is used to compute the volume of solids of revolution. 


Cylindrical Shells 
> Suppose R is the region in the first Let R be a region bounded by the graph of f, the x-axis, and the lines x = a and x = b, 
quadrant bounded by the graph of where 0 = a < band f(x) = Oon la, b). When R is revolved about the y-axis, a solid is 
y = x? — x° and the x-axis. When R is generated (Figure 6.36) whose volume is computed with the slice-and-sum strategy. 
revolved about the y-axis, the resulting 
solid has a volume that is difficult to y 


compute using the washer method. The 











rg 








volume is much easier to compute using 
the shell method. 


Revolving region R 
about the y-axis... 











Le 








0.07 
FIGURE 6.36 
F i x We divide [a,b] into n subintervals of length Ax = (b — a)/n, and identify an 
arbitrary point x, on the kth subinterval, for k = 1,...,n. Now observe the rectangle 


built on the kth subinterval with a height of f(x,) and a width Ax (Figure 6.37). As it 
revolves about the y-axis, this rectangle sweeps out a thin cylindrical shell. 


y ( Revolving the kth rectangle ... produces a cylindrical ) 
| about the y-axis... shell with height f(x,*) and 


thickness Ax. 















FIGURE 6.37 


When the kth cylindrical shell is unwrapped (Figure 6.38), it approximates a thin rect- 
angular slab. The approximate length of the slab is the circumference of a circle with 
radius x,, which is 27x,. The height of the slab is the height of the original rectangle 
f(x;) and its thickness is Ax; therefore, the volume of the kth shell is approximately 

20x, °f(x,)* Ax = 20x; f(x,) Ax. 


— 


eee 
length height thickness 
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Ax Circumference ~ 277 - radius = 27x," 








Radius = xe 






fK) 





a 





Height = f(x,*) 


Length = 27 - radius = 27x,* 


FIGURE 6.38 Thickness = Ax 


Summing the volumes of the n cylindrical shells gives an approximation to the volume of 
the entire solid: 


V =~ N 21x45 f(x%) Ax. 
k=1 


As n increases and as Ax approaches 0 (Figure 6.39), we obtain the exact volume of 
the solid as a definite integral: 


shell 
height 


n PE OE b 
V= lim X 2r aSa Ax J 2axf(x) dx. 


ne a Oe 
shell shell 
circumference thickness 


» Rather than memorizing, think of the 
meaning of the factors in this formula: 
f(x) is the height of a single cylindrical 
Shell, 27rx is the circumference of the 
shell, and dx corresponds to the thickness 
of a shell. Therefore, 27rxf(x) dx 
represents the volume of a single shell, 





and we sum the volumes from x = a 

to x = b. Notice that the integrand for 
the shell method is the function A(x) 
that gives the surface area of the shell of 


n 
Volume = lim > 2x p* f(x") Ax 
moe! k=l 


b 
radius x, fora < x < b. = J 2mxf (x) dx 





‘N> 


n > œ 





FIGURE 6.39 


Before doing examples, we generalize this method as we did for the disk method. 
Suppose that the region R is bounded by two curves, y = f(x) and y = g(x), where 
f(x) = g(x) on [a, b] (Figure 6.40). What is the volume of the solid generated when R is 
revolved about the y-axis? 
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D 
l Shell height 
— y Efe- gai) 





Shell radius 
= xë 





Volume of kth shell ~ 27x fæ) ~ go) Ax | 


FIGURE 6.40 


The situation is similar to the case we just considered. A typical rectangle in R sweeps out 
a cylindrical shell, but now the height of the kth shell is f(x;) — g(x%), fork = 1,...,n. As 
before, we take the radius of the kth shell to be x which means the volume of the kth shell 
is approximated by 2ax;(f(x;,) — g(x,))Ax (Figure 6.40). Summing the volumes of all the 
shells gives an approximation to the volume of the entire solid: 


n 
V= D, 2mx~ (Fk) — (xx) Ax. 
k=] —S—_ ——— 
circumference height of shell 
of shell 


Taking the limit as n — © (which implies that Ax — 0), the exact volume is the definite 


integral 
j b 
V = lim X 2mxil f(x) — g(x%))Ax = / Dna (f(x) = -2(a)) dx. 
—> co k=1 a 
» An analogous formula for the shell 

method when R is revolved about the Volume by the Shell Method 

x-axis is obtained by reversing the roles Let f and g be continuous functions with f(x) = g(x) on |a, b]. If R is the region 
of x and y: bounded by the curves y = f(x) and y = g(x) between the lines x = a and 


x = b, the volume of the solid generated when R is revolved about the y-axis is 


d 
v= J amy(f(y) — e(y)) dy. 


V = / 2mx( f(x) — g(x)) dx. 





EXAMPLE 1 A sine bowl Let R be the region bounded by the graph of 
f(x) = sin x’, the x-axis, and the vertical line x = V7 /2 (Figure 6.41). Find the 
volume of the solid generated when R is revolved about the y-axis. 


SOLUTION Revolving R about the y-axis produces a bowl-shaped region (Figure 6.42). 
The radius of a typical cylindrical shell is x and its height is f(x) = sin x*. Therefore, the 
volume by the shell method is 


b Var /2 
V = / 2a7xf(x) dx = J 2x sin x* dx. 
a 0 





f(x) = sin x7 






— 4 
R Height 


= sin x? 


Interval of integration 


FIGURE 6.41 


» When computing volumes using the shell 
method, it is best to sketch the region R 
in the xy-plane and draw a slice through 
the region that generates a typical shell. 


» In Example 2, we could use the disk / 
washer method to compute the volume, 
but notice that this approach requires 
splitting the region into two subregions. 
A better approach is to use the shell 
method and integrate along the y-axis. 


[æ 
= 
4< 
fac) 
= 
oN 
oO 
— 
[æ 
= 
q= 
O 
E 
> 
bal 
oO 
eS 
i= 
= 





FIGURE 6.43 
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Shell circumference 
= 27x 


Shell height 
= sin x 





Shell radius = x 


FIGURE 6.42 


Now we make the change of variables u = x7, which means that du = 2x dx. The lower 
limit x = 0 becomes u = 0 and the upper limit x = Vr /2 becomes u = 77/2. The vol- 
ume of the solid is 


Var /2 a /2 
V = / 2x sin x? dx = al sin u du “= x" dw = 2x dy 
0 0 


T/2 


= m(—cos u) Fundamental Theorem 





= m|0 — (—1)| = m. Simplify. 
Related Exercises 5—14< 


QUICK CHECK 1 The triangle bounded by the x-axis, the line y = 2x, and the line x = 1 is 
revolved about the y-axis. Give an integral that equals the volume of the resulting solid 
using the shell method. < 


EXAMPLE 2 Shells about the x-axis Let R be the region in the first quadrant 
bounded by the graph of y = Vx — 2 and the line y = 2. Find the volume of the solid 
generated when R is revolved about the x-axis. 


SOLUTION The revolution is about the x-axis, so the integration in the shell method 

is with respect to y. A typical shell runs parallel to the x-axis and has radius y, where 

0 = y < 2; the shells extend from the y-axis to the curve y = Vx — 2 (Figure 6.43). 
Solving y = Vx — 2 for x, we have x = y? + 2, which is the height of the shell at the 
point y (Figure 6.44). Integrating with respect to y, the volume of the solid is 


2 2 
V= J 2ny (y? + 2)dy = 2m | (y? + 2y) dy = 16r. 
0o =~ Me 0 


shell shell 
circumference height 
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Shell height 


Shell radius 
= y 





FIGURE 6.44 
Related Exercises 15—26< 


EXAMPLE 3 Volume of a drilled sphere A cylindrical hole with radius r is drilled 
symmetrically through the center of a sphere with radius R, where r = R. What is the 
volume of the remaining material? 






Shell height 
= f(x) — ga) 





Shell radius = x 


FIGURE 6.45 (a) (b) 


SOLUTION The y-axis is chosen to coincide with the axis of the cylindrical hole. We let 
D be the region in the xy-plane bounded above by f(x) = V R? — x’, the upper half 

of a circle of radius R, and bounded below by g(x) = — V R? — x’, the lower half of a 
circle of radius R, for r S x < R (Figure 6.45a). Slices are taken perpendicular to the 
x-axis from x = r to x = R. When a slice is revolved about the y-axis, it sweeps out a 
cylindrical shell that is concentric with the hole through the sphere (Figure 6.45b). The 
radius of a typical shell is x and its height is f(x) — g(x) = 2V R? — x°. Therefore, the 
volume of the material that remains in the sphere is 


R 
V = / Qarx(2 VR? — x?) dx 


0 
= —27 Vu du u = R? — x?, du = —2x dx 
Pa 
5 R/? 
= 2n( 2 us! 2) Fundamental Theorem 
0 





4 
n (R? — rp’. Simplify. 
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It is important to check the result by examining special cases. In the case that r = R (the 
radius of the hole equals the radius of the sphere), our calculation gives a volume of 0, 
which is correct. In the case that r = O (no hole in the sphere), our calculation gives the 
correct volume of a sphere, $ 7R?. Related Exercises 27-32< 


EXAMPLE 4 Revolving about other lines Let R be the region bounded by the curve 
y = Vx, the line y = 1, and the y-axis (Figure 6.46a). 


a. Use the shell method to find the volume of the solid generated when R is revolved 
about the line x = 4 (Figure 6.46b). 


b. Use the disk/washer method to find the volume of the solid generated when R is re- 
volved about the line y = 1 (Figure 6.46c). 





SOLUTION 


a. Using the shell method, we must imagine taking slices through R parallel to the y-axis. 
A typical slice through R at a point x, where 0 = x < 1, has length 1 — Vx. When 
that slice is revolved about the line x = —5, it Sweeps out a cylindrical shell with a 
radius of x + and a height of 1 — Vx (Figure 6.47). A slight modification of the 
standard shell method gives the volume of the solid: 


1 l i2 
1 l 
2m | (x F a = Vx) dx za | (x sg +-— =) dx Expand integrand. 
0 LE ae! 0 2 2 





—_~ height of 
radius of sheti 
shell 
8T 
— Evaluate integral. 





1 
| 
FIGURE 6.46 l 
Shell radius = x + 5 ! 
| 
» If we instead revolved about the y-axis | ss 
(x = 0), the radius of the shell would Interval of 
i integration 
be 2; Because ue are ne about | FIGURE 6.47 
the line x = —5, the radius of the shell is 
Xt L, 


b. Using the disk/washer method, we take slices through R parallel to the y-axis. Consider 
a typical slice at a point x, where 0 S x < 1. Its length, now measured with respect to 


» The di h h ] : : : : À ; 
P LE EEE E A SE E EE the line y = 1,is 1 — Vx. When that slice is revolved about the line y = 1, it sweeps 


for part (a) and the shell method can also 
be used for part (b). 
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out a disk of radius 1 — Vx (Figure 6.48). Applying the disk /washer formula, the 
volume of the solid is 


ee o 1 l 
À i / m(1 — Vx)? dx = a f (1 — 2Vx + x) dx Expand integrand. 
| eee i 
AE E radius of 
disk 1 
= m(x — 4 3/2 a lx?) = ¢. Evaluate integral. 
0 


Related Exercises 33—40 < 





iene <2 Write the volume integral in Example 4b in the case that R is revolved 
integration about the line y = —5.<« 





FIGURE 6.48 Restoring Order 


After working with slices, disks, washers, and shells, you may feel somewhat over- 
whelmed. How do you choose a method and which method is best? 

First, notice that the disk method is just a special case of the washer method. So, 
for solids of revolution, the choice is between the washer method and the shell method. 
In principle, either method can be used. In practice, one method usually produces an 
integral that is easier to evaluate than the other method. The following table summarizes 
these methods. 


SUMMARY Disk / Washer and Shell Methods 


Integration with respect to x Disk / washer method about the x-axis 
Disks /washers are perpendicular to the 
x-axis. 


/ nee = eee: 


Shell method about the y-axis 
Shells are parallel to the y-axis. 


J ma 





f@)=2x-x aD 





FIGURE 6.49 


» To solve y = 2x — x? for x, write the 
equation as x? — 2x + y = O and 
complete the square or use the quadratic 
formula. 
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Integration with respect to y Disk /washer method about the y-axis 
Disks /washers are perpendicular to the 
y-axis. 


f eT ero 


Shell method about the x-axis 
Shells are parallel to the x-axis. 


/ rmy(p(y) — ly) dy 


EXAMPLE 5 Volume by which method? The region R is bounded by the graphs 
of f(x) = 2x — x° and g(x) = x on the interval |0, 1] (Figure 6.49). Use the washer 
method and the shell method to find the volume of the solid formed when R is revolved 
about the x-axis. 


SOLUTION Solving f(x) = g(x), we find that the curves intersect at the points (0, 0) 
and (1, 1). Using the washer method, the upper bounding curve is the graph of f, the 
lower bounding curve is the graph of g, and a typical washer is perpendicular to the 
x-axis (Figure 6.50). Therefore, the volume is 


1 
V= / a((2x — x*)? — x”) dx Washer method 
0 


1 
= m / (x* — 4x? + 3x*) dx Expand integrand. 
0 


l TT 
= —. Evaluate integral. 





| 
S) 
TN 
wn] 
| 
be 
iN 
+- 
= 
(09) 
S 


The shell method requires expressing the bounding curves in the form x = p(y) 
for the right curve and x = q(y) for the left curve. The right curve is x = y. Solving 
y = 2x — x’ for x, we find that x = 1 — V1 — y describes the left curve. A typical 
shell is parallel to the x-axis (Figure 6.51). Therefore, the volume is 


1 
v= J env - (= VTZ) y 
0 FF —— er 
p(y) q(y) 
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(— 











í (Outer radius)? = (2x — x2) Shell height = y — (1 — VI = y) 
(Inner radius)? = x? Shell radius = y 
FIGURE 6.50 FIGURE 6.51 


Although this integral can be evaluated (and equals =), it is decidedly more difficult than 
the integral required by the washer method. In this case, the washer method is preferable. Of 
course, the shell method may be preferable for other problems. 

Related Exercises 41-48< 


QUICK CHECK 3 Suppose the region in Example 5 is revolved about the y-axis. Which 
method (washer or shell) leads to an easier integral? « 


SECTION 6.4 EXERCISES 


Review Questions 


1. 


Basic Skills 

5-14. Shell method Let R be the region bounded by the following 
curves. Use the shell method to find the volume of the solid generated 
when R is revolved about the y-axis. 


=A 


Assume f and g are continuous with f(x) = g(x) = Oon [a,b], 6. y= rx? + 4x +2,y =x? — 6x + 10 
where 0 <= a < b. The region bounded by the graphs of f and g 
and the lines x = a and x = bis revolved about the y-axis. Write 
the integral given by the shell method that equals the volume of 
the resulting solid. 


Fill in the blanks: A region R is revolved about the y-axis. The vol- 
ume of the resulting solid could (in principle) be found by using the 
disk /washer method and integrating with respect to or 
using the shell method and integrating with respect to 





Fill in the blanks: A region R is revolved about the x-axis. The vol- 
ume of the resulting solid could (in principle) be found by using the 
disk /washer method and integrating with respect to or 

using the shell method and integrating with respect to . ts Sets IF: y = 0,x = 0,andx = 2 


Are shell method integrals easier to evaluate than washer method 
integrals? Explain. 


y=x=—- 2,7 =0 






8. y 


9. y = 3x, y = 3, and x = 0 (Do not use the volume formula for 


= 6 — x,y = 0, x = 2, and x = 4 





a cone.) 


10. y 
11. y 
12. y 
13. y 
14. y 
15-26. 





= | — x*,x = 0, and y = 0, in the first quadrant 
=x? — x8 + ly=1 

= Vx,y = 0,andx = 4 

= cos x?, y = 0, for 0 S x <S Var [2 


= V4 — 2x2, y = 0, and x = 0, in the first quadrant 


Shell method Let R be the region bounded by the following 
curves. Use the shell method to find the volume of the solid generated 


when R is revolved about the x-axis. 


15. y 


= Vx,y = 0, and x = 4 








17. 
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y=4-x,y = 2,andx = 0 





y=x,y =2-—x,andy = 0 


. X= yas = 4,andy = 0 

. X= yag = 0,and y = 3 

© y SNI = 8, and x = 0 

: =r Ays y= Gada HO 
. y= Vsin™! x, y — Vr/2,andx = 0 
. y= cos™! x, in the first quadrant 
26. 
27—32. Shell method Use the shell method to find the volume of the 


y= V50 — 2x?, in the first quadrant 


following solids. 


27, 
28. 


29. 


30. 


31. 


32. 


A right circular cone of radius 3 and height 8 


433 


The solid formed when a hole of radius 2 is drilled symmetrically 
along the axis of a right circular cylinder of height 6 and radius 4 


The solid formed when a hole of radius 3 is drilled symmetrically 


along the axis of a right circular cone of radius 6 and height 9 


The solid formed when a hole of radius 3 is drilled symmetrically 


through the center of a sphere of radius 6 


The ellipsoid formed when that part of the ellipse x? + 2y? = 4 


with x = O is revolved about the y-axis 


A hole of radius r = R is drilled symmetrically along the axis 
of a bullet. The bullet is formed by revolving the parabola 


y) 
x 
7s 6(1 = =) about the y-axis, where 0 = x S R. 


50. 


52. 


53. 


54. 
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33-36. Shell method about other lines Let R be the region bounded 


by y = x°, x = l,and y = 0. Use the shell method to find the volume 
of the solid generated when R is revolved about the following lines. 


33. x = -2 34. x=2 35. y = -2 36. y= 2 


37—40. Different axes of revolution Use either the washer or shell 
method to find the volume of the solid that is generated when the 
region in the first quadrant bounded by y = x*, y = 4, and x = 0 is 
revolved about the following lines. 


37. y = -2 38. x = -l1 39. y=6 40. x= 2 


41-48. Washers vs. shells Let R be the region bounded by the follow- 
ing curves. Let S be the solid generated when R is revolved about the 
given axis. If possible, find the volume of S by both the disk / washer 
and shell methods. Check that your results agree and state which 
method is easiest to apply. 


4l. y= x,y = y 


; in the first quadrant; revolved about the x-axis 
42. y = x?/8,y = 2 — x,andx = 0; revolved about the y-axis 


43. y = 1/(x + 1),y = 1 — x/3; revolved about the x-axis 


44. y=(x- 2) — 2,x = 0, and y = 25; revolved about the y-axis 
45. y= Vin x, y= Vin x2, and y = 1; revolved about the x-axis 
46. y = 6/(x + 3),y = 2 — x; revolved about the x-axis 

47. y=x- xí, y = 0; revolved around the x-axis 

48. y = x — x*,y = 0; revolved around the y-axis 


Further Explorations 
49. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. When using the shell method, the axis of the cylindrical shells 
is parallel to the axis of revolution. 

b. If a region is revolved about the y-axis, then the shell method 
must be used. 

c. If aregion is revolved about the x-axis, then in principle it is 
possible to use the disk /washer method and integrate with re- 
spect to x or the shell method and integrate with respect to y. 


50-54. Solids of revolution Find the volume of the following solids of 
revolution. Sketch the region in question. 


The region bounded by y = (Inx)/x?, y = 0, and x = 3 
revolved about the y-axis 


51. The region bounded by y = 1/x*, y = 0,x = 2, and x = 8 
revolved about the y-axis 


The region bounded by y = 1/(x* + 1),y = 0,x = 1, and 
x = 4revolved about the y-axis 

The region bounded by y = e*/x, y = 0,x = 1, andx = 2 
revolved about the y-axis 

The region bounded by y° = Inx, y? = ln x°, and y = 2 


revolved about the x-axis 


55-62. Choose your method Find the volume of the following solids 
using the method of your choice. 


55. The solid formed when the region bounded by y = x? and 
y = 2 — x’ is revolved about the x-axis 


56. 


97; 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


The solid formed when the region bounded by y = sin x and 
y = 1 — sin x between x = 7/6 and x = 57/6 is revolved 
about the x-axis 


The solid formed when the region bounded by y = x,y = 2x + 2, 
x = 2, and x = 6 is revolved about the y-axis 


The solid formed when the region bounded by y = x°, the x-axis, 
and x = 2 is revolved about the x-axis 


The solid whose base is the region bounded by y = x? and the 
line y = 1 and whose cross sections perpendicular to the base and 
parallel to the x-axis are semicircles 


The solid formed when the region bounded by y = 2, y = 2x + 2, 
and x = 61s revolved about the y-axis 


The solid whose base is the square with vertices (1,0), (0, 1), 
(—1, 0), and (0,—1) and whose cross sections perpendicular to 
the base and perpendicular to the x-axis are semicircles 


The solid formed when the region bounded by y = Vx, the 
x-axis, and x = 4 is revolved about the x-axis 


Equal volumes Consider the region R bounded by the curves 

y = ax? + 1,y = 0,x = 0, and x = 1, fora = —1. Let Sı and 
S be solids generated when R is revolved about the x- and y-axes, 
respectively. 


a. Find V, and V5, the volumes of S4 and $5, as functions of a. 
b. Are there values of a = —1 for which V,(a) = V)(a)? 


A hemisphere by several methods Let R be the region in the first 
quadrant bounded by the circle x? + y? = r? and the coordinate axes. 
Find the volume of a hemisphere of radius r in the following ways. 


a. Revolve R about the x-axis and use the disk method. 

b. Revolve R about the x-axis and use the shell method. 

c. Assume the base of the hemisphere is in the xy-plane and use 
the general slicing method with slices perpendicular to the 
xy-plane and parallel to the x-axis. 


A cone by two methods Verify that the volume of a right circular 
cone with a base radius of r and a height of h is wr” h/3. Use 

the region bounded by the line y = rx/h, the x-axis, and the line 
x = h, where the region is rotated around the x-axis. Then (a) use 
the disk method and integrate with respect to x, and (b) use the 
shell method and integrate with respect to y. 


A spherical cap Consider the cap of thickness A that has been 
sliced from a sphere of radius r (see figure). Verify that the vol- 
ume of the cap is mh? (3r — h) /3 using (a) the washer method, 
(b) the shell method, and (c) the general slicing method. Check for 
consistency among the three methods and check the special cases 
h=randh = 0. 





Applications 


67. 


68. 


69. 


Water in a bowl A hemispherical bowl of radius 8 inches is filled 
to a depth of h inches, where 0 S h S 8 (h = O corresponds to 
an empty bowl). Use the shell method to find the volume of water 
in the bowl as a function of h. (Check the special cases h = O and 
h = 8.) 


Wedge from a tree Imagine a cylindrical tree of radius a. A 
wedge is cut from the tree by making two cuts: one in a horizontal 
plane P perpendicular to the axis of the cylinder, and one that 
makes an angle 0 with P, intersecting P along a diameter of the 
tree (see figure). What is the volume of the wedge? 





A torus (doughnut) Find the volume of the torus formed when a 
circle of radius 2 centered at (3, 0) is revolved about the y-axis. 
Use the shell method. You may need a computer algebra system 
or table of integrals to evaluate the integral. 





Additional Exercises 


70. 


Different axes of revolution Suppose R is the region bounded 

by y = f(x) and y = g(x) on the interval |a, b], where 

f(x) = g(x). 

a. Show that if R is revolved about the vertical line x = Xo, 
where x) < a, then by the shell method, the volume of the 
resulting solid is V = [f 2m(x — x9)(f(x) — g(x)) dx. 

b. How is this formula changed if x9 > b? 





71. 


T2 


T3: 


74. 


IDs 
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Different axes of revolution Suppose R is the region bounded 

by y = f(x) and y = g(x) on the interval |a, b], where 

f(x) = g(x) = 0. 

a. Show that if R is revolved about the horizontal line y = yo that 
lies below R, then by the washer method, the volume of the 
resulting solid is 


b 
r= Jani) a yo)” =a) = yo)’ | dx. 
b. How is this formula changed if the line y = yg lies above R? 


Ellipsoids An ellipse centered at the origin is described by the 
equation x*/a* + y*/b* = 1. If an ellipse R is revolved about 
either axis, the resulting solid is an ellipsoid. 


a. Find the volume of the ellipsoid generated when R is revolved 
about the x-axis (in terms of a and b). 

b. Find the volume of the ellipsoid generated when R is revolved 
about the y-axis (in terms of a and b). 

c. Should the results of parts (a) and (b) agree? Explain. 


Change of variables Suppose f(x) > 0 for all x and 

ii F(x) dx = 10. Let R be the region in the first quadrant 
bounded by the coordinate axes, y = a and x = 2. Find the 
volume of the solid generated by revolving R around the y-axis. 


Equal integrals Without evaluating integrals, explain why the 
following equalities are true. (Hint: Draw pictures.) 


4 8 
a. n f (8 — 2x)? dx = 2m | (4 = z) dy 
0 0 2 


2 5 
b. [35-a] VT 
0 1 


Volumes without calculus Solve the following problems with 
and without calculus. A good picture helps. 


a. A cube with side length r is inscribed in a sphere, which is 
inscribed in a right circular cone, which is inscribed in a right 
circular cylinder. The side length (slant height) of the cone is 
equal to its diameter. What is the volume of the cylinder? 

b. A cube is inscribed in a right circular cone with a radius of 1 
and a height of 3. What is the volume of the cube? 

c. A cylindrical hole 10 in long is drilled symmetrically through 
the center of a sphere. How much material is left in the sphere? 
(There is enough information given.) 


1. fi 2ax(2x) dx 2. V= [,7(36 — (Vx + 5)*) dx 


3. The shell method is easier. <« 
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6.5 Length of Curves 


» More generally, we may choose any 
point in the kth subinterval and Ax may 
vary from one subinterval to the next. 
Using right endpoints, as we do here, 
simplifies the discussion and leads to the 
same result. 


» Notice that Ax is the same for each 
subinterval, but Ay, depends on the 
subinterval. 


The space station orbits Earth in an elliptical path. How far does it travel in one orbit? 
A baseball slugger launches a home run into the upper deck and the sportscaster claims it 
landed 480 feet from home plate. But how far did the ball actually travel along its flight 
path? These questions deal with the length of trajectories or, more generally, with arc 
length. As you will see, their answers can be found by integration. 

There are two common ways to formulate problems about arc length: The curve may 
be given explicitly in the form y = f(x) or it may be defined parametrically. In this sec- 
tion we deal with the first case. Parametric curves are introduced in Section 11.1 and the 
associated arc length problem is discussed in Section 12.8. 


Arc Length for y = f(x) 


Suppose a curve is given by y = f(x), where f is a function with a continuous first derivative 
on the interval | a, b |. The goal is to determine how far you would travel if you walked along 
the curve from (a, f(a) ) to (b, f(b) ). This distance is the arc length, which we denote L. 

As shown in Figure 6.52, we divide [a,b] into n subintervals of length Ax = 
(b — a)/n, where x; is the right endpoint of the kth subinterval, fork = 1,...,. Joining 
the corresponding points on the curve by line segments, we obtain a polygonal line with n line 
segments. If n is large and Ax is small, the length of the polygonal line is a good approximation 
to the length of the actual curve. The strategy is to find the length of the polygonal line and then 
let n increase, while Ax goes to zero, to get the exact length of the curve. 


The length of the red polygonal line 
from (a, f(a)) to (b, f(b)) approximates L. 





FIGURE 6.52 


Consider the kth subinterval |x,_,,x;,] and the line segment between the points 
(xp-1,f(%-1)) and (xp f(x;,)). We let the change in the y-coordinate between these 
points be 


Ayk = f(x) — f(%-1)- 


The kth line segment is the hypotenuse of a right triangle with sides of length Ax and 
[Aye = | fq) — f(%-1)]. The length of each line segment is 


V (Ax) + |Ayd, for k= 1,2,...,n. 


Summing these lengths, we obtain the length of the polygonal line, which approximates 
the length L of the curve: 





L = > V (Ax)? + | Ay;|7. 
k=1 
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Slope = f"(x;*) In previous applications of the integral, we would, at this point, take the limit as n — © 
Slope = A and Ax — 0 to obtain a definite integral. However, because of the presence of the Ay, term, we 
must complete one additional step before taking a limit. Notice that the slope of the line segment 
on the kth subinterval is Ay,/Ax (rise over run). By the Mean Value Theorem (see the mar- 


gin figure and Section 4.6), this slope equals f’ (x;) for some point x% on the kth subinterval. 
Therefore, 





Fe) 


n 
| 


SSS L= X V (Ax)? + [Ay;,l? 





Xp Xe ti x k=1 
Mean Value Theorem 7 2 Ay, i 
= > (Ax) 1 + | —— Factor out ( Ax)’. 
k=1 Ax 
n Ay; 2 
= > Lie | Ay Bring Ax out of the square root. 
k=1 Ax 


n 
— >» IFF T A Mean Value Theorem 
k=1 


Now we have a Riemann sum. As n increases and as Ax approaches zero, the sum 
approaches a definite integral, which is also the exact length of the curve. We have 


n b 
L= lm X V1 + f'(x% Ax = / V1 + f'(x)? dx. 


n>% k=] 


> Note that 1 + f'(x)” is positive, so the DEFINITION Arc Length for y = f(x) 
t in the int d is defined ’ ae l 
E E N Let f have a continuous first derivative on the interval |a, b|. The length of the 
whenever f' exists. To ensure that , 
V1 + f'(x} is integrable on [a, b], we curve from (4, f(a)) 9 (b, f(d)) = 


require that f’ be continuous. 


tn] “Vi FFG ae 








PEP 4 =( 


QUICK CHECK 1 What does the arc length formula give for the length of the line y = x 
between x = 0 and x = a, where a = 0?<« 


EXAMPLE 1 Arc length Find the length of the curve f(x) = x?’ between x = 0 
and x = 4 (Figure 6.53). 


SOLUTION Notice that f’(x) = 3x! * which is continuous on the interval |0, 4]. Using 
the arc length formula, we have 


b 4 2 
3 
L= / V1 +f'(x dx = / a 1 + (212) dx Substitute for f'(x). 
a 0 
* [9 
= J 1+ 4% dx Simplify. 
FIGURE 6.53 








10 
4 
-5j Vudu w= 1+ du = dy 
4/2 n 
= — (= y>! 2) Fundamental Theorem 
9\3 l 
8 
= = (10°? = 1}; Simplify. 


The length of the curve is È (10°? — 1) ~ 9.1 units. Related Exercises 3-10< 
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One-eighth 
y of the circle 





FIGURE 6.54 


» The arc length integral for the semicircle 
on |—a, a] is an example of an improper 
integral, a topic considered in Section 7.8. 


EXAMPLE 2 Arc length of an exponential curve Find the length of the curve 
f(x) = 2e* + te™ on the interval [0, In 2]. 


SOLUTION We first calculate f'(x) = 2e* — ge“ and f'(x)? = 4e™ —5 + ge. 
The length of the curve on the interval [0, In 2] is 


In 2 In 2 
L= V1i+ f'(x? dx = 1+ (4e™ — 5 + ġe”) dx 
0 0 
In 2 
= 4e™ +54 ge dx Simplify. 
0 
In 2 
= pi l1 o —x\2 
= (2e + ge ) dx Factor. 
0 
In 2 
= J (2e* + xe) dx Simplify. 
0 
— (2e* = *) me —. 33 Evaluate the 
i 0 1o integral. 





Related Exercises 3-10 


EXAMPLE 3 Circumference of a circle Confirm that the circumference of a circle 
of radius a is 2ra. 


SOLUTION The upper half of a circle of radius a centered at (0, 0) is given by the 
function f(x) = Va? — x? for |x| = a (Figure 6.54). So we might consider using 

the arc length formula on the interval |—a, a] to find the length of a semicircle. However, 
the circle has vertical tangent lines at x = +a and f'( +a) is undefined, which prevents 
us from using the arc length formula. An alternative approach is to use symmetry and 
avoid the points x = +a. For example, let’s compute the length of one-eighth of the 


circle on the interval [0, a/ V2] (Figure 6.54). 





We first determine that f'(x) = — = =, which is continuous on [0, a/ V2]. 
a 
The length of one-eighth of the circle is 





a/V2 
J V1 + f'(x} dx 
0 


| 
z 
A 
a 
p 
+ 
T 
Q 
y 7 
be 
N 
S 
N 
> 





a/V2 
dx SNS 
=a J — Simplify; a > 0. 
0 a’ — a 
a/V2 
ape 
= asn — Integrate. 
alg 
( i o) Evaluat 
= a| sn — z=- valuate. 
V2 
Ta 
= A? Simplify. 


It follows that the circumference of the full circle is 8(zra/4) = 27ra units. 
Related Exercises 3-10 


» When relying on technology, it is a 
good idea to check whether an answer 
is plausible. In Example 4, we found 
the arc length of y = x? on [0, 2] is 
approximately 4.647. The straight-line 
distance between (0, 0) and (2, 4) 
iS V20 = 4.412, so our answer is 


reasonable. 


K2 What does the arc 
length formula give for the length of 
the line x = y between y = c and 
y = d, where d = c? Is the result 
consistent with the result given by the 
Pythagorean theorem? < 








FIGURE 6.55 
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EXAMPLE 4 Looking ahead Consider the segment of the parabola f(x) = x? on the 
interval | 0, 2]. 
a. Write the integral for the length of the curve. 


b. Use a calculator to evaluate the integral. 
SOLUTION 


a. Noting that f’(x) = 2x, the arc length integral is 
2 2 

J V1 + f'(x dx = / V1 + 4x? dx. 
0 0 


b. Even simple functions can lead to arc length integrals that are difficult, 1f not impossi- 
ble, to evaluate analytically. Using integration techniques presented so far, this integral 
cannot be evaluated (the required method is given in Section 7.4). Without an analyti- 
cal method, we may use numerical integration to approximate the value of a definite 
integral (Section 7.7). Many calculators have built-in functions for this purpose. For 
this integral, the approximate arc length is 


2 
/ V1 + 4x7 dx = 4.647. 
0 


Related Exercises 11—20< 


Arc Length for x = g(y) 


Sometimes it is advantageous to describe a curve as a function of y—that is, x = g(y). 
The arc length formula in this case is derived exactly as in the case of y = f(x), switching 
the roles of x and y. The result is the following arc length formula. 


DEFINITION Arc Length for x = g(y) 


Let x = g(y) have a continuous first derivative on the interval |c, d]. The length of 
the curve from (g(c), c) to (g(d), d) is 


L= | VI+ OPd 





EXAMPLE 5 Arc length Find the length of the curve y = f(x) = x?’ between 
x = O0 and x = 8 (Figure 6.55). 


SOLUTION The derivative of f(x) = x?’ is f'(x) = 4x7!, which is undefined at 
x = 0. Therefore, the arc length formula with respect to x cannot be used, yet the curve 
certainly appears to have a well-defined length. 

The key is to describe the curve with y as the independent variable. Solving y = x 
for x, we have x = g(y) = +y*/?. Notice that when x = 8, y = 8? = 4, which says 
that we should use the positive branch of + y*/*. Therefore, finding the length of the curve 
y = f(x) = x7 from x = Otox = 8is equivalent to finding the length of the curve 
x = g(y) = y*? from y = Oto y = 4. This is precisely the problem solved in Example 1. 
The arc length is (10°? — 1) ~ 9.1 units. 


2/3 


Related Exercises 21—24< 


1ECK 3 Write the integral for the length of the curve x = sin y on the interval 
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y EXAMPLE 6 Ingenuity required Find the length of the curve 
y = f(x) = In (x + Vx? — 1) on the interval |1, V2] (Figure 6.56). 
1.5 y = In@ + Vx — 1) SOLUTION Calculating f” shows that the graph of f has a vertical tangent line at 
x = 1. Therefore, the integrand in the arc length integral is undefined at x = 1. An 
alternative strategy is to express the function in the form x = g(y) and evaluate 
i ip eee the arc length integral with respect to y. Noting that x = 1 and y = 0, we solve 
y = In (x + Vx? — 1) for x in the following steps: 
0.5 
e = x+ Vx -1l Exponentiate both sides. 
e — x= Vx -l1 Subtract x from both sides. 
e” — 20x = —] Square both sides and cancel x?. 
2y y z 
oe? =P I E Të 
FIGURE 6.56 x = — = —— ~. Solve for x. 
2e” 2 


> The function 5 (e” + e™) is the 


hyperbolic cosine, denoted cosh y. The 
function 5 (e” — e?) is the hyperbolic 
sine, denoted sinh y. See Section 6.10. 


SECTION 6.5 EXERCISES 


Review Questions 


We conclude that the given curve is also described by the function 


g 
x = g(y) = ; . The interval 1 < x < V2 corresponds to the interval 
Fag? 


0 < y < In (V2 + 1) (Figure 6.56). Note that g'(y) = — 3 continuous on 


[0, In (V2 + 1)]. The arc length is 


In (V2+1) In (V2+1) ere he 
I+ g'oy dy = / L (==) dy Substitute for g' (y). 
0 0 
1 In (V2+1) 
~ >| (e + e°)dy Simplify. 
2 Jo 
— Le — e™”) Had =Í Fundamental 
2 0 Theorem 





Related Exercises 2]—24< 


11-20. Arc length by calculator 








1. Explain the steps required to find the length of a curve y = f(x) a. Write and simplify the integral that gives the arc length of the fol- 
between x = a and x = b. lowing curves on the given interval. 
2. Explain the steps required to find the length of a curve x = g(y) b. If necessary, use technology to evaluate or approximate the integral. 
between y = candy = d. 11. y= x’; [-1,1] 12. y = sinx; [0,7] 
Basic Skills x 
13. = ]nx; |1,4 14. = —; |-l1,1 
3-10. Arc length calculations Find the arc length of the following 3. y= lnx; [1,4] y= bh 
curves on the given interval by integrating with respect to x. r 
3. y = 2x + 1; [1,5] (Use calculus.) 15. y= Vx — 2; [3,4] 16. y = 3; [1.4] 
1 l — ; z A 
4, y= z(e + e™); [-In2,n2] 5. y= ie [0, 60] 17. y = cos2x; [0,7] 18. y = 4x — x’; [0,4] 
2 (x? + 23? 19. y= E [1,10] 20. y= <a [-5, 5] 
6. y=3Inx- 3 [1,6] lf, = ; > [0,1] a 
21-24. Arc length calculations with respect to y Find the arc length 
4 l l , l 
1 
. p= x Mo (4 16] 9. y= L + 7 (1, 2) of the following curves by integrating with respect to y. 
= 21. x = 2y — 4,for—3 = y S 4 (Use calculus.) 
10. y= 2 3/2 — =x1/2. [1,9] 22. y = ln(x — Vx? - 1), forl =x = V2 


23. 


24. 


yoo 4 
x=—-+—>,forlSys2 
4 Sy 
1 In 2 
xXx = eV” + Tee for 0 = y < Va 


Further Explorations 


25. 


26. 


27. 


28. 


29. 


30. 


Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. | VFF a= forrene 


b. Assuming f’ is continuous on the interval |a, b], the length of 
the curve y = f(x) on |a, b] is the area under the curve 
y= V1 4 f'(x) on [a, db]. 

c. Arc length may be negative if f(x) < 0 on part of the interval 
in question. 


Arc length for a line Consider the segment of the line 
y = mx + c on the interval |a, b]. Use the arc length formula to 


show that the length of the line segment is (b — a) V 1 + m°’. 
Verify this result by computing the length of the line segment 
using the distance formula. 


Functions from arc length What differentiable functions have an 
arc length on the interval | a, b| given by the following integrals? 
Note that the answers are not unique. Give a family of functions 
that satisfy the conditions. 


b b 
a. [vi + 16x* dx b. [vi + 36 cos” (2x) dx 


Function from arc length What curve passes through the 
point (1, 5) and has an arc length on the interval |2, 6] given 


by fy V1 + 16x% dx? 


Cosine vs. parabola Which curve has the greater length on the 
interval [—1, 1], y = 1 — x? or y = cos (mx/2)? 


Function defined as an integral Write the integral that gives the 
length of the curve y = f(x) = p H sin ¢ dt on the interval |0, zr]. 


Applications 


31. 





Golden Gate cables The profile of the cables on a suspension 
bridge may be modeled by a parabola. The central span of the 
Golden Gate Bridge (see figure) is 1280 m long and 152 m high. 
The parabola y = 0.00037x? gives a good fit to the shape of the 
cables, where |x| < 640, and x and y are measured in meters. 
Approximate the length of the cables that stretch between the tops 
of the two towers. 


32. 


6.5 Length of Curves 44] 


Gateway Arch The shape of the Gateway Arch in St. Louis (with 
a height and a base length of 630 ft) is modeled by the function 
y = —630 cosh (x/239.2) + 1260, where |x| < 315, and x and 


y are measured in feet (see figure). The function cosh x is the 
X =A 


hyperbolic cosine, defined by cosh x = (see Section 6.10 


for more on hyperbolic functions). Estimate the length of the 
Gateway Arch. 





Additional Exercises 


33. 


34. 


55. 


36. 


Lengths of related curves Suppose the graph of f on the interval 

la, b| has length L, where f’ is continuous on la, b]. Evaluate the 

following integrals in terms of L. 
b/2 


a. Vi1+ f'(2x)2 dx b. 
a/2 


b/c 
V1 + f'(cx) dxif c #0 








a/c 


Lengths of symmetric curves Suppose a curve is described 

by y = f(x) on the interval [—b, b], where f’ is continuous on 
|—b, b|. Show that if f is symmetric about the origin (f is odd) or 
f is symmetric about the y-axis (f is even), then the length of the 
curve y = f(x) from x = —b to x = bis twice the length of the 
curve from x = 0 to x = b. Use a geometric argument and then 
prove it using integration. 


A family of exponential functions 


a. Show that the arc length integral for the function 





1 
f(x) = Ae™ + T e “ where a > OandA > 0, 


2 
a 
may be integrated using methods you already know. 
b. Verify that the arc length of the curve y = f(x) on the interval 
[0, In 2] is 
1 
4a? A 





A(24— 1) - (24 — 1). 


Bernoulli’s “parabolas” Johann Bernoulli (1667—1748) evalu- 
ated the arc length of curves of the form y = x7”*))/2", where n 
is a positive integer, on the interval | 0, a]. 


a. Write the arc length integral. 





b. Make the change of variables c= 


obtain a new integral with respect to u. 
c. Use the Binomial Theorem to expand this integrand and evalu- 
ate the integral. 
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d. The case n = 1 (y = x°?) was done in Example 1. With 
a = 1, compute the arc length in the cases n = 2 andn = 3. 
Does the arc length increase or decrease with n? 

e. Graph the arc length of the curves for a = 1 as a function of n. 





QUICK CHECK ANSWERS 


1. V2a (The length of the line segment joining the points) 
Zi V2(d — c) (The length of the line segment joining the 


points) 3. L = Al + cos? y dy< 


6.6 Surface Area 


» One way to derive the formula for the 
surface area of a cone is to cut the cone 
on a line from its base to its vertex. When 
the cone is unfolded it forms a sector of 
a circular disk of radius € with a curved 
edge of length 27rr. This sector is a 

2r r l . 

—— = — of a full circular disk of 

27rt £ 

radius €. So the area of the sector, which 


fraction 


is also the surface area of the cone, is 


oe 
TE 7 = mre. 


Curved edge length = 27r 


Curved edge length = 27r 





In Sections 6.3 and 6.4, we introduced solids of revolution and presented methods for 
computing the volume of such solids. We now consider a related problem: computing the 
area of the surface of a solid of revolution. Surface area calculations are important in aero- 
dynamics (computing the lift on an airplane wing) and biology (computing transport rates 
across cell membranes), to name just two applications. Here is an interesting observation: 
A surface area problem is “between” a volume problem (which is three-dimensional) and 
an arc length problem (which is one-dimensional). For this reason, you will see ideas that 
appear in both volume and arc length calculations as we develop the surface area integral. 


Some Preliminary Calculations 


Consider a curve y = f(x) on an interval la, b|, where fis both differentiable and positive 
on |a, b|. Now imagine revolving the curve about the x-axis to generate a surface of revo- 
lution (Figure 6.57). Our objective is to find the area of this surface. 





FIGURE 6.57 


Before tackling this problem, we consider a preliminary problem upon which we build 
a general surface area formula. First consider the graph of f(x) = rx/h on the interval 
[0, h], where h > 0 and r > 0. When this line segment is revolved about the x-axis, it 
generates the surface of a cone of radius r and height h (Figure 6.58). A formula from 
geometry states that the surface area of a right circular cone of radius r and height h 
(excluding the base) is mr r? + h? = art, where £ is the slant height of the cone (the 
length of the slanted “edge” of the cone). 


Surface area = mr = mryr? + h? 





FIGURE 6.58 


Surface area of frustrum: 
S=m(f(b) + faM 
= T (15 + rı)£ 


QUICK CHECK 2 What is the surface 
area of the frustum of a cone gener- 
ated when the graph of f(x) = 3x on 
the interval |2, 5] is revolved about 
the x-axis? < 
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VICK CHECK 1 Which is greater, the surface area of a cone of height 10 and radius 20 or 
the surface area of a cone of height 20 and radius 10 (excluding the bases)? « 


With this result, we can solve a preliminary problem that will be useful. Consider the linear 
function f(x) = cx on the interval |a, b], where 0 < a < b and c > 0. When this line 
segment is revolved about the x-axis, it generates a frustum of a cone (a cone whose top has 
been sliced off). The goal is to find S, the surface area of the frustum. Figure 6.59 shows 
that S is the difference between the surface area S, of the cone that extends over the interval 
[0, b| and the surface area S, of the cone that extends over the interval | 0, a]. 


Surface area of large cone = Surface area of small cone = Surface area of frustrum 





(b, f(b)) 





Surface area S, Surface area S, Surface area S = S} — Sp 


FIGURE 6.59 


Notice that the radius of the cone on 0, b| isr = f(b) = cb, and its height is h = b. 
Therefore, this cone has surface area 


S, = mrV r? + h = a(be)V (be) + b? = mb’cV e + 1. 


Similarly, the cone on [0, a] has radius r = f(a) = ca and height h = a, so its surface 
area 1S 


S, = mac)V (ac)? + a? = mac Ve? + 1. 
The difference of the surface areas S, — Są, is the surface area S of the frustum on |a, b|: 
S = Sp — S, = mwb*ceVc? + 1 — ma*cVc? + 1 
= mc(b? — a?) Ve? + 1. 
A slightly different form of this surface area formula will be useful. Observe that the 


line segment between (a, f(a) ) and (b, f(b)) (which is the slant height of the frustum in 
Figure 6.59) has length 


€= V(b -af + (be — ac}? = (b - a) Ve +1. 
Therefore, the surface area of the frustum can also be written 
S = me(b? — a°) Vc +1 
= mc(b + a)\(b-—a)Vc? +1 Factor b? — a. 
— alt T ca Jo —a)Vc* +1 Expandc(b + a). 


Fe 


f(b) fla) e 
= (f(b) + f(a) )t. 


This result can be generalized to any linear function g(x) = cx + d that is positive on 
the interval | a, b]. That is, the surface area of the frustum generated by revolving the line 
segment between (a, g(a) ) and (b, g(b)) about the x-axis is given by w(g(b) + g(a))€ 
(Exercise 36). 
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» Notice that fis assumed to be 
differentiable on la, b|; therefore, it 
satisfies the conditions of the Mean 
Value Theorem. Recall that a similar 
argument was used to derive the arc 
length formula in Section 6.5. 


Surface Area Formula 


With the surface area formula for a frustum of a cone, we now derive a general area 
formula for a surface of revolution. We assume the surface is generated by revolving 
the graph of a positive, differentiable function f on the interval |a, b| about the x-axis. 
We begin by subdividing the interval | a, b] into n subintervals of equal length 
b-a ; ORE ETE a 
Ax = a The grid points in this partition are 
Xo = 4a, X1, X2, ++ 5 Xp—-1,Xy = OD. 


Now consider the kth subinterval | x,_,,x,| and the line segment between the points 
(x,-1,f(%—1)) and (xy f(x,)) (Figure 6.60). We let the change in the y-coordinates be- 
tween these points be Ay, = f(x) — f(%_1). 


J (Ax)? + [Ay 
|Ay, | E [Fæ S 


Ax 





FIGURE 6.60 FIGURE 6.61 


When this line segment is revolved about the x-axis, it generates a frustum of a cone 
(Figure 6.61). The slant height of this frustum is the length of the hypotenuse of a 
right triangle whose sides have lengths Ax and |Ay;|. Therefore, the slant height of the 
kth frustum is 


V (Ax)? + [Ayd = V (Ax)? + (Ay) 
and its surface area is 


Sk = T(S) + f%e-1)) V (Ax)? + (Aye). 


It follows that the area S of the entire surface of revolution is approximately the sum of the 
surface areas of the individual frustums S, fork = 1,..., n; that is, 


g= Zs: - dase) + Ha) ) Vax? + (Ay. 


We would like to identify this sum as a Riemann sum. However, one more step is required 
to put it in the correct form. We apply the Mean Value Theorem on the kth subinterval 
| x,—1,X,] and observe that 


f(x) A SFG), 


for some number x; in the interval (%-1,%), for k = 1,...,n. It follows that 


Ayk = f(x) — F%-1) = f' (x;,) Ax. 
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We now replace Ay, by f’(x;)Ax in the expression for the approximate surface area. 
The result is 


S = Ys = dar ie) eee ))V (Ax)? + (Ay, 
= Sinton) + a) VRPT + FO) 


- PE TR E oN 


When Ax is small, we have x-1 ~ x, ~ x}, and by the continuity of f, it follows 
that f(x,-1) = f(x.) ~= f(x;), fork = 1,...,n. These observations allow us to write 


Sed) + Ae) VIF POD As 


nH 
l 


Sa V1 + f'(x% Ax. 
k=1 


This approximation to S, which has the form of a Riemann sum, improves as the number 
of subintervals increases and as the length of the subintervals approaches 0. Specifically, 
as n — © and as Ax — 0, we obtain an integral for the surface area: 


S = lim Sri xp) V1 + f' (x4)? Ax 


noo k= 


b 
— / Qaf(x)V1 + f'(x)? dx. 


DEFINITION Area of a Surface of Revolution 


Let f be differentiable and positive on the interval | a, b |. The area of the surface gen- 
erated when the graph of fon the interval | a, b] is revolved about the x-axis is 


J 2af(x)V1 + f' (x)? dx. 








HECK 3 Let f(x) = c, where c > 0. What surface is generated when the graph of 


f on la, p] i is revolved about the x-axis? Without using calculus, what is the area of the 
surface? < 


EXAMPLE 1 Using the surface area formula The graph of f(x) = 2Vx on the 
) interval | 1, 3] is revolved about the x-axis. What is the area of the surface generated 
FIGURE 6.62 (Figure 6.62)? 
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» Notice that fis not differentiable at +a. 
Nevertheless, in this case, the surface 
area integral can be evaluated using 
methods you know. 


] 
SOLUTION Noting that f'(x) = —, the surface area formula gives 


Vx 





nH 
| 


J Qarf(x) V1 + f'(x} dx 


3 
1 
= 2m | 2 Vx LF Pi Substitute for f and f’. 
l 


3 
4r J Vt F lart Simplify. 
1 


g 3 16 
n J i = = — V2). Integrate and simplify. 


; 32 





Related Exercises 5—14< 


EXAMPLE 2 Surface area of a spherical cap A spherical cap is produced when a 
sphere of radius a is sliced by a horizontal plane that is a vertical distance h below the 
north pole of the sphere, where 0 S h S 2a (Figure 6.63). We take the spherical cap to 
be that part of the sphere above the plane, so that A is the depth of the cap. Show that the 
area of a spherical cap of depth / cut from a sphere of radius a is 27rah. 





FIGURE 6.63 


SOLUTION To generate the spherical surface, we revolve the curve f(x) = Va? — x’ 


on the interval |—a, a] about the x-axis. The spherical cap of height h corresponds 
to that part of the sphere on the interval [a — h,a], for0 <= h = 2a. Noting that 
f'(x) = —x(a? — x?)~'/?, the surface area of the spherical cap of height h is 


S = J Qaf(x)V1 + f' (xY dx 


= za | Va? — x? V1 + (—x(a? — x?) 712)? dx Substitute for f and f’. 
a—h 


a 2 
a 
= 2r / Ya caa — Simplify. 
a—h a =X 
a 


= 27 / a dx = 2trah. Simplify and integrate. 
a—h 


» The surface area of a sphere of radius a is 


Ara’. 





FIGURE 6.64 
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It is worthwhile to check this result with three special cases. With h = 2a we have a 

complete sphere, so S = 47ra”. The case h = a corresponds to a hemispherical cap, so 

S = (4ra?) /2 = 2a’. The case h = 0 corresponds to no spherical cap, so S = 0. 
Related Exercises 5—14< 


EXAMPLE 3 Painting a funnel The curved surface of a funnel is generated by 
1 
revolving the graph of y = f(x) = x? + 19, 8 the interval | 1, 2] about the x-axis 
x 


(Figure 6.64). Approximately what volume of paint is needed to cover the outside of 
the funnel with a layer of paint 0.05 cm thick? Assume that x and y are measured in 
centimeters. 





1 
SOLUTION Note that f'(x) = 3x* — ; Therefore, the surface area of the funnel 


z 
in cm” is 2x 


S = J Qaf(x)V1 + f' (xY dx 


3 2 
1 1 
= am | (£ J a) T (2x = 5) dx Substitute for f and f’. 
i 12x 12x 
: 3 l 3 1 \ 
= 27 lO + 3x 4 dx 
1 12x 12x 
i 3 l 2 l 
Pr x’ + — | 3x + 3 dx 
1 12x 12x 


12,289 
192 











Expand and factor under square root. 





Simplify. 





Evaluate integral. 


Because the paint layer is 0.05 cm thick, a good approximation to the volume of paint is 


( 12,2890 


cm? )(0.05 cm) ~ 10.1 cm’. 
192 


Related Exercises 15—16< 
The derivation that led to the surface area integral may be used when a curve is revolved 
about the y-axis (rather than the x-axis). The result is the same integral with x replaced by y. 


For example, if the curve x = g(y) on the interval |c, d] is revolved about the y-axis, the 
area of the surface generated is 


d 
s = / ome(y) V1 + 8) ay. 


To use this integral, we must first describe the given curve as a function of y. 
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EXAMPLE 4 Change of perspective Consider the function 


y = ln (=) Find the area of the surface generated when 
the part of the curve between the points (3, 0) and (4, In 2) 1S 
revolved about the y-axis (Figure 6.65). 

SOLUTION We solve for x in terms of y in the following steps: 


y= n ne 





2 
x+ Vx?7-1 
FIGURE 6.65 e = -a Exponentiate both sides. 
2P —x = Vx - 1 Rearrange terms. 
4e” — Axe? + x7 = x7 - 1 Square both sides. 
1 
x = g(y) = e + raat Solve for x. 


Note that g’(y) = e? — te” and that the interval of integration on the y-axis is [0, In 2]. 
The area of the surface is 


$= J EE 


ln 2 1 1 2 
= 2m | (o F Lew) 1+ (o = Lew) dy Substitute for g and g’. 
0 


ln 2 1 1 2 
= za | (o F Lo), | (o t Le) dy Expand and factor. 
0 


In 2 1 2 

= 2m | (o F Lew) dy Simplify. 
0 4 
ln 2 1 1 

— am | (e ta xe) dy Expand. 
0 2 16 

= (= Fl 2) Integrat 

6A n2 jr. ntegrate. 


Related Exercises 17—20 < 


SECTION 6.6 EXERCISES 


Review Questions 3. Suppose fis positive and differentiable on |a, b|. The curve 

1. What is the area of the curved surface of a right circular cone of y = f(x) on [a, b| is revolved about the x-axis. Explain how to 
radius 3 and height 4? find the area of the surface that is generated. 

2. A frustum of a cone is generated by revolving the graph of 4. Suppose g is positive and differentiable on |c, d]. The curve 
y = 4x on the interval | 2, 6] about the x-axis. What is the area of x = g(y) on |c, d] is revolved about the y-axis. Explain how to 


the surface of the frustum? find the area of the surface that is generated. 


Basic Skills 
5-14. Computing surface areas Find the area of the surface gener- 
ated when the given curve is revolved about the x-axis. 


5. 
Ti 


11. 


13. 


y = 3x + 40n [0,6] 6. y= 12 — 3xon [1,3] 
y = 8Vx on [9, 20] 8. y= x° on [0,1] 
1/2 
y= 3/2 — — on [1,2] 10. y = V4x + 6on [0,5] 
x4 

y = —(e* + e~*) on[—2,2] 12. y=" + 75on (12 

ol 1 > 
a Ta 2 14. y = V5x — x*on[1, 4] 

x 


15-16. Painting surfaces A 1.5-mm layer of paint is applied to one 
side of the following surfaces. Find the approximate volume of paint 
needed. Assume that x and y are measured in meters. 


15. 


16. 


17-20. Revolving about the y-axis Find the area of the surface gener- 


The spherical zone generated when the curve y = V 8x — x° on 
the interval | 1, 7] is revolved about the x-axis 


The spherical zone generated when the upper portion of the circle 
x? + y? = 100 on the interval [—8, 8] is revolved about the 
x-axis 


ated when the given curve is revolved about the y-axis. 


17. 


19. 


20. 


g 2 

y = 3x)", for0 SxS 7 18. y= for2sxs4 
The part of the curve y = 4x — 1 between the points (1,3) and 
(4,15) 


The part of the curve y = 5In (2x + V 4x? — 1) between the 
points (5,0) and (#, In 2) 


Further Explorations 


21. 


Explain why or why not Determine whether the following state- 
ments are true and give an explanation or a counterexample. 


a. If the curve y = f(x) on the interval (a, b] is revolved about 
the y-axis, the area of the surface generated is 





f(b) 

J PIONIE TOP Ay 

b. If fis not one-to-one on the interval la, B|; then the area of the 
surface generated when the graph of fon (a, b] is revolved 
about the x-axis is not defined. 

c. Let f(x) = 12x°. The area of the surface generated when the 
graph of f on [—4, 4] is revolved about the x-axis is twice the 
area of the surface generated when the graph of f on [0, 4] is 
revolved about the x-axis. 

d. Let f(x) = 12x”. The area of the surface generated when the 
graph of fon [—4, 4] is revolved about the y-axis is twice the 
area of the surface generated when the graph of f on [0, 4] is 
revolved about the y-axis. 
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22-25. Surface area calculations Use the method of your choice to 
determine the area of the surface generated when the following curves 
are revolved about the indicated axis. 


22. 


23. 


24. 


25. 


x = V 12y — y? for2 < y < 10; about the y-axis 
1/2 


x= Ay3/? = o for 1 Ss y S 4; about the y-axis 
> V3 3 
y = 1+ V1 — x^ between the points (1, 1) and Cc : 


about the y-axis 


4/3 
y= 9x? — os for 1 S x S 8; about the x-axis 


26-29. Surface area using technology Consider the following curves 
on the given intervals. 


a. Write the integral that gives the area of the surface generated when 


the curve is revolved about the x-axis. 


b. Use a calculator or software to approximate the surface area. 


26. 


28. 


30. 


31. 


y = x°on (0, 1] 27. y = cosxon oZ 


2 


y = Inx? on [1, Ve] 29. y = tan x on oZ 
Cones and cylinders The volume of a cone of radius r and height 
h is one-third the volume of a cylinder with the same radius and 
height. Does the surface area of a cone of radius r and height h 
equal one-third the surface area of a cylinder with the same radius 
and height? If not, find the correct relationship. Exclude the bases 
of the cone and cylinder. 


Revolving an astroid Consider the upper half of the astroid de- 
scribed by x?’ + y?’ = a?’, where a > O and |x| = a. Find 
the area of the surface generated when this curve is revolved about 
the x-axis. Use symmetry. Note that the function describing the 
curve is not differentiable at 0. However, the surface area integral 
can be evaluated using methods you know. 


Applications 


32. 


33. 


Surface area of a torus When the circle x? + (y — a)? = r° on 


the interval [-r, r] is revolved about the x-axis, the result is the 
surface of a torus, where 0 < r < a. Show that the surface area 
of the torus is S = 4r? ar. 


Zones of a sphere Suppose a sphere of radius r is sliced by two 
horizontal planes h units apart (see figure). Show that the surface 
area of the resulting zone on the sphere is 27rrh, independent of 
the location of the cutting planes. 
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34. 


35. 
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Surface area of an ellipsoid If the top half of the ellipse 
a n yo 
g b 
whose axis along the x-axis has length 2a, whose axis along the 
y-axis has length 2b, and whose axis perpendicular to the 
xy-plane has length 2b. We assume that O < b < a (see figure). 


Use the following steps to find the surface area S of this ellipsoid. 


1 is revolved about the x-axis, the result is an ellipsoid 





a. Use the surface area formula to show that 


4mb [° > ; b? 
S = — Va’ — cx’ dx, where c^ = 1 — —. 
0 


a 


b. Use the change of variables u = cx to show that 
a: Vae-P? 
T 4/2 2 
———— a> =u di. 
Va? — b? Jo 


c. A table of integrals shows that 


1 . ıı u 
|V Puyu a? — u? + a*sin !— 
a 


5 


5 = 


FC, 





Use this fact to show that the surface area of the ellipsoid is 


3 2 2 
V — pb 
S = 2mo + ae sin! aaa ) 
ga — b? a 


d. If a and b have units of length (say, meters), what are the units 
of S according to this formula? 

e. Use part (a) to show that if a = b, then S = 47a 2 which is 
the surface area of a sphere of radius a. 


Surface-area-to-volume ratio (SAV) In the design of solid objects 
(both artificial and natural), the ratio of the surface area to the vol- 
ume of the object is important. Animals typically generate heat at a 
rate proportional to their volume and lose heat at a rate proportional 
to their surface area. Therefore, animals with a low SAV ratio tend 
to retain heat whereas animals with a high SAV ratio (such as chil- 
dren and hummingbirds) lose heat relatively quickly. 


a. What is the SAV ratio of a cube with side lengths a? 

b. What is the SAV ratio of a ball with radius a? 

c. Use the result of Exercise 34 with b = 1 to find the SAV ratio 
of an ellipsoid whose long axis has length a = 1 and whose 
other two axes have length 1. 

d. Graph the SAV ratio of a ball of radius a = 1 (part (b)) and an 
ellipsoid whose long axis has length a = 1 and whose other 
two axes have length 1 (part (c)). Which object has the smaller 
SAV ratio? 

e. Among all ellipsoids of a fixed volume, which one would you 
choose for the shape of an animal if the goal is to minimize 
heat loss? 


Additional Exercises 
36. Surface area of a frustum Show that the surface area of the frus- 


37. 


38. 


tum of a cone generated by revolving the line segment between 
(a, g(a)) and (b, g(b)) about the x-axis is m(g(b) + g(a) )€, for 
any linear function g(x) = cx + d that is positive on the interval 
la, b|, where £ is the slant height of the frustum. 


Scaling surface area Let fbe differentiable on |a, b| and suppose 
that g(x) = cf(x) andh(x) = f(cx), where c > 0. When the curve 
y = f(x) on la, b| is revolved about the x-axis, the area of the result- 
ing surface is A. Evaluate the following integrals in terms of A and c. 


b 
a. J g(x) Ve? + g'(x dx 





b/c 
b. / h(x) Vc? + h'(x)? dx 


Je 


Surface plus cylinder Suppose f is a positive, differentiable func- 
tion on |a, b]. Let L equal the length of the graph of f on [a, b| and 
let S be the area of the surface generated by revolving the graph of 
fon |a, b| about the x-axis. For a positive constant C, assume the 
curve y = f(x) + Cis revolved about the x-axis. Show that the 
area of the resulting surface equals the sum of S and the surface area 
of a right circular cylinder of radius C and height L. 





1. The surface area of the first cone (200 V57) is twice as 
great as the surface area of the second cone (100 V57). 

2. The surface area is 63 V107. 3. The surface is a 
cylinder of radius c and height b — a. The area of the curved 
surface is 2arc(b — a).< 


6./ Physical Applications 


We continue this chapter on applications of integration with several problems from phys- 
ics and engineering. The physical themes in these problems are mass, work, pressure, and 
force. The common mathematical theme is the use of the slice-and-sum strategy, which 
always leads to a definite integral. 


» In Chapter 14, we return to mass 
calculations for two- and three- 
dimensional objects (plates and solids). 


x=a x=b 


FIGURE 6.66 


Mass of kth subinterval: 
m, = p(x *)Ax 


—| Ax |— 





x=a x x=b 


FIGURE 6.67 


» Note that the units of the integral work 
out as they should: p has units of mass 
per length and dx has units of length; so 
p(x) dx has units of mass. 


» Another interpretation of the mass 
integral is that mass equals the average 
value of the density multiplied by the 
length of the bar b — a. 
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Density and Mass 


Density is the concentration of mass in an object and is usually measured in units of mass 
per volume (for example, g/cm°). An object with uniform density satisfies the basic 
relationship 


mass = density * volume. 


When the density of an object varies, this formula no longer holds, and we must appeal to 
calculus. 

In this section we introduce mass calculations for thin objects that can be viewed as 
line segments (such as wires or thin bars). The bar shown in Figure 6.66 has a density p 
that varies along its length. For one-dimensional objects we use linear density with units 
of mass per length (for example, g/cm). What is the mass of such an object? 





< CHECK 1 In Figure 6.66, suppose a = 0, b = 3, and the density of the rod in g/cm 
is p(x) = (4 — x). (a) Where is the rod lightest and heaviest? (b) What is the density at 
the middle of the bar? «< 


We begin by dividing the bar, represented by the interval a = x S b, into n sub- 
intervals of equal length Ax = (b — a)/n (Figure 6.67). Let x; be any point in the 
kth subinterval, for k = 1,...,n. The mass of the kth segment of the bar m, is 
approximately the density at x, multiplied by the length of the interval, or m, ~ (xz) Ax. 
So the approximate mass of the entire bar is 


n n 
Di ~ > pA 
k=l k=1——— 
Mk 
The exact mass is obtained by taking the limit as n — © and as Ax — 0, which produces 
a definite integral. 


DEFINITION Mass of a One-Dimensional Object 


Suppose a thin bar or wire is represented by a line segment on the intervala = x = b 
with a density function p (with units of mass per length). The mass of the object is 


m = J oC) dx. 


EXAMPLE 1 Mass from variable density A thin 2-m bar, represented by the inter- 
val 0 < x < 2, is made of an alloy whose density in units of kg/m is given by p(x) = 
(1 + x*). What is the mass of the bar? 





SOLUTION The mass of the bar in kilograms is 
b 2 2 p 
x 14 
m= fod f aaam (xE) = —. 
a 0 3 0 3 
Related Exercises 9-16< 








QUICK CHECK 2 A thin bar occupies the interval 0 = x < 2 and it has a density in kg/m 
of p(x) = (1 + x’). Using the minimum value of the density, what is a lower bound for 
the mass of the object? Using the maximum value of the density, what is an upper bound 
for the mass of the object? <«< 
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Force varies on [a, b] 





FIGURE 6.68 





JUICK CHECK 3 Explain why the sum 
of ie wore over n subintervals is only 
an approximation to the total work. < 


» Hooke’s law was proposed by the English 
scientist Robert Hooke (1635—1703), who 
also coined the biological term cell. 

Larger values of the spring constant k 
correspond to stiffer springs. Hooke’s 
law works well for springs made of many 
common materials. However, some 
springs obey more complicated spring 
laws (see Exercise 49). 


Work 


Work can be described as the change in energy when a force causes a displacement of an 
object. When you carry a refrigerator up a flight of stairs or push a stalled car, you apply 
a force that results in the displacement of an object, and work is done. If a constant force 
F displaces an object a distance d in the direction of the force, the work done is the force 
multiplied by the distance: 


work = force ° distance. 


It is easiest to use metric units for force and work. A newton (N) is the force required to 
give a 1-kg mass an acceleration of 1 m/s’. A joule (J) is 1 newton-meter (N +m), the 
work done by a I-N force over a distance of | m. 

Calculus enters the picture with variable forces. Suppose an object is moved along 
the x-axis by a variable force F that is directed along the x-axis (Figure 6.68). How much 
work is done in moving the object between x = a and x = b? Once again, we use the 
slice-and-sum strategy. 

The interval | a, b] is divided into n subintervals of equal length Ax = (b — a)/n. 
We let x, be any point in the Ath subinterval, for k = 1,...,n. On that subinterval the 
force is approximately constant with a value of F(x;,). Therefore, the work done in mov- 
ing the object across the kth subinterval is approximately F(x;,) Ax (force distance). 
Summing the work done over each of the n subintervals, the total work over the interval 
|a, b] is approximately 


n 
W ~ X F(x,) Ax. 
= 
This approximation becomes exact when we take the limit as n > © and Ax > 0. 


The total work done is the integral of the force over the interval la, b| (or, equivalently, 
the net area under the force curve in Figure 6.68). 


DEFINITION Work 


The work done by a variable force F in moving an object along a line from x = a to 
x = b in the direction of the force is 





An application of force and work that is easy to visualize is the stretching and com- 
pression of a spring. Suppose an object is attached to a spring on a frictionless horizontal 
surface; the object slides back and forth under the influence of the spring. We say that the 
spring is at equilibrium when it is neither compressed nor stretched. It is convenient to let x 
be the position of the object, where x = O is the equilibrium position (Figure 6.69). 





AWWW — 





x=0 F<0 





FIGURE 6.69 ee es, 


F(x) = kx 







Spring is 
stretched. 


Spring is 
compressed. 


FIGURE 6.70 


» Notice again that the units in the integral 
are consistent. If F has units of N and x 
has units of m, then W has units of F dx, 
or N+ m, which are the units of work 
(IN-m=1J). 





QUICK CHECK 4 In Example 2, explain 
why more work is needed in part (d) 
than in part (c), even though the dis- 
placement is the same. < 
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According to Hooke’s law, the force required to keep the spring in a compressed or stretched 
position x units from the equilibrium position is F(x) = kx, where the positive spring constant 
k measures the stiffness of the spring. Note that to stretch the spring to a position x > 0, a 
force F > 0 (in the positive direction) is required. To compress the spring to a position x < QO, 
a force F < O (in the negative direction) is required (Figure 6.70). In other words, the force 
required to displace the spring is always in the direction of the displacement. 


EXAMPLE 2 Compressing a spring Suppose a force of 10 N is required to stretch a 

spring 0.1 m from its equilibrium position and hold it in that position. 

a. Assuming that the spring obeys Hooke’s law, find the spring constant k. 

b. How much work is needed to compress the spring 0.5 m from its equilibrium position? 

c. How much work is needed to stretch the spring 0.25 m from its equilibrium position? 

d. How much additional work is required to stretch the spring 0.25 m if it has already 
been stretched 0.1 m from its equilibrium position? 


SOLUTION 


a. The fact that a force of 10 N is required to keep the spring stretched at x = 0.1 m means 
(by Hooke’s law) that F(0.1) = k(0.1 m) = 10N. Solving for the spring constant, we 
find that k = 100 N/m. Therefore, Hooke’s law for this spring is F(x) = 100x. 





b. The work in joules required to compress the spring from x = 0 to x = —0.5 is 
b —0.5 —0.5 
W = / F(x) dx = J 100x dx = 50x7} = 12.5. 
a 0 0 


c. The work in joules required to stretch the spring from x = 0 to x = 0.25 is 


b 0.25 0.25 
W = / F(x) dx = / 100x dx = 50x?| = 3.125. 
a 0 





0 


d. The work in joules required to stretch the spring from x = 0.1 tox = 0.35 1s 


b 0.35 0.35 
W = / F(x) dx = / 100x dx = 50x?| = 5.625. 
a 0.1 





0.1 


Comparing parts (c) and (d), we see that more work is required to stretch the spring 
0.25 m starting at x = 0.1 than starting at x = 0. Related Exercises 17-26< 


Lifting Problems Another common work problem arises when the motion is vertical and 
the force is the gravitational force. The gravitational force exerted on an object with mass m 
is F = mg, where g ~ 9.8 m/s’ is the acceleration due to gravity near the surface of Earth. 
The work in joules required to lift an object of mass m a vertical distance of y meters is 


work = force • distance = mgy. 


This type of problem becomes interesting when the object being lifted 1s a body of 
water, a rope, or chain. In these situations, different parts of the object are lifted different 
distances—so integration is necessary. Here is a typical situation and the strategy used. 

Suppose a fluid such as water is pumped out of a tank to a height h above the bottom 
of the tank. How much work is required, assuming the tank is full of water? Three key 
observations lead to the solution. 


e Water from different levels of the tank is lifted different vertical distances, requiring 
different amounts of work. 


¢ Two equal volumes of water from the same horizontal plane are lifted the same distance 
and require the same amount of work. 


e A volume V of water has mass pV, where p = 1 g/cm? = 1000 kg/m’ is the density 
of water. 
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» The choice of a coordinate system is 
somewhat arbitrary and may depend on 
the geometry of the problem. You can let 
the y-axis point upward or downward, 
and there are usually several logical 
choices for the location of y = 0. 

You should experiment with different 
coordinate systems. 


To solve this problem, we let the y-axis point upward with y = O at the bottom of the 
tank. The body of water that must be lifted extends from y = 0 to y = b (which may be 
the top of the tank). The level to which the water must be raised is y = h, where h = b 
(Figure 6.71). We now slice the water into n horizontal layers, each having thickness Ay. 
The kth layer occupying the interval |y,_,, y;,], for k = 1,...,n, is approximately y% 
units above the bottom of the tank, where y% is any point in | y,_;, Y4]. 


y = h (outflow level) 


Force on kth layer 
= Ay) Ay pE 








Volume of kth layer 
= AŠ) Ay 


Work to lift kth layer 
~ A(y*) Ay pg: (h — yë) 


Work to lift all layers 
n 


= > AQE) Ay pg: (h = y) 
FIGURE 6.71 a 


The cross-sectional area of the kth layer at y;, denoted A(y%), is determined by the 
shape of the tank; the solution depends on being able to find A for all values of y. Because 
the volume of the kth layer is approximately A(y;) Ay, the force on the kth layer (its 
weight) is 


mass 
SS 


F, = mg = A(yk)Ay' p8. 
< 
volis density 


To reach the level y = h, the kth layer is lifted an approximate distance of (h — y;) 
(Figure 6.71). So the work in lifting the kth layer to a height h is approximately 


W; = A(yk)Ayp8' (h — yk). 
nmm Aa 
force distance 


Summing the work required to lift all the layers to a height h, the total work is 
W= XW = DA(ye)g(h — ye) Ay. 
k=l k=l 


This approximation becomes more accurate as the width of the layers Ay tends to 
zero and the number of layers tends to infinity. In this limit, we obtain a definite integral 
from y = Oto y = b. The total work required to empty the tank is 


n b 
W= lim DA )eath — yz) Ay = / pgA(y)(h — y) dy. 


y = 15 (outflow level) 







y= 10 


(tank top) ia 


distance water 
layer is lifted 


The area of 

water layer is 

A(y) = 7°(5°). 
e~” 


mr 


y = water | 
layer level | 


y= 0 
(bottom) — 


FIGURE 6.72 


> Recall that g ~ 9.8 m/s”. You should 
verify that the units are consistent in this 
calculation: The units of p, g, A(y), D(y), 


> m, and m, 


and dy are kg/m?, m/s”, m 
respectively. The resulting units of W are 
kg m*/s*, or J. A more convenient unit 
for large amounts of work and energy is 
the kilowatt-hour, which is 3.6 million 


joules. 
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This derivation assumes that the bottom of the tank is at y = 0, in which case the 
distance that the slice at level y must be lifted is D(y) = h — y. If you choose a different 
location for the origin, the function D will be different. Here is a general procedure for any 
choice of origin. 


PROCEDURE Solving Lifting Problems 


1. Draw a y-axis in the vertical direction (parallel to gravity) and choose a con- 
venient origin. Assume the interval | a, b| corresponds to the vertical extent 
of the fluid. 


. Fora = y < b, find the cross-sectional area A(y) of the horizontal slices 
and the distance D(y) the slices must be lifted. 


. The work required to lift the water is 


w= J peA(y)D(y) dy. 





EXAMPLE 3 Pumping water How much work is needed to pump all the water out 
of a cylindrical tank with a height of 10 m and a radius of 5 m? The water is pumped to 
an outflow pipe 15 m above the bottom of the tank. 


SOLUTION Figure 6.72 shows the cylindrical tank filled to capacity and the outflow 15 m 
above the bottom of the tank. We let y = 0 represent the bottom of the tank and y = 10 
represent the top of the tank. In this case, all horizontal slices are circular disks of radius 

r = 5m. Therefore, for 0 <= y = 10, the cross-sectional area is 


A(y) = ar? = 15* = 25. 


Note that the water is pumped to a level h = 15 m above the bottom of the tank, so the 
lifting distance is D(y) = 15 — y. The resulting work integral is 


10 
W = |. pgA Aly) Diy) y) dy = 25mg | (15 — y) dy. 
PA 15 y y 
Substituting p = 1000 kg/ m’? and g = 9.8m / s?, the total work in joules is 
10 
W = 25mg | (15 — y) dy 


10 





257(1000)(9.8)( 15) — y2) 


CEE ERES” E a 0 
p g 
= 7.7 X 10. 


The work required to pump the water out of the tank is approximately 77 million joules. 
Related Exercises 27-37< 





QUICK 5 In the previous example, how would the integral change if the outflow 
pipe were e at t the top of the tank? < 


EXAMPLE 4 Pumping gasoline A cylindrical tank with a length of 10 m and a 
radius of 5 m is on its side and half-full of gasoline (Figure 6.73). How much work is 
required to empty the tank through an outlet pipe at the top of the tank? (The density of 
gasoline is p ~ 737 kg/m.) 


456 CHAPTER 6 © APPLICATIONS OF INTEGRATION 


The equation of the 
right side of the 
circle is x = V25 — y? 





» Again, there are several choices for the 
location of the origin. The location in this 
example makes A(y) easy to compute. 


3. The area of the gasoline layer 


is A(y) = 10-225 = y2. 





1. Because this width 


is V25 — y2... 
2. ... the width of the gasoline 
be EE o a 2 
FIGURE 6.73 ye 


SOLUTION In this problem we choose a different origin by letting y = 0 and y = —5 
correspond to the center and the bottom of the tank, respectively. For —5 = y S 0, a hor- 
izontal layer of gasoline located at a depth y is a rectangle with a length of 10 and width 


of 2\/25 — y? (Figure 6.73). Therefore, the cross-sectional area of the layer at depth y is 
Ay) =20V 25 = y^, 


The distance the layer at level y must be lifted to reach the top of the tank is D(y) = 5 — y, 
where 5 < D(y) = 10. The resulting work integral is 


0 0 
W = 737(9.8) | 20V25 — y? (5 — y) dy = 144452 | V25 — y? (5 — y) dy. 
=5 


SS Sey -5 aa MM‘ 
P & A(y) D(y) 


This integral is evaluated by splitting the integrand into two pieces and recognizing that 
one piece is the area of a quarter circle of radius 5: 


0 0 0 
/ V5 = (5-y)dy= 5 | Vis yay- | VBP d 
-5 -5 -5 


ee 
area of quarter circle let u = 25 — y7; du = —2y dy 


25 
25m 1 
= 52h 45 f Vu du 
4° 2 fy 





_ 1257 A 1 ap 
4 3 


23 3757 + 500 
6 120 





Multiplying this result by 144,452, we find that the work required is approximately 
20.2 million joules. Related Exercises 27-37 


Force and Pressure 


Another application of integration deals with the force exerted on a surface by a body of 
water. Again, we need a few physical principles. 

Pressure is a force per unit area, measured in units such as newtons per square meter 
(N/m7). For example, the pressure of the atmosphere on the surface of Earth is about 
14 1b/in? (approximately 100 kilopascals, or 10° N/m7). As another example, if you 
stood on the bottom of a swimming pool, you would feel pressure due to the weight (force) 
of the column of water above your head. If your head is flat and has surface area A m? and 


» We have chosen y = 0 to be the base of 
the dam. Depending on the geometry of 
the problem, it may be more convenient 
(less computation) to let y = 0 be at the 
top of the dam. Experiment with different 
choices. 





Pressure on strip 

~= pg(a — y,*) 

Force on strip 

= pg(a — yğř) > area of strip 
= pg(a — y) w(y,*) Ay 


FIGURE 6.74 
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it is h meters below the surface, then the column of water above your head has volume 
Ah m°. That column of water exerts a force (its weight) 


F = mass: acceleration = volume: density: g = Ahpg, 
————————————— 


mass 


where p is the density of water and g is the acceleration due to gravity. Therefore, the 
pressure on your head is the force divided by the surface area of your head: 
_ force Ahpg _ h 

pressure A 7 pgh. 
This pressure is called hydrostatic pressure (meaning the pressure of water at rest), and 
it has the following important property: It has the same magnitude in all directions. Spe- 
cifically, the hydrostatic pressure on a vertical wall of the swimming pool at a depth h is 
also pgh. This is the only fact needed to find the total force on vertical walls such as dams. 
We assume that the water completely covers the face of the dam. 

The first step in finding the force on the face of the dam is to introduce a coordinate 
system. We choose a y-axis pointing upward with y = O corresponding to the base of the 
dam and y = a corresponding to the top of the dam (Figure 6.74). Because the pressure 
varies with depth (y-direction), the dam is sliced horizontally into n strips of equal thick- 
ness Ay. The kth strip corresponds to the interval | y,_,, yzl, and we let y% be any point in 
that interval. The depth of that strip is approximately h = a — y%, so the hydrostatic pres- 
sure on that strip is approximately pg(a — y;). 

The crux of any dam problem is finding the width of the strips as a function of y, 
which we denote w(y). Each dam has its own width function; however, once the width 
function is known, the solution follows directly. The approximate area of the kth strip is 
its width multiplied by its thickness, or w(y;,)Ay. The force on the kth strip (which is the 
area of the strip multiplied by the pressure) is approximately 


F; = w(yx) Ay pg(a — yx). 
area of strip pressure 


Summing the forces over the n strips, the total force is 
n n 
F = X F= > pgla — yk)w(yk)Ay. 
k=1 k=1 


To find the exact force, we let the thickness of the strips tend to zero and the num- 
ber of strips tend to infinity, which produces a definite integral. The limits of integration 
correspond to the base (y = 0) and top (y = a) of the dam. Therefore, the total force on 
the dam is 


F = tim Soga ~ yiw(vi)dy = J E 
n>] 0 


PROCEDURE Solving Force / Pressure Problems 


. Draw a y-axis on the face of the dam in the vertical direction and choose a 
convenient origin (often taken to be the base of the dam). 


. Find the width function w(y) for each value of y on the face of the dam. 


. If the base of the dam is at y = O and the top of the dam is at y = a, then 
the total force on the dam is 


T J oe Gay 


depth width 
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OOo o o 


|e 20 = 


FIGURE 6.75 


» You should check the width function: 
w(0) = 20 (the width of the dam at its 
base) and w(30) = 40 (the width of the 
dam at its top). 


30 
y-0=—(x- 10) or y=3x-30 or x= 


EXAMPLE 5 Pressure ona dam A large vertical dam in the shape of a symmetric 
trapezoid has a height of 30 m, a width of 20 m at its base, and a width of 40 m at the top 
(Figure 6.75). What is the total force on the face of the dam when the reservoir is full? 


SOLUTION We place the origin at the center of the base of the dam (Figure 6.76). The 
right slanted edge of the dam is a segment of the line that passes through the points 
(10, 0) and (20, 30). An equation of that line is 


1 
-(y + 30). 
aC, ) 


Notice that at a depth of y, where 0 = y < 30, the width of the dam is 


w(y) = 2x = (9 30); 


Using p = 1000 kg/m? and g = 9.8 m/s’, the total force on the dam (in newtons) is 


y 






wO) = $0 + 30) 
40 


y = 3x — 30 
1 
x=3(0 + 30) 


—30 X 


FIGURE 6.76 
3 


= 2 (900 = Z) 
3 PE y 3 


P= J M — noes 
= pe | (30 — y)= 


— a PES 


30 
J (900 — y?) dy 
0 


Force integral 


T + 30) dy Substitute. 
a~ y 
w(y) 


Simplify. 


30 
Fundamental Theorem 





0 


= 1.18 X 10°, 


The force of 1.18 X 10° N on the dam amounts to about 26 million pounds, or 13,000 tons. 


SECTION 6.7 EXERCISES 


Review Questions 

1. Suppose a 1-m cylindrical bar has a constant density of 1 g/cm 
for its left half and a constant density 2 g/cm for its right half. 
What is its mass? 


2. Explain how to find the mass of a one-dimensional object with a 
variable density p. 


3. How much work is required to move an object from x = 0 to 
x = 5 (measured in meters) in the presence of a constant force 
of 5 N acting along the x-axis? 


4. Why must integration be used to find the work done by a variable 
force? 


5. Why must integration be used to find the work required to pump 
water out of a tank? 


6. Why must integration be used to find the total force on the face 
of a dam? 


7. What is the pressure on a horizontal surface with an area of 2 m? 
that is 4 m underwater? 


Related Exercises 38-46 < 


8. Explain why you integrate in the vertical direction (parallel to the 
acceleration due to gravity) rather than the horizontal direction to 
find the force on the face of a dam. 


Basic Skills 
9-16. Mass of one-dimensional objects Find the mass of the follow- 
ing thin bars with the given density function. 


9 p(x) =1+sinx; forOSxs7 


10. p(x) = 1 +x; forO<x<1 
11. p(x) =2—x/2; forO=x=2 
12. p(x) = 5e*; forO <x = 4 
13. p(x) =xV2 ior = 1 
COS yaz 
14. p(x) = (i i ~ 
2< x SS 
tosya 
15. 
A fiaa if2<x 54 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


x israil 
p(x) = oa; 
M2 2) he SD 
Work from force How much work is required to move an object 


from x = 0 to x = 3 (measured in meters) in the presence of a 
force (in N) given by F(x) = 2x acting along the x-axis? 


Work from force How much work is required to move an object 
from x = 1 to x = 3 (measured in meters) in the presence of a 
force (in N) given by F(x) = 2/x* acting along the x-axis? 


Compressing and stretching a spring Suppose a force of 30 N 
is required to stretch and hold a spring 0.2 m from its equilibrium 
position. 


a. Assuming the spring obeys Hooke’s law, find the spring constant k. 

b. How much work is required to compress the spring 0.4 m from 
its equilibrium position? 

c. How much work is required to stretch the spring 0.3 m from its 
equilibrium position? 

d. How much additional work is required to stretch the spring 
0.2 m if it has already been stretched 0.2 m from its equilib- 
rium position? 


Compressing and stretching a spring Suppose a force of 15 N is 
required to stretch and hold a spring 0.25 m from its equilibrium 
position. 


a. Assuming the spring obeys Hooke’s law, find the spring 
constant k. 

b. How much work is required to compress the spring 0.2 m from 
its equilibrium position? 

c. How much additional work is required to stretch the spring 
0.3 m if it has already been stretched 0.25 m from its equilib- 
rium position? 


Working a spring A spring on a horizontal surface can be stretched 
and held 0.5 m from its equilibrium position with a force of 50 N. 


a. How much work is done in stretching the spring 1.5 m from its 
equilibrium position? 

b. How much work is done in compressing the spring 0.5 m from 
its equilibrium position? 


Shock absorber A heavy-duty shock absorber is compressed 

2 cm from its equilibrium position by a mass of 500 kg. How 
much work is required to compress the shock absorber 4 cm from 
its equilibrium position? (A mass of 500 kg exerts a force (in 
newtons) of 500 g, where g ~ 9.8 m/s?) 


Calculating work for different springs Calculate the work 
required to stretch the following springs 0.5 m from their equilib- 
rium positions. Assume Hooke’s law is obeyed. 


a. A spring that requires a force of 50 N to be stretched 0.2 m 
from its equilibrium position. 

b. A spring that requires 50 J of work to be stretched 0.2 m from 
its equilibrium position. 


Calculating work for different springs Calculate the work 
required to stretch the following springs 0.4 m from their equilib- 
rium positions. Assume Hooke’s law is obeyed. 


a. A spring that requires a force of 50 N to be stretched 0.1 m 
from its equilibrium position. 

b. A spring that requires 2 J of work to be stretched 0.1 m from 
its equilibrium position. 


25: 


26. 


27. 


28. 


29. 


30. 


31. 


32. 
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Additional stretch It takes 100 J of work to stretch a spring 
0.5 m from its equilibrium position. How much work is needed 
to stretch it an additional 0.75 m? 


Work function A spring has a restoring force given by 

F(x) = 25x. Let W(x) be the work required to stretch the spring 
from its equilibrium position (x = 0) to a variable distance x. 
Graph the work function. Compare the work required to stretch 
the spring x units from equilibrium to the work required to com- 
press the spring x units from equilibrium. 


Emptying a swimming pool A swimming pool has the shape of a 
box with a base that measures 25 m by 15 m and a uniform depth 
of 2.5 m. How much work is required to pump the water out of the 
pool when it is full? 


Emptying a cylindrical tank A cylindrical 
water tank has height 8 m and radius 2 m 
(see figure). 


a. Ifthe tank is full of water, how much 
work is required to pump the water to 
the level of the top of the tank and out of 
the tank? 

b. Is it true that it takes half as much work 
to pump the water out of the tank when it 


2m 
is half full as when it is full? Explain. —_—_ 


Emptying a half-full cylinderical tank Suppose the water tank 
in Exercise 28 is half-full of water. Determine the work required 
to empty the tank by pumping the water to a level 2 m above the 
top of the tank. 


Emptying a partially filled swimming pool If the water in the 
swimming pool in Exercise 27 is 2 m deep, then how much work 
is required to pump all the water to a level 3 m above the bottom 
of the pool? 


Emptying a conical tank A water tank is 
shaped like an inverted cone with height 6 m 
and base radius 1.5 m (see figure). 


™ eel 





a. If the tank is full, how much work is re- 
quired to pump the water to the level of 
the top of the tank and out of the tank? 

b. Is it true that it takes half as much work | 
to pump the water out of the tank when 
it is filled to half its depth as when it is 
full? Explain. 


Emptying a real swimming pool A swimming pool is 20 m long 
and 10 m wide, with a bottom that slopes uniformly from a depth 
of 1 m at one end to a depth of 2 m at the other end (see figure). 
Assuming the pool is full, how much work is required to pump the 
water to a level 0.2 m above the top of the pool? 
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33. 


34. 


35. 


36. 
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Filling a spherical tank A spherical water tank with an inner 
radius of 8 m has its lowest point 2 m above the ground. It is filled 
by a pipe that feeds the tank at its lowest point (see figure). 


a. Neglecting the volume of the inflow pipe, how much work is 
required to fill the tank 1f it is initially empty? 

b. Now assume that the inflow pipe feeds the tank at the top of 
the tank. Neglecting the volume of the inflow pipe, how much 
work is required to fill the tank 1f it is initially empty? 





inflow pipe ) 





Emptying a water trough A water trough has a semicircular 

cross section with a radius of 0.25 m and a length of 3 m 

(see figure). 

a. How much work is required to pump the water out of the 
trough when it is full? 


b. Ifthe length is doubled, is the required work doubled? Explain. 
c. Ifthe radius is doubled, is the required work doubled? Explain. 





Emptying a water trough A cattle trough has a trapezoidal cross 
section with a height of 1 m and horizontal sides of length +m 
and 1 m. Assume the length of the trough is 10 m (see figure). 


a. How much work is required to pump the water out of the 
trough (to the level of the top of the trough) when it is full? 


b. If the length is doubled, is the required work doubled? Explain. 





Pumping water Suppose the tank in Example 4 is full of water 
(rather than half-full of gas). Determine the work required to 
pump all the water to an outlet pipe 15 m above the bottom of 
the tank. 


37. Emptying a conical tank An inverted cone is 2 m high and has a 
base radius of 5 m. If the tank is full, how much work is required 
to pump the water to a level 1 m above the top of the tank? 


38—41. Force on dams The following figures show the shape and di- 
mensions of small dams. Assuming the water level is at the top of the 
dam, find the total force on the face of the dam. 


38. 


— 40 m ————> 


39. 


~ 20 m -H 


[e10 ne 


40. [= 40 m —>| 


41. [~~ 20 m—> 


30 m 


42. Parabolic dam The lower edge 

of a dam is defined by the para- y 
bola y = x7/16 (see figure). 
Use a coordinate system with 

y = Oat the bottom of the dam 
to determine the total force on 
the dam. Lengths are measured 
in meters. Assume the water 


level is at the top of the dam. 


(20, 25) 





43. Force on a building A large building shaped like a box is 
50 m high with a face that is 80 m wide. A strong wind blows 
directly at the face of the building, exerting a pressure of 
150 N/m? at the ground and increasing with height according 
to P(y) = 150 + 2y, where y is the height above the ground. 
Calculate the total force on the building, which is a measure of 
the resistance that must be included in the design of the building. 


44-46. Force on a window A diving pool that is 4 m deep and full of 
water has a viewing window on one of its vertical walls. Find the force 
on the following windows. 


44. The window is a square, 0.5 m on a side, with the lower edge of 
the window on the bottom of the pool. 


45. 


46. 


The window is a square, 0.5 m on a side, with the lower edge of 
the window 1 m from the bottom of the pool. 


The window is a circle, with a radius of 0.5 m, tangent to the bot- 
tom of the pool. 


Further Explorations 


47. 


48. 


49. 


50. 


51. 


52. 


Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. The mass of a thin wire is the length of the wire times its aver- 
age density over its length. 

b. The work required to stretch a linear spring (that obeys 
Hooke’s law) 100 cm from equilibrium is the same as the work 
required to compress it 100 cm from equilibrium. 

c. The work required to lift a 10-kg object vertically 10 m is 
the same as the work required to lift a 20-kg object verti- 
cally 5 m. 

d. The total force on a 10-ft” region on the (horizontal) floor of a 
pool is the same as the total force on a 10-ft” region on a (ver- 
tical) wall of the pool. 


Mass of two bars Two bars of length L have densities 
p\(x) = 4e* and p(x) = 6e ™, forO S x = L. 


a. For what values of L is bar 1 heavier than bar 2? 
b. As the lengths of the bars increase, do their masses increase 
without bound? Explain. 


A nonlinear spring Hooke’s law is applicable to idealized 

(linear) springs that are not stretched or compressed too far. 

Consider a nonlinear spring whose restoring force is given by 

F(x) = 16x — 0.1x°, for |x| = 7. 

a. Graph the restoring force and interpret it. 

b. How much work is done in stretching the spring from its equi- 
librium position (x = 0) to x = 1.5? 

c. How much work is done in compressing the spring from its 
equilibrium position (x = 0) tox = —2? 


A vertical spring A 10-kg mass is attached to a spring that hangs 

vertically and is stretched 2 m from the equilibrium position of the 

spring. Assume a linear spring with F(x) = kx. 

a. How much work is required to compress the spring and lift the 
mass 0.5 m? 

b. How much work is required to stretch the spring and lower the 
mass 0.5 m? 


Drinking juice A glass has circular cross sections that taper 
(linearly) from a radius of 5 cm at the top of the glass to a radius 
of 4 cm at the bottom. The glass is 15 cm high and full of orange 
juice. How much work is required to drink all the juice through a 
straw if your mouth is 5 cm above the top of the glass? Assume 
the density of orange juice equals the density of water. 


Upper and lower half A cylinder with height 8 m and radius 3 m 
is filled with water and must be emptied through an outlet pipe 
2 m above the top of the cylinder. 


a. Compute the work required to empty the water in the top half 
of the tank. 

b. Compute the work required to empty the (equal amount of) 
water in the lower half of the tank. 

c. Interpret the results of parts (a) and (b). 
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Applications 


53. 


54. 


59. 


56. 


Die 


Work in a gravitational field For large distances from 

the surface of Earth, the gravitational force is given by 

F(x) = GMm/(x + R)*, where G = 6.7 X 1071! N + m?/kg? 
is the gravitational constant, M = 6 X 10% kg is the mass 

of Earth, m is the mass of the object in the gravitational field, 

R = 6.378 X 10° mis the radius of Earth, and x = 0 is the dis- 
tance above the surface of Earth (in meters). 


a. How much work is required to launch a rocket with a mass of 
500 kg in a vertical flight path to a height of 2500 km (from 
Earth’s surface)? 

b. Find the work required to launch the rocket to a height of 
x kilometers, for x > 0. 

c. How much work is required to reach outer space (x —> ©)? 

d. Equate the work in part (c) to the initial kinetic energy of the 
rocket, L mv”, to compute the escape velocity of the rocket. 


Work by two different integrals A rigid body with a mass of 2 kg 
moves along a line due to a force that produces a position function 
x(t) = 4t°, where x is measured in meters and ¢ is measured in 
seconds. Find the work done during the first 5 s in two ways. 


a. Note that x”(t) = 8; then use Newton’s second law 
(F = ma = mx"(t)) to evaluate the work integral 
W = |°'F(x) dx, where xp and x, are the initial and final 
. o Xo . 
positions, respectively. 
b. Change variables in the work integral and integrate with 
respect to t. Be sure your answer agrees with part (a). 


Winding a chain A 30-m-long chain hangs vertically from a 
cylinder attached to a winch. Assume there is no friction in the 
system and that the chain has a density of 5 kg/m. 


a. How much work is required to wind the entire chain onto the 
cylinder using the winch? 

b. How much work is required to wind the chain onto the cylin- 
der if a 50-kg block is attached to the end of the chain? 


Coiling a rope A 60-m-long, 9.4-mm-diameter rope hangs free 
from a ledge. The density of the rope is 55 g/m. How much work 
is needed to pull the entire rope to the ledge? 


Lifting a pendulum A body of mass m is suspended by a rod 
of length L that pivots without friction (see figure). The mass is 
slowly lifted along a circular arc to a height A. 


a. Assuming that the only force acting on the mass is the gravi- 
tational force, show that the component of this force acting 
along the arc of motion is F = mg sin 0. 

b. Noting that an element of length along the path of the pendu- 
lum is ds = L d0, evaluate an integral in 0 to show that the 
work done in lifting the mass to a height h is mgh. 
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58. Orientation and force A plate shaped like an equilateral triangle 62. Buoyancy Archimedes’ principle says that the buoyant force ex- 


59. 


60. 


6l. 


1 m on a side is placed on a vertical wall 1 m below the surface of erted on an object that is (partially or totally) submerged in water 
a pool filled with water. On which plate in the figure is the force is equal to the weight of the water displaced by the object (see 
greater? Try to anticipate the answer and then compute the force figure). Let p,, = 1 g/ cm? = 1000 kg / m’? be the density of water 
on each plate. and let p be the density of an object in water. Let f = p/p,,. If 


Orientation and force A square plate 1 m on a side is placed on 
a vertical wall 1 m below the surface of a pool filled with water. 


O < f < 1, then the object floats with a fraction f of its volume 


surface __ surface submerged; if f > 1, then the object sinks. 





On which plate in the figure is the force greater? Try to anticipate 


the answer and then compute the force on each plate. 


Consider a cubical box with sides 2 m long floating in water 
with one-half of its volume submerged (p = p,,/2). Find the 
_ surface surface force required to fully submerge the box (so its top surface is at 
the water level). 





(See the Guided Project Buoyancy and Archimedes’ Principle for 
further explorations of buoyancy problems.) 





1. a. The bar is heaviest at the left end and lightest at the 
rightend. b. p = 2.5g/cm. 2. Minimum mass = 2 kg; 





A calorie-free milkshake? Suppose a cylindrical glass with a maximum mass = 10 kg. 3. We assume that the force is 
; l ; O . . ; i . ; 
diameter of 75 m and a height of 79 m is filled to the brim with a constant over each subinterval, when, in fact, it varies over 


400-Cal milkshake. If you have a straw that is 1.1 m long (so the 
top of the straw is 1 m above the top of the glass), do you burn off 
all the calories in the milkshake in drinking it? Assume that the 
density of the milkshake is 1 g/cm? (1 Cal = 4184 J). 


each subinterval. 4. The restoring force of the spring 
increases as the spring is stretched (F(x) = 100x). Greater 
restoring forces are encountered on the interval [0.1, 0.35 | 
than on the interval [0, 0.25]. 5. The factor (15 — y) in 


Critical depth A large tank has a plastic window on one wall thatis the integral is replaced by (10 — y).< 
designed to withstand a force of 90,000 N. The square window is 
2 m on a side, and its lower edge is | m from the bottom of the tank. 


a. 


b. 


If the tank is filled to a depth of 4 m, will the window with- 
stand the resulting force? 

What is the maximum depth to which the tank can be filled 
without the window failing? 


Logarithmic and Exponential 
6.8 Functions Revisited 


In previous chapters, we worked extensively with logarithmic and exponential functions. 
However, we skipped some of the theoretical issues surrounding these functions, relying 
instead on numerical and graphical evidence to derive their fundamental properties. For 
example, in Section 2.6 it was stated, without formal proof, that f(x) = e* is a continu- 
ous function defined for al/ real numbers. And in Section 3.2, we appealed to numerical 


ae e . d . 
approximations to a limit to claim that ke (e*) = e*. Assuming the truth of these results, 
x 


we then determined properties of logarithmic and exponential functions. We now place 


» Recall that by the Fundamental Theorem 
of Calculus, 


«| fa =) 
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logarithmic and exponential functions on a solid foundation by presenting a more rigorous 
development of these functions. 


The Natural Logarithm 


Our aim is to develop the properties of the natural logarithm using definite integrals. 


DEFINITION The Natural Logarithm 


The natural logarithm of a number x > 0, denoted In x, is defined as 


“1 
nx [ia 
i 





All the familiar geometric and algebraic properties of the natural logarithmic function fol- 
low directly from this new integral definition. 


Properties of the Natural Logarithm 


Domain, range, and sign Because the natural logarithm is defined as a definite integral, 
its value is the net area under the curve y = 1/t between t = 1 and t = x. The integrand 
is undefined at t = 0, so the domain of In x is (0, ©). On the interval (1, ©), In x is 
positive because the net area of the region under the curve is positive (Figure 6.77a). On 


x 1 
1 1 
(0, 1), we have J r dt = — / 7 dt, which implies In x is negative (Figure 6.77b). As 
1 x 


1 
expected, when x = 1, we have In 1 = J —dt = 0. The net area interpretation of In x 
1 


also implies that the range of In x is (~œ, ©) (see Exercise 72 for an outline of a proof). 






IfO0O<x<l, 







_ _ fai 
tix > 1, net area = Inx = Í 7 <0. 
1 


De 
dt 
net area = Inx =| = > 0. 
1 


1 
(a) (b) 
FIGURE 6.77 


Derivative The derivative of the natural logarithm follows immediately from its defini- 
tion and the Fundamental Theorem of Calculus: 


d d ldt 1 
pa (In x) nt 8 forx > 0 


We have two important consequences. 


e Because its derivative is defined for x > O, In x is a differentiable function for x > 0, 
which means it is continuous on its domain (Theorem 3.1). 


e Because 1/x > 0 for x > 0, In x is strictly increasing and one-to-one on its domain; 
therefore, it has a well-defined inverse. 
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ICK CHECK 1 What is the domain of 






a (ln x) > 0 = In x is increasing for x > 0 


lim In x = œ 





0 (1,0) x 


2 
5 (ln x) < 0 = concave down 


lim ln x = —© 
x>0* 


FIGURE 6.78 


The Chain Rule allows us to extend the derivative property to all nonzero real numbers 
(Exercise 70). By differentiating In (—x) for x < 0, we find that 


d 1 
z (ln al) nec 


More generally, by the Chain Rule, 
_ u'(x) 
u(x) ` 


Graph of In x As noted before, In x is continuous and strictly increasing for x > 0. The 
2 


] 
second derivative, a (Inx) = —-—, is negative for all x, which implies the graph of In x 
X x 





d d . 
S= (In [uex)]) = (In fr )e"(x) 


2 2° 
is concave down for x > 0. As demonstrated in Exercise 72, 


lim Inx = ©, and lim, Inx = —®. 


x> x—>0 
This information, coupled with the fact that In 1 = 0, gives the graph of y = In x (Figure 6.78). 
Logarithm of a product The familiar logarithm property 
ln xy = lnx + lny, forx > 0, y >00, 
may be proved using the integral definition: 


dt 
t 


In xy Definition of In xy 


1 

“dt “di : 

7 ++ a Additive property of integrals 
1 x 


“dt “du | | | 
= P a Fi Substitute u = t/x in second integral. 
l l 


= Inx + lny. Definition of In 


Logarithm of a quotient Assuming x > 0 and y > 0, the product property and a bit of 
algebra give 


Inx =| ( =) Iny + In~ 
nx = ln{ y+] = ln n-. 
» y ý y 
Solving for In (x/y), we have 
x 
In- = lnx — lny, 
y y 


which is the quotient property for logarithms. 


Logarithm of a power By the product rule for logarithms, if x > 0 and p is a positive 
integer, then 


lnx? = In (x-x-++x) = Inx +--+ Inx = pInx. 
——— ee 
p factors p terms 


Later in this section, we prove that In x? = p In x, for x > 0 and for all real numbers p. 







b 
inb={ 2 =| 
i! 


area = ln b = 1 


2 


ln2<1 mn3>1 


FIGURE 6.79 
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Integrals B Lan eee 
nte2grals ecause ——_ (in |X = —, We Nave 
8 dx x 


1 
Jia =In|x| + C. 
a 


We have shown that the familiar properties of In x follow from its new integral definition. 


THEOREM 6.4 Properties of the Natural Logarithm 


1. The domain and range of In x are (0, ©) and (—™, ©), respectively. 
u' (x) 
u(x) 
(x Oy > 0) 

(x > 0,y > 0) 


2: £ (In |u(x)|) = 


3. Inxy = Inx + Iny 


,u(x) #0 


4. In (x/y) = Inx — lny 


5. Inx? = pInx (x > 0,p areal number) 


1 
: [para inkl +c 
x 














4 
x 
EXAMPLE 1 Integrals with In x Evaluate J dx. 
ox +9 
SOLUTION 
t x 1 [du ‘5 
5 = — — Letu = x^ + 9; du = 2x dx. 
gx Fo 2jọ u 
1 25 
= 5 In |u| Fundamental Theorem 
9 
1 
E (In25 — lIn9) Evaluate. 
= In 3 Properties of logarithms 
Related Exercises 7-20 
The Question of Base 


The natural logarithm is a logarithm, but what is its base? We now determine the base b 
such that In x = log,x. Two steps are needed: We show that b exists; then we identify the 
value of b. 

Recall that log,b = 1 for any base b > 0 (Section 1.3). Therefore, the number b that 
we seek has the property In b = 1, or 


b 
dt 
m= | = 1 
i É 


We see that b is the number that makes the area of the region under the curve y = 1/t on 
the interval | 1, b| exactly 1 (Figure 6.79). 


2 
dt 
Computations with Riemann sums show that In2 = I a < 1 and that In3 = 
1 


3 
dt . l . ' l 
J — > | (Exercise 73). Because In x is a continuous function, the Intermediate Value 
l 


Theorem says that there is a number b with 2 < b < 3 such that In b = 1. We conclude 
that b exists and lies between 2 and 3. 
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» We rely on Theorem 2.11 of Sec- 


tion 2.6 here. If f is continuous at 
g(a) and g is continuous at a, then 


lim f(g()) = f(lim g(x)). 


Table 6.2 

h (1+hy" h (1 + hý” 
107! 2.593742 -10! 2.867972 
10° 2.704814 -107 2.731999 
10° 2.716924 -10° 2.719642 
104 2.718146 —10™% 2.718418 
10° 2.718268 -10° 2.718295 
10° 2.718280 -—10° 2.718283 
107” 2.718282 —10” 2.718282 


» The number e was defined in Section 3.2 
h 
e — 1 





as the number such that a = i. 


y = exp (x) 
domain (—™, ©) 
range (0, ©) 





y=Inx 
domain (0, œ) 
range (—%, ©) 


FIGURE 6.80 


» Note that we already know two important 
values of exp (x). Because Ine = 1, we 
have exp (1) = e. Because In 1 = 0, 
exp (0) = 1. 


To estimate b, we use the fact that the derivative of In x at x = 1 is 1. By the defini- 
tion of the derivative, it follows that 


d = In(l +h) —-In1 
1 = — (Inx) = lim —_ Derivative of Inx atx = 1 
dx x=1 h—0 h 
= In(l +h) 
= hm —— lnl =0 
h>0 h 


lim In (1 + pyi/r plnx = Inx” 


The natural logarithm is continuous for x > 0, so it is permissible to interchange the order 
of lim and the evaluation of In (1 + h)!/". The result is that 
—>0 


In (lim (1 + ny") =j 
E 


—>0 
b 


Observe that the limit within the brackets is b because In b = 1 and only one number sat- 
isfies this equation. Therefore, we have isolated b as a limit: 


b = lim (1 + h)!”. 
h—>0 
It is evident from the values in Table 6.2 that (1 + h)!” — 2.71828 . . . as h —> 0. We 


first encountered the exact value of this limit in Section 3.2: It is the mathematical con- 
stant e, and it has been computed to millions of digits. A better approximation is 


e ~ 2.718281828459045. 


With this argument, we have identified the base of the natural logarithm; it is b = e. 


DEFINITION Base of the Natural Logarithm 


The natural logarithm is the logarithm with a base of e = lim (1 + h)!” 
2.71828. It follows that Ine = 1. h—>0 





The Exponential Function 


We have established that f(x) = In x is a continuous, increasing function on the inter- 
val (0, ©). Therefore, it is one-to-one on this interval and its inverse function exists. We 
denote the inverse function f'(x) = exp (x). Its graph is obtained by reflecting the graph 
of f(x) = Inx about the line y = x (Figure 6.80). The domain of exp (x) is (~œ, ©) 
because the range of In x is (~~, ©), and the range of exp (x) is (0, ©) because the 
domain of In x is (0, ©). 

The usual relationships between a function and its inverse also hold: 


e y = exp (x) if and only if x = In y 
e exp (Inx) = x, for x > 0, and In (exp (x)) = x, for all x. 


We now appeal to the properties of In x and use the inverse relations between In x and 
exp (x) to show that exp (x) satisfies the required properties of any exponential function. 
For example, if x, = In yı (which implies that y} = exp (xı) ) and x, = In y, (which im- 
plies that y) = exp (x2) ), then 


exp (x, + x2) = exp (ln y; + Iny2) Substitute x, = In y}, x) = In yp. 


— Ee 
In yiy2 
= exp (In yıy2) Properties of logarithms 
= yy Inverse property of exp x and ln x 


exp (x1) exp (x2). yı = exp (21), y2 = exp (x2) 





3 What is the slope of 
the curve y = e* at x = In 2? What 
is the area of the region bounded by 
the graph of y = e* and the x-axis 
between x = 0 and x = In2?<« 


QUICK CHECK 3 
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Therefore, exp (x) satisfies the property of exponential functions b*'**? = b™'b™. Simi- 
lar arguments show that exp (x) satisfies other characteristic properties of all exponential 
functions (Exercise 71). 

We conclude that exp (x) is an exponential function and it is the inverse function of 
In x. We also know that In x is the logarithmic function base e. Therefore, the base for 
exp (x) is also the number e, and we have exp (x) = e”, for all real numbers x. 


DEFINITION The Exponential Function 


The (natural) exponential function is the exponential function with the base 
e ~ 2.71828. It is the inverse function of the natural logarithm In x. 





The essential properties of the exponential function are summarized in the following 
theorem. 


THEOREM 6.5 Properties of e* 
The exponential function e* satisfies the following properties, all of which follow 
from the integral definition of In x. Let x and y be real numbers. 


eo! = eo’ 


.e > = ee 


. (e*) = e” 
. In(e*) =x 


~e™* = x, forx > 0 





K CHECK 2 Simplify e™*™, In (e™), e7'"*, In (2e*). « 


Derivatives and Integrals The derivative of the exponential function follows directly 
from Theorem 3.23 (derivatives of inverse functions) or by using the Chain Rule. Taking the 
latter course, we observe that In (e*) = x and then differentiate both sides with respect to x: 





d 
ip o 
ame’) =e 
1 
ld. | d _ u(x) 
e* dx ia ax‘ u(x) 
d X = X d X 
a ) =e Solve for FAG i, 


Once again, we obtain the remarkable result that the exponential function is its own deriva- 
tive. Of course, it immediately follows that e* is its own antiderivative up to a constant; that is, 


fea e+e 


Extending these results using the Chain Rule, we have the following theorem. 


THEOREM 6.6 Derivative and Integral of the Exponential Function 
For real numbers x, 
a 
dx 


(e%)) = e"My'(x) and pew =e + C. 
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» The change-of-base formula relating 
log, x to the natural logarithm is 


log, x = 


max 
lnb 


APPLICATIONS OF INTEGRATION 


dx. 





Xx 


EXAMPLE 2 Integrals with e* Evaluate | i 


SOLUTION The change of variables u = 1 + e* implies du = e* dx: 





1 1 
=¢ ay = —du u = 1 + e" du =e'dx 
1 + e—_—_ u 
u 
= ]n |u| + C Antiderivative of u`! 


= In(1 + e”) + C. Replaceu by 1 + e”. 


Note that the absolute value may be removed from In |u| because 1 + e* > O, for all x. 
Related Exercises 21—26< 


General Logarithmic and Exponential Functions 


The goal of this section has been accomplished. We have developed the properties of the 
natural logarithmic and exponential functions beginning with the integral definition of 
the natural logarithm. With these two functions on firm ground, the next step is to estab- 
lish the properties of logarithmic and exponential functions with a general positive base 
other than e. However, for the most part, this work has already been done. If you look 
in Section 3.8, you will find the basic derivative results involving exponential functions 
b* and logarithmic functions log, x, where b > 0. We close this section by summarizing 
those results along with the corresponding integral results. 

First, it is important to note that the function b* is defined for all bases b > 0 and for 
all real numbers x. The reason is that 


b* = Cae = gone 


where we now know that e* is defined for all real numbers x. Just as b* is defined in terms 
of e*, log, x is evaluated in terms of In x via the change of base formula. 

Theorems 3.18 and 3.20 give us the derivative results for exponential and logarithmic 
functions with a general base b > 0. Extending those results with the Chain Rule, we 
have the following derivatives and integrals. 


SUMMARY Derivatives and Integrals with Other Bases 
Let b > Oandb ¥ 1. Then 


Lec) aa for u(x) > 0 and (pnt) = (Inb)b"“u' (x). 


d u(x) ln b’ 


1 
For b > Oandb ¥ 1, [ova = —)* + C. 
In b 








QUICK CHECK 4 Verify that the derivative and integral results for a general base b reduce 
to the expected results when b = e.< 


EXAMPLE 3 Integrals involving exponentials with other bases Evaluate the 
following integrals. 


4 gvz 
a. x 3 dx b. dx 
J / Vx 





6.8 Logarithmic and Exponential Functions Revisited 469 











SOLUTION 
2 1 
a. Jas ax = 5 | 3d u = x du = 2x dx 
1 1 
= ——— 3" + C Integrate. 
2 In 3 
ee er ee Substitute u = x? 
3m3 ubstitute u = x^. 
4 Vi = 
b dr ==2 6d = —Vx,d d 
J E x J u u x, du a X 
J -72 
=m Fundamental Theorem 
In 6 =| 
= 2 Simplif 
18 In 6 diaii 


Related Exercises 27—32< 


General Power Rule 


The definition of e* for all real numbers x has several significant consequences. First, it 
fills a gap: Until now, we did not have a definition of expressions such as x? and x” (for 
real numbers x > 0) and 2” (for real numbers x). With the identity x” = eP ™*, the expres- 
sion x? now has meaning for real numbers p and x > 0. For example, 


xVv2 = eV2Inx yr = oe and 2* = et ind 


The definition of e* also enables us to confirm an important property of logarithms. 
Taking logarithms of both sides of x? = e? Inx we see that Inx? = p ln x, for real num- 
bers p and x > QO, as stated earlier in the section. 

Finally, we can fill another gap in our derivative knowledge. It has been shown that 
the power rule 

d 
— (xP) = px?! 
Wt) =P 
applies when p is a rational number. This result is extended to all real values of p by dif- 
ferentiating x? = eP "*; 
d 


d 
gen — ge xP = eP nx 
X X 


T 4 Chain Rule 


=v X 
xP 
X 
=p Simplify. 


THEOREM 6.7 General Power Rule 
For any real number p, 


d 


70”) = px?! and (u(x) = pu(x)?~'u'(x). 
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EXAMPLE 4 Derivative of a tower function Evaluate the derivative of f(x) = x. 


SOLUTION We use the inverse relationship e”* = x to write x = e 


It follows that 


d 
dx 


SECTION 6.8 EXERCISES 


Review Questions 
1. What are the domain and range of In x? 


X 
: ew ; dt 
2. Give a geometrical interpretation of the function In x = J PE 
1 


3. Evaluate f 4* dx. 


4. What is the inverse function of In x, and what are its domain 
and range? 


T sin x 


5. Express 3*,x”, and x*"” using the base e. 


d 
6. Evaluate —(3*). 
dx 


Basic Skills 


7-12. Derivatives with In x Evaluate the following derivatives. 


d 3 d 
T: pam (x°)) ne 8. pa (In (In x)) 
d, d > 
9. z (S0 (In x)) 10. zP (cos x)) 
11. L (In 205) 12. Lim (3x? + 2)) 


13-20. Integrals with In x Evaluate the following integrals. Include 
absolute values only when needed. 











32x — 1 
13. J dx 14 J tan 10x dx 
0 + 1 
e a /2 f 
d 
15 J 7 16 J — ds 
e xin x » 1+ cosx 
2x 
e dx 
17. d 18. T 
ere lax 








‘x In* (x? + 1) 
20. dx 
0 


° d 
19. J 7 ; 
e xInxIn* (lüx) x41 


Ho 2x ln x 
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= | 
e rm x In x) 
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X 
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= x") 2lnx + 2x° m Product Rule 
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Related Exercises 33—40< 


21-26. Integrals with e* Evaluate the following integrals. 
22. / dx 
sec x 
23 [Za 24 [ er 
i x i =r dx 
Vx -2 e2 + | 


In 3 x —y 
e te 
26. J oe. ie oe dx 
In2 @ + — 2 +e 4 


27-32. Integrals with general bases Evaluate the following integrals. 


1 a /2 
17. J 10° dx 28. J AS™* cos x dx 
= 0 


1 





2 
21. J 4 xe l dx 
0 








2 
29; fa + Inxx" dx 
1 


gcotx 
31. J x? 6 *8 dx 32. / —— dx 
sin x 


33—40. Derivatives Evaluate the derivatives of the following functions. 





33.. J=" 34. f(x) =x” 

35. h(x) = 2) 36. h(t) = (sin NV" 
37. A(x) = (x + D” 38. p(x) =x ™ 
39. G(y) = ys 40. Q(t) = t!“ 


Further Explorations 

41. Explain why or why not Determine whether the following 
statements are true and give an explanation or counterexample. 
Assume x > Oand y > 0. 


a. Inxy = lnx + lny b. InO = 1 

ec In(xt+y)=Inx+Iny d. 2% = e?" 

e. The area under the curve y = 1/x and the x-axis on the inter- 
val [1, e] is 1. 


42. Logarithm properties Use the integral definition of the natural 
logarithm to prove that In (x/y) = Inx — Iny. 


43—46. Calculator limits Use a calculator to make a table similar to 
Table 6.2 to approximate the following limits. Confirm your result with 
l’Hopital’s Rule. 





43. lim (1 + 2h)!” 44. lim (1 + 3h)?” 
h—>0 h->0 
_ eS — In(1 + x) 
45. lim 46. lim —————— 
x—>0 X x—>0 X 
| =x 





47. Zero net area Consider the function f(x) = 
x 


l+a 
a. Are there numbers O < a < 1 such that J f(x)dx = 0? 
l—a 


a 


b. Are there numbers a > 1 such that | f(x)dx = 0? 
1/a 


48. Behavior at the origin Using calculus and accurate sketches, 
explain how the graphs of f(x) = x? In x differ as x — 0 for 
p = L 1, and 2. 


49. Average value What is the average value of f(x) = 1/x on 
the interval | 1, p] for p > 1? What is the average value of f as 


50-57. Miscellaneous derivatives Compute the following derivatives 
using the method of your choice. 


d d 2 
50. —(x™) 51. — (e71) 

dx dx 

d d 1 \* 
52. —(x™* 53: | | 

dx Comat <\(4) | 

d d 4 \* 
54s = (x te") 55. (1 + ) 

dx dx x 

d 10 d 
56. —(x* )) STe (cos (x7 *)) 

dx dx 


58-68. Miscellaneous integrals Evaluate the following integrals. 


58. | T* dx 59. J 3% dx 
5 
3 
60. J 5% dx 6l. J x710" dx 
0 
T 2e ginx 
62. J 2 * COS x dx 63. J dx 
0 1 X 
sin (In x e In x)’ 
64. [a 65. J a dx 
4x 1 «x 


In?x + 2Inx - 1 ig 
66. |= t ax 7. | <a 
0 


x 
1 
16° 
68. J 5: dx 
o 4 
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Applications 
69. Probability as an integral Two points P and Q are chosen ran- 


domly, one on each of two adjacent sides of a unit square (see 

figure). What is the probability that the area of the triangle formed 

by the sides of the square and the line segment PQ is less than 

one-fourth the area of the square? Begin by showing that x and y 

must satisfy xy < 5 in order for the area condition to be met. Then 
1 


l d 
argue that the required probability is — + J = and evaluate 
1/2 <* 
the integral. 





Additional Exercises 


70. 


71. 


72. 


Ta: 


74. 


Derivative of In |x| Differentiate In x for x > 0 and differentiate 


d 1 
In (—x) for x < 0 to conclude that g” a= s, 
x x 


Properties of e* Use the inverse relations between In x and e* and 
the properties of In x to prove the following properties. 
e% 
XTY — — XY — XY 
a. e z b. (e*) =e 
In x is unbounded Use the following argument to show that 
lim Ing = © and lim Inx = —®%. 


x—00 x0 

a. Make a sketch of the function f(x) = 1/x on the inter- 
val |1, 2|. Explain why the area of the region bounded by 
y = f(x) and the x-axis on | 1, 2] is In 2. 

b. Construct a rectangle over the interval | 1, 2] with height 5 . 
Explain why ln 2 > L : 

c. Show that In 2” > n/2 and In 2” < —n/2. 

d. Conclude that lim Inx = œ and lim lnx = —o. 


sO x0 


Bounds on e Use a left Riemann sum with at leastn = 2 


2 
dt 
subintervals of equal length to approximate In 2 = J z and 
1 


show that In2 < 1. Use a right Riemann sum with n = 7 


3 

dt 

subintervals of equal length to approximate In 3 = J — and 

show that In 3 > 1. E 

Alternative proof of product property Assume that y > 0 is 
d d 

fixed and that x > 0. Show that hk (In xy) = ik (In x). Recall 
X x 


that if two functions have the same derivative, they differ by an 
additive constant. Set x = 1 to evaluate the constant and prove 
that Inxy = Inx + Iny. 
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75. Harmonic sum In Chapter 9, we will encounter the harmonic 


1 1 
sum | + 5 F 3 + -+--+-+ —. Use aright Riemann sum to 
n 





area = 1 4. Note that when b = e, we have Inb = 1.<« 


"dx 
approximate J — (with unit spacing between the grid points) 
1 X 


1 1 1 
to show that 1 + Mi a7 -2e > In (7 + 1). Use this fact 
n 


1 1 1 
to conclude that lim (1 +—+—+4+ +--+ z) does not exist. 
n 


2 d 


>w 
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FIGURE 6.81 


d 
» The derivative = is the absolute growth 


rate but is usually more simply called the 
growth rate. 


» A consumer price index that increases 
at a constant rate of 4% per year 
increases exponentially. A currency 
that is devalued at a constant rate of 3% 
per month decreases exponentially. By 
contrast, linear growth is characterized by 
constant absolute growth rates, such as 
500 people per year or $400 per month. 


The uses of exponential functions are wide-ranging. In this section, you will see them 
applied to problems in finance, medicine, ecology, biology, economics, pharmacokinetics, 
anthropology, and physics. 


Exponential Growth 


Exponential growth models use functions of the form y(t) = Ce“, where C is a constant 
and the rate constant k is positive (Figure 6.81). 

If we start with the exponential growth function y(t) = Ce“ and take its derivative, 
we find that 


28 


rae (Ce) = C- ke” = k(Ce™) 


y 


d 
that is, = ky. Here is the first insight about exponential functions: Their rate of change 
d 
is proportional to their value. If y represents a population, then — is the growth rate 


with units such as people/month or cells/hr. And if y is an exponential function, then the 
more people present, the faster the population grows. 
Another way to talk about growth rates is to use the relative growth rate, which is the 


ld 
growth rate divided by the current value of that quantity—that is, P - For example, if y is 


a population, the relative growth rate is the fraction or percentage by which the population 
grows each unit of time. Examples of relative growth rates are 5% per year or a factor of 


d ld 
1.2 per month. Therefore, when the equation - = ky is written in the form J A = k, it 


has another interpretation. It says that a quantity that grows exponentially has a constant 
relative growth rate. Constant relative or percentage change is the hallmark of exponential 
growth. 


EXAMPLE 1 Linear vs. exponential growth Suppose the population of the town 
of Pine is given by P(t) = 1500 + 125t, while the population of the town of Spruce is 
given by S(t) = 1500e®!, where t = 0 is measured in years. Find the growth rates and 
the relative growth rates of the two towns. 


Spruce: S(t) = 1500e°"!" 
exponential growth 


Pine: P(t) = 1500 + 125t 
linear growth 





FIGURE 6.82 


> The unit time ! 


example, month ! is read per month. 


is read per unit time. For 


» Note that the initial value yọ appears on 
both sides of this equation. It may be 
canceled, meaning that the doubling time 
is independent of the initial condition: 
The doubling time is constant for all t. 
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SOLUTION Note that Pine grows according to a linear function, while Spruce grows 
dP 

exponentially (Figure 6.82). The growth rate of Pine is a = 125 people/year, which is 

constant for all times. The growth rate of Spruce is 


dS 
— = 0.1(1500e°'") = 0.1S(t), 


——— 


S(t) 


showing that the growth rate is proportional to the population. The relative growth rate 


1 dP 125 
of Pine is — = ——.—..., which decreases in time. The relative growth rate of 
P dt 1500 + 125¢ 


Spruce is 


1 dS _ 0.1-1500e°" 


= = 0.1, 
S dt 1500e°:!" 


which is constant for all times. In summary, the linear population function has a constant 
absolute growth rate, while the exponential population function has a constant relative 
growth rate. 


Related Exercises 9-10 





2 & 1 Population A increases at a constant rate of 4%/yr. Population B 
increases at a constant rate of 500 people/yr. Which population exhibits exponential 
growth? What kind of growth is exhibited by the other population? < 


The rate constant k in y(t) = Ce determines the growth rate of the exponential func- 
tion. We adopt the convention that k > 0; then it is clear that y(t) = Ce“ describes expo- 
nential growth and y(t) = Ce™ describes exponential decay, to be discussed shortly. For 
problems that involve time, the units of k are time !: for example, if t is measured in months, 
the units of k are month /. In this way, the exponent kt is dimensionless (without units). 

Unless there is good reason to do otherwise, it is customary to take t = O as the refer- 
ence point for time. Notice that with y(t) = Ce’, we have y(0) = C. Therefore, C has a 
simple meaning: It is the initial value of the quantity of interest, which we denote yọ. In 
the examples that follow, two pieces of information are typically given: the initial value 
and clues for determining the rate constant k. The initial value and the rate constant deter- 
mine an exponential growth function completely. 


Exponential Growth Functions 


Exponential growth is described by functions of the form y(t) = yoe“. The initial 


value of y at t = 0 is y(0) = yo and the rate constant k > 0 determines the rate 
of growth. Exponential growth is characterized by a constant relative growth rate. 





Because exponential growth is characterized by a constant relative growth rate, the 
time required for a quantity to double (a 100% increase) is constant. Therefore, one way 
to describe an exponentially growing quantity is to give its doubling time. To compute the 
time it takes for the function y(t) = yoe” to double in value, say from yo to 2yo, we find 
the value of ¢ that satisfies 


y(t) = 2yo or yoe” = 2yo. 
Canceling yo from the equation yọe™ = 2yo leaves the equation e = 2. Taking logarithms 


In 2 
of both sides, we have Ine“ = In 2, or kt = In 2, which has the solution t = rt We 
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K 2 Verify that the time 
needed for y(t) = yoe” to double 
from yọ to 2yọ is the same as the time 
needed to double from 2yo to 4yo. < 


» World population 


1804 1 billion 
1927 2 billion 
1960 3 billion 
1974 4 billion 
1987 5 billion 
1999 6 billion 
2011 7 billion 
2050 9 billion (proj.) 


» It is a common mistake to assume that if 
the annual growth rate is 1.4% per year, 
then k = 1.4% = 0.014 year |. The 
rate constant k must be calculated, as it 
is in Example 2 to give k = 0.013976. 
For larger growth rates, the difference 
between k and the growth rate is greater. 





y'(t) = 0.084290" 


Growth rate 
(billions of people/year) 






20 40 
Years (after 1999) 


FIGURE 6.83 


» Converted to a daily rate (dividing by 
365), the world population in 2010 
increased at a rate of roughly 268,000 
people per day. 


In 2 
denote this doubling time T so that 7, = ES If y increases exponentially, the time it takes 


to double from 100 to 200 is the same as the time it takes to double from 1000 to 2000. 


DEFINITION Doubling Time 
The quantity described by the function y(t) = yoe“, for k > 0, has a constant 


In 2 
doubling time of 7, = T> with the same units as t. 





EXAMPLE 2 World population Human population growth rates vary geographi- 
cally and fluctuate over time. The overall growth rate for world population peaked at an 
annual rate of 2.1% per year in the 1960s. Assume a world population of 6.0 billion in 
1999 (t = 0) and 6.9 billion in 2009 (t = 10). 

a. Find an exponential growth function for the world population that fits the two data points. 
b. Find the doubling time for the world population using the model in part (a). 

c. Find the (absolute) growth rate y'(t) and graph it, for 0 < t < 50. 

d. How fast was the population growing in 2010 (t = 11)? 


SOLUTION 


a. Let y(t) be world population measured in billions of people t years after 1999. We use 
the growth function y(t) = yoe“’, where yo and k must be determined. The initial value 
is yọ = 6 (billion). To determine the rate constant k, we use the fact that y(10) = 6.9. 
Substituting t = 10 into the growth function with yọ = 6 implies 


y(10) = 6e'* = 6.9. 
In (6.9/6) 


Solving for k yields the rate constant k = FT). =~ 0.013976 = 0.014 year’. 


Therefore, the growth function is 
y(t) — 6e? 014 
b. The doubling time of the population is 


ln 2 In 2 50 
Si ears. 
2 k 0.014 ý 
c. Working with the growth function y(t) = 6e°°'*, we find that 
y (D) = 6(0.014)e""™" = 0.08400 


which has units of billions of people/year. As shown in Figure 6.83 the growth rate 
itself increases exponentially. 


d. In 2010 (t = 11), the growth rate was 
y'(11) = 0.084e0 VC) ~ 0.098 billion people/year, 


or roughly 98 million people/year. 
Related Exercises 11-20 






QUICK CHECK 3 Assume y(t) = 100e°°'. By what percentage does y increase when t 


increases by 1 unit? < 


A Financial Model Exponential functions are used in many financial applications, sev- 
eral of which are explored in the exercises. For now, consider a simple savings account in 
which an initial deposit earns interest that is reinvested in the account. Interest payments 


» If the balance increases by 6.18% in one 
year, it increases by a factor of 1.0618 in 
one year. 
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are made on a regular basis (for example, annually, monthly, daily) or interest may be com- 
pounded continuously. In all cases, the balance in the account increases exponentially at a 
rate that can be determined from the advertised annual percentage yield (or APY) of the 
account. Assuming that no additional deposits are made, the balance in the account is given 
by the exponential growth function y(t) = yoe“’, where yo is the initial deposit, t is mea- 
sured in years, and k is determined by the annual percentage yield. 


EXAMPLE 3 Compounding The APY of a savings account is the percentage increase 
in the balance over the course of a year. Suppose you deposit $500 in a savings account 
that has an APY of 6.18% per year. Assume that the interest rate remains constant and that 
no additional deposits or withdrawals are made. How long will it take for the balance to 
reach $2500? 


SOLUTION Because the balance grows by a fixed percentage every year, it grows expo- 
nentially. Letting y(t) be the balance tf years after the initial deposit of yọ = $500, we 
have y(t) = yoe“, where the rate constant k must be determined. Note that if the initial 
balance is yo, one year later the balance is 6.18% more, or 


y(1) = 1.0618 yọ = yoe*. 
Solving for k, we find that the rate constant is 
k = ln 1.0618 = 0.060 yr |. 


Therefore, the balance at any time t = 0 is y(t) = 500e°”. To determine the time re- 
quired for the balance to reach $2500, we solve the equation 


y(t) = 500e°°" = 2500. 
Dividing by 500 and taking the natural logarithm of both sides yields 
0.060¢ = In5. 


The balance reaches $2500 in t = (In 5)/0.060 = 26.8 yr. 
Related Exercises 11-20 


Resource Consumption Among the many resources that people use, energy is cer- 
tainly one of the most important. The basic unit of energy is the joule (J), roughly the 
energy needed to lift a 0.1-kg object (say an orange) 1 m. The rate at which energy is con- 
sumed is called power. The basic unit of power is the watt (W), where 1 W = 1 J/s. If 
you turn on a 100-W lightbulb for 1 min, the bulb consumes energy at a rate of 100 J/s, and 
it uses a total of 100 J/s +60 s = 6000 J of energy. 

A more useful measure of energy for large quantities is the kilowatt-hour (kWh). 
A kilowatt is 1000 W or 1000 J/s. So if you consume energy at the rate of 1 kW for 1 hr 
(3600 s), you use a total of 1000 J/s +3600 s = 3.6 X 10° J, which is 1 kWh. A person 
running for one hour consumes roughly | kWh of energy. A typical house uses on the or- 
der of 1000 kWh of energy in a month. 

Assume that the total energy used (by a person, machine, or city) is given by the 
function E(t). Because the power P(t) is the rate at which energy is used, we have 
P(t) = E'(t). Using the ideas of Section 6.1, the total amount of energy used between the 
times t = aandt = bis 


b b 
total energy used = J E'(t) dt = / P(t) dt. 


We see that energy is the area under the power curve. With this background, we can inves- 
tigate a situation in which the rate of energy consumption increases exponentially. 
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> In one year, the power function increases 
by 2% or by a factor of 1.02. 








P(t) = 7000¢°°198" 






= 8000 

> Power = rate of energy 
5 consumption 

3 

Z 4000 





30 


Years (after 2006) 


FIGURE 6.84 
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Energy (MW-yr) 


Energy consumed 
t years after 2006 
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Years (after 2006) 


FIGURE 6.85 


EXAMPLE 4 Energy consumption At the beginning of 2006, the rate of energy 
consumption for the city of Denver was 7000 megawatts (MW), where 1 MW = 10° W. 
That rate was expected to increase at an annual growth rate of 2% per year. 


a. Find the function that gives the power or rate of energy consumption for all times after 
the beginning of 2006. 

b. Find the total amount of energy used during the year 2010. 

c. Find the function that gives the total (cumulative) amount of energy used by the city 
between 2006 and any time t = 0. 

SOLUTION 


a. Let t = 0 be the number of years after the beginning of 2006, and let P(t) be the 
power function that gives the rate of energy consumption at time t. Because P 
increases at a constant rate of 2% per year, it increases exponentially. Therefore, 
P(t) = Poe“, where Py = 7000 MW. We determine k as before by setting t = 1; 
after one year the power is 


P(1) = Poe* = 1.02Pp. 


Canceling Py and solving for k, we find that k = In (1.02) ~ 0.0198. Therefore, 


the power function (Figure 6.84) is 
P(t) = 7000e°"'*", fort = 0. 


b. The entire year 2010 corresponds to the interval 4 = t < 5. Substituting P(t) = 
7000e°°'?*", the total energy used in 2010 was 


[re dt 


5 
/ 7000e°°!?*' dt Substitute for P(t). 
A 


7000 e9-0198r i 
0.0198 
~ 7652. 


Fundamental Theorem 





4 
Evaluate. 


Because the units of P are MW and f is measured in years, the units of energy are 
MW-yr. To convert to MWh, we multiply by 8760 hr /yr to get the total energy 
of about 6.7 X 10’ MWh (or 6.7 X 10'° kWh). 


c. The total energy used between t = 0 and any future time ¢ is given by the future value 
formula (Section 6.1): 


E(t) = E(O) + [ew ds = E(O) + fro ds. 


Assuming tf = 0 corresponds to the beginning of 2006, we take E(0) = 0. Substitut- 
ing again for the power function P, the total energy (in MW-yr) at time ¢ is 
t 


E(t) = E(0) + J P(s) ds 


0 


t 
0 + / 7000e°-"!85 ds Substitute for P(s) and E(0). 
0 


t 


7000 e9-9198s 
0.0198 0 
= 353,535(e°°18 — 1), 


Fundamental Theorem 





Evaluate. 


As shown in Figure 6.85, when the rate of energy consumption increases exponentially, 
the total amount of energy consumed also increases exponentially. 
Related Exercises 11-20 





QUICK CHECK 4 If a quantity decreases 
by a aor of 8 every 30 years, what is 
its half-life? < 
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Exponential Decay 


Everything you have learned about exponential growth carries over directly to exponen- 
tial decay. A function that decreases exponentially has the form y(t) = yoe “’, where 
yo = y(O) is the initial value and k > 0 is the rate constant. 

Exponential decay is characterized by a constant relative decay rate and by a constant 
half-life. For example, radioactive plutonium has a half-life of 24,000 years. An initial 
sample of 1 mg decays to 0.5 mg after 24,000 years and to 0.25 mg after 48,000 years. 
To compute the half-life, we determine the time required for the quantity y(t) = yoe “ to 
reach one half of its current value; that is, we solve yoe “ = yo /2 for t. Canceling yp and 
taking logarithms of both sides, we find that 
In 2 


—kt l l _ _ 
e*t =>- = -kt=Inj-—-|]}=-In2 => t= 
2 2 


The half-life is given by the same formula as the doubling time. 


Exponential Decay Functions 


Exponential decay is described by functions of the form y(t) = yoe “’. The initial 
value of y is y(0) = yo, and the rate constant k > 0 determines the rate of decay. 
Exponential decay is characterized by a constant relative decay rate. The constant 


In 2 
half-life is 712 = T> with the same units as t. 





Radiometric Dating A powerful method for estimating the age of ancient objects (for 
example, fossils, bones, meteorites, and cave paintings) relies on the radioactive decay of 
certain elements. A common version of radiometric dating uses the carbon isotope C-14, 
which is present in all living matter. When a living organism dies, it ceases to replace C-14, 
and the C-14 that is present decays with a half-life of about T12 = 5730 years. Comparing 
the C-14 in a living organism to the amount in a dead sample provides an estimate of its age. 


EXAMPLE 5 Radiometric dating Researchers determine that a fossilized bone has 
30% of the C-14 of a live bone. Estimate the age of the bone. Assume a half-life for C-14 
of 5730 years. 


SOLUTION The exponential decay function y(t) = yoe “ represents the amount of C-14 
in the bone ¢ years after its owner died. By the half-life formula, T, = (In 2)/k. Substi- 
tuting T12 = 5730 yr, the rate constant is 
o m2_ n2 
T, 2 5730 yr 





~ 0.000121 yr! 


Assume that the amount of C-14 in a living bone is yo. Over t years, the amount of C-14 
in the fossilized bone decays to 30% of its initial value, or 0.3yọ. Using the decay function, 
we have 


0.36 = ye 
Solving for t, the age of the bone (in years) is 
—0.000121 l 


Related Exercises 21—26< 


Pharmacokinetics Pharmacokinetics describes the processes by which drugs are as- 
similated by the body. The elimination of most drugs from the body may be modeled by 
an exponential decay function with a known half-life (alcohol is a notable exception). The 
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> Half-lives of common drugs 


Penicillin 1 hr 
Amoxicillin 1 hr 
Nicotine 2 hr 
Morphine 3 hr 
Tetracycline 9 hr 
Digitalis 33 hr 


Phenobarbitol 2-6 days 


Second 100-mg dose 
gives new initial value. 


ho 159.5) 








Amount of drug (mg) 
= 





Nn 
© 





Time (hr) 
FIGURE 6.86 


simplest models assume that an entire drug dose is immediately absorbed into the blood. 
This assumption is a bit of an idealization; more refined mathematical models can account 
for the absorption process. 


t 


EXAMPLE 6 Pharmacokinetics An exponential decay function y(t) = ye * 

models the amount of drug in the blood tf hr after an initial dose of yọ = 100 mg is 

administered. Assume the half-life of the drug is 16 hours. 

a. Find the exponential decay function that governs the amount of drug in the blood. 

b. How much time is required for the drug to reach 1% of the initial dose (1 mg)? 

c. If a second 100-mg dose is given 12 hr after the first dose, how much time is required 
for the drug level to reach 1 mg? 

SOLUTION 

a. Knowing that the half-life is 16 hr, the rate constant is 


_ m2 _ n2 


= = = 0.0433 hr |. 
Tin 16 hr 





Therefore, the decay function is y(t) = 100700433, 
b. The time required for the drug to reach 1 mg is the solution of 


100e 2:0433# = ]. 
Solving for t, we have 


In 0.01 


= ———_ = 106hr. 
—0.0433 hr! 


It takes more than 4 days for the drug to be reduced to 1% of the initial dose. 


c. Using the exponential decay function of part (a), the amount of drug in the blood after 
12 hr is 


y(12) = 100e 2043:12 = 59.5 mg. 


The second 100-mg dose given after 12 hr increases the amount of drug (assuming 
instantaneous absorption) to 159.5 mg. This amount becomes the new initial value for 
another exponential decay process (Figure 6.86). Measuring t from the time of the sec- 
ond dose, the amount of drug in the blood is 


oo = 55e T 
The amount of drug reaches 1 mg when 
Ioe D 1, 
which implies that 


—In 159.5 


t = ———__ = 117.1. 
—0.0433 hr 


Approximately 117 hr after the second dose (or 129 hr after the first dose), the drug 


reaches Img. 
Related Exercises 27-30 


SECTION 6.9 EXERCISES 


Review Questions 
1. In terms of relative growth rate, what is the defining property of 
exponential growth? 


2. Give two pieces of information that may be used to formulate an 
exponential growth or decay function. 


3. Explain the meaning of doubling time. 

4. Explain the meaning of half-life. 

5. How are the rate constant and the doubling time related? 

6. How are the rate constant and the half-life related? 

7. Give two examples of processes that are modeled by exponential 
growth. 

8. Give two examples of processes that are modeled by exponential 
decay. 

Basic Skills 


9-10. Absolute and relative growth rates Two functions f and g are 
given. Show that the growth rate of the linear function is constant and 
the relative growth rate of the exponential function is constant. 


9. f(t) = 100 + 10.5t, g(t) = 100e"/" 
10. f(t) = 2200 + 400f, g(t) = 400 « 22/20 


11-16. Designing exponential growth functions Devise the exponential 
growth function that fits the given data; then answer the accompanying 
questions. Be sure to identify the reference point (t = 0) and units 

of time. 


11. Population The population of a town with a 2010 population of 
90,000 grows at a rate of 2.4%/yr. In what year will the popula- 
tion double its initial value (to 180,000)? 


12. Population The population of Clark County, Nevada, was 
1.9 million in 2008. Assuming an annual growth rate of 4.5%/yr, 
what will the county population be in 2020? 


13. Population The current population of a town is 50,000 and is 
growing exponentially. If the population is projected to be 55,000 
in 10 years, then what will be the population 20 years from now? 


14. Savings account How long will it take an initial deposit of $1500 
to increase in value to $2500 in a saving account with an APY of 
3.1%? Assume the interest rate remains constant and no additional 
deposits or withdrawals are made. 


15. Rising costs Between 2005 and 2010, the average rate of inflation 
was about 3% /yr (as measured by the Consumer Price Index). 
If a cart of groceries cost $100 in 2005, what will it cost in 2015 
assuming the rate of inflation remains constant? 


16. Cell growth The number of cells in a tumor doubles every 
6 weeks starting with 8 cells. After how many weeks does the 
tumor have 1500 cells? 


17. Projection sensitivity According to the 2010 census, the U.S. popu- 
lation was 309 million with an estimated growth rate of 0.8%/yr. 


a. Based on these figures, find the doubling time and project the 
population in 2050. 
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b. Suppose the actual growth rates are just 0.2 percentage points 
lower and higher than 0.8%/yr (0.6% and 1.0%). What are the 
resulting doubling times and projected 2050 populations? 

c. Comment on the sensitivity of these projections to the growth rate. 


18. Energy consumption On the first day of the year (t = 0), a city uses 
electricity at a rate of 2000 MW. That rate is projected to increase at a 
rate of 1.3% per year. 


a. Based on these figures, find an exponential growth function for 
the power (rate of electricity use) for the city. 

b. Find the total energy Gn MW-yr) used by the city over four 
full years beginning at t = 0. 

c. Find a function that gives the total energy used (in MW-yr) 
between t = 0 and any future time t > 0. 


19. Population of Texas The state of Texas had the largest increase 
in population of any state in the U.S. from 2000 to 2010. During 
that decade, Texas grew from 20.9 million in 2000 to 25.1 million 
in 2010. Use an exponential growth model to predict the popula- 
tion of Texas in 2025. 


20. Oil consumption Starting in 2010 (tf = 0), the rate at which oil is 
consumed by a small country increases at a rate of 1.5%/yr, start- 
ing with an initial rate of 1.2 million barrels/yr. 


a. How much oil is consumed over the course of the year 2010 
(between t = Oandt = 1)? 

b. Find the function that gives the amount of oil consumed 
between t = 0 and any future time t. 

c. How many years after 2010 will the amount of oil consumed 
since 2010 reach 10 million barrels? 


21-30. Designing exponential decay functions Devise an exponential 
decay function that fits the following data; then answer the accompany- 
ing questions. Be sure to identify the reference point (t = 0) and units 

of time. 


21. Crime rate The homicide rate decreases at a rate of 3%/yr ina 
city that had 800 homicides/yr in 2010. At this rate, when will the 
homicide rate reach 600 homicides /yr? 


22. Drug metabolism A drug is eliminated from the body at a rate 
of 15% /hr. After how many hours does the amount of drug reach 
10% of the initial dose? 


23. Atmospheric pressure The pressure of Earth’s atmosphere at sea 
level is approximately 1000 millibars and decreases exponentially 
with elevation. At an elevation of 30,000 ft (approximately the 
altitude of Mt. Everest), the pressure is one-third of the sea-level 
pressure. At what elevation is the pressure half of the sea-level 
pressure? At what elevation is it 1% of the sea-level pressure? 


24. China’s population China’s one-child policy was implemented with 
a goal of reducing China’s population to 700 million by 2050 (from 
1.2 billion in 2000). Suppose China’s population declines at a rate of 
0.5% /yr. Will this rate of decline be sufficient to meet the goal? 


25. Population of Michigan The population of Michigan decreased 
from 9.94 million in 2000 to 9.88 million in 2010. Use an expo- 
nential model to predect the population in 2020. Explain why an 
exponential (decay) model might not be an appropriate long-term 
model of the population of Michigan. 
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26. 


27. 


28. 


29. 


30. 
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Depreciation of equipment A large die-casting machine used to J3: 
make automobile engine blocks is purchased for $2.5 million. For 
tax purposes, the value of the machine can be depreciated by 6.8% 34 


of its current value each year. 


a. What is the value of the machine after 10 years? 
b. After how many years is the value of the machine 10% of its 
original value? 


Valium metabolism The drug Valium is eliminated from the 
bloodstream with a half-life of 36 hr. Suppose that a patient 
receives an initial dose of 20 mg of Valium at midnight. 


a. How much Valium is in the patient’s blood at noon the next day? 5J 35, 


b. When will the Valium concentration reach 10% of its initial 
level? 


Carbon dating The half-life of C-14 1s about 5730 yr. 


a. Archaeologists find a piece of cloth painted with organic dyes. 
Analysis of the dye in the cloth shows that only 77% of the C-14 
originally in the dye remains. When was the cloth painted? 

b. A well-preserved piece of wood found at an archaeological site 
has 6.2% of the C-14 that it had when it was alive. Estimate 
when the wood was cut. 


Uranium dating Uranium-238 (U-238) has a half-life of 4.5 bil- 
lion years. Geologists find a rock containing a mixture of U-238 
and lead, and determine that 85% of the original U-238 remains; 
the other 15% has decayed into lead. How old is the rock? 


Radioiodine treatment Roughly 12,000 Americans are diag- 
nosed with thyroid cancer every year, which accounts for 1% of 
all cancer cases. It occurs in women three times as frequently as 
in men. Fortunately, thyroid cancer can be treated successfully in 
many cases with radioactive iodine, or I-131. This unstable form 
of iodine has a half-life of 8 days and is given in small doses mea- 
sured in millicuries. 


a. Suppose a patient is given an initial dose of 100 millicuries. 
Find the function that gives the amount of I-131 in the body 
after t = 0 days. 

b. How long does it take for the amount of I-131 to reach 10% of 
the initial dose? 

c. Finding the initial dose to give a particular patient is a critical 
calculation. How does the time to reach 10% of the initial dose 
change if the initial dose is increased by 5%? 


Further Explorations 


31. 


32. 


Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. A quantity that increases at 6% /yr obeys the growth function 
y(t) = io 

b. If a quantity increases by 10% /yr, it increases by 30% over 
3 years. 

c. A quantity decreases by one-third every month. Therefore, it 
decreases exponentially. 

d. If the rate constant of an exponential growth function is in- 
creased, its doubling time is decreased. 

e. Ifa quantity increases exponentially, the time required to in- 
crease by a factor of 10 remains constant for all time. 


Tripling time A quantity increases according to the exponential 
function y(t) = yoe“. What is the tripling time for the quantity? 
What is the time required for the quantity to increase p-fold? 


38. 


39. 


40. 


Constant doubling time Prove that the doubling time for an 
exponentially increasing quantity is constant for all time. 


Overtaking City A has a current population of 500,000 people 
and grows at a rate of 3% /yr. City B has a current population of 
300,000 and grows at a rate of 5% /yr. 


a. When will the cities have the same population? 

b. Suppose City C has a current population of yọ < 500,000 and 
a growth rate of p > 3%/yr. What is the relationship between 
yo and p such that the Cities A and C have the same population 
in 10 years? 


A slowing race Starting at the same time and place, Abe and 

Bob race, running at velocities u(t) = 4/(t + 1) mi/hr and 

v(t) = Ae /? mi /hr, respectively, for t = 0. 

a. Who is ahead after t = 5 hr? After t = 10 hr? 

b. Find and graph the position functions of both runners. Which run- 
ner can run only a finite distance in an unlimited amount of time? 


Applications 
36. 


Law of 70 Bankers use the law of 70, which says that if an account 
increases at a fixed rate of p% /yr, its doubling time is approximately 
70/p. Explain why and when this statement is true. 


Compounded inflation The U.S. government reports the rate 
of inflation (as measured by the Consumer Price Index) both 
monthly and annually. Suppose that, for a particular month, the 
monthly rate of inflation is reported as 0.8%. Assuming that this 
rate remains constant, what is the corresponding annual rate of 
inflation? Is the annual rate 12 times the monthly rate? Explain. 


Acceleration, velocity, position Suppose the acceleration of an 

object moving along a line is given by a(t) = —kv(t), where 

k is a positive constant and v is the object’s velocity. Assume 

that the initial velocity and position are given by v(0) = 10 and 

s(0) = 0, respectively. 

a. Use a(t) = 
tion of time. 

b. Use v(t) = s'(t) to find the position of the object as a func- 
tion of time. 

c. Use the fact that dv/dt = (dv/ds)(ds/dt) (by the Chain Rule) 
to find the velocity as a function of position. 


v'(t) to find the velocity of the object as a func- 


Free fall (adapted from Putnam Exam, 1939) An object moves 
freely in a straight line except for air resistance, which is propor- 
tional to its speed; this means its acceleration is a(t) = —kv(t). 
The speed of the object decreases from 1000 ft/s to 900 ft/s 
over a distance of 1200 ft. Approximate the time required for this 
deceleration to occur. (Exercise 38 may be useful.) 


A running model A model for the startup of a runner in a short 
race results in the velocity function v(t) = a(1 — e~/°), where 
a and c are positive constants and v has units of m/s. (Source: 
A Theory of Competitive Running, Joe Keller, Physics Today 
26 (September 1973)) 


a. Graph the velocity function fora = 12 and c = 2. What is the 
runner’s maximum velocity? 

b. Using the velocity in part (a) and assuming s(0) = 0, find the 
position function s(t), for t = 0. 

c. Graph the position function and estimate the time required to 
run 100 m. 


41. Tumor growth Suppose the cells of a tumor are idealized as 
spheres each with a radius of 5 um (micrometers). The number 
of cells has a doubling time of 35 days. Approximately how long 
will it take a single cell to grow into a multi-celled spherical tu- 
mor with a volume of 0.5 cm? (1 cm = 10,000 wm)? Assume 
that the tumor spheres are tightly packed. 


42. Carbon emissions from China and the United States The 
burning of fossil fuels releases greenhouse gases into the atmo- 
sphere. In 1995, the United States emitted about 1.4 billion tons 
of carbon into the atmosphere, nearly one-fourth of the world 
total. China was the second largest contributor, emitting about 
850 million tons of carbon. However, emissions from China were 
rising at a rate of about 4% /yr, while U.S. emissions were rising 
at about 1.3% /yr. Using these growth rates, project greenhouse 
gas emissions from the United States and China in 2020. Graph 
the projected emissions for both countries. Comment on your 
observations. 


43. A revenue model The owner of a clothing store understands 
that the demand for shirts decreases with the price. In fact, she 
has developed a model that predicts that at a price of $x 

per shirt, she can sell D(x) = 40e~*/~° shirts in a day. It fol- 
lows that the revenue (total money taken in) in a day is 

R(x) = xD(x) ($x/shirt + D(x) shirts). What price should the 
owner charge to maximize revenue? 
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Additional Exercises 
44. Geometric means A quantity grows exponentially according to 
y(t) = ye”. What is the relationship between m, n, and p such 


that y(p) = Vy(m)y(n)? 


Equivalent growth functions The same exponential growth func- 
tion can be written in the forms y(t) = ye“, y(t) = yo(1 + ry, 
and y(t) = yo2/”. Write k as a function r, r as a function of T>, 
and 7> as a function of k. 


45. 


. General relative growth rates Define the relative growth rate of 
the function f over the time interval T to be the relative change in 
f over an interval of length T: 


f(t +T) — fit) 
f(t) | 
Show that for the exponential function y(t) = ye”, the relative 


growth rate Ry is constant for any T; that is, choose any T and 
show that Ry is constant for all t. 


r= 





1. Population A grows exponentially; population B grows 
linearly. 3. The function 100e™ increases by a factor of 
1.0513, or by 5.13%, in 1 unit of time. 4. 10 years. <«< 


6.10 Hyperbolic Functions 


In this section, we introduce a new family of functions called the hyperbolic functions, 
which are closely related to the trigonometric functions. Hyperbolic functions find wide- 
spread use in applied problems in fluid dynamics, projectile motion, architecture, and 
electrical engineering, to name just a few areas. Hyperbolic functions are also important in 
the development of many theoretical results in mathematics. 


Relationship Between Trigonometric and Hyperbolic Functions 


The trigonometric functions defined in Chapter 1 are based upon relationships involving 
a circle—for this reason, trigonometric functions are also known as circular functions. 
Specifically, cos t and sin ź are equal to the x- and y-coordinates, respectively, of the point 
P(x, y) on the unit circle that corresponds to an angle of t radians (Figure 6.87). One can 
also regard ż as the length of the arc from (1, 0) to the point P(x, y). 







FIGURE 6.87 


Pisy) = 
(cos ¢, sin f) 
Arc 


length =f | Three ways to interpret t: 


t = angle in radians 
t = arc length 
t = 2 - (area of sector) 
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» Recall that the area of a circular sector of 
radius r and angle 0 is A = 5r70. With 
r= land @ = t, we have A = 4t, which 
implies t = 2A. 






t = twice the area 
of hyperbolic sector 


PX, y) = 
(cosh ź, sinh £) 


FIGURE 6.88 


» There is no universally accepted 
pronunciation of the names of the 
hyperbolic functions. In the United States, 
cohsh x (long oh sound) and sinch x are 
common choices for cosh x and sinh x. 
The pronunciations tanch x, cotanch x, 
seech x or sech x, and coseech x or 
cosech x are used for the other functions. 
International pronunciations vary as well. 


» The fundamental identity for hyperbolic 
functions can also be understood in 
terms of the geometric definition of 
the hyperbolic functions given at the 
opening of this section. Because the point 
P(cosh ¢, sinh rt) is on the hyperbola 
x? — y? = 1, P satisfies the equation of 
the hyperbola, which leads immediately to 


cosh?t — sinh?t = 1. 
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There is yet another way to interpret the number f, and it is this third interpretation 
that links the trigonometric and hyperbolic functions. Observe that t is twice the area of 
the circular sector in Figure 6.87. The functions cos ¢ and sin ż are still defined as the 
x- and y-coordinates of the point P, but now we associate P with a sector whose area is 
one-half of t. 

The hyperbolic cosine and hyperbolic sine are defined in an analogous fashion us- 
ing the hyperbola x* — y* = 1 instead of the circle x7 + y* = 1. Consider the region 
bounded by the x-axis, the right branch of the unit hyperbola x? — y? = 1, and a line 
segment from the origin to a point P(x, y) on the hyperbola (Figure 6.88); let t equal twice 
the area of this region. 

The hyperbolic cosine of t, denoted cosh f¢, is the x-coordinate of P and the hyperbolic 
sine of t, denoted sinh f, is the y-coordinate of P. Expressing x and y in terms of t leads to 
the standard definitions of the hyperbolic functions. We accomplish this task by writing f, 
which is an area, as an integral that depends on the coordinates of P. In Exercise 112, we 
ask you to carry out the calculations to show that 

t + —t t —t 
x = cosht = and y = sinht = 

Everything that follows in this section is based on these definitions of the hyperbolic 

functions. 


Definitions, Identities, and Graphs of the Hyperbolic Functions 


Once the hyperbolic cosine and hyperbolic sine are defined, the four remaining hyperbolic 
functions follow in a manner analogous to the trigonometric functions. 


DEFINITION Hyperbolic Functions 


Hyperbolic cosine Hyperbolic sine 


e~+e* 
2 


cosh x = sinh x = 


Hyperbolic tangent Hyperbolic cotangent 


*~—e@”* cosh x 


cothx = 


sinh x e 
e~ +e” 


e+e” 


x _ e™ 


tanh x = 
sinh x e 


cosh x 


Hyperbolic secant Hyperbolic cosecant 


l 2 


— cschx = = 
e+e” 


sech x = - 
sinh x 


cosh x 





The hyperbolic functions satisfy many important identities. Let’s begin with the fun- 
damental identity for hyperbolic functions, which is analogous to the familiar trigonomet- 
ric identity cos* x + sin? x = 1: 

cosh?x — sinh? x = 1. 


This identity is verified by appealing to the definitions: 


(2 + 2) E (2 — 
2 2 


= 
em~+2+e¢% — C — 2 + Ta 
4 


cosh? x — sinh? x Definition of cosh x and sinh x 


Expand and combine fractions. 


Simplify. 
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EXAMPLE 1 Deriving hyperbolic identities 


a. Use the fundamental identity cosh? x — sinh? x = 1 to prove that 1 — tanh*x = sech? x. 


b. Derive the identity sinh 2x = 2 sinh x cosh x. 
SOLUTION 


a. Dividing both sides of the fundamental identity cosh? x — sinh? x = 1 by cosh’ x leads 
to the desired result: 


cosh?.x — sinh*x = 1 Fundamental identity 


cosh*x  sinh*x 1 7 l 2 
; z = Tg. Divide both sides by cosh‘ x. 
cosh‘ x cosh‘ x cosh‘ x 


—— a _ 


tanh? x sech? x 








1 — tanh?x = sech*x. Identify functions. 


b. Using the definition of the hyperbolic sine, we have 
2% —2x 


l e —e EN. , 
sinh(2x) = Ta Definition of sinh 
(e =e "He te] 
= a Factor; difference of perfect squares. 
= 2 sinh x cosh x. Identify functions. 


Related Exercises 11-18 


The identities in Example 1 are just two of many useful hyperbolic identities, some of 
which we list next. 


Hyperbolic Identities 
cosh* x — sinh*x = 1 cosh(—x) = cosh x 


1 — tanh? x = sech? x sinh(—x) = —sinh x 


coth?x — 1 = csch’ x tanh(—x) = —tanh x 


cosh(x + y) = cosh x cosh y + sinh x sinh y 
sinh(x + y) = sinh x cosh y + cosh x sinh y 













cosh 2x = cosh? x + sinh? x sinh 2x = 2 sinh x cosh x 
5 cosh 2x + 1 —. cosh 2x — 1 
cosh* x = —————_ sinh* x = ———_—— 
cosh x is an y = cosh x 2 2 
even function domain (— œ, ©) 
range (1, ©) 
aa mE Graphs of the hyperbolic functions are relatively easy to produce because 
/ range (—%, 0) they are based on the familiar graphs of e* and e *. Recall that lim e * = 
/ x70 
va - and that lim e* = 0. With these facts in mind, we see that the graph of 
sinh x is an x—>— 0 
odd function cosh x (Figure 6.89) approaches the graph of y = 0.5e* as x— © because 
Cre g o. 
cosh x = -> ~ > for large values of x. A similar argument shows 


“4 er that as x— — œ, cosh x approaches y = 0.5e *. Note also that cosh x is an 
even function: 


_— 
i a 


—_ 
a 


pr? (=) x 4 e™ 
cosh(—x) = — 7 — — = cosh x. 





FIGURE 6.89 
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QUICK CHECK 1 Use the definition of ; etg” ; ; ; , 
DNN , Finally, cosh 0 = ———— = 1, so its y-intercept is (0, 1). The behavior of sinh x, an odd 
the hyperbolic sine to show that sinh x 2 
is an odd function. < function also shown in Figure 6.89, can be explained in much the same way. 

The graphs of the other four hyperbolic functions are shown in Figure 6.90. As a con- 
sequence of their definitions, we see that the domain of cosh x, sinh x, tanh x, and sech x is 
(— oo, œ), while the domain of coth x and csch x is the set of all real numbers excluding 0. 













y _ y 
y = coth x i 
domain x Æ 0 a 
_ 2 domain x + 0 
range |y| > 1 y = sech x 0 
domain (=; 0) range y 7 


range (0, 1] 





y = tanhx 
domain (— œ, ©) 
range (—1, 1) 


FIGURE 6.90 





QUICK CHECK 2 Explain why the graph of tanh x has horizontal asymptotes of y = 1 and 
y=—-l1< 


Derivatives and Integrals of Hyperbolic Functions 


Because the hyperbolic functions are defined in terms of e” and e *, computing their 


derivatives is straightforward. The derivatives of the hyperbolic functions are given in 
Theorem 6.8—reversing these formulas produces corresponding integral formulas. 


» The identities, derivative f las, and i i 
pis ia: E E aaa ae tac THEOREM 6.8 Derivative and Integral Formulas 


integral formulas for the hyperbolic 
functions are similar to the corresponding 
formulas for the trigonometric functions, 


d . l 
cosb x) =sinhx = fsinhxdx = coshx + C 
X 

which makes them easy to remember. 


H b f btl d, 
owever, be aware of some subtle E Sni x) Scone = | cosh xdx = sinhx + C 
X 


differences in the signs associated with 
these formulas. For instance, 


d 
z tanh x) =sech*x = J sech? x dx = tanh x + C 


d/dx(cos x) = —sin x, y 


whereas 


d 
—(cothx) = —csch*x = fesch? x dx = —cothx + C 
d/dx(cosh x) = sinb x. dx 


d 
sech x) = —sech x tanhx = f sech x tanh x dx = —sech x + C 
5 


d 
esch x) = —csch x cothx = fesch x coth x dx = —cschx + C 
x 
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Proof: Using the definitions of cosh x and sinh x, we have 


d T oe e*— e” ah d 
— =) SS in n 
Tx cosh x a 5 5 sinh x, a 
d d e a! © xX 4 e™ 

— (sinh x) = a2) ~~ a cosh x. 

dx dx 2 2 


To prove formula (3), we begin with tanh x = sinh x/cosh x and then apply the Quotient 
Rule: 


d hx) z(a) Definition of tanh 
— tann x) = to! CO”! €liniuion OF tann x 
dx dx \ cosh x 
cosh x(cosh x) — sinh x(sinh x) 
= 7 Quotient Rule 
cosh* x 
l 2 bape 
a cosh* x — sinh’ x = 1 
cosh* x 
= sech? x. sech x = 1/coshx 


The proofs of the remaining derivative formulas are assigned in Exercises 19—21. The 
integral formulas are a direct consequence of their corresponding derivative formulas. < 


EXAMPLE 2 Derivatives and integrals of hyperbolic functions Evaluate the 
following derivatives and integrals. 


2 


d d 
a. z (Sech 3x) b. o 3x) 
h? Vx In 3 
2o d. / sinh? x cosh xdx 
Vx ö 
SOLUTION 


a. Combining formula (5) of Theorem 6.8 with the Chain Rule gives 


d 
a (sech 3x) = —3 sech 3x tanh 3x. 
x 


b. Applying the Product Rule and Chain Rule to the result of part (a), we have 


d’ d 
P (sech 3x) = p (—3 sech 3x tanh 3x) 
A x 


d d 
= a sech 3x)*tanh 3x + (—3 sech 3x) * z, tanh 3x) Product Rule 
x Bs 


———_— — aM 
9 sech 3x tanh 3x 3 sech? 3x 
= 9 sech 3x tanh? 3x — 9 sech? 3x Chain Rule 
= 9 sech 3x(tanh? 3x — sech? 3x). Simplify. 


c. The integrand suggests the substitution u = Vx: 


csch? Vx 


1 
SE ax = 2 | osch? udu Letu = Vx; du = —- dx. 


2Vx 
= —2cothu + C Formula (4), Theorem 6.8 
—2 coth Vx + C. u= Vx 
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te integ 






Determine the 
ral J csch 2x dx.< 


d. The derivative formula d/dx(sinh x) = cosh x suggests the substitution u = sinh x: 
In3 4/3 
f sinh? x cosh x dx = / u°? du. Letu = sinh x; du = cosh x dx. 
0 0 


The new limits of integration are determined by the calculations 
x=0 => u=sinhO = 0, and 
e”? — e3 7 a = 1/3 _4 
2 2 3 


x=In3 = u= sinh(ln3) = 


We now evaluate the integral in the variable u: 


4/3 1 
J u du = u" 
0 4 
“| (4) i 64 
4l 43 81 


Related Exercises 19-40< 


4/3 








UICK CHECK 3 Find both the derivative and indefinite integral of f(x) = 4 cosh 2x.< 


Theorem 6.9 presents integral formulas for the four hyperbolic functions not covered 
in Theorem 6.8. 


THEOREM 6.9 Integrals of Hyperbolic Functions 
1. /tanhx dx = Incoshx + C 2. | cothx dx = In|sinhx| + C 


3. | sechx dx = tan !|sinh x| + C 4. | cschx dx = In|tanh(x/2)| + C 





Proof: Formula (1) is derived by first writing tanh x in terms of sinh x and cosh x: 


sinh x o. 
J tanh x dx = / dx Definition of tanh x 





cosh x 

1 . 
= ll Letu = cosh x: du = sinh x dx. 
= Inju| + C Evaluate integral. 


= Incoshx + C. u = coshx > 0 
Formula (2) is derived in a similar fashion (Exercise 44). The more challenging proofs 
of formulas (3) and (4) are considered in Exercises 107 and 108. < 
EXAMPLE 3 Integrals involving hyperbolic functions Determine the indefinite 
integral f x coth(x7) dx. 
SOLUTION The integrand suggests the substitution u = x”: 


2 l 2 
x coth(x^) dx = 5 coth u du. Letu = x^, du = 2x dx. 


ee 
5 In|sinh u| + C Evaluate integral; Theorem 6.9. 


1 
5 "(sinh (x7)) + C. =x aia 


Related Exercises 41-44<« 
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Inverse Hyperbolic Functions 


; N dx 
At present, we don’t have the tools for evaluating an integral such as J ==, Our 


Vx” + 4 
chief purpose in studying the inverse hyperbolic functions is to use their derivatives to 
discover new integration formulas. The inverse hyperbolic functions are also useful for 
solving equations involving hyperbolic functions. 

Figures 6.89 and 6.90 show that the functions sinh x, tanh x, coth x, and csch x are all 
one-to-one on their respective domains. This observation implies that each of these func- 
tions has a well-defined inverse. However, the function y = cosh x is not one-to-one on 
(—œ, œ), so its inverse, denoted y = cosh ! x, exists only if we restrict the domain of 
cosh x. Specifically, when y = cosh x is restricted to the interval |0, ©), it is one-to-one, 
and its inverse is defined as follows: 


y= cosh | x if and only if x = cosh y, forx = landO S y < œ. 


Figure 6.91a shows the graph of y = cosh | x, obtained by reflecting the graph of 
y = cosh x on [0, ©) over the line y = x. The definitions and graphs of the other five 
inverse hyperbolic functions are also shown in Figure 6.91. Notice that the domain of 
y = sech x (Figure 6.91d) must be restricted to 0, œ ) to ensure the existence of its 
inverse. 





= -1 = ae z 
y = cosh `x <> x = cosh y y = sinh ly e x = sinh y y = tanh lx éx = tanh y 
for x = 1 and 0 S y < œ for —œ < x < œ and —œ < y < œ for —1 <x < l and% < y < œ 


(a) 





(b) (c) 





y = sech7! x & x = sech y y = csch™! x & x = csch y y =coth t x & x = coth y 
for0 <x = l and0 = y < œ% for x ~ 0 and y # 0 for |x| > 1 and y # 0 


FIGURE 6.91 


(d) 


(e) (£) 
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» Most calculators allow for the direct 
evaluation of the hyperbolic sine, cosine, 
and tangent, along with their inverses, 
but are not programmed to evaluate 
sech | x, csch! x, and coth ! x. The 
formulas given in Theorem 6.10 are 
useful for evaluating these functions on a 
calculator. 


Because hyperbolic functions are defined in terms of exponential functions, we can 
find explicit formulas for their inverses in terms of logarithms. For example, let’s start 
with the definition of the inverse hyperbolic sine. For all real x and y, we have 

y=stnh xs & x= sinhy. 
Following the procedure outlined in Section 1.3, we solve 
Fag 
x = sinh y = —— ~~ 
á 2 


for y; the result is a formula for sinh™! x: 


E 
e e - l 
x= a => e—-—2x-e*=0 Rearrange equation. 


= (e%)? — 2xe” —1=0. Multiply by æ. 


At this stage, we recognize a quadratic equation in e” and solve for e” using the quadratic 
formula, with a = 1, b = —2x, and c = —1: 


2x + V4x7 +4 
p eae a =x +t Vr 41 =x4+ Vx? +1. 
ed 


choose positive root 


Because e” > O and Vx?” + 1 > x, the positive root must be chosen. We now solve for y 
by taking the natural logarithm of both sides: 


e =x+ Vx +1 > y=In(x + Vx? 4+ 1). 


Therefore, the formula we seek is sinh x = In(x + Vx? + 1). 

The same procedure can be carried out for the other inverse hyperbolic functions 
(Exercise 110). Theorem 6.10 lists the results of these calculations. In Chapter 7, the loga- 
rithmic forms of the inverse hyperbolic functions arise again in a different context. 


THEOREM 6.10 Inverses of the Hyperbolic Functions Expressed 
as Logarithms 


i 
cosh! x = In(x + Vx? — 1) (x= 1) sech!x = cosh’ — (0 <x 1) 


] 
sinh! x = In(x + Vx? + 1) csch | x = sinh! mac # 0) 


l LF 1 
tanh’ x = ~n 4 (|x| < 1) coth ' x = tanh '—(|x| > 1) 
a x 


2 l 





Notice that the formulas in Theorem 6.10 for the inverse hyperbolic secant, cosecant, 
and cotangent are given in terms of the inverses of their corresponding reciprocal func- 
tions. Justification for these formulas follows from the definitions of the inverse functions. 
For example, from the definition of csch ! x, we have 


y=csch'x <= x=cschy æ 1/x = sinhy. 
Applying the inverse hyperbolic sine to both sides of 1/x = sinh y yields 
sinh '(1/x) = sinh! (sinh y) or y = csch ' x = sinh '(1/x), 
SS 
y 


from which we conclude csch ' x = sinh '(1/x). Similar derivations yield the other two 
formulas. 
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EXAMPLE 4 Points of intersection Find the points at which the curves y = cosh x 
and y = - intersect (Figure 6.92). 


SOLUTION The x-coordinates of the points of intersection satisfy the equation 
cosh x = 2 which is solved by applying cosh ' to both sides of the equation. However, 
evaluating cosh! (cosh x) requires care—in Exercise 105, you are asked to show that 





cosh '(coshx) = |x|. With this fact, the points of intersection can be found: 
coshx = ; Set equations equal to one another. 
cosh! (cosh x) = cosh! - Apply cosh | to both sides. 
i X 
acure 6.92 | |x| = In(3 + V (3)? — 1) Simplify; Theorem 6.10. 
x = t1n3. Simplify. 


The points of intersection lie on the line y = 2 so the y-coordinate of both points is 2 
and the points are (—In 3, > | and (In J >). Related Exercises 45-46< 


r CL Er Va I = 
IIL UA 


bm A N . D 





QUICK 


Use the results of Example 4 to write an integral for the area of the region 
bounded by y = cosh x and y = ; (Figure 6.92), and then evaluate the integral. < 


Derivatives of the Inverse Hyperbolic Functions 
and Related Integral Formulas 


The derivatives of the inverse hyperbolic functions can be computed directly from the 
logarithmic formulas given in Theorem 6.10. However, it is more efficient to return to the 
definitions presented in Figure 6.91 and use implicit differentiation. 

Recall that the inverse hyperbolic sine is defined by 


y=sinh'x < x= sinhy. 


The derivative of y = sinh | x is found by differentiating both sides of x = sinh y with 
respect to x and solving for dy/dx: 





x = sinhy y= sinh!x & x= sinhy 
dy N np 
1 = (cosh y) i Use implicit differentiation. 
x 
A . Solve for dy/d 
— = olve for x 
dx cosh y r 
d 1 
e a cosh? y — sinh? y = 1 
dx + V sinh? y + 1 
d 1 
2 = x = sinh y 


dx Vx? + L 


In the last step, the positive root is chosen because cosh y > 0 for all y. 
Theorem 6.11 lists the derivatives of all the inverse hyperbolic functions—the deriva- 
tions are similar to the preceding discussion (Exercise 106). 


THEOREM 6.11 Derivatives of the Inverse Hyperbolic Functions 








d 
— (cosh! x) = 


rs (x > 1) 


1 
Vx- 1 


d (tanh! x) = (|x| < 1) 


dx 1 — x? 


d 1 
— (sech! x) Spe (0 Ly 1) 
dx xV 1 — x? 


1 
= | ew 
Vit a | 
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The restrictions associated with the formulas in Theorem 6.11 are a direct conse- 
quence of the domains of the inverse functions (Figure 6.91). Note in particular that the 
derivative of both tanh”! x and coth! x is 1/(1 — x°), although this result is valid on 
different domains (|x| < 1 for tanh! x and |x| > 1 for coth' x). These facts have a 
bearing on formula (3) in the next theorem, which is a reversal of the derivative formulas 
in Theorem 6.11. Here we list integral results, where a is a positive constant; each formula 
can be verified by differentiation. 


» The integrals in Theorem 6.12 appear 
a . THEOREM 6.12 Integral Formulas 
again in Chapter 7, where we derive more 
general results in terms of logarithms, 


X 
. — — =] 
and with fewer restrictions on the = cosh a + C, forx >a 


dx 
1. lS 
Vx? — a’ 

j / dx 
Vx? + a? 


variable of integration. 


— sinh | — + C foraliz 


1 E 
—tanh '— + C, for |x| < a 
dx a a 


l BE: 
—coth '— + C, for |x| > a 
a a 


1 — x 
4 == sech — + Cifor0 <x = @ 
a a 


dx 
laa — x? 


1, lx] 
=—— cseh _ + C,forx ~ 0 


dx 
ia a 





EXAMPLE 5 Derivatives of inverse hyperbolic functions Compute dy/dx for each 


function. 
a. y = tanh | 3x b. y = x? sinh! x 
SOLUTION 
> The function 3/(1 — 9x7) in the a. Using the Chain Rule, we have 
solution to Example 5a is defined for all 
BES dy d 4 1 3 
x # +1/3. However, the derivative — = —(tanh * 3x) = O R = ee 
formula dy/dx = 3/(1 — 9x7) is dx dx 1 =:(3%) eee 
valid only on —1/3 < x < 1/3 dy 1 
because tanh | 3x is defined only on b. — = 2x sinh! x + x’: > Product Rule; Theorem 6.11 
—1/3 < x < 1/3. Had we computed dx V Fd 
-1 . . 
d/dx(coth 3x), the deniwalye result 1 = ee a ee 
would be the same, but valid on = x | —_ Simplify. 
(—2,—-1/3) U (1/3, œ). Vx? +1 


Related Exercises 47—52 «< 


EXAMPLE 6 Integral computations 


a. Compute the area of the region bounded by y = 1/V x? + 16 over the interval 
[0,3]. 


25 
b. Evaluate / OE 
9 Vx(4 — x) 





FIGURE 6.93 


-4 -3 -2 -I 

y = acosh(x/a) When a < 0, 

for several values inverted catenaries 
ofa>0 result (reflections 


across the x-axis) 


FIGURE 6.94 
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SOLUTION 


a. The region in question is shown in Figure 6.93, and its area is given by 


Using formula (2) in Theorem 6.12 with a = 4, we have 


3 
f dx 
0 Vx? + 16 


3 3 
dx ee: 
/ ——— = sinh  — Theorem 6.12 
0 


Vx? + 16 4} 0 


3 
= sinh | a sinh t0 Evaluate. 


3 
sinh ! 7 sinh ‘0 = 0 


A calculator gives an approximate result of sinh” '(3/4) ~ 0.693. The exact result 
can be written in terms of logarithms using Theorem 6.10: 


sinh '(3/4) = In(3/4 + V(3/4)* + 1) = In2. 


b. The integral doesn’t match any of the formulas in Theorem 6.12, so we use the substi- 
tution u = Vx: 


25 5 
ax du dx 
— = 2 . Letu = Vx; du = ——=. 
boa ls a =e 2Vx 


The new integral now matches formula (3), with a = 2. 


5 5 

d 1 aa d 1 

>| “= 2+—coth! = J = = a 
44-6 2 213 a = 2 a a 














5 3 
= coth! 5 — coth! 5 Evaluate. 


The antiderivative involving coth | x was chosen because the interval of integration 
(3 < u <5) satisfies |u| > a = 2. Theorem 6.10 is used to express the result in 
numerical form in case your calculator cannot evaluate coth ! x: 


5 3 2 2 
coth! 5 — coth! 5 = tanh ! 5 — tanh! 3 = —0.381. 


Related Exercises 53-64 < 





Applications of Hyperbolic Functions 


This section concludes with a brief look at two applied problems associated with hyper- 
bolic functions. Additional applications are presented in the exercises. 


The Catenary When a free-hanging rope or flexible cable supporting only its own 
weight is attached to two points of equal height, it takes the shape of a curve known as a 
catenary. You can see catenaries in telephone wires, ropes strung across chasms for Tyro- 
lean traverses (Example 7), and spider webs. 

The equation for a general catenary is y = a cosh(x/a), where a # 0 is a real num- 
ber. When a is negative, the curve is called an inverted catenary, sometimes used in the 
design of arches. Figure 6.94 illustrates the catenary for several values of a. 
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» A Tyrolean traverse is used to pass over EXAMPLE 7 Length of acatenary A climber anchors a rope at two points of equal 
difficult terrain, such as a chasm between height, separated by a distance of 100 ft, in order to perform a Tyrolean traverse. The rope 
MO oht gy Or ATARIN N VEA Tope is follows the catenary f(x) = 200 cosh(x/200) over the interval [—50, 50] (Figure 6.95). 


Une eo e Find the length of the rope between the two anchor points. 


climber clips onto the rope, and then 
traverses the gap by pulling on the rope. 





—50 50 Lol 
os rt -w — Pv agn y coy, 4 
FIGURE 6.95 ig SS gE Te SR OR a a 


SOLUTION Recall from Section 6.5 that the arc length of the curve y = f(x) over the 


b 
interval [a, b| is L = J V1 + f'(x)* dx. Also note that 


1 
f'(x) = 200 sinh (5) .— = sinh —. 
200/200 200 


Therefore, the length of the rope is 


50 
J 4/1 + sinh?) dx Arc length formula 
introduced in Chapter 12, the tension in —50 200 
the rope and the forces acting upon the 5() 
anchors in Example 7 can be computed. p) / J i4 sin( X ) dx Use symmetry. 
This is crucial information for anyone 0 200 


setting up a Tyrolean traverse; the sag 


» Using the principles of vector analysis L 





angle (Exercise 68) figures into these 1/4 a x 
calculations. Similar calculations are = 400 V1 + sinh* u du Change variables; u = 00° 
important for catenary lifelines used for u 
safety in construction, and for rigging 1/4 
camera shots in Hollywood movies. = 400 / cosh u du 1 + sinh? u = cosh? u 
0 
1/4 
= 400 sinh u Evaluate integral. 
0 
BEN. . — 
= 400| sinh 4 sinh 0 Simplify. 
=~ 101 ft. Evaluate. Related Exercises 65-68< 


Velocity of a Wave To describe the characteristics of a wave, researchers formu- 
late a wave equation that reflects the known (or hypothesized) properties of the wave, 
and which often takes the form of a differential equation (Chapter 8). Solving a wave 
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equation produces additional information about the wave, and it turns out that hyper- 
bolic functions may arise naturally in this context. 


EXAMPLE 8 Velocity of an ocean wave The velocity v (in meters/second) of an ide- 
alized surface wave traveling on the ocean is modeled by the equation 





—— —| where g = 9.8 m/s? is the acceleration due to gravity, A is the wavelength measured in 
meters from crest to crest, and d is the depth of the undisturbed water, also measured in 
— A ai ua meters (Figure 6.96). 
d 





a. A sea kayaker observes several waves that pass beneath her kayak and she estimates 
that à = 12 m and v = 4 m/s. How deep is the water in which she is kayaking? 


FIGURE 6.96 , [er a 

b. The deep-water equation for wave velocity is v = ,/——, which is an approximation 
» In fluid dynamics, water depth is often ; ; 2T f 

diseaseed nistas oi the dente: to the standard velocity formula. Waves are said to be in deep water if the depth-to- 
wavelength ratio d/A, not the actual 


1 gÀ 
wavelength ratio d/A is greater than > Explain why v = A is a good approxima- 
T 


depth of the water. Three classifications 


are generally used: tion when d / i= 1 
7 


shallow water: d/à < 0.05 


LUTION 
intermediate depth: 0.05 < d/A < 0.5 SOLUTIO 


a. We substitute A = 12 and v = 4 into the velocity equation and solve for d. 


le-12 2rd 6 d 
4 = E am( 724) => 16= $ tanh 2) Square both sides. 
2T 12 T 6 


ae n( =) Multiply by — 
——_ = tan — =, 
30 7 ultiply by z7 


deep water: d/A > 0.5 


In order to extract d from the argument of tanh, we apply tanh ! to both sides of the 
equation and then use the property tanh ‘(tanh x) = x, for all x. 


al 87 i md e l 
tanh 30 = tanh ` | tanh T Apply tanh ~ to both sides. 
g 
ant (S2 ) a Simplify; 3g = 29.4 
= ImMmpuTy; = T. 
29.4 6 di 
6 8 
tanh x > 1 as x > œ% d = E an (ÈZ) = 2.4m Solve ford. 
T 29.4 


Therefore, the kayaker is in water that is about 2.4 m deep. 
b. Recall that y = tanh x is an increasing function (dy/dx = sech? x > 0) whose 
d 1 27rd 
values approach | as x —> œ. Also notice that when ` = 5° tann( 774) = 


tanh m = 0.996, which is nearly equal to 1. These facts imply that whenever 





1 2rd 
N > z» We can replace tann( =) with | in the velocity formula, resulting 


QUICK CHECK 7 i : i , À 
QUICK CHECK 7 Explain why longer in the deep-water velocity function v = = 
waves travel faster than shorter waves Q7T 


in deep water. «< Related Exercises 69-72 < 
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SECTION 6.10 EXERCISES 


Review Questions 
1. State the definition of the hyperbolic cosine and hyperbolic sine 
functions. 


2. Sketch the graphs of y = coshx, y = sinhx and y = tanhx 
(include asymptotes), and state whether each function is even, 
odd, or neither. 


3. What is the fundamental identity for hyperbolic functions? 


4. How are the derivative formulas for the hyperbolic functions and 
the trigonometric functions alike? How are they different? 


5. Express sinh ' x in terms of logarithms. 


6. What is the domain of sech! x? How is sech ! x defined in terms 
of the inverse hyperbolic cosine? 


7. A calculator has a built-in sinh ! x function, but no csch ! x 
function. How do you evaluate csch ! 5 on such a calculator? 


8. On what interval is the formula d/dx(tanh ' x) = 1/(x* — 1) 
valid? 


8 
d 
9. When evaluating the definite integral J i 5, why must you 
6 = X 


a ae | GA 1 x 
choose the antiderivative A coth | 1 rather than 4 tanh ! ra 


10. How does the graph of the catenary y = a cosh (x/a) change as 
a > Q increases? 


Basic Skills 

11-15. Verifying identities Verify each identity using the definitions 
of the hyperbolic functions. 

ex — ] 

ex + ] 


12. tanh(—x) = —tanh x 


11. tanhx = 


13. cosh 2x = cosh*x + sinh’ x (Hint: Begin with the right side 
of the equation.) 


14. 2 sinh(In (sec x)) = sin x tan x 


Xx 


15. coshx + sinhx = e 

16-18. Verifying identities Use the given identity to verify the related 

identity. 

16. Use the fundamental identity cosh? x — sinh? x = 1 to verify the 
identity coth? x — 1 = csch? x. 


17. Use the identity cosh 2x = cosh*x + sinh’ x to verify the 
1 + cosh 2x ah cosh 2x — 1 
and sinh’ x = 


2 2 








identities cosh? x = 
18. Use the identity cosh(x + y) = cosh x cosh y + sinh x sinh y to 
verify the identity cosh 2x = cosh? x + sinh? x. 


19-21. Derivative formulas Derive the following derivative formulas 
given that d/dx(cosh x) = sinh x and d/dx(sinh x) = cosh x. 


19. d/dx(cothx) = —csch’ x 


20. d/dx(sechx) = —sech x tanh x 
21. d/dx(cschx) = —csch x coth x 
22-30. Derivatives Compute dy/dx for the following functions. 
22. y = sinh 4x 
23. y = cosh’x 
24. y = —sinh’ 4x 
y = tanh? x 
y = Veoth 3x 
27. y = Insech 2x 
y = x tanhx 
y = x? cosh 3x 
30. y = x/cschx 


31-36. Indefinite integrals Determine each indefinite integral. 


31 J cosh 2x dx 
32. J sech? x tanh x dx 
sinh x 

33. Sa 

J 1 + cosh x i 
34. J coth? x csch? x dx 
35. J tanh? x dx (Hint: Use an identity.) 
36. J sinh? x dx (Hint: Use an identity.) 


37—40. Definite integrals Evaluate each definite integral. 


1 
37. J cosh? 3x sinh 3x dx 
0 


*sech2 Vx 
o we 
In 2 
39. J tanh x dx 
0 


ln 3 
40. J csch x dx 
In 2 


38. dx 


41-42. Two ways Evaluate the following integrals two ways. 

a. Simplify the integrand first, and then integrate. 

b. Change variables (let u = \n x), integrate, and then simplify your 
answer. Verify that both methods give the same answer. 


sinh(In x 
J ( ) 
x 


V3sech(In x) 
42. —~~~ dx 
1 


X 





43. Visual approximation 
a. Use a graphing utility to sketch the graph of y = coth x, and 


then explain why f a coth x dx ~ 5. 
b. Evaluate f ii coth x dx analytically and use a calculator to 


arrive at a decimal approximation to the answer. How large 


is the error in the approximation in part (a)? 


44. Integral proof Prove the formula f coth x dx = In |sinh x| + C 


of Theorem 6.9. 


45—46. Points of intersection and area 

a. Sketch the graphs of the functions f and g and find the 
x-coordinate of the points at which they intersect. 

b. Compute the area of the region described. 


45. f(x) = sech x, g(x) = tanh x; the region bounded by the graphs 


of f, g, and the y-axis 


46. f(x) = sinh x, g(x) = tanh x; the region bounded by the graphs 


of f, g, and x = ln 3 

47-52. Derivatives Evaluate the following derivatives. 
47. f(x) = cosh! 4x 
48. f(t) = 2 tanh! Vt 
49. f(v) = sinh! y? 

50. f(x) = csch” (2/x) 
51. f(x) = xsinh tx — 
52. f(u) = sinh | (tan u) 


53-58. Indefinite integrals Determine the following indefinite 
integrals. 


d 
53. pe 
8 — x 





54 


dx 
i 16 


55. [ogee ne 
36 — e” 


dx 
56. IS 
xV16 + x? 
a i 
xV4—x? 


58 





J dx 
l xV 1 + x4 


59—64. Definite integrals Evaluate the following definite integrals. 


Use Theorem 6.10 to express your answer in terms of logarithms. 





e? d 
59, / a 
1 xV(Inx)* + 1 


61. 


63. 


64. 


il 67. 


68. 
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3V5 
dx 
5 Vx? — 9 


[ dt 
»t-9 


f“ di 
1/6 tV1 — 4r 











1 
J dx 
Hex yl xl? 
cosh x 


In 9 
J P 
ins 4 — sinbf x 


. Catenary arch The portion of the curve y = L — cosh x that lies 


above the x-axis forms a catenary arch. Find the average height of 
the arch above the x-axis. 


. Length of a catenary Show that the arc length of the catenary 


y = cosh x over the interval [0, a] is L = sinha. 


Power lines A power line is attached at the same height to two 
utility poles that are separated by a distance of 100 ft; the power 
line follows the curve f(x) = a cosh(x/a). Use the following 
steps to find the value of a that produces a sag of 10 ft midway 
between the poles. Use a coordinate system that places the poles 
atx = +50. 


a. Show that a satisfies the equation cosh(50/a) — 1 = 10/a. 

b. Lett = 10/a, confirm that the equation in part (a) reduces 
to cosh 5t — 1 = t, and solve for t using a graphing utility. 
Report your answer accurate to two decimal places. 

c. Use your answer in part (b) to find a, and then compute the 
length of the power line. 


Sag angle Imagine a climber clipping onto the rope described in 
Example 7 and pulling himself to the rope’s midpoint. Because 
the rope is supporting the weight of the climber, it no longer takes 
the shape of the catenary y = 200 cosh(x/200). Instead, the rope 
(nearly) forms two sides of an isosceles triangle. Compute the sag 
angle @ illustrated in the figure, assuming that the rope does not 
stretch when weighted. Recall from Example 7 that the length of 
the rope is 101 ft. 





= —50 50 x | 
his, RO gE Ta RP ae aA 
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69. 


70. 


71. 


72. 
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Wavelength The velocity of a surface wave on the ocean is given 


gÀ 
— tanh 
— = 


or root finder to approximate the wavelength A of an ocean wave 
traveling at v = 7 m/s in water that is d = 10 m deep. 





2rd 
by v = (=) (Example 8). Use a graphing utility 


Wave velocity Use Exercise 69 to do the following calculations. 


a. Find the velocity of a wave where A = 50m and d = 20m. 
b. Determine the depth of the water if a wave with A = 15 m is 
traveling at v = 4.5 m/s. 


Shallow-water velocity equation 


a. Confirm that the linear approximation to f(x) = tanh x at 
a = Qis L(x) = x. 
b. Recall that the velocity of a surface wave on the ocean is 





gÀ 27rd 
v= 7m tanh EU . In fluid dynamics, shallow water 
TT 


refers to water where the depth-to-wavelength ratio 
d/X < 0.05. Use your answer to part (a) to explain why 
the shallow water velocity equation is v = V gd. 
c. Use the shallow-water velocity equation to explain why waves 
tend to slow down as they approach the shore. 


Tsunamis A tsunami is an ocean wave often caused by earthquakes 
on the ocean floor; these waves typically have long wavelengths, 
ranging between 150 to 1000 km. Imagine a tsunami traveling across 
the Pacific Ocean, which is the deepest ocean in the world, with 

an average depth of about 4000 m. Explain why the shallow-water 
velocity equation (Exercise 71) applies to tsunamis even though the 
actual depth of the water is large. What does the shallow-water 
equation say about the speed of a tsunami in the Pacific Ocean 

(use d = 4000 m)? 


Further Explorations 


73. 


H 74. 


75. 


Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


cosh In 3 


ATN 3) 
a. — (SIN n = 
da 3 


d d 
b. — (sinh x) = cosh x and — (cosh x) = —sinh x 
dx dx 


c. Differentiating the velocity equation for an ocean wave 


gÀ 2rd , À 
v = oa tanh a results in the acceleration of the wave. 
TT 
d. In(1 + V2) =-In(-1 + V2) 


J a ( tht mmo) 
= CO — — CO 
0 4 — x? 2 2 


Evaluating hyperbolic functions Use a calculator to evaluate 
each expression, or state that the value does not exist. Report 
answers accurate to four decimal places. 


a. coth4 b. tanh !2 ec. csch !5 





P 


d. csch a? 


1 w (z) 
e — CO = 
& 4 4 


Evaluating hyperbolic functions Evaluate each expression 
without using a calculator, or state that the value does not exist. 
Simplify answers to the extent possible. 


b. tanh 0 c. csch 0 d. sech(sinh 0) 
f. sinh(2In3) g. cosh? 1 h. sech ‘(In 3) 


j. sinh! (2 7 -) 
á 2e 


36 





e. In |tanh (xD f. tan”! (sinh x)|, 
20 


a. cosh 0 
e. coth(In 5) 





i. cosh (17/8) 


76. 


(ge 


H 78. 


79. 


80. 


81. 


82. 


83. 


Confirming a graph The graph of f(x) = sinh x is shown in 
Figure 6.89. Use calculus to find the intervals of increase and 
decrease for f, and find the intervals on which fis concave up 
and concave down to confirm that the graph is correct. 


Critical points Find the critical points of the function 
f(x) = sinh’ x cosh x. 


Critical points 


sh x 





co 
a. Show that the critical points of f(x) = satisfy 


x = cothx. 
b. Use a root finder to approximate the critical points of f. 


Points of inflection Find the x-coordinate of the point(s) of 
inflection of f(x) = tanh’ x. 


Points of inflection Find the x-coordinate of the point(s) of 
inflection of f(x) = sech x. Report exact answers in terms of 
logarithms (use Theorem 6.10). 


Area of region Find the area of the region bounded by 
1, and the unit circle. 


y = sechx, x 





Solid of revolution Compute the volume of the solid of revolution 
that results when the region in Exercise 81 is rotated around the 
x-axis. 


L’Hôpital loophole Explain why |’ Hôpital’ s Rule fails when applied 





ee sinh x 
to the limit lim 
x—ax COSN xX 


, and then find the limit another way. 


84-87. Limits Use l’H6pital’s Rule to evaluate the following limits. 


84. 


85. 


`. I — cothx 

lim ———————————— 

x0] — tanh x 
tanh ! x 


0 tan(ax/2) 


tanh! x 
im 
x>1 tan(a7x/2) 





. lim. (tanh x) 
0" 


. Slant asymptote The linear function ¢(x) = mx + b, for finite 


m # OQ, isaslant asymptote of f(x) if lim (f(x) — €(x)) = 0. 
x— 00 


& 


. Use a graphing utility to make a sketch that shows €(x) = x 
is a slant asymptote of f(x) = x tanh x. Does f have any other 
slant asymptotes? 

b. Provide an intuitive argument showing that f(x) = x tanh x 

behaves like €(x) = x as x gets large. 

c. Prove that €(x) = x is a slant asymptote of f by confirming 

lim (x tanh x — x) = 0. 


x7 oOo 


89-92. Additional integrals Evaluate the following integrals. 


h 
89. J dk 
sinh“ z 


3/4 


cos 0 


90. er 
9 — sin“ 0 





sinh | x 


— ar 
5/12 Vx? +1 


91. 





225 
dx 
92. J (Hint: Vx? + 25x = VxVx + 25.) 
25 Vx? + 25x 


Applications 
93. Kiln design Find the volume interior to the inverted catenary kiln 
(an oven used to fire pottery) shown in the figure. 






y = 3 — cosh x 


94. Newton’s method Use Newton’s method to find all local extreme 


values of f(x) = x sech x. 


95. Falling body When an object falling from rest encounters 
air resistance proportional to the square of its velocity, the 
distance it falls (in meters) after t seconds is given by 


m kg . 
d(t) = T In | cosh | 4/— t } |, where m is the mass of the 
m 


object in kilograms, g = 9.8 m/ s? is the acceleration due to grav- 
ity, and k is a physical constant. 


a. A BASE jumper (m = 75 kg) leaps from a tall cliff and per- 
forms a ten-second delay (she free-falls for 10 s and then opens 
her chute). How far does she fall in 10 s? Assume k = 0.2. 

b. How long does it take for her to fall the first 100 m? The second 
100 m? What is her average velocity over each of these intervals? 


96. Velocity of falling body Refer to Exercise 95, which gives the 
position function for a falling body. Use m = 75 kg and k = 0.2. 


a. Confirm that the base jumper’s velocity t seconds after 


m k 
ah (. i) 
k m 


b. How fast is the BASE jumper falling at the end of a 10 s delay? 
c. How long does it take for the BASE jumper to reach a speed of 
45 m/s (roughly 100 mi/hr)? 


jumping is v(t) = d’(t) = 


97. Terminal Velocity Refer to Exercises 95 and 96. 


a. Compute a jumper’s terminal velocity, which is defined as 


mg kg 
li t) = li — tanh ~i]; 
TE (v ) 


b. Find the terminal velocity for the jumper in Exercise 96 
(m = 75 kg and k = 0.2). 

c. How long does it take for any falling object to reach a speed 
equal to 95% of its terminal velocity? Leave your answer in 
terms of k, g, and m. 

d. How tall must a cliff be so that the BASE jumper (m = 75 kg 
and k = 0.2) reaches 95% of terminal velocity? Assume that 
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the jumper needs at least 300 m at the end of free fall to deploy 
the chute and land safely. 


98. Acceleration of a falling body 


a. Find the acceleration a(t) = v'(t) of a falling body whose 
velocity is given in part (a) of Exercise 96. 
b. Compute lim a(t). Explain your answer as it relates to 
t— o 


terminal velocity (Exercise 97). 


99. Differential equations Hyperbolic functions are useful in solv- 
ing differential equations (Chapter 8). Show that the functions 
y = A sinh kx and y = B cosh kx, where A, B, and k are con- 
stants, satisfy the equation y”(x) — k*y(x) = 0. 


100. Surface area of a catenoid When the catenary y = a cosh (x/a) 
is rotated around the x-axis, it sweeps out a surface of revolution 
called a catenoid. Find the area of the surface generated when 
y = cosh x on [—In 2, In 2] is rotated around the x-axis. 


Additional Exercises 
101-104. Verifying identities Verify the following identities. 


101. sinh(cosh! x) = Vx? — 1, for x = 1 

102. cosh(sinh!x) = Vx? + 1, for all x 

103. cosh(x + y) = cosh x cosh y + sinh x sinh y 
104. sinh(x + y) = sinh x cosh y + cosh x sinh y 


105. Inverse identity Show that cosh! (cosh x) = |x| by using the 


formula cosh 't = In (t + Vt? — 1) and by considering the 
cases x = 0 and x < 0. 


106. Theorem 6.11 


a. The definition of the inverse hyperbolic cosine is 
y = cosh! x & x = cosh y, forx = 1,0 = y < ©. Use 


d 
implicit differentiation to show that a (cosh! x) = 
x 


1/ Vx? — 1. 


b. Differentiate sinh 'x = In (x + Vx? + 1) to show that 


d 
z (sinh ~») = 1/Vx? +1. 
X 


107. Many formulas There are several ways to express the indefinite 
integral of sech x. 


a. Show that f sech x dx = tan`! (sinh x) + C (Theorem 6.9). 


, , 1 cosh x cosh x 
(Hint: Write sech x = — TA 9 and 
coshx cosh*x 1+ sinh“ x 


then make a change of variables. ) 
b. Show that f sech x dx = sin ‘(tanh x) + C. (Hint: Show 
sech? x 


V1 — tanh? x 
variables. ) 


c. Verify that f sech x dx = 2 tan '(e*) + C by proving 














that sech x = , and then make a change of 


d 
— (2 tan '(e*)) = sech x. 
dx 
108. Integral formula Carry out the following steps to derive the 


formula f csch x dx = In |tanh (x/2)| + C (Theorem 6.9). 


a. Change variables with the substitution u = x/2 to show that 


iad / Adu 
SC a f 
ee sh Ou 
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Evaluate this integral on the interval | 1, x], explain why the 
absolute value can be dropped, and combine the result with 
part (a) to show that 


sech? u 








b. Use the identity for sinh 2u to show that — = ; 
sinh 2u tanh u 
2 











: , , sech* u 
c. Change variables again to determine / ache du, and then t= In(x +^ Les 1). 
express your answer in terms of x. c. Solve the final result from part (b) for x to show that 
e+e 
109. Arc length Use the result of Exercise 108 to find the arc length of a 9 
f(x) = In |tanh (x/2)| on [In 2, In 8]. d. Use the fact that y = Vx? — 1 in combination with part (c) 
110. Logarithm formula Recall that the inverse hyperbolic tangent is E a EE em 
i _ =i y= ‘ 
defined as y = tanh ‘x & x = tanh y, for—1 < x < 1 and all 2 
real y. Solve x = tanh y for y to express the formula for tanh ! x 
in terms of logarithms. 
111. Integral family Use the substitution u = x” to show that e* — eo (>) ox — e™ . 
J dx 1 = Ci and a aan = —sinh x 
= ——sech ‘x’ + C, forr > 0, an 
xV1 — x” p nF 
pere L 2. Because tanh x = ————, and lime * = 0, 
e e xo 


Xx 


112. Definitions of hyperbolic sine and cosine Complete the follow- e o. , , 
tanhx ~ — = 1 for large x, which implies that y = 1 is 
e 


ing steps to prove that when the x- and y-coordinates of a point 
on the hyperbola x? — y? = 1 are defined as cosh ż and sinh z, 
respectively, where f is twice the area of the shaded region in the 
figure, x and y can be expressed as 


a horizontal asymptote (one can also divide the numerator 
and denominator of tanh x by e” in the limit as x — © fora 
more analytical approach). A similar argument shows that 
e! oe a e! a _ — : —_— : 
OE ndy = she = tanh x —-—] as x—>— œ, which means that y l is also a 
2 2 horizontal asymptote. 





d 
3. a cosh 2x) = 8 sinh 2x; [4 cosh 2x dx = 2 sinh 2x + C 
x 


P(x, y) = (cosh ¢, sinh £) 1 
4. 5 In [tanh x] + C 


In 3 5 
2f € = cosh x ) dx 
0 3 


2 
= a ae 


' du 1 1 
6. = —tanh = = 0.275. 
0 2 


5. Area 





A a 2 


a. Explain why twice the area of the shaded region is given by 


1 X X 
p=2-(Say- | Via) =v- Vt? — 1 dt. 
1 1 


J 


[ga 
. The deep-water velocity formula is v = a which is 
TT 


an increasing function of the wavelength A. Therefore larger 


b. In Chapter 7, the formula for the integral in part (a) is derived: values of À correspond with faster waves. < 


1 
pee ldt = EVP -1 -— 5 In |e + Vr -1| +c. 


€A: REVIEW EXERCISES 








1. Explain why or why not Determine whether the following state- d. The variable y = t + 1 doubles in value whenever t increases 
ments are true and give an explanation or counterexample. by 1 unit. 
a. A region R is revolved about the y-axis to generate a solid S. e. Inxy = (In x)(In y) aie . 
To find the volume of S, you could use either the disk / washer f. The function y = Ae ` increases by 10% when ż increases 
method and integrate with respect to y or the shell method and by 1 unit. ’ 
integrate with respect to x. g. sinh(Inx) = i 
b. Given only the velocity of an object moving on a line, it is X 


possible to find its displacement, but not its position. 2. 
c. If water flows into a tank at a constant rate (for example 

6 gal/min), the volume of water in the tank increases 

according to a linear function of time. 


Displacement from velocity The velocity of an object moving 
along a line is given by v(t) = 20 cos 7t (in ft/s). What is the 
displacement of the object after 1.5 s? 


H 9. 


10. 


Position, displacement, and distance A projectile is launched 
vertically from the ground at t = 0 and its velocity in flight 

(in m/s) is given by v(t) = 20 — 10t. Find the position, dis- 
placement, and distance traveled after t seconds, forO S t S 4. 


Deceleration At t = 0, a car begins decelerating from a velocity 
of 80 ft/s at a constant rate of 5 ft/s”. Find its position function 
assuming s(0) = 0. 


An oscillator The acceleration of an object moving along a line is 


t 
given by a(t) = 2 sin (A The initial velocity and position are 


v(0) = -" and s(0) = 0. 


a. Find the velocity and position for t = 0. 12. 


b. What are the minimum and maximum values of s? 
c. Find the average velocity and average position over the inter- 13 
val [0, 8]. 


A race Starting at the same point on a straight road, Anna and 14 

Benny begin running with velocities (in miles/hour) given by 

va(t) = 2t + 1 and vg(t) = 4 — t, respectively. 

a. Graph the velocity functions, for 0 S t S 4. 

b. If the runners run for | hr, who runs farther? Interpret your 
conclusion geometrically using the graph in part (a). 

c. Ifthe runners run for 6 mi, who wins the race? Interpret your 
conclusion geometrically using the graph in part (a). 


Fuel consumption A small plane in flight consumes fuel at a rate 
(in gal/min) given by 


R'(t) = fi 1/3 if0 <t < 8 (take-off) 
2 ift > 8 (cruising). 


a. Find a function R that gives the total fuel consumed, for 

Vs r= SS. 
b. Find a function R that gives the total fuel consumed, for t = 0. 
c. If the fuel tank capacity is 150 gal, when does the fuel run out? 


Variable flow rate Water flows out of a large tank at a rate 
(in m?/hr) given by V’(t) = 10/(t + 1). If the tank initially 
holds 750 m° of water, when will the tank be empty? 


Decreasing velocity A projectile is fired upward and its velocity 

in m/s is given by v(t) = 200e™!?, for t = 0. 

a. Graph the velocity function for t = 0. 

b. When does the velocity reach 50 m/s? 

c. Find and graph the position function for the projectile for 
t = 0 assuming s(0) = 0. 

d. Given unlimited time, can the projectile travel 2500 m? If so, 
at what time does the distance traveled equal 2500 m? 


Decreasing velocity A projectile is fired upward and its 


ae fort = 0, 
Vtt+ 1 18 
a. Graph the velocity function for t = 0. 
b. Find and graph the position function for the projectile, for 
t = 0, assuming s(0) = 0. 
c. Given unlimited time, can the projectile travel 2500 m? If so, 
at what time does the distance traveled equal 2500 m? 


velocity (in m/s) is given by v(t) = 


11. 


15. 


16. 
17. 


19. 
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An exponential bike ride Tom and Sue took a bike ride, both 
starting at the same time and position. Tom started riding at 
20 mi/hr, and his velocity decreased according to the function 
v(t) = 20e~* for t = 0. Sue started riding at 15 mi/hr, and 
her velocity decreased according to the function u(t) = 15e” 
fort = 0. 


a. Find and graph the position functions of Tom and Sue. 

b. Find the times at which the riders had the same position at 
the same time. 

c. Who ultimately took the lead and remained in the lead? 


12-19. Areas of regions Use any method to find the area of the region 
described. 


The region in the first quadrant bounded by y = x? and y = Wx, 
where p = 100 and p = 1000 


. The region in the first quadrant bounded by y = V4 — x° and 


y= V25- x? 


. The regions R, and R, (separately) shown in the figure, which are 


formed by the graphs of y = 16 — x? and y = 5x — 8 





The regions R,, R2, and R, (separately) shown in the figure, 
which are formed by the graphs of y = 2Vx, y = 3 — x, and 
y = x(x — 3) 





The region between y = sin x and y = x over the interval |0, 277 | 


The region bounded by y = x°, y = 2x” — 4x, and y = 0 


. The region in the first quadrant bounded by the curve 


Vx + Vy = 


The region in the first quadrant bounded by y = x/6 and 
Se eat a | 


500 


20. 


21. 


22. 
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An area function Let R(x) be the area of the shaded region 
between the graphs of y = f(t) and y = g(t) in the figure. 


a. Sketch a plausible graph of R, fora S x Sc. 
b. Give expressions for R(x) and R'(x), fora =x Sc. 





j 
i , x xX 

An area function Consider the functions y = — and y = J5 
a a 


where a > 0. Find A(a), the area of the region between the 
curves. 


Two methods The region R in the first quadrant bounded by the 


parabola y = 4 — x? and the coordinate axes is revolved about the 


y-axis to produce a dome-shaped solid. Find the volume of the 
solid in the following ways. 


a. Apply the disk method and integrate with respect to y. 
b. Apply the shell method and integrate with respect to x. 


23-29. Volumes of solids Choose the general slicing method, the 
disk / washer method, or the shell method to find the volume 
of the following solids. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


A pyramid has a square base in the xy-plane with vertices at 
(1,1), (1,—1),(—1, 1), and (—~1,—1). All cross sections of the 
pyramid parallel to the xy-plane are squares and the height of the 
pyramid is 12 units. What is the volume of the pyramid? 


The region bounded by the curves y = —x° + 2x + 2 and 
y = 2x? — 4x + 2 is revolved about the x-axis. What is the 
volume of the solid that is generated? 


The region bounded by the curves y = 1 + Vx, y = 1 — Vx, 
and the line x = 1 is revolved about the y-axis. Find the volume 
of the resulting solid by (a) integrating with respect to x and (b) 
integrating with respect to y. Be sure your answers agree. 


The region bounded by the curves y = 2e *, y = e”, and the 
y-axis is revolved about the x-axis. What is the volume of the 
solid that is generated? 


Find the volume of a right circular cone with radius r and height h 
by treating it as a solid of revolution. 


The region bounded by the curves y = sec x and y = 2, for 
0 = x < 3, 1s revolved around the x-axis. What is the volume of 
the solid that is generated? 


The region bounded by y = (1 — x”)~!/? and the x-axis over the 
interval [0, V3 /2] is revolved around the y-axis. What is the vol- 
ume of the solid that is generated? 


Area and volume The region R is bounded by the curves 
x=y?4+2,y =x — 4, andy = 0(see figure). 


31. 


a. Write a single integral that gives the area of R. 

b. Write a single integral that gives the volume of the solid gener- 
ated when œR is revolved about the x-axis. 

c. Write a single integral that gives the volume of the solid gener- 
ated when R is revolved about the y-axis. 

d. Suppose S is a solid whose base is R and whose cross sections 
perpendicular to R and parallel to the x-axis are semicircles. 
Write a single integral that gives the volume of S. 





Comparing volumes Let R be the region bounded by y = 1/x? 
and the x-axis on the interval [1, al, where p > Oanda > 1 (see 
figure). Let V, and V, be the volumes of the solids generated when 
R is revolved about the x- and y-axes, respectively. 


a. Witha = 2 and p = 1, which is greater, V, or A 

b. With a = 4 and p = 3, which is greater, V, or V,? 

c. Find a general expression for V, in terms of a and p. Note that 
p= l is a special case. What is V, when p = 5? 

d. Find a general expression for V, in terms of a and p. Note that 
p = 21sa special case. What is V, when p = 2? 

e. Explain how parts (c) and (d) demonstrate that 

a 





= Ina. 


f. Can you find any values of a and p for which V, > V,? 





32-37. Arc length Find the length of the following curves. 


32. 
33. 
34. 
35. 
36. 
37. 


y = 2x + 4 on the interval | — 2, 2] (Use calculus.) 
y= cosh! x on the interval (V2, V5] 

y = x°/6 + 1/(2x) on the interval | 1, 2 | 

y = x! — x3/2/3 on the interval | 1, 3] 

y = x?/3 + x? + x + 1/(4x + 4) on the interval [0, 4] 


Find the length of the curve y = In x between x = 1 and 
x = b > 1 given that 


[eS a Vie +a? —ain({ 
x 


2 2 
x ta 
anm 
X 


Use any means to approximate the value of b for which the curve 
has length 2. 


38. 


39. 


40. 


41. 


Surface area and volume Let f(x) = ¿x° and let R be the region 
bounded by the graph of f and the x-axis on the interval [0, 2]. 


a. Find the area of the surface generated when the graph of f on 
[0, 2] is revolved about the x-axis. 

b. Find the volume of the solid generated when R is revolved 
about the y-axis. 

c. Find the volume of the solid generated when R is revolved 
about the x-axis. 


Surface area and volume Let f(x) = V3x — x? and let R 

be the region bounded by the graph of f and the x-axis on the 

interval [0, 3]. 

a. Find the area of the surface generated when the graph of f 
on [0,3] is revolved about the x-axis. 

b. Find the volume of the solid generated when R is revolved 
about the x-axis. 


Surface area of a cone Find the surface area of a cone with radius 
4 and height 8 using integration and the surface area formula. 





4 
1 

Surface area and more Let f(x) = a TE and let R be the 
x 


2 
region bounded by the graph of f and the x-axis on the interval |1, 2]. 


a. Find the area of the surface generated when the graph of f on 
[1, 2] is revolved about the x-axis. 

b. Find the length of the curve y = f(x) on [1,2]. 

c. Find the volume of the solid generated when R is revolved 
about the y-axis. 

d. Find the volume of the solid generated when R is revolved 
about the x-axis. 


42-44. Variable density in one dimension Find the mass of the 
following thin bars. 


42. 


43. 


44. 


45. 


46. 


47. 


A bar on the interval 0 = x < 9 with a density (in g/cm) given 
by p(x) = 3 + 2Vx 


A 3-m bar with a density (in g/m) of p(x) = 150e~*”°, for 
C= 725 


A bar on the interval 0 = x < 6 with a density 


1 f02=% = 2 
p(x) = 42 if25x<4 
4 f45x=6. 


Spring work It takes 50 J of work to stretch a spring 0.2 m from 
its equilibrium position. How much work is needed to stretch it 
an additional 0.5 m? 


Pumping water A cylindrical water tank has a height of 6 m 
and a radius of 4 m. How much work is required to empty the 
full tank by pumping the water to an outflow pipe at the top of 
the tank? 


Force on a dam Find the total force on the face of a semicircular 
dam with a radius of 20 m when its reservoir is full of water. The 
diameter of the semicircle is the top of the dam. 


48-55. Integrals Evaluate the following integrals. 


48. 


Ja 
4e” + 6 


49. 


50. 


51. 


52 


53. 


54. 


S5. 


56. 


S7 


58. 
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eè 
J dx 
2 XIX 
t107 


dx 
1 Vx 





x+4 
E dx 
xo FBX t25 


In 3 
J coth x dx 
ln 2 


dx 











. ox 
dx 
J Ve% +4 


1 2 
J 7 5 ax 
jo =x 


Radioactive decay The mass of radioactive material in a sample 
has decreased by 30% since the decay began. Assuming a half-life 
of 1500 years, how long ago did the decay begin? 





Population growth Growing from an initial population of 
150,000 at a constant annual growth rate of 4% /yr, how long will 
it take a city to reach a population of 1 million? 


Savings account A savings account advertises an annual percent- 
age yield (APY) of 5.4%, which means that the balance in the ac- 
count increases at an annual growth rate of 5.4% /yr. 


a. Find the balance in the account for t = O with an initial de- 
posit of $1500, assuming the APY remains fixed and no addi- 
tional deposits or withdrawals are made. 

b. What is the doubling time of the balance? 

c. After how many years does the balance reach $5000? 


59-60. Curve sketching Use the graphing techniques of Section 4.3 to 
graph the following functions on their domains. Identify local extreme 
points, inflection points, concavity, and end behavior. Use a graphing 
utility only to check your work. 


59, 
60. 
61. 


f(x) = e*(x* — x) 

f(x) = Inx — In*x 

Log-normal probability distribution A commonly used distribu- 
tion in probability and statistics is the log-normal distribution. (If the 


logarithm of a variable has a normal distribution, then the variable 
itself has a log-normal distribution.) The distribution function is 


l 
er x/(20°) 


xa V 27 


where In x has zero mean and standard deviation o > O. 


forx > 0, 


f(x) = 


a. Graph f for o = L 1, and 2. Based on your graphs, does 
lim, f(x) appear to exist? 
xz 
. Evaluate lim, f(x). (Hint: Let x = e.) 
xz 
Show that f has a single local maximum at x* = er. 
. Evaluate f(x*) and express the result as a function of ø. 
For what value of o > 0 in part (d) does f(x*) have a minimum? 


pan F 
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62. Equal area property for parabolas Let f(x) = ax? + bx +c 


be an arbitrary quadratic function and choose two points x = p 
and x = q. Let L, be the line tangent to the graph of f at the point 
(p, f(p)), and let L, be the line tangent to the graph at the point 
(q,f(q)). Let x = s be the vertical line through the intersec- 

tion point of L, and L>. Finally, let R; be the region bounded by 

y = f(x), Ly, and the vertical line x = s, and let R, be the region 
bounded by y = f(x), La, and the vertical line x = s. Prove that 
the area of R, equals the area of R>. 





Chapter 6 Guided Projects 





63. 


64. 


65. 


66. 


Derivatives of hyperbolic functions Compute the following 
derivatives. 


a. d°/dx®(cosh x) 
b. d/dx(x sech x) 


Area of region Find the area of the region bounded by the curves 
f(x) = 8 sech? x and g(x) = cosh x. 


Linear approximation Find the linear approximation to 
f(x) = cosh x at a = In3 and then use it to approximate the 
value of cosh 1. 


Limit Evaluate lim (tanh x)’. 


xa 0 


Applications of the material in this chapter and related topics can be found in the following Guided Projects. For additional informa- 
tion, see the Preface. 


Means and tangent lines 
Landing an airliner 
Geometric probability 
Mathematics of the CD player 


Designing a water clock 


Buoyancy and Archimedes’ principle 
Dipstick problems 

Hyperbolic functions 

Optimizing fuel use 


Inverse sine from geometry 


Integration Techniques 





7.1. Basic Approaches 


Chap ter Preview inthis chapter we return to integration methods and 
7.2 Integration by Parts present a variety of new strategies that complement the substitution (or change of variables) 
7.3 Trigonometric Integrals method. The new techniques introduced here are integration by parts, trigonometric substi- 
tution, and partial fractions. Taken altogether, these analytical methods (pencil-and-paper 
methods) greatly enlarge the collection of integrals that we can evaluate. Nevertheless it is 
7.5 Partial Fractions important to recognize that they are limited because many integrals do not yield to them. 
For this reason, we also introduce table-based methods, which are used to evaluate many 
indefinite integrals, and computer-based methods for approximating definite integrals. The 
7.7 Numerical Integration discussion then turns to integrals that have either infinite integrands or infinite intervals 
of integration. These integrals, called improper integrals, offer surprising results and have 
many practical applications. 


7.4 Trigonometric Substitutions 
7.6 Other Integration Strategies 


7.8 Improper Integrals 


7.1. Basic Approaches 


Before plunging into a healthy list of new integration techniques, we devote this sec- 
tion to two practical goals. The first is to review what you learned about the substitution 
method in Section 5.5. The other is to introduce several basic simplifying procedures that 
are worth keeping in mind for any integral that you might be working on. After providing 
a table of some frequently used indefinite integrals (Table 7.1), we proceed by example. 


> Table 7.1 is similar to Tables 4.9 and 
4.10 in Section 4.9. It is a subset of 
the table of integrals at the back of the 


Table 7.1 Basic Integration Formulas 


pri 








book 1. fras = kx + C, kreal 2; [ora — a 1 + C, p # —Ireal 
1. 1 
3. [eosardr = $ sinax + c 4. Jsinaxdr = -1 cos ax + € 
a a 
2 l 2 1 
5. sec’ ax dx = —tanax + C 6. csc“ ax dx = ——cotax + C 
a a 
1 
Ti [se ax tan ax dx = — sec ax + C 8. [os axcotax dx = ——cscar + C 
a 
1 d 
9. fea =-e"+C 10. [¢ = In |x| + C 
a x 
d d 
11 ——— = sin!=+C€ 12 later tax!~+C 
a? —x a al x a 











503 


504 


» Acommon choice for a change of 
variables is a linear term of the form 


ax + b. 


CHAPTER 7 


» Half-angle formulas 


cos? X = 


sin? x = 


1 + cos 2x 
2 

] — cos 2x 
2 


INTEGRATION TECHNIQUES 


? dx 


(oe 





EXAMPLE 1 Substitution review Evaluate J 


SOLUTION The expression 3 + 2x suggests the change of variables u = 3 + 2x. We 
find that du = 2 dx; when x = —1,u = 1; and when x = 2, u = 7. The substitution 
may now be done: 

7 


2 dx 11 du 1 
= 





1 
= l7. 
2 





Related Exercises 7—14< 


QUICK CHECK 1 What change of variable would you use for the integral i (6 + 5x)? dx?< 





dx 
ete* 





EXAMPLE 2 Subtle substitution Evaluate J 


SOLUTION In this case, we see nothing in Table 7.1 that resembles the given integral. In 
a spirit of trial and error, we multiply numerator and denominator of the integrand by e”: 


J dx J a 
“ec | oe oe A 
e +e e~ +1 


This form of the integrand suggests the substitution u = e*, which implies that 
du = e* dx. Making these substitutions, the integral becomes 


e% du l 

m A = z Substitute u = e*, du = e* dx. 
e* +] u+ 1 

tanlu + C Table7.1 


tan! e” + C. u= e 





Related Exercises 15—22< 


cos x + sin? x 


EXAMPLE 3 Split up fractions Evaluate Í — ~ dh. 


Sec X 


SOLUTION Don’t overlook the opportunity to split a fraction into two or more fractions. 
In this case, the integrand is simplified in a useful way: 


cosx + sin? x COS x sin? x l l 
a ax T dx Split fraction. 
sec x sec x sec x 


: 1 
= cos? x dx + sin? x cos x dx. secx = 
cos x 


The first of the resulting integrals is evaluated using a half-angle formula (Example 6 of 
Section 5.5). In the second integral, the substitution u = sin x is used: 


-g 
cosx + sin” x ; 
dx cos? x dx + sin? x cos x dx 
sec x 


l-t cos 2% 3 
= a_i dx + sin” x cosxdx  Half-angle formula 














1f 1 / 
zJ ae + 5 feos zeae + fuau u = sinx, du = cos x dx 


xo l, l. 
= 5 + 1 sin 2x + 1 sinf x + C. Evaluate integrals. 


Related Exercises 23—28< 


ane 
x+4)x?2 4+ 2x-1 

x? + 4x 
—2x — 1 
—2x — 8 


7 
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3 


X 
Eo dx before 





HECK 2 Explain how to simplify the integrand of / 


integrating. «< 


2 
EXAMPLE 4 Division with rational functions Evaluate J a dx. 
SOLUTION When integrating rational functions (polynomials in the numerator and 
denominator), check to see 1f the function is improper (the degree of the numerator is 
greater than or equal to the degree of the denominator). In this example, we have an im- 
proper rational function, and long division is used to simplify it. The integration is done 
as follows: 


x” +2x— 1 7 
—__—___ dx (x — 2) dx + 
x+4 x + 


2 
x 
~ 2x + 71n |x + 4| + C. Evaluate integrals. 





A dx Long division 


Related Exercises 29-32< 


+1 
HECK 3 Explain how to simplify the integrand of / 2 1 dx before 
as 








integrating. «< 


dx 


7 — 8x — x2 





EXAMPLE 5 Complete the square Evaluate I z 


SOLUTION We don’t see an integral in Table 7.1 that looks like the given integral, so 
some preliminary work is needed. In this case, the key is to complete the square on the 
polynomial in the denominator. We find that 


—7 — 8x — x° = — (x? + 8x + 7) 
= —(x? + 8x + 16 — 16 + 7) Complete the square. 
a 


add and subtract 16 


= — ( ( x + 4)? — 9) Factor and combine terms. 


9 — (x + 4)*. Rearrange terms. 


After a change of variables, the integral is recognizable: 


Complete the square. 


/ dx = f dx 
T a V9 — (x +47 
du 
- [AS u = x + 4,du = dx 


u 
= şin! + C Table 7.1 





_ {x +4 
= sin 3 + C. Replace u by x + 4. 


Related Exercises 33—36< 


JICK CHECK 4 Express x” + 6x + 16 in terms of a perfect square. < 
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EXAMPLE 6 Multiply by 1 Evaluate J 


dx 





1 + cosx 


SOLUTION The key to evaluating this integral is admittedly not obvious, and the trick 
works only on special integrals. The idea is to multiply the integrand by 1, but the chal- 
lenge is finding the appropriate representation of 1. In this case, we use 


_ 1 — cosx 
1 — cosx 


The integral is evaluated as follows: 


dx 


J: + cosx 


SECTION 7.1 EXERCISES 


Review Questions 


1. What change of variables would you use for the integral 
[(4 — 7x) dx? 


2. Before integrating, how would you rewrite the integrand of 
f (xt + 2)? dx? 


3. State a trigonometric identity that is useful in evaluating 








sin? x dx. 
o. , xX 2x+4 
4. Describe a first step in integrating a= dx. 
y= 
. ! n . 10 
5. Describe a first step in integrating dx. 
Vx? — 4x — 9 


6. Describe a first step in integrating J a 
x 


Basic Skills 


7-14. Substitution Review Evaluate the following integrals. 


d 
i ja 8. | (9x - 2% ax 
(2 = 30) 
3T /8 = 
9, J sin (2 a z) dx 10. i dx 
0 4 


0 
In 2x dx 
11. J dx 12. J = 
X -5V4 -x 





x10 — 2x4 + 10x? + 1 
Sy 


1 1 — cosx 
ts ee 
1+ cosx 1 — cosx 
1 — cos 

J 2 dx 
l= cos x 
1] — cos 
[=a 
siní x 
1 COS x 
lx a- ( dx 
siní x siní x 
[set rat = J escx cot xa 


—cotx + cscx + C. 











ax 


ox 
13. | —— 
Jz +1 


Multiply by 1. 


Simplify. 


1 — cos? x = sin? x 








Split up the fraction. 
1 COS x 
cox = — > os s 
sin x sin x 


Integrate using Table 7.1. 
Related Exercises 37-40< 


o2Vxt1 
dt 
Vx 


14. 


15-22. Subtle substitutions Evaluate the following integrals. 





is. f C i 
e* — 2e” 


en? x2 
7. f l ) te 
1 x 











2x 
6 [5 ~ dx 
e“* — 4e* 





(3x +2) 


3 
20. J dx 
0 V +r +4 


1 
2 | — 
x =e x 





dx 





=9 


23-28. Splitting fractions Evaluate the following integrals. 





sin f + tan t 
25. — ái 
cos’ t 


gi 


25/2 
X 
24. — = 
J yr 


dx 


29-32. Division with rational functions Evaluate the following 
integrals. 


Kae Z 
29. / dx 

x+4 

t -2 
31. dt 

it] 
33-36. Completing the square Evaluate the following integrals. 


2 
d +2 
33. o n 34. ~~ & 
x = ye gx +t4x+8 


do 
35. / 36. J oo 
V27 — 60 — 0? X t2 +I 


37—40. Multiply by 1 Evaluate the following integrals. 


dé 
37. ——_—— 
i + sin 0 3. [| 
39. J n 0. | 
secx — l 1 — csc 0 


Further Explorations 
41. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


3 3 3 
a. J 5 dx = [ow + [ie 
x* +4 x 4 


b. Long division simplifies the evaluation of the integral 
d x? +2 
na 
IW FX 
1 
—— dx = In|sinx + 1| +C 
sinx + 1 


1 [ee + C 


42-54. Miscellaneous integrals Use the approaches discussed in this 
section to evaluate the following integrals. 


á dx i x 
42. | ———— 43. — ~ dx 
is E s 


1 
44. | VI+ vias 45. 
0 





























sin x sin 2x dx 


a /2 
46. J V1 + cos2x dx 47. 
0 


1 dx 
48. > 49. 
J 4 — Vx 


a /4 
50. J 3V 1 + sin2x dx 51. 
0 


x—2 
dx 
x? + 6x + 13 





J 
fem 
E 
Jaran 


7/8 
52. / V1 — cos 4x dx 53. 
0 





i 2 
sa. f 5 5 dx 
ge a 3X =r See I 


55. 


56. 


57. 


58. 
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Different methods 


a. Evaluate f tan x sec’ x dx using the substitution u = tan x. 
b. Evaluate I tan x sec” x dx using the substitution u = sec x. 
c. Reconcile the results in parts (a) and (b). 


Different methods 


a. Evaluate I cot x cso’ x dx using the substitution u = cot x. 
b. Evaluate J cot x csc? x dx using the substitution u = csc x. 
c. Reconcile the results in parts (a) and (b). 


Different methods 


o 
a. Evaluate 
x+ 1] 


x 
b. Evaluate 
2 x+ 1 


x 
x+1 
c. Reconcile the results in parts (a) and (b). 





dx using the substitution u = x + 1. 





dx after first performing long division on 





Different substitutions 





d 
a. Show that / a = sin! (2x — 1) + C using the 
Vx — x’ 1 


substitution u = 2x — loru =x — =. 


Sh that f a i 
7 OW a = 
VX — x? 


= 2 sin! Vx + C using the 
substitution u = Vx. 


c. Prove the identity 2 sin’ Vx — sin™! (2x — 1) = 


N/a 


(Source: The College Mathematics Journal 32, No. 5 (Novem- 
ber 2001)) 





Applications 
59. Area of a region between curves Find the area of the region 
2 
bounded by the curves y = — and y = on the 
w Oe i = OK 


60. 


61. 


62. 


interval | 2, 4]. 


Area of a region between curves Find the area of the entire 


3 

X 8x 

region bounded by the curves y = ——— and y = A 
i 7 a x27 +1 á x? +1 





Volumes of solids Consider the region R bounded by the graph 


of f(x) = Vx* + 1 on the interval [0, 2]. 


a. Find the volume of the solid formed when R is revolved about 
the x-axis. 

b. Find the volume of the solid formed when R is revolved about 
the y-axis. 


Volumes of solids Consider the region R bounded by the graph of 
f(x) = 


a. Find the volume of the solid formed when R is revolved about 
the x-axis. 

b. Find the volume of the solid formed when R is revolved about 
the y-axis. 





l 
> on the interval |0, 3]. 
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64. 


65. 


66. 
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Arc length Find the length of the curve y = x°/* on the interval 
[0, 1]. (Hint: Write the arc length integral and let 


u’ = 1+ PG Vx.) 


Surface area Find the area of the surface generated when the 
region bounded by the graph of y = e* + te™ on the interval 
[0, In 2] is revolved about the x-axis. 


Surface area Let f(x) = Vx + 1. Find the area of the surface 
generated when the region bounded by the graph of fon the 
interval |0, 1] is revolved about the x-axis. 


Skydiving A skydiver in free fall subject to gravitational accelera- 


tion and air resistance has a velocity given by 


et — J 


O = v St 


physical constant. Find the distance that the skydiver falls after 
t 
t seconds, which is d(t) = J v(y) dy. 
0 


) where vy is the terminal velocity and a is a 


CK ANSWERS 





1. Letu = 6 + 5x. 2. Write the integrand as x? 4 x. 





3. Use long division to write the integrand as 1 + T 
go 


4. (x +3% +7. 


7.2 Integration by Parts 


The Substitution Rule (Section 5.5) arises when we reverse the Chain Rule for derivatives. 
In this section, we employ a similar strategy and reverse the Product Rule for derivatives. 
The result is an integration technique called integration by parts. To illustrate the impor- 
tance of integration by parts, consider the indefinite integrals 


fea-e+e and pretax = 


The first integral is an elementary integral that we have already encountered. The sec- 
ond integral is only slightly different—and yet, the appearance of the product xe” in the 
integrand makes this integral (at the moment) impossible to evaluate. Integration by parts 
is ideally suited for evaluating integrals of products of functions. Such integrals arise 
frequently. 


Integration by Parts for Indefinite Integrals 


Given two differentiable functions u and v, the Product Rule states that 


d 1 1 
g eV) = u(x)v) + u(x)v’ (x). 
By integrating both sides, we can write this rule in terms of an indefinite integral: 


u(x)v(x) = Jw + u(x)v'(x)) dx. 


Rearranging this expression in the form 


J L = u(x)v(x) — J nme 


leads to the basic relationship for integration by parts. It is expressed more compactly by 
letting du = u'(x) dx and dv = v'(x) dx. Suppressing the independent variable x, we have 


pudv = w - frau 


The integral J u dv is viewed as the given integral, and we use integration by parts to ex- 
press it in terms of a new integral J v du. The technique is successful if the new integral 
can be evaluated. 
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Integration by Parts 


Suppose that u and v are differentiable functions. Then 


[rudy = w frau 


EXAMPLE 1 Integration by parts Evaluate J xe” dx. 





SOLUTION The presence of products in the integrand often suggests integration by parts. 
We split the product xe* into two factors, one of which must be identified as u and the 
other as dv (the latter always includes the differential dx). Powers of x are often good 
choices for u. The choice for dv should be easy to integrate because it produces the func- 
tion v on the right side of the integration by parts formula. In this case, the choices u = x 
and dv = e* dx are advisable. It follows that du = dx. The relationship dv = e* dx 
means that v is an antiderivative of e*, which implies v = e”. A table is 

helpful for organizing these calculations. 


» The integration by parts calculation may 


r : za : _ —— 
be done without including the constant of Functions in original integral 
integration—as long as it is included in Functions in new integral 


the final result. 





The integration by parts rule is now applied: 


The original integral f xe* dx has been replaced by the integral of e*, which is easier to 
evaluate: J e* dx = e* + C. The entire procedure looks like this: 


J xe* dx = xe* — J e* dx Integration by parts 


= xe* — e* + C. Evaluate the new integral. 
Related Exercises 7—22< 


» To make the table, first write the EXAMPLE 2 Integration by parts Evaluate f x sin x dx. 


functions in the original integral: ; f 
SOLUTION Remembering that powers of x are often a good choice for u, we form the 


Ye following table. 


Then find the functions in the new 
integral by differentiating u and 





integrating dv: 


du = v= 


—_—____—_? ——_—_—___. 


Applying integration by parts, we have 


J: sinxdx = x (—cos x) — [coos x) dx Integration by parts 
SS e.—_—_ ‘n 


HS” — 
u 


u dv v V du 


QUICK CHECK 1 What is the best 
choice for u and dv in evaluating 
f x cos x dx? < 





= —ycosx + sinx + C. Evaluate [cos x dx = in x, 
Related Exercises 7—22< 


In general, integration by parts works when we can easily integrate the choice for dv 
and when the new integral is easier to evaluate than the original. Integration by parts is often 
used for integrals of the form [ x" f(x) dx, where n is a positive integer. Such integrals gen- 
erally require the repeated use of integration by parts, as shown in the following example. 
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» An integral identity in which the power 
of the variable is reduced is called a 
reduction formula. Other examples 
of reduction formulas are explored in 
Exercises 44-51. 


» In Example 4, we could also use 
u = sin x and dy = e” dx. In general, 
some trial and error may be required 
when using integration by parts. Effective 
choices come with practice. 


EXAMPLE 3 Repeated use of integration by parts 


a. Evaluate J xe" dx. 
b. How would you evaluate J x"e* dx, where n is a positive integer? 
SOLUTION 


a. The factor x’ is a good choice for u, leaving dv = e* dx. We then have 


Es edx = x? e” — aA eT 
=“ v 
u dv u v 


Notice that the new integral on the right side is simpler than the original integral 
because the power of x has been reduced by one. In fact, the new integral was 
evaluated in Example 1. Therefore, after using integration by parts twice, we have 


J xe” dx = x*e* — 2 J xe* dx Integration by parts 
= x7e* — 2(xe* — e*) + C Result of Example 1 
=e" (x? — 2x +2) + C. Simplify. 


b. We now let u = x” and dv = e* dx. The integration takes the form 


[ve dx = x"e* — n fate dx. 


We see that integration by parts reduces the power of the variable in the integrand. 
The integral in part (a) with n = 2 requires two uses of integration by parts. You can 
probably anticipate that evaluating the integral f x"e* dx requires n applications of in- 
tegration by parts to reach the integral f e* dx, which is easily evaluated. 

Related Exercises 23-30 


EXAMPLE 4 Repeated use of integration by parts Evaluate I e™ sin x dx. 


SOLUTION The integrand consists of a product, which suggests integration by parts. In 
this case there is no obvious choice for u and dv, so let’s try the following choices: 


dv = sinx dx 





The integral then becomes 
Je sin x dx = —e”™ cos x + 2 | cosx dx (1) 


The original integral has been expressed in terms of a new integral, f e™ cos x dx, which 
appears no easier to evaluate than the original integral. It is tempting to start over with a 
new choice of u and dv, but a little persistence pays off. Suppose we evaluate f e”™ cos x dx 
using integration by parts with the following choices: 


dv = cosx dx 





» Integration by parts for definite integrals 
still has the form 


[ude =w [va 


However, both definite integrals must be 
written with respect to x. 
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Integrating by parts, we have 
Je cos xdx = e” sinx — 2 fe sin x dx. (2) 


Now observe that equation (2) contains the original integral, f e~* sin x dx. Substituting 
the result of equation (2) into equation (1), we find that 


|% sinxa = —e”™ cos x + 2 |e cos xd 


= —e* cosx + 2(e sinx — 2 fe sinxdx) Substitute for f e™ cos x dx. 


—e™ cosx + 2e” sinx — 4 / e~ sinx dx. Simplify. 
Now it is a matter of solving for f e™ sin x dx and including the constant of integration: 


l 
|% sinxa — ze siny =-C0S.X) + C. 


Related Exercises 23-30 < 


Integration by Parts for Definite Integrals 


Integration by parts with definite integrals presents two options. You can use the method 
outlined in Examples 1—4 to find an antiderivative and then evaluate it at the upper and 
lower limits of integration. Alternatively, the limits of integration can be incorporated di- 
rectly into the integration by parts process. With the second approach, integration by parts 
for definite integrals has the following form. 


Integration by Parts for Definite Integrals 


Let u and v be differentiable. Then 


b 
/ u(x)v'(x) dx = u(x)v(x) 


b 


a 





EXAMPLE 5 A definite integral Evaluate f - In x dx. 


SOLUTION This example is instructive because the integrand does not appear to be a 
product. The key is to view the integrand as the product (In x)(1 dx). Then, the following 
choices are plausible: 





2 





2 2 1 
= J x—dx Integration by parts 
LP nE 





1 Se eS 1 vA 
u dv -o 4 pa 
2 2 
= xylnx| — / dx Simplify. 
l l 
= (2ln2 — 0) — (2 — 1) Evaluate. 
= 2]ln2 — 1 = 0.386. Simplify. 


Related Exercises 31-38< 
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In Example 5 we evaluated a definite integral of In x. The corresponding indefinite 
integral can be added to our list of integration formulas. 


Integral of In x 





QUICK CHECK 2 Verify by differentiation J irede = xine- rE 
that ra =xInx-x+Ci< 





EXAMPLE 6 Solids of revolution Let R be the region bounded by y = In x, the 
x-axis, and the line x = a, where a > 1 (Figure 7.1). Find the volume of the solid that 
is generated when the region R is revolved about the x-axis. 


SOLUTION Revolving R about the x-axis generates a solid whose volume is computed 
with the disk method (Section 6.3). Its volume is 


V = J inaa 
1 


We integrate by parts with the following assignments: 





FIGURE 7.1 
> Recall that if f(x) = 0 on [a, b] and the The integration is carried out as follows, using the indefinite integral of In x just given: 
region bounded by the graph of f and a 
the x-axis on |a, b] is revolved about y= J (In o dx Disk method 
the x-axis, then the volume of the solid 1 


generated is 








4 _|° “ 2Inx l 
b = m | (lnx) x| — xX dx Integration by parts 
V= J rie? ax u vil I ip 
a du 
a a 
= z| x(Inx) = 9 J Inxa| Simplify. 
l l 











I 
>) 
ai 

be 
n 
— 

5 

= 
Noer 
N 


a 
eo Ne finxae = xinx-x+C 
‘HECK 3 How many times do 1 1 


you fou need to integrate by parts to reduce m(a(Ina)* — 2alna + 2a — 2). Evaluate and simplify. 
I In x)° dx to an integral of In x? <«< Raai Premise 20 





SECTION 7.2 EXERCISES 


Review Questions 5. What type of integrand is a good candidate for integration 
1. On which derivative rule is integration by parts based? by parts? 
2. How would you choose the term dv when evaluating | x” e™ dx 6. How would you choose u and dv to simplify Í xe do 


using integration by parts? 


, Basic Skills 
3. How would you choose the term u when evaluating J x cosaxdx 7222, Integration by parts Evaluate the following integrals. 
using integration by parts? 
; t 
4. Explain how integration by parts is used to evaluate a definite integral. i J BEOR AN ee J Da = J roe 


x 
10. [re dx 11. | -a 12. [se ds 
Vx +1 


13. i? In x? dx 14. fe sec? 0 dé 
15. J7 In x dx 16. fJ In x dx 

"Jaz RE 
17. = ai dx 18. sin x dx 

x 

19. [ran x dx 20. J sec! x dx, x = 1 
21. fJ sin x cos x dx 22, J xtan! x? dx 
23-30. Repeated integration by parts Evaluate the following 
integrals. 
23. | te“ dt 24. J e% cos 2x dx 
25. J e™ sin 4x dx 26. / x? lIn? x dx 
27, J e* cos x dx 28. J e™” sin 60 d0 
29. fe sin 2x dx 30. J e® dx 


31. | x sin x dx 32. J In 2x dx 
0 1 
1/2 In2 
33. J x cos 2x dx 34. J xe* dx 
0 0 
e 1/V2 
35. J x? In x dx 36. J y tan! y? dy 
1 0 
vV3/2 2 
J J sin | y dy 38. J zsec | zdz 
1/2 2/V3 


39-42. Volumes of solids Find the volume of the solid that is generated 
when the given region is revolved as described. 


39. The region bounded by f(x) = e *,x = In 2, and the coordinate 
axes is revolved about the y-axis. 


40. The region bounded by f(x) = sin x and the x-axis on [0, 7] is 
revolved about the y-axis. 


41. The region bounded by f(x) = x In x and the x-axis on | 1, e°] 
is revolved about the x-axis. 


42. The region bounded by f(x) = e™ and the x-axis on [0, In 2] is 
revolved about the line x = In 2. 


Further Explorations 
43. Explain why or why not Determine whether the following 
statements are true and give an explanation or counterexample. 


x [ma ( fua) fore) 
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b. [ur de = w- fru ax 
A fviu=w- fud 


44-47. Reduction formulas Use integration by parts to derive the 
following reduction formulas. 





n „ax xe” n n—l ax 
44. x” e™ dx = = x” e™ dx, fora # 0 
a a 


| az 5 
x"sinax n A 
45 x" cos ax dx = ———= = T l sin ax dx, fora ~ 0 
a a 


is x"cosax nf ._, 
46. x” sin ax dx = ———— + — | x" ‘cosaxdx, fora ~ 0 


a a 


47 m'xde= xin -n |m xdr 


48-51. Applying reduction formulas Use the reduction formulas in 
Exercises 44-47 to evaluate the following integrals. 


48. Je e” dx 49. fe cos 5x dx 
50. J x? sin x dx 51. J In* x dx 


52—53. Integrals involving f In x dx Use a substitution to reduce the 
following integrals to f ln u du. Then evaluate the resulting integral. 


52. [osx In (sin x) dx 


53. fsx (tanx + 2) dx 


54. Two methods 


a. Evaluate f x In x* dx using the substitution u = x* and 
evaluating f ln u du. 


b. Evaluate f x In x? dx using integration by parts. 
c. Verify that your answers to parts (a) and (b) are consistent. 


55. Logarithm base b Prove that 
1 
| log, x dx = mp rine cca PL., 
56. Two integration methods Evaluate 1 sin x cos x dx using inte- 


gration by parts. Then evaluate the integral using a substitution. 
Reconcile your answers. 


57. Combining two integration methods Evaluate f cos Vx dx us- 
ing a substitution followed by integration by parts. 


T? A 
58. Combining two integration methods Evaluate I 0 4 Sin Vx dx 
using a substitution followed by integration by parts. 


59. Function defined as an integral Find the arc length of the 


function f(x) = T Vin? t — 1dton le, e°]. 
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60. 


61. 


62. 


63. 


64. 


65. 


66. 
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A family of exponentials The curves y = xe “ are shown in the 
figure fora = 1, 2, and 3. 


a. Find the area of the region bounded by y = xe * and the 
x-axis on the interval [0, 4]. 

b. Find the area of the region bounded by y = 
x-axis on the interval [0, 4], where a > 0. 

c. Find the area of the region bounded by y = xe “ and the 
x-axis on the interval [0, b]. Because this area depends on a 
and b, we call it A(a, b), where a > Oandb > 0. 

d. Use part (c) to show that A(1, In b) = 4A(2, (Inb)/2). 

e. Does this pattern continue? Is it true that A(1, In b) = 
a*A(a, (Inb)/a)? 


xe “and the 


67. 


68. 


c. Use the result of part (b) to evaluate J In x dx (express 
the result in terms of x). 

d. Use the result of part (b) to evaluate i sin | x dx. 

e. Use the result of part (b) to evaluate f tan! x dx. 


Integral of sec? x Use integration by parts to show that 
3 1 1 
sec? x dx = on F > secr dx: 


Two useful exponential integrals Use integration by parts to 
derive the following formulas for real numbers a and b. 


Je sin bx dx = 


e™ (asin bx — b cos bx) 





a? + b’ 
á Family y = re% e™ (acos bx + b sin bx) 
0.4 ae E e™ cos bx dx = 24 pe 
a 
Applications 
69. Oscillator displacements Suppose a mass on a spring that is 





Solid of revolution Find the volume of the solid generated when 
the region bounded by y = cos x and the x-axis on the interval 
[0, 7/2] is revolved about the y-axis. 


Between the sine and inverse sine Find the area of the region bounded 
by the curves y = sin x and y = sin | x on the interval [0, I. 


Comparing volumes Let R be the region bounded by y = sin x 
and the x-axis on the interval [0, |. Which is greater, the volume 
of the solid generated when R is revolved about the x-axis or the 
volume of the solid generated when R is revolved about the y-axis? 


Log integrals Use integration by parts to show that form 4 —1, 
xml 1 
x” Inxdx = (mx - ) +C 
m+ 1 m+ 1 


and form = —1, 
bi "+C 
— In 3 
7 X 








Inx 
— dx = 
x 


A useful integral 


a. Use integration by parts to show that if f’ is continuous, 
faro dx = xf(x) — Jro dx. 


b. Use part (a) to evaluate f xe™ dx. 


Integrating inverse functions Assume that f has an inverse on 
its domain. 


a. Let y = f~! (x), which means x = f(y) and dx = f' (y) dy. 


Show that 
J Pigg / if Ody 


b. Use the result of Exercise 65 to show that 


[Eao [rove 


71. 


slowed by friction has the position function s(t) = e” sint. 

a. Graph the position function. At what times does the oscillator 
pass through the position s = 0? 

b. Find the average value of the position on the interval | 0, zr]. 

c. Generalize part (b) and find the average value of the position 
on the interval [nz, (n + 1)z], forn = 0,1,2,.... 

d. Let a, be the absolute value of the average position on the 
intervals |nr, (n + 1)r], forn = 0,1,2,.... Describe the 
pattern in the numbers do, 41, 4@>,.... 


Additional Exercises 


70. 


d 

Find the error Suppose you evaluate / “ using integration by 
x 

parts. With u = 1/x and dv = dx, you find that du = —1/x? dx, 


v = x, and 
d 1 1 d 
[&=()- -i)a = 
X x x X 


You conclude that 0 = 1. Explain the problem with the 


calculation. 


Proof without words Explain how the diagram in the figure illus- 
trates integration by parts for definite integrals. 





q = f(b) - 


OC} p=fla) 
Area of A + Area of B = qs — pr 


12; 


13: 


74. 


15: 


Integrating derivatives Use integration by parts to show that if 
f’ is continuous on la, b), then 


b 
[ IOLO dx = 5 (OY - fla?) 


An identity Show that if f has continuous derivatives on |a, b] 
and f'(a) = f'(b) = 0, then 


b 
J TORNE 


An identity Show that if f and g have continuous second deriva- 
tives and f(0) = f(1) = g(0) = g(1) = 0, then 


[ Fokoa r= ff e 


Possible and impossible integrals Let J, = | xe 
iS a nonnegative integer. 


a4 ; 
a. lọ = f e * dx cannot be expressed in terms of elementary 
functions. Evaluate 7}. 
b. Use integration by parts to evaluate /,. 


dx, where n 


c. Use integration by parts and the result of part (b) to evaluate Js. 


d. Show that, in general, if n is odd, then I, = —~e™ p,—1(x), 


where p,,—; 18 a polynomial of degree n — 1. 
e. Argue that if n is even, then J, cannot be expressed in terms of 
elementary functions. 
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76. Looking ahead (to Chapter 10) Suppose that a function 


f has derivatives of all orders near x = 0. By the Fundamental 
Theorem of Calculus, 


fox) — 0) = | pina 
0 
a. Evaluate the integral using integration by parts to show that 
fx) = 0) + x70) + f FOE Hat 
0 


b. Show (by observing a pattern or using induction) that 
integrating by parts n times gives 


f(x) = FCO) + xf"(0) + Zx? F"(0) + ++ + Zar fOO) 


1 X 
-+ TERO -tdt +-+- 
n! Jo 


This expression, called the Taylor series for f at x = O, is 
revisited in Chapter 10. 





1. Letu = x and dv = cos x dx. 
d 

— (xlnx — x + C) = Inx 
X 


3. Integration by parts must be applied five times.< 


7.3 Trigonometric Integrals 


At the moment, our inventory of integrals involving trigonometric functions is rather lim- 
ited. For example, we can integrate sin ax and cos ax, where a is a constant, but missing 
from the list are integrals of tan ax, cot ax, sec ax, and csc ax. It turns out that integrals 
of powers of trigonometric functions, such as f cos? x dx and f cos’ x sinf x dx, are also 
important. The goal of this section is to develop techniques for integrating integrals in- 
volving trigonometric functions. These techniques are indispensable when we use trigono- 
metric substitutions in the next section. 


Integrating Powers of sin x or cos x 


Two strategies are employed when evaluating integrals of the form | sin” x dx or 
i cos” x dx, where m and n are positive integers. Both strategies use trigonometric identi- 
ties to recast the integrand, as shown in the first example. 


EXAMPLE 1 Powers of sine or cosine Evaluate the following integrals. 


a. f cos? x dx 
b. J sin x dx 
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» Pythagorean identities: 


cos? x + sin? x = 1 


1 + tan?x = 


| 
nN 
oO 
re 
be 


cot? x + 1 = csc? x 


» Use the phrase “sine is minus” to 


remember that a minus sign is associated 


with the half-angle formula for sin? 


while a positive sign is used for cos 


X, 


2 


X. 


SOLUTION 


a. Integrals involving odd powers of cos x (or sin x) are most easily evaluated by split- 
ting off a single factor of cos x (or sin x). In this case, we rewrite cos’ x as cost x * cos x. 
Now, cos‘ x can be written in terms of sin x using the identity cos? x = 1 — sin? x. The 


result is an integrand that readily yields to the substitution u = sin x: 


J cos? x dx = / cos* x° cos x dx Split off cos x. 
= J a= sin? o -cos x dx Pythagorean identity 
= fa — u'y du Let u = sin x; du = cos x dx. 
= fa — 2u? + u*) du Expand. 
— 2 3 l 5 
=u- 3H F z” + C Integrate. 


. . 1. 
= sinx — 3 sin? x + 5 sin? x + C. Replace u with sin x. 


b. With even powers of sin x or cos x, we use the half-angle formulas 


9 | = cos 2x 5 1 + cos 2x 
cE a and cos ——— 7. 


to reduce the powers in the integrand: 


1 — cos 2x \? 
/ sinf x dx = / (==) dx Half-angle formula 


i 


sin? x 


1 
i J (1 = 2002 t cos? 2x) dx. Expand the integrand. 


Using the half-angle formula again for cos? 2x, the evaluation may be completed: 


i l 1 + cos 4x 
sin“ x dx = — | = 2 cos 2x + -z3 dx Half-angle formula 
a ey 


4 
cos? 2x 
1 3 1 
= — — — 2cos2x + —cos 4x | dx Simplify. 
4 2 Z 
3x , 1, 
<= = Si ye Sin ay ae CC. Evaluate the integrals. 
8 4 32 


Related Exercises 9-14< 


QUICK CHECK 1 Evaluate F sin? x dx by splitting off a factor of sin x, rewriting sin? x in 
terms Sol cos x, and using an appropriate u-substitution. < 





Integrating Products of Powers of sin x and cos x 


We now consider integrals of the form J sin” x cos” x dx. If m is an odd, positive inte- 
ger, we split off a factor of sin x and write the remaining even power of sin x in terms of 
cosine functions. This step prepares the integrand for the substitution u = cos x, and the 
resulting integral is readily evaluated. A similar strategy is used when n is an odd, posi- 
tive integer. 
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If both m and n are even positive integers, the half-angle formulas are used to trans- 
form the integrand into a polynomial in cos 2x, each of whose terms can be integrated, as 
shown in Example 2. 

EXAMPLE 2 Products of sine and cosine Evaluate the following integrals. 
a. I sinf x cos? x dx b. I sin? x cos 7 x dx 
SOLUTION 


a. When both powers are even, the half-angle formulas are used: 


A 5 1 — cos2x\7/1 + cos 2x 
sin“ x cos’ x dx = —— a dx Half-angle formulas 
i MlM ee amam 
sin? x cos? x 
1 


8 J (1 — cos 2x — cos? 2x + cos? 2x) dx. Expand. 


The third term in the integrand is rewritten with a half-angle formula. For the last 
term, a factor of cos 2x is split off, and the resulting even power of cos 2x is written in 
terms of sin 2x to prepare for a u-substitution: 


[ si’ x cos’ x dx = 


cos” 2x i 
cos* 2x 


pe =—_———s 
1 1 + cos 4x LIZ aa 
3 Cos = _ dx + g (1 = sin 2x) + cos 2x dx. 


Finally, the integrals are evaluated, using the substitution u = sin 2x for the second 
integral. After simplification, we find that 


sinf x cos? x dx = Ea = ae = Een ae C 
16 64 48 l 


b. When at least one power is odd, the following approach works: 


J sin? x cos? x dx = / sin? x cos? x- sin x dx Split off sin x. 


J (1 — cos? x) cos? x*sinxdx Pythagorean identity 


- fa = u”) u du u = cos x; du = —sin x dx 


1 
fa —u*)du=ut a + C Evaluate the integral. 


= cosx + secx + C. Replace u with cos x. 
Related Exercises 15—24< 


HECK 2 What strategy would you use to evaluate J sin? x cos? x dx?< 





Table 7.2 summarizes the techniques used to evaluate integrals of the form 
T sin” x cos” x dx. 
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Table 7.2 

| sin” x cos” x dx Strategy 

m Odd, n real Split off sin x, rewrite the resulting even power of sin x in terms 
of cos x, and then use u = cos x. 

n odd, m real Split off cos x, rewrite the resulting even power of cos x in terms 
of sin x, and then use u = sin x. 

m and n both even, Use half-angle identities to transform the integrand into a 

nonnegative integers polynomial in cos 2x, and apply the preceding strategies once 


again to powers of cos 2x greater than 1. 


Reduction Formulas 


Evaluating an integral such as T sin x dx using the method of Example 1b would be te- 
dious, at best. For this reason, reduction formulas have been developed to ease the work- 
load. A reduction formula equates an integral involving a power of a function with another 
integral in which the power is reduced; several reduction formulas were encountered in 
Exercises 44—47 of Section 7.2. Here are some frequently used reduction formulas for 
trigonometric integrals. 


Reduction Formulas 


Assume n is a positive integer. 


e. n—l 
, sin” xcosx n— I 
1. sin” x dx = ——-_ + ———_ 
n n 


cos”! x sin x 


cos” x dx 
n 


tan” xdx = 


sec” x dx 





Formulas 1, 3, and 4 are derived in Exercises 64—66. The derivation of formula 2 is similar 
to that of formula 1. 


EXAMPLE 3 Powers of tan x Evaluate J tan’ x dx. 
SOLUTION Reduction formula 3 gives 


1 
[ant xa = 3 tan’ x = [ an? xa 


s 
use (3) again 
l 
= — tan? x — (tanx — fixan) 
3 —— 


=1 


= 3 tan’ x — tanx +x + C. 
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2 


An alternative solution uses the identity tan? x = sec? x — 1: 
[ant xa — IGE (sec? x — 1) dx 
— 
tan? x 


= fi x sec? x dx — fi x dx. 


The substitution u = tan x, du = sec? x dx is used in the first integral, while the 
identity tan? x = sec* x — 1 is used again in the second integral: 


[ant xa = fe x sec? x dx — tan? x dx 


= J u° du — / (sec?x — 1) dx Substitution and identity 


3 
u 
= a tanx +x + C Evaluate integrals. 


1 
= ztan x — tanx + x + C. u = tax 
Related Exercises 25-30 < 
Note that for odd powers of tan x and sec x, the use of reduction formula 3 or 4 will 


eventually lead to f tan x dx or J sec x dx. Theorem 7.1 gives these integrals, along with 
the integrals of cot x and csc x. 


THEOREM 7.1 Integrals of tan x, cot x, sec x, and csc x 


fonxa = —In |cos x| + C = In |sec x| + C [eovxas = In |sinx| + C 


[cera In |secx + tanx| + C [osexat = —In|cscx + cotx| + C 





Proof: In the first integral, tan x is expressed as the ratio of sin x and cos x to prepare for 
a Standard substitution: 


fonxa = 





| 
O A . 
S15 
s |5 
> 


u = cos x; du = —sinx dx 


Il 

| 
—— 
= |e 

= 


—In |u| + C = —In |cos x| + C. 


Using properties of logarithms, the integral can also be written 


fonxa = —]n |cos x| + C = In|(cosx)'| + C = In |sec x| + C. 
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In Example 4a, the two methods 
produce results that look different, but 
are equivalent. This is common when 
evaluating trigonometric integrals. For 
instance, try T sinf x dx using reduction 
formula 1, and compare your answer to 


a ETET: 
3 goa T : 


the solution found in Example 1b. 
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sec x + tanx 


dx Multiply integrand by 1. 


The integral of sec x requires a subtle maneuver: 
sec x + tan x 
et 


[scoxat [secs 
1 


sec? x + secx tanx 
= — d Expand numerator. 
secx + tanx 


du 

= | — u = sec x + tan x; du = (sec*x + sec x tan x) dx 
u 

= ]n|u| + C Integrate. 


= In|sec x + tan x| + C. u = secx + tanx 


Derivations of the remaining integrals are left to Exercises 46—47. < 


Integrating Products of Powers of tan x and sec x 


Integrals of the form J tan” x sec” x dx are evaluated using methods analogous to those 
used for f sin” x cos” x dx. For example, if n is even, we split off a factor of sec? x and 
write the remaining even power of sec x in terms of tan x. This step prepares the integral 
for the substitution u = tan x. If m is odd, we split off a factor of sec x tan x (the deriva- 
tive of sec x), which prepares the integral for the substitution u = sec x. If m is even and n 
is odd, the integrand is expressed as a polynomial in sec x, each of whose terms is handled 
by a reduction formula. Example 4 illustrates these techniques. 


EXAMPLE 4 Products of tan x and sec x Evaluate the following integrals. 


a. J tan? x sect x dx b. J tan? x sec x dx 


SOLUTION 


a. With an even power of sec x, we split off a factor of sec? x, and prepare the integral for 
the substitution u = tan x: 


/ tan? x sect x dx = ; 


tan? x sec? x* sec? x dx 


2 


tan? x (tanx + 1)*sec%xdx sec?x = tan? x + 1 


u’ (u° + 1) du u = tanx;du = sec’ x dx 


| 
Eee a 


1 
= —tan®x + tan’ x T G, Evaluate; u = tan x. 


6 


Because the integrand also has an odd power of tan x, an alternative solution is to split 
off a factor of sec x tan x, and prepare the integral for the substitution u = sec x: 


/ tan? x sect x dx = 2 


tan? x sec? x ° sec x tan x dx 


— 


sec? x — 1 


= fiss — 1) sec? x+ sec x tan x dx 


[owe — 1)uedu 


1 6 1 4 
= — gec X = -see x = C. 
6 4 


u = secx; 
du = sec x tan x dx 


Evaluate; u = sec x. 
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The apparent difference in the two solutions given here is reconciled by using the 
identity 1 + tan? x = sec? x to transform the second result into the first, the only 
difference being an additive constant, which is part of C. 


b. In this case, we write the even power of tan x in terms of sec x: 


J tan? x sec x dx 


[ (sex - 1) sec x dx tan? x = sec?’ x — 1 


[seo xa = [sccxat 


reduction formula 4 





1 
z Sec x tan x + 5 sec xan = fsecxas 


1 1 
5 Sec x tan x — 5 In [secx + tanx| + C. 


Add secant integrals; 
use Theorem 7.1. 


Related Exercises 3]1-44< 


Table 7.3 summarizes the methods used to integrate f tan” x sec” x dx. Analogous 
techniques are used for f cot” x csc” x dx. 


Table 7.3 


| tan” x sec” x dx 


n even 
m odd 


m even and n odd 


SECTION 7.3 EXERCISES 


Review Questions 


1. 


2 
3. 
4 


5 
6. 
7 
8 


State the half-angle identities used to integrate sin? x and cos? x. 
State the three Pythagorean identities. 
Describe the method used to integrate sin? x. 


Describe the method used to integrate sin” x cos” x, for m even 
and n odd. 


What is a reduction formula? 
How would you evaluate i cos? x sin? x dx? 
How would you evaluate f tan"? x sec? x dx? 


How would you evaluate J sec!? x tan x dx? 


Basic Skills 


9-14. Integrals of sin x or cos x Evaluate the following integrals. 


9. 


fsi xdx 10. [si x dx 11. [eos x dx 


12. / cos* 2x dx 13. / sin-xdx 14. / cos? 20x dx 


Strategy 


Split off sec? x, rewrite the remaining even power of sec x in terms of 
tan x, and use u = tan x. 


Split off sec x tan x, rewrite the remaining even power of tan x in 
terms of sec x, and use u = sec x. 


Rewrite the even power of tan x in terms of sec x to produce a polyno- 
mial in sec x; apply reduction formula 4 to each term. 


15-24. Integrals of sin x and cos x Evaluate the following integrals. 


15. [ si’ x cos’ x dx 16. [si x cos? x dx 


2 


17. [sw x cos’ x dx 18. sin? x cos? x dx 


3 2 


19. cos? x V sin x dx 20. 


sin”? x cos ^x dx 


a 3 3/2 


23. sin? x cos* x dx 24. sin” x COS’ x dx 


21. [sn xcos * x dx 22, [sir x cos? x dx 


20 tan® x dx 30. cot? 3x dx 


27. / cott x dx 28. J tan? 6 d0 
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31-44. Integrals involving tan x and sec x Evaluate the following 
integrals. 


31. J 10 tan? x sec? x dx 32. J tan? x sect x dx 


33. J tan x sec? x dx 34. J V tan x sec* x dx 








2 
35. J tan? 4x dx 36. J dx 
tan` x 
37. J sec? x tan!/? x dx 38. / sec * x tan? x dx 
ese" x 10 
39. 5 dx 40. csc’. x cot x dx 
cot” x 
a7 /4 
41. / sec’ 6 d0 42. J tan? 0 sec* 0 d0 
0 
7/3 a7 /4 
43. J cot? 0 d0 44. J tan? 6 sec? 0 d0 
7/6 0 


Further Explorations 
45. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. If mis a positive integer, then I p cos7”*! xdx = 0. 


b. If m is a positive integer, then 1 9 sin” xdx = 0. 
46—47. Integrals of cot x and csc x 


46. Use achange of variables to prove that 
[cotx dx = In [sin x| + C. 


47. Prove that / csc x dx = —In |csc x + cotx| + C. (Hint: See the 
proof of Theorem 7.1.) 


48. Comparing areas The region R, is bounded by the graph of 
y = tan x and the x-axis on the interval [0, 7 / 3]. The region R, 
is bounded by the graph of y = sec x and the x-axis on the inter- 
val [0, 7/6]. Which region has the greater area? 


49. Region between curves Find the area of the region bounded by 
the graphs of y = tan x and y = sec x on the interval [0, 7/4]. 


50-57. Additional integrals Evaluate the following integrals. 


sec*(In 0) 
51. ~y 2 


a /2 dy 1/3 
52. J i 53. Vsec2@ — 1 d8 
7/6 SIN Y —1/3 








a /4 
54. J tan? x sec? x dx 


55. J (1 — cos 2x)? dx 
a /4 0 


56. J ese! x co? xa 57; [ es (e* = 1) dx 


58-61. Square roots Evaluate the following integrals. 


a7 /4 
58. J V1 + cos 4x dx 


a /4 


a /2 
59. J V1 — cos 2x dx 
0 





7/8 a7 /4 
60. J V1 — cos 8x dx 61. J (1 + cos 4x)?” dx 
0 0 


62. Sine football Find the volume of the solid generated when the 
region bounded by the graph of y = sin x and the x-axis on the 
interval [0, 7 | is revolved about the x-axis. 


63. Arc length Find the length of the curve y = In (sec x), for 
Osx 7/4. 


64. A sine reduction formula Use integration by parts to obtain a 
reduction formula for positive integers n: 


[sts dx =—sin”"!xcosx + (n — 1) f sin x cos? x dx. 
Then use an identity to obtain the reduction formula 


ne sin” ! xcosx n— 1 n 
sin” x dx = —————-_ + sin” ^ x dx. 
n n 


Use this reduction formula to evaluate f sin® x dx. 





65. A tangent reduction formula Prove that for positive integers 


n Æ 1, 
tan” |x 7 
[ant xa = j — fiw 2x dx. 
z= 


Use the formula to evaluate I - * tan? x dx. 





66. A secant reduction formula Prove that for positive integers 
n Æ Í, 


n sec” * x tan x 
sec” x dx = —————————————— + 





(Hint: Integrate by parts with u = sec" *x and dv = sec’ x dx.) 


Applications 
67-71. Integrals of the form f sin mx cos nx dx Use the following 
three identities to evaluate the given integrals. 


sin mx sin nx = = [cos ((m — n)x) — cos ((m + n)x)| 
[sin ((m — n)x) + sin ((m + n)x)| 


sin mx cos nx = 


COS MX COS NX = 


NI nj= 


[cos ((m — n)x) + cos ((m + n)x)] 


67. f sin 3x cos 7x dx 
69. / sin 3x sin 2x dx 


68. sin 5x sin 7x dx 
70. | cos x cos 2x dx 


71. Prove the following orthogonality relations (which are used 
to generate Fourier series). Assume m and n are integers with 
nmr nN, 


T 
a. J sin mx sin nx dx = 0 
0 
T 
b. J cos mx cos nx dx = 
0 


T 
c. J sin mx cos nx dx = 0 
0 


72. Mercator map projection The Mercator map projection was pro- 
posed by the Flemish geographer Gerardus Mercator 


(1512-1594). The stretching of the Mercator map as a function of d. 
the latitude 0 is given by the function 


9 
G(0) = J seoxas 
0 


Graph G, forO0 = 0 < 7/2. (See the Guided Project Mercator 
Projections for a derivation of this integral.) 


Additional Exercises 
73. Exploring powers of sine and cosine 
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Does the conclusion of part (c) hold if sine is replaced by 
cosine? 

Repeat parts (a), (b), and (c) with sin? x replaced by sinf x. 
Comment on your observations. 

Challenge problem: Show that, form = 1, 2,3,..., 


a — E ES 
sin” x dx = cos” x dx = WT? —....-.- . “a 
0 0 2°4°6°::2m 





CHECK ANSWERS 


a. Graph the functions f,(x) = sin? x and f(x) = sin? 2x on the 


interval |0, 7 |. Find the area under these curves on [0, 7]. 1, cos?’ x — cosx + C 2. Write L sin? x cos? x dx = 
b. Graph a few more of the functions f, (x) = sin? nx on the T sin? x cos? x sin x dx = J (1 — cos? x) cos? x sin x dx. 
interval [0, 7 |, where n is a positive integer. Find the area Then, use the substitution u = cos x. Or, begin by writing 
under these curves on [0, 7 |. Comment on your observations. f sin? xcos rdr = f sin? x cos? x cos xdx.« 
c. Prove that i 9 sin” (nx) dx has the same value for all positive 
integers n. 
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2 


In Section 6.5, we wrote the arc length integral for the segment of the parabola y = x“ on 


2 2 
| VIa = | Nita 
0 0 


the interval [0, 2] as 


At the time, we did not have the 


difficulty with Jọ V1 + 4x? dxi 


analytical methods needed to evaluate this integral. The 
s that the square root of a sum (or difference) of two squares 


is not easily simplified. On the other hand, the square root of a product of two squares is 


easily simplified: V AB? = |AB 


|. If we could somehow replace 1 + 4x7 with a product of 


squares, the integral I n V 1 + 4x? dx might be easier to evaluate. The goal of this section 
is to introduce techniques that transform sums of squares a° + x” (and the difference of 


2 


squares a” — x” and x^ — a’) into products of squares. 


Integrals similar to the arc 


length integral for the parabola arise in many different 


situations. For example, electrostatic, magnetic, and gravitational forces obey an inverse 
square law (their strength is proportional to 1 / r”, where r is a distance). Computing these 


. , l . l dx dx 
P The following thinking michtiead you force fields in two dimensions leads to integrals such as J oa aa or 2 + ay 24 2) 7 
to the substitution x = a sin 0. The term ; o. 2 7 7 7 . 
4a? =? Tools like the lensihorone It turns out that integrals containing the terms a“ + x~ or x^ — a“, where a is a constant, 
side of a right triangle whose hypotenuse can be simplified using somewhat unexpected substitutions involving trigonometric func- 
has length a and whose other side has tions. The new integrals produced by these substitutions are often trigonometric integrals 


length x. Labeling one acute angle 0, we of the variety studied in the preceding section. 


see that x = asin 0. 


Integrals Involving a” — x 


Suppose you are faced with an integral whose integrand contains the term a 


a x a is a positive constant. Observe 
a*—x* =a 

rA E — 
=a 

qa — x2 

=a 

x=asin@ -_ 
=a 


2 


2 — x* where 


what happens when x is replaced with a sin 0: 


* — (asin)? Replace x with a sin 0. 
*— a? sin’? @ Simplify. 

2 ls sin? 0) Factor. 

* cos? 0. 1 — sin? 0 = cos? 0 
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QUICK CHECK 1 Use a substitution of 
the form a x = asin 6@ to transform 
9 — x? into a product. < 








FIGURE 7.2 





x=asind = 6= sin! 


X 
a 


=L zj 
75053 


FIGURE 7.3 


> The key identities for integrating sin? 0 
and cos? @ are 


1 — cos 20 








sin? 0 = and 
2 
r 1 + cos 20 
cos’ 0 = 5 . 


This calculation shows that the substitution x = a sin 0 turns the difference a? — x? into 


the product a° cos” 0. The resulting integral—now with respect to 6—is often easier to 
evaluate than the original integral. The details of this procedure are spelled out in the fol- 
lowing examples. 


EXAMPLE 1 Area of a circle y= that the area of a circle of radius a is 7a’. 


SOLUTION The function f(x) = V'a? — x? describes the upper half of a circle centered 
at the origin with radius a (Figure 7.2). The region under this curve on the interval |0, a] 


is a quarter-circle. Therefore, the area of the full circle is 4 I i‘ Var — x? dx. 
Because the integrand contains the expression a” — x7, we use the trigonometric sub- 
stitution x = asin 0. As with all substitutions, the differential associated with the substitu- 


tion must be computed: 
x = asin impliesthat dx = a cos 0 dð. 


The substitution x = a sin 0 can also be written 0 = sin '(x/a), where 
—q7/2 < 0 < 7/2 (Figure 7.3). Notice that the new variable 0 plays the role of an angle. 
The substitution works nicely, because when x is replaced by a sin 0 in the integrand, we 


have 
Va? — x* = Va’ — (asin@)* Replace x with a sin 0. 
= Va’ (1 — sin” 0) Factor. 
= Va’ cos’ 0 1 — sin? 6 = cos? 0 


= |a cos 0| Vx? = |x| 


T 
= acos ð. a > 0, cos0 = 0, for-> = 0 = 


NJA 


We also change the limits of integration: When x = 0, 0 = sin™t 0 = 0; when 
x =a, 0 = sin! (a/a) = sin’ 1 = 7/2. Making these substitutions, the integral is 
evaluated as follows: 











a a /2 
af Va =x dx =4 a cos 6: a cos 6 dé x = asin 0, dx = a cos 0 d0 
ý integrand dx 
simplified 
a /2 
= AG J cos? 0 dé Simplify. 
0 
_ (s _ sin 22) me sot g = 1+ 20828 
2 4 0 2 
T 
= sa (7 -+ o) -— (0 + 0) | = ma?. Simplify. 


A similar calculation (Exercise 66) gives the area of an ellipse. 
Related Exercises 7—-16< 


dx 
(16 = a a 
SOLUTION The factor 16 — x? has the form a? — x? with a = 4, so we use the substitu- 
tion x = 4 sin 0. It follows that dx = 4 cos 8 d0. We now simplify (16 — x7)?/”: 
(16 — x”)? = (16 — (4sin6)*)?/? Substitute x = 4 sin 0. 
= (16 (1 — sin? 6@))?/?_ Factor. 
= (16 cos? 6)? 
= 64 cos? 0. 


EXAMPLE 2 Sine substitution Evaluate J 


1 — sin? 0 = cos? 0 


Simplify. 


Yi 


V 16 — x2 
; >r 
sin 0 = m 
tan 0 = 7 


FIGURE 7.4 


V16 — x 
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Replacing the factors (16 — sy ? and dx of the original integral with appropriate 
expressions in 0, we have 





4 cos 6 dé 
J dx _ J 4 cos 0 J 
(16 — x°)??? 64 cos” 0 
64 cos? 0 
o 1 dé 
~ 16 cos? 6 


1 
— 16 J sec? 0 dO Simplify. 


1 
= T6 tan@ + C. Evaluate the integral. 

The final step is to express this result in terms of x. In many integrals, this step is 
most easily done with a reference triangle showing the relationship between x and 0. 
Figure 7.4 shows a right triangle with an angle 0 and with the sides labeled such that 

x 


V 16 —- x2 


x = 4sin @ (or sin 0 = x/4). Using this triangle, we see that tan 0 = 


which implies that 


dx 1 x 
— = — tanl + C = — — + C. 
lm — x7)3/2 16 16V 16 — x? 


Related Exercises 7—l6< 


Integrals Involving a? + x? or x? — a? 


The other standard trigonometric substitutions, involving tangent and secant, use a proce- 
dure similar to that used for the sine substitution. Figure 7.5 and Table 7.4 summarize the 
three basic trigonometric substitutions for real numbers a > 0. 


wo Ei Pa Ei foo is 





x =asiné x =atand x=asec@ 
FIGURE 7.5 
Table 7.4 
The Integral 
Contains... Corresponding Substitution Useful Identity 
a= x x = asini = 0 =~, for |x -r a? — a° sin? 0 = a° cos? 0 
a? + x? x = atanð, -> <0 < > a? + a? tan? 0 = a° sec? 0 
0=0 <7, forx =a 
x? — a’ x = asec, a? sec? 0 — a? = a° tan’ 0 


TT 
o Eme 
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x = a tan 0 = 0 = tan 
T T 
=3 <03 


FIGURE 7.6 





x = a sec 0 = 0 = sec 
TER E 


FIGURE 7.7 


» Because we are evaluating a definite 
integral, we could change the limits of 
integration to 0 = 0 and 6 = tan ' 4. 
However, tan! 4 is not a standard angle, 
so it is easier to express the antiderivative 
in terms of x and use the original limits 
of integration. 


In order for the tangent substitution x = a tan 0 to be well defined, the angle 0 must 
be restricted to the interval —7/2 < 0 < 7/2, which is consistent with the definition of 
tan”! (x/a) (Figure 7.6). On this interval, sec 9 > 0 and with a > 0, it is valid to write 


Va? + x? = Va’ + (atané)* = Va*(1 + tan? 0) = asec 0. 


sec’ 0 
With the secant substitution, there is a technicality. As discussed in Section 1.4, 
0 = sec ' (x/a) is defined for x = a, in which case 0 < 0 < a /2, and for x =< —a, in 
which case 77/2 < 0 =< m (Figure 7.7). These restrictions on 0 must be treated carefully 


when simplifying integrands with a factor of Vx” — a’. Because tan @ is positive in the 
first quadrant but negative in the second, we have 


a tan 6 if0 <0 <> 
Vx? — a? = Va? (sec sec’ — 1 — 1) = |a tan 0| = 


is 
ap —a tan 0 E 


When evaluating a definite integral, you should check the limits of integration to see 
which of these two cases applies. For indefinite integrals, a piecewise formula is often needed, 
unless a restriction on the variable is given in the problem (see Exercises 85—88). 





HEG K 2 What change of variables would you use on the integrals 


dx)< 


EXAMPLE 3 Arc length ofa parabola Evaluate L o Vl + 4x? dx, the arc length 
of the segment of the parabola y = x? on [0, 2]. 


SOLUTION Removing a factor of 4 from the square root, we have 


2 2 2 
/ Vitae de = 2 | Vit Pax = 2 f \/ (4)? + x? dx. 
0 0 0 


The integrand contains the expression a’ + x’, witha = L, which suggests the substitu- 
tion x = 4 tan 8. It follows that dx = 4 sec? 6 d9, and 


1 
VG) +x? = \/ (4)? + (tano P = LVIF tan = 5 sec 6. 


sec? 0 





Setting aside the limits of integration for the moment, we compute the antiderivative: 


1 1 
2 fv (5) + x? dx = 2 | sec 0 Esec? 6 do x= z tan 0, dx = 5 Sec 0 do 


— 


dx 
l 3 — 
= 5 sec” 6 dé Simplify. 


Reduction formula 4, 


1 
= q (sec 8 tan 0 + In |sec 6 + tan 0|). Section 7.3 
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Using a reference triangle (Figure 7.8), we express the antiderivative in terms of the original 
variable x and evaluate the definite integral: 
zl) 0 


2 
2 | VOJ + ae = +( Vise + 4x? 2x + In] V1 + 4x? + 2x 
0 
tan @ = 2x,sec@ = V1 + 4x? 











sec 0 tan nO ec aa? tan a 














tan 0 = 2x 1 
J = T T = 4.65. 

sec 0 = y1 + 4x? a In (V17 + 4)) 4.65 
FIGURE 7.8 Related Exercises 17-56< 
OLICK CHECK 2 ` d 
QUICK CHECK 3 The integral EXAMPLE 4 Another tangent substitution Evaluate / —— oe 

dx ee (1 + x*) 

> z an Cas 

a“ +x 2 i SOLUTION The factor 1 + x? suggests the substitution x = tan 0. It follows that 
given in Section 4.9. Verify this result dy = sec? 6 dé and 
with the appropriate trigonometric 
substitution. < (1 + x7)? = (1 + tan’ @)* = sect 0. 

sec? 0 
Substituting these factors leads to 
d sec 0 
/ = J z, d0 x = tan 0, dx = sec? 0 dO 
(1 Fx) sec” 0 
= J cos? 0 do Simplify. 
0 sin 26 L = 20 
= (£ F F ) + C. Integrate cos? 0 = = 


The final step is to return to the original variable x. The first term 0/2 is replaced by 
l tan! x. The second term involving sin 20 requires the identity sin 20 = 2 sin 0 cos 0. 
The reference triangle (Figure 7.9) tells us that 








1. 1. 1 a 1 1 x 
— S26 =" si) 0s 2 = > z 
4 2 2 1 + x? Itay 2 14x 
sin 0 = = 7 : . 
T x The integration can now be completed: 
cos 0 = a 
ie. dx (£ sin 2) 
aa a e oe 
FIGURE 7.9 (1 + x7)? 2 4 
ztan x + 


X 
= a A O 
2(1 + x°) 
Related Exercises 17—-S56< 





dx 
EXAMPLE 5 Multiple approaches Evaluate the integral J l 
Vx? +4 
SOLUTION Our goal is to show that several different methods lead to the same end. 


Solution 1: The term x* + 4 suggests the substitution x = 2 tan 0, which implies that 
dx = 2 sec’ 0 dé and 


Vx? + 4 = V4tan?0 + 4 = V'4(tan? 0 + 1) = 2V sec? 0 = 2 sec 0. 
Making these substitutions, the integral becomes 


2 sec’ 0 


laa Tm 











dð = 2f sec 0 d0 = 21n |sec 0 + tan6| + C. 
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» Recall that to complete the square with 
x? + bx + c, you add and subtract 
(b/2)? to the expression, and then 
factor to form a perfect square. You 
could also make the single substitution 
x + 2 = 3 sec 0 in Example 6. 


To express the indefinite integral in terms of x, notice that with x = 2 tan 0, we have 


1 
tan 9 = > and sec@ = Vtan? 0 + =5Vx +4. 


Therefore, 


= In|sec @ + tan6| + C 


/ dx 
Vx? +4 





x 
= In 5 2 Ae A ate | GC Substitute for sec 0 and tan 0. 
1 
= m (V +4 + x)| ee Factor; Vx-+44+2x>0 
1 
=In5+In(Vx? +4 +x) + Inab = Ina + Inb 
= In( Vx? +44 z) xo oe Absorb constant in C. 


Solution 2: Using Theorem 6.12 of Section 6.10, we see that 





1 x 
dx = sinh '— + C. 
J Vx? +4 2 
By Theorem 6.10 of Section 6.10, we also know that 
2 
1 
sinh = n(¥ 4 (=) +1) = m (Ver #4 + x) ; 


which leads to the same result as in Solution 1. 


Solution 3: Yet another approach is to use the substitution x = 2 sinh t, which implies 
that dx = 2 cosh t dt and 


Vx? +4 = V4sinh’t + 4 = V4(sinh*t + 1) = 2V cosh? t = 2 cosh t. 


The original integral now becomes 





2 cosh t 
dt=t+C. 


iz [a= 


Because x = 2 sinh t, we have t = sinh ! 7 which leads to the result found in Solution 2. 


This example shows that some integrals may be evaluated by more than one method. 
With practice, you will learn to identify the best method for a given integral. 
Related Exercises 17—56< 


4 Vx? + 4x — 5 
— 


EXAMPLE 6 A secant substitution Evaluate / 9 
i x 


SOLUTION This example illustrates a useful preliminary step before making a trigono- 

metric substitution. The integrand does not contain any of the patterns in Table 7.4 that 

suggest a trigonometric substitution. Completing the square does, however, lead to one 

of those patterns. Noting that x* + 4x — 5 = (x + 2)? — 9, we change variables with 
u = x + 2 and write the integral as 


[eS = 
dx 
Ao 2 f 








dx Complete the square. 
ITZ 


o = 9 u = x + 2, du = dx 
l i u. 


Change limits of integration. 


> The substitution u = 3 sec 0 can be 
rewritten as 0 = sec ' (u/3). Because 


[ Vu —9 
— du, 
3 u 


u = 3 in the integral 


we have 0 < 0 < A 


SECTION 7.4 EXERCISES 


Review Questions 
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This new integral calls for the secant substitution u = 3 sec 0 (where 0 = 0 < m/2), 





IFz 


[ete 
1 


1. What change of variables is suggested by an integral containing 


x? — 9? 


2. What change of variables is suggested by an integral containing 


Vx? + 36? 


3. What change of variables is suggested by an integral containing 


V100 — x’? 


4. Ifx = 4tan 9, express sin 0 in terms of x. 


5. Ifx = 2 sin 6, express cot 0 in terms of x. 


6. Ifx = 8 sec 8, express tan 0 in terms of x. 


Basic Skills 


7-16. Sine substitution Evaluate the following integrals. 


5/2 ae 


0 V25 — x? 
10 
9, f V 100 — x? dx 
5 


Ta 








1/2 y 
11. / dx 
0 V1 —x? 


dx 
13. — 
Ja — x?) 1? 
N /9 a ae 
15. [ea 
x 


17—46. Trigonometric substitutions Evaluate the following integrals. 


17. [ve — x° dx 








V2 n 
10. —— dx 
0 V4-x? 
1 2 
1 = 
12. dx 
1/2 X 


14. IE — x7 dx 


16. J (36 — 9x7)? dx 


x> 


18 |= 
EE T 


21 


23 


25 


2 


29 


31 


33 


35 


37 


3 


4 


[ Vu” —9 
—~ du 
i u 





7/3 3 tan 6 
3 sec 0 tan 0 dé 
9  3secé 


a /3 
3/ tan? 6 d0 
0 


T/3 
/ (sec* @ — 1) dé 
0 


1/3 
3 (tan dé — 0) 


3V3 — T. 





0 





1 
is ae 


1 
s — dx 
la + 9 





dx 
fas 
O BH 
Vx — 81 7 


J dx 
E aT 
(1 + 4x)? 





3 
x 
i dx 
ao 
[Y= 
` x 





dx, x > 3 





2 
x 
; dx 
oe 


J dx 
l V3 — 2x — x? 
V9x? — 25 5 
° T 
X 


9 J = 
° -L Pr uxX 
(25 + x”) 


x2 
| tm ae 


oman 
s 15> oe Oe 
(81 — x’)? 


which implies that du = 3 sec 0 tan 6 d0 and Vu? — 9 = 3 tan@. We also change the 
limits of integration: When u = 3,0 = 0, and when u = 6,0 = 77/3. The complete 
integration can now be done: 


u=xt+2,du = dx 


u = 3 sec 0, du = 3 sec 0 tan 0 dé 


Simplify. 


tan? 0 = sec? 0 — 1 


Evaluate integrals. 


Simplify. 


20. 


22 


24 


26 


28 


30. 


32 


34 


36. 


38 


40 


42 


44 


Related Exercises 17—-56<«< 





1 
IE + Pe = 


1 
. = dx 
b= — x? 





dx 
iz + 4x? 
J dx 
SVT 2x? 
dx 
. in — 36) x>6 
dx 


Ja + x*) 


f |v — 4x* dx 
[= — ] 
: 2 
X 


x4 
J 5 aX 
l +x 


V9 — x? 








ax, x >= 
Lae 





st 
aa 


2 dx 
dx 
x°V9x? — 1 
dx 
Ve 10. o 
dx 


J 
i 
| 
J 
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45. 
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9 X 








47-56. Evaluating definite integrals Evaluate the following definite 
integrals. 


47. 


49. 


51. 


53. 


IN: 


dx 


16 
J, Vx? — 64 





48. 





dx 
| Vx” + 16 








1 
1 1 
dx 50. dx 
| Mr ore 1 x°V4 — x? 
1/V3 2 7 
Vx- 1 
J Vx? + 1dx f a, 
0 X 


f Ay 
0 (9x7 T D~ 


[ dx 
4/V/3 a a _ 4) 


52. 


dx 


10 
suf e 
10/V3 Vx? — 25 


6V3 2 
x 
J (x? + 36)? 





56. 





dx 


Further Explorations 


37 


Explain why or why not Determine whether the following 
statements are true and give an explanation or counterexample. 


a. If x = 4 tan 90, then csc 0 = 4/x. 

b. The integral J. i V 1 — x? dx does not have a finite real value. 
; 2 7 Jai 

c. The integral | , Vx? — I dx does not have a finite real value. 


dx 
d. The integral J EREA. 
x +4x+9 


trigonometric substitution. 


cannot be evaluated using a 


58-65. Completing the square Evaluate the following integrals. 


58. 


60. 


62. 


64. 


65. 


66. 








dx dx 
aaa eae A 59, D A a ee 
x^ — 2x + 10 xl + 6x + 18 
d — 2x + 1 
E 6l. |5 ai dx 
2x* — 12x + 36 sides 
2 
x + 2x+4 — 8x + 16 
Sy XS 63. — dx 
Te (9 + 8x — x2)? 
[ dx 
, x7 — 2x + 10 
ee ae 
1/2 8x7 = 8y t 11l 


Area of an ellipse The upper half of the ellipse centered at the origin 


b 
with axes of length 2a and 2b is described by y = — Va? — x? 
a 


(see figure). Find the area of the ellipse in terms of a and b. 





x3 
46. iz — 16)? dx, x < —-4 


67. Area of a segment of a circle Use two approaches to show that 


68. 


69. 


HH 70. 


fale 


the area of a cap (or segment) of a circle of radius r subtended by 
an angle 0 (see figure) is given by 
1 
Ass = 5 r° (0 — sin@). 
a. Find the area using geometry (no calculus). 
b. Find the area using calculus. 


cap or 
segment 


AN 


Area of a lune A lune is a crescent-shaped region bounded by the 
arcs of two circles. Let C, be a circle of radius 4 centered at the 
origin. Let C, be a circle of radius 3 centered at the point (2, 0). 
Find the area of the lune (shaded in the figure) that lies inside C, 
and outside C3. 





Area and volume Consider the function f(x) = (9 + x?) 1? 
and the region R on the interval [0, 4] (see figure). 


a. Find the area of R. 

b. Find the volume of the solid generated when R is revolved 
about the x-axis. 

c. Find the volume of the solid generated when R is revolved 
about the y-axis. 





y= (9 as o 


Area of a region Graph the function f(x) = (16 + x?) °? and 


find the area of the region bounded by the curve and the x-axis on 
the interval [0, 3]. 


Arc length of a parabola Find the length of the curve y = ax? 


from x = Oto x = 10, where a > O is areal number. 


72. Computing areas On the interval | 0, 2], the graphs of 
f(x) = x?/3 and g(x) = x?(9 — x)!” have similar shapes. 
a. Find the area of the region bounded by the graph of f and the 
x-axis on the interval [0, 2]. 
b. Find the area of the region bounded by the graph of g and the 
x-axis on the interval | 0, 2]. 
c. Which region has the greater area? 


73-75. Using the integral of sec? u By reduction formula 4 in Section 7.3, 


1 
[see udu = z (sec u tan u + In |secu + tan u|) + C. 


Graph the following functions and find the area under the curve on the 
given interval. 


73. f(x) = (9 — x’), [0,3] 
74. f(x) = (4 + x7)!”, [0,2] 
75. f(x) = (x? — 25)", [5,10] 


76-77. Asymmetric integrands Evaluate the following integrals. 
Consider completing the square. 


dx 
76. | —————— 
Iz — 1)(3 — x) 


i dx 
77 Ja V(x — 1)(x — 3) 


78. Clever substitution Evaluate J 








dx 


—— ~~ using the 
1 + sinx + cosx 


a z . o. . . X X 
substitution x = 2 tan”! 0. The identities sin x = 2 sin 5 cos 5 


2X 


L — gin? 
2 


and cos x = cos - are helpful. 


Applications 
79. A torus (doughnut) Find the volume of the solid torus formed when 
the circle of radius 4 centered at (0, 6) is revolved about the x-axis. 


80. Bagel wars Bob and Bruce bake bagels (shaped like tori). They 
both make standard bagels that have an inner radius of 0.5 in and 
an outer radius of 2.5 in. Bob plans to increase the volume of his 
bagels by decreasing the inner radius by 20% (leaving the outer 
radius unchanged). Bruce plans to increase the volume of his 
bagels by increasing the outer radius by 20% (leaving the inner 
radius unchanged). Whose new bagels will have the greater 
volume? Does this result depend on the size of the original 
bagels? Explain. 


Outer radius 
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81. Electric field due to a line of charge A total charge of Q is dis- 
tributed uniformly on a line segment of length 2L along the y-axis 
(see figure). The x-component of the electric field at a point (a, 0) 
on the x-axis is given by 


kQa [f d 
E (a) = xf ERE an 
2L e (a? 4 yI” 
where k is a physical constant and a > 0. 
kQ 
aVa? + A 
b. Letting p = Q/2L be the charge density on the line segment, 
show that if L —> ©, then E,(a) = 2kp/a. 


(See the Guided Project Electric Field Integrals for a derivation of 
this and other similar integrals.) 


a. Confirm that E,(a) = 


Line of charge 


(a, 0) 





82. Magnetic field due to current in a straight wire A long, straight 
wire of length 2L on the y-axis carries a current J. According to 
the Biot-Savart Law, the magnitude of the magnetic field due to 
the current at a point (a, 0) is given by 


L. 
uol sin 0 
B(a) = l z dy, 


ATJ r 





where uọ is a physical constant, a > 0, and 0, r, and y are related 
as shown in the figure. 


a. Show that the magnitude of the magnetic field at (a, 0) is 
[oy IL 


2r aV a? + L 


b. What is the magnitude of the magnetic field at (a, 0) due to an 
infinitely long wire (L —> œ)? 





B(a) = 





83. Fastest descent time The cycloid is the curve traced by a point on 
the rim of a rolling wheel. Imagine a wire shaped like an inverted 
cycloid (see figure). A bead sliding down this wire without fric- 
tion has some remarkable properties. Among all wire shapes, the 
cycloid is the shape that produces the fastest descent time (see the 
Guided Project The Amazing Cycloid for more about this brachis- 


84. 
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tochrone property). It can be shown that the descent time between 


any two points 0 = a S b S m on the curve is 


b 
l 1 — cost 
descent time = a 
a V g(cosa — cost) 


where g is the acceleration due to gravity, t = 0 corresponds to 
the top of the wire, and t = 7 corresponds to the lowest point on 
the wire. 








top of wire 
t=0 


lowest point 
on wire 


a. Find the descent time on the interval |a, b] by making the 
substitution u = cos t. 

b. Show that when b = m, the descent time is the same for all 
values of a; that is, the descent time to the bottom of the wire 
is the same for all starting points. 


Maximum path length of a projectile (Adapted from Putnam 
Exam 1940) A projectile is launched from the ground with an 
initial speed V at an angle 0 from the horizontal. Assume that 

the x-axis is the horizontal ground and y is the height above the 
ground. Neglecting air resistance and letting g be the acceleration 
due to gravity, it can be shown that the trajectory of the projectile 


is given by 
1 § 
= ——kx* + Ymax Where k = ———— 
» 2 a (V cos 0)” 
(V sin 6)? 
and Ymax = — >. 
28 


a. Note that the high point of the trajectory occurs at (0, Ymax). If 
the projectile is on the ground at (—a, 0) and (a, 0), what is a? 
b. Show that the length of the trajectory (arc length) is 
A V1 + kx? dx. 
c. Evaluate the arc length integral and express your result in 
terms of V, g, and 0. 
d. For a fixed value of V and g, show that the launch angle 
0 that maximizes the length of the trajectory satisfies 
(sin 0) In (sec 0 + tan 0) = 1. 


e. Use a graphing utility to approximate the optimal launch angle. 


Additional Exercises 

85-88. Care with the secant substitution Recall that the substitution 
x = asec 0 implies that x = a (in which case 0 < 0 < 7/2 and 
tan 0 = 0)orx S —a (in which case 7/2 < 0 = m andtan0 = 0). 


H 87. 


88. 


85. Show that J 


dx O 
xVx -1 


{ree + C=tan!Vx*-1+C ifx > 1 
—sec! x + C = -tant Vx? -1 +C ifx <-—-1. 


3 dx, for x > 1 and for x < —1. 


EE 
= | 
86. Evaluate for J Bee 
x 


2 _ 
Graph the function f(x) = 





and consider the region 


bounded by the curve and the x-axis on [—6, —3]. Then evaluate 
J S Vx — 9 
-6 X 


dx. Be sure the result is consistent with the graph. 


Graph the function f(x) = on its domain. Then 


I 
xVx* — 36 
find the area of the region R bounded by the curve and the x-axis 
on |—12, —12/ V3] and the area of the region R, bounded by the 
curve and the x-axis on |12/ V3, 12]. Be sure your results are 
consistent with the graph. 


89. Visual proof Let F(x) = I 4 Va” — t° dt. The figure shows that 
F(x) = area of sector OAB + area of triangle OBC. 
a. Use the figure to prove that 
a” sin '(x/a) x az = x2 
T ; 


a 2 2 








b. Conclude that 
2 oip l 2 2 
a“ sin (x/a Va = 
[Ve a E Ne e 
(Source: The College Mathematics Journal 34, No. 3 (May 2003)) 








1. Use x = 3 sin 0 to obtain 9 cos? 0. 2. (a) Use x = 3 tan 8. 
(b) Use x = 4sin 0. 3. Let x = a tan J, so that 


2 a sec? 0 dé 
dx = asec’ 0 d0. The new integralis | —~——_,_~_ = 
a“(1 + tan 0) 
1 1 


1 j 
— | dd = —0 + C=-tan — + C.<« 
a a a a 
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/.5 Partial Fractions 


» Recall that a rational function has 
the form p/q, where p and q are 
polynomials. 


In the next chapter, we will see that finding the velocity of a skydiver requires evaluating an 


d 
integral of the form J T where a and b are constants. Similarly, finding the population 
a= by 


dP 
of a species that is limited in size involves an integral of the form | —-———.,, where 
aP(1 — bP) 


a and b are constants. These integrals have the common feature that their integrands are 
rational functions. Similar integrals result from modeling mechanical and electrical net- 
works. The goal of this section is to introduce the method of partial fractions for integrat- 
ing rational functions. When combined with standard and trigonometric substitutions, this 
method allows us (in principle) to integrate any rational function. 


Method of Partial Fractions 


Given a function such as 


1 2 
os 
y= 2 x+4 





f(x) = 


it is a straightforward task to find a common denominator and write the equivalent expression 
fl ) (x T 4) + a(x = 2) 3x 3x 

xX = = FF — FD. OO .. 

(x — 2)(x + 4) (x —2)(x +4) x74+ 2x - 8 


The purpose of partial fractions is to reverse this process. Given a rational function that is 
difficult to integrate, the method of partial fractions produces an equivalent function that 
is much easier to integrate. 


Rational function Partial fraction decomposition 
method of 


Bib partial fractions 
> 


x7 +2x-— 8 


Difficult to integrate 


3 
|a 
MPO — 3 





» Notice that the numerator of the original 
rational function does not affect the form 
of the partial fraction decomposition. 
The constants A and B are called 


undetermined coefficients. 


3x 


The Key Idea Working with the same function, f(x) = CN 
T= Qe 


our objective 


is to write it in the form 


A B 
Tt; 
x= 2 x+4 





where A and B are constants to be determined. This expression is called the partial frac- 
tion decomposition of the original function; in this case, it has two terms, one for each 
factor in the denominator of the original function. 

The constants A and B are determined using the condition that the original function 
f and its partial fraction decomposition must be equal for all values of x in the domain of 
f; that is, 


3x _ A m B 
Z= FA aa gee 








(1) 
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» This step requires that x # 2 and 
x # —A4; both values are outside the 
domain of f. 


» Like a fraction, a rational function is said 
to be in reduced form if the numerator 
and denominator have no common 
factors and it is said to be proper if the 
degree of the numerator is less than the 


degree of the denominator. 





of a reduced proper rational function is 
(x — 1)(x + 5)(x — 10), what 

is the general form of its partial 
fraction decomposition? < 


Multiplying both sides of equation (1) by (x — 2)(x + 4) gives 
3x = A(x + 4) + B(x — 2). 
Collecting like powers of x results in 
3x = (A + B)x + (4A — 2B). (2) 
If equation (2) is to hold for all values of x, then 


e the coefficients of x! on both sides of the equation must be equal; 


e the coefficients of x° (that is, the constants) on both sides of the equation must be equal. 


en. 


—— ——__—_—_—_— 
3x + 0 = (A + B)x + (4A — 2B) 


— 


| 


This observation leads to two equations for A and B. 


Equate coefficients of x!: 3=A+B 
Equate coefficients of x: 0 = 4A — 2B 


The first equation says that A = 3 — B. Substituting A = 3 — B into the second equa- 
tion gives the equation 0 = 4(3 — B) — 2B. Solving for B, we find that 6B = 12, or 
B = 2. The value of A now follows; we have A = 3 — B = 1. 
Substituting these values of A and B into equation (1), the partial fraction decomposi- 
tion is 
3x > 1 n 2 
w= 2ta ve 2° yF 


Simple Linear Factors 


The previous example illustrates the case of simple linear factors; this means the denomi- 
nator of the original function consists only of linear factors of the form (x — r), which 
appear to the first power and no higher power. Here is the general procedure for this case. 


PROCEDURE Partial Fractions with Simple Linear Factors 


Suppose f(x) = p(x)/q(x), where p and q are polynomials with no common 
factors and with the degree of p less than the degree of q. Assume that q is the 
product of simple linear factors. The partial fraction decomposition is obtained 
as follows. 


Step 1. Factor the denominator q in the form (x — ri)(x — rm): (x — 7), 
where rj, .. . , r, are real numbers. 
Step 2. Partial fraction decomposition Form the partial fraction decomposition 
by writing 
x A A 
P ( ) = 4 2 doe yb n l 
q(x) C (x — n) (eT) 


Clear denominators Multiply both sides of the equation in Step 2 by 
q(x) = (x — rix — mn): (x — r), which produces conditions for 
Aj,..-,Ap. 


Solve for coefficients Equate like powers of x in Step 3 to solve for the 
undetermined coefficients A,,...,A,. 





» You can call the undetermined 
coefficients A4, A>, A3,... or 
A, B, C,.... The latter may be preferable 
because it avoids subscripts. 
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EXAMPLE 1 Integrating with partial fractions 
a ea 2 
a. Find the partial fraction decomposition for f(x) = ae 
= = De 
b. Evaluate I f(x) dx. 
SOLUTION 
a. The partial fraction decomposition is done in four steps. 
Step l: Factoring the denominator, we find that 
to Se = aa ae 
in which only simple linear factors appear. 


Step 2: The partial fraction decomposition has one term for each factor in the 
denominator: 


3x7 + Tx — 2 A B C 


Fe x xt1 x-2) 








(3) 


The goal is to find the undetermined coefficients A, B, and C. 

Step 3: We multiply both sides of equation (3) by x(x + 1)(x — 2): 
Bx? a Je 2 SAS a Bee a + 1) 
= (A+ B + C)x? + (-A — 2B + C)x — 2A. 


Step 4: We now equate coefficients of x7, x!, and x° on both sides of the equation 


in Step 3. 
Equate coefficients of x7: A+B+C=3 
Equate coefficients of x!: —-A—-—2B+ C=T7 
Equate coefficients of x°: —2A = -2 


The third equation implies that A = 1, which is substituted into the first two 
equations to give 


B+cC=2 and —2B+C=8. 


Solving for B and C, we conclude that A = 1, B = —2, and C = 4. Substi- 
tuting the values of A, B, and C into equation (3), the partial fraction decom- 
position is 














f(x) 1 2 y 4 
x)=-- 
x TI Fez 
b. Integration is now straightforward: 
3x7 + Tx — 2 1 2 4 
S a n US n + dx Partial fractions 
x? — x^ — 2x X x+ l i=) 
= In |x| — 21n |x + 1| + 4In|x — 2| + K Integrate; arbitrary 
constant K. 
x|(x — 2) 
_ | ( ) +K Properties of 


Ci D l logarithms 
Related Exercises 5—26< 
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> In cases other than simple linear factors, 
the shortcut can be used to determine 
some, but not all, of the coefficients, 
which reduces the work required to find 
the remaining coefficients. 


» Simple means the factor is raised to the 
first power; repeated means the factor 
is raised to a power higher than the first 
power. 


> Think of x° as the repeated linear factor 
(x — 0)”. 


QUICK CHECK 3 State the form of 
the partial fraction decomposition 
of the reduced proper rational 
function p(x) /q(x) if 

q(x) = x7(x — 3)*(x — 1).< 





A Shortcut Solving for more than three unknown coefficients in a partial fraction de- 
composition may be difficult. In the case of simple linear factors, a shortcut saves work. In 
Example 1, Step 3 led to the equation 


3x? + 7x — 2 = A(x + 1)(x — 2) + Bx(x — 2) + Cx(x + 1). 


Because this equation holds for all values of x, it must hold for any particular value of 
x. By choosing values of x judiciously, it is easy to solve for A, B, and C. For example, 
setting x = 0 in this equation results in —2 = —2A, or A = 1. Setting x = —1 results in 
—6 = 3B, or B = —2, and setting x = 2 results in 24 = 6C, or C = 4. In each case, we 
choose a value of x that eliminates all but one term on the right side of the equation. 


Repeated Linear Factors 


The preceding discussion relies on the assumption that the denominator of the rational 
function can be factored into simple linear factors of the form (x — r). But what about 
denominators such as x7(x — 3), or (x + 2)*(x — 4)°, in which linear factors are raised 
to integer powers greater than 1? In these cases we have repeated linear factors, and a 
modification to the previous procedure must be made. 

Here is the modification: Suppose the factor (x — r)” appears in the denomina- 
tor, where m > | is an integer. Then there must be a partial fraction for each power of 
(x — r) up to and including the mth power. For example, if x*(x — 3)* appears in the 
denominator, then the partial fraction decomposition includes the terms 

A P B p C n D 7 E P F 

Yo (8) (eB feo) Gea) 
The rest of the partial fraction procedure remains the same, although the amount of work 
increases as the number of coefficients increases. 


PROCEDURE Partial Fractions for Repeated Linear Factors 


Suppose the repeated linear factor (x — r)” appears in the denominator of a 
proper rational function in reduced form. The partial fraction decomposition has a 
partial fraction for each power of (x — r) up to and including the mth power; that 
is, the partial fraction decomposition contains the sum 


Ay Ay A3 Am 


C-A) G- @o-n an” 


where A,,...,A,, are constants to be determined. 





EXAMPLE 2 Integrating with repeated linear factors Evaluate / f(x) dx, where 


5x? — 3x +2 
X ——— M 
f(x) x? — 2x? 


SOLUTION The denominator factors as x? — 2x* = x*(x — 2), so it has one simple lin- 
ear factor (x — 2) and one repeated linear factor x”. The partial fraction decomposition 
has the form 


ose Ae C 
= H+ t+ 
GJ = 2) x x (x — 2) 
Multiplying both sides of the partial fraction decomposition by x7(x — 2), we find 
oS 9 SA a a a Ce 
= (A + C)x? + (—2A + B)x — 2B. 


» The shortcut can be used to obtain two 
of the three coefficients easily. Choosing 
x = O allows B to be determined. 
Choosing x = 2 determines C. To 
find A, any other value of x may be 
substituted. 


> The quadratic ax? + bx + c has no real 
roots and cannot be factored over the real 
numbers if b? — 4ac < 0. 
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The coefficients A, B, and C are determined by equating the coefficients of x”, x!, and x®: 





Equate coefficients of x7: A+C=5 
Equate coefficients of x!: —2A + B=-3 
Equate coefficients of x°: —2B = 2. 
Solving these three equations in three unknowns results in the solution A = 1,B = —1, 
and C = 4. When A, B, and C are substituted, the partial fraction decomposition is 
1 1 4 
ar 


Integration is now straightforward: 


5x? — 3x +2 1 1 4 . . 
SS d = eS ax Partial fractions 
x? — 2x? x x x-2 


1 
= In |x| + 7 + 41In|x — 2| + K Integrate; arbitrary constant K. 





1 4 ; ' 
= = + In (|x| (x = 2) ) + K. Properties of logarithms 


Related Exercises 27—37< 


Irreducible Quadratic Factors 


By the Fundamental Theorem of Algebra, we know that a polynomial with real-valued 
coefficients can be written as the product of linear factors of the form x — r and irreduc- 
ible quadratic factors of the form ax? + bx + c, where r, a, b, and c are real numbers. By 
irreducible, we mean that ax? + bx + c cannot be factored further over the real numbers. 
For example, the polynomial 


x? + 4x8 + 6x’ + 34x? + 64x° — 84x4 — 287x? — 500x? — 354x — 180 
factors as 


(x — 2)(x + 3¥ (x? — 2x + 10)(x* +x + 1)*. 


linear repeated irreducible repeated 
factor linear quadratic irreducible 
factor factor quadratic factor 


In this factored form, we see linear factors (simple and repeated) and irreducible quadratic 
factors (simple and repeated). 

With irreducible quadratic factors, two cases must be considered: simple and repeated 
factors. Simple quadratic factors are examined in the following examples, and repeated 
quadratic factors (which generally involve long computations) are explored in the 
exercises. 


PROCEDURE Partial Fractions with Simple Irreducible Quadratic Factors 
Suppose a simple irreducible factor ax” + bx + c appears in the denominator 
of a proper rational function in reduced form. The partial fraction decomposition 
contains a term of the form 
Ax + B 
ax? + bx +c 


where A and B are unknown coefficients to be determined. 
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EXAMPLE 3 Setting up partial fractions Give the appropriate form of the partial 
fraction decomposition for the following functions. 


x? +1 b 10 
a a ET . =. oo 
We = ay? = 30h" (x — 2)*(x* + 2x + 2) 
SOLUTION 


a. The denominator factors as x*(x* — 4x — 32) = x?(x — 8)(x + 4). Therefore, x 
is a repeated linear factor, and (x — 8) and (x + 4) are simple linear factors. The 
required form of the decomposition is 

A B C D 

— + | 

X x x—8 x+4 








We see that the factor x? — 4x — 32 is quadratic, but it can be further factored, so it is 
not irreducible. 


b. The denominator is already fully factored. The quadratic factor x7 + 2x + 2 cannot 
be factored further using real numbers; therefore, it is irreducible. The form of the 
decomposition is 


A B Cx+ D 
— T — 2 2 ° 
x—2 (x — 2) x +2x+2 
Related Exercises 38—41 < 





EXAMPLE 4 Integrating with partial fractions Evaluate 


J 7x? — 13x + 13 
z dx. 
(= Die S aF) 


SOLUTION The appropriate form of the partial fraction decomposition is 


7x? 13x+13 _ A „ Bx+C 
(x—2)(x? -—-2x +3) x-2 x*-2x4+3 








Note that the irreducible quadratic factor requires Bx + C in the numerator of the 
second fraction. Multiplying both sides of this equation by (x — 2)(x* — 2x + 3) 
leads to 


7x? — 13x + 13 = A(x? — 2x + 3) + (Bx + C)(x — 2) 
= (A + B)x? + (-2A — 2B + C)x + (3A — 2C). 
Equating coefficients of equal powers of x results in the equations 
A+ B= 7, —2A — 2B + C = 13, and. 3A.— 2C = 13. 


Solving this system of equations gives A = 5, B = 2, and C = 1; therefore, the original 
integral can be written as 


7x? — 13x + 13 5 2x + 1 
< a a ee ae p> >. a 
(eo 2) = Ze oS) = K-20 SO 
Let’s work on the second (more difficult) integral. The substitution u = x? — 2x + 3 


would work if du = (2x — 2) dx appeared in the numerator. For this reason, we write 
the numerator as 2x + 1 = (2x — 2) + 3 and split the integral: 


2x + 1 =a 3 
x = 2-3 x“ — 2x +3 x — 2k + 3 
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Assembling all the pieces, we have 


/ 7x? — 13x + 13 r 
ee Y 
(x — 2)(x? — 2x + 3) 


5 2% = 2 3 
= dx + =z n aoe G a = a 
I= 72 I = I x“ = F 
— —_——_——" 





letu = x? — 2x + 3 (x -— 1)? +2 
= 5In|x — 2| + In |x? — 2x + 3| + arg (==) + K Integrate. 
v2 v2 
= In |(x — 2)?(x* — 2x + 3)| + an (==) + K. Property of logarithms 
y2 yo 
To evaluate the last integral J gs we completed the square in the denominator 


and used the substitution u = x — 1 to produce 3 J > which is a standard form. 


u 
u? + 
Related Exercises 42—50< 


Final Note The preceding discussion of partial fraction decomposition assumes that 
f(x) = p(x) /q(x) is a proper rational function. If this is not the case and we are faced with 
an improper rational function f, we divide the denominator into the numerator and express 
f in two parts. One part will be a polynomial, and the other will be a proper rational func- 
tion. For example, given the function 

A ae a a 


fx) x*>—x+6 


> 


we perform long division. 


2x + 13 
x2 — x + 62x? + 11x? + 28x + 33 
2x? — 2x? + 12x 
13x? + 16x + 33 
13x? — 13x + 78 
29x — 45 








It follows that 


29x = 45 
—— x KT O 
polynomial —— 
easy to apply partial fraction 
integrate decomposition 


The first piece is easily integrated, and the second piece now qualifies for the methods 
described in this section. 





SUMMARY Partial Fraction Decompositions 


Let f(x) = p(x)/q(x) be a proper rational function in reduced form. Assume 
the denominator q has been factored completely over the real numbers and m is a 
positive integer. 


1. Simple linear factor A factor x — r in the denominator requires the partial 





fraction 
me 
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2. Repeated linear factor A factor (x — r)” with m > 1 in the denominator 
requires the partial fractions 


AL a Ay 4 A3 er © Am 
(x-—r) (x-9r* (x-rý =y" 


3. Simple irreducible quadratic factor An irreducible factor ax? + bx + c 
in the denominator requires the partial fraction 











Ax + B 
ax’ + bx +c 
4. Repeated irreducible quadratic factor (See Exercises 83—86.) An irreduc- 


ible factor (ax* + bx + c)” with m > 1 in the denominator requires the 
partial fractions 


Ax F B, 4 A x F B» 4 Å mX F Bm 
ax? + bx+c (ax? +bx+ cy (ax? + bx + c)" 





SECTION 7.5 EXERCISES 


Review Questions 13-26. Simple linear factors Evaluate the following integrals. 


8 
14. J dx 
(x = 2x + 6) 
2. Give an example of each of the following. 


6 
a. A simple linear factor 15. J- a a 16. J ; 
b. A repeated linear factor 








1. What kinds of functions can be integrated using partial fraction 3 
decomposition? 13. J bs 
(= t 2) 








2—9 











c. A simple irreducible quadratic factor 21x? 
d. A repeated irreducible quadratic factor 17. aone aero - dx 18. Pa ee dx 
3. What term(s) should appear in the partial fraction decomposition y+1 
i i i ing? 19. dx 20. =. eee 
of a proper rational function with each of the following? as a 2 oy — 0d | job By? = Tey y 
a. A factor of x — 3 in the denominator 
b. A factor of (x — 4)° in the denominator 1. laa Ay 22. J 4x -2 a 
c. A factor of x? + 2x + 6 in the denominator 4 5x? + 4 xe — x 
_, _ x? + 2x - 3 ER Pe x’ + 20x — 15 
4. What is the first step in integrating ———————— ? 23. dx 24. A 5 x 
Pal — Ay EP ax = Sx 
Basic Skills 25. e 26. / — a 
5-12. Setting up partial fraction decomposition Give the appro- ta TOG +9 C eee) 


priate JOa IME PORNA! a JOP IRE JANOWINE 27-37. Repeated linear factors Evaluate the a integrals. 





functions. 
2 — 9 27. Ista 28. e dx 
5. sa 6. oe = eae aT 
yO = 2.8 xo = 3r = 18 
dx 
_ z 30. EE E 
g A, g SEN yr E ast 
2 — 37 +2 x -x 
2 2 31 J d 32 J dt 
— k X s or 
9. a 10. Owa xi + x? (t+ 1) 
3 — 16x x? — 3x? — 4x 
33 / a 34 I x 
2 ; =i ; =u 
i. x+2 V. x^ — 4x + 11 x?(x + 1) (x — 2) 


3 — 3x? + 2x (= 3a = Lie T) 





s Jo 


2 
-4 
37. iz > dx 
X Á= Fa 


38—41. Setting up partial fraction decompositions Give the appropriate 
form of the partial fraction decomposition for the following functions. 
2 20 
38. — 39. aa 
Ie = Oe DO) (Lele ae I) 


x? 2x? + 3 











a ar Ws. “Sea, SR 
oe ee Mi) (x= 8y + 16x + 3x 4) 
42-50. Simple irreducible quadratic factors Evaluate the following 
integrals. 
8(x? + 4 CEs 
a [a 43. | Za 
Kx” +8) (a + I(x F 1) 
wkt 0 ale SO 








u | ; dx 
MAW ae Qe a 2) 


z+1 
46. i y« 
z(z° + 4) 


‘Jotin +242) 


20x 
47. A a a 
(x = 1) + 4x +5) 


r 
49. ee 
x? —x’+4-4 





1 
E fie + I)Q? +2)” 


Further Explorations 
51. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


4x’ l . l ' 
a. To evaluate J a dx, the first step is to find the partial 
x” 3x 
fraction decomposition of the integrand. 


6x + 1 i, 
b. The easiest way to evaluate {| —>—— dx is with a partial 





3x7 + x 
fraction decomposition of the integrand. 
1 
c. The rational function f(x) = —, has an irreduc- 
x^ — 13x + 42 
ible quadratic denominator. 
1 
d. The rational function f(x) = ———~———~ has an irreduc- 
x“ — 13x + 43 


ible quadratic denominator. 


52-55. Areas of regions Find the area of the following regions. In each 
case, graph the relevant curves and show the region in question. 


52. The region bounded by the curve y = x/(1 + x), the x-axis, and 
the line x = 4 


53. The region bounded by the curve y = 10/(x” — 2x — 24), the 
x-axis, and the lines x = —2 and x = 2 


54. The region bounded by the curves y = 1/x, y = x/(3x + 4), 
and the line x = 10 
x? — 4x —4 


5 and 
gO = yD 





55. The region bounded entirely by the curve y = 


the x-axis. 
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56-61. Volumes of solids Find the volume of the following solids. 


56. 


57. 


58. 


59, 


60. 


6l. 


62. 


The region bounded by y = 1/(x + 1), y = 0,x = 0, and 
x = 2 is revolved about the y-axis. 


The region bounded by y = x/(x + 1), the x-axis, and x = 4 is 
revolved about the x-axis. 


The region bounded by y = (1 — x°)! and y = 4 is revolved 
about the x-axis. 


The region bounded by y = = 0,x = 1, and 


l 
Via =z) i 


x = 2 is revolved about the x-axis. 


The region bounded by y = ,y = 0,x = —1, and 


1 
V4 — x? 
x = 11s revolved about the x-axis. 


0, and 


The region bounded by y = 1/(x + 2),y = 0,x 
x = 31s revolved about the line x = —1. 


What’s wrong? Explain why the coefficients A and B cannot be 
found if we set 
— eA BT 
=at wed FES 


63-73. Preliminary steps The following integrals require a prelimi- 
nary step such as long division or a change of variables before using 
partial fractions. Evaluate these integrals. 


63. 


65. 


67. 


69. 


70 


71 


73 


74. 


1D. 





d Pade. i 
J as fas 
1+ e x? + Ox 
w ay = 6 B Fr Oe 
[Ea 66. [Pesta 
x —3x+2 x-+x-6 





dt d 
E +e! 68. / x À 2x 
e +e 


0 
e 16 
1 + sind 


[ve + 1 dx (Hint: Letu = Ve* + 1.) 








J e* F 7 cos x F 
ie . x 
(e = Ile" 42) (sin? x — 4 sin x) 


J dx 

(e* + e™)} 
a dy 

Preliminary Steps Evaluate 


y(Va — Vy) 
Vy followed by partial fractions. ) 


, fora > 0. (Hint: 


Use the substitution u = 


Another form of J sec x dx. 


COS xX 





a. Verify the identity sec x = ER 
] = sinf x 


b. Use the identity in part (a) to verify that 

1 1 + sinx 

sec x dx = —ln |——_ 

2 1 — sinx 

(Source: The College Mathematics Journal 32, No. 5 
(November 2001)) 








82. 
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76-81. Fractional powers Use the indicated substitution to convert the 
given integral to an integral of a rational function. Evaluate the result- 
ing integral. 


d 
76. SS e 


x= Wx 


Oo 








ce Ee 
78. a aa 1 + 2x =u’ 
79. o y= 
80. T psu" 
81. [ae we 
Arc length of the natural logarithm Consider the curve y = In x. 


a. Find the length of the curve from x = 1 to x = a and call it 
L(a). (Hint: The change of variables u = Vx? + 1 allows 
evaluation by partial fractions.) 

b. Graph L(a). 

c. As a increases, L(a) increases as what power of a? 


83-86. Repeated quadratic factors Refer to the summary box (Partial 
Fraction Decompositions) and evaluate the following integrals. 


2 d 
a I) (+ 1 F 2x42) 


i i; — 1)(x? + 2x + 2)? 


87. Two methods Evaluate J 


y Ail 


dx 86. |e 
s(x =P ese 1) 


, for x > 1, in two ways: using 





x” — 
partial fractions and a trigonometric substitution. Reconcile your 
two answers. 


88-94. Rational functions of trigonometric functions An integrand 
with trigonometric functions in the numerator and denominator can 
often be converted to a rational integrand using the substitution 

u = tan (x/2) or x = 2 tan! u. The following relations are used in 
making this change of variables. 


2u 1— u? 
5 C: cosx = 5 
lt+u 1+u 











2 
A: ax = 5 du B: 
l+u 


sin x = 


88. Verify relation A by differentiating x = 2 tan | u. Verify rela- 
tions B and C using a right-triangle diagram and the double-angle 
formulas 


sin x = 2 sin (=) cos (=) and cos x = 2 cos? (=) = 1 
2 2 2 i 


dx dx 
89. Evaluate | ————. , 
1 + sinx 2 + cosx 


d 
91. Evaluate J OE 
1 — cosx 





90. Evaluate J 


96. 





dx 
92. Evaluate J ; : 
1 + sinx + cosx 


dé 
93. Evaluate J = 
cos 0 — sin 0 





94. Evaluate J sec t dt. 


Applications 
95. Three start-ups Three cars, A, B, and C, start from rest and accel- 
erate along a line according to the following velocity functions: 


88t 8817 8827 
ee vp(t) =. gp aD? and velt) = 2 Fi 1 


(t+ 1) 
a. Which car has traveled farthest on the interval 0 Ss t s 1? 
b. Which car has traveled farthest on the interval 0 S t S 5? 
c. Find the position functions for the three cars assuming that all 
cars start at the origin. 
d. Which car ultimately gains the lead and remains in front? 





n= 


< 
< 


Skydiving A skydiver has a downward velocity given by 
i= e 28t/ Vr 
a wl 1+ a! 
where t = 0 is the instant the skydiver starts falling, g ~ 9.8 m/s 


is the acceleration due to gravity, and Vy is the terminal velocity of 
the skydiver. 


2 


a. Evaluate v(0) and lim v(t) and interpret these results. 
t— o 


b. Graph the velocity function. 
c. Verify by integration that the position function is given by 


1 + a) 
P: 9. 





V2 
s(t) = Vrt + “in ( 
8 


where s'(t) = v(t) and s(0) = 0. 

d. Graph the position function. 
(See the Guided Project Terminal Velocity for more details on 
free fall and terminal velocity.) 


Additional Exercises 


22 a2 
97. m < > One of the earliest approximations to 7 is 7 Verify 


1 
that 0 < J 
0 


22 
that 7 < 7? 





x4(1 — x)* 22 
5 dx = —— — m. Why can you conclude 
I +z 7 


98. Challenge Show that with the change of variables u = V tan x, 
the integral f Vtan x dx can be es to an integral amenable 
to partial fractions. Evaluate i o Vtanx dx. 





np eee ale In |(x — 2)(x + 4)?| 
2. A(x — 1) + B/(x + 5) + C/(x — 10) 
3. A/x + B/x* + C/(x — 3) + D/(x — 3)* + E/(x — 1)< 
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7.6 Other Integration Strategies 


Standard methods Tee 
(substitution, parts, 
partial fractions) 


FIGURE 7.10 


» A short table of integrals can be found 
at the end of the book. Longer tables 
of integrals are found online and in 
venerable collections such as the CRC 
Mathematical Tables and Handbook of 
Mathematical Functions, by Abramowitz 
and Stegun. 


The integration methods studied so far—various substitutions, integration by parts, and 
partial fractions—are examples of analytical methods; they are done with pencil and pa- 
per, and they give exact results. While many important integrals can be evaluated with 
analytical methods, many more integrals lie beyond their reach. For example, the follow- 
ing integrals cannot be evaluated in terms of familiar functions: 


J e” dx, J sin x? dx, J — £ dx, | = dx, and J In (In x) dx. 


The next two sections survey alternative strategies for evaluating integrals when stan- 
dard analytical methods do not work. These strategies fall into three categories. 





1. Tables of integrals The endpapers of this text contain a table of many standard inte- 
grals. Because these integrals were evaluated analytically, using tables is considered 
an analytical method. Tables of integrals also contain reduction formulas like those 
discussed in Sections 7.2 and 7.3. 


2. Computer algebra systems Computer algebra systems have elaborate sets of rules 
to evaluate difficult integrals. Many definite and indefinite integrals can be evaluated 
exactly with such systems. 


3. Numerical methods The value of a definite integral can be approximated accurately 
using numerical methods introduced in the next section. Numerical means that these 
methods compute numbers rather than manipulate symbols. Computers and calculators 
often have built-in functions to carry out numerical calculations. 


Figure 7.10 is a chart of the various integration strategies and how they are related. 







Methods of 
Integration 





Analytical 
Methods 


Computer 
Methods 





Symbolic methods to 
evaluate definite and 
integrals indefinite integrals 
exactly 


Numerical methods 
to approximate 
definite integrals 


Using Tables of Integrals 


Given a specific integral, you may be able to find the identical integral in a table of inte- 
grals. More likely, some preliminary work is needed to convert the given integral into one 
that appears in a table. Most tables give only indefinite integrals, although some tables 
include special definite integrals. The following examples illustrate various ways in which 
tables of integrals are used. 
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> Letting u? = 2x — 9, we have 
udu = dx and x = (u? + 9). 
Therefore, 





J dx 7 2 f du 
xV2x — 9 u? +9 





FIGURE 7.11 


dx 
EXAMPLE 1 Usine tables of integrals Evaluate the int | | —. 
g g valuate the integra ISS 


SOLUTION It is worth noting that this integral may be evaluated with the change of vari- 
ables u” = 2x — 9. Alternatively, a table of integrals includes the integral 


J 2 te wie 0 
= an — , where 
xVax — b Vb b 


which matches the given integral. Letting a = 2 and b = 9, we find that 





/ dx 2 an! 2x7 9G 2 = 2x- 9G 
—__—— = —— tan —-—- = —tan - ————— 
xV2x -— 9 V9 9 3 3 


Related Exercises 5—22< 


EXAMPLE 2 Preliminary work Evaluate | Vx? + 6x dx. 


SOLUTION Most tables of integrals do not include this integral. The nearest integral you 


are likely to find is f Vx” + a? dx. The given integral can be put into this form by 
completing the square and using a substitution: 


x? + 6x = x7 4+ 64 +9-9 = (x + 3)? - 9. 


With the change of variables u = x + 3, the evaluation appears as follows: 


J Uea J VG t39 dx ee ee 
= [Vie 9 au ae E 

Va -— 9 = In lu + Vu? — 9| + C Table of integrals 

5 V+ 3 9 - Fine + 3+ Vie + 3-9] + 

= 8 SE VF Eor- -In |e $3 + Va? + 6 +c 


Related Exercises 23-38< 


= 
2 
x 





EXAMPLE 3 Using tables of integrals for area Find the area of the region bounded 


1 
by the curve y = IEn and the x-axis between x = 0 and x = 7. 
sin x 


SOLUTION The region in question (Figure 7.11) lies entirely above the x-axis, so its area 


“a 
is J A matching integral in a table of integrals is 
0 


1 + sinx 
dx 1 TT ax 
- = fan = ee, 
1 + sinax a 4 2 


Evaluating the definite integral with a = 1, we have 


fess eE 3) = 3) a) 
——.— = -tan{ —- = = —tan{—— } — | —-tan— | = 
o 1 + sinx 4 2/J\o = g 


Related Exercises 39-46< 
a /2 
CHECK 1 Use the result of Example 3 to evaluate J 
0 








dx 
1 + sinx 
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Using a Computer Algebra System 


Computer algebra systems evaluate many integrals exactly using symbolic methods, and 
they approximate many definite integrals using numerical methods. Different software 
packages may produce different results for the same indefinite integral; but, ultimately, 
they must agree. The discussion that follows does not rely on one particular computer 
algebra system. Rather, it illustrates results from different systems and shows some of the 
idiosyncrasies of using a computer algebra system. 





HECK 2 Using one computer algebra system, it was found that f sin x cos x dx = 


Ti sin? . F C using another computer algebra system, it was found that f sin x cos x dx = 


4 cos? x + C. Reconcile the two answers. << 


i : dx 
» Most computer algebra systems do EXAMPLE 4 Apparent discrepancies Evaluate J — 
not include the constant of integration Ver +1 


computer algebra system. 


using tables and a 


after evaluating an indefinite integral. 


Pitt gooni always cae N SOLUTION Using one particular computer algebra system, we find that 


= —2 tanh! (V e* + 1) + C, 


reporting the result. 


J dx 
Ver + 1 





> Recall that the hyperbolic tangent is where tanh | is the inverse hyperbolic tangent function (Section 6.10). However, we can 
defined as obtain a result in terms of more familiar functions by first using the substitution u = e*, 
wirs - - aie which implies that du = e* dx or dx = du/e* = du/u. The integral becomes 
€ e 


Its inverse is the inverse hyperbolic 


tangent, written tanh! x. J Ta ~ / a 

Using a computer algebra system again, we obtain 
= |In (VI +u-1)—-In(V14+u+41) 
= n (V1 + æ — 1) — In (V1 + e + 1). 


» Some computer algebra systems use A table of integrals leads to a third equivalent form of the integral: 
log x for In x. 


/ dx = f du 
Ve +1 uVu + | 


/ dx J u (ee 
ee ee ee 
Vai uVu + 1 Vut1t+i1 


(SS) +c 
= IN | — g 
Ve +1+1 


Often, the difference between two results is a few steps of algebra or a trigonometric 
identity. In this case, the final two results are reconciled using logarithm properties. This 
example illustrates that computer algebra systems generally do not include constants of 
integration and may omit absolute values when logarithms appear. It is important for the 
user to determine whether integration constants and absolute values are needed. 

Related Exercises 47—62< 


x 
x+ | 








d 
HECK 3 Using partial fractions, we know that / To ik 


Art) 


d 
Using a computer algebra system, we find that / es; = Inx — ln (x + 1). What 
x(x 


is wrong with the result from the computer algebra system? «< 
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SECTION 7.6 EXERCISES 


EXAM PLE 5 Symbolic vs. numerical integration Use a computer algebra system to 


evaluate J sin x? dx. 
0 


SOLUTION Sometimes a computer algebra system gives the exact value of an integral in 
terms of an unfamiliar function, or it may not be able to evaluate the integral exactly. For 
example, one particular computer algebra system returns the result 


i T 2 
/ sin x? dx = Jzs( =) 
0 2 Ae 


x 2 
t 
where S is a function called the Fresnel integral function (s (x) = / sin (= ir), 
0 


However, if the computer algebra system is instructed to compute an approximate 
solution, the result is 


1 
J sin (x*) dx ~ 0.3102683017, 
0 


which is an excellent approximation. 
Related Exercises 47-62 < 


Review Questions 2 2 5x 
1. Give some examples of analytical methods for evaluating 21. In’ x dx 22. oe ee 
integrals. 


2. Does a computer algebra system give an exact result for an 


indefinite integral? Explain. 


23-38. Preliminary work Use a table of integrals to determine the fol- 
lowing indefinite integrals. These integrals require preliminary work, 
such as completing the square or changing variables, before they can 


3. Why might an integral found in a table differ from the same be found in a table. 


integral evaluated by a computer algebra system? 


4. Is areduction formula an analytical method or a numerical 


method? Explain. 


23. | VEF Ords > 0 24. [Nads 
dx 5 
25. SSS 26. Vx — 4x + 8 dx 





oe x? + 2x+ 10 
Basic Skills P F 
5-22. Table lookup integrals Use a table of integrals to determine the 27. J — A 28. / — 72 
following indefinite integrals. x(x + 1) x(x" — 256) 


5. cos! x dx 


dx 
n J 
x2 + 16 











6. J sin 3x cos 2x dx 29 


dx 
8. =F J e* 
Afer 31. —— dx 32 
ü a Ve” +4 


/ dx Si 
; = 
Vx? + 10x 
pes 
i — dx 
xX 


dx 
A = y0 
iz — 6x 





3u dy = 
/ du 10. / a J COS x cos | Vx 
267 Qa 9 33. — ~~ dx 34. —— 
“ yy ) sin? x + 2 sinx Vx 
dx dx = 
11. Jz 12. 45 |= Pie J e' 
1 — cos 4x Wda 35. —— 36. —— dt 
; — = xí V3 + de! 
13. oa 14. J xVax + 12 dx pe | Inx sin’ (Inx) a | dt 
X e e 
l F D F x V1 + 4e’ 
X x 
15: J E E ae 16. J z 39-46. Geometry problems Use a table of integrals to solve the 
9x? — 100 3 225 — 16x following problems. 
d l 3 
17, * 18. | V4x* — 9dx,x >= 39. Find the length of the curve y = x?/4 on the interval [0, 8]. 
(16 + 9x7)3? 2 
J j 40. Find the length of the curve y = x? + 8 on the interval [0,2]. 
x x 
19. / — SS 20. J = 
xV144 — x? x(x* + 8) 


41. Find the length of the curve y = e” on the interval [0, In 2]. 


42. The region bounded by the graph of y = 1/(x + 10) and the 
x-axis on the interval | 0, 3] is revolved about the x-axis. What is 
the volume of the solid that is formed? 


43. The region bounded by the graph of y = and the x-axis 


l 
Vx + 4 
on the interval [0, 12] is revolved about the y-axis. What is the 
volume of the solid that is formed? 


44. Find the area of the region bounded by the graph of 


1 
y= 5 
Ve De F2 


45. The region bounded by the graphs of y = 7/2, y = sin x, and 
the y-axis is revolved about the y-axis. What is the volume of the 
solid that is formed? 





and the x-axis between x = O and x = 3. 


= 


46. The graphs of f(x) = 





and g(x) = are shown 


7 
AV xe A 
in the figure. Which is greater, the average value of f or that of g 
on the interval [—1, 1]? 


x +1 





47-54. Indefinite integrals Use a computer algebra system to evalu- 
ate the following indefinite integrals. Assume that a is a positive real 
number. 





X 
47. dx 48. V 4x? + 36 dx 
lz +3 J 


49. J tan? 3x dx 50. 


= oa J dx 
51. 52. E E 
= x(a? = a 
53. J (a? — x? PP dx 54. 


55—62. Definite integrals Use a computer algebra system to evaluate 
the following definite integrals. In each case, find an exact value of 
the integral (obtained by a symbolic method) and find an approximate 
value (obtained by a numerical method). Compare the results. 


4/5 a /2 
55. J xê dx 56. J cos? x dx 
2/3 0 


4 l os -] 
57. i (9 + x2)3/2 dx 58. J —— as 
0 1/2 * 





71. J x sin™! 2x dx 


tan! in 
73. [Pea 74. J- A dx,a > 0 
X X 
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27 
d 
o. | — 
o (4+ 2sinx) 


a /4 
62. J In (1 + tan x) dx 
0 








a [2 
d 
so. | — 
o 1 + tan’x 


1 
6l. | msma Fajar 
0 


Further Explorations 
63. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. It is possible that a computer algebra system says 


/ T A 


x=] 
a In 
says a ; 


b. A computer algebra system working in symbolic mode could 
give the result h ‘x8 dx = L and a computer algebra system 
working in approximate (numerical) mode could give the 
result f x’ dx = 0.11111111. 


— ln x and a table of integrals 





PG: 








64. Apparent discrepancy Three different computer algebra systems 
give the following results: 


4 es EE a ae ee ee 
= — cos x“ = cos x^ = 
la = 2 2 


Explain how they can all be correct. 


65. Reconciling results Using one computer algebra sys- 
, dx sinx — 1 
tem, it was found that - = 
1 + sinx COS x 


using another computer algebra system, it was found that 


f de 2 sin (x/2) 
l1 + sinx cos (x/2) + sin (x/2) 
answers. 





, and 
Reconcile the two 


66. Apparent discrepancy Resolve the apparent discrepancy 
between 


J S e A +C and 
I= Dat 6 l|? 

dx o h Ix — 1| Infx +2] 1nļ|xl 
|a 3 & 2 
67-70. Reduction formulas Use the reduction formulas in a table of 

integrals to evaluate the following integrals. 


67. F e” dx 68. Je e "dx 


69. / tant 3y dy 70. / sec’ 4x dx 


71-74. Double table lookup The following integrals may require more 


than one table lookup. Evaluate the integrals using a table of integrals, 
then check your answer with a computer algebra system. 


72: / 4x cos ! 10x dx 
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Evaluating an integral without the Fundamental Theorem of 
Calculus Evaluate JS a “In (1 + tan x) dx using the following steps. 
a. If fis integrable on [0, b), use substitution to show that 


b b/2 
J ad= | E + f(b ~ 2) de 


tana + tan B 
b. Use part (a) and the identity tan(a + B) = EATA. 
— tan a tan 


to evaluate I a $ In(1 + tan x) dx. (Source: The College 
Mathematics Journals 33, No. 4 (September 2004)) 


Two integration approaches Evaluate f cos (In x) dx two differ- 
ent ways: 


a. Use tables after first using the substitution u = In x. 
b. Use integration by parts twice to verify your answer to part (a). 


Applications 


H 77. 


Period of a pendulum Consider a pendulum with a length of L 
meters swinging only under the influence of gravity. Suppose the 
pendulum starts swinging with an initial displacement of 09 radians 
(see figure). The period (time to complete one full cycle) is given by 


4 m do 
T= — 
wJo VW1—k sino 
where w* = g/L,g ~ 9.8m/ s? is the acceleration due to gravity, 
and k? = sin? (09/2). Assume L = 9.8 m, which means w = 1 s 1. 








a. Use a computer algebra system to find the period of the pendu- 
lum for 09 = 0.1, 0.2,...,0.9, 1.0 rad. 

b. For small values of 6, the period should be approximately 
27 seconds. For what values of 6) are your computed values 
within 10% of 27 (relative error less than 0.1)? 


Additional Exercises 


HH 78. 


Arc length of a parabola Let L(c) be the length of the parabola 
f(x) = x? from x = 0 to x = c, where c = 0 is a constant. 

a. Find an expression for L and graph the function. 

b. Is L concave up or concave down on (0, œ)? 


c. Show that as c becomes large and positive, the arc length 
function increases as c7; that is, L(c) = kc”, where k is a 
constant. 


79-82. Deriving formulas Evaluate the following integrals. 
Assume a and b are real numbers and n is an integer. 





X 
79. = tp. 
9 | (Use u = ax + b.) 





80 dx (Use u? = ax + b.) 


x 
l la +b 
81. [alax + b)" dx (Use u = ax + b.) 


82. I x” sin’! x dx (Use integration by parts. ) 


83. Powers of sine and cosine It can be shown that 


a /2 ar [2 
J sin” x dx = J cos” x dx = 
0 0 








1:3:5: (n — ua ifn = 2 is an even integer 
oun te eee 2 

2.4.6: (n 1) ifn = 3 is an odd integer. 
3°55 eT een 


a. Use a computer algebra system to confirm this result for 
n = 2,3,4, and 5. 

b. Evaluate the integrals with n = 10 and confirm the result. 

c. Using graphing and/or symbolic computation, determine 
whether the values of the integrals increase or decrease as 
n increases. 


84. A A alae integral It is a fact that 





` dx T 
J a = — for all real numbers m. 
0 1 + tan” x 4 


a. Graph the integrand for m = —2,—3/2,—1,—1/2, 
0, 1/2, 1,3/2, and 2, and explain geometrically how the 
area under the curve on the interval [0, 7/2] remains 
constant as m varies. 

b. Use a computer algebra system to confirm that the 
integral is constant for all m. 


2 





1. 1 2. Because sin? x = 1 — cos? x, the two results 
differ by a constant, which can be absorbed in the arbi- 
trary constant C. 3. The second result agrees with the 
first for x > 0 after using Ina — Inb = In (a/b). The 
second result should have absolute values and an arbi- 
trary constant. < 


7.7) Numerical Integration 


Situations arise in which the analytical methods we have developed so far cannot be used 
to evaluate a definite integral. For example, an integrand may not have an obvious antide- 
rivative (such as cos x” and 1 /In x), or perhaps the integrand is represented by individual 
data points, which makes finding an antiderivative impossible. 

When analytical methods fail, we often turn to numerical methods, which are typi- 
cally done on a calculator or computer. These methods do not produce exact values of 


» Because the exact solution is usually not 
known, the goal in practice is to estimate 
the maximum size of the error. 
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definite integrals, but they provide approximations that are generally quite accurate. Many 
calculators, software packages, and computer algebra systems have built-in numerical in- 
tegration methods. In this section, we explore some of these methods. 


Absolute and Relative Error 


Because numerical methods do not typically produce exact results, we should be concerned 
about the accuracy of approximations, which leads to the ideas of absolute and relative error. 


DEFINITIONS Absolute and Relative Error 


Suppose c is a computed numerical solution to a problem having an exact solution x. 
There are two common measures of the error in c as an approximation to x: 


absolute error = |c — xl 


and 


Ca 
relative error = ———  (ifx # 0). 





EXAMPLE 1 Absolute and relative error The ancient Greeks used + to approxi- 
mate the value of m. Determine the absolute and relative error in this approximation to 7. 


SOLUTION Letting c = 2 be the approximate value of x = 7, we find that 
22 
absolute error = a m| ~ 0.00126 


and 


l |22 Ja — T| 
relative error = | | = 0.000402 = 0.04%. 
TT 





Related Exercises 7-10 < 


Midpoint Rule 


Many numerical integration methods are based on the ideas that underlie Riemann sums; 
these methods approximate the net area of regions bounded by curves. A typical problem 
is shown in Figure 7.12, where we see a function f defined on an interval | a, b]. The goal 
is to approximate the value of f „ f(x) dx. As with Riemann sums, we first partition the 


Height of k™ rectangle = f(m,) 
y Area of k” rectangle = f (m,)Ax 





b 
Midpoint Rule: Í fœ) dx ~ f(m )Ax + f(m,)Ax + = + fm Ax 
FIGURE 7.12 a 
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» The Midpoint Rule is a midpoint 
Riemann sum. 


> Recall that if f(m) < 0 for some k, then 
the net area of that rectangle is negative, 
which makes a negative contribution to 
the approximation (Section 5.2). 





QUICK CHECK 1 To apply the Midpoint 
Rule € on e interval |3, 11] with 

n = 4, at what points must the inte- 
grand be evaluated? < 


Midpoint Rule with n = 4 





FIGURE 7.13 


interval |a, b| into n subintervals of equal length Ax = (b — a) /n. This partition estab- 
lishes n + 1 grid points 


X% =a, x =at Ax, x» =a + 2Ax,..., X = a + kAx,..., x, =b. 


The kth subinterval is E Xl, fork = 1,2,...,n 

The Midpoint Rule approximates the region under the curve using rectangles. The 
bases of the rectangles have width Ax. The height of the kth rectangle is f(m), where 
my = (x1 + %,)/2 is the midpoint of the kth subinterval (Figure 7.12). Therefore, the 
net area of the kth rectangle is f(m,) Ax. 

Let M(n) be the Midpoint Rule approximation to the integral using n rectangles. 
Summing the net areas of the rectangles, we have 


J T dx 


l 


M(n) 


f(m,)Ax + f(m,)Ax + +++ + f(m,) Ax 
= -s (eH Sa “Van 


. l PEDE — b 
Just as with Riemann sums, the Midpoint Rule approximations to f a f(x) dx generally 
improve as n increases. 


DEFINITION Midpoint Rule 


Suppose f is defined and integrable on |a, b]. The Midpoint Rule approximation 
to f 7 f(x) dx using n equally spaced subintervals on [a,b] is 


M(n) = f(m,)Ax + f(m)Ax + +++ + f(m,) Ax 


where Ax = (b — a)/n, x, = a + kAx, and m; is the midpoint of | x,_,, x, |, for 
kK=1,...,n 





EXAMPLE 2 Applying the Midpoint Rule Approximate [ oe dx 
using the Midpoint Rule with n = 4 andn = 8 subintervals. 


SOLUTION Witha = 2,b = 4, andn = 4 subintervals, the length of 
each subinterval is Ax = (b — a)/n = 2/4 = 0.5. The grid points are 


XM = 2, x, = 2.5, » = 3, x = 3.5, and x = 4. 
The integrand must be evaluated at the midpoints (Figure 7.13) 
mı = 2.25, m, = 2.75, m, = 3.25, and my = 3.75. 
With f(x) = x” and n = 4, the Midpoint Rule approximation is 
M(4) = f(m,)Ax + f(mz)Ax + f(m3)Ax + f(m4) Ax 
= (mf + mo + mf + m4’) Ax 
(2.257 + 2.75% + 3.25% + 3.757) -0.5 
= 18.625. 


The exact area of the region is — so this Midpoint Rule approximation has an absolute 
error of 


118.625 — 56/3| ~ 0.0417 


Area of a trapezoid 


» This derivation of the Trapezoid Rule 
assumes that fis nonnegative on |a, b]. 
However, the same argument can be used 
if fis negative on all or part of |a, b]. 

In fact, the argument illustrates how 
negative contributions to the net area 
arise when fis negative. 
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and a relative error of 
18.625 — 56/3 


~ 0.00223 = 0.223%. 
56/3 


Using n = 8 subintervals, the midpoint approximation is 


8 
M(8) = > f(m,)Ax = 18.65625, 
k=1 
which has an absolute error of about 0.0104 and a relative error of about 0.0558%. We 
see that increasing n and using more rectangles decreases the error in the approximations. 
Related Exercises 11-14< 


The Trapezoid Rule 


Another method for estimating f K f(x) dx is the Trapezoid Rule, which uses the same par- 
tition of the interval | a, b| described for the Midpoint Rule. Instead of approximating the 
region under the curve by rectangles, the Trapezoid Rule uses (what else?) trapezoids. The 
bases of the trapezoids have length Ax. The sides of the kth trapezoid have lengths f(x;_, ) 
and f(x,), fork = 1,2,...,n (Figure 7.14). Therefore, the net area of the kth trapezoid is 
(ee + fx) 

a: ae Ax. 





Area of k® trapezoid 
_ SO, ) FIM) A 
2 


b 
Trapezoid Rule: | fdr ~ fay + fox) + +f, ) + FO, ]Ax 


FIGURE 7.14 


Letting T(n) be the Trapezoid Rule approximation to the integral using n subinter- 
vals, we have 


[t= To) 
= (PEI) ay p (ELED ay gy (DH) 


2 2 2 
am 
first trapezoid second trapezoid nth trapezoid 
E (fe D FD faa) Ome) A 
2 2 2 2 2 2 
I— SÁ 
f(x) Tai) 
= (+ fa) to te) +S aw 
———— ee 
> f(x) 
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| K CHECK 2 Does the Trapezoid 
Rule underestimate or overestimate 
the value of A g% 2 dx) < 


Trapezoid Rule with n = 4 





FIGURE 7.15 


As with the Midpoint Rule, the Trapezoid Rule approximations generally improve as 
n increases. 


DEFINITION Trapezoid Rule 
Suppose f is defined and integrable on | a, b |. The Trapezoid Rule approximation 


to I d (x) dx using n equally spaced subintervals on | a, b] is 


Tn) = (300) + DAD + 500) Jax 


where Ax = (b — a)/nandx, = a + kAx, fork = 0,1,...,7 





EXAMPLE 3 Applying the Trapezoid Rule Approximate [ oe dx using the Trap- 
ezoid Rule with n = 4 subintervals. 


SOLUTION As in Example 2, the grid points are 
X = 2, x, = 2.5, x = 3, x3 = 3.5, and x = 4. 
With f(x) = x* andn = 4, the Trapezoid Rule approximation is 
T(4) = zf(xo)Ax + f(xı)Ax + fixa)Ax + f(x3)Ax + 7 f(x4)Ax 
= (ixo +x +x +x + 5x4) Ax 
= (4-2? + 2.5? + 3? + 3.5? + 5°47) -0.5 
= 18.75. 


Figure 7.15 shows the approximation with n = 4 trapezoids. The 
exact area of the region is 56/3, so the Trapezoid Rule approximation 
has an absolute error of about 0.0833 and a relative error of approxi- 
mately 0.00446, or 0.446%. Increasing n decreases this error. 

Related Exercises 15-18< 


EXAMPLE 4 Errors in the Midpoint and Trapezoid Rules Given that 


1 
[ow dx =1-—2e |}, 
0 


find the absolute errors in the Midpoint Rule and Trapezoid Rule approximations to the 
integral with n = 4, 8, 16, 32, 64, and 128 subintervals. 


SOLUTION Because the exact value of the integral is known (which often does not happen in 


practice), we can compute the error in various approximations. For example, ifn = 16, then 
1 k 
Ax = — and x, = —, fork = 0,1,...,n. 
16 16 


Using sigma notation and a computer algebra system, we have 


n a a Ax 
a y m as 
16 pears ses) 1 2 (==) 1 
M(16 — c | = —— |— = 0.26440383609318 
DO emer a eT 
and 
n— 1 


m= 


1 1 
T(16) = (sr f(0) + S/k/16) + SF(1) Je ~ 0.26391564480235. 
a= =g Xk pa b 





QUICK CHECK 3 Compute the 
anprommnate factor by which the 
error decreases in Table 7.5 between 
T(16) and 7(32); between T(32) 


and T(64).< 


Table 7.6 


Year 


1992 
1993 
1994 
1995 
1996 
1997 
1998 
1999 
2000 
2001 
2002 
2003 
2004 
2005 
2006 
2007 
2008 


World Oil Production 
(billions barrels /yr) 


22.3 
21.9 
les 
21.9 
22 
23.0 
pho | 
24.5 
23d 
29.2 
24.8 
24.5 
Lone 
25.9 
20.5 
27.0 
27.5 


The absolute error in the Midpoint Rule approximation with n = 16 is 
|M(16) — (1 — 2e7')| ~ 0.000163. The absolute error in the Trapezoid Rule approxi- 
mation with n = 16 is |T(16) — (1 — 2e7')| = 0.000325. 
The Midpoint Rule and Trapezoid Rule approximations to the integral, together with 
the associated absolute errors, are shown in Table 7.5 for various values of n. Notice that 
as n increases, the errors in both methods decrease, as expected. With n = 128 subin- 
tervals, the approximations M(128) and T(128) agree to four decimal places. Based on 
these approximations, a good approximation to the integral 1s 0.2642. The way in which 
the errors decrease is also worth noting. If you look carefully at both error columns in 
Table 7.5, you will see that each time n is doubled (or Ax is halved), the error decreases 


by a factor of approximately 4. 
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Table 7.5 
n M(n) T(n) Error M(n) Error T(n) 
4 0.26683456310319 0.25904504019141 0.00259 0.00520 
8 0.26489 148795740 0.26293980164730 0.000650 0.00130 
16 0.26440383609318 0.26391564480235 0.000163 0.000325 
32 0.26428180513718 0.26415974044777 0.0000407 0.00008 14 
64 0.26425129001915 0.26422077279247 0.0000102 0.0000203 
128 0.26424366077837 0.26423603140581 0.00000254 0.00000509 


Related Exercises 19-26< 


EXAMPLE 5 World oil production Table 7.6 and Figure 7.16 show data for the rate 
of world oil production (in billions of barrels /yr) over a 16-year period. If the rate of oil 
production is given by the function R, then the total amount of oil produced in billions 

of barrels over the time perioda = t S bis Q = f? R(t) dt (Section 6.1). Use the Mid- 
point and Trapezoid Rules to approximate the total oil produced between 1992 and 2008. 


SOLUTION For convenience, let t = 0 represent 1992 and t = 16 represent 2008. 
We let R(t) be the rate of oil production in the year corresponding to t (for example, 

R(6) = 23.7 is the rate in 1998). The goal is to approximate Q = JR ð °R (t) dt. If we use 
n = 4 subintervals, then At = 4 yr. The resulting Midpoint and Trapezoid Rule approxi- 
mations (in billions of barrels) are 


Q ~ M(4) = (R(2) + R(6) + R(10) + R(14)) Ar 
= (21.5 + 23.7 + 24.8 + 26.3)4 
= 385.2 


and 
Q ~= T(4) = FR) + R(4) + R(8) + R(12) + + R(16) Jar 


l l 
= (4-23 22.0 TDT TAT a75) 4 


= 384.4. 


The two methods give reasonable agreement. Using n = 8 subintervals, with At = 2 yr, 
similar calculations give the approximations 


Q ~ M(8) = 387.8 and Q ~ T(8) = 384.8. 


The given data do not allow us to compute the next Midpoint Rule approximation M(16). 
However, we can compute the next Trapezoid Rule approximation 7(16) and here is a 


554 CHAPTER 7 œ INTEGRATION TECHNIQUES 


Billions barrels/yr 
N (09) 
© © 


— 
© 





1992 1996 2000 2004 
Year 


FIGURE 7.16 
(Source: U.S. Energy Information 
Administration) 


nage 


2008 # 


good way to do it. If T(n) and M(n) are known, then the next Trapezoid Rule approxima- 
tion is (Exercise 58) 
T(n) + M(n 
ran) = Te) + Mo) 


Using this trick, we find that 


T(8) + M(8) 384.8 + 387.8 
2 2 


T(16) = = 386.3. 
Based on these calculations, the best approximation to the total oil produced between 
1992 and 2008 is 386.3 billion barrels. 

Related Exercises 27-30 


Simpson’s Rule 


The Midpoint Rule and the Trapezoid Rule can be improved by approximating the graph 
of f with curves, rather than line segments. Let’s return to the partition used by the Mid- 
point and Trapezoid Rules, but now suppose we work with three neighboring points on the 
curve y = f(x), say (xo, f(xo)), (x1: f(x1)), and (x2, f(%)). These three points determine 
a parabola, and it is easy to find the net area bounded by the parabola on the interval 
| xo, X> |. When this idea is applied to every group of three consecutive points along the 
interval of integration, the result is Simpson’s Rule. With n subintervals, Simpson’s Rule 
is denoted S(n) and is given by 


J EEE 


= (Ko) PA) + 2a) FANG) + E na) FAN na) + Fn) = 


Notice that apart from the first and last terms, the coefficients alternate between 4 and 2; 
n must be an even integer for this rule to apply. 

You can use the formula for Simpson’s Rule given above; but here is an easier way. If 
you already have the Trapezoid Rule approximations T(n) and T(2n), the next Simpson’s 
Rule approximation follows immediately with a simple calculation (Exercise 60): 

AT(2n) — T(n 
S(2n) = ey) l ) 
3 
DEFINITION Simpson’s Rule 


Suppose f is defined and integrable on |a, b |. The Simpson’s Rule approximation 
to f i (x) dx using n equally spaced subintervals on |a, b ] is 


S(n) = [FC + 4f) + fl) + fla) H + fana) +a) 


a 
3 9 


where n is an even integer, Ax = (b — a)/n, and x, = a + kAx, for 
k = 0,1,...,n. Alternatively, if the Trapezoid Rule approximations T(2n) and 
T(n) are known, then 


AT(2n) — T(n) 


S(2n) = ; 





EXAMPLE 6 Errors in the Trapezoid Rule and Simpson’s Rule Given that 
I i xe *dx = 1 — 2e`!, find the absolute errors in the Trapezoid Rule and Simpson’ s 
Rule approximations to the integral with n = 8, 16, 32, 64, and 128 subintervals. 





QUICK CHECK 4 Compute the 
TETE factor by which the 
error decreases in Table 7.7 between 
S(16) and S(32) and between S(32) 
and S(64).< 
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SOLUTION Because the shortcut formula for Simpson’s Rule is based on values gener- 
ated by the Trapezoid Rule, it is best to calculate the Trapezoid Rule approximations first. 
The second column of Table 7.7 shows the Trapezoid Rule approximations computed 
in Example 4. Having a column of Trapezoid Rule approximations, the corresponding 
Simpson’s Rule approximations are easily found. For example, if n = 4, we have 

47T(8) — T(4) 

S(8) = — =~ 0.26423805546593. 

The table also shows the absolute errors in the approximations. The Simpson’s Rule 
errors decrease much more quickly than the Trapezoid Rule errors. By careful inspection, 
you will see that the Simpson’s Rule errors decrease with a clear pattern: Each time n 
is doubled (or Ax is halved), the errors decrease by a factor of approximately 16, which 
makes Simpson’s Rule a more efficient and accurate method. 


Table 7.7 
n T(n) S(n) Error T(n) Error S(n) 
4 0.25904504019141 0.00520 
8 0.26293980164730 0.26423805546593 0.00130 0.00000306 
16 0.26391564480235 0.26424092585404 0.000325 0.000000192 
32 0.26415974044777 0.26424110566291 0.00008 14 0.0000000120 
64 0.26422077279247 0.264241 11690738 0.0000203 0.000000000750 
128 0.26423603140581 0.26424111761026 0.00000509 0.0000000000469 





Related Exercises 31-38 < 


Errors in Numerical Integration 


A detailed analysis of the errors in the three methods we have discussed goes beyond the 
scope of the book. We state without proof the standard error theorems for the methods and 
note that Examples 3, 4, and 6 are consistent with these results. 


THEOREM 7.2 Errors in Numerical Integration 
Assume that f” is continuous on the interval la, b| and that k is a real number 
such that | f”(x)| < k, for all x in [a, b]. The absolute errors in approximating the 


integral y T (x) dx by the Midpoint Rule and Trapezoid Rule with n subintervals 
satisfy the inequalities 
We kp =a) 
24 


k(b — a) 


Ax)? and E; = 
(Ax)* an T 12 


(Ax), 
respectively, wua re = (b — a)/n. 

Assume that f“ - continuous on the interval |a, b] and that K is a real 
number such that | ras (x)| < K on (a, b|. The error in approximating the inte- 
gral STK f(x) dx by Simpson’s Rule with n subintervals satisfies the inequality 

K(b — a) 


E, = ———— (Ax)*. 
S 180 (Ax) 


The absolute errors associated with the Midpoint Rule and Trapezoid Rule are pro- 
portional to (Ax). So, if Ax is reduced by a factor of 2, the errors decrease roughly by 
a factor of 4, as seen in Example 4. Simpson’s Rule is a more accurate method; its error 
is proportional to (Ax)*, which means that if Ax is reduced by a factor of 2, the errors 
decrease roughly by a factor of 16, as seen in Example 6. Computing both the Trapezoid 
Rule and Simpson’s Rule together, as shown in Example 6, is a powerful method that pro- 
duces accurate approximations with relatively little work. 
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SECTION 7.7 EXERCISES 


Review Questions using n = 25 subintervals. Compute the relative error of each 
1. If the interval |4, 18] is partitioned into n = 28 subintervals of approximation. 
D et nat Oe 20. Midpoint Rule, Trapezoid Rule, and relative error Find 
2. Explain geometrically how the Midpoint Rule is used to approxi- the Midpoint and Trapezoid Rule approximations to f} e™ dx 
mate a definite integral. using n = 50 subintervals. Compute the relative error of each 
approximation. 


3. Explain geometrically how the Trapezoid Rule is used to approxi- 

mate a definite integral. 21-26. Comparing the Midpoint and Trapezoid Rules Apply the 
Midpoint and Trapezoid Rules to the following integrals. Make a 
table similar to Table 7.5 showing the approximations and errors for 
n = 4,8, 16, and 32. The exact values of the integrals are given for 


4. If the Midpoint Rule is used on the interval [—1, 11] with 
n = 3 subintervals, at what x-coordinates is the integrand 


evaluated? computing the error. 
5. If the Trapezoid Rule is used on the interval [—1, 9] with 5 67,3 
n = 5 subintervals, at what x-coordinates is the integrand 21. J (3x? — 2x) dx = 100 22 J (5 = x) dx = 4 
evaluated? i a 
Tj/4 e 
6. State how to compute the Simpson’s Rule approximation 23. J 3 sin 2x dx = 24. J Inxdx = 1 
S(2n) if the Trapezoid Rule approximations T(2n) and T(n) 0 l 
are known. T 
25, J sin x cos 3x dx = 0 
Basic Skills g 
7-10. Absolute and relative error Compute the absolute and relative 26. J ody = Le ~ (4999999 
errors in using c to approximate x. r 
Te x= m; c = 3.14 8. x= V2; c = 1.414 i 27-30. Temperature data Hourly temperature data for Boulder, 
E ey) w 8 c= D718 CO, San Francisco, CA, Nantucket, MA, and Duluth, MN, over 
a 12-hr period on the same day of January are shown in the figure. 
11-14. Midpoint Rule approximations Find the indicated Midpoint Assume that these data are taken from a continuous temperature 
Rule approximations to the following integrals. function T(t). The average temperature over the 12-hr period is 
D T= E d 
11. J 2x? dx using n = 1,2, and 4 subintervals ~ 12), (1) dt. 
2 
‘ T 
12. J x? dx using n = 1, 2, and 4 subintervals 
i i n Boulder 
13. J sin 7x dx using n = 6 subintervals 5. 
0 E 50 
! 5 eo =o San Francisco 
14. J e * dx using n = 8 subintervals g 40 
oO 
: m 30 Nantucket 
15-18. Trapezoid Rule approximations Find the indicated Trapezoid 20 
; ; a Duluth 
Rule approximations to the following integrals. 
i 10 
15. J 2x? dx using n = 2, 4, and 8 subintervals 3 
5 2 4 6 8 10 12 f 


Hours after 6:00 A.M. 


9 
16. J x? dx using n = 2,4, and 8 subintervals 
1 
1 
17. J sin 7x dx using n = 6 subintervals 
0 


1 
18. J e * dx using n = 8 subintervals 
0 





19. Midpoint Rule, Trapezoid Rule, and relative error Find the 
Midpoint and Trapezoid Rule approximations to {i i sin Tx dx 


27. Find an accurate approximation to the average temperature over 
the 12-hr period for Boulder. State your method. 


28. Find an accurate approximation to the average temperature over 
the 12-hour period for San Francisco. State your method. 


29. Find an accurate approximation to the average temperature over 
the 12-hr period for Nantucket. State your method. 


30. Find an accurate approximation to the average temperature over 
the 12-hr period for Duluth. State your method. 


31-34. Trapezoid Rule and Simpson’s Rule Consider the following 
integrals and the given values of n. 


a. Find the Trapezoid Rule approximations to the integral using n and 


2n subintervals. 

b. Find the Simpson’s Rule approximation to the integral using 2n 
subintervals. It is easiest to obtain Simpson’s Rule approximations 
from the Trapezoid Rule approximations, as in Example 6. 

c. Compute the absolute errors in the Trapezoid Rule and Simpson’s 


Rule with 2n subintervals. 

1 2 

31. J e” dx n = 25 32. a dx; n = 30 
0 0 

a7 /4 

1 

34. | 3 

0 Lea 


‘1 
33. | Žas n = 50 
1 X 


35-38. Simpson’s Rule Apply Simpson’s Rule to the following 
integrals. It is easiest to obtain the Simpson’s Rule approximations 
from the Trapezoid Rule approximations, as in Example 6. Make a 
table similar to Table 7.7 showing the approximations and errors for 
n = 4, 8, 16, and 32. The exact values of the integrals are given for 
computing the error. 





dx; n = 64 


A 
35. J (3x? — 8x?) dx = 1536 
0 


36. [inxax=1 
1 


7 Í 
37: / e‘sintdt = ~(e” + 1) 
7 2 
6 
38. J 3e dx = 1 — e™!8 = 1.000000 
0 


Further Explorations 
39. Explain why or why not Determine whether the following 
statements are true and give an explanation or counterexample. 


a. The Trapezoid Rule is exact when used to approximate the 
definite integral of a linear function. 

b. If the number of subintervals used in the Midpoint Rule is 
increased by a factor of 3, the error is expected to decrease by 
a factor of 8. 

c. If the number of subintervals used in the Trapezoid Rule is 
increased by a factor of 4, the error is expected to decrease by 
a factor of 16. 
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40-43. Comparing the Midpoint and Trapezoid Rules Compare 


the errors in the Midpoint and Trapezoid Rules with n = 4, 8, 16, and 
32 subintervals when they are applied to the following integrals (with 


their exact values given). 
a /2 7/2 

5 128 

40. J sinf x dx = a 41. J cos’ x dx = — 

0 32 0 315 


1 T 
2 9 
42. J (8x! — 7x8) dx = 6 43. J In (5 + 3 cos x) dx = Tlg 
0 0 


44-47. Using Simpson’s Rule Approximate the following integrals 


using Simpson’s Rule. Experiment with values of n to ensure that the 
error is less than 10°”, 


= dx Sa 
44. ks 
o (5 + 3sinx) 32 


45. | 1a- 
0 7 — Cosa 3 





46. J In (2 + cos x) dx = m ln ( 
0 


T 4 
47. J sin 6x cos 3x dx = — 
0 9 


Applications 


48. Period of a pendulum A standard pendulum of length L swing- 


ing under only the influence of gravity (no resistance) has a 
period of 





a I a 
øJo Vi- k sino 
where œ = g/L, k? = sin? (09/2), g ~ 9.8 m/s” is the 
acceleration due to gravity, and 0ọ is the initial angle from which 
the pendulum is released (in radians). Use numerical integration 
to approximate the period of a pendulum with L = 1 m that is 
released from an angle of 09 = 7/4 rad. 


49. Arc length of an ellipse The length of an ellipse with axes of 


length 2a and 2b is 


2T 
J Va? cos? t + b? sin? t dt. 
0 





Use numerical integration and experiment with different values 
of n to approximate the length of an ellipse with a = 4 and 
b = 8. 


50. Sine integral The theory of diffraction produces the sine 


sin ź 
integral function Si (x) = i= a dt. Use the Midpoint Rule to 
approximate Si (1) and Si (10). oat that lim (sin x) /x = 1.) 


Experiment with the number of subintervals until you obtain ap- 
proximations that have an error less than 107°. A rule of thumb 
is that if two successive approximations differ by less than 107°, 
then the error is usually less than 10°. 


558 


H 51. 


52: 


53. 


CHAPTER 7 © INTEGRATION TECHNIQUES 


Normal distribution of heights The heights of U.S. men are 
normally distributed with a mean of 69 inches and a standard 
deviation of 3 inches. This means that the fraction of men with 
a height between a and b (with a < b) inches is given by the 
integral 





b 
l -[&œ-69)/3]?/2 
e i“ dx. 
3 val 


What percentage of American men are between 66 and 72 inches 


tall? Use the method of your choice and experiment with the num- 


ber of subintervals until you obtain successive approximations 
that differ by less than 10 °. 


Normal distribution of movie lengths A recent study revealed 
that the lengths of U.S. movies are normally distributed with a 
mean of 110 minutes and a standard deviation of 22 minutes. This 
means that the fraction of movies with lengths between a and b 
minutes (with a < b) is given by the integral 


b 
1 ice 2 
(x—110)/22] ie 
zz i 7 


What percentage of U.S. movies are between 1 hr and 1.5 hr long 
(60—90 min)? 





U.S. oil produced and imported The figure shows the rate at 
which U.S. oil was produced and imported between 1920 and 
2005 in units of millions of barrels per day. The total amount of 
oil produced or imported is given by the area of the region under 
the corresponding curve. Be careful with units because both days 
and years are used in this data set. 


a. Use numerical integration to estimate the amount of U.S. oil 
produced between 1940 and 2000. Use the method of your 
choice and experiment with values of n. 

. Use numerical integration to estimate the amount of oil 
imported between 1940 and 2000. Use the method of your 
choice and experiment with values of n. 


U.S. Oil Production and Imports 












Production 


Million barrels/day 


Imports 





1920 


1940 


1960 
Year 


1980 2000 


(Source: U.S. Energy Information Administration) 


Additional Exercises 


54. 


35., 


56. 


Ih 


58. 


59. 


60. 


6l. 





Estimating error Refer to Theorem 7.2 and let f(x) = e”, 


a. Find a Trapezoid Rule approximation to f e dx using 
n = 50 subintervals. 
b. Calculate f”(x). 
Explain why |f”(x)| < 18 on [0, 1], given thate < 3. 
. Use Theorem 7.2 to find an upper bound on the absolute error 
in the estimate found in part (a). 


z 


Estimating error Refer to Theorem 7.2 and let f(x) = sine’. 


a. Find a Trapezoid Rule approximation to I i sin (e”) dx using 
n = 40 subintervals. 
b. Calculate f”(x). 
c. Explain why |f’(x)| < 6 on [0, 1], given that e < 3. (Hint: 
Graph f”.) 
. Find an upper bound on the absolute error in the estimate 
found in part (a) using Theorem 7.2. 


Exact Trapezoid Rule Prove that the Trapezoid Rule is exact 
(no error) when approximating the definite integral of a linear 
function. 


Exact Simpson’s Rule Prove that Simpson’s Rule is exact (no 
error) when approximating the definite integral of a linear func- 
tion and a quadratic function. 


Shortcut for the Trapezoid Rule Prove that if you have 
M(n) and T(n) (a Midpoint Rule approximation and a 
Trapezoid Rule approximation with n subintervals), then 
T(2n) = (T(n) + M(n))/2. 


Trapezoid Rule and concavity Suppose f is positive and its 

first two derivatives are continuous on (a, b]. If f” is positive on 
[a, b], then is a Trapezoid Rule estimate of f i f(x) dx an under- 
estimate or overestimate of the integral? Justify your answer using 
Theorem 7.2 and an illustration. 


Shortcut for Simpson’s Rule Using the notation of the text, 
AT(2n) — T(n) 
3 





prove that $(2n) = , forn = 1. 


Another Simpson’s Rule formula Another Simpson’s Rule 

2M(n) + T(n) 
3 

to estimate f , 1/xdx using n 


formula is S(2n) = , forn = 1. Use this rule 


10 subintervals. 


1. 4,6,8, 10 2. Overestimates 3. 4 and 4 


4. 16 and 16< 
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7.8 Improper Integrals 





0 1 b b b> 


What happens to the area 
under the curve as b > œ% ? 


FIGURE 7.17 


X 


The definite integrals we have encountered so far involve finite-valued functions and 
finite intervals of integration. In this section, you will see that definite integrals can some- 
times be evaluated when these conditions are not met. Here is an example. The energy 
required to launch a rocket from the surface of Earth (R = 6370 km from the center of 


Earth) to an altitude H is given by an integral of the form f K ek /x* dx, where k is aconstant 
that includes the mass of the rocket, the mass of Earth, and the gravitational constant. This 
integral may be evaluated for any finite altitude H > 0. Now suppose that the aim is to 
launch the rocket to an arbitrarily large altitude H so that it escapes Earth’s gravitational 
field. The energy required is given by the preceding integral as H — ©, which we write 
f ak / x° dx. This integral is an example of an improper integral, and it has a finite value 
(which explains why it is possible to launch rockets to outer space). For historical reasons, 
the term improper integral is used for cases in which 


e the interval of integration is infinite, or 


e the integrand is unbounded on the interval of integration. 


In this section, we explore improper integrals and their many uses. 


Infinite Intervals 


A simple example illustrates what can happen when integrating a function over an infinite 


1 
interval. Consider the integral / —5 dx, for any real number b > 1. As shown in 
1 X 
Figure 7.17, this integral gives the area of the region bounded by the curve y = x- 


the x-axis between x = 1 and x = b. In fact, the value of the integral is 


2 and 





For example, if b = 2, the area under the curve is 5 : if b = 3, the area under the curve 
1S z In general, as b increases, the area under the curve increases. 

Now let’s ask what happens to the area as b becomes arbitrarily large. Letting b > ©, 
the area of the region under the curve is 


1 
lim (1 — L) = |. 
bc b 


We have discovered, surprising as it may seem, a curve of infinite length that bounds a 
region with finite area (1 square unit). 
We express this result as 
E d 1 
— dx= 1, 
1 * ' 
which is an improper integral because © appears in the upper limit. In general, to evaluate 
1 „ f(x) dx, we first integrate over a finite interval [a,b] and then let b — œ. A similar 


procedure is used to evaluate L D f(x) dx and f ~ f(x) dx. 
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DEFINITIONS a Integrals over Infinite Intervals 


1. If f is continuous on |a, ©), then 


| a= im [pe a 


provided the limit exists. 


2. If f is continuous on (—%, b], then 


» Doubly infinite integrals (Case 3 in the 
definition) must be evaluated as two fr f(x) dx = ap Si f(x) dx, 


independent limits and not as 


o0 b 
J f(x)dx = lim J ro dx 
= b— œ aD 


provided the limit exists. 


3. If f is continuous on (—%, ©), then 


/ Ie) de = lim J Ha) dx 


+ jim [nas 


aie both limits exist, Tee c is any real number. 


In each case, if the limit exists, the improper integral is said to converge; 
if it does not exist, the improper integral is said to diverge. 





EXAMPLE 1 Infinite intervals Evaluate each integral. 


a. J e * dx 
0 
” 1] 
b. / z dx 
0 1 + X 








SOLUTION 
a. Using the definition of the improper integral, we have 
o b 
/ oa = jim J e* dx Definition of improper integral 
0 Tae eh 
Í b 
= lim (e) Evaluate the integral. 
b—>œ 3 0 
_ l 3h Sa 
= _ (Le) Simplify. 
=—|1 lim = @ = — 
3 ( b>% eP ) 3 p” 


equals 0 


» Recall that 


dx 1 4% 
z z ~ — tan =+ G. 
o a s a a 


1 





The graph of y = tan x shows that 


T 
lim tan! x = —. 
2 


x—> %0 





» Recall for p ~ —1, 


1 _ 
parm fxran 


x Pt! 
-p+ 1l 
xi? 

= + C. 
l= p 





+ C 
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In this case the limit exists, so the integral converges and the region under the curve 
has a finite area of L (Figure 7.18). 


b. Using the definition of the improper integral, we have 











[ a li i a Definiti fi integral 
= lim efinition of improper integra 
b 
= lim (tan! x) Evaluate the integral. 
—00 0 
= lim (tan! b — tant 0) Simplify. 
TT T 
=—-0=. lim tan! b = Z, tan™! (0) = 0 
2 2 bx 2 


Figure 7.19 shows the region whose finite area is given by this integral. 





O b>% 7 O 


b >% i 


Area of region under the : 
j 3 Area of region under the curve 
curve y = e ~*on [0, ©) 





1 ; T 
has finite value L y= 142 on [0, ©) has finite value 5° 
FIGURE 7.18 FIGURE 7.19 
Related Exercises 5—28< 
QUICK CHECK 1 The function f(x) = 1 + x7! decreases to 1 as x > ~. Does 





f f(x) dx exist? < 


EXAMPLE 2 The family f(x) = 1/x? Consider the family of functions f(x) = 1/x?, 
where p is areal number. For what values of p does f _ f(x) dx converge? 


SOLUTION For p > 0, the functions f(x) = 1/x? approach zero as x — ©, with larger 
values of p giving greater rates of decrease (Figure 7.20). Assuming p # 1, the inte- 
gral is evaluated as follows: 





00 b 
1 
/ a dx = Jim J x? dx Definition of improper integral 
1 | sl 
= i ue (x p ) Evaluate the integral on a finite interval. 








1 
= n (b!P — 1). Simplify. 


It is easiest to consider three cases. 
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Case l: If p > 1, then p — 1 > 0,andb!? = 1/b?~' approaches 0 as b > œ. 
Therefore, 





1 
J- a = lim (b! — 1) = ——. 
ee = pho = p=] 


approaches 
0 


Case 2: If p< 1,then 1 — p > 0, and 


o0 


l 1 
yor lim <=)? =-1) = 








arbitrarily 
= large 
ae eit pe 1, E 
J x ps p-1 1 . ; . 
Case 3: If p = 1, then —dx = lim (Inb) = œ; so the integral diverges. 
FIGURE 7.20 X — 
In summary, ee EFT if p > 1, and the integral diverges if p S 1. 
1 x 
l l Related Exercises 5—28< 
» Example 2 is important in the study of 
infinite series in Chapter 9. It shows e 
that a continuous function f must do ECK 2 Use the result of Example 2 to evaluate GU 





more than simply decrease to zero for its NUICK CHECK l y 

integral on |a, ©) to converge; it must 

decrease to zero sufficiently fast. EXAMPLE 3 Solids of revolution Let R be the region bounded by the graph of y = x! 
and the x-axis, for x = 1. 
a. What is the volume of the solid generated when R is revolved about the x-axis? 
b. What is the surface area of the solid generated when R is revolved about the x-axis? 


c. What is the volume of the solid generated when R is revolved about the y-axis? 
SOLUTION 


a. The region in question and the corresponding solid of revolution are shown in 
Figure 7.21. We use the disk method (Section 6.3) over the interval | 1, b| and 
then let b— œ: 





As b>, volume > m 


Volume = / m(f(x))? dx Disk method 
1 


| 
S 
z 
| 
= 


Definition of improper integral 


| 
S 
= 


1 
m (1 = +) = 7. Evaluate the integral. 


FIGURE 7.21 The improper integral exists and the solid has a volume of 7 cubic units. 


b. Using the results of Section 6.6, the area of the surface generated on the interval 
|1, b], where b > 1, is 


b 
J Qaf(x)V1 + f' (xY dx. 
1 
The area of the surface generated on the interval | 1, œ ) is found by letting b > œ: 


b 
Surface area = 2m lim J f(x)V 1 + f'(x) dx Surface area formula; let b > ~. 





= 2r lim [ ‘fi +( Ja Substitute f and f’. 
» The solid in Examples 3a and 3b is called bx 


Gabriel’s horn or Torricelli’s trumpet. We 


1 
have shown—quite remarkably—that it = 2r lim [ 3aVi+x dx. Simplify. 
1 X 


has finite volume and infinite surface area. O= 


7.8 Improper Integrals 563 


Instead of attempting to evaluate this integral, it proves wiser to analyze it. Notice that 
on the interval of integration x > 1, V1 + x* > Vx4 = x’, which means that 


l E E 
3 lx ae aaa 
X X X 


Therefore, for all b with 1 < b < œ, we have 


b b 
1 1 
am | Vit de> 2m | Tas 
1 x 1 


b— œ 


b 
1 
Because 27 lim J P dx = œ (by Example 2), the preceding inequality implies that 
1 


b 
Í 
277 lim J == V1 + xtdx = ©. Therefore, the surface area of the solid is infinite. 
1 X 


b— œ 
> Recall that if f(x) > 0 on [a, b] and the c. The region in question and the corresponding solid of revolution are shown in 

region bounded by the graph of f and the Figure 7.22. Using the shell method (Section 6.4) on the interval |1, b) and letting 
x-axis on |a, b] is revolved about the b — œ, the volume is given by 

y-axis, the volume of the solid generated is 

b 
V= J 27x f(x) dx. Volume = J 2arx f(x)dx Shell method 
a 1 


= am | 1 dx LOLS a 
l 


b— œ 


b 
= 27 lim / 1 dx Definition of improper integral 
1 


= 20 ni (b — 1) Evaluate the integral over a finite interval. 


= O0, 


In this case, the volume of the solid is infinite. 





pi 
X r 
As b > œ, volume > © | 








FIGURE 7.22 
Related Exercises 29-34< 
0 e x Unbounded Integrands 
Improper integrals also occur when the integrand becomes infinite somewhere on the in- 
What happens to the area ; ; ; ; 
eee Garten TR terval of integration. Consider the function f(x) = 1/Vx (Figure 7.23). Let’s examine 














the area of the region bounded by the graph of f between x = 0 and x = 1. Notice that f 


FIGURE 7.23 is not even defined at x = 0, and it increases without bound as x > 0°. 
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> 
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The functions f(x) = 1/x? are 
unbounded at x = 0, for p > 0. 
It can be shown (Exercise 74) that 


[t- 1 
ox? tep 


provided p < 1. Otherwise, the integral 





diverges. 


INTEGRATION TECHNIQUES 


The idea here is to replace the lower limit O with a nearby positive number c and then 


1 
1 
consider the integral J PU ea where 0 < c < 1. We find that 
a VX 


| 1 
| z= 


C 


= 2(1 — Ve). 





To find the area of the region under the curve over the interval (0, 1], we let c— 0*. 


1 
dx . 
The resulting area, which we denote J ——, 1S 
9 Wx 


1 
Yes — lim 2(1 = Vc) = 2. 


Once again we have a surprising result: Although the region in question has a bound- 
ary curve with infinite length, the area of the region is finite. 


QUICK CHECK 3 Explain why the one-sided limit c — 0° (instead of a two-sided limit) 
must be used in this example. «< 





The preceding example shows that if a function is unbounded at a point c, it may be 
possible to integrate that function over an interval that contains c. The point c may occur 
at either endpoint or at an interior point of the interval of integration. 


DEFINITIONS Improper Integrals with an Unbounded Integrand 


. Suppose f is continuous on (a, b| with 
lim f(x) = +. Then 
xa 


b b 
J fe dx = im, f fw dx, 


provided the limit exists. 


. Suppose f is continuous on |a, b) 
with lim f(x) = +œ. Then 
xz 


b c 
J ro dx = im f fe) dx, 


provided the limit exists. 





» Recall that 
dx 








3 
; 1 
Area of region = 2 i d. 
8 0 V9 — x2 = 





FIGURE 7.24 






Hypocycloid (astroid) 
723 4 y23 = q3 


N 


FIGURE 7.25 
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. Suppose f is continuous on la, b| 
except at the interior point p 
where f is unbounded. Then 


[wa [roa fia 


provided the improper integrals 
on the right side exist. 


In each case, 1f the limit exists, the 
improper integral is said to converge; if it 
does not exist, the improper integral is said to diverge. 





EXAMPLE 4 Infinite integrand Find the area of the region R between the graph of 


f(x) — | 
Ver 


SOLUTION The integrand is even and has vertical asymptotes at x = +3 (Figure 7.24). 
By symmetry, the area of R is given by 


and the x-axis on the interval (—3, 3) (if it exists). 


3 3 
1 1 
—— dx = 2 J -iy 
| 0 V9 — x? 
assuming these improper integrals exist. Because the integrand is unbounded at x = 3, we 


replace the upper limit with c, evaluate the resulting integral, and then let c —> 3°: 


>f dx T f dx 
MEn T o n 
0 V9 -— x? es Jo V9 — x? 


C 


Definition of improper integral 


e 
2 lim sin -— 
c3 


Evaluate the integral. 





0 


a a — 
= 2 lim (sin 1< — sin to) Simplify. 
c3 3 —— 
——— equals 0 
approaches 7 /2 


Note that as c > 37, sin’! (c/3) — sin! 1 = 7/2. Therefore, the area of R is 


’ 1 T 
2 [ a C =n 
0 9 — x? 2 


Related Exercises 35—54< 


EXAMPLE 5 Length of a hypocycloid Find the length L of the complete hypocy- 
cloid (or astroid; Figure 7.25) given by xP + y% 3 = q7/3 where a > 0. 


SOLUTION Solving the equation xP 4 y?/ a= al? Tor y, we find that the curve is 
described by the functions f(x) = + (a? — x/°)?/? (corresponding to the upper and 
lower halves of the curve). By symmetry, the length of the entire curve is four times the 
length of the curve in the first quadrant, which is given by f(x) = (a7/3 — x7/°)?/?, for 
0 = x < a. We need the derivative f' for the arc length integral: 


f'(x) = = (a7! _ x2/3)1/2 (-22"") Sa (a2/3 _ x2/3) 1/2 
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FIGURE 7.26 
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Now the arc length can be computed: 


L= af Via Gy ds 
0 
=j / V 1 + (-x 18 (a2 — x7/3)/2)? dy Substitute for f’. 
0 
=A J Va x72 dy Simplify. 
0 


a 
= Ag J x 1 dy. Simplify. 
0 


Because x~! > œ as x — 0*, the resulting integral is an improper integral, which is 


handled in the usual manner: 


a 
Lag n / x rd Improper integral 
Cc c 


= 4a!’ lim (2x25) 
c—>0* \2 é 
= pal lim, (a?P — ¢7/3) Simplify. 
Cc = 
—>0 


Integrate. 





= 6a. Evaluate limit. 


The length of the entire hypocycloid is 6a units. 
Related Exercises 55—56< 


EXAMPLE 6 Bioavailability The most efficient way to deliver a drug to its intended 
target site is to administer it intravenously (directly into the blood). If a drug is adminis- 
tered in any other way (for example, orally, nasal inhalant, or skin patch), then some of 
the drug is typically lost due to absorption before it gets to the blood. By definition, the 
bioavailability of a drug measures the effectiveness of a nonintravenous method com- 
pared to the intravenous method. The bioavailability of intravenous dosing is 100%. 

Let the functions C,(t) and C,(t) give the concentration of a drug in the blood, for 
times t = O, using intravenous and oral dosing, respectively. (These functions can be 
determined through clinical experiments.) Assuming the same amount of drug 1s initially 
administered by both methods, the bioavailability for an oral dose is defined to be 


| cana 
_ AUC, Jo 


AO y i 
f| cw di 
0 


where AUC is used in the pharmacology literature to mean area under the curve. 

Suppose the concentration of a certain drug in the blood in mg/L when given intrave- 
nously is C;(t) = 100e~°*’, where t = 0 is measured in hours. Suppose also that concen- 
tration of the same drug when delivered orally is C,(t) = 90(e > — e-*°") (Figure 7.26). 
Find the bioavailability of the drug. 
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Review Questions 


7.8 Improper Integrals 567 


SOLUTION Evaluating the integrals of the concentration functions, we find that 


AUC; = J C;(t) dt = / 100e ®* dt 
0 0 
b 
= jim / 100e°~ dt Improper integral 
— 0 0 
1000 
— Jim —_—_ (1 — a) Evaluate the integral. 
approaches 
Zero 
1000 8 
— EE Evaluate the limit. 
Similarly, 
AUC, = / C,(t) dt = J 90(e T — e?) dt 
0 0 
b 
= jim J 90(e 23 — e dt Improper integral 
—> 00 0 


— jim [300(1 — e °°) — 36(1 — e7°%)| Evaluate the integral. 
approaches approaches 


Zero Zero 


= 264. Evaluate the limit. 


Therefore, the bioavailability is F = 264/(1000/3) = 0.792, which means oral 
administration of the drug is roughly 80% as effective as intravenous dosing. Notice that 
F is the ratio of the areas under the two curves on the interval |0, ©). 

Related Exercises 57-60< 











1. What are the two general ways in which an improper integral 13. | e“dx,a > 0 14. J = 
may occur? 0 2 xInx 
2. Explain how to evaluate / f(x) dx. 15. J dx peil 16. J Š i 
: 1 1/9 e xIn’x 0 Š x? + 1 
3. Explain how to evaluate I ox ? dy. > > 
oa) —y? 
4. For what values of p does f , x ? dx converge? 17. J xe ` dx 18. J cos x dx 
0 0 
Basic Skills “cos (m /x) ” dx 
5-28. Infinite intervals of integration Evaluate the following 19. 2 dx 20. fey? 
j 0 


integrals or state that they diverge. 


5. / x” dx 
1 

7. J e~“ dx 
1 


” dx 


9, — 
5 Wx 


* dx 21. J — dx a. J Ve™ dx, a real 
6 | — 9 e™+1 ; 
0 


(x + 1) 
i 23 [ a 24 f ! d 
: —— ~ dx : X 
8. / as ı (x +1) 1 x(x + 1) 
1 


“3x? + 1 l 
25. J ~——ax 26. | —sin~ dx 
x +x x x 





10 [4 
0 Verts 


1 1 y. | —a M F 
12. J z sec*( +) dx J +22” Jiti” 
7 x 
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29-34. Volumes on infinite intervals Find the volume of the described 


solid of revolution or state that it does not exist. 


29. The region bounded by f(x) = x * and the x-axis on the interval 
[1, œ) is revolved about the x-axis. 


30. The region bounded by f(x) = (x? + 1)! and the x-axis on 
the interval [2, œ) is revolved about the x-axis. 





+ 1 
31. The region bounded by f(x) = , i z and the x-axis on the 
x 


interval [1, ©) is revolved about the x-axis. 


32. The region bounded by f(x) = (x + 1)? and the x-axis on the 
interval |0, œ) is revolved about the y-axis. 


33. The region bounded by f(x) = 





and the x-axis on the 


1 
Vx In x 
interval |2, ©) is revolved about the x-axis. 


34. The region bounded by f(x) = and the x-axis on the 


Ti 
interval [0, œ) is revolved about the x-axis. 


3 
x? 


35-50. Integrals with unbounded integrands Evaluate the following 
integrals or state that they diverge. 
8 arf 2 
d 
> 36. J tan 0 d0 
0 


Jo Wx 


35 


2 1 
1 1 
37. —— dx 38. — dx 
| Ve — 1 iz + 6)? 

a /2. 4 1 
39. J sec x tan x dx 40. J TT 

0 3 (x — 3)? 

1 Vx 


41. 





1 
dx 42. x? In(1/x) dx 
| ma 


i x? ~ dx 
a | dx 44. J 
To 1 Wx-1 
11 
d 
46. | = 
1 (x — 3)? 
1 
x 
[e 
ee aes ae’ eee 


2 die a /2 
: = 50. J sec 0 d0 
i V4 — x? 0 


51-54. Volumes with infinite integrands Find the volume of the 
described solid of revolution or state that it does not exist. 











45 


10 
J dx 
0 Ú l10-—x 
1 
47. J| maax 48. 
0 


49 


51. The region bounded by f(x) = (x — 1)~“ and the x-axis on the 
interval (1, 2] is revolved about the x-axis. 


52. The region bounded by f(x) = (x? — 1)7'/4 and the x-axis on 
the interval (1, 2| is revolved about the y-axis. 


53. The region bounded by f(x) = (4 — x)! and the x-axis on the 
interval [0, 4) is revolved about the y-axis. 


54. 


55. 


56. 


Sa 


58. 


59, 


60. 


The region bounded by f(x) = (x + 1)°/⁄ and the y-axis on the 
interval (—1, 1| is revolved about the line x = —1. 


Arc length Find the length of the hypocycloid (or astroid) 
x2/3 4 yo = 4, 


Circumference of a circle Use calculus to find the circumference 
of a circle with radius a. 


Bioavailability When a drug is given intravenously, the concen- 
tration of the drug in the blood is C,(t) = 250e °°’, for t = 0. 
When the same drug is given orally, the concentration of the drug 
in the blood is C,(t) = 200(e°° — e~'*), fort = 0. Compute 
the bioavailability of the drug. 


Draining a pool Water is drained from a swimming pool at a rate 
given by R(t) = 100 e °°” gal /hr. If the drain is left open indefi- 
nitely, how much water is drained from the pool? 


Maximum distance An object moves on a line with velocity 
v(t) = 10/(t + 1)? mi/hr, for t = 0. What is the maximum dis- 
tance the object can travel? 


Depletion of oil reserves Suppose that the rate at which 

a company extracts oil is given by r(t) = me “, where 

ro = 10’ barrels /yr and k = 0.005 yr |. Suppose also the 
estimate of the total oil reserve is 2 X 10” barrels. If the extrac- 
tion continues indefinitely, will the reserve be exhausted? 


Further Explorations 


61. 


62. 


63. 


64. 


65. 


Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 
a. If f is continuous and 0 < f(x) < g(x) on the interval [0, œœ) 
and Jo g(x) dx = M < œ, then Jo fs) dx exists. 
. If lim f(x) = 1, then H f(x) dx exists. 
xo 


-g 


1 _ i= , 
If Jx P dx exists, then Pe 1 dx exists, where q > p. 


F 


a 


. If I H dx exists, then f 7 dx exists, where g > p. 


L ep 
. apes Fists, or p 3° 


Incorrect calculation What is wrong with this calculation? 


1 
d 
[Z-n 
PE. 


Using symmetry Use symmetry to evaluate the following integrals. 


a. J el dx b. J 3 dx 
o œ I +x 


Integral with a parameter For what values of p does the integral 


© 


= İn] — lnl =0 





1 
= 








dx a . 
J n exist and what is its value (in terms of p)? 
z x i x 


Improper integrals by numerical methods Use the Trapezoid 
Rule (Section 7.7) to approximate 1. e dx with R = 2, 4, and 
8. For each value of R, take n = 4, 8, 16, and 32, and compare 
approximations with successive values of n. Use these approxima- 


‘ ; co 2 
tions to approximate J = i 9 £ ax. 


66—68. Integration by parts Use integration by parts to evaluate the 


following integrals. 
1 00 
In x 
67. / xInx dx 68. | = On 
0 1 X 


66. J xe * dx 
0 
69. A close comparison Graph the integrands and then evaluate 


cO eee oe) ase 
and compare the values of I 9 xe ~ dx and J i x e” di 


70. Area between curves Let R be the region bounded by the graphs 
of y= x ? andy = x 1, for x = 1, where q > p > 1. Find the 
area of R. 


71. Area between curves Let R be the region bounded by the graphs 
of y =e “andy = e ™, for x = 0, where a > b > 0. Find the 
area of R. 


72. An area function Let A(a) denote the area of the region bounded 
by y = e “™ and the x-axis on the interval [0, œ). Graph the func- 
tion A(a), forO < a < œ. Describe how the area of the region 
decreases as the parameter a increases. 


73. Regions bounded by exponentials Let a > 0 and let R be the 

region bounded by the graph of y = e “ and the x-axis on the 

interval |b, œ), 

a. Find A(a, b), the area of R as a function of a and b. 

b. Find the relationship b = g(a) such that A (a, b) = 2. 

c. What is the minimum value of b (call it b*) such that when 
b > b*,A(a, b) = 2 for some value of a > 0? 


74. The family f(x) = 1/x? revisited Consider the family of func- 
tions f(x) = 1/x?, where p is a real number. For what values of 
p does the integral I r f(x) dx exist? What is its value? 


75. When is the volume finite? Let R be the region bounded by the 
graph of f(x) = x ? and the x-axis, forO < x < 1. 
a. Let S be the solid generated when R is revolved about the 
x-axis. For what values of p is the volume of S finite? 
b. Let S be the solid generated when R is revolved about the 
y-axis. For what values of p is the volume of S finite? 


76. When is the volume finite? Let R be the region bounded by the 
graph of f(x) = x ? and the x-axis, for x = 1. 


a. Let S be the solid generated when R is revolved about the 
x-axis. For what values of p is the volume of S finite? 

b. Let S be the solid generated when R is revolved about the 
y-axis. For what values of p is the volume of S finite? 


77-80. Numerical methods Use numerical methods or a calculator to 
approximate the following integrals as closely as possible. 


T/2 T/2 
ln 2 
Th / In (sin x) dx = J In (cos x) dx = mee 
0 0 


2 
oOo. 2 

78. / dx = = 
Oe - 
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Applications 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


Perpetual annuity Imagine that today you deposit $B in a savings 
account that earns interest at a rate of p% per year compounded 
continuously (Section 6.9). The goal is to draw an income of $/ 
per year from the account forever. The amount of money that 
must be deposited is B = 7 if M dt, where r = p/100. Suppose 
you find an account that earns 12% interest annually and you wish 
to have an income from the account of $5000 per year. How much 
must you deposit today? 


Draining a tank Water is drained from a 3000-gal tank at a rate 
that starts at 100 gal/hr and decreases continuously by 5% /hr. 
If the drain is left open indefinitely, how much water is drained 
from the tank? Can a full tank be emptied at this rate? 


Decaying oscillations Let a > 0 and b be real numbers. Use inte- 
gration to confirm the following identities. 


= a 
a. J e “cos bx dx = EPET 
0 a +b 


* b 
b. J e ™ sin bx dx = EET 
0 a + b 


Electronic chips Suppose the probability that a particular computer 
chip fails after a hours of operation is 0.00005 f p g POO Of, 


a. Find the probability that the computer chip fails after 15,000 hr 
of operation. 

b. Of the chips that are still operating after 15,000 hr, what frac- 
tion of these will operate for at least another 15,000 hr? 

c. Evaluate 0.00005 i ec dt and interpret its meaning. 


Average lifetime The average time until a computer chip fails 
(see Exercise 84) is 0.00005 fọ te dt. Find this value. 


The Eiffel Tower property Let R be the region between the 

curves y = e “ and y = —e “™ on the interval la, oo), where 

a = Oandc > 0. The center of mass of R is located at (x, 0), 
xe * 


where x = ————.. (The profile of the Eiffel Tower is mod- 


I fe dx 
eled by the two exponential curves.) 
a. Fora = 0 and c = 2, sketch the curves that define R and find 
the center of mass of R. Indicate the location of the center of mass. 
b. With a = 0 and c = 2, find equations of the lines tangent to 
the curves at the points corresponding to x = Q. 
c. Show that the tangent lines intersect at the center of mass. 
d. Show that this same property holds for any a = 0 and any 
c > 0; that is, the tangent lines to the curves y = te ~ at 
x = a intersect at the center of mass of R. 
(Source: P. Weidman and I. Pinelis, Comptes Rendu, Mecha- 
nique 332 (2004): 571-584. Also see the Guided Project The 
Exponential Eiffel Tower.) 


Escape velocity and black holes The work required to launch 

an object from the surface of Earth to outer space is given by 

W = J a (x) dx, where R = 6370 km is the approximate radius 
of Earth, F(x) = GMm/x? is the gravitational force between 
Earth and the object, G is the gravitational constant, M is the mass 
of Earth, m is the mass of the object, and GM = 4 X 104m? | s, 


a. Find the work required to launch an object in terms of m. 
b. What escape velocity v, is required to give the object a kinetic 
energy lm? equal to W? 


89. 
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c. The French scientist Laplace anticipated the existence of black 
holes in the 18th century with the following argument: If a 
body has an escape velocity that equals or exceeds the speed 
of light, c = 300,000 km/s, then light cannot escape the body 
and it cannot be seen. Show that such a body has a radius 
R < 2GM/c’. For Earth to be a black hole, what would its 
radius need to be? 


88. Adding a proton to a nucleus The nucleus of an atom is posi- 
tively charged because it consists of positively charged pro- 
tons and uncharged neutrons. To bring a free proton toward 
a nucleus, a repulsive force F(r) = kqQ/r* must be over- 
come, where q = 1.6 X 10’? Cis the charge on the proton, 
k=9x 10N: m? / Cc Q is the charge on the nucleus, and 
r 1s the distance between the center of the nucleus and the pro- 
ton. Find the work required to bring a free proton (assumed to 
be a point mass) from a large distance (r —> ©) to the edge of a 
nucleus that has a charge Q = 50g and a radius of 6 X 10 |! m. 


Gaussians An important function in statistics is the Gaussian (or 
F ‘ ; ra 
normal distribution, or bell-shaped curve), f(x) = e“ 


a. Graph the Gaussian for a = 0.5, 1, and 2. 
b. Given that J eo dx = P A compute the area under the 
m a 


curves in part (a). 
(oe) _ 2 
c. Complete the square to evaluate f g x tobate) dy, where 
a > 0, b, and c are real numbers. 


90-94. Laplace transforms A powerful tool in solving problems in 
engineering and physics is the Laplace transform. Given a function 
f(t), the Laplace transform is a new function F(s) defined by 


F(s) = J e f(t) di, 


where we assume that s is a positive real number. For example, to find 
the Laplace transform of f(t) = e~”, the following improper integral is 
evaluated: 


CO CO 1 
F(s) = J e "e" dt = J ett gt = l 
0 0 Sar 


Verify the following Laplace transforms, where a is a real number. 





l 


S— a 


90. f(t) = 1 —> F(s) = - 91. f(t) = e* — F(s) = 


92. f(t) =t —> F(s) = L 


5 
a 
93. t) = sn at —> F = —_ 
f(t) sin a (s) 24 
S 
94, {) = t — F = ——— 
f(t) cosa (s) Caw 


Additional Exercises 
95. Improper integrals Evaluate the following improper integrals 


(Putnam Exam, 1939). 
a [ dx R [ dx 
di VESD = die te 








96. A better way Compute I E In x dx using integration by parts. Then 


explain why — f ge~ dx (an easier integral) gives the same result. 


97. Competing powers For what values of p > 0 is 
” dx 


-z~a 
ge rae 


98. Gamma function The gamma function is defined by 
[(p) = J ae ~le™ dx, for p not equal to zero or a negative 
integer. 


a. Use the reduction formula 


J xPe* dx = p| e dx, forp = 1,2,3,... 
0 0 


to show that [(p + 1) = p! (p factorial). 
b. Use the substitution x = u and the fact that 


” cel 1 
J e" duy = YT io show that r(3) = Vr. 
0 


“Vxl 
99. Many methods needed Show that J a. dx = 


5 m in the 
0 (1 T x) 


following steps. 


a. Integrate by parts with u = Vx Inx. 
b. Change variables by letting y = 1/x. 


Show that D 
c. Show tha ——— dx = 
0 Vi (1 T x) 
* In x J 0 

= — ar = 0; 

0 Vx (1 + x) 

d. Evaluate the remaining integral using the change of variables 
z= Vx. 
(Source: Mathematics Magazine 59, No. 1 (February 1986): 49) 


“~ j 
e and 


Vx (1 +x) 


1 


conclude that 


100. Riemann sums to integrals Show that 


1 
L = lim (m n! — In n) = —] in the following steps. 


n—o\n 


a. Note that n! = n(n — 1)(n — 2)--- 1 and use 
In (ab) = Ina + Inb to show that 


AAL NI et 
i k 
= lim — Sin (£) 
n—owo n k=1 n 


b. Identify the limit of this sum as a Riemann sum for Ji oln x dx. 
Integrate this improper integral by parts and reach the desired 
conclusion. 


QUICK CHECK ANSWERS 





1. The integral diverges. jim J (1 + x7!) dx = 
jim (x + Inx)|? does not exist. 2. ; 3. c must approach 


0 through values in the interval of integration (0, 1). 
Therefore, c > 0*.<« 


€A: REVIEW EXERCISES 


1. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. The integral T x”e™ dx can be evaluated analytically using 
integration by parts. 





b. To evaluate the integral analytically, it is best 


J dx 
Vx? — 100 
to use partial fractions. 


c. One computer algebra system produces I 2 sin x cos x dx = 
sin? x. Another computer algebra system produces 
J 2 sin x cos x dx = —cos? x. One computer algebra system is 
wrong (apart from a missing constant of integration). 


1 
d. f2 sin x cos x dx = 7p 008 2x + C 
3 





x 
e. The best approach to evaluating J dx is to use the 


3x? 


change of variables u = x? + 1. 


2-7. Basic integration techniques Use the methods introduced in 
Section 7.1 to evaluate the following integrals. 


Pa 3x 
2: Joos (> F 7) dx 3. | se 











, 1 

2 = 20 3 
4. J a do 5. J ; dx 

cos“ 20 9 x + 4x + 13 
[= + 3x7 + 1 
6. -r “a 
x+ 1l 

Vin“ 1 

T: J F dt (Hint: Letu = Vt — 1.) 


8—11. Integration by parts Use integration by parts to evaluate the 
following integrals. 


X 
9, — d 
ica ao 


10. f tan | x dx 


12-17. Trigonometric integrals Evaluate the following trigonometric 
integrals. 


11. f sinh x dx 


T/4 
13. / cos? 2x sin? 2x dx 
0 


. 4 
sın ¢t 
[ia 
cos t 


17. J tan? 0 sec? 6 d0 


2T 
12. / cot (x/3)dx 





14. J tan? 6 d0 15. 


16. [ow x cot x dx 


18-21. Trigonometric substitutions Evaluate the following integrals 
using a trigonometric substitution. 


1 — x? Vx? = 1 
18. [a 19. J as =, 
/2 X 


3 
x 
21. [Se 
Vx? +4 


32. 


33. 
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22-25. Partial fractions Use partial fractions to evaluate the 
following integrals. 








8x +5 2x + Ix +4 
22. J = dx 29. J x 
2x° + 3x + 1 x? + 2x + 2x 
te x +1 3x? + 4x? + 6x 
24. 5 dx A TE x 
"T a. (x + 1)*(x* + 4) 


26-29. Table of integrals Use a table of integrals to evaluate the 
following integrals. 


dx 
26. Ix + 3)d 27. la 
fro ) j xV4x— 6 


a /2 
dé 
28. J — 29. J sec? x dx 
9 1+ sin 26 


30-31. Approximations Use a computer algebra system to approxi- 
mate the value of the following integrals. 


Ve 1 
30. J x? (In x)? dx 31. J e dx 
1 -1 


Errors in numerical integration Let 

I= To — 3x5 — x? + 2) dx and note that I = 0. 

a. Complete the following table with Trapezoid Rule (T(n)) and 
Midpoint Rule (M(n)) approximations to / for various values 
ofn. 

b. Fill in the error columns with the absolute errors in the ap- 
proximations in part (a). 

c. How do the errors in T(n) decrease as n doubles in size? 

d. How do the errors in M(n) decrease as n doubles in size? 


Ca [ey [my [Ate error m Ta) | Abe error m MG) | 
aG T Soo 
et | || _ 
is} | || 
a o To 
ae | || 


Numerical integration methods Let J = I ox dx = 9 and con- 


sider the Trapezoid Rule (T(n)) and the Midpoint Rule (M(n)) 
approximations to 7. 

a. Compute 7(6) and M(6). 

b. Compute 7(12) and M(12). 





34-37. Improper integrals Evaluate the following integrals. 
oO d oO 
34. J A 35. J xe * dx 
1 (x + 1) 0 


8 dx a [ dx 
o V2x 0 V9 — x? 


38—61. Miscellaneous Integrals Evaluate the following integrals 
analytically. 


2 

—4 
38. T a 

x+4 





36. 
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40. fe cos x dx 4l. Je sin x dx 
42. f x* Inx dx 43. J cos? 40 do 
44. [sin 3x cos® 3x dx 45. fse" tan cae 
1/6 
46. i cost x dx 47. J sin? 0 d0 
0 0 
dx 
48. [an udu 49. los 
V4 — x? 
J l dy 
50. >= a 51. lS 
= 25 3 y Vo = y 
V3/2 x2 V3/2 4 
52. dx 53. — dx 
/ (1 9 J J 9 + 4x? 
(1 =. ae 
54. [= 55. J sech? x sinh x dx 
5 nye) cosh x dx 
56. x^ cosh x dx 57. a —————— 
0 V4 — sinh? x 
dx 
58. [son x dx 59. J 3 
= 2x = 15 
1 
dy 
60. 6l. —— 
ine reer 


62-67. Preliminary work Make a change of variables or use an 
algebra step before evaluating the following integrals. 











ee f dx 
l 112 Vx(1 + 4x) 


d 
68. Three ways Evaluate J i ‘i 





x2 


trigonometric substitution, and (111) Theorem 6.12 (Section 6.10), 


and then show that the results are consistent. 


69-72. Volumes The region R is bounded by the curve y = In x and 


the x-axis on the interval |1, e|. Find the volume of the solid that is 
generated when R is revolved in the following ways. 


69. About the x-axis 
70. About the y-axis 
71. About the line x = 1 


72. About the line y = 1 


73. Comparing volumes Let R be the region bounded by the graph 


of y = sin x and the x-axis on the interval |0, a]. Which is 
greater, the volume of the solid generated when R is revolved 
about the x-axis or the y-axis? 


using (1) partial fractions, (11) a 


74. 


H 75. 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


83. 


84. 


Comparing areas Show that the area of the region bounded by 
the graph of y = ae “ and the x-axis on the interval [0, ©) is the 
same for all values of a > 0. 


Zero log integral It is evident from the graph of y = In x that 

for every real number a with 0 < a < 1, there is a unique real 

number b = g(a) with b > 1, such that T Inxdx = 0 (the net 

area bounded by the graph of y = In x on |a, b] is 0). 

a. Approximate b = g(5). 

b. Approximate b = g(3). 

c. Find the equation satisfied by all pairs of numbers (a, b) such 
that b = g(a). 

d. Is g an increasing or decreasing function of a? Explain. 


Arc length Find the length of the curve y = In x on the interval 
[1, e7]. 


Average velocity Find the average velocity of a projectile whose 
velocity over the interval 0 < t < v is given by v(t) = 10 sin 3t. 


Comparing distances Starting at the same time and place 

(t = O and s = 0), the velocity of car A (in mi/hr) is given by 

u(t) = 40/(t + 1) and the velocity of car B (in mi/hr) is given 

by v(t) = 40e ™?. 

a. After t = 2 hr, which car has traveled the greater distance? 

b. After t = 3 hr, which car has traveled the greater distance? 

c. If allowed to travel indefinitely (t > ©), which car will travel 
a finite distance? 


Traffic flow When data from a traffic study are fitted to a curve, 
the flow rate of cars past a point on a highway is approximated by 
R(t) = 800te~/” cars /hr. How many cars pass the measuring site 
during the time interval 0 = t S 4? 


Comparing integrals Graph the functions f(x) = +1/x?, 
g(x) = (cos x)/x?, and h(x) = (cos? x) /x*. Without evaluating 
integrals and knowing that | w f(x) oe has a finite value, deter- 


mine whether i 1 g(x) dx and fh , h(x) dx have finite values. 


J f Inx 
= — dx, where p 
1 xP 


a. Find an expression for /(p), for all real values of p. 
b. Evaluate lim /(p) and lim J(p). 
pe poe 


A family of logarithm integrals Let /(p) 
is a real number. 


c. For what value of p is I(p) = 1? 
Arc length Find the length of the curve 











x 3 x 
= V3 — x? + sin! — from x = Otox = 1. 
3 oO WB 
‘x2 = x 
Best approximation Let / = J i dx. Use any method you 
o lnx 
choose to find a good approximation to J. You may use the facts 
x? — x x*— x 
that lim, = 0 and lim = |. 
x0" lnx x>1 lnx 


CAS approximation Use a computer algebra system to determine 
| 1/2 In (1 + 2x) T? 
the integer n that satisfies dx = —. 
0 x n 
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85. CAS approximation Use a computer algebra system to determine 88. Equal volumes 
-l 
the integer n that satisfies / aces eee In 2 a. Let R be the region bounded by the graph of f(x) = x ? and 


0 xX no the x-axis, for x = 1. Let V; and V, be the volumes of the 
solids generated when R is revolved about the x-axis and the 
y-axis, respectively, if they exist. For what values of p (if any) 

00 d i = 9 
a. Let I(a) = —— o a , where a is a real number. A RG . 
o +x) + x) b. Repeat part (a) on the interval (0, 1]. 








86. Two worthy integrals 


Evaluate /(a) and show that its value is independent of a. l 
(Hint: Split the integral into two integrals over [0, 1] and 89. Equal volumes Let R, be the region bounded by the graph of 


| 1, œ); then, use a change of variables to convert the second y = e ™ and the x-axis on the interval [0, b] where a > 0 and 
integral into an integral over [0, 1].) b > 0. Let Ry be the region bounded by the graph of y = e ~ 
b. Let f be any positive continuous function on [0, me /2). and the X-axis on the interval |b, œ ). Let V, and V, be the volumes 
m/2 f(cos x) of the solids generated when R, and R, are revolved about the 


Evaluate Ween) = os) x. x-axis. Find and graph the relationship between a and b for which 

0 — 
(Hint: Use the identity cos (7/2 — x) = sin x.) H= 
(Source: Mathematics Magazine 81, No. 2 (April 2008): 152-154) 


87. Comparing volumes Let R be the region bounded by y = In x, 
the x-axis, and the line x = a, where a > 1. 
a. Find the volume V; (a) of the solid generated when R is 
revolved about the x-axis (as a function of a). 
b. Find the volume V;(a) of the solid generated when R is 
revolved about the y-axis (as a function of a). 
c. Graph V; and V5. For what values of a > 1 is V|(a) > Vo(a)? 


Chapter 7 Guided Projects 


Applications of the material in this chapter and related topics can be found in the following Guided Projects. For additional 
information, see the Preface. 





e Simpson’s rule e Mercator projections 


e How long will your iPod last? 





8.1 Basic Ideas 


8.2 Direction Fields and Euler's 
Method 


8.3 Separable Differential 
Equations 


8.4 Special First-Order Linear 
Differential Equations 


8.5 Modeling with Differential 
Equations 


Differential Equations 


Chapter Preview r you wanted to demonstrate the utility of mathemat- 
ics to a skeptic, perhaps the most convincing way would be to talk about differential 
equations. This vast subject lies at the heart of mathematical modeling and is used in 
engineering, physics, chemistry, biology, geophysics, economics and finance, and health 
sciences. Its many applications in these areas include analyzing the stability of buildings 
and bridges, simulating planet and satellite orbits, describing chemical reactions, mod- 
eling populations and epidemics, predicting weather, locating oil reserves, forecasting 
financial markets, producing medical images, and simulating drug kinetics. Differential 
equations rely heavily on calculus, and are usually studied in advanced courses that follow 
calculus. Nevertheless, you have now seen enough calculus to take a brief tour of this rich 
and powerful subject. 


8.1 Basic Ideas 


» Common choices for the independent 
variable in a differential equation are 
x and t, with ¢ being used for time- 
dependent problems. 


574 


If you studied Section 4.9 or 6.1, then you saw a preview of differential equations. Given 
the derivative of a function (for example, a velocity or some other rate of change), these 
two sections showed how to find the function itself by integration. This process amounts 
to solving a differential equation. 

A differential equation involves an unknown function y and its derivatives. The 
unknown in a differential equation is not a number (as in an algebraic equation), but rather 
a function. Examples of differential equations are 


dy d*y 
(A) pa + 4y = cosx, (B) P + 16y = 0, and (C)y’(t) = 0.1y(100 — y). 


In each case, the goal is to find functions y that satisfy the equation. Just to be clear about 
what we mean by a solution, consider equation (B). If we substitute y = cos 4x and 


"n 


y” = —16 cos 4x into this equation, we find that 


— 16 cos 4x + 16 cos 4x = 0, 


y” 16y 
which implies that y = cos 4x is a solution of the equation. You should verify that 
y = C cos 4x is also a solution, for any real number C (as is y = C sin 4x). 

Let’s begin with a brief discussion of the terminology associated with differential 
equations. The order of a differential equation is the order of the highest-order derivative 
that appears in the equation. Of the three differential equations just given, (A) and (C) 
are first order, and (B) is second order. A differential equation is linear if the unknown 


> A linear differential equation cannot 
have terms such as y?, yy’, or sin y, 
where y is the unknown function. 


» To keep matters simple, we will use 
general solution to refer to the most 
general family of solutions of any 
differential equation. However, some 
nonlinear equations may have isolated 
solutions that are not included in this 
family of solutions. For example, you 
should check that for real numbers C, 
the functions y = 1/(C — t) satisfy 
the equation y’(t) = y’. Therefore, we 
call y = 1/(C — f) the general solution 
of the equation, even though it doesn’t 
include the solution y = 0. 


» The term initial condition originates 
with equations in which the independent 
variable is time. In such problems, the 
initial state of the system (for example, 
position and velocity) is specified at 
some initial time (often t = 0). 
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function y and its derivatives appear only to the first power and are not composed with 
other functions. Furthermore, a linear equation cannot have products or quotients of y and 
its derivatives. Of the equations just given, (A) and (B) are linear, but (C) is nonlinear 
(because the right side contains y) 

In this chapter, we work primarily with first-order differential equations. The most 

general first-order linear differential equation has the form 
dy 
q T POW = a), 
where p and q are given functions of x. Notice that y and y’ appear to the first power and 
not in products or compositions that involve y or y’, which makes the equation linear. 

Solving a first-order differential equation requires integration—you must “undo” the 
derivative y’ in order to find y. Integration introduces an arbitrary constant, so the most 
general solution of a first-order differential equation typically involves one arbitrary con- 
stant. Similarly, the most general solution of a second-order differential equation involves 
two arbitrary constants, and for an nth-order differential equation, the most general solu- 
tion involves n arbitrary constants. The most general family of functions that solves a dif- 
ferential equation, including the appropriate number of arbitrary constants, is called (not 
surprisingly) the general solution. 

A differential equation is often accompanied by initial conditions that specify the 
values of y, and possibly its derivatives, at a particular point. In general, an nth-order 
equation requires n initial conditions, which can be used to determine the n arbitrary con- 
stants in the general solution. A differential equation, together with the appropriate num- 
ber of initial conditions, is called an initial value problem. A typical first-order initial 
value problem has the form 


y'(t) = f(t, y) Differential equation where fis given 
y(0) = A. Initial condition where A is given 


EXAMPLE 1 Verifying solutions As shown in Section 6.9, exponential growth 
processes (for example, cell populations and bank accounts) involve functions of the 


form y(t) = Ce“, where C and k > 0 are real numbers. 
a. Show by substitution that the function y(t) = Ce?” is a solution of the differential 
equation y’(t) = 2.5y(t), where C is an arbitrary constant. 


b. Show by substitution that the function y(t) = 3.2e? satisfies the initial value problem 


y'(t) = 2.5y(t) Differential equation 
y(0) = 3.2. Initial condition 


SOLUTION 


a. We differentiate y(t) = Ce» to get y'(t) = 2.5Ce?*’. Substituting into the 
differential equation, we find that 


y(t) = 25Ce = 25Ce" = 25), 
y(t) y(t) 


In other words, the function y(t) = Ce? satisfies the equation y’(t) = 2.5y(t), for any 


value of C. Therefore, y(t) = Ce?” is a family of solutions of the differential equation. 


b. By part (a) with C = 3.2, the function y(t) = 3.2e*>" satisfies the differential equa- 
tion y'(t) = 2.5y(t). We can also check that this function satisfies the initial condition 
y(0) = 3.2: 


yO = 32er 9 = 32<e° = 32. 
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FIGURE 8.1 


QUICK CHECK 1 What are the orders of 
the equations in Example 2? Are they 
linear or nonlinear? « 





Therefore, y(t) = 3.2e7' is a solution of the initial value problem. Figure 8.1 shows the 
general solution as a family of curves with several different values of the constant C. It 
also shows the function y(t) = 3.2e%*” highlighted in red, which is the solution of the 
initial value problem. 

Related Exercises 7-14 


EXAMPLE 2 General solutions Find the general solution of the following differen- 
tial equations. 


a. y(t) = 5cost + 6sin 3¢ 
b. y(t) = 108° — 1441’ + 12t 


SOLUTION 


a. The solution of the equation consists of the antiderivatives of 5 cos t + 6 sin 3t. 
Taking the indefinite integral of both sides of the equation, we have 


/ y'(t) dt = J (5 cost + 6sin3t)dt Integrate both sides with respect to t. 


y(t) = Ssint — 2cos3t + C, Evaluate integrals. 


where C is an arbitrary constant. The function y(t) = 5 sin t — 2 cos 3t + C is the 
general solution of the differential equation. 


b. In this second-order equation, we are given y”(t) in terms of the independent variable t. 
Taking the indefinite integral of both sides of the equation yields 


J y"(t) dt = J (10t? — 144¢7 + 121) dt Integrate both sides with respect to t. 


y'(t) 


5 
a — 188 + 617 + C). Evaluate integrals. 


Integrating once gives y’(t) and introduces an arbitrary constant that we call C4. We 
now integrate again: 


5 
fro dt = [Ge — 18° + 6t + c, ) dt Integrate both sides with respect to t. 


1 
a — 21? + 2# + Cyt + Co. Evaluate integrals. 


y(t) 


This function, which involves two arbitrary constants, is the general solution of the 
differential equation. 
Related Exercises 15—22< 
EXAMPLE 3 An initial value problem Solve the initial value problem 
y= 0) =—4 fort = 0. 


SOLUTION The general solution is found by taking the indefinite integral of both sides of 
the differential equation with respect to t: 


fro dt 


y(t) = —20e™? + C. Evaluate integrals. 


J 10e ™? dt Integrate both sides with respect to t. 


We have found the general solution, which involves one arbitrary constant. To determine 
its value, we use the initial condition by substituting t = O and y = 4 into the general 
solution: 

y(0) = —20e°? + C = —20 + C, 


iy 
4 
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» Ifan initial value problem represents a which implies that 4 = —20 + Cor C = 24. Therefore, the solution of the initial value 
system that evolves in time (for example, problem is y(t) = —20e™? + 24 (Figure 8.2). You should check that this function satis- 


apapubauon ors tajectory), Men ile fies both the differential equation and the initial condition. 
initial condition y(0) = A gives the 


initial state of the system. In such cases, 
the solution is usually graphed only 

for t = 0. More generally, if a specific 
interval of interest is not specified, the 
solution is customarily represented on the y(t) = —20e~"* + 24 
domain of the solution; that is, the initial 
condition may not appear at an endpoint 
of the solution curve. 





QUICK CHECK 2 What is the solution 

of the initial value problem in FIGURE 8.2 
Example 3 with the initial condition Related Exercises 23—28< 
y(0) = 16?<« 





Differential Equations in Action 


We close this section with three examples of differential equations that are used to model 
particular physical systems. The first example of one-dimensional motion in a gravita- 
tional field was introduced in Example 7 of Section 4.9; it is useful to revisit this problem 
using the language of differential equations. The equations in Examples 5 and 6 reappear 
later in the chapter when we show how to solve them. 


EXAMPLE 4 Motion in a gravitational field A stone is launched vertically upward 
with a velocity of vg meters / second from a point sọ meters above the ground, where 

Vo > Oand sọ = 0. Assume that the stone is launched at time tf = 0 and that s(t) is the 
position of the stone at time t = O (the positive s-axis points in the upward direction). 

By Newton’s Second Law of Motion, assuming no air resistance, the position of the stone 
is governed by the differential equation s”(t) = —g, where g = 9.8 m/s? is the accelera- 
tion due to gravity (in the downward direction). 


a. Find the position s(t) of the stone for all times at which the stone is above the ground. 
b. At what time does the stone reach its highest point and what is its height above the ground? 


c. Does the stone go higher if it is launched at v(0) = vg = 39.2 m/s from the ground 
(so = 0) or at vo = 19.6 m/s from a height of sọ = 50 m? 


SOLUTION 


a. Integrating both sides of the differential equation s”(t) = —9.8 gives the velocity v(t): 


J s"(t) dt = — / 9.8 dt Integrate both sides. 


s'(t) = v(t) = —9.8t + Cy. Evaluate integrals. 


To evaluate the constant C,, we use the initial condition v(0) = vo, finding 
that v(0) = —9.8-0 + Ci = Ci = vo. Therefore, Ci = vo and the velocity is 
v(t) = s'(t) = —9.8t + vo. 

Integrating both sides of this velocity equation gives the position function: 


[oo dt = [os + vo) dt Integrate both sides. 


s(t) = —4.9t7 + vot + C>. Evaluate integrals. 
We now use the initial condition s(0) = sọ to evaluate C3, finding that 
s(0) = —4.9 -0° + v9°0 + C, = Cy = so. 


Therefore, C) = sọ and the position function is s(t) = —4.947 + vot + so, where vo 
and sọ are given. This function is valid while the stone is in flight. Notice that we have 
solved an initial value problem for the position of the stone. 
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» To find the time at which the stone 
reaches its highest point, we could also 
locate the local maximum of the position 
function, which also requires solving 
s'(t) = v(t) = 0. 





FIGURE 8.3 


» The curves in Figure 8.3 are not the 
trajectories of the stones. The motion 
is one-dimensional because the stones 
travel along a vertical line. 





FIGURE 8.4 


b. The stone reaches its highest point when v(t) = 0. Solving v(t) = —9.8t + vo = 0, 
we find that the stone reaches its highest point when t = v9 /9.8, measured in seconds. 
So the position at the highest point is 


2 2 

Vo Vo Vo Vo 
a Oe st ego) oe ge ETN 
Smax (2) (=) vo{ 2) 0 196 


c. Now it is a matter of substituting the given values of sọ and vo. In the first case, with 
Vo = 39.2 and sọ = 0, we have Smax = 78.4 m. In the second case, with vy = 19.6 
and sy = 50, we have Smax = 69.6 m. The position functions in the two cases are 
shown in Figure 8.3. We see that the stone goes higher with v9 = 39.2 and sọ = Q. 

Related Exercises 29-30 





QUICK CHECK 3 In Example 4, find the highest point of the stone if it is launched upward 
at 9.8 m/s from an initial height of 100 m.<« 


EXAMPLE 5 A harvesting model A simple model of a harvested resource (for 

example, timber or fish) assumes a competition between the harvesting and the natural 

growth of the resource. This process may be described by the differential equation 
p(t) =rp(t) — H, for t=O, 


rateof natural harvesting 
change growth rate 


where p(t) is the amount (or population) of the resource at time t = 0, r > O is the 

natural growth rate of the resource, and H > 0 is the harvesting rate. An initial condition 
p(0) = pois also specified to create an initial value problem. Notice that the rate of change 
p'(t) has a positive contribution from the natural growth rate and a negative contribution 
from the harvesting term. 


a. For given constants po, r, and H, verify that the function 
H H 
— a rt AL. aa 
p(t) (v a )e a 
is a solution of the initial value problem. 


b. Let pọ = 1000 and r = 0.1. Graph the solutions for H = 50, 90, 130, and 170. 
Describe and interpret the four curves. 


c. What value of H gives a constant value of p, for all t = 0? 
SOLUTION 
a. Differentiating the given solution, we find that 


H 
p'(t) = (v -= re" = pe ie" 


Simplifying the right side of the differential equation, we find that 


rie) -u= (m "er E] — = em- e 


Therefore, the left and right sides of the equation p'(t) = rp(t) — H are equal, so 
the equation is satisfied by the given function. You can verify that p(0) = po, which 
means p Satisfies the initial value problem. 


b. Letting pọ = 1000 and r = 0.1, the function 


p(t) = (1000 — 10H)e°" + 10H 


is graphed in Figure 8.4, for H = 50, 90, 130, and 170. We see that for small values 
of H (H = 50andH = 90), the amount of the resource increases with time. On the 
other hand, for large values of H (H = 130 and H = 170), the amount of the resource 


» Evangelista Torricelli was an Italian 
mathematician and physicist who lived 
from 1608 to 1647. He is credited with 
inventing the barometer. 








FIGURE 8.5 


8.1 Basic Ideas 579 


decreases with time, eventually reaching zero. The model predicts that if the harvest- 
ing rate is too large, the resource will eventually disappear. 


c. The solution 
p(t) = (1000 — 10H)e°" + 10H 


is constant (independent of t) when 1000 — 10H = 0 or when H = 100. In this case, 
the solution is 


p(t) = (1000 — 10H) e® + 10H = 1000. 
0 





Therefore, if the harvesting rate is H = 100, then the harvesting exactly balances 
the natural growth of the resource, and p is constant. This solution is called an 
equilibrium solution. For H > 100, the amount of resource decreases in time, and 
for H < 100, it increases in time. 
Related Exercises 3]—32<« 


EXAMPLE 6 Flow froma tank Imagine a large cylindrical tank with cross-sectional 
area A. The bottom of the tank has a circular drain with cross-sectional area a. Assume 
the tank is initially filled with water to a height h(0) = H (Figure 8.5). According to 
Torricelli’s law, the height of the water as it flows out of the tank is described by the dif- 
ferential equation 


a 


h'(t) = —kWVh, where t = 0,k = 5 V 28, 


and g = 9.8 m/s? is the acceleration due to gravity. 


a. According to the differential equation, is h an increasing or decreasing function of t, 
fort = 0? 


b. Verify by substitution that the solution of the initial value problem is 
kt \? 
ny = (va -#); 


c. Graph the solution for H = 1.44m,A = 1 m’, and a = 0.05 m’. 
d. After how many seconds is the tank in part (c) empty? 


SOLUTION 


a. Because k > 0, the differential equation implies that h'(t) < 0, for t = 0. Therefore, 
the height of the water decreases in time, consistent with the fact that the tank is being 
drained. 


b. We first check the initial condition. Substituting t = O into the proposed solution, we 
see that 


mo) = (va - E?) = (Va? =H 


Differentiating the proposed solution, we have 


Therefore, h satisfies the initial condition and the differential equation. 
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eish TEE were given by 
h(t) = (4.2 — 0.141)’, at what time 
would the tank be empty? < 


SECTION 8.1 EXERCISES 


Review Questions 


c. With the given values of the parameters, 
0. a 
k = 7V2g = m —— V2- 9.8 m/s? = 0.22 m!/*/s, 


and the solution becomes 


h(t) = (vi — ay = (V 1.44 — 0.114 = (1.2 — 0.112)”. 


2 


The graph of the solution (Figure 8.6) shows the height of the water decreasing from 
h(0) = 1.44 to zero at approximately t ~ 11 s. 


d. Solving the equation 
h(t) = (1.2 — 0.111)? = 0, 


we find that the tank is empty att ~ 10.9 s. 
Related Exercises 33—34< 


Final Note Throughout this section, we found solutions to initial value problems with- 
out worrying about whether there might be other solutions. Once we find a solution to an 
initial value problem, how can we be sure there aren’t other solutions? More generally, 
given a particular initial value problem, how do we know whether a solution exists and 
whether it is unique? 

These theoretical questions have answers, and they are provided by powerful existence 
and uniqueness theorems. These theorems and their proofs are quite technical and are han- 
dled in advanced courses. Here is an informal statement of an existence and uniqueness 
theorem for a particular class of initial value problems encountered in this chapter: 


The solution of the general first-order initial value problem 


yi(t) =f y) yla) = A 
exists and is unique in some region that contains the point (a, A) provided f is a “well- 
behaved” function in that region. 


The technical challenges arise in defining well-behaved in the most general way 
possible. The initial value problems we consider in this chapter satisfy the conditions of 
this theorem, and can be assumed to have unique solutions. 


Basic Skills 


1. What is the order of y’(t) + 9y(t) = 10? 7-10. Verifying general solutions Verify that the given function y is a 


2. Is y"(t) + 9y(t) = 10 linear or nonlinear? 


3. How many arbitrary constants appear in the general solution of 


y"(t) + 9y(t) = 10? 


4. Ifthe general solution of a differential equation is 


solution of the differential equation that follows it. Assume that C is an 
arbitrary constant. 


7. y(t) = Ce" y'(t) + 5y(t) = 0 
8. y(t) = Ct’; ty'(t) + 3y(t) = 0 


y(t) = Ce™™ + 10, what is the solution that satisfies the 9. y(t) = C, sin4t + Cycos 4t, y"(t) + 16y(t) = 


initial condition y(0) = 5? 


5. Does the function y(t) = 2t satisfy the differential equation 


y"(t) +y) = 2? 


6. Does the function y(t) = 6e~ satisfy the initial value problem 


y'(t) — 3y(t) = 0, y(0) = 6? 


10: yx) = Ce + Cees yO) Hy) = 0 


11-14. Verifying solutions of initial value problems Verify that the 
given function y is a solution of the initial value problem that follows it. 


11. y(t) = 16e” — 10; y'(t) — 2y(t) = 20, y(0) = 6 
12. y(t) = 81° — 3; ty’(t) — 6y(t) = 18, y(1) = 5 


13. y(t) = —3 cos 3t; y(t) + 9y(t) = 0, y(0) = —3, y’(0) = 0 
14. y(x) = 4(e™ — e™); y"(x) — 4y(x) = 0,y(0) = 0,y'(0) = 1 


15-22. Finding general solutions Find the general solution of each 
differential equation. Use C, C,, C3, . . . to denote arbitrary constants. 


15. y(t) =3 + e” 
16. y'(t) = 128° — 20t + 2 — 64°? 
17. y'(x) = 4tan 2x — 3cosx 


_ 16 


18. p'(x) = ae 5 + 14x® 


19. y"(t) = 60t — 4 + 124° 

20. y(t) = 15e% + sin 4t 

21. u"(x) = 55x? + 36x? — 21x? + 10x 
22. v"(x) = xe* 


23-28. Solving initial value problems Solve the following initial value 
problems. 


23. y'(t 
24. y'(t 
25: y (x 
26. y'(x 
27. y"(t) = 12t — 2027, y(0) = 1, y'(0) = 0 

28. u"(x) = 4e™ — 8e™, u(0) = 1,u'(0) = 3 


=1+e',y(0) =4 
= sint + cos 2t, y(0) = 4 
= 3x" — 3x4, y(1) = 0 


29-30. Motion in a gravitational field An object is fired vertically 

upward with an initial velocity v(0) = vo from an initial position 

s(0) = sọ. 

a. For the following values of vo and So, find the position and velocity 
functions for all times at which the object is above the ground. 

b. Find the time at which the highest point of the trajectory is reached 
and the height of the object at that time. 


29. vo = 29.4 m/s, 59 = 30m 
30. vo = 49 m/s, so = 60m 


31-32. Harvesting problems Consider the harvesting problem in 
Example 5. 


31. Ifr = 0.05 and pọ = 1500, for what values of H is the amount of 
the resource increasing? For what value of H is the amount of the 
resource constant? If H = 100, when does the resource vanish? 


32. Ifr = 0.05 and H = 500, for what values of po is the amount of 
the resource decreasing? For what value of pọ is the amount of the 
resource constant? If pọ = 9000, when does the resource vanish? 


33-34. Draining tanks Consider the tank problem in Example 6. For 
the following parameter values, find the water height function. Then 
determine the approximate time at which the tank is first empty and 
graph the solution. 


33. H = 1.96m,A = 1.5 m?,a = 0.3 m? 
34. H = 2.25m,A = 2m’,a = 0.5 m? 
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Further Explorations 
35. Explain why or why not Determine whether the following 
statements are true and give an explanation or counterexample. 


a. The general solution of the differential equation y’(t) = 1 is 
y(t) =t. 

b. The differential equation y"(t) — y(t)y’(t) = 0 is second 
order and linear. 

c. To find the solution of an initial value problem, you usually 
begin by finding a general solution of the differential equation. 


36-39. General solutions Find the general solution of the following 
differential equations. 





36 (t) =tlnt + 1 37 (x) = Cae) 4 
x y(t tint w 
7 a x7 +4 
4 X 
38. v'(t) = 39. y” = —— 
A -4 A (1 — x) 


40-43. Solving initial value problems Find the solution of the 
following initial value problems. 


40. y'(t) = te’, y(0) =—1 


1 
41. í = 4, 0 = 2 
ae) x? + 16 a 
; 2 
42. p'(x) =- z p(l) = 0 


43. y"(t) = te’, y(0) = 0,y'(0) = 1 


44-49. Verifying general solutions Verify that the given function is a 
solution of the differential equation that follows it. 
1 


44. u(t) = Cel/(4"), u(t aw = 0 


45. u(t) = Cie! + Cotes u"(t) — 2u'(t) + u(t) = 0 

46. g(x) = Cie ™ + Coxe + 2; g"(x) + 4g'(x) + 4g(x) = 8 
47. u(t) = Cyt? + Cot; t?u"(t) — 4tu'(t) + 6u(t) = 0 

48. u(t) = CP + Cot* — t; Pu"(t) — 20u(t) = 142° 


49, z(t) = Cie” + Cre” + Cze ™ — ef; 
z” (t) + 2z"(t) — 5z'(t) — 6z(t) = Be! 


50. A second-order equation Consider the differential equation 
y"(t) — k’y(t) = 0, where k > 0 is a real number. 


a. Verify by substitution that when k = 1, a solution of the equa- 
tion is y(t) = Cye’ + Ce”. You may assume that this func- 
tion is the general solution. 

b. Verify by substitution that when k = 2, the general solution of 
the equation is y(t) = Cie” + Coe”. 

c. Give the general solution of the equation for arbitrary k > 0 
and verify your conjecture. 

d. For a positive real number k, verify that the general solu- 
tion of the equation may also be expressed in the form 
y(t) = Cı cosh kt + C, sinh kt, where cosh and sinh are 
the hyperbolic cosine and hyperbolic sine, respectively 
(Section 6.10). 
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51. Another second-order equation Consider the differential equa- 
tion y"(t) + ky(t) = 0, where k is a positive real number. 


a. 


Verify by substitution that when k = 1, a solution of the equa- 
tion is y(t) = Cı sint + C, cos t. You may assume that this 
function is the general solution. 


. Verify by substitution that when k = 2, the general solution of 


the equation is y(t) = C, sin 2t + C, cos 2t. 
Give the general solution of the equation for arbitrary k > 0 
and verify your conjecture. 


30: 


Applications 

In this section, several models are presented and the solution of the 
associated differential equation is given. Later in the chapter, we 
present methods for solving these differential equations. 


52. Drug infusion The delivery of a drug (such as an antibiotic) 
through an intravenous line may be modeled by the differential 
equation m'(t) + km(t) = I, where m(t) is the mass of the drug 
in the blood at time t = O, k is a constant that describes the rate at 
which the drug is absorbed, and / is the infusion rate. 


52. 


54. 


a. 


Show by substitution that if the initial mass of drug in the 
blood is zero (m(0) = 0), then the solution of the initial value 


I 
problem is m(t) = =a — e*), 


b. Graph the solution for 7 = 10 mg/hr and k = 0.05 hr’. 


Evaluate lim m(t), the steady-state drug level, and verify the 56 
t— œ 
result using the graph in part (b). 


Logistic population growth Widely used models for population 


P 
growth involve the logistic equation P' (t) = re( = r) where 


P(t) is the population, for t = 0, and r > 0 and K > O are given 
constants. 


a. 


Free fall One possible model that describes the free fall of an object 
in a gravitational field subject to air resistance uses the equation 
v'(t) = g — bv, where v(t) is the velocity of the object for t = 0, 


Verify by substitution that the general solution of the equation 


is P(t) = where C is an arbitrary constant. 


O K 
1+ Ce™ 


. Find that value of C that corresponds to the initial condition 


P(0) = 50. 
Graph the solution for P(0) = 50, r = 0.1, and K = 300. 


. Find lim P(t) and check that the result is consistent with the 


tac 


graph in part (c). 


g = 9.8 m/ s? is the acceleration due to gravity, and b > Oisa 
constant that involves the mass of the object and the air resistance. 


a. Verify by substitution that a solution of the equation, subject to 
the initial condition v(0) = 0, is v(t) = A =g, 


b. Graph the solution with b = 0.1 s™!. 

c. Using the graph in part (c), estimate the terminal velocity 
lim v(t). 

Chemical rate equations The reaction of certain chemical com- 

pounds can be modeled using a differential equation of the form 

y'(t) = —ky"(t), where y(t) is the concentration of the compound 

fort = 0, k > 0 is a constant that determines the speed of the 

reaction, and n is a positive integer called the order of the reac- 

tion. Assume that the initial concentration of the compound is 

y(0) = yo > 0. 

a. Consider a first-order reaction (n = 1) and show that the 
solution of the initial value problem is y(t) = yoe“. 

b. Consider a second-order reaction (n = 2) and show that the 
YO 

yokt + 1 

c. Let yo = 1 and k = 0.1. Graph the first-order and second- 
order solutions found in parts (a) and (b). Compare the two 
reactions. 


solution of the initial value problem is y(t) = 


. Tumor growth The growth of cancer tumors may be modeled by 


the Gompertz growth equation. Let M(t) be the mass of a tumor, 
for t = 0. The relevant initial value problem is 


dM _ M(t) 


an —rM(t) In (=) M(0) = Mo, 


where r and K are positive constants and 0 < Mọ < K. 
a. Show by substitution that the solution of the initial value prob- 
lem is 


Mo 


M(t) = (= 


b. Graph the solution for Mọ = 100 and r = 0.05. 
c. Using the graph in part (b), estimate lim M(t), the limiting 
size of the tumor. 7 





1. The first equation is first order and linear. The second equa- 
tion is second order and linear. 2. y(t) = —20e™? + 36 


3. Smax = 104.9m 4. The tank is empty att = 30s.< 


8.2 Direction Fields and Euler’s Method 


The goal of this chapter is to present methods for finding solutions of various kinds of 
differential equations. However, before taking up that task, we spend a few pages inves- 
tigating a remarkable fact: It is possible to visualize and draw approximate graphs of the 
solutions of a differential equation without ever solving the equation. You might wonder 
how one can graph a function without knowing a formula for it. It turns out that the differ- 
ential equation itself contains enough information to draw accurate graphs of its solutions. 
The tool that makes this visualization possible and allows us to explore the geometry of a 
differential equation is called the direction field (or slope field). 
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FIGURE 8.8 


» If the function fin the differential 
equation is even slightly complicated, 
drawing the direction field by hand is 
tedious. It’s best to use a calculator or 
software. Examples 1 and 2 show some 
basic steps in plotting fairly simple 
direction fields by hand. 
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Direction Fields 


We work with first-order differential equations of the form 


dy 
y 76y), 

where the notation f(t, y) means an expression involving the independent variable t and/or 
the unknown solution y. If a solution of this equation is displayed in the ty-plane, then the 
differential equation simply says that at each point (t, y) of the solution curve, the slope of 
the curve is y'(t) = f(t, y) (Figure 8.7). A direction field is a picture that shows the slope 
of the solution at selected points of the ty-plane. 

For example, consider the equation y’(t) = f(t, y) = y*e’. We choose a regular 
grid of points in the ty-plane and at each point P(t, y) we make a small line segment with 
slope ye ‘. The line segment at a point P gives the slope of the solution curve that passes 
through P (Figure 8.8). We see that along the t-axis (y = 0), the slopes of the line seg- 
ments are f(t,0) = 0, which means the line segments are horizontal. Along the y-axis 
(t = 0), the slopes of the line segments are f(0, y) = y”, which means the slopes of the 
line segments increase as we move up or down the y-axis. 

Now suppose an initial condition y(0) = $ is given. We start at the point (0, £) in 
the ty-plane and sketch a curve that follows the flow of the direction field (black curve in 
Figure 8.8). At each point of the solution curve, the slope matches the direction field. Dif- 
ferent initial conditions (y(—1) = 4 and y(0) = —1 in Figure 8.8) give different solution 
curves. The collection of solution curves for several different initial conditions is a repre- 
sentation of the general solution of the equation. 


EXAMPLE 1 Direction field for a linear differential equation Figure 8.9 shows the 
direction field for the equation y’(t) = y — 2, fort = 0 and y = O. For what initial con- 
ditions at t = O are the solutions constant? Increasing? Decreasing? 
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FIGURE 8.9 


SOLUTION The direction field has horizontal line segments (slope zero) for y = 2. 


Therefore, y’(t) = 0 when y = 2, for all t = 0. These horizontal line segments cor- 
respond to a solution that is constant in time; that is, if the initial condition is y(0) = 2, 
then the solution is y(t) = 2, for all t = 0. 


We also see that the direction field has line segments with positive slopes above the 


line y = 2 (with increasing slopes as you move away from y = 2). Therefore, y’(t) > 0 
when y > 2, and solutions are increasing in this region. 


Similarly, the direction field has line segments with negative slopes below the 


line y = 2 (with increasingly negative slopes as you move away from y = 2). 
Therefore, y’(t) < 0 when y < 2, and solutions are decreasing in this region. 


Combining these observations, we see that if the initial condition satisfies y(0) > 2, 


the resulting solution is increasing, for t = 0. If the initial condition satisfies y(0) < 2, 
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the resulting solution is decreasing, for t = 0. Figure 8.10 shows the solution curves with 
initial conditions y(0) = 2.25, y(0) = 2, and y(0) = 1.75. 


my ey yy t Q Q l l l l M 


= ==> ee esse DB mB] 





QUICK CHECK 1 Assuming that solu- 
tions are unique (at most one solution 
curve passes through each point), 





; FIGURE 8.10 
explain why a solution curve cannot Related Exercises 5-164 
cross the line y = 2 in Example 1.< 
» A differential equation in which the For a differential equation of the form y'(t) = f(y) (that is, the function f depends 
function fis independent of t is said to be only on y), the following steps are useful in sketching the direction field. Notice that be- 
autonomous. cause the direction field depends only on y, it has the same slope on any given horizontal 


line. A detailed direction field is usually not required. You need to draw only a few line 
segments to indicate which direction the solution is changing. 


PROCEDURE Sketching a Direction Field by Hand for y'(t) = f(y) 


1. Find the values of y for which f(y) = 0. For example, suppose that f(a) = 0. 
Then we have y’(t) = 0 whenever y = a, and the direction field at all points 
(t, a) consists of horizontal line segments. If the initial condition is y(0) = a, 
then the solution is y(t) = a, for all t = 0. Such a constant solution is called 
an equilibrium solution. 


Find the values of y for which f(y) > 0. For example, suppose that f(b) > 0. 
Then y'(t) > 0 whenever y = b. It follows that the direction field at all points 
(t, b) has line segments with positive slopes, and the solution is increasing at 
those points. 


Find the values of y for which f(y) < 0. For example, suppose that f(c) < 0. 
Then y’(t) < 0 whenever y = c. It follows that the direction field at all points 
(t, c) has line segments with negative slopes and the solution is decreasing at 
those points. 









EXAMPLE 2 Direction field for a simple nonlinear equation Consider the differential 
equation y'(t) = y(y — 2), fort = 0. 
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a. For what initial conditions y(0) = a is the resulting solution constant? Increasing? 
Decreasing? 


b. Sketch the direction field for the equation. 





F SOLUTION 
8-45 -AD- A5 AA l 
SOPOPCOOCOCOOOS g . 
-l perce a. We follow the steps given earlier. 
~2 as 1. Letting f(y) = y(y — 2), we see that f(y) = 0 when y = O or y = 2. Therefore, 


the direction field has horizontal line segments when y = 0 and y = 2. As a result, 
the constant functions y(t) = 0 and y(t) = 2, for t = 0, are equilibrium solutions 
FIGURE 8.11 (Figure 8.11). 
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2. The solutions of the inequality f(y) = y(y — 2) > Oare y < Oor y > 2. There- 
fore, below the line y = 0 or above the line y = 2, the direction field has positive 
slopes and the solutions are increasing in these regions. 

3. The solution of the inequality f(y) = y(y — 2) < 0isO < y < 2. Therefore, 
between the lines y = 0 and y = 2, the direction field has negative slopes and the 
solutions are decreasing in this region. 


b. The direction field is shown in Figure 8.11 with several representative solutions. 
Related Exercises 17-20 





QUICK CHECK 2 In Example 2, is the solution to the equation increasing or decreasing if 
the initial condition is y(0) = 2.01? Is it increasing or decreasing if the initial condition 
is y(1) = —1?< 


EXAMPLE 3 Direction field for the logistic equation The logistic equation is com- 
monly used to model populations with a stable equilibrium solution (called the carrying 
capacity). Consider the logistic equation 


dP P 
— = 0.1e( 1 = =), for = (). 
dt 300 


a. Sketch the direction field of the equation. 


b. Sketch solution curves corresponding to the initial conditions P(0) = 50, 
P(O) = 150, and P(O) = 350. 
c. Find and interpret lim P(t). 
» The constant solutions P = 0 and — 


P = 300 are equilibrium solutions. SOLUTION 


The solution P = 0 is an unstable , 
a. We follow the steps in the summary box for sketching the direction field. Because P 


equilibrium because nearby solution ; 
represents a population, we assume that P = 0. 


curves move away from P = 0. By 


a E A 1. Notice that P’(t) = 0 when P = 0 or P = 300. Therefore, if the initial popula- 
a a Se EON tion is either P = 0 or P = 300, then P’(t) = 0, for all t = 0, and the solution is 
constant. For this reason we expect the direction field to show 
horizontal lines (with zero slope) at P = 0 and P = 300. 
P <0 for P > 300 2. The equation implies that P’(t) > 0 provided 0 < P < 300. 
Therefore, the direction field has positive slopes and the solu- 
Carrying tions are increasing, fort = 0 andO < P < 300. 
capiat =o) 3. The equation also implies that P’(t) < 0 provided P > 300 
(it was assumed that P = 0). Therefore, the direction field 
has negative slopes and the solutions are decreasing, for 
t = Oand P > 300. 


curves are attracted to P = 300. 








300 


P' > 0 for 
0<P<300 b. Figure 8.12 shows the direction field with three solution curves 


corresponding to the three different initial conditions. 


c. The horizontal line P = 300 corresponds to the carrying capacity 
of the population. We see that if the initial population is less than 
300, the resulting solution increases to the carrying capacity from 
below. If the initial population is greater than 300, the resulting 
solution decreases to the carrying capacity from above. 


Solution curves in the direction field Related Exercises 2]—24< 


for L = 0.1P(1 = | 
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CHECK 3 According to Figure 8.12, for what approximate 
FIGURE 8.12 value of P is the growth rate of the solution the greatest? < 
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Euler proposed his method for finding 
approximate solutions to differential 
equations 200 years before digital 
computers were invented. 


aoe 


FIGURE 8.13 
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(to, Up) | -T 
A| Slope = f(fo, uo) 


See Exercise 45 for setting up Euler’s 
method on a more general interval | a, b]. 


The argument used to derive the first step 
of Euler’s method is really an application 
of linear approximation (Section 4.5). 
We draw a line tangent to the curve at 
the point (fo, uo). The point on that line 
corresponding to £ = t is (t, u), where 
u; is the Euler approximation to y(t,). 
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DIFFERENTIAL EQUATIONS 


Euler’s Method 


Direction fields are useful for at least two reasons. As shown in previous examples, a di- 
rection field provides valuable qualitative information about the solutions of a differential 
equation without solving the equation. In addition, it turns out that direction fields are 
the basis for many computer-based methods for approximating solutions of a differen- 
tial equation. The computer begins with the initial condition and advances the solution in 
small steps, always following the direction field at each time step. The simplest method 
that uses this idea is called Euler’s method. 

Suppose we wish to approximate the solution to the initial value problem y'(t) = 
f(t, y), y(0) = A on an interval [0, 7]. We begin by dividing the interval [0, T] into N 


T 
time steps of equal length At = N In so doing, we create a set of grid points (Figure 8.13) 


to = 0,4 = At, b = 2At,..., ty = kAt,...,ty = NAt = T. 


The exact solution of the initial value problem at the grid points is y(t), for 
k = 0,1,2,...,N, which is generally unknown unless we are able to solve the original 
differential equation. The goal is to compute a set of approximations to the exact solution 
at the grid points, which we denote u,, for k = 0, 1,2, ... , N; that is, up ~ y(t). 

The initial condition says that wy = y(0) = A (exactly). We now make one step for- 
ward in time of length At and compute an approximation u; to y(t,). The key observation 
is that, according to the direction field, the solution at the point (tọ, uo) has slope f(t, uo). 
We obtain u; from ug by drawing a line segment starting at (fo, uo) with horizontal extent 
At and slope f(to, uo). The other endpoint of the line segment is (f,, u,) (Figure 8.14). 
Applying the slope formula to the two points (tọ, uo) and (ti, u1), we have 


Ui — Ug 
T 


f(t, uo) = 


Solving for u; and noting that t; — tọ = At, we have 
Ui — Ug + f(to, Uy) At. 


This basic Euler step is now repeated over each time step until we reach t = T. That 
is, having computed u,, we apply the same argument to obtain u5. From uz, we compute 
u3. In general, u+; is computed from uz, fork = 0,1,2,...,N — 1. Hand calculations 
with Euler’s method quickly become laborious. The method is usually carried out on a 
calculator or with a computer program. It is also included in many software packages. 


PROCEDURE 


Euler’s Method for y'(t) = f(t, y), y(0) = A on [0, T] 


1. Choose either a time step At or a positive integer N such that At = N and 
t, = kAt, fork = 0,1,2,...,N — 1. 


2. Let uy = y(0) = A. 
3. Fork = 0,1,2,...,N — 1, compute 
— Uy F f(t, u,) At. 


Each u, is an approximation to the exact solution y(t). 


Uk+1 





EXAMPLE 4 Using Euler’s method Find an approximate solution to the initial value 


y(0) = 1, on the interval [0, 2]. Use the time steps At = 0.2 
(N = 10) and At = 0.1 (N = 20). Which time step gives a better approximation to the 


exact solution, which is y(t) = 5e/? + 2t — 42 


problem y’(t) = t — 


Exact solution 





2.0 Exact solution 


is At= 0.1 


Euler approximations 





0.5 1.0 1.5 2.0 ! 
FIGURE 8.15 


» Because computers produce small errors 
at each time step, taking a large number 
of time steps may eventually lead to an 
unacceptable accumulation of errors. 
When more accuracy is needed, it may 
be best to use other methods that require 
more work per time step, but also give 
more accurate results. 
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SOLUTION With atime step of At = 0.2, the grid points on the interval [0, 2] are 
lo = 0.0, al = 0.2, Í> = 0.4, sads fio = 2.0. 


We identify f(t, y) = t — -A and let u; be the Euler approximation to y(t). Euler’ s 
method takes the form 


uk 
Up = WO) = 1, Ury = ug + f(t, tp) At = uy, + (n -— “ta 


where k = 0,1, 2,...,9. For example, the value of the approximation u; is given by 


u 1 
Ui — Ug F f(t, Uy) At — Ug + (1 — “Oa = 1 + (0 E >) °0.2 = 0.900, 


and the value of u, is given by 


uj 


0.9 


A similar procedure is used with At = 0.1. In this case, N = 20 time steps are 
needed to cover the interval |0, 2]. The results of the two calculations are shown in 
Figure 8.15, where the exact solution appears as a solid curve and the Euler approxima- 
tions are shown as points. From these graphs, it appears that the time step At = 0.1 gives 
better approximations to the solution. 

A more detailed account of these calculations is given in Table 8.1, which shows the 
numerical values of the Euler approximations for At = 0.2 and At = 0.1. Notice that the 
approximations with At = 0.1 are tabulated at every other time step so that they may be 
compared to the At = 0.2 approximations. 

How accurate are these approximations? Although it does not generally happen in 
practice, we can compute the solution of this particular initial value problem exactly. 
(You can check that the solution is y(t) = 5e/? + 2t — 4.) We investigate the accuracy 
of the Euler approximations by computing the error, ep = |u, — y(t,)|, at each grid 
point. The error simply measures the difference between the exact solution and the cor- 
responding approximations. The last two columns of Table 8.1 show the errors associ- 
ated with the approximations. We see that at every grid point, the approximations with 
At = 0.1 have errors with roughly half the magnitude of the errors with At = 0.2. 

This pattern is typical of Euler’s method. If we focus on one point in time, halving 
the time step roughly halves the errors. However, nothing is free: Halving the time step 
also requires twice as many time steps and twice the amount of computational work to 
cover the same time interval. 





Table 8.1 
ty u,(At = 0.2) u,(At=0.1) e(At = 0.2) ~ e,(At = 0.1) 
0.0 1.000 1.000 0.000 0.000 
0.2 0.900 0.913 0.0242 0.0117 
0.4 0.850 0.873 0.0437 0.0211 
0.6 0.845 0.875 0.0591 0.0286 
0.8 0.881 0.917 0.0711 0.0345 
1.0 0.952 0.994 0.0802 0.0390 
1.2 1.057 1.102 0.0869 0.0423 
1.4 1.191 1.238 0.0914 0.0446 
1.6 1,332 1.401 0.0943 0.0460 
1.8 1537 1.586 0.0957 0.0468 
2.0 1.743 1:792 0.0960 0.0470 


Related Exercises 25-36 < 
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ICK í K4 Notice that the errors in Table 8.1 increase in time for both time steps. 
ene: a PET explanation for this increase in the errors.< 


Final Note Euler’s method is the simplest of a vast collection of numerical methods for 
approximating solutions of differential equations (often studied in courses on numerical 
analysis). As we have seen, Euler’s method uses linear approximation; that is, the method 
follows the direction field using line segments. This idea works well provided the direc- 
tion field varies smoothly and slowly. In less well behaved cases, Euler’s method may en- 
counter difficulties. More robust and accurate methods do a better job of following the 
direction field (for example, by using parabolas or higher-degree polynomials instead 
of linear approximation). While these refined methods are generally more accurate than 
Euler’s method, they often require more computational work per time step. As with Euler’s 
method, all methods have the property that their accuracy improves as the time step de- 
creases. The upshot is that there are often trade-offs in choosing a method to approximate 
the solution of a differential equation. However, Euler’s method is a good place to start and 


may be adequate. 


SECTION 8.2 EXERCISES 


Review Questions 
1. Explain how to sketch the direction field of the equation 
y' (t) = f(t, y), where fis given. 


2. Consider the differential equation y'(t) = 1? — 3y” and the solu- 
tion curve that passes through the point (3, 1). What is the slope 
of the curve at (3, 1)? 


3. Consider the initial value problem y’(t) = t? — 3y”, y(3) = 1. 
What is the approximation to y(3.1) given by Euler’s method 
with a time step of At = 0.1? 


4. Give a geometrical explanation of how Euler’s method works. 


Basic Skills 

5-6. Direction fields A differential equation and its direction field are 
shown in the following figures. Sketch a graph of the solution curve 
that passes through the given initial conditions. 
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Matching direction fields Match equations a—d with direction 
fields A-D. 


a. y'(t) = 


c y(t) = ——— 
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(C) (D) 


8. Identifying direction fields Which of the differential equations 
a—d corresponds to the following direction field? Explain your 
reasoning. 


a. y(t) = 0.5(y + 1)(t— 1) 





b. y(t) = —0.5(y + 1)(t — 1) 

c. y(t) = O.5(y — 1) + 1) 

d. y(t) = —0.5(y — 1)(t + 1) 
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9-11. Direction fields with technology Plot a direction field for the 
following differential equation with a graphing utility. Then find the 
solutions that are constant and determine which initial conditions 
y(0) = A lead to solutions that are increasing in time. 


9, y'(t) = 0.05(y + 1}(t -— 1}, 
10. y(t) = (y — 1) sin mt, 
1. y(t) = Ay — 1), 


12-16. Sketching direction fields Use the window |—2, 2] x [—2, 2] 
to sketch a direction field for the following equations. Then sketch 

the solution curve that corresponds to the given initial condition. A 
detailed direction field is not needed. 


12. y'(t} =y — 3,90) = 1 
13. y(t) =4—y, (0) = —1 
14. y'(t) = y(2— y), y(0) = 1 
15. y'(x) = sinx,y(-2) = 2 
16. y'(x) = siny, y(—2) = 7 


17-20. Increasing and decreasing solutions Consider the following 
differential equations. A detailed direction field is not needed. 





t| = 3 and |y| = 3 
0O=t=7,05ys2 


V=STe 20S 722 
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21-24. Logistic equations Consider the following logistic equations, 
fort = Q. In each case, sketch the direction field, draw the solution 
curve for each initial condition, and find the equilibrium solutions. A 
detailed direction field is not needed. Assume t = 0 and P = Q. 
P 
21. P'(t) = oos ı = =) P(0) = 100, P(0) = 400, 
P(0) = 700 


22, P(t) =0 1P(1 = z) P(0) = 600, P(0) = 800 
i Bhi 1200 /’ B m 
P(0) = 1600 


P 
23. P'(t) = 0.2P( 4 — =) P(0) = 1600, P(0) = 2400, 


P(0) = 4000 
24. P'(t) = 0.05P — 0.001P’; P(0) = 10, P(0) = 40, 
P(0) = 80 


25-28. Two steps of Euler’s method For the following initial value 
problems, compute the first two approximations u; and u, given by 
Euler’s method using the given time step. 


25. y'(t) = 2y, y(0) = 2; At = 0.5 
26. y'(t) = —y, (0) = —1; At = 0.2 
27. y'(t) =2—y,y(0) = 1; At = 0.1 
28. y(t) =t+y,y(0) = 4; At = 0.5 


29-32. Errors in Euler’s method Consider the following initial value 


problems. 

a. Find the approximations to y(0.2) and y(0.4) using Euler’s method 
with time steps of At = 0.2, 0.1, 0.05, and 0.025. 

b. Using the exact solution given, compute the errors in the Euler ap- 
proximations at t = 0.2 and t = 0.4. 

c. Which time step results in the more accurate approximation? Ex- 
plain your observations. 


d. In general, how does halving the time step affect the error at 
t = 0.2 andt = 0.4? 


2%, YU) yO) = 1 i) Se 
30. y'(t) = 5°90) = 2, yi) = 2e" 


31, y(t) =4—y,y(0) = 3; y(t) =4-— 7 
32. y'(t) = 2t + 1,y(0) = 0; y(t) = 0? +t 


a. Find the solutions that are constant, for allt = Q (the equilibrium 33-36. Computing Euler approximations Use a calculator or com- 


solutions). 

b. In what regions are solutions increasing ? Decreasing ? 

c. Which initial conditions y(0) = A lead to solutions that are 
increasing in time? Decreasing? 

d. Sketch the direction field and verify that it is consistent with 
parts (a)-(c). 

17. y'(t) = (y— 1). +y) 

18. y(t) = (y-2)(y + 1) 

19. y'(t) = cos y, for |y| = 7 

) 


20. y'(t) = y(y + 3)(4 — y) 


puter program to carry out the following steps. 


a. Approximate the value of y(T) using Euler’s method with the given 
time step on the interval |0, T]. 

b. Using the exact solution (also given), find the error in the approxi- 
mation to y(T) (only at the right endpoint of the time interval). 

c. Repeating parts (a) and (b) using half the time step used in those 
calculations, again find an approximation to y(T). 

d. Compare the errors in the approximations to y(T). 


33. y'(t) = —2y,y(0) = 1; At = 0.2,T = 2; y(t) = e” 


34. y'(t) = 6 — 2y, v(0) = —-1; At = 0.2, T = 3; 
y(t) = 3 — 4e” 
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35. y(t) =t-— y,y(0) = 4; At = 0.2,T = 4; 
y(t) =S5e’+t-1 


t 
36. y'(t) =—y(0) = 4; At = 0.1,T = 2; y(t) = VÊ + 16 
y 


Further Explorations 
37. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. A direction field allows you to visualize the solution of a dif- 
ferential equation, but it does not give exact values of the solu- 
tion at particular points. 

b. Euler’s method is used to compute exact values of the solution 
of an initial value problem. 


38—43. Equilibrium solutions A differential equation of the form 

y'(t) = f(y) is said to be autonomous (the function f depends only 

on y). The constant function y = yo is an equilibrium solution of the 
equation provided f(y) = 0 (because then y'(t) = 0 and the solution 
remains constant for all t). Note that equilibrium solutions correspond 
to horizontal lines in the direction field. Note also that for autonomous 
equations, the direction field is independent of t. Carry out the follow- 
ing analysis on the given equations. 


a. Find the equilibrium solutions. 
b. Sketch the direction field, for t = 0. 
c. Sketch the solution curve that corresponds to the initial condition 


y0) = 


38. y'(t)=2y+4 
39. y'(t) = 6 — 2y 
40. y'(t) = y2— y) 
41. y'(t) = y(y — 3) 
42. y'(t) = siny 


43. y'(t) = y — 3)(y + 2) 


44. Direction field analysis Consider the first-order initial value 
problem y'(t) = ay + b, y(0) = A, for t = 0, where a, b, and A 
are real numbers. 


a. Explain why y = —b/a is an equilibrium solution and corre- 
sponds to a horizontal line in the direction field. 

b. Draw a representative direction field in the case that a > 0. 
Show that if A > —b/a, then the solution increases for 
t = Oandif A < —b/a, then the solution decreases for 
t =Q. 

c. Draw a representative direction field in the case thata < 0. 
Show that if A > —b/a, then the solution decreases for 
t = Oandif A < —b/a, then the solution increases for 
Pa, 


45. Euler’s method on more general grids Suppose the solution 
of the initial value problem y'(t) = f(t, y), y(a) = A is to be 
approximated on the interval | a, b]. 


a. If N + 1 grid points are used (including the endpoints), what 
is the time step Af? 

b. Write the first step of Euler’s method to compute u4. 

c. Write the general step of Euler’s method that applies, for 
k=0,1,...,N— 1. 


Applications 

46-48. Analyzing models The following models were discussed in 
Section 8.1 and reappear in later sections of this chapter. In each case, 
carry out the indicated analysis using direction fields. 


46. Drug infusion The delivery of a drug (such as an antibiotic) 
through an intravenous line may be modeled by the differential 
equation m'(t) + km(t) = I, where m(t) is the mass of the 
drug in the blood at time t = O, k is a constant that describes the 
rate at which the drug is absorbed, and / is the infusion rate. Let 
I = 10 mg/hr and k = 0.05 hr. 


a. Draw the direction field, forO = t = 100,0 <s y S 600. 

b. What is the equilibrium solution? 

c. For what initial values m(0) = A are solutions increasing? 
Decreasing? 


47. Free fall A model that describes the free fall of an object in a 
gravitational field subject to air resistance uses the equation 
v'(t) = g — bv, where v(t) is the velocity of the object, for 
t = 0, g = 9.8 m/s’ is the acceleration due to gravity, and b > 0 
is a constant that involves the mass of the object and the air resis- 
tance. Let b = 0.1 s™!. 


a. Draw the direction field for 0 S t S 60,0 s y s 150. 

b. For what initial values v(0) = A are solutions increasing? 
Decreasing? 

c. What is the equilibrium solution? 


48. Chemical rate equations Consider the chemical rate equations 
y'(t) = —ky(t) and y'(t) = —ky?(t), where y(t) is the concen- 
tration of the compound for t = 0 and k > Q is a constant that 
determines the speed of the reaction. Assume that the initial con- 
centration of the compound is y(0) = yo > 0. 


a. Let k = 0.3 and make a sketch of the direction fields for both 
equations. What is the equilibrium solution in both cases? 

b. According to the direction fields, which reaction approaches 
its equilibrium solution faster? 


Additional Exercises 

49. Convergence of Euler’s method Suppose Euler’s method is ap- 
plied to the initial value problem y'(t) = ay, y(0) = 1, which 
has the exact solution y(t) = e”. For this exercise, let h denote 
the time step (rather than Aż). The grid points are then given by 
t, = kh. We let u be the Euler approximation to the exact solu- 
tion y(t,), fork = 0,1,2,.... 


a. Show that Euler’s method applied to this problem can be writ- 
ten uo = l, ue, = (1 + ah)u, fork = 0,1,2,.... 

b. Show by substitution that u, = (1 + ah)“ is a solution of the 
equations in part (a), fork = 0,1,2,.... 

c. Recall from Section 4.8 that lim(1 + ah)!” = e“. Use this 
fact to show that as the time ep goes to zero (h — 0, with 
tų = kh fixed), the approximations given by Euler’s method 
approach the exact solution of the initial value problem; that is, 
limu; = lim (1 + ah)* = y(t) = e™. 


50. Stability of Euler’s method Consider the initial value problem 
y'(t) = —ay, y(0) = 1, where a > 0; it has the exact solution 
y(t) = e “, which is a decreasing function. 
a. Show that Euler’s method applied to this problem with 
time step h can be written ug = 1, u;,4,; = (1 — ah)uy, for 
k= 0 Io 20a 5 


b. Show by substitution that u, = (1 — ah)* is a solution of the 
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HECK ANSWERS 


equations in part (a), fork = 0,1, 2,.... 


c. Explain why as k increases the Euler approximations 


1. To cross the line y = 2, the solution must have a slope 


u, = (1 — ah) decrease in magnitude only if different than zero when y = 2. However, according to the 


|1 — ah| < 1. 


direction field, a solution on the line y = 2 must have zero 


d. Show that the inequality in part (c) implies that the time step slope. 2. The solutions originating at both initial condi- 


2 
must satisfy the condition 0 < h < —. If the time step does 
a 


tions are increasing. 3. The direction field is steepest when 
P = 150. 4. Each step of Euler’ s method introduces an 


not satisfy this condition, then Euler’s method is unstable and error. With each successive step of the calculation, the errors 
produces approximations that actually increase in time. could accumulate (or propagate).< 


8.3 Separable Differential Equations 


» Ifthe equation has the form y'(t) = f(t) 
(that is, the right side depends only on f), 
then solving the equation amounts to 
finding the antiderivatives of f, a problem 
discussed in Section 4.9. 


Sketching solutions of a differential equation using its direction field is a powerful tech- 
nique, and it provides a wealth of information about the solutions. However, valuable 
as they are, direction fields do not produce the actual solutions of a differential equation. 
In this section, we examine methods that lead to the solutions of certain differential equa- 
tions in terms of an algebraic expression (often called an analytical solution). The equa- 
tions we consider are first order and belong to a class called separable equations. 


Method of Solution 


The most general first-order differential equation has the form y’(t) = f(t, y), where 
f(t, y) is an expression that may involve both the independent variable ¢ and the unknown 
function y. We have a chance of solving such an equation if it can be written in the form 


g(y)y'(t) = A(t). 


In the equation g(y)y’(t) = h(t), the factor g(y) involves only y, and h(t) involves only £; 
that is, the variables have been separated. An equation that can be written in this form is 
said to be separable. 

In general, we solve a separable differential equation by integrating both sides of the 
equation with respect to t: 


/ g(y)y'(t) dt = J h(t)dt Integrate both sides with respect to t. 
dy 


[eo dy = [ro dt. Change variables on left; dy = y'(t) dt. 


The fact that dy = y’(t) dt on the left side of the equation leaves us with two integrals to 
evaluate, one with respect to y and one with respect to t. Finding a solution depends on 
evaluating these integrals. 





QUICK CHECK 1 Which of the following equations are separable? (A) y'(t) = y + t, 
(B) y’(¢) = 





aa and (C) y' (x) = e< 


EXAMPLE 1 A separable equation Find a function that satisfies the following 
initial value problem. 


y'(t) = ye”, y(0) = L fort = 0. 
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» In practice, the change of variable on 
the left side is often omitted, and we go 
directly to the second step, which is to 
integrate the left side with respect to y 
and the right side with respect to t. 


» Notice that each integration produces a 
constant of integration. The two constants 
of integration may be combined into one. 





FIGURE 8.16 


SOLUTION The equation is written in separable form by dividing both sides of the equation 


nC: 
by y° to give 4 W) = e". We now integrate both sides of the equation with respect to t and 
7 





evaluate the resulting integrals: 


1 
[ovo dt = eva 

y 
dy > 
E e dt Change variables on left side. 
y 

1 =i ' 

— = —ẹę ' + C. Evaluate integrals. 


Solving for y gives the general solution 


The initial condition y(0) = + implies that 
l l l 





0 = SEO —_- = = —, 
x(0) ee -C 1-C 2 
It follows that C = —1, so the solution to the initial value problem is 
1 
t) = —. 
y( ) a 4. 1 


The solution (Figure 8.16) passes through (0, +) and increases to approach the 
asymptote y = 1 because lim —~——— = 
P A moe” + l 
Related Exercises 5—26< 


< CHECK 2 Write y'(t) = (1? ye y? in separated form. < 





EXAMPLE 2 Another separable equation Find the solutions of the equation 
y'(x) = e sin x subject to the three different initial conditions 


y(0) = 1, (2) = = and y(0) = —3. 


SOLUTION Writing the equation in the form e”y’(x) = sin x, we see that it is separable. 
Integrating both sides with respect to x, we have 


fev dx = fsinxas 
few 


e” = —cosx + C. Evaluate integrals. 


J sin x dx Change variables on left side. 


The general solution y is found by taking logarithms of both sides of this equation: 


y = ln (C — cos x). 





FIGURE 8.17 


QUICK CHECK 3 Find the value of the 





constant C in Example 2 with the 
initial condition y(r) = 0.“ 


» For the integral on the right side, we use 
the substitution u = sin t. The integral 


1 
becomes fa = A + C. 


» Care must be used when graphing and 
interpreting implicit solutions. The graph of 


. ee E. 
a ae E 


is a family of an infinite number of curves. 





You must choose the curve that satisfies the 
initial condition, as shown in Figure 8.18. 
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The three initial conditions are now used to evaluate the constant C for the three solutions: 


y(0) = 1 => 1 = In (C — cos 0) = Iln (C- 1) > e= C-1=>C=e+!], 


m 1 1 TT 1/2 
bY eee 5 oe ee A = |n C > C = e4, and 


y(0) = -3 = -3 = In (C — cos 0) = ln (C — 1) > e” = C -1> C= e” +1. 


Substituting these values of C into the general solution gives the solutions of the three 
initial value problems. (Figure 8.17). The small dots on each curve indicate the initial 
condition for each solution. 

Related Exercises 5—26< 


Even if we can evaluate the integrals necessary to solve a separable equation, the 
solution may not be easily expressed in an explicit form. Here is an example of a solution 


that is best left in implicit form. 


EXAMPLE 3 An implicit solution Find and graph the solution of the initial value 
problem 


cos yy’(t) = sin?tcost, y(0) = —. 


SOLUTION The equation is already in separated form. Integrating both sides with respect 
to t, we have 


J cos y dy = J sin?żcosźdt Integrate both sides. 
. | ., . 
sin y = aon tC. Evaluate integrals. 
When imposing the initial condition in this case, it is best to leave the general solution in 
implicit form. Substituting t = 0 and y = 6 into the general solution, we find that 
po aa 0+C C 
sin — = -sin or =, 
6 3 2 
Therefore, the solution of the initial value problem is 
| fe 
sny = sit iP — 
3 2 


In order to graph the solution in this implicit form, it is easiest to use graphing software. 
The result is shown in Figure 8.18. 





-1 1 
FIGURE 8.18 Related Exercises 27—32<« 
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» The derivation of the logistic equation is 
discussed in Section 8.5. 


ICK CHECK 4 Find the value of the constant C in Example 3 with the initial condition 





Logistic Equation Revisited 


In Section 8.1, we introduced the logistic equation, which is commonly used for model- 
ing populations, epidemics, and the spread of rumors. In Section 8.2, we investigated the 
direction field associated with the logistic equation. It turns out that the logistic equation is 
a separable equation, so we now have the tools needed to solve it. 


EXAMPLE 4 Logistic population growth Assume 50 fruit flies are in a large jar 
at the beginning of an experiment. Let P(t) be the number of fruit flies in the jar t days 
later. At first, the population grows exponentially, but due to limited space and food 
supply, the growth rate decreases and the population is prevented from growing without 
bound. This experiment is modeled by the logistic equation 


dP P 
— = o.1e( 1 = for = 0, 
dt 300 


together with the initial condition P(0) = 50. Solve this initial value problem. 
SOLUTION We see that the equation is separable by writing it in the form 
1 dP 


( py aw 
P| 1 - — 
300 


Integrating both sides with respect to t leads to the equation 


EASE = fo 1 dt (1) 

p .l dt. 

GE 
300 

The integral on the right side of equation (1) is f 0.1 dt = 0.lt + C. 


Because the integrand on the left side is a rational function in P, we use partial frac- 
tions. You should verify that 




















D a C S S S 
Pi: B =) P(300 — P) P  300= P 
300 
and therefore, 
l 1 1 P 
dP = ( + ) ar = In PL 
( P P 300-P 300 — P 
Pl 1 === 
300 
After integration, equation (1) becomes 
P 
In wo = 01+ C. (2) 
300 — P 





The next step is to solve for P, which is tangled up inside the logarithm. We first expo- 
nentiate both sides of equation (2) to obtain 


P 


ae | =e =e 
a 


» There are not many times in mathematics 
when we can redefine a constant in the 
middle of a calculation. When working 
with arbitrary constants, it may be 
possible, if it is done carefully. 


» We could also use the initial condition in 
equation (3) to solve for C. 





FIGURE 8.19 
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We can remove the absolute value on the left side of equation (2) by writing 


P 


ie +e. e?! 
300 — P l 


At this point, a useful trick simplifies matters. Because C is an arbitrary constant, + e© is 
also an arbitrary constant, so we rename + e] as C. We now have 


P 


= Ce?! 3 
300 -P < (3) 


Solving equation (3) for P and replacing 1/C by C gives the general solution 


P(t) = 300 
1+ ce?! 
Figure 8.19 shows the general solution, with curves corresponding to several differ- 
ent values of C. Using the initial condition P(0) = 50, we find the value of C for our 
specific problem is C = 5. It follows that the solution of the initial value problem is 


pore 300 
(2) 1 + 5e!" 

Figure 8.19 also shows this particular solution (in red) among the curves in the general 
solution. A significant feature of this model is that, for O < P(0) < 300, the population 
increases, but not without bound. Instead, it approaches an equilibrium, or steady-state, 
solution with a value of 


300 
lim P(t) = lim 


mo -T 


which is the maximum population that the environment (space and food supply) can 
sustain. This equilibrium population is called the carrying capacity. Notice that all the 
curves in the general solution approach the carrying capacity as t increases. 

Related Exercises 33—34< 


Review Questions 11. aray aaa 12. (£ + 1)°yy'(2) = ty? + 4) 
1. What is a separable first-order differential equation? a. 
4 13. y'(t) cset = > 14. y'(te2 =y?2 +4 
2. Is the equation t7y'(t) = > Separable? 
y 15. u'(x) = e*" 16. xu'(x) = u? — 4,x > 0 


” 


Is the equation y'(t) = 2y — t separable? 


17-26. Solving initial value problems Determine whether the follow- 


4. Explain how to solve a separable differential equation of the form ing equations are separable. If so, solve the initial value problem. 


g(y)y'(t) = A(t). 


Basic Skills 


17. ty'(t) = 1, y1) = 2,t>0 18. secry’(t) = 1, y(0) = 1 
19. 2yy’(t) = 32, y(0) =9 20. y(t) = e”, y(0) = 1 


5-16. Solving separable equations Find the general solution of the 


following equations. Express the solution explicitly as a function of the 21., Gad = ty + 2, y(1) =2 22. y'(t) = y(4r° + 1), y(0) =4 
independent variable. dt 
SIG). = ATG oe ' 
5 fy'(t) = 1 6. evy'(t) = 5 23. y'(t) = af y(In2) = 1 24. secxy'(x) = y?, y(0) = 3 
a 
dy _ 3t d 
Pan 8. = = (x? + 1) dy TT 
e 2 25. = = e, y(0)=m3 26. y"(1) = cos*y, y(1) = 7 
X 


d 
9. y(t) = &? sint 10. m = Vw(3x + 1),x > 0 
X 


33: 


34. 
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27-32. Solutions in implicit form Solve the following initial value 
problems and leave the solution in implicit form. Use graphing soft- 
ware to plot the solution. If the implicit solution describes more than 
one curve, be sure to indicate which curve corresponds to the solution 
of the initial value problem. 


27. y(i) = = yl) = 2 








28. y'a) = = (0) = 
29. u'(x) = csc u cos u(ar) = > 
30. yy'(x) = a yd) =-1 
31. y'o) = = (3) = 5 
32. za) = att z(4) = 2 
Logistic equation for a population A community of hares on an 


island has a population of 50 when observations begin (at t = 0). 
The population is modeled by the initial value problem 


ae 0.08p( 1 = | P(0) = 50 

dt l 200 7” l 

a. Find and graph the solution of the initial value problem, for 
b= 0. 

b. What is the steady-state population? 


Logistic equation for an epidemic When an infected person is 
introduced into a closed and otherwise healthy community, the 
number of people who contract the disease (in the absence of any 
intervention) may be modeled by the logistic equation 


dP P 
a e(ı — P) Po) = P, 


where k is a positive infection rate, A is the number of people in 
the community, and Po is the number of infected people at t = 0. 
The model also assumes no recovery. 


a. Find the solution of the initial value problem, for t = 0, in 
terms of k, A, and Pp. 

b. Graph the solution in the case that k = 0.025, A = 300, and 
Py = 1. 

c. Fora fixed value of k and A, describe the long-term behavior 
of the solutions, for any Py with O < Py < A. 


Further Explorations 
35. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 
a. The equation u'(x) = (x7u’) | is separable. 
b. The general solution of the separable equation 
'(t) = ———\ can be expressed explicitly with y in terms 
y'(t) oT + oy p plicitly with y 
oft. 
c. The general solution of the equation yy’(x) = xe” can be 


found using integration by parts. 


36-39. Solutions of separable equations Solve the following initial value 
problems. When possible, give the solution as an explicit function of t. 


In? t 3y(y + 1 
36. ey'(t) = a y(1) =In2 37. y'(t) = 2040 y(1)=1 
2 
cos‘ t yta 
38. y’(t) = —, y(0)=-2 39. y'(t) = ——,, y(2)=0 
y'(t) ay y(0) y(t) = zg e (2) 


40-41. Implicit solutions for separable equations For the following 
separable equations, carry out the indicated analysis. 


a. Find the general solution of the equation. 

b. Find the value of the arbitrary constant associated with each initial 
condition. (Each initial condition requires a different constant. ) 

c. Use the graph of the general solution that is provided to sketch the 
solution curve for each initial condition. 


2 
40. yy (t) =t + a = 1 = a 





Sy 


NE 


42. Orthogonal trajectories Two curves are orthogonal to each 
other 1f their tangent lines are perpendicular at each point of inter- 
section. A family of curves forms orthogonal trajectories with 
another family of curves if each curve in one family is orthogonal 
to each curve in the other family. Use the following steps to find the 


orthogonal trajectories of the family of ellipses 2x? + y? = a’. 


a. Apply implicit differentiation to 2x? + y? = a? to show that 
dy _ —2x 
dx yo 


43. 


b. The family of trajectories orthogonal to 2x? + y? = a? 
satisfies the differential equation D = A Why? 
dx 2x 
c. Solve the differential equation in part (b) to verify that 
y? = e©|x| and then explain why it follows that y? = kx. 
Therefore, the family of parabolas y? = kx forms the orthogo- 


nal trajectories of the family of ellipses 2x7 + y? = a’. 


Orthogonal trajectories Use the method in Exercise 42 to find 


the orthogonal trajectories for the family of circles x? + y? = a’. 


Applications 


44. 


45. 


46. 


Logistic equation for spread of rumors Sociologists model the 
spread of rumors using logistic equations. The key assumption 

is that at any given time, a fraction y of the population, where 

0 <= y S 1, knows the rumor, while the remaining fraction 1 — y 
does not. Furthermore, the rumor spreads by interactions between 
those who know the rumor and those who do not. The number of 
such interactions is proportional to y(1 — y). Therefore, the equa- 
tion that describes the spread of the rumor is y’(t) = ky(1 — y), 
where k is a positive real number. The number of people who ini- 
tially know the rumor is y(0) = yo, where 0 = yo S 1. 


a. Solve this initial value problem and give the solution in terms 
of k and yo. 

b. Assume k = 0.3 weeks | and graph the solution for yọ = 0.1 
and yọ = 0.7. 

c. Describe and interpret the long-term behavior of the rumor 
function, for any 0 = yọ = 1. 


48. 


Free fall An object in free fall may be modeled by assum- 
ing that the only forces at work are the gravitational force 
and air resistance. By Newton’s Second Law of Motion 
(mass X acceleration = the sum of the external forces), the 
velocity of the object satisfies the differential equation 

v'(t) = mg + f(v), 


=- 


m 
a O 
acceleration external forces 


mass 
where f is a function that models the air resistance (assuming the 
positive direction is downward). One common assumption (often 
used for motion in air) is that f(v) = —kv?, where k > Oisa 
drag coefficient. 


a. Show that the equation can be written in the form 
v'(t) = g — av’, where a = k/m. 

b. For what (positive) value of v is v’(t) = 0? (This equilibrium 
solution is called the terminal velocity.) 

c. Find the solution of this separable equation assuming 
v(0) = OandO < v? < g/a. 

d. Graph the solution found in part (c) with g = 9.8 m/ s 
m = l, and k = 0.1, and verify that the terminal velocity 
agrees with the value found in part (b). 


Free fall Using the background given in Exercise 45, assume the 
resistance is given by f(v) = —Rv, where R > 0 is a drag coef- 
ficient (an assumption often made for a heavy medium such as 
water or oil). 


a. Show that the equation can be written in the form 
v'(t) = g — bv, where b = R/m. 

b. For what value of v is v'(t) = 0? (This equilibrium solution is 
called the terminal velocity.) 

c. Find the solution of this separable equation assuming 
v(0) = Oand0 < v < g/b. 


H 47. 


49. 
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d. Graph the solution found in part (c) with g = 9.8 m/ 2 
m = l, and R = 0.1, and verify that the terminal velocity 
agrees with the value found in part (b). 


Torricelli’s law An open cylindrical tank initially filled with 
water drains through a hole in the bottom of the tank according to 
Torricelli’ s Law (see figure). If A(t) is the depth of water in the 
tank, for t = 0, then Torricelli’s Law implies h'(t) = —2kVh, 
where k is a constant that includes g = 9.8 m/ s*, the radius of the 
tank, and the radius of the drain. Assume that the initial depth of 
the water is A(0) = H. 


a. Find the solution of the initial value problem. 

b. Find the solution in the case that k = 0.1 and H = 0.5 m. 

c. In part (b), how long does it take for the tank to drain? 

d. Graph the solution in part (b) and check that it 1s consistent 
with part (c). 





Chemical rate equations Let y(t) be the concentration of a 
substance in a chemical reaction (typical units are moles /liter). 
The change in the concentration, under appropriate conditions, 


d 
is modeled by the equation 7 = —ky", where k > 0 is arate 


constant and the positive integer n is the order of the reaction. 


a. Show that for a first-order reaction (n = 1), the concentration 
obeys an exponential decay law. 

b. Solve the initial value problem for a second-order reaction 
(n = 2) assuming y(0) = yo. 

c. Graph the concentration for a first-order and second-order 
reaction with k = 0.1 and yo = 1. 


Tumor growth The Gompertz growth equation is often used to 
model the growth of tumors. Let M(t) be the mass of a tumor at 
time t = 0. The relevant initial value problem is 


dM 


M 
a K ,M(0) = Mo, 


where r and K are positive constants and 0 < Mọ < K. 


M 
a. Graph the growth rate function R(M) = —rM In (2) (which 


equals M’ (t)) assuming r = | and K = 4. For what values 
of M is the growth rate positive? For what value of M is the 
growth rate a maximum? 

b. Solve the initial value problem and graph the solution for 
r = 1, K = 4, and Mọ = 1. Describe the growth pattern of the 
tumor. Is the growth unbounded? If not, what is the limiting 
size of the tumor? 

c. In the general solution, what is the meaning of K? 
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Additional Exercises 


50. 


5L 


52. 


Technology for an initial value problem Solve 
y'(t) = ye‘ cos? 4t, y(0) = 1, and plot the solution for 
pajam 


Blowup in finite time Consider the initial value problem 
y'(t) = yr, y(0) = yo, where n is a positive integer. 


| 
— 


a. Solve the initial value problem with n = 1 and yo = 


b. Solve the initial value problem with n = 2 and yo = T 
c. Solve the problem for positive integers n and yọ = a, 


How do solutions behave as t— 1 ? 
Analysis of a separable equation Consider the differential 
yy + 1) 
Ht 2) 
a. Show that the general solution of the equation can be written 
in the form 


equation y'(t) = and carry out the following analysis. 


\ V 
LC ae a eV 


b. Now consider the initial value problem y(1) = A, where A is a 
real number. Show that the solution of the initial value problem is 


c. Find and graph the solution that satisfies the initial condition 
y(1) =1. 
d. Describe the behavior of the solution in part (c) as ¢ increases. 
e. Find and graph the solution that satisfies the initial condition 
y(1) = 2. 
f. Describe the behavior of the solution in part (e) as t increases. 
g. In the cases in which the solution is bounded for t > 0, what is 
the value of lim y(t)? 
t—- œ 


. Analysis of a separable equation Consider the differential 


equation yy’(t) = 4e’ + t and carry out the following analysis. 


a. Find the general solution of the equation and express it explic- 
itly as a function of t in two cases: y > Oandy < 0. 

b. Find the solutions that satisfy the initial conditions y(—1) = 1 
and y(—1) = 2. 

c. Graph the solutions in part (b) and describe their behavior as 
t increases. 

d. Find the solutions that satisfy the initial conditions 
y(-1) = —1 and y(-1) = —2. 

e. Graph the solutions in part (d) and describe their behavior as 
t increases. 





QUICK CHECK ANSWERS 


Vt 








ae 
V3A 


\vi +2- v 


1. B and C are separable. 2. y*y’(t) =£ +1 3.C=0 
4. C = -3 


Special First-Order Linear Differential 
8.4 Equations 


» The exponential growth and decay 
problems studied in Section 6.9 appear 
again in this section, but now with a 
differential equations perspective. 


» In the most general first-order linear 
equation, k and/or b is a function of f. 
This general first-order linear equation is 
not separable. See Exercises 45—48 for 
this more challenging case. 


We now focus on a special class of differential equations with so many interesting appli- 
cations that they warrant special attention. All the equations we study in this section are 
first order and linear. 


Method of Solution 


Consider the first-order linear equation y'(t) = ky + b, where k # 0 and b are real 
numbers. By varying the values of k and b, this versatile equation may be used to model 
a wide variety of phenomena. Specifically, the terms of the equation have the following 
general meaning: 


YA = bw + b 
h or deca 
rate of change natural growth or STOW or decay 
of y decay rate of y rate due to 


external effects 


For example, if y represents the number of fish in a hatchery, then ky(t) (with k > 0) 
models exponential growth in the fish population, in the absence of other factors, and 
b < 0 is the harvesting rate at which the population is depleted. As another example, 1f y 
represents the amount of a drug in the blood, then ky(t) (with k < 0) models exponential 
decay of the drug through the kidneys, and b > O is the rate at which the drug is added to 
the blood intravenously. Because k and b are constants, the equation is separable and we 
can give an explicit solution. 
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To solve this equation, we begin by dividing both sides of y’(t) = ky + bby ky + b 
to express it in separated form: 
y'a) 
ky + b 


We now integrate both sides of this equation with respect to t and observe that dy = y’ (t) dt, 
which gives 





L. 





dy 
= dt Integrate both sides of the equation. 
ky + b J g q 
l 
~ [ky + b| = t+ C. Evaluate integrals. 


For the moment, we assume that ky + b > 0, or y > —b/k, so the absolute value may be 
removed. Multiplying through by k and exponentiating both sides of the equation, we have 


ky + b = okt tke Z e% e eke 2 Ce”. 


—— 
redefine as C 


Notice that we use the standard practice of redefining the arbitrary constant C as we 
solve for y: If C is arbitrary, then e*© and C /k are also arbitrary. We now solve for the 
general solution: 

b 
t) = Ce“ — — 
y(t) = Ce’ — 7 
We can also show that if ky + b < 0, or y < —b/k, then the same solution results 
(Exercise 32), 


SUMMARY Solution of a First-Order Linear Differential Equation 


The general solution of the first-order linear equation y’(t) = ky + b, where 
k Æ O and b are real numbers, is 


b 
y(t) = Ce" ~~ 


k 9 
where C is an arbitrary constant. Given an initial condition, the value of C may be 
determined. 





K1 Verify by substitution that y(t) = Ce“ — b/k is a solution of 
y'(t) = ky + b, for real numbers b and k # 0.< 


EXAMPLE 1 An initial value problem for drug dosing A drug is administered to a 
patient through an intravenous line at a rate of 6 mg /hr. The drug has a half-life that cor- 
responds to a rate constant of 0.03 hr_!. Let y(t) be the amount of drug in the blood, for 
t = 0. Solve the initial value problem that governs the process, 


y'(t) = —0.03y + 6, y(0) = 0, 
and interpret the solution. 


SOLUTION The equation has the form y’(t) = ky + b, where k = —0.03 and b = 6. 
Therefore, the general solution is 


y(t) = Ce" + 200. 
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Steady state: y = 200 


= 200(1 — gs 


20 40 80 100 120 140 £ 


FIGURE 8.20 
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» The idea of stable and unstable 
equilibrium solutions can be illustrated 
using a hemispherical bowl and a small 
ball. When the ball rests at the bottom of 
the bowl, it is at rest in an equilibrium 
state. If the ball is moved away from the 
equilibrium state, it returns to that state. 





Stable 


By contrast, when the ball rests on 
top of the inverted bowl, it is at rest in an 
equilibrium state. However, if the ball is 
moved away from the equilibrium state, 
it moves away from that state. 


phm EN 


Unstable 


To determine the value of C for this particular problem, we substitute y(0) = 0 into the 
general solution. The result is that y(0) = C + 200 = 0, which implies that C = —200. 
Therefore, the solution of the initial value problem is 


y(t) = —200e°"* + 200 = 200(1 — e°**). 
The graph of the solution (Figure 8.20) reveals an important fact: The amount of drug in 
the blood increases, but it approaches a steady-state level of 

lim y(t) = lim (200(1 — e™®®®) = 200 mg. 
A doctor can obtain practical information from this solution. For example, after 100 hours, 
the drug level reaches 95% of the steady state. Related Exercises 5-16< 





QUICK CHECK 2 If the rate constant in Example 1 were 0.3 instead of 0.03, would the 
Seay: state > level of the drug change? If so, to what value? «< 


EXAMPLE 2 Direction field analysis Use direction fields to analyze the behavior of 
the solutions of the following equations, where k > O and bis nonzero. Assume t = 0. 


a. y(t) = —ky +b b. y'(t) =ky +b 
SOLUTION 


a. First notice that y’(t) = 0 when y = b/k. Therefore, the direction field consists of 
horizontal line segments when y = b/k. These horizontal line segments correspond 


b 
to the equilibrium solution y(t) = T this solution is constant for all t. Depending on 


the sign of b, the constant solution could be positive or negative. If —ky + b > 0, or 
equivalently, y < b/k, then y’(t) > 0, and solutions are increasing in this region. 
Similarly, if —ky + b < 0, or equivalently, y > b/k, then y’(t) < 0, and solutions 
are decreasing in this region. Figure 8.21 shows a typical direction field in the case 
that b > 0. Notice that the solution curves are attracted to the equilibrium solution. 
For this reason, the equilibrium is said to be stable. 





y = I: Stable equilibrium y = 1: Unstable equilibrium 





65° 407.15 90 35-30. t -2 


FIGURE 8.21 FIGURE 8.22 


b. The analysis is similar to that in part (a). In this case, we have an equilibrium solu- 
tion at y = —b/k, which may be positive or negative depending on the sign of b. If 
ky + b > 0, or equivalently, y > —b/k, then y'(t) > 0, and solutions are increasing 
in this region. Similarly, if ky + b < 0, or equivalently, y < —b/k, then y'(t) < 0, 
and solutions are decreasing in this region. Figure 8.22 shows a direction field for 
b < 0. Now the solution curves move away from the equilibrium solution, and the 
equilibrium is unstable. Related Exercises 17-22< 


» Loan payments are an example of a 
discrete process (interest is assessed 
and payments are made each month). 
However, they may be modeled as a 
continuous process using a differential 
equation because the time interval 
between payments is small compared 
to the length of the entire loan process. 
Discrete processes are often modeled 
using difference equations. 





B(t) = 120,000 — 60,000e°.°! 


FIGURE 8.23 
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QUICK CH 


ECK 3 What is the equilibrium solution of the equation y’(t) = 2y — 4? Is it 
stable or unstable? < 


We give a qualitative summary of the important ideas introduced in Example 2. 


SUMMARY Equilibrium Solutions 


The differential equation y'(t) = f(y) has a (constant) equilibrium solution 
y = awhen f(a) = 0. The equilibrium is stable if initial conditions near y = a 


produce solutions that approach y = a as t— œ. The equilibrium is unstable if 


initial conditions near y = a produce solutions that do not approach y = a 
as t — ©, 





EXAMPLE 3 Paying off a loan Suppose you borrow $60,000 with a monthly interest 
rate of 0.5% and plan to pay it back with monthly payments of $600. The balance in the 
loan is described approximately by the initial value problem 


B'(t) = 0.005B — 600, B(0) = 60,000, 


interest monthly 


payments 


where B(t) is the balance in the loan after t months. Notice that the interest increases the 
loan balance, while the monthly payments decrease the loan balance. 


a. Find and graph the loan balance function. 


b. After approximately how many months does the loan balance reach zero? 
SOLUTION 


a. The differential equation has the form y'(t) = ky + b, where k = 0.005 month ' and 
b = —$600/month. Using the summary box, the general solution is 
b 


— = Cet + 120.000. 


B(t) = Ce“ — 
(2) emn 


The initial condition implies that 
B(0) = C + 120,000 = 60,000 = C = —60,000. 


Therefore, the solution of the initial value problem is 


b 
B(t) = Ce" — z = 120,000 — 60,000 ony, 
b. The graph (Figure 8.23) shows the loan balance decreasing and reaching zero at 
t ~ 139 months (11.6 years). This fact can be confirmed by solving B(t) = 0 
algebraically. Related Exercises 23-26< 


Newton’s Law of Cooling 


Imagine taking a fired bowl out of a hot pottery kiln and putting it on a rack to cool at room 
temperature. Your intuition probably tells you that because the temperature of the bowl is 
greater than the temperature of the room, the pot cools and its temperature approaches the 
temperature of the room. (We assume that the room is sufficiently large that the heating of 
the room by the bowl is negligible.) 

It turns out that this process can be described approximately using a first-order 
differential equation similar to those studied in this section. That equation is often called 
Newton’s Law of Cooling, and it is based on the familiar observation that heat flows from 


602 


CHAPTER 8 


DIFFERENTIAL EQUATIONS 


hot to cold. The solution of the equation gives the temperature of the bowl at all times 
after it is removed from the kiln. 

We let t = 0 be the time at which the bowl is removed from the kiln. The temperature 
of the bowl at any time t = 0 is T(t), and 7(0) = Tp is the temperature of the bow] as it 
comes out of the kiln. We also let A be the temperature of the room or the ambient tem- 
perature. Both Tọ and A are assumed to be known. 

Newton’s Law of Cooling says that the rate at which the temperature changes at any 
time is proportional to the temperature difference between the bowl and the room at that 
time; that is, 

dT 
= = —k(T(1) — A), 


where k > 0 is a constant determined by the thermal properties of the bowl. Notice that 
the equation makes sense. 

A dT 
e If T(t) > A (the bowl is hotter than the room), then We < 0, and the temperature of the 


bowl decreases (cooling). 


dT 
e If T(t) < A (the bowl is colder than the room), then a > 0, and the temperature of 
the bowl increases (heating). 


We see that Newton’s Law of Cooling amounts to a first-order differential equation that 
we know how to solve. The equation has the form T'(t) = —kT + b, where k is unspeci- 
fied and b = kA. This equation was studied earlier in the section; its general solution is 


T(t) = Ce" +A. 
When we use the initial condition T(0) = Tọ to determine C, we find that 
T0) =C+A=TH > C=f)h-A. 
Therefore, the solution of the initial value problem is 


T(t) = (h) — Aje “+A. 





QUICK CHECK 4 Verify that the solution of the initial value problem satisfies T(0) = Tọ. 
What i 1S ae solution of the problem if Tọ = A?<« 


Newton’s Law of Cooling models the cooling process well when the object is a good 
conductor of heat and when the temperature is fairly uniform throughout the object. 


EXAMPLE 4 Cooling a bowl A bowl is removed from a pottery kiln at a temperature 
of 200°C and placed on a rack in a room with an ambient temperature of 20°C. Two min- 
utes after the bowl is removed, its temperature is 160°C. Find the temperature of the bowl 
for allt = 0. 


SOLUTION Letting A = 20, the general solution of the cooling equation is 
T(t) = Ce™ + 20. 


As always, the arbitrary constant is determined using the initial condition T(0) = 200. 
Substituting this condition we find that 


T(0) =C+20=200 = C= 180. 


» The value of the thermal constant k is 
known for common materials. Example 
4 illustrates one way to estimate the 
constant experimentally. 








T(O) = 200 
150 
100 


T = 180e 70-16 + 20 


50 






T=20 
(ambient) 


FIGURE 8.24 





8.4 Special First-Order Linear Differential Equations 603 


The solution at this point is T(t) = 180e™ + 20, but notice that the constant k is still 
unknown. It is determined using the additional fact that 7(2) = 
condition into the solution and solve for k: 


T(2) = 180e°* + 20 = 160 


160. We substitute this 


Substitute t = 2 





180e ™ = 140 Rearrange. 
a _ 140 7 

e = = Rearrange. 
180 9 

k = —-ln— = 0.126. Solve for k. 


Therefore, the solution for t = O is 


T(t) = 180e + 20 = 180e! + 20. 


The graph (Figure 8.24) confirms that 7(0) = 200 and that T(2) = 160. Notice also 
that lim 7(t) = 20, meaning that the temperature of the bowl approaches the ambient 


t— © 


temperature as t— ©. Equivalently, the solution T = 20 is a stable equilibrium of 
the system. 


Related Exercises 27-30 


QUICK CHECK 5 In general, what is the equilibrium temperature for any Newton cooling 
E Is it a stable or unstable equilibrium? < 


SECTION 8.4 EXERCISES 


Review Questions 

1. The general solution of a first-order linear differential equation is 
y(t) = Ce™!™ — 13. What solution satisfies the initial condition 
y(0) = 4? 


2. What is the general solution of the equation y'(t) = 3y — 12? 


3. What is the general solution of the equation y'(t) = —4y + 6? 


4. What is the equilibrium solution of the equation y(t) = 3y — 9. 


Is it stable or unstable? 


Basic Skills 
5-10. First-order linear equations Find the general solution of the 
following equations. 


5. y(t)=3y-4 6 yi(x)=-y+2 

7. y'(x) + 2y = —4 8. y'(x) = 2y + 6 

9, u(t) + 12u = 15 10. v'(y) — = 14 
11-16. Initial value problems Solve the following initial value 
problems. 

11. y(t) = 3y — 6,y(0) = 9 


12. y'(x) = —y + 2,y(0) = -2 
13. y'(t) — 2y = 8, y(0) = 0 
14. u'(x) = 2u + 6,u(1) = 

15. y'(t) — 3y = 12,y(1) = 


Z 


16. z'(t) + > = 6,2(-1) = 0 


17-22. Stability of equilibrium points Find the equilibrium solution 
of the following equations, make a sketch of the direction field, for 

t = 0, and determine whether the equilibrium solution is stable. The 
direction field needs to indicate only whether solutions are increasing 
or decreasing on either side of the equilibrium solution. 


17. y'(t) = 12y — 18 18. y'(t) = —6y + 12 


y 


19. y'(t) = = eS 20. y) -7-150 


21. u'(t) + 7u+21=0 22. u'(t)— 4u = 3 


23-26. Loan problems The following initial value problems model 
the payoff of a loan. In each case, solve the initial value problem, for 
t = 0, graph the solution, and determine the first month in which the 
loan balance is zero. 


23. B'(t) = 0.005B — 500, B(0) = 50,000 
24. B'(t) = 0.01B — 750, B(0) = 45,000 
25. B'(t) = 0.0075B — 1500, B(0) = 100,000 
26. B'(t) = 0.004B — 800, B(0) = 40,000 


27-30. Newton’s Law of Cooling Solve the differential equation for 
Newton’s Law of Cooling to find the temperature in the following 
cases. Then answer any additional questions. 


27. A cup of coffee has a temperature of 90°C when it is poured and 
allowed to cool in a room with a temperature of 25°C. One minute 
after the coffee is poured, its temperature is 85°C. How long must 
you wait until the coffee is cool enough to drink, say 30°C? 


28. An iron rod is removed from a blacksmith’s forge at a tempera- 
ture of 900°C. Assume that k = 0.02 and the rod cools in a room 
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with a temperature of 30°C. When does the temperature of the rod 
reach 100°C? 


29. A glass of milk is moved from a refrigerator with a temperature 
of 5°C to aroom with a temperature of 20°C. One minute later the 
milk has warmed to a temperature of 7°C. After how many min- 
utes does the milk have a temperature that is 90% of the ambient 
temperature? 


30. A pot of boiling soup (100°C) is put in a cellar with a temperature 
of 10°C. After 30 minutes, the soup has cooled to 80°C. When 
will the temperature of the soup reach 30°C? 


Further Explorations 
31. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. The general solution of y’(t) = 2y — 18 is y(t) = 2e” + 9. 
b. If k > Oandb > 0, then y(t) = 0 is never a solution of 
y'(t) = ky — b. 


c. The equation y’(t) = ty(t) + 3 is separable and can be solved E 39. 


using the methods of this section. 

d. According to Newton’s Law of Cooling, the temperature of 
a hot object will reach the ambient temperature after a finite 
amount of time. 


32. Case 2 of the general solution Solve the equation 
y'(t) = ky + bin the case that ky + b < 0 and verify that 


b 

the general solution is y(t) = Ce“ — L 
33-36. Special equations A special class of first-order linear equa- 
tions have the form a(t)y'(t) + a'(t)y(t) = f(t), where a and f are 


given functions of t. Notice that the left side of this equation can be 
written as the derivative of a product, so the equation has the form 


/ / d 
alt)y"(t) + al(t)y(t) = — Calty(t)) = flo. 
Therefore, the equation can be solved by integrating both sides with 
respect to t. Use this idea to solve the following initial value problems. 
33. ty’(t) t+y=1+4y(1) =4 


1 +t 
34. ry'(t) + 3t*y = 


35. ety'(t) — ety = e”, y(0) = 4 
36. (t7 + 1)y’(t) + 2ty = 327, (2) = 8 





pl) =e 


37. A bad loan Consider a loan repayment plan described by the 
initial value problem 


B'(t) = 0.03B — 600, B(0) = 40,000, 


where the amount borrowed is B(0) = $40,000, the monthly 
payments are $600, and B(t) is the unpaid balance in the loan. 


a. Find the solution of the initial value problem and explain why 
B is an increasing function. 

b. What is the most that you can borrow under the terms of 
this loan without going further into debt each month? 

c. Now consider the more general loan repayment plan described 
by the initial value problem 


B'(t) =rB-—m, B(0) = Bo, 


40. 


42. 


where r > O reflects the interest rate, m > O is the monthly 
payment, and By > O is the amount borrowed. In terms of 
m and r, what is the maximum amount Bp that can be borrowed 
without going further into debt each month? 


38. Cooling time Suppose an object with an initial temperature of 
To > O is put in surroundings with an ambient temperature of A, 


where A < 2 Let tı/2 be the time required for the object to cool 
to s 
Ty — 2A 
2(T) — A) | 
b. Does f;/ increase or decrease as k increases? Explain. 


1 
a. Show that fi /2 = E 


Te 
c. Why is the condition A < 3 needed? 


Applications 

Intravenous drug dosing The amount of drug in the blood of a 

patient (in milligrams) due to an intravenous line is governed by 
the initial value problem y'(t) = —0.02y + 3, y(0) = 0, where 
t is measured in hours. 


a. Find and graph the solution of the initial value problem. 
b. What is the steady-state level of the drug? 
c. When does the drug level reach 90% of the steady-state value? 


Fish harvesting A fish hatchery has 500 fish at t = 0, 

when harvesting begins at a rate of b > O fish/year. The 

fish population is modeled by the initial value problem 

y'(t) = 0.01ly — b, y(0) = 500, where t is measured in years. 


a. Find the fish population, for t = 0, in terms of the harvesting 
rate b. 

b. Graph the solution in the case that b = 40 fish/year. Describe 
the solution. 

c. Graph the solution in the case that b = 60 fish/year. Describe 
the solution. 


41. Optimal harvesting rate Let y(t) be the population of a species 
that is being harvested, for t = 0. Consider the harvesting model 
y'(t) = 0.008y — h, y(0) = yo, where h is the annual harvesting 
rate, yo is the initial population of the species, and t is measured in 
years. 


a. If yo = 2000, what harvesting rate should be used to maintain 
a constant population of y = 2000, for t = 0? 

b. If the harvesting rate is h = 200/year, what initial population 
ensures a constant population? 


Endowment model An endowment is an investment account in 
which the balance ideally remains constant and withdrawals are 
made on the interest earned by the account. Such an account may 
be modeled by the initial value problem B'(t) = rB — m, for 

t = 0, with B(0) = Bo. The constant r > 0 reflects the annual 
interest rate, m > Q is the annual rate of withdrawal, Bo is the ini- 
tial balance in the account, and ¢ is measured in years. 


a. Solve the initial value problem with r = 0.05, m = $1000/year, 
and By = $15,000. Does the balance in the account increase 
or decrease? 

b. If r = 0.05 and By = $50,000, what is the annual withdrawal 
rate m that ensures a constant balance in the account? What is 
the constant balance? 


Additional Exercises 


8.5 Modeling with Differential Equations 605 


Now integrate both sides of the equation with respect to t to obtain the 


43. Change of variables in a Bernoulli equation The equation solution. Use this method to solve the following initial value problems. 
y'(t) + ay = by”, where a, b, and p are real numbers, is calleda Begin by computing the required integrating factor. 
Bernoulli equation. Unless p = 1, the equation is nonlinear and 1 
would appear to be difficult to solve—except fora small miracle. 45. y’(t) + —y(t) =0, y(1) =6 
By making the change of variables v(t) = (y(t))'”, the equation ; 


can be made linear. Carry out the following steps. 





46. y'(t) + “(0 = 1-21, y(2)=0 


- {= ! y(t)? ! 
a. Letting v = y ?, show that y’(t) = i v(t). 
ZP 
b. Substitute this expression for y’ (t) into the differential 47. y'(t) + y(t) = 1+ 327, y(1) =4 


equation and simplify to obtain the new (linear) equation 





an 


v'(t) + a(1 — p)v = b(1 — p), which can be solved using 48. y'(t) + 20t) = 34, y(0) =1 
the methods of this section. The solution y of the original equa- 


tion can then be found from v. 


44. Solving Bernoulli equations Use the method outlined in Exercise 





HECK ANSWERS 


43 to solve the following Bernoulli equations. 1. y'(t) = Cke™, while ky + b = k(Ce“ — b/k) + b = 


a. y'(t) +y = 2y? 
b. y'(t) — 2y = 3y! 
e y(t) t+y = Vy 


45—48. General first-order linear equations Consider the general 


Cke*. 2. The steady-state drug level would be y = 20. 

3. The equilibrium solution y = 2 is unstable. 

4. T(0) = (I) — A) + A = Th. If To = A, T(t) = A for all 
t = 0. 5. The ambient temperature is a stable equilibrium. < 


first-order linear equation y'(t) + a(t)y(t) = f(t). This equa- 

tion can be solved, in principle, by defining the integrating factor 

p(t) = exp( J a(t) dt). Here is how the integrating factor works. 
Multiply both sides of the equation by p (which is always positive) 
and show that the left side becomes an exact derivative. Therefore, the 


equation becomes 


POOE + a) = EPON) = rl. 
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Exponential model 


Logistic model 


FIGURE 8.25 


Many examples and exercises of this chapter have illustrated the use of differential equa- 
tions to model various real-world problems. In this concluding section, we focus on three 
specific applications and explore some of the ideas involved in formulating mathematical 
models. The first application is the modeling of populations, examples of which we have 
already encountered. Next we derive the differential equation that governs a mixed-tank 
reaction. Finally, we introduce and analyze a well-known two-species ecosystem model. 


Population Models 


So far, we have seen two examples of differential equations that model population growth. 
Letting P(t) be the population of a species at time tf = 0, both equations have the general 
form P'(t) = f(P), where f(P) is a function that depends only on the population, and r 
and K are constants. 


Exponential growth: P’(t) = f(P) = rP 


— P 
Logistic growth: P’(t) = f(P) = re( — z) 
The growth rate function f specifies the rate of growth of the population and is cho- 
sen to give the best description of the population. Figure 8.25 shows a graph of the growth 
rate functions for the exponential and logistic models. Note that population P is the variable 
on the horizontal axis and the growth rate function, which defines P’, is on the vertical axis. 
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Exponential model 


Logistic model 





FIGURE 8.26 


QUICK CHECK 1 Explain why the maxi- 
mum growth rate for the logistic equa- 
tion occurs at P = K/2.< 


P(O) = 8, PC) = 20 





FIGURE 8.27 


In both cases, the growth rate function is nonnegative, so both models describe populations 
that are generally increasing. Population values for which f(P) = 0 correspond to equilib- 
rium solutions. 

For the exponential model, the growth rate function increases linearly with the popu- 
lation size, implying that the larger the population, the larger the growth rate. Therefore, 
with this model, populations increase (unrealistically) without bound (Figure 8.26). 

The growth rate function for the logistic model has zeros at P = 0 and P = K (equi- 
librium points) and has a local maximum at P = K/2. As a result, the population in- 
creases slowly at first, approaches a maximum growth rate, and then grows more slowly 
as it approaches the carrying capacity P = K (Figure 8.26). The important feature of this 
model is that the population is bounded in size, reflecting overcrowding or a shortage of 
resources. 

An important observation about the logistic model is that when the population is 
small compared to the carrying capacity (often written P < K), the population grows 
exponentially with a rate constant r. We see this fact in the growth rate function: 


f(P) = re( — z) =~ pP. 


small 


This fact is also evident in Figure 8.26, where the population curves are nearly identical 
for small values of t. Therefore, r may be interpreted as the natural growth rate of the spe- 
cies in ideal conditions (unlimited space and resources). 


EXAMPLE 1 Designing a logistic model Wildlife biologists observe a prairie dog 
community for several years. When observations begin, there are 8 prairie dogs; after one 
year the population reaches 20 prairie dogs. After 10 years, the population has leveled out 
at approximately 200 prairie dogs. Assuming that a logistic growth model applies to this 
community, find a function that models the population. 


SOLUTION The biologists’ measurements suggest that the initial population of the com- 
munity is Po = 8 and the carrying capacity is K = 200. Using the logistic equation, the 
resulting initial value problem is 


P'(t) = re( - =). P(0) = Py = 8. 


Using the methods of Section 8.3, the solution of this problem (Exercise 33) is 


200 


P(t) = —— 
(9 = se 


Notice that the natural growth rate r is still undetermined; it is computed using the fact 
that the population after one year is 20 prairie dogs. Substituting P(1) = 20 into the 
solution, we have 


200 l 
P(1) = ———— = 20 Substitute £ = 1 and P = 20. 
24e" +1 
3 
e' =— Simplify. 
8 
3 
r=-—I|n A = 0.981. Take logarithms of both sides. 


Substituting this value of r, we obtain the population function shown in Figure 8.27. 
Notice that the initial condition P(0) = 8 is satisfied, P(1) ~ 20, and the population 
approaches the carrying capacity of 200 prairie dogs. 

Related Exercises 9-18 







Gompertz model 


Logistic model 


FIGURE 8.28 


> Recall that exp(w) is another way to 
write e”. 


K P,M 





FIGURE 8.29 


8.5 Modeling with Differential Equations 607 


EXAMPLE 2 Gompertz growth model Models of tumor growth often use the Gom- 
pertz equation 


M'(t) = —rM In (2) 


where M(t) is the mass of the tumor at time t = 0, and r and K are positive constants. 


a. Graph the growth rate function for the Gompertz model with M > 0, discuss its 
features, and compare it to the logistic growth rate function. 


b. Find the general solution of the Gompertz equation with positive values of r, K, and 
M(0) = Mp, assuming 0 < Mọ < K. 
c. Graph the solution in part (b) when r = 0.5, K = 10, and Mọ = 0.01. 


SOLUTION 


M 
a. The growth rate function f(M) = —rM In (2) is a skewed version of the logistic 


growth rate function (Figure 8.28). It is left as an exercise (Exercise 32) to show that 
the Gompertz model has a maximum growth rate of rK/e when M = K/e (compared 
to the logistic growth rate function, which has a maximum of rK/4 when P = K/2). 


b. The Gompertz equation is separable and is solved using the methods of Section 8.3: 





M'(t) 
fay =-r Write equation in separated form. 
M ln (2) 
K 
dM I 
a. =— |rdt Integrate both sides; M’ (t) dt = dM. 
M ln (2) 
K 
M . M : 
InjInj — || = —rt + C Integrate with u = In | — ] on left side. 
K K 
M Th : . IC 
In K = Ce Exponentiate both sides; relabel e~~ as C. 


M(t) = Kexp(Ce™”). Exponentiate both sides. 
We now have the general solution. The initial condition M(0) = Mọ implies that 
M, 
Mo = Ke“. Solving for C, we find that C = In ri 


Substituting this value of C into the general solution gives the solution of the ini- 
tial value problem (Exercise 19): 


mya 
K : 


M(t) = «(2 


You should check that this unusual solution satisfies the initial condition M(0) = Mp. 
Furthermore, the solution has a steady state given by lim M(t) = K (Exercise 34). 
t— œ 


c. The graph of the solution with r = 0.5, K = 10, and Mọ = 0.01 is shown in Figure 8.29. 
Notice that the solution approaches the steady-state mass M = K = 10. 
Related Exercises 20-22< 


Stirred Tank Reactions 


In their many forms and variations, models of stirred tank reactions are used to simu- 
late industrial and manufacturing processes. They are also adapted so they can be applied 
to physiological problems, such as the assimilation of drugs by systems of organs. The 
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Stirring 
device 





FIGURE 8.30 


DIFFERENTIAL EQUATIONS 


Inflow rate R 


Inflow concentration C; 


Volume V 


Outflow rate R 


differential equations governing these reactions can be derived from first princi- 
ples, and we have the tools to solve them. 

A stirred tank reaction takes place in a large tank that is initially filled with 
a solution of a soluble substance, such as salt or sugar. The solution has a known 
initial concentration of the substance, measured in grams per liter (g/L). The tank 
is filled by an inflow pipe at a known rate of R liters per second (L/s) with a so- 
lution of the same substance that has a known concentration of C; g/L. The tank 
also has an outflow pipe that allows solution to leave the tank at a rate equal to the 
inflow rate of R (L/s). Therefore, at all times the volume of solution, denoted V 
and measured in liters, is constant. The configuration of the tank and the names of 
the various parameters are shown in Figure 8.30. 

Imagine that at time t = 0, the inflow and outflow pipes are opened and solution be- 
gins flowing into and out of the tank. We assume that at all times the tank is thoroughly 
stirred, so the solution in the tank has a uniform—but changing—concentration. The goal is to 
find the mass of the substance (salt or sugar) in the tank at all times. 





C CHECK 2 Suppose the tank is filled with a salt solution that initially has a concen- 
tration si 50 g/L and the inflow pipe carries pure water (concentration of 0 g/L). If the 
stirred tank reaction runs for a long time, what is the eventual concentration of the salt 
solution in the tank? < 


A key fact in modeling the stirred tank reaction 1s that 


concentration = ——— or mass = concentration - volume. 
volume 
Let m(t) be the mass of the substance in the tank at time t = 0, with m(0) = mọ given. 
Assuming that the mass m(t) is known at some time t, we ask how it changes in a small time 
interval [t,t + At] to give a new mass m(t + At). The task is to account for all the mass 
that flows into and out of the tank during this time interval. Here is how the mass changes: 


m(t + At) =~ m(t) + mass that flows in — mass that flows out. 
————$$$———S i—i TT ee 


mass at end current C,RAt m(t) 
of interval mass oo 


The crux of the modeling process is to determine the inflow and outflow terms in this 
equation. Consider the inflow first. Solution flows in at a rate R L/s, so the volume of 
solution that flows into the tank in At seconds is RAt liters (check that the units work out). 
The solution that flows into the tank has a concentration of C; g/L; therefore, the mass of 
substance that flows into the tank in time Aft is 

Ci > R > At (grams). 
S > ao 


concentration inflow rate time 
g/L L/s interval 


(Remember that mass = concentration * volume; check the units.) 

Now let’s look at the outflow term. At time f, the mass of substance in the tank is 
m(t), so the concentration of the solution is m(t)/V g/L. As with the inflow, the volume 
of solution that flows out of the tank in At seconds is RAt liters, and the mass of substance 
that flows out of the tank in time At is 


dial) 


R + At (grams). 


V =—— : 
—— _ outflow rate time 
concentration | /s interval 
g/L 


We now substitute these quantities into the mass change equation: 


m(t) 
m(t + At) =~ m(t) + C,RAt — ay RAL 








inflow 
outflow 


FIGURE 8.31 


m(t) = 25,000 — 20,000e~ 9.008! 
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This equation is an approximation because the mass of substance changes during the time 
interval {t,t + At]. However, the approximation improves as the length of the time inter- 
val At decreases. We divide through the mass change equation by At: 
m(t + At) — m(t m(t 
(+ A) =m) or Op 
At V 


—>m'(t)as At—>0 





Observe that the left side of the equation approaches the derivative m’ (t) as At approaches 
zero. The result is a differential equation that governs the mass of the substance in the 
stirred tank. We have a familiar, linear first-order initial value problem to solve: 


R 
m'(t) = — pint) + CR, m(0) = mo. 
The solution of this equation is analyzed in Exercise 35. 


EXAMPLE 3 A stirred tank A 1000-L tank is filled with a brine (salt) solution with 
an initial concentration of 5 g/L. Brine solution with a concentration of 25 g/L flows into 
the tank at a rate of 8 L/s, while thoroughly mixed solution flows out of the tank at 8 L/s. 


a. Find the mass of salt in the tank, for t = 0. 


b. Find the concentration of the solution in the tank, for t = 0. 
SOLUTION 


a. We are given the initial concentration of the solution in the tank. To find the initial 
mass of salt in the tank, multiply the concentration by the volume: 


ins, = 100015 = = 50000. 
L 


The inflow concentration is C; = 25 g/L and inflow rate is R = 8 L/s. Therefore, the 
initial value problem for the reaction is 


8 
m'(t) = E + 25°8 
= —0.008m(t) + 200, m(0) = 5000. 


This is an equation of the form y’(t) = ky + b, which was discussed in Section 8.4. 
Letting k = —0.008 and b = 200, the general solution is 


b — Cet _ 200 = Ce 0.008 + 25.000 
k (—0.008) i 


m(t) = Ce” — 
The initial condition m(0) = 5000, when substituted into the general solution, implies that 
5000 = C + 25,000 = C = —20,000. 
Therefore, the solution of the initial value problem is 


m(t) = 25,000 — 20,000e?-°"*", 


The graph of m (Figure 8.31) indicates that the mass of salt in the tank approaches 
25,000 g as t increases. This mass corresponds to a concentration of 25,000 g/ 1000 
L = 25 g/L, which is the concentration of the inflow solution. As time increases, the 
original solution in the tank 1s replaced by the inflow solution. 


b. The concentration is found by dividing the mass function by the volume of the tank. 


Therefore, the concentration function is 


C(t) = 25 = 20e°-** fort = 0. 
Related Exercises 23—26< 
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— ae Predator-Prey Models 
160 = Perhaps the best-known graph in wildlife ecology shows 100 years of 
140 data, collected by the Hudson Bay Company, of populations of Cana- 
io dian lynx and snowshoe hare (Figure 8.32). The striking features of 
E e these graphs are the cyclic fluctuations of the two populations and the 
2 fact that the hare population is out of phase with the lynx population. In 
g %0 general, two species may interact in a competitive way, in a cooperative 
= eo N | way, or, as in the case of the lynx-hare pair, as predator and prey. In this 
40 fI | section, we investigate the fundamental model for describing predator- 

m \ \ prey interactions. 

í V K Our task is to consider a system consisting of two species—one a 
1845 1855 1865 1875 1885 1895 1905 1915 1925 1935 predator and one a prey—and to devise a pair of differential equations that 


FIGURE 8.32 


» The original predator-prey model is 
attributed to the Belgian mathematician 
Pierre François Verhulst (1804-1849). 
The model was further developed 
independently by the American 
biophysicist Alfred Lotka and the Italian 
mathematician Vito Volterra, who used 
it to study shark populations. These 
equations are also called the Lotka- 
Volterra equations. 


describes their interactions and whose solutions give their populations. To 

be specific, let the predator be foxes, whose population at time t = O is 
F(t), and let the prey be hares, whose population at time t = 0 is H(t). Here are the assump- 
tions that underlie the model. 


e In the absence of hares (prey), the fox population decreases exponentially, while encounters 
between hares and foxes increase the fox population (the hares are the food supply). 

e In the absence of foxes (predators), the hare population increases exponentially, while en- 
counters between hares and foxes deplete the hare population (the foxes eat the hares). 


Here is a set of differential equations that incorporate these assumptions. 


F'(t) = -—aF(t) +  bF(t)H(t) 
ey lS a ES 
rate of change natural decay increase in foxes 
of fox population of foxes due to fox hare 
encounters 
H'(t) = cH(t) —  dF(t)H(t) 
Tp EERS ee eS 
rate of change natural growth decrease in hares 
of hare population of hares due to fox hare 
encounters 


In these equations, a, b, c, and d are positive real numbers. 

Notice that in the first equation, the rate of change of the fox population decreases 
with the size of the fox population and increases with the number of fox hare interactions. 
It is assumed that the number of fox hare interactions is proportional to the product of the 
fox and hare populations. In the second equation, the rate of change of the hare population 
increases with the size of the hare population and decreases with the number of fox hare 
interactions. 

We have no methods for solving such a pair of equations; indeed, finding an analyti- 
cal solution is challenging (Exercise 39). Fortunately, we can resort to a familiar tool to 
study the solutions: direction fields. However, in this case, because there are two unknown 
solutions, the direction field is plotted in the FH-plane. 

Let’s first rewrite the governing equations more compactly. 


F'(t) = —aF + bFH = F(—a + bH) 

H'(t) = cH — dFH = H(c — dF) 
As with the direction fields we studied earlier, we look for conditions for which the de- 
rivatives are zero, positive, and negative. Because F and H are populations, we assume 
that they have nonnegative values. 


The points in the FH-plane at which F’(t) = H'(t) = 0 are special because they 
correspond to equilibrium solutions. You should verify that there are two such points: 


(F,H) = (0,0) and (F, H) = z . If the two populations have either of these initial 


values, then they remain constant for all time. 


F'<0,H'>0 P< 0, H'< 0 





FIGURE 8.33 


» Notice that when we plot solutions in the 
FH-plane, the independent variable t does 
not appear explicitly in the graph. That is, 
the graph in the F'H-plane is different than 
a graph of F as a function of tor Has a 
function of t. As a result, it is not possible 
to determine the period of the oscillations 
from the graph in the FH-plane. 
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FIGURE 8.34 


» The variables in population models are 
often scaled to some reference quantity. 
For example, F and H may be measured 
in hundreds of individuals, so that F = 3 


might mean 300 foxes. 





FIGURE 8.35 
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Recalling that F > 0, the condition F’(t) = F(—a + bH) > 0 is satisfied when 


a 

—a + bH > 0—or, equivalently, when H > y Using similar reasoning, the condition 
a 

F'(t) < 0 is satisfied when 0 < H < Repeating this process on the second equation 


gives H'(t) = H(c — dF) > Owhen0< F < | and H(t) < 0 when F > ;: 
Figure 8.33 summarizes everything we have learned so far. 
We see that that the vertical line F = r and the horizontal line H = js divide the 


first quadrant of the FH-plane into four regions. In each region, the derivatives of F and H 
have particular signs. For example, in the region nearest to the origin, we have F’ < 0 and 
H’ > 0, which means that F is decreasing and H is increasing in this region. Therefore, 
we mark this region with an arrow that points in the direction of decreasing F and increas- 
ing H. All solution curves move in the negative F-direction and positive H-direction in 
this region. Similar arguments explain the arrows in the other three regions of Figure 8.33. 

If we stand back and look at Figure 8.33, we can see the general “flow” of the solu- 
tion curves. They circulate around the equilibrium point in the clockwise direction. While 
it is not evident from this analysis, it can be shown that the solution curves are actually 
closed curves; that is, they close on themselves. Therefore, if we choose an initial popula- 
tion of foxes and hares, corresponding to a single point in the FH-plane, the resulting solu- 
tion curve eventually returns to the same point. In the process, both F and H oscillate in a 
cyclic fashion—as seen in the Hudson Bay data. 

Figure 8.34 shows two solution curves superimposed on the direction field. 





K 3 Explain why a closed solution curve in the FH-plane represents fox and 
hare populations that oscillate in a cyclic way. « 


EXAMPLE 4 A predator-prey model Consider the predator-prey model given by 
the equations 


F'(t) = —12F + 3FH, 
H'(t) = 15H — 5FH. 
a. Find the lines on which F’ = 0 or H’ = O, and the equilibrium points of the system. 


b. Make a sketch of four regions in the first quadrant of the FH-plane and indicate the 
directions in which the solution curves move in each region. 


c. Sketch a representative solution curve in the FH-plane. 

SOLUTION 

a. Using the first equation and solving F’ = 0 gives the condition 
—12F + 3FH = 3F(—4 + H) = 0, 


which implies that F’ = 0 when F = 0 or when H = 4. Using the second equation 
and solving H’ = O implies that 


15H — 5FH = 5H(3 — F) = 0. 
Therefore, H’ = 0 when H = O or F = 3. The equilibrium points occur when 
F’ = H’ = Q0 (simultaneously). These conditions are satisfied at the points (0, 0) and 


(F, H) = (3,4). Therefore, the system has two equilibrium points. These observa- 
tions are recorded in Figure 8.35. 


b. The horizontal line H = 4 and the vertical line F = 3 divide the first quadrant of the 
FH-plane into four regions. The condition 


F' = —12F + 3FH = 3F(-4 + H) > 0 


612 


CHAPTER 8 œ DIFFERENTIAL EQUATIONS 


implies that H > 4 (recall that F > 0). It follows that F’ < 0 when0 < H < 4. 


Similarly, 


H' = 15H — 5FH = 5H(3 — F) > 0 


when 0 < F < 3, and H’ < 0 when F > 3. These observations are also shown in 
Figure 8.35, and from them, we can see that the solution curves circulate around the 
equilibrium point (3, 4) in the clockwise direction. 


c. Figure 8.36 shows the direction field in detail with a typical solution curve superim- 
posed on the direction field. 
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A final view of the solutions is obtained by using a numerical method, such as Euler’ s 
method, to approximate the solutions of the predator-prey equations. Figure 8.37 shows 
the fox and hare populations, now graphed as functions of time. The cyclic behavior is 
evident, and the period of the oscillations is also seen to be approximately 0.5 time units. 


SECTION 8.5 EXERCISES 


Review Questions 


1. Explain how the growth rate function determines the solution of a 
population model. 

2. What is a carrying capacity? Mathematically, how does it appear 
on the graph of a population function? 

3. Explain how the growth rate function can be decreasing while the 
population function is increasing. 

4. Explain how a stirred tank reaction works. 

5. Is the differential equation that describes a stirred tank reaction (as 
developed in this section) linear or nonlinear? What is its order? 

6. What are the assumptions underlying the predator-prey model dis- 
cussed in this section? 

7. Describe the solution curves in a predator-prey model in the 
FH-plane. 

8. Describe the behavior of the two populations in a predator-prey 
model as functions of time. 

Basic Skills 


9-14. Growth rate functions Make a sketch of the population function 
(as a function of time) that results from the following growth rate func- 
tions. Assume the population at time t = Q begins at some positive value. 


Related Exercises 27-30 


© 
-n 
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12. P’ 21. r = 0.05, K = 1200, Mọ = 90 
22. r = 0.6, K = 5500, Mọ = 20 


23-26. Stirred tank reactions For each of the following stirred tank 
reactions, carry out the following analysis. 


a. Write an initial value problem for the mass of the substance. 
b. Solve the initial value problem and graph the solution to be sure 
that m(0) and lim m(t) are correct. 
t— 00 


23. A 500-L tank is initially filled with pure water. A copper sulfate 
solution with a concentration of 20 g/L flows into the tank at a 
rate of 4 L/min. The thoroughly mixed solution is drained from 
the tank at a rate of 4 L/min. 


24. A 1500-L tank is initially filled with a solution that contains 3000 g 
of salt. A salt solution with a concentration of 20 g/L flows into 
the tank at a rate of 3 L/min. The thoroughly mixed solution is 
drained from the tank at a rate of 3 L/min. 


25. A 2000-L tank is initially filled with a sugar solution with a con- 
centration of 40 g/L. A sugar solution with a concentration of 
10 g/L flows into the tank at a rate of 10 L/min. The thoroughly 





14. p' mixed solution is drained from the tank at a rate of 10 L/min. 

26. A one-million-liter pond is contaminated and has a concentration 
of 20 g/L of a chemical pollutant. The source of the pollutant is 
removed and pure water is allowed to flow into the pond at a rate 
of 1200 L/hr. Assuming that the pond is thoroughly mixed and 
drained at a rate of 1200 L/hr, how long does it take to reduce the 
concentration of the solution in the pond to 10% of the initial value? 

O K P 27-30. Predator-prey models Consider the following pairs of differ- 

ential equations that model a predator-prey system with populations x 

15-16. Solving logistic equations Write a logistic equation with the and y. In each case, carry out the following steps. 
following parameter values. Then solve the initial value problem and a. Identify which equation corresponds to the predator and which cor- 
graph the solution. Let r be the natural growth rate, K the carrying responds to the prey. 
capacity, and Po the initial population. b. Find the lines along which x'(t) = 0. Find the lines along which 
15. r= 0.2,K = 300, P) = 50 A ee 
c. Find the equilibrium points for the system. 
16. r = 0.4, K = 5500, Py = 100 d. Identify the four regions in the first quadrant of the xy-plane in 


which x' and y' are positive or negative. 
e. Sketch a representative solution curve in the xy-plane and indicate 
the direction in which the solution evolves. 


17-18. Designing logistic functions Use the method of Example I to 
find a logistic function that describes the following populations. Graph 


the population function. 
17. The population increases from 200 to 600 in the first year and Bie eA) Nee eee AE) 
eventually levels off at 2000. 28. x'(t) = 2x — 4xy, y'(t) = —y + 2xy 
18. The population increases from 50 to 60 in the first month and 29, x'(t) = —3x + xy, y(t) = 2y — xy 
eventually levels off at 150. 
30. x'(t) = 2x — xy, y(t) = —y + xy 


19. General Gompertz solution Solve the initial value problem , 
Further Explorations 


M ° . . _ 
M'(t) = —rM In (2) M(0) = Mo 31. Explain why or why not Determine whether the following state 
K ments are true and give an explanation or counterexample. 


with arbitrary positive values of r, K, and Mp. a. If the growth rate function for a population model is positive, 
then the population is increasing. 
20-22. Solving the Gompertz equation Solve the Gompertz equation b. The solution of a stirred tank initial value problem always 
in Exercise 19 with the given values of r, K, and Mọ. Then graph the approaches a constant as t > %. 


solution to be sure that M(0) and lim M(t) are correct. 
t— œ 


20. r = 0.1, K = 500, Mọ = 50 
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c. In the predator-prey models discussed in this section, if the ini- 
tial predator population is zero and the initial prey population 
is positive, then the prey population increases without bound. 


32. Growth rate functions 
P 
a. Show that the logistic growth rate function f(P) = re( = z) 
, rK , K 
has a maximum value of Fa at the point P = > 
b. Show that the Gompertz growth rate function 
M rK . 
f(M) = -rM In (2) has a maximum value of — at the point 
e 
K 
M = —. 
e 
33. Solution of the logistic equation Use separation of variables to 
show that the solution of the initial value problem 
P 
P'(t) = (1 = ) P(0) = P 
K 
K 
C=] = ~. 
K —rt 
( = 1) +1 
Po 
34. Properties of the Gompertz solution Verify that the function 
Mo exp(—rt) 
M(t) = K (=) 
K 
satisfies the properties M(0) = Mo and lim M(t) = K. 
t- œ 
35. Properties of stirred tank solutions 
a. Show that for general positive values of R, V, C;, and mọ, the 
solution of the initial value problem 
R 
m'(t) = =y”) + C;R, m(0) = mo 
is m(t) = (mọ — C: Vje ™"Y + Civ. 
b. Verify that m(0) = mọ. 
c. Evaluate lim m(t) and give a physical interpretation of the result. 
d. Suppose mo and V are fixed. Describe the effect of increasing 
R on the graph of the solution. 
Applications 
36. A physiological model A common assumption in modeling drug 


assimilation is that the blood volume in a person is a single com- 
partment that behaves like a stirred tank. Suppose that the blood 
volume is a four-liter tank that initially has a zero concentration 
of a particular drug. At time t = 0, an intravenous line is inserted 
into a vein (into the tank) that carries a drug solution with a con- 
centration of 500 mg/L. The inflow rate is 0.06 L/min. Assume 
that the drug is quickly mixed thoroughly in the blood and that the 
volume of blood remains constant. 


a. Write an initial value problem that models the mass of the drug 
in the blood, for t = 0. 

b. Solve the initial value problem and graph both the mass of the 
drug and the concentration of the drug. 

c. What is the steady-state mass of the drug in the blood? 

d. After how many minutes does the drug mass reach 90% of its 
steady-state level? 


37. RC circuit equation Suppose a battery with voltage V is con- 


38. 


nected in series to a capacitor (a charge storage device) with 
capacitance C and a resistor with resistance R. As the charge Q in 
the capacitor increases, the current J across the capacitor decreases 
according to the following initial value problems. Solve each ini- 
tial value problem and interpret the solution. 


a. I'(t) + So) = 0, (0) = — 


b. O'(1) + =50() = K0) = 0 


U.S. population projections According to the U.S. Census Bureau, 
the nation’s population (to the nearest million) was 281 million in 
2000 and 310 million in 2010. The Bureau also projects a 2050 popu- 
lation of 439 million. To construct a logistic model, both the growth 
rate and the carrying capacity must be estimated. There are several 
ways to estimate these parameters. Here is one approach: 


a. Assume that t = 0 corresponds to 2000 and that the population 
growth is exponential for the first ten years; that is, between 
2000 and 2010, the population is given by P(t) = P(0)e”. 
Estimate the growth rate r using this assumption. 

b. Write the solution of the logistic equation with the value of r 
found in part (a). Use the projected value P(50) = 439 mil- 
lion to find a value of the carrying capacity K. 

c. According to the logistic model determined in parts (a) and (b), 
when will the U.S. population reach 95% of its carrying capacity? 

d. Estimations of this kind must be made and interpreted care- 
fully. Suppose the projected population for 2050 is 450 million 
rather than 439 million. What is the value of the carrying 
capacity in this case? 

e. Repeat part (d) assuming the projected population for 2050 is 
430 million rather than 439 million. What is the value of the 
carrying capacity in this case? 

f. Comment on the sensitivity of the carrying capacity to the 
40-year population projection. 


Additional Exercises 


39. Analytical solution of the predator-prey equations The solution 


of the predator-prey equations 
x'(t) = —ax + bxy, y'(t) = cy — dxy 


can be viewed as parametric equations that describe the solution 

curves. Assume that a, b, c, and d are positive constants and con- 

sider solutions in the first quadrant. 

a. Recalling that ay = 4 (9 

dx  x'(t) 

second equation to obtain a separable differential equation in 
terms of x and y. 

b. Show that the general solution can be written in the implicit 
forme” T= Cx“y“, where C is an arbitrary constant. 

c. Leta = 0.8, b = 0.4,c = 0.9, and d = 0.3. Plot the solution 
curves for C = 1.5, 2, and 2.5, and confirm that they are, in 
fact, closed curves. Use the graphing window [0,9] x [0,9]. 





divide the first equation by the 
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HECK ANSWERS interval between the zeros, or in this case, at P = K/2. 

2. 0g/L 3. Trace a closed solution curve in the FH-plane, 
and watch the values of either variable, F or H. As you tra- 
verse the curve once, the values of each variable increase, then 
decrease (or vice versa), and return to their starting values. << 


1. The graph of the growth rate function is a parabola with 
zeros (intercepts on the horizontal axis) at P = 0 and P = K. 
The vertex of a parabola occurs at the midpoint of the 


€A: REVIEW EXERCISES 


1. Explain why or why not Determine whether the following state- b. Sketch a solution on the direction field with the initial condition 

ments are true and give an explanation or counterexample. y(0) = 3. 

a. The differential equation y’ + 2y = t is first-order, linear, and c. For what values of A are the corresponding solutions increasing, 
separable. fort = 0? l l l 

b. The differential equation y’y = 27? is first-order, linear, and d. For what values of A are the corresponding solutions decreasing, 
separable. i O S 

c. The function y = t + 1/t satisfies the initial value problem e. Identify the equilibrium solutions for the differential equation. 
ty’ + y = 2t, y(1) = 2. y 

d. The direction field for the differential equation y’(t) = t + y(t) Ce a OO OO OO OO OO OOOO 
is plotted in the ty-plane. eee RRN 

e. Euler’s method gives the exact solution to the initial value prob- Oe ee E N 
lem y’ = ty”, y(0) = 3 on the interval [0, a] provided a is not SEIEEIIROII ALS LIG ARS 


FPF FFF IFIP FFF FAP IF FAI AFIS 
I I I I IE ES SE ES ES ES ES SS ES EO EO Ol 





2-10. General solutions Use the method of your choice to find the gen- 


. . . . i ~~ ~ ~~ ~ ~ ~ t 

eral solution of the following differential equations. ~ (GF TIO SSL LT 27 S235 [30 
KJRVVVVVSVvvvsvvyevyesyss 
’ — 3 _ (OEE VE E VE VE VE VE VE VE VE E SE OE SE OE OE E SE ES 
2. Wit) Pay =O 3. y'(t) + 2y = 6 AOE E VE WE WE WS SS WS S S S SS S SS SS SS SS SA O S 
5 PURDUE S WR W WE W W WR W WR) 
4 — 4 — > LIILIILIILIILIILIILIIIIIIAI 
4. p'(x) 4p + 8 5. y'(t) 2ty T S S WS WS S WO WOS WO TOA WO O O S WA S OS OA W! 
C ee ee Oe O V O WO W OS T V V T O TO W A S) 
E O a O O A W O W O S TO OO O O O O OS R) 





y y =3 
6. 2 Sa T. y(i) = 
y(t ie (=a 


20. Direction fields The direction field for the equation 





e o= Si 9. y'(t) S +1) y'(t) = (t — 2)(y* — 1) is shown in the figure. 
y a. Sketch a solution on the direction field with the initial 
tè condition y(0) = 1.5. 
10. z'(t) = are b. Sketch a solution on the direction field with the initial 
condition y(0) = —1.5. 
11-18. Solving initial value problems Use the method of your choice to c. Use the direction field (do not solve the differential equation) 
find the solution of the following initial value problems. to make a conjecture about lim y(t) when y(0) = 0. Explain 
t— œ 


your reasoning. 


R ae a aa d. Use the direction field to make a conjecture about lim y(t) 
t— œ 


12. y'(t) =—3y + 9,y(0) = 4 when y(0) = 2. Explain your reasoning. 
e. Are there any initial conditions of the form y(0) = A that 
13. O'(t) =Q-8,Q(1) =0 14. y'(x) = ~ (2) —4 result in a solution that is constant for all t = 0? 
y 


mN 
15. u'(t) = (£) „u(1) = 8 16. y'(x) = 4xcsc y, y(0) = w/2 


17. s'(t) s= 412-1 


1 
~ 2s(t+ 2) 


- f N, a SS = = = 


II 
I l 
Il 
II 
Il 
LI 
44 
xs 
\\ 
\\ 


18. 6'(x) = 4x cos? 6,6(0) = 7/4 


19. Direction fields Consider the direction field for the equation 
y’ = y(2 — y) shown in the figure and initial conditions of the 
form y(0) = A. 


a. Sketch a solution on the direction field with the initial condition 
y(0) = 1. 
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Euler’s method Consider the initial value problem 
1 

y(t) = 5,799) = |. 
y 


a. Use Euler’s method with At = 0.1 to compute approximations 
to y(0.1) and y(0.2). 

b. Use Euler’s method with At = 0.05 to compute approximations 
to y(0.1) and y(0.2). 

c. The exact solution of this initial value problem is y = Vr + 1. 
Compute the errors in the approximations to y(0.2) found in 
parts (a) and (b). Which approximation gives the smaller error? 


22-25. Equilibrium solutions Find the equilibrium solutions of the 
following equations and determine whether each solution is stable or 
unstable. 


22. 
24. 
26. 


27. 


28. 


yG) = y2—y) 


y'(t) = sin 2y, for |y| < a 


23. y'(t) = y(3 + y)(y — 5) 
25. y'(t) = y? — y? - 2y 


Logistic growth The population of a rabbit community is 
governed by the initial value problem 


P'(t) = 0.2 Pi z 5) r0 = 50. 


a. Find the equilibrium solutions. 

b. Find the population, for all times t = 0. 

c. What is the carrying capacity of the population? 

d. What is the population when the growth rate is a maximum? 


Logistic growth parameters A cell culture has a population of 20 
when a nutrient solution is added. After 20 hours, the cell popula- 
tion is 80 and the carrying capacity of the culture is estimated to 
be 1600 cells. 


a. Use the population data at t = 0 and t = 20 to find the natural 
growth rate of the population. 

b. Give the solution of the logistic equation for the cell 
population. 

c. After how many hours does the population reach half of the 
carrying capacity? 


Logistic growth in India The population of India was 435 million 
in 1960 (t = 0) and 487 million in 1965 (t = 5). The projected 
population for 2050 is 1.57 billion. 


a. Assume that the population increased exponentially between 
1960 and 1965, and use the populations in these years to deter- 
mine the natural growth rate in a logistic model. 

b. Use the solution of the logistic equation and the 2050 projected 
population to determine the carrying capacity. 

c. Based on the values of r and K found in parts (a) and (b), write 
the logistic growth function for India’s population (measured 
in millions of people). 

d. In approximately what year does the population of India first 
exceed 2 billion people? 


Chapter 8 Guided Projects 





Cooling coffee 
Euler’s method for differential equations 
Predator-prey models 


Period of the pendulum 


29. 


30. 


31. 


32. 


33. 


e. Discuss some possible shortcomings of this model. Why might 
the carrying capacity be either greater than or less than the 
value predicted by the model? 


Stirred tank reaction A 100-L tank is filled with pure water 
when an inflow pipe is opened and a sugar solution with a concen- 
tration of 20 gm/L flows into the tank at a rate of 0.5 L/min. The 
solution is thoroughly mixed and flows out of the tank at a rate of 
0.5 L/min. 


a. Find the mass of sugar in the tank at all times after the inflow 
pipe is opened. 

b. What is the steady-state mass of sugar in the tank? 

c. At what time does the mass of sugar reach 95% of its steady- 
state level? 


Newton’s Law of Cooling A cup of coffee is removed from a mi- 
crowave oven with a temperature of 80°C and allowed to cool in a 
room with a temperature of 25°C. Five minutes later, the tempera- 
ture of the coffee is 60°C. 


a. Find the rate constant k for the cooling process. 
b. Find the temperature of the coffee, for t = 0. 
c. When does the temperature of the coffee reach 50°C? 


A predator-prey model Consider the predator-prey model 
x'(t) = —4x + 2xy, y'(t) = Sy — xy. 


a. Does x represent the population of the predator or prey 
species? 

b. Find the lines along which x'(t) = 0. Find the lines along 
which y'(t) = 0. 

c. Find the equilibrium points for the system. 

d. Identify the four regions in the first quadrant of the xy-plane in 
which x’ and y’ are positive or negative. 

e. Sketch a typical solution curve in the xy-plane. In which direc- 
tion does the solution evolve? 


A first-order equation Consider the equation 

t?y'(t) + 2ty(t) = e~. 

a. Show that the left side of the equation can be written as the 
derivative of a single term. 

b. Integrate both sides of the equation to obtain the general 
solution. 

c. Find the solution that satisfies the condition y(1) = 0. 


A second-order equation Consider the equation 

t?y"(t) + 2ty'(t) — 12 y(t) = 0. 

a. Look for solutions of the form y(t) = t”, where p is to be 
determined. Substitute this trial solution into the equation and 
find two values of p that give solutions; call them p; and p>. 

b. Assuming the general solution of the equation is 
y(t) = Cı t + C, t”, find the solution that satisfies the con- 
ditions y(1) = 0, y’(1) = 7. 


e Terminal velocity 


e Logistic growth 


e A pursuit problem 





9.1 An Overview 


9.2 Sequences 
9.3 Infinite Series 


9.4 The Divergence and 
Integral Tests 


9.5 The Ratio, Root, and 
Comparison Tests 


9.6 Alternating Series 


Sequences and 
Infinite Series 


Chapter Preview This chapter covers topics that lie at the foundation 
of calculus—indeed, at the foundation of mathematics. The first task is to make a clear 
distinction between a sequence and an infinite series. A sequence is an ordered list of num- 
bers, a4, @>,..., while an infinite series is a sum of numbers, a} + a» + ---. The idea of 
convergence to a limit is important for both sequences and series, but convergence is ana- 
lyzed differently in the two cases. To determine limits of sequences, we use the same tools 
used for limits at infinity of functions. Convergence of infinite series is a different matter, 
and we develop the required methods in this chapter. The study of infinite series begins 
with the ubiquitous geometric series; it has theoretical importance and it is used to answer 
many practical questions (When is your auto loan paid off? How much antibiotic is in your 
blood if you take three pills per day?). We then present several tests that are used to deter- 
mine whether series with positive terms converge. Finally, alternating series, whose terms 
alternate in sign, are discussed in anticipation of power series in the next chapter. 


9.1 An Overview 


» Keeping with common practice, the 
terms series and infinite series are used 
interchangeably throughout this chapter. 


> The dots (...) after the last number 
(called an ellipsis) mean that the list 
goes on indefinitely. 


To understand sequences and series, you must understand how they differ and how they 
are related. The purposes of this opening section are to introduce sequences and series 
in concrete terms, and to illustrate their differences and their relationships with each 
other. 


Examples of Sequences 


Consider the following list of numbers: 
{1,4,7, 10, 13, 16,...} 


Each number in the list is obtained by adding 3 to the previous number. With this rule, we 
could extend the list indefinitely. 

This list is an example of a sequence, where each number in the sequence is called a 
term of the sequence. We denote sequences in any of the following forms: 


Ce nn Pree Tart or fa,}. 


The subscript n that appears in a, is called an index, and it indicates the order of terms in 
the sequence. The choice of a starting index is arbitrary, but sequences usually begin with 
n= Oorn = l. 
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QUICK CHECK 1 Find aj, for the 
sequence { 1, 4,7,10,.. ah using the 
recurrence relation and then again 
using the explicit formula for the 

nth term. < 


» When defined by an explicit formula 
d, = f(n), it is evident that sequences 
are functions. The domain is the set of 
positive, or nonnegative, integers, and 
one real number a, is assigned to each 
integer in the domain. 





FIGURE 9.1 


> The “switch” (—1)” is used frequently 
to alternate the signs of the terms of 
sequences and series. 


The sequence { 14, 7, WO, oa } can be defined in two ways. First, we have the rule 
that each term of the sequence is 3 more than the previous term; that is, a, = a, + 3, 
a3 = a, + 3,a4 = a3 + 3, and so forth. In general, we see that 


a, = 1 and a,4, =a, + 3, forn = 1,2,3,.... 


This way of defining a sequence is called a recurrence relation (or an implicit formula). It 
specifies the initial term of the sequence (in this case, a, = 1) and gives a general rule for 
computing the next term of the sequence from previous terms. For example, if you know 
4100, the recurrence relation can be used to find a401. 

Suppose instead you want to find a47 directly without computing the first 146 terms 
of the sequence. The first four terms of the sequence can be written 


a, = 1+ (3:0), a = 1+ (3°1), az= 1 +'(3*2), a4 = 1+ (3:3). 
Observe the pattern: The nth term of the sequence is 1 plus 3 multiplied by n — 1, or 
d, = 1+ 3(n—- 1) = 3n - 2, forn = 1,2,3,.... 


With this explicit formula, the nth term of the sequence is determined directly from the 
value of n. For example, withn = 147, 


a147 = 3° 147 — 2 = 439. 
p3 n 


DEFINITION Sequence 


A sequence { a, } is an ordered list of numbers of the form 


ER N OE R S 


A sequence may be generated by a recurrence relation of the form a„+1 = flan), 
forn = 1,2,3,..., where a, is given. A sequence may also be defined with an 
explicit formula of the form a,, = f(n), forn = 1,2,3,.... 





EXAMPLE 1 Explicit formulas Use the explicit formula for { a, }°_, to write the 
first four terms of each sequence. Sketch a graph of the sequence. 





1 (—1)"n 
a. an, = z; D ar~ a 

2 Mal 
SOLUTION 


1 
a. Substituting n = 1,2,3,4, .. . into the explicit formula a„ = on we find that the 


terms of the sequence are 


TE ERER } 

L L 9° OF VA 16 . 

The graph of a sequence is like the graph of a function that is defined only on a set of 

integers. In this case, we plot the coordinate pairs (n, a„), forn = 1, 2,3,..., resulting 
1 

in a graph consisting of individual points. The graph of the sequence a, = zn suggests 


that the terms of this sequence approach 0 as n increases (Figure 9.1). 


b. Substituting n = 1, 2,3,4,... into the explicit formula, the terms of the sequence are 


{or (-1)°2 (-1)°3 (-1)*4 l= {-4 2 3 4 


Pet 2a alae 











7’ Suon o . 
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From the graph (Figure 9.2), we see that the terms of the sequence alternate in sign 
and appear to approach 0 as n increases. 
Related Exercises 9-16< 


EXAMPLE 2 Recurrence relations Use the recurrence relation for { a, }°_, to write 
the first four terms of the sequences 
â,+1 = 2a, + lay = 1 and a,4, = 2a, + la; = —1. 


SOLUTION Notice that the recurrence relation is the same for the two sequences; only the 
first term differs. The first four terms of the two sequences are as follows. 








n a, With a; = 1 a, With a; = —1 
1 a, = 1 (given) a, = —1 (given) 
PRONIN a I aariaa a, = 2a; + 1 =2(-1) +1 =-]1 

3 A EES EN, ay = 2a, t =2(-1)+1=-1 

4 a4=2a,+1=2-74+1= 15 a4 = 2a, +1 =2(-1) +1 = -1 
We see that the terms of the first sequence increase without bound, while all terms of the 
second sequence are —1. Clearly, the initial term of the sequence has a lot to say about 
the behavior of the entire sequence. 

Related Exercises 17—22< 
ECK 2 Find an explicit formula for the sequence { L3 be Noes } 
(Example 2).< 
EXAMPLE 3 Working with sequences Consider the following sequences. 
a. {a,} = {-2,5, 12, 19,...} b {b,} = {3,6, 12, 24, 48,...} 
(i) Find the next two terms of the sequence. 
(ii) Find a recurrence relation that generates the sequence. 
(iii) Find an explicit formula for the nth term of the sequence. 
SOLUTION 
a. (i) Each term is obtained by adding 7 to its predecessor. The next two terms are 
19 + 7 = 26 and 26 + 7 = 33. 
> In Example 3, we chose the starting index (ii) Because each term is seven more than its predecessor, the recurrence relation is 


to be n = 0. Other choices are possible. 
j 4+1 = a, + 7, aọ = —2, forn = 0,1,2,.... 


(iii) Notice that ag = —2,a,; = —2 + (1°7), anda) = —2 + (2-7), so the explicit 
formula is 


a, = In — 2, forn = 0,1,2,.... 


b. (i) Each term is obtained by multiplying its predecessor by 2. The next two terms are 
48-2 = 96 and 96 -2 = 192. 


(ii) Because each term is two times its predecessor, the recurrence relation is 
4n+1 = 2ay, a9 = 3, forn = 0,1,2,.... 


(iii) To obtain the explicit formula, note that ay = 3, a; = 3(2'), anda, = 3(27). 
In general, 


d, = 3(2"), forn = 0, 1,2,.... 
Related Exercises 23-30 < 
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Limit of a Sequence 


Perhaps the most important question about a sequence is this: If you go farther and farther 
out in the sequence, 4100, - - - 5 410,000» - - - > £100,000; -- - » HOw do the terms of the sequence 
behave? Do they approach a specific number, and if so, what is that number? Or do they 
grow in magnitude without bound? Or do they wander around with or without a pattern? 

The long-term behavior of a sequence is described by its limit. The limit of a sequence 
is defined rigorously in the next section. For now, we work with an informal definition. 


DEFINITION Limit of a Sequence 


If the terms of a sequence { a, } approach a unique number L as n increases, then we 
say lim a, = L exists, and the sequence converges to L. If the terms of the 
no 


sequence do not approach a single number as n increases, the sequence has no limit, 
and the sequence diverges. 





EXAMPLE 4 Limit of a sequence Write the first four terms of each sequence. If you 
believe the sequence converges, make a conjecture about its limit. If the sequence appears 
to diverge, explain why. 








1 r” co 
a. 5 Explicit formula 
ne + | n=1 
b. { COS NTT } Al Explicit formula 
c. {a} 2—1, where a4; = —2a,,@, = 1 Recurrence relation 
SOLUTION 


a. Beginning with n = 1, the first four terms of the sequence are 


{cv oo Aa Tale EEEE ! 
Pelee oe 1 4a TO 25 1017 J 


The terms decrease in magnitude and approach zero with alternating signs. The limit 
appears to be 0 (Figure 9.3). 

















b. The first four terms of the sequence are 
{ cos T, COS 277, COS 377, COS 477, . . J = {—1, LL, Ia 


In this case, the terms of the sequence alternate between —1 and +1, and never 
approach a single value. Thus, the sequence diverges (Figure 9.4). 


c. The first four terms of the sequence are 
{1,—-2a1,—2a5,—-2a3,...} = {1,-2,4,-8,...}. 


Because the magnitudes of the terms increase without bound, the sequence diverges 
(Figure 9.5). 
Related Exercises 3 1-40< 


EXAMPLE 5 Limit of a sequence Enumerate and graph the terms of the following 
sequence and make a conjecture about its limit. 


An? 





FIGURE 9.5 a, = 





; forn = 1,2,3,.... Explicit formula 


The height of each bounce of 
the basketball is 0.8 of the 
height of the previous bounce. 





FIGURE 9.7 
h, 
20 
e 
a h, = 20(0.8)" 
e 
10 " 
ð The sequence values 
° approach 0. 


FIGURE 9.8 
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SOLUTION The first 14 terms of the sequence fa, } The sequence values approach 
are tabulated in Table 9.1 and graphed in Figure 9.6. a, 4 as n increases. 
The terms appear to approach 4. 
4+-——-—-¢ = 0-66 0-06 00¢0-- 
Table 9.1 ° 
n An n an 
l 2.000 8 3.992 
2 3.556 9 3.995 
3 3.857 10 3.996 
4 3.938 11 3997 
5 3.968 12 3.998 
6 3.982 13 3.998 
7 3.988 14 3.999 FIGURE 9.6 


Related Exercises 4]—54< 


EXAMPLE 6 A bouncing ball A basketball tossed straight up in the air reaches a 
high point and falls to the floor. Each time the ball bounces on the floor it rebounds to 0.8 
of its previous height. Let h, be the high point after the nth bounce, with the initial height 
being ho = 20 ft. 

a. Find a recurrence relation and an explicit formula for the sequence { h, }. 

b. What is the high point after the 10th bounce? after the 20th bounce? 

c. Speculate on the limit of the sequence {h,, }. 


SOLUTION 


a. We first write and graph the heights of the ball for several bounces using the rule that 
each height is 0.8 of the previous height (Figure 9.7). For example, we have 


hy = 20ft 
hı = 0.8 ho = 16ft 

hy = 0.8h, = 0.87 hy = 12.80 ft 
h; = 0.8 ho = 0.8° hy = 10.24 ft 
h4 = 0.8 ha = 0.8t ho = 8.19 ft. 


Each number in the list is 0.8 of the previous number. Therefore, the recurrence rela- 
tion for the sequence of heights is 


ha+1 = 0.8h,, forn = 0,1,2,3,..., ho = 20 ft. 
To find an explicit formula for the nth term, note that 
hı = ho+0.8, hy = ho:0.8°, hg =hp°0.8°, and h4 = hy 0.8". 
In general, we have 
h, = ho: 0.8" = 20:0.8", forn = 0,1,2,3,..., 


which is an explicit formula for the terms of the sequence. 


b. Using the explicit formula for the sequence, we see that after n = 10 bounces, the 
next height is 


hio = 20-0.8"° 


l 


2.15 ft. 
After n = 20 bounces, the next height is 
hə = 200.8% = 0.23 ft. 


c. The terms of the sequence (Figure 9.8) appear to decrease and approach 0. A reason- 
able conjecture is that lim h, = 0. 


n—> 0 


Related Exercises 55—-58< 





FIGURE 9.9 
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SEQUENCES AND INFINITE SERIES 


Infinite Series and the Sequence of Partial Sums 


An infinite series can be viewed as a sum of an infinite set of numbers; it has the form 


(oe) 
a, taz t tapt = Dia, 
k=1 
where the terms of the series, d,,d>, ..., are real numbers. An infinite series is quite dis- 


tinct from a sequence. We first answer the question: How is it possible to sum an infinite 
set of numbers and produce a finite number? Here is an informative example. 
Consider a unit square (sides of length 1) that is subdivided as shown in Figure 9.9. 
We let S, be the area of the colored region in the nth figure of the progression. The area of 
the colored region in the first figure is 
1 1 1 21 


Si = Jen; — = 
i 23 2 2 2! 





The area of the colored region in the second figure is $, plus the area of the smaller blue 
square, which is 5+ 4 = 4. Therefore, 
1 1 3 1 FS] 


2? 2 4 4 4 2? 





The area of the colored region in the third figure is S, plus the area of the smaller green 
rectangle, which is ++; = L Therefore, 








1 1 1 7 T. 2 =] 
S =>+-+-s ~ = 
>? 2 4 8 8 g F 
Continuing in this manner, we find that 
1 1 1 1 e=] 
2 4 8 2" a 


If this process is continued indefinitely, the area of the colored region S,, approaches the 
area of the unit square, which is 1. So, it is plausible that 


1 1 1 
im Sy n toa toS n, 
n—>o 2 4 8 

iť lM 


sum continues indefinitely 


This example shows that it is possible to sum an infinite set of numbers and obtain a finite 
number—in this case, the sum is 1. The sequence { S, } generated in this example is ex- 
tremely important. It is called a sequence of partial sums, and its limit is the value of the 
infinite series 5 + 4 + l rie Rg 
EXAMPLE 7 Working with series Consider the infinite series 

0.9 + 0.09 + 0.009 + 0.0009 «2, 


where each term of the sum is 7 of the previous term. 


a. Find the sum of the first one, two, three, four, and five terms of the series. 
b. What value would you assign to the infinite series 0.9 + 0.09 + 0.009 + ---? 
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SOLUTION 
a. Let S,, denote the sum of the first n terms of the given series. Then, 
Si = 0.9 
S, = 0.9 + 0.09 = 0.99 
S; = 0.9 + 0.09 + 0.009 = 0.999 
S4 = 0.9 + 0.09 + 0.009 + 0.0009 = 0.9999 
Ss; = 0.9 + 0.09 + 0.009 + 0.0009 + 0.00009 = 0.99999. 

b. Notice that the sums $,,5>,..., S„ form a sequence { S, }, which is a sequence of 
partial sums. As more and more terms are included, the values of S,, approach 1. 
Therefore, a reasonable conjecture for the value of the series is 1: 

0.9 + 0.09 + 0.009 + 0.0009 + --- = 1. 
S,; = 0.9 





‘HECK 3 Reasoning as in 
Example 7, what is the value of l , 
0.3 + 0.03 + 0.003 + -:-:?« S3 = 0.999 Related Exercises 59-62< 


ee” 
S, = 0.99 


l , The general nth term of the sequence in Example 7 can be written as 
» Recall the summation notation 


intepducedam Chapters: > a,aneans S, = 0.9 + 0.09 + 0.009 + +--+ 0.0...9= 9-014 
k=1 k=1 





n terms 
ay taz t: +a, 


We observed that lim S, = 1. For this reason, we write 
n—> oo 


lim S, = lim $19:0.15 = X 9-0.1% = 1. 
nR nme =i k=l 
S, new object 


CO 


By letting n —> © anew mathematical object >» 9-0.1* is created. It is an infinite series 
k=1 


and it is the limit of the sequence of partial sums. 


> The term series is used for historical Infinite Seri 
reasons. When you see series, you should DEFINITION Iniinite Series 


think sum. Given a Set of numbers fa iU O35. 68 } , the sum 


a, ta, taz t'e = da 
k=1 


is called an infinite series. Its sequence of partial sums { S, } has the terms 
= a + d> 


=a, + a + a3 





ee) n 

QUICK CHECK 4 Do the series X1 and = dı t a + az +e t an = >a e LOR = 1,2, h 
= k=1 k=] 

X k converge or diverge? < l Ea Sn l 

k=1 If the sequence of partial sums { S,, } has a limit L, the infinite series converges to 


that limit, and we write 


oo n 
Sa, = lim Ya, = lim S, = L. 
k=1 Te? OD =] n> 

— a 


Sn 
If the sequence of partial sums diverges, the infinite series also diverges. 
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FIGURE 9.10 


e SEQUENCES AND INFINITE SERIES 





EXAMPLE 8 Sequence of partial sums Consider the infinite series 


Deen 


a. Find the first four terms of the sequence of partial sums. 


b. Find an expression for S„ and make a conjecture about the value of the series. 
SOLUTION 


a. The sequence of partial sums can be evaluated explicitly: 


|! Ækk+1) 2 
2 
1 {€T 1 2 
S = —— — -l — = — 
i r k(k+1) 2 6 3 
3 
1 o 1l 1 i 3 
S = X — = -+-+ => 
i Qk k(k+1) 2 6 12 4 
4 
1 1 1 1 1 4 
M= 9n tt 
Eikkt1i) 2 6 2 2 5 
b. Based on the pattern in the sequence of partial sums, a reasonable conjecture is that 
S -i 1,2,3 hich produces th ES } 
— ee ane — 9 9 a n en ma ee 
. sa Le —— e sequence 53° 4° 5°6 
(Figure 9.10). Because lim TE = 1, we conclude that 
n> N 


, “ 1 
lim S, = kad Po = 
Related Exercises 63—66 < 


HECK 5 Find the first four terms of the sequence of partial sums for the series 





8 


dS (-1 )*k. Does the series converge or diverge? < 


Summary 
This section has shown that there are three key ideas to keep in mind. 
e A sequence ie Oy eas amas a is an ordered list of numbers. 
e An infinite series Xar = ad, + a + a3 + : >is asum of numbers. 
k=1 
e The sequence of partial sums S, = a, + ay + +++ + a, is used to evaluate the 
series dia ke 
k=1 


For sequences, we ask about the behavior of the individual terms as we go out farther 
and farther in the list; that is, we ask about lim a,,. For infinite series, we examine the 
noo 


sequence of partial sums related to the series. If the sequence of partial sums { S, } has a 


limit, then the infinite series dia , converges to that limit. If the sequence of partial sums 
k=1 


does not have a limit, the infinite series diverges. 
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Table 9.2 shows the correspondences between sequences / series and functions, and 
between summing and integration. For a sequence, the index n plays the role of the inde- 
pendent variable and takes on integer values; the terms of the sequence { a, } correspond 
to the dependent variable. 

With sequences {a, }, the idea of accumulation corresponds to summation, whereas 
with functions, accumulation corresponds to integration. A finite sum is analogous to in- 
tegrating a function over a finite interval. An infinite series 1s analogous to integrating a 
function over an infinite interval. 








Table 9.2 
Sequences / Series Functions 
Independent variable n x 
Dependent variable dy f(x) 
Domain Integers Real numbers 
e.g n = 0,1,2,3,... eg. {xix = 0} 
Accumulation Sums Integrals 
Accumulation over a S J ” E 
finite interval ZO á j Le 
Accumulation over an 5 7 
infinite interval a , e 
SECTION 9.1 EXERCISES 
Review Questions Basic Skills 
1. Define sequence and give an example. 9-16. Explicit formulas Write the first four terms of the sequence 
2. Suppose the sequence {a, } is defined by the explicit formula tan Frat 
da, = 1/n, forn = 1,2,3,.... Write out the first five terms of 9. a, = 1/10" 10. a, = 3n+ 1 
the sequence. (-1)" 
3. Suppose the sequence {a,,} is defined by the recurrence relation HW. a, = gn 12. a, = 2 + (=1)" 
a,+, = na,,forn = 1,2,3,..., where a, = 1. Write out the a 
first five terms of the sequence. 13. a, = = a 14. a,=n+1/n 
4. Define finite sum and give an example. 
15. a4,=1+ si 2 16. a, = 2n* -—3n+1 
5. Define infinite series and give an example. ia S a Á " 
17-22. Recurrence relations Write the first four terms of the sequence 
= defined by the followi lations. 
6. Given the series Sk evaluate the first four terms of its sequence {an} defined by the following recurrence relations 
= I Gig — 202 -ay=—2 
of partial sums S,, = Sik. 18. a,4; = a,/2; a, = 32 
k=1 
n 19. a,., = 3a, — 12; a; = 10 
7. The terms of a sequence of partial sums are defined by S,, = > k’, 
k=1 0: Ga =o HS i aes 
forn = 1,2,3,.... Evaluate the first four terms of the sequence. 21. dpi, = 34,2 +n+1: a, =0 
8. Consider the infinite series > Evaluate the first four terms of 22. dnt) = An + Gy-15 4) = lag = 1 


k=l 
the sequence of partial sums. 
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23-30. Working with sequences Several terms of a sequence 

{a} Z- are given. 

a. Find the next two terms of the sequence. 

b. Find a recurrence relation that generates the sequence (supply the 
initial value of the index and the first term of the sequence). 

c. Find an explicit formula for the general nth term of the 


sequence. 
23. hepa} 24. {1,-2,3,-4,5,...} 
25. {-5,5,—5,5,...} 26. {2,5,8,11,...} 
27. a LLAS 1634.4) 28. + 1,4;9;16,95;2.4) 
29. {1,3,9,27,81,...}$ 30. {64, 32, 16,8,4,...$ 


31-40. Limits of sequences Write the terms a , a2, a3, and a; of the 
following sequences. If the sequence appears to converge, make a con- 
jecture about its limit. If the sequence diverges, explain why. 


31. a, = 10° — 1; n= 1,2,3,... 


32. a, = nf + 1; n = 1,2,3,... 


33. a, = n = 1,2,3,... 


10” 
34. an+1 = a,/2; dy = 1 





—1)" 
35. a =! E ae 
n 
36. a, = 1 — 10™; n = 1,2,3,... 
dn 
37. Onl = E ma 


38. da,4; =1- la, tF; 
39. a„+1 = 0.5a, + 50; aọ = 100 
40. a,1; = 10a, — 1; agọ = 0 


41-46. Explicit formulas for sequences Consider the formulas for 
the following sequences. Using a calculator, make a table with at least 
10 terms and determine a plausible value for the limit of the sequence 
or State that it does not exist. 


Al, cot 2" 4 = 1, S 
42. a, = 2tan™ (10007); n = 1,2,3,... 
43. a, = n? — n; n = 1,2,3,... 


1007 — 1 

44. a, = S n = 
10n 

-n= 

© ae 


46. a, = 2”sin(2”); n = 1,2,3,... 


| es Sree 


45. a n = 2,3,4,... 


47—48. Limits from graphs Consider the following sequences. 

a. Find the first four terms of the sequence. 

b. Based on part (a) and the figure, determine a plausible limit of the 
sequence. 


47. a, =24+2" n= 1,2,3,... 


2 Coooooooooooo 








n 
48. a, = 3 -n = 2,3,4,... 
n~ — 1 

a 

n 
2.0 
1.5 

e 
e 

1.0 Ceoeoeeeeeeeee 





49-54. Recurrence relations Consider the following recurrence re- 


lations. Using a calculator, make a table with at least 10 terms and 
determine a plausible value for the limit of the sequence or state that it 
does not exist. 


1 
= -a, + 2; ag = 3 


49. 
an+1 9) 

50 : 3 1 
è Uj ~ T Ug ; ay — 
n 4 n—-1 0 
51. An+1 ~ 2a, T i ag = 0 


a 
52. djs) = Z; do = 32 


1 
53. an, = Ya + 3: dy = 1000 


54. a+ — vI n Te a) = 1 


55-58. Heights of bouncing balls Suppose a ball is thrown upward to 
a height of hy meters. Each time the ball bounces, it rebounds to a frac- 
tion r of its previous height. Let h, be the height after the nth bounce. 
Consider the following values of ho and r. 


a. Find the first four terms of the sequence of heights {h,}. 
b. Find an explicit formula for the nth term of the sequence {h, }. 


55. ho = 20, 7 = 05 56. ho = 10, r = 0.9 


57: hy = 30, r= 0.25 58. ho = 20, r = 0.75 


59-62. Sequences of partial sums For the following infinite series, 
find the first four terms of the sequence of partial sums. Then make a 
conjecture about the value of the infinite series. 


59, 0.3 + 0.03 + 0.003 4 += 

60. 0.6 + 0.06 + 0.006 + --- 

61. 4+ 0.9 + 0.09 + 0.009 + --- 

62. 1+5+5+34+-°° 

63-66. Formulas for sequences of partial sums Consider the follow- 
ing infinite series. 

a. Find the first four terms of the sequence of partial sums. 


b. Use the results of part (a) to find a formula for S,,. 
c. Find the value of the series. 


‘ 3 a 4 
P AAE 64. ok 





65. ar Pa 66. > 


= = 


Further Explorations 
67. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. The sequence of partial sums for the series 1 +2 +3 ++»: 
is 4153; 6p 10,...}. 

b. If a sequence of positive numbers converges, then the terms of 
the sequence must decrease in size. 

c. If the terms of the sequence { a, } are positive and increase 
in size, then the sequence of partial sums for the series 


> a, diverges. 
k=1 


68—69. Distance traveled by bouncing balls Suppose a ball is 
thrown upward to a height of hy meters. Each time the ball bounces, 
it rebounds to a fraction r of its previous height. Let h, be the height 
after the nth bounce and let S,, be the total distance the ball has trav- 
eled at the moment of the nth bounce. 


a. Find the first four terms of the sequence {S,,}. 
b. Make a table of 20 terms of the sequence {S,,} and determine a 
plausible value for the limit of {S,, }. 


68. hy = 20, r= 0.5 
69. hy = 20, r = 0.75 


70-77. Sequences of partial sums Consider the following infinite 
series. 


a. Write out the first four terms of the sequence of partial sums. 
b. Estimate the limit of {S,,} or state that it does not exist. 


70. > cos (mk) 71. Y, 9(0.1) 
k=1 k=1 

a. > de i D3 
k=1 k=1 


74. Sk 75. 5 (1) 


76. 5 (—1)*k 77. 5 


82. 
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Applications 


78-81. Practical sequences Consider the following situations that 


generate a sequence. 


a. Write out the first five terms of the sequence. 

b. Find an explicit formula for the terms of the sequence. 

c. Find a recurrence relation that generates the sequence. 

d. Using a calculator or a graphing utility, estimate the limit of the 
sequence or state that it does not exist. 


78. Population growth When a biologist begins a study, a colony of 
prairie dogs has a population of 250. Regular measurements re- 
veal that each month the prairie dog population increases by 3%. 
Let p, be the population (rounded to whole numbers) at the end of 
the nth month, where the initial population is pọ = 250. 


79. Radioactive decay A material transmutes 50% of its mass to an- 
other element every 10 years due to radioactive decay. Let M,„ be 
the mass of the radioactive material at the end of the nth decade, 
where the initial mass of the material is Mọ = 20 g. 


80. Consumer Price Index The Consumer Price Index (the CPI is a 
measure of the U.S. cost of living) is given a base value of 100 in 
the year 1984. Assume the CPI has increased by an average of 3% 
per year since 1984. Let c, be the CPI n years after 1984, where 
= 100. 


81. Drug elimination Jack took a 200-mg dose of a strong painkiller 
at midnight. Every hour, 5% of the drug is washed out of his 
bloodstream. Let d,, be the amount of drug in Jack’s blood n hours 
after the drug was taken, where dọ = 200 mg. 


A square root finder A well-known method for approximating 
Vc for positive real numbers c consists of the following recur- 
rence relation (based on Newton’s method; see Section 4.8). Let 
ay = c and 


1 C 
ani = 5 Ba Tth forn = 0,1,2,3,.... 


an 


a. Use this recurrence relation to approximate V10. How many 
terms of the sequence are needed to approximate V10 with 
an error less than 0.01? How many terms of the sequence are 
needed to approximate V10 with an error less than 0.0001? 
(To compute the error, assume a calculator gives the exact 





value.) 

b. Use this recurrence relation to approximate Vc, for c = 2, 
3,..., 10. Make a table showing how many terms of the 
sequence are needed to approximate Vc with an error less 
than 0.01. 

‘CK ANSWERS 
1. ajo = 28 2. ap = 2" — 1, n= 1,2,3,... 
3. 0.33333...= 4. Both diverge 5. S, = —1, S, = 1, 


S3 = —2, S4 = 2; the series diverges. < 
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9.2 Sequences 


lim f@) = 1 => lima, = 1 


X>% 





9 10 11 12 13 14 15 ¥* 


FIGURE 9.11 


> 


The converse of Theorem 9.1 is not true. 
For example, if a, = cos 27n, then 
lim a, = 1, but lim cos 27rx does 


n—> 0 x—> 0 


not exist. 


The limit of a sequence {a, } is 
determined by the terms in the tail of the 
sequence—the terms with large values 
of n. If the sequences {a,} and {b, } 
differ in their first 100 terms but have 
identical terms for n > 100, then they 
have the same limit. For this reason, the 
initial index of a sequence (for example, 
n = 0 orn = 1) is often not specified. 


The overview of the previous section sets the stage for an in-depth investigation of 
sequences and infinite series. This section is devoted to sequences, and the remainder of 
the chapter deals with series. 


Limit of a Sequence 


A fundamental question about sequences concerns the behavior of the terms as we go out 
farther and farther in the sequence. For example, in the sequence 


a =0 — a a — aA? Pr anre ee (9 
nee na?in 2’ 5’ 10 


the terms remain positive and decrease to 0. We say that this sequence converges and its 
limit is 0, written lim a, = 0. Similarly, the terms of the sequence 


n— o 
„n(n + 1) 


C = fn ame e 


increase in magnitude and do not approach a unique value as n increases. 
In this case, we say that the sequence diverges. 

Limits of sequences are really no different from limits at infinity of 
functions except that the variable n assumes only integer values as n — œ. 
This idea works as follows. 

Given a sequence {a,}, we define a function f such that 
f(n) = a,, for all indices n. For example, if a, = n/(n + 1), then we 
let f(x) = x/(x + 1). By the methods of Section 2.5, we know that 
lim f(x) = 1; because the terms of the sequence lie on the graph of f, it 


x7 0 
follows that lim a, = 1 (Figure 9.11). This reasoning is the basis of the 
nwo 


following theorem. 


= {-1,3,-6,10,...} 


noo 


THEOREM 9.1 Limits of Sequences from Limits of Functions 
Suppose f is a function such that f(n) = a, for all positive integers n. 
If lim f(x) = L, then the limit of the sequence {a,, } is also L. 

x7 0 





Because of the correspondence between limits of sequences and limits at infinity of 
functions, we have the following properties that are analogous to those for functions given 
in Theorem 2.3. 


THEOREM 9.2 Properties of Limits of Sequences 
Assume that the sequences { a, } and { b, } have limits A and B, respectively. Then, 


1. lim (a, + b,) =A +B 


nw oo 


lim ca, = cA, where c is a real number 





> For a review of l’ Hôpital’ s Rule, see 
Section 4.7, where we showed that 


, ay 
lim (1 + =e 
xo X 


> Itis not necessary to convert the terms of 
a sequence to a function of x, as we did 
in Example la. You can take the limit 
as n — © of the terms of the sequence 
directly. 


» Nondecreasing sequences include 
increasing sequences, which satisfy 
An+1 > G, (strict inequality). 
Similarly, nonincreasing sequences 
include decreasing sequences, which 
satisfy a4 „+1 < a,. For example, the 
sequence Ii 1,2,2,3,3,4,4,.. a iS 
nondecreasing but not increasing. 
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EXAMPLE 1 Limits of sequences Determine the limits of the following sequences. 


3n’ Stay 
a. a, = = b. b, = ( z) c. c, = ni 





n? +1 n 


SOLUTION 
3 





a. A function with the property that f(n) = a, is f(x) = — FI Dividing numerator and 
X 


denominator by x° (Section 2.5), we find that lim f(x) = 3. (Alternatively, we can apply 
xXx— > 0 


l Hôpital’ s Rule and obtain the same result.) Either way, we conclude that lim a, = 3. 


nwo 
5 + ý I 
lim b, = Jim ( z) = tim(1 +3) 
has the indeterminate form 1”. Recall that for this limit (Section 4.7), we first evaluate 
5A” 5 
L= im m(1 +3) = im nin (1 +$) 
n—o n n—-c n 


and then, if L exists, lim b, = a Using I’ Hopital’s Rule for the indeterminate form 
0/0, we have -i 


b. The limit 





, 5 _ In(l + (5/n)) 
L = lim nln| 1 + 7) 7 lm —— Indeterminate form 0/0 


no n—> 0 1/n 
a (-3) 
=~ 1+ (5/n) n> 
= lim —————_ ’Hopital’s Rule 
ne =y 


= lim 


J 
—— oa Simplify; 5 0 00 , 
=E implify; 5/n —> 0 as n —> 





, , S5+n\" 
Because lim b, = e = e’, we have im ( =e. 


nwo noo 


Inn 
c. We first evaluate L = lim lnn!” = lim —- if L exists, then lim c, = ae Using 


n— œ no nN n—oo 
either one application of l’ Hôpital’ s Rule or the relative growth rates in Section 4.7, 
we find that L = 0. Therefore, lim c, = e? = 1. 


nwo 


Related Exercises 9-34< 


Terminology for Sequences 


We now introduce some terminology similar to that used for functions. A sequence { a,, } 
in which each term is greater than or equal to its predecessor (a,+,; = d,) is said to be 
nondecreasing. For example, the sequence 


Unt eee | 
tee SR a en 
nf, 73A 


is nondecreasing (Figure 9.12). A sequence {a, } is nonincreasing if each term is less 
than or equal to its predecessor (a,,4, < a„). For example, the sequence 


Ut hes eee} 
L+? =42,5575... 
nfo- 234 


is nonincreasing (Figure 9.12). A sequence that is either nonincreasing or nondecreasing 
is said to be monotonic; it progresses in only one direction. Finally, a sequence whose 
terms are all less than or equal to some finite number in magnitude (|a,| < M, for some 


630 CHAPTERY œ 





K 1 Classify the following 
sequences as bounded, monotonic, or 
neither. 


7 15 

a. Sto Bs Toe ss of 
1 L 
2 


b 
c. {1,— 
d 













BIRS eo 6-0-0-0 ¢-e- 


Even terms 


n|—= 


(—1)" n2 
n n24] 





5 10 
lim b. does not exist 


noo 


15 


Odd terms 
____© © e@ e eee e__ 


FIGURE 9.14 
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CO 


1 
real number M) is said to be bounded. For example, the terms of fı = 3 satisfy 


n=l 
ioe) 


1 
la„| < 1, and the terms of fı + R, satisfy |a„| = 2 (Figure 9.12); so these sequences 


are bounded. 7 


Nonincreasing bounded sequence 


© 0 0o o 
1.0 ©0000 oo 


yennoneees \ at 


Nondecreasing bounded sequence 


0.5 © 





FIGURE 9.12 


EXAMPLE 2 Limits of sequences and graphing Compare and contrast the behavior 
of {a, } and {b,} asn —> œ. 


my) se (—1)" 32 
n3/2 + 1 cn 3/2 4 1 


SOLUTION 


a. da, = 


a. The sequence {a,,} consists of positive terms. Dividing the numerator and denomina- 





tor of a, by no! > we see that 
. nil? . 1 
lim a, = lim = lim —— = 1. 
no n—> 0 n3/? + I n—0o 
1+ —~ 
3/2 


approaches 0 as n —> œ% 
The terms of this sequence are nondecreasing and bounded (Figure 9.13). 


b. The terms of the bounded sequence { b, } alternate in sign. Using the result of part (a), 
it follows that the even terms form an increasing sequence that approaches +1 and the 
odd terms form a decreasing sequence that approaches —1 (Figure 9.14). Therefore, 
the sequence diverges, illustrating the fact that the presence of (— 1)” may significantly 
alter the behavior of the sequence. 

Related Exercises 35-44< 


Geometric Sequences 


Geometric sequences have the property that each term is obtained by multiplying the 
previous term by a fixed constant, called the ratio. They have the form {r”} or {ar}, 
where the ratio r and a ¥ Q are real numbers. 


EXAMPLE 3 Geometric sequences Graph the following sequences and discuss their 
behavior. 


a. {0.75"} b. {(—0.75)"} c. {1.157} d. {(—1.15)"} 
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SOLUTION 


a. When a number less than | in magnitude is raised to increasing powers, the resulting 
numbers decrease to zero. The sequence { 0.75"} converges monotonically to zero 
(Figure 9.15). 


b. Note that { (—0.75)"} = {(—1)"0.75"}. Observe also that (— 1)” oscillates between 
+1 and —1, while 0.75” decreases to zero as n increases. Therefore, the sequence oscillates 
and converges to zero (Figure 9.16). 


1 Because (—r)” = (—1)"r” and 
0 <r < 1, the sequence oscillates 
and converges to Q. 


wile 


Because 0 < r < 1, the sequence 
converges monotonically to 0. 





1 
2 a, = (-0.75)" 





FIGURE 9.15 FIGURE 9.16 


c. When a number greater than 1 in magnitude is raised to increasing powers, the resulting 
numbers increase in magnitude. The terms of the sequence { 1.15” } are positive and 
increase without bound. In this case, the sequence diverges monotonically (Figure 9.17). 


d. We write { (—1.15)”} = {(—1)"1.15"} and observe that (—1)" oscillates between 
+1 and —1, while 1.15” increases without bound as n increases. The terms of the 
sequence increase in magnitude without bound and alternate in sign. In this case, the 
sequence oscillates and diverges (Figure 9.18). 


Because r > 1, the sequence ar 

20 diverges monotonically. Because (—r)"” = (—1)"r” 
20 
and r > 1, the sequence 
å 15 oscillates and diverges. e 
15 
e 
e 

10 a, = (1.15)" . 





—10 a, = (—1.15)" ° 





FIGURE 9.17 FIGURE 9.18 
Related Exercises 45—52< 


ECK 2 Describe the behavior of Tye) in the cases r = —1 andr = 1.< 





The results of Example 3 and Quick Check 2 are summarized in the following theorem. 
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THEOREM 9.3 Geometric Sequences 
Let r be areal number. Then, 


0 if |r| < 1 
lim 7? =< 1 ifr= 1 
nwo 


does not exist if r=-—lorr> 1. 
If r > 0, then {r”} converges or diverges monotonically. If r < 0, then {r” } 


converges or diverges by oscillation. 


| 
Diverges i Converges Diverges 
pa =| =s 7S I r> Íl 


=l 0 





The previous examples show that a sequence may display any of the following behaviors: 


e It may converge to a single value, which is the limit of the sequence. 


e Its terms may increase in magnitude without bound (either with one sign or with mixed 
signs), in which case the sequence diverges. 


e Its terms may remain bounded but settle into an oscillating pattern in which the terms 
approach two or more values; in this case, the sequence diverges. 


e Not illustrated in the preceding examples is one other type of behavior: The terms of a 
sequence may remain bounded, but wander chaotically forever without a pattern. In this 
case, the sequence also diverges. 


Squeeze Theorem 


The Squeeze Theorem 


We cite two theorems that are often useful in either establishing that a sequence has a limit 
or in finding limits. The first is a direct analog of Theorem 2.5 (the Squeeze Theorem). 


THEOREM 9.4 Squeeze Theorem for Sequences 
Let {a,}, {b,}, and {c, } be sequences with a, = b, = c, for all integers 





n greater than some index N. If lim a, = lim c, = L, then lim b, = L 
nw oo ee) nwo 


























(Figure 9.19). = 
a, =b =c for alln 
FIGURE 9.19 
cos n 
EXAIVIPLE 4 Squeeze Theorem Find the limit of the sequence b, = — | 
n 
SOLUTION The goal is to find two sequences {a, } and {c,} whose terms lie below 
a =b =é foralln and above the terms of the given sequence { b, }. Note that—1 < cosn = 1, for all n. 
Therefore, 
l cos n l 
— < < 
n+1o n +1 n+) 
i 
ay Di Cn 
Letting a, = ——; and c, = —— ~; we have a, = b, = Ch, forn = 1. Furthermore, 
| | n~ + | 
FIGURE 9.20 lim a, = lim c, = 0. By the Squeeze Theorem, lim b, = O (Figure 9.20). 
n— œ n— n—> 0 


Related Exercises 53—58 


> M is called an upper bound of the 


sequence, and N is a lower bound of 
the sequence. A number M* is the 
least upper bound of a sequence (or a 
set) if it is the smallest of all the upper 
bounds. It is a fundamental property 
of the real numbers that if a sequence 
(or a nonempty set) is bounded above, 
then it has a least upper bound. It can be 
shown that an increasing sequence that 
is bounded above converges to its least 
upper bound. Similarly, a decreasing 
sequence that is bounded below 
converges to its greatest lower bound. 


Most drugs decay exponentially in the 
bloodstream and have a characteristic 
half-life assuming that the drug is 
absorbed quickly into the blood. 
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Bounded Monotonic Sequence Theorem 


Suppose you pour a cup of hot coffee and put it on your desk to cool. Assume that every min- 
ute you measure the temperature of the coffee to create a sequence of temperature readings 
{ T;, D, Ts, ...}. This sequence has two notable properties: First, the terms of the sequence 
are decreasing (because the coffee is cooling); and second, the sequence is bounded below 
(because the temperature of the coffee cannot be less than the temperature of the surround- 
ing room). In fact, if the measurements continue indefinitely, the sequence of temperatures 
converges to the temperature of the room. This example illustrates an important theorem that 
characterizes convergent sequences in terms of boundedness and monotonicity. The theorem is 
easy to believe, but its proof is beyond the scope of this text. 


THEOREM 9.5 Bounded Monotonic Sequences 


A bounded monotonic sequence converges. 





Figure 9.21 shows the two cases of this theorem. In the first case, we see a nondecreasing 
sequence, all of whose terms are less than M. It must converge to a limit less than or equal 
to M. Similarly, a nonincreasing sequence, all of whose terms are greater than N, must 
converge to a limit greater than or equal to N. 


Nonincreasing 


eeeeee 
eee? hes bounded below 


e Nondecreasing 
® bounded above 





FIGURE 9.21 


An Application: Recurrence Relations 


EXAMPLE 5 Sequences for drug doses Suppose your doctor prescribes a 100-mg 
dose of an antibiotic every 12 hours. Furthermore, the drug is known to have a half-life of 
12 hours; that is, every 12 hours half of the drug in your blood is eliminated. 


a. Find the sequence that gives the amount of drug in your blood immediately after each dose. 


b. Use a graph to propose the limit of this sequence; that is, in the long run, how much 
drug do you have in your blood? 


c. Find the limit of the sequence directly. 
SOLUTION 


a. Let d,, be the amount of drug in the blood immediately following the nth dose, where 
n = 1,2,3,...andd, = 100 mg. We want to write a recurrence relation that gives 
the amount of drug in the blood after the (n + 1)st dose (d„+1) in terms of the 
amount of drug after the nth dose (d,,). In the 12 hours between the nth dose and the 
(n + 1)st dose, half of the drug in the blood is eliminated, and another 100 mg of 


drug is added. So, we have 
d,+, = 0.5 d, + 100, forn = 1,2,3,...,withd, = 100, 


which is the recurrence relation for the sequence { d,,}. 
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d b. We see from Figure 9.22 that after about 10 doses (5 days) the 
Steady-state drug level amount of antibiotic in the blood is close to 200 mg, and—impor- 
200’ ee geoeccocceecococeeecooecece — tantly for your body—it never exceeds 200 mg. 
@ 


c. The graph of part (b) gives evidence that the terms of the sequence 
are increasing and bounded (Exercise 96). By the Bounded Mono- 
tonic Sequence Theorem, the sequence has a limit; therefore, 

lim d, = L, and lim d,., = L. We now take the limit of both 
n—>o 


nwo 


sides of the recurrence relation: 


Amount of drug (mg) 


dyj+, = 0.5 d, + 100 Recurrence relation 
lim d,4,; = 0.5 lim d, + lim 100 Limits of both sides 
no 


nwo noo 
15 20 L L 


Dose number L = 0.5L + 100 Substitute L. 





FIGURE 9.22 
Solving for L, the steady-state drug level is L = 200. 


Related Exercises 59-62< 


QUICK CHECK 3 If a drug had the same half-life as in Example 5, (1) how would the 
steady-state level of drug in the blood change if the regular dose were 150 mg instead of 
100 mg? (i1) How would the steady-state level change if the dosing interval were 6 hr 


instead of 12 hr?<« 





Growth Rates of Sequences 


All the hard work we did in Section 4.7 to establish the relative growth rates of functions 

is now applied to sequences. Here is the question: Given two nondecreasing sequences of 

positive terms {a, } and { b, }, which sequence grows faster as n —> ©? As with func- 

tions, to compare growth rates, we evaluate lim a,,/b,. If lim a,/b, = 0, then {b, } 
noo 


noo 


grows faster than {a,}. If lim a, /b, = ©, then {a,} grows faster than {b, }. 
n— 


Using the results of Section 4.7, we immediately arrive at the following ranking of 
growth rates of sequences as n — ©, with positive real numbers p, q, r, s, and b > 1: 


{innn} < {n?} < {n?in'n} < {nP} < {b} << {n"}. 


> 0! = 1 (by definition) As before, the notation {a,} < {b,} means {b,} grows faster than {a,„} asn —> œ. 
H=1 Another important sequence that should be added to the list is the factorial sequence 
21=2.l!=2 {n!}, where n! = n(n — 1)(n — 2)--+ 2+1. 

31 = 3°21 = 6 Where does the factorial sequence {n!} appear in the list? The following argument 


4! = 4-3! = 24 provides some intuition. Notice that 
5! = 5-4! = 120 


6! = 6-5! = 720 n” =nenen::-n, whereas 
a 
A= nen = 12) ee 21. 
n factors 


The nth term of both sequences involves the product of n factors; however, the factors of n! 
decrease, while the factors of n” are the same. Based on this observation, we conclude that 
{n"\ grows faster than {n! }, and we have the ordering {n!} << {n”}. But where does 
{n!} appear in the list relative to { b” }? Again some intuition is gained by noting that 


b” = b-b-b:::-b, whereas 
fe 
n factors 
n! =n'(n— 1)? (im 2) 2 2* 1, 
Je 


n factors 
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The nth term of both sequences involves the product of n factors; however, the factors 
of b” remain constant as n increases, while the factors of n! increase with n. So we claim 
that {n!} grows faster than { b” }. This conjecture is supported by computation, although 
the outcome of the race may not be immediately evident if b is large (Exercise 91). 


THEOREM 9.6 Growth Rates of Sequences 
The following sequences are ordered according to increasing growth rates as 


an 
n— ©; that is, if {a, } appears before {b, } in the list, then lim — 


noo 


< OF 
and im — = œ: 
noo ay 


fintn} = {n?} < {n?in’n} x {nts} <x {b"} x {n!} x {n"}. 


. The ordering applies for positive real numbers p, q,r, s, and b > 1. 





QUICK CHECK 4 Which sequence grows 
faster: {Inn} or {n1t}? What is 
i It is worth noting that the rankings in Theorem 9.6 do not change if a sequence is mul- 
lim ——,.—?<« T a i 
oo ë tiplied by a positive constant (Exercise 104). 


EXAIVIPLE 6 Convergence and growth rates Compare growth rates of sequences to 
determine whether the following sequences converge. 


l In n! } b (ee) z } 
a. P e - SAri C. 
0.000017 n8001 10” 


SOLUTION 





a. Because In n!? = 10 lnn, the sequence in the numerator is a constant multiple of the 
sequence {Inn}. Similarly, the sequence in the denominator is a constant multiple 


of the sequence {n}. By Theorem 9.6, {n } grows faster than {Inn} asn— %; 
10 


therefore, the sequence converges to zero. 


0.0000 1n 


b. The sequence in the numerator is {n? In’ n} of Theorem 9.6 with 
p = 8 andr = 1. The sequence in the denominator is { n?**} 
of Theorem 9.6 with p = 8 and s = 0.001. Because {n?** } 
grows faster than { n” In’n} as n — œ, we conclude that 


n> Inn 
8007 converges to zero. 


c. Using Theorem 9.6, we see that n! grows faster than any exponential 
: >n! 
function as n— œ. Therefore, lim 10" = œ, and the sequence 
noo 


diverges. Figure 9.23 gives a visual comparison of the growth rates 
of {n!} and { 10"}. Because these sequences grow so quickly, we 
plot the logarithm of the terms. The exponential sequence { 10” } 
dominates the factorial sequence {n!} until n = 25 terms. At that 
point, the factorial sequence overtakes the exponential sequence. 
Related Exercises 63-68< 





FIGURE 9.23 


Formal Definition of a Limit of a Sequence 


As with limits of functions, there is a formal definition of the limit of a sequence. 
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When n >N, 
mSS 


FIGURE 9.24 


» In general, 1/e + 1 is not an integer, so 
N should be the least integer greater than 
1/e + 1 or any larger integer. 


DEFINITION Limit of a Sequence 


The sequence { a, } converges to L provided the terms of a, can be made arbitrarily 
close to L by taking n sufficiently large. More precisely, { a, } has the unique limit 
Lif given any tolerance € > Q, it is possible to find a positive integer N (depending 
only on €) such that 


la, — L| <e  whenevern > N. 


If the limit of a sequence is L, we say the sequence converges to L, written 


lim a, = L. 


nwo 


A sequence that does not converge is said to diverge. 





The formal definition of the limit of a convergent sequence is interpreted in much the 
same way as the limit at infinity of a function. Given a small tolerance e > 0, how far 
out in the sequence must you go so that all succeeding terms are within e of the limit L 
(Figure 9.24)? Given any value of e > O (no matter how small), you must find a value of 
N such that all terms beyond a y are within e of L. 


EXAMPLE 7 Limits using the formal definition Consider the claim that 





n 
lim a, = lim 1 = |. 


n— œ nao YL — 


a. Given £ = 0.01, find a value of N that satisfies the conditions of the limit definition. 


b. Prove that lim a, = 1. 


nwo 


SOLUTION 


a. We must find an integer N such that |a, — 1| < e = 0.01, whenever n > N. This 
condition can be written 
n 1 
la, — 1| = —— - 1 — — < 0.01. 
n— 1 n— iI 
Noting that n > 1, the absolute value can be removed. The condition on n becomes 
n — 1 > 1/0.01 = 100, orn > 101. Thus, we take N = 101 or any larger number. 
This means that |a,, — 1| < 0.01 whenever n > 101. 





b. Given any € > 0, we must find a value of N (depending on e) that guarantees 














la, — 1| = 4 = ] < e whenever n > N. Forn > 1 the inequality 
j= 
n P 
1 < e implies that 
H= 
n 1 
— 1| = <E 
n— 1 #= 1 








1 | 
Solving for n, we find that <seorn—-—1> z orn > z + 1. Therefore, given 


, 1 
a tolerance € > 0, we must look beyond a y in the sequence, where N = A + 1, to be 


sure that the terms of the sequence are within € of the limit 1. Because we can provide 
a value of N for any € > Q, the limit exists and equals 1. 


Related Exercises 69—74< 


SECTION 9.2 EXERCISES 


Review Questions 
Give an example of a nonincreasing sequence with a limit. 


1 
2. Give an example of a nondecreasing sequence without a limit. 

3. Give an example of a bounded sequence that has a limit. 

4. Give an example of a bounded sequence without a limit. 

5. For what values of r does the sequence { r”} converge? Diverge? 
6. Explain how the methods used to find the limit of a function as 


x — œ are used to find the limit of a sequence. 


7. Explain with a picture the formal definition of the limit of a 
sequence. 


8. Explain how two sequences that differ only in their first ten terms 
can have the same limit. 


Basic Skills 
9-34. Limits of sequences Find the limit of the following sequences or 
determine that the limit does not exist. 














Go e fa) ues 
nt +1 (3n? +4 2n? + 1 

2e” + 1 ntl 4 
12. pein 13. Hag 14. "A 

e 3 as 
t 

15. {tan'n} 16. {csc in} 17. = ae 

2/n 2\" 
18. {n7/"} 19 1+- 20. 

n 


21. 


WC ta) 


a sO e Wi 
2} wien, = (2/0 5D itn = sono 

28. {In (n? + 1) — In (3n? + 10n) } 

29. {Insin(1/n) + Inn} 30. {n(1 — cos(1/n)) } 
31. {nsin (6/n)} 32. [En 


(-1)"n 


n+ | 


(—1)"*? n2 
2n? +n 





ofr E 


35—44. Limits of sequences and graphing Find the limit of the fol- 
lowing sequences or determine that the limit does not exist. Verify your 
result with a graphing utility. 











—1)" nr 
35. a, = sin (=) 36. a, = = 
2 +I 
sin (nT /3) 3" 
37. = 38. = 
= Vn in 3 4 qn 
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1 n 
39. a, = 1 + cos(+) 40. a, = —-—— 
n 2 sin (e ”) 
7 Inn 
41. a, =e "cosn 42 B= 
an 
n NT 
43. a, = (-1)" 44. a, = cot 
an = (-1) Wn an = CO (= E 5) 


45-52. Geometric sequences Determine whether the following 
sequences converge or diverge and describe whether they do so mono- 
tonically or by oscillation. Give the limit when the sequence converges. 


45. {0.2"} 46. {1.2"} 47. {(-0.7)"} 
48. {(-1.01)"} 49 {1.00001"} 50. {2"3"} 
51. {(-2.5)"} 52. {(—0.003)" } 


53-58. Squeeze Theorem Find the limit of the following sequences or 
state that they diverge. 








si pæn) a. kg oe piaz) 
n 5n 2” 
T {= Z, m [mn [z in) 
Vn n? +4 n+ 1 


59. Periodic dosing Many people take aspirin on a regular basis as 
a preventive measure for heart disease. Suppose a person takes 
80 mg of aspirin every 24 hours. Assume also that aspirin has a 
half-life of 24 hours; that is, every 24 hours, half of the drug in the 


blood is eliminated. 


a. Find a recurrence relation for the sequence { d, } that gives the 

amount of drug in the blood after the nth dose, where d} = 80. 

Using a calculator, determine the limit of the sequence. In the 

long run, how much drug is in the person’s blood? 

c. Confirm the result of part (b) by finding the limit of { d, } 
directly. 


b. 


. Acar loan Marie takes out a $20,000 loan for a new car. The loan 
has an annual interest rate of 6% or, equivalently, a monthly inter- 
est rate of 0.5%. Each month, the bank adds interest to the loan 
balance (the interest is always 0.5% of the current balance), and 
then Marie makes a $200 payment to reduce the loan balance. Let 
B,, be the loan balance immediately after the nth payment, where 
Bo = $20,000. 


a. Write the first five terms of the sequence { B,, }. 

b. Find a recurrence relation that generates the sequence { B, }. 

c. Determine how many months are needed to reduce the loan 
balance to zero. 


61. A savings plan James begins a savings plan in which he deposits 
$100 at the beginning of each month into an account that earns 9% 
interest annually or, equivalently, 0.75% per month. To be clear, 
on the first day of each month, the bank adds 0.75% of the current 
balance as interest, and then James deposits $100. Let B, be the 


balance in the account after the nth payment, where Bọ = $0. 


a. Write the first five terms of the sequence { B, }. 

b. Find a recurrence relation that generates the sequence { B,,}. 

c. Determine how many months are needed to reach a balance of 
$5000. 
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62. Diluting a solution Suppose a tank is filled with 100 L of a 40% 
alcohol solution (by volume). You repeatedly perform the fol- 


lowing operation: Remove 2 L of the solution from the tank and 

replace them with 2 L of 10% alcohol solution. 

a. Let C, be the concentration of the solution in the tank after the 
nth replacement, where Co = 40%. Write the first five terms 
of the sequence {C,,}. 

b. After how many replacements does the alcohol concentration 
reach 15%? 

c. Determine the limiting (steady-state) concentration of the solu- 
tion that is approached after many replacements. 


63-68. Growth rates of sequences Use Theorem 9.6 to find the limit 
of the following sequences or state that they diverge. 


gn n 9 ) 

64. 4 — 65. 
(=) E 
10 1 1000 o"/10 
aG E) af 


69-74. Formal proofs of limits Use the formal definition of the limit 
of a sequence to prove the following limits. 

















1 1 
69. lim —=0 70. lin = = 0 
n—o n n—o n 
3n’ 3 
71. lim ——— = 
n>% 4n? +] 4 
72. limb” = 0, forb > 1 
n—o 
cn E 
73. lim = —, for real numbers c > Oandb > 0 
no bn =F 1 b 
74. lim = 0 





no n? + 1 E 


Further Explorations 
75. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


seuss Oh 
3, then lim — 


a. If lim a, = 1 and lim b, = = 3. 
n—-co n—-co n—-co an 

b. If lim a, = Oand lim b, = œ, then lim a,b, = 0. 
n— œ no no 


c. The convergent sequences {a, } and {b, } differ in their 
first 100 terms, but a, = b,, for n > 100. It follows that 


d. If {a,} = {1,4,4, 
{1, 0,5, 0,4, 0,4, 0,...}, then lim a, 


nao 





= lim b, 
nao 


e. If the sequence { a, } converges, then the sequence 
{(—1)"a,,} converges. 

f. If the sequence { a, } diverges, then the sequence 
{0.000001 a,, } diverges. 


76-77. Reindexing Express each sequence {dp } „=1 as an equivalent 
sequence of the form { b, } Z3. 


76. {2n+1}™_, 
77. {n? + 6n—9}%_, 


78-85. More sequences Evaluate the limit of the following sequences. 

















78. a, = J x? dx 
1 
- (a _ Stsinn 
. a, = 
" 99” 8” 
10 
80. a, = tan! (5) 
10n + 4 
Trg 
81. = 0.99”) + 
4” + 5n! 6" + 3” 
2. = ——_ : = ———_ 
Sa an= + S an n 
84. a, = 85. a, = — 
ni +n°lnn n’ 5" 


86-90. Sequences by recurrence relations Consider the following 


sequences defined by a recurrence relation. Use a calculator, analyti- 
cal methods, and/or graphing to make a conjecture about the value of 
the limit or determine that the limit does not exist. 


86. dai = 7a, + 2; ag =5,n=0,1,2,.... 


87. d,+, = 2a, (1 — a,); ap = 0.3, n = 0,1,2,.... 
88. 4,4; = (ay, + 2/a,); dg = 2,n = 0,1,2,.... 
89. a,+, = 4a, (1 — a,); ao = 0.5, n = 0,1,2,.... 
90. d,4) = V2 + 4,3 aọ = 1, n =0,1,2,.... 

91. Crossover point The sequence {n! } ultimately grows faster than 
the sequence {b"} , for any b > 1,asn— œ. However, b” is 
generally greater than n! for small values of n. Use a calculator to 
determine the smallest value of n such that n! > b” for each of 
the cases b = 2, b = e, and b = 10. 

Applications 


92. Fish harvesting A fishery manager knows that her fish popula- 
tion naturally increases at a rate of 1.5% per month, while 80 fish 
are harvested each month. Let F, be the fish population after the 
nth month, where Fy = 4000 fish. 


a. Write out the first five terms of the sequence { F, }. 
b. Find a recurrence relation that generates the sequence { F, }. 
c. Does the fish population decrease or increase in the long run? 
d. Determine whether the fish population decreases or increases 
in the long run if the initial population is 5500 fish. 
e. Determine the initial fish population Fy below which the popu- 
lation decreases. 


93. The hungry hippo problem A pet hippopotamus weighing 200 Ib 
today gains 5 lb per day with a food cost of 45¢/day. The price 


for hippos is 65¢/lb today but is falling 1¢/day. 


a. Let h, be the profit in selling the hippo on the nth day, where 
hy = (200 lb) X ($0.65) = $130. Write out the first 10 
terms of the sequence { h, }. 

b. How many days after today should the hippo be sold to maxi- 
mize the profit? 


94. Sleep model After many nights of observation, you notice that 
if you oversleep one night you tend to undersleep the following 
night, and vice versa. This pattern of compensation is described 
by the relationship 

1 
Xn+1 = 5 n + x,-1), forn = 1,2,3,..., 
where x, is the number of hours of sleep you get on the nth night 


and x) = 7 and x; = 6 are the number of hours of sleep on the 
first two nights, respectively. 


a. Write out the first six terms of the sequence { x, } and confirm 
that the terms alternately increase and decrease. 
b. Show that the explicit formula 


= @ ay gyre 


Xn 


generates the terms of the sequence in part (a). 
c. What is the limit of the sequence? 


95. Calculator algorithm The CORDIC (COordinate Rotation DIgi- 
tal Calculation) algorithm is used by most calculators to evaluate 
trigonometric and logarithmic functions. An important number in 


the CORDIC algorithm, called the aggregate constant, is 
00 qn N 


li ew F2” n=0 
This infinite product is the limit of the sequence 

n=0 V1 + 22n’ 420 vi 22n’ 420 Vi + ga 
Estimate the value of the aggregate constant. (See the Guided 
Project CORDIC Algorithms: How your calculator works.) 


Additional Exercises 
96. Bounded monotonic proof Prove that the drug dose sequence in 
Example 5, 


d,., = 0.5d, + 100, d; = 100, 


is bounded and monotonic. 


forn = 1,2,3,..., 


97. Repeated square roots Consider the expression 


Vi + V1+ yi + V1 +--- , where the process continues 


indefinitely. 








a. Show that this expression can be built in steps using 
the recurrence relation dg = 1,a,4, = V1 + a,, for 


n = 0,1,2,3,.... Explain why the value of the expression 
can be interpreted as lim a,. 
n— œ 


b. Evaluate the first five terms of the sequence {a, }. 

c. Estimate the limit of the sequence. Compare your estimate 
with (1 + V5)/2, a number known as the golden mean. 

. Assuming the limit exists, use the method of Example 5 to de- 
termine the limit exactly. 

e. Repeat the preceding analysis for the expression 


p t+ Yo a: Vp + Vp +--+, where p > 0. Make a 


table showing the approximate value of this expression for 
various values of p. Does the expression seem to have a limit 
for all positive values of p? 





, where Ile, represents the product dg*d,° °° Gy. 


9.2 Sequences 639 


98. A sequence of products Find the limit of the sequence 


eoi {0D 0-9} 


Continued fractions The expression 


1 
| + —— 


99. 


where the process continues indefinitely, is called a continued 
fraction. 


a. Show that this expression can be built in steps using 
the recurrence relation dg = 1,a,4; = 1 + 1/a,, for 
n = 0,1,2,3,.... Explain why the value of the expression 
can be interpreted as lim a,. 


no 
. Evaluate the first five terms of the sequence {a, }. 


c. Using computation and/or graphing, estimate the limit of the 
sequence. 
. Assuming the limit exists, use the method of Example 5 to 
determine the limit exactly. Compare your estimate with 
(1 + V5)/2, anumber known as the golden mean. 
e. Assuming the limit exists, use the same ideas to determine the 
value of 


S~ 





where a and b are positive real numbers. 


100. Towers of powers For a positive real number p, how do you 


interpret pP” , where the tower of exponents continues indefi- 
nitely? As it stands, the expression is ambiguous. The tower could 
be built from the top or from the bottom; that is, it could be evalu- 
ated by the recurrence relations 


(1) 
(2) 


Gnt+1 = p™ (building from the bottom) or 


Gn+1 = ah (building from the top), 


where dy = p in either case. The two recurrence relations have 
very different behaviors that depend on the value of p. 


a. Use computations with various values of p > 0 to find the 
values of p such that the sequence defined by (2) has a limit. 
Estimate the maximum value of p for which the sequence has 
a limit. 

. Show that the sequence defined by (1) has a limit for certain 
values of p. Make a table showing the approximate value of 
the tower for various values of p. Estimate the maximum value 
of p for which the sequence has a limit. 


101. Fibonacci sequence The famous Fibonacci sequence was pro- 
posed by Leonardo Pisano, also known as Fibonacci, in about 


A.D. 1200 as a model for the growth of rabbit populations. 


640 


102. 


103. 


> 
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It is given by the recurrence relation f,.; = fa + f,-1, for 
n = 1,2,3,..., where fo = 0, fi = 1. Each term of the se- 
quence is the sum of its two predecessors. 


a. Write out the first ten terms of the sequence. 
b. Is the sequence bounded? 


c Jati , , 
c. Estimate or determine ¢ = lim L the ratio of the successive 


=> 00 
n n 


terms of the sequence. Provide evidence that ¢ = (1 + V5)/2, 
a number known as the golden mean. 


d. Verify the remarkable result that 
h= el 
“5 


Arithmetic-geometric mean Pick two positive numbers ag and 
bo with dy > bo and write out the first few terms of the two se- 
quences {a,} and {b,}: 


g" — (—1)"¢") 


Gy. Dy, 
n+1 7 9 > ba+1 





= Va, bn, forn = 0,1,2.... 
(Recall that the arithmetic mean A = (p + q)/2 and the geo- 
metric mean G = V pg of two positive numbers p and q satisfy 
A =G.) 


a. Show that a„ > b, for all n. 

b. Show that {a, } is a decreasing sequence and { b, } is an in- 
creasing sequence. 

c. Conclude that {a,„} and {b, } converge. 

d. Show that a,4,; — bn+1 < (a, — b,)/2 and conclude that 
lim a, = lim b,. The common value of these limits is 


no n—oo 
called the arithmetic-geometric mean of ag and bo, denoted 
AGM (dp, bo). 

e. Estimate AGM(12, 20). Estimate Gauss’ constant 
1/AGM(1, V2). 


The hailstone sequence Here is a fascinating (unsolved) problem 
known as the hailstone problem (or the Ulam Conjecture or the 


9.3 Infinite Series 


OUICK CHECK 


Collatz Conjecture). It involves sequences in two different ways. 
First, choose a positive integer N and call it ap. This is the seed of 
a sequence. The rest of the sequence is generated as follows: For 
n=0,1,2,... 


T 
QAn+1 — l / 


30, = 


if a, 1S even 
if a,, is odd. 


However, if a, = 1 for any n, then the sequence terminates. 


a. Compute the sequence that results from the seeds N = 2, 3, 
4,..., 10. You should verify that in all these cases, the se- 
quence eventually terminates. The hailstone conjecture (still 
unproved) states that for all positive integers N, the sequence 
terminates after a finite number of terms. 

b. Now define the hailstone sequence { H, }, which is the num- 
ber of terms needed for the sequence {a,,} to terminate start- 
ing with a seed of k. Verify that H, = 1, H; = 7, and Hy = 2. 

c. Plot as many terms of the hailstone sequence as is feasible. 
How did the sequence get its name? Does the conjecture 
appear to be true? 


104. Prove that if {a,} << {b,} (as used in Theorem 9.6), then 


{ca,} < {db,}, where c and d are positive real numbers. 


C ANSWERS 





1. (a) bounded, monotonic; (b) bounded, not monotonic; 
(c) not bounded, not monotonic; (d) bounded, monotonic 
(both nonincreasing and nondecreasing). 
sequence 1s {—1, | Was tes eee ae the terms alternate in sign, 
and the sequence diverges. If r = 1, the sequence is 

{ 1,1,1,1,.. $, the terms are constant, and the sequence 
converges. 
state level of drug. 4. {n}! } grows faster; the limit is 0.< 


2. If r = —1, the 


3. Both changes would increase the steady- 


We begin our discussion of infinite series with geometric series. These series arise more 


The sequence of partial sums may be 
visualized nicely as follows: 


ai t a t az taz ee 


frequently than any other infinite series, they are used in many practical problems, and 
they illustrate all the essential features of infinite series in general. First let’s summarize 
some important ideas from Section 9.1. 


CO 


Si Recall that every infinite series diay has a sequence of partial sums: 
Si k=1 
— m 
53. Sy = 4j, S> =a, + d>, S3 = di + a + a3, 


and in general S,, = Sap forn = 1,2,3,.... 
k=1 


> Geometric sequences have the form { r* } 


or { ar“ }. Geometric sums and series 
have the form SF or Sar. 
k k 





10 he 20 1 
a. >) (3) b. D7 
k=0 k=0 
30 
c. > (2k + 1)< 
k=0 





<2 Verify that the geo- 
metric sum formula gives the correct 
result for the sums 1 + $ and 
L+i+ł< 
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If the sequence of partial sums {S,, } converges—that is, if lim S, = L—then the 


noo 


value of the infinite series is also L. If the sequence of partial sums diverges, then the infi- 
nite series also diverges. 

In summary, to evaluate an infinite series, it is necessary to determine a formula for 
the sequence of partial sums {S,,} and then find its limit. This procedure can be carried 
out with the series that we discuss in this section: geometric series and telescoping series. 


Geometric Series 


As a preliminary step to geometric series, we study geometric sums, which are finite sums 
in which each term is a constant multiple of the previous term. A geometric sum with n 
terms has the form 


n=l 
S,=a+ar+ar? +--+ ar! = >ar 
k=0 


where a ¥ 0 and rare real numbers; r is called the ratio of the sum and a is its first term. 
For example, the geometric sum with r = 0.1,a = 0.9, andn = 4is 


0.9 + 0.09 + 0.009 + 0.0009 = 0.9(1 + 0.1 + 0.01 + 0.001) 


$0.9(0.1. 
k=0 


Our goal is to find a formula for the value of the geometric sum 
S,=a+ar+ar? + -+ ar"!, (1) 


for any values of a, r, and the positive integer n. Doing so requires a clever maneuver: We 
multiply both sides of equation (1) by the ratio r: 


rS, = r(a + ar + ar? + ar? +- + ar) 
= ar + ar? + ar? +- + ar! + ar". (2) 


We now subtract equation (2) from equation (1). Notice how most of the terms on the 
right sides of these equations cancel, leaving 


eai — — n 
S, — rs, 5 a ar”. 


Assuming r # | and solving for S,, we obtain a general formula for the value of a geo- 
metric sum: 





Ler 
S, =a (3) 
[=F 
Having dealt with geometric sums, it is a short step to geometric series. We simply 
n=l 
note that the geometric sums S, = >ar form the sequence of partial sums for the 
o k=0 
geometric series Sar The value of the geometric series is the limit of its sequence of 


k=0 
partial sums (provided it exists). Using equation (3), we have 


o0 n=] ic r” 
Xar" = lim Sar = lima 


nwo k= noo 





— — 
geometric series geometric sum S, 


642 CHAPTER9 © SEQUENCES AND INFINITE SERIES 


To compute this limit we must examine the behavior of r” as n —> œ. Recall from our 
work with geometric sequences (Section 9.2) that 


0 if |r| < 1 
lim r” = 1 ifr = 1 
" does not exist ie = —l]orr > I; 


Case 1: |r| < 1 Because lim r” = 0, we have 
noo 








0 
—— ===, 
ppn 1] — lim r” ? 
. . = nwo 
lim S, = lm a = oS 
no no = i | =F l-r 





In the case that |r| < 1, the geometric series converges to ; 


Case 2: [rl > | In this case, lim r” does not exist, so lim S, does not exist and the series 
diverges. = A 


Case 3: |r| = 1 If r = 1, then the geometric series is > =atatat:::, 
KZO 


which diverges. If r = —1, the geometric series is aX (-1)* C=O Fa ==, 


k=0 


which also diverges (because the sequence of partial sums oscillates between 0 and a). So 
ifr = +1, then the geometric series diverges. 


HECK 3 Evaluate 4 TF i + ; T k e 





THEOREM 9.7 Geometric Series 
a 


Tf |r| = 1, 
L= 7 


Let a # O and r be real numbers. If la < 1, then Xar" = 
then the series diverges. k=0 


Diverges Converges Diverges 
pami —h 7 1 rzi 








CK 4 Explain why >. 0.2% converges and why > PA diverges. < 
k=0 k=0 


EXAMPLE 1 Geometric series Evaluate the following geometric series or state that 
the series diverges. 


a. 5 1.1% b. Set c. 53(-0.75)t 
k=0 k=0 k=2 
SOLUTION 
a. The ratio of this geometric series is r = 1.1. Because |r| = 1, the series diverges. 
b. Note that e * = z = (4) Therefore, the ratio of the series is r = 5, and its first 


termisa = 1. Because |r| < 1, the series converges and its value is 


Şe = >(4) = eT =- © 1.582. 


» The series in Example Ic is called an 
alternating series because the terms 
alternate in sign. Such series are 
discussed in detail in Section 9.6. 


» The series in Example 3a is also a 
difference of geometric series and its 


value can be found using Theorem 9.7. 
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c. Writing out the first few terms of the series is helpful: 


S)3(-0.75)* = 3(-0.75)? + 3(—0.75)? + 3(-0.75)* + 
k=2 a Á re sel _—S MM 


a ar ar? 


We see that the first term of the series is a = 3(—0.75)*, and the ratio of the series is 
r = —0.75. Because |r| < 1, the series converges, and its value is 


= 3(—0.75) 27 
a ee e 
= 1 — (-0.75) 28 


Related Exercises 7-40<« 


EXAMPLE 2 Decimal expansions Write 1.035 = 1.0353535.. 
series and express its value as a fraction. 


. aS a geometric 


SOLUTION Notice that the decimal part of this number is a convergent geometric series 
with a = 0.035 andr = 0.01: 


1.0353535 ... = 1 + 0.035 + 0.00035 + 0.0000035 + 
geometric series with a = 0.035 andr = 0.01 
Evaluating the series, we have 


0.035 35 205 
SS of oe eS 
Isy 1 — 0.01 990 198 
Related Exercises 41—54< 


1.0353535... =1 + 





Telescoping Series 


With geometric series, we carried out the entire evaluation process by finding a formula 
for the sequence of partial sums and evaluating the limit of the sequence. Not many in- 
finite series can be subjected to this sort of analysis. With another class of series, called 
telescoping series, it can be done. Here is an example. 


EXAMPLE 3 Telescoping series Evaluate the following series. 


ear Eo 


SOLUTION 


a. The nth term of the sequence of partial sums is 
a 1 1 1 1 1 1 1 
5 = — = = = 2 + = a +H»... + S 
n S3 a) G 5) (5 5) (G =) 
o1 1 1 1 1 1 
= 3 F T32 T 32 ep are Se Tan T 3n = ntl Regroup terms. 


1 l PET 
= 3 = ZnT Simplify. 











Observe that the interior terms of the sum cancel (or telescope) leaving a simple 
expression for S,,. Taking the limit, we find that 


(3 1 ) lin 6 = ii Ç 1 ) 1 
a = H = JIM THAN = te 
= 3k 3+ noe \.3 antl 3 


— 
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» See Section 7.5 for a review of partial b. Using the method of partial fractions, the sequence of partial sums is 


fractions. m 


1 ”/1 1 
Sa = — — — — , 
PT EIF 
Writing out this sum, we see that 
E a 7 ia ae) A Cees 
S,=(1-=)+{(=-=)+l{=-—)+---+(-- 
2 2 3 3 4 n n+l 
1 (- n) (- | 1 
+{-~+—]+---+[-—+-—]- 

2 2 3 3 n n n +1 


_ ee 


0 0 0 











|| 
pond 
+ 
“r 
| 
+ 
| — 








n+1 


Again, the sum telescopes and all the interior terms cancel. The result is a simple 
formula for the nth term of the sequence of partial sums. The value of the series is 


7 1 1 
> ey = ims, = lim (1 - Ja 
f=] k(k E 1) n—>o no n+ I 
Related Exercises 55—68< 





SECTION 9.3 EXERCISES 


Review Questions 19-34. Geometric series Evaluate the geometric series or state that it 
1. What is the defining characteristic of a geometric series? Give an diverges. 

















example. © 1\k o 3\k 00 
aa al k 
2. What is the difference between a geometric sum and a geometric 1a: 5(7) ae: >( z) an ae 
series? . 
2. 5 å 23. S101! a. 5Y 
3. What is meant by the ratio of a geometric series? i 2 7k 3. > 1.01 i p> = 
k=0 k=0 j=0 
4. Does a geometric sum always have a finite value? o% >. g = 
25. Se 2. > — 7. > 
5. Does a geometric series always have a finite value? k=] m=2 2 k=1 
6. What is the condition for convergence of the geometric 28 5 3 +4“ 29 5 + 30 5 ( 4 J 
a eth cs 7 =" =0\3 
series Svar ? 
K=O fer =E ag a 1N co 
E 31. > z 32. 2 33. »> 3> 
Basic Skills 
7-18. Geometric sums Evaluate the following geometric sums. Xf Bok 
34. S| = 
8 10 /4\k 20 / 9N 2k m8 
Te or 8. (3) 9. (=) 
k=0 i=0\4 i=0\5 35—40. Geometric series with alternating signs Evaluate the geomet- 
12 9 3\k 5 ric series or State that it diverges. 
10. X 2x% 1. © (-2) 12, > (25) 7 : ” : P k 
k=4 i=0\ 4 k=1 2 2 = 
35. > |= 36. X |-> 7: 3 
6 10 /4\k 20 =o\ 10 @i\ 3 i=0 T 
13. X r“ 14. ($) 15. X (—1)* m 7 P 1 \3k 
i — = 38. X (-e)* 39. X (—-0.15)* 40. X3 (-1) 
A g k=] k=2 k=] 8 
16. | aS PS s i ; . l ; 
3 9 Z 41-54. Decimal expansions Write each repeating decimal first as a 
1 1 1 1 1 geometric series and then as a fraction (a ratio of two integers). 
Ma ae igs oe 41. 0.3 = 0.333... 42. 0.6 = 0.666... 
1 3 9 943 43. 01 = 0.111... 44. 0.5 = 0.555... 
18. -+ > + — ++ o B 
5 7235 13 15,625 45. 0.09 = 0.090909. .. 46. 0.27 = 0.272727... 
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47. 0.037 = 0.037037... 48. 0.027 = 0.027027... Ji % (—2)* - ark 
JA _ AL o l È g3k+1 j 2 k+1 
49. 0.12 = 0.121212... 50. 1.25 = 1.252525... k=1 k=1€ 
— _ 00 -1 
51. 0.456 = 0.456456456... 52. 1.0039 = 1.00393939... 73, Ink + Dk ) 
= = £ (Ink) In (k + 1) 
53. 0.00952 = 0.00952952. .. 54. 5.1283 = 5.12838383... 
74. Evaluating an infinite series two ways Evaluate the series 
55-68. Telescoping series For the following telescoping series, find a o /] 
formula for the nth term of the sequence of partial sums { S„} . Then > (= a =) two ways as outlined in parts (a) and (b). 
evaluate lim S, to obtain the value of the series or state that the series p 
; al 1 
Ceng OS a. Evaluate `X (5 = =) using a telescoping series 
co oe) k=1 
>( ee ) 56. >( a ) argument. 
k=1 k T 1 k T 2 k=1 k T 2 k T 3 pa 1 
x : r b. Evaluate > (= = =) using a geometric series argument 
k=] 
57. à 58. > 1 1 
{£i (k + 6) re + 7) (0 (3k + 1)(3k + 4) after first simplifying zk = pert PY obtaining a common 
oo 4 20 p à 
59, a 60. a denominator. 
> (ak — 3)(4k + 1) > Gk 1)(2k + 1) 
75. Evaluating an infinite series two ways Evaluate the series 
2< f/k+1 . — {4 4 
61. ain (= ) 62. >í Vik l= Vk) > (4 = >) two ways as outlined in parts (a) and (b). 
k=1 k=l 
63 > where p is a positive integer Evaluat >( : K ) i tel i i 
. aT are. a. Evaluate — — —— ] using a telescoping series 
i (k + p)(k +p tl) A ge g ping 
00 1 argument. 
7 . E x ee) 4 
i p> (ak + 1)(ak t+a+1) vue POSES b. Evaluate Ss (4 = +) using a geometric series argument 
k=] 
00 1 1 4 
65. ———— Ss after first simplifying — — by obtaining a common 
k=1 kl Vk + 3 3k akFl 
7 Gria denominator 
. l 7 
66. >| sin ( JEN ) Ba (5; = -)| 76. Zeno’s paradox The Greek philosopher Zeno of Elea (who lived 
P about 450 B.C.) invented many paradoxes, the most famous of 
67. 5 l which tells of a race between the swift warrior Achilles and a tor- 
£ 16k? + 8k — 3 toise. Zeno argued 


The slower when running will never be overtaken by the 
quicker; for that which is pursuing must first reach the 

point from which that which is fleeing started, so that the 
Further Explorations slower must necessarily always be some distance ahead. 


68. > (tan (k + 1) — tank) 


69. Explain why or why not Determine whether the following state- 


In other words, by giving the tortoise a head start, Achilles will 
ments are true and give an explanation or counterexample. 


never overtake the tortoise because every time Achilles reaches 


a = ; the point where the tortoise was, the tortoise has moved ahead. 
a. > F 1s a convergent geometric series. 





Ee Resolve this paradox by assuming that Achilles gives the tortoise 
o o a 1-mi head start and runs 5 mi/hr to the tortoise’s 1 mi/hr. How 
b. If ais areal number and X ak a” converges, then Xa a far does Achilles run before he overtakes the tortoise, and how 
k=la — long does it take? 
converges. 
7 77. Archimedes’ quadrature of the parabola The Greeks solved sev- 
. then the series eral calculus problems almost 2000 years before the discovery of 
k=1 calculus. One example is Archimedes’ calculation of the area of the 
5 b* converges. region R bounded by a segment of a parabola, which he did using 
[=a the “method of exhaustion.” As shown in the figure, the idea was 
70-73. Evaluating series Evaluate the series or state that it diverges. to fill R with an infinite sequence of triangles. Archimedes began 
N with an isosceles triangle inscribed in the parabola, with area A4, 
70. > [sin’'(1/k) — sin'(1/(k + 1))] and proceeded in stages, with the number of new triangles doubling 


k=l at each stage. He was able to show (the key to the solution) that at 


H 79. 


80. 


646 CHAPTER9 © SEQUENCES AND INFINITE SERIES 


each stage, the area of a new triangle is 1 of the area of a triangle at 
the previous stage; for example, A, = yA), and so forth. Show, as 
Archimedes did, that the area of R is - times the area of A}. 


Parabola 
Se 





78. Value of a series 


a. Find the value of the series 


o0 3k 
p> ‘Cie 


— 1)(3* — 1) 
b. For what value of a does the series 


00 k 


2 (a = 1)(a* pan 1) 


k=1 


converge, and in those cases, what is its value? 


Applications 

House loan Suppose you take out a home mortgage for $180,000 
at a monthly interest rate of 0.5%. If you make payments of $1000 
per month, after how many months will the loan balance be zero? 
Estimate the answer by graphing the sequence of loan balances 
and then obtain an exact answer using infinite series. 


Car loan Suppose you borrow $20,000 for a new car at a monthly 
interest rate of 0.75%. If you make payments of $600 per month, 
after how many months will the loan balance be zero? Estimate 
the answer by graphing the sequence of loan balances and then 
obtain an exact answer using infinite series. 


81. Fish harvesting A fishery manager knows that her fish population 
naturally increases at a rate of 1.5% per month. At the end of each 
month, 120 fish are harvested. Let F, be the fish population after 
the nth month, where Fy = 4000 fish. Assume that this process 
continues indefinitely. Use infinite series to find the long-term 
(steady-state) population of the fish exactly. 


82. Periodic doses Suppose that you take 200 mg of an antibiotic 
every 6 hr. The half-life of the drug is 6 hr (the time it takes for 
half of the drug to be eliminated from your blood). Use infinite 
series to find the long-term (steady-state) amount of antibiotic in 
your blood exactly. 


83. China’s one-son policy In 1978, in an effort to reduce population 
growth, China instituted a policy that allows only one child per 
family. One unintended consequence has been that, because of a 
cultural bias toward sons, China now has many more young boys 
than girls. To solve this problem, some people have suggested 
replacing the one-child policy with a one-son policy: A family 
may have children until a boy is born. Suppose that the one-son 


84. 


85. 


86. 


policy were implemented and that natural birth rates remained the 
same (half boys and half girls). Using geometric series, compare 
the total number of children under the two policies. 


Double glass An insulated window consists of two parallel panes 
of glass with a small spacing between them. Suppose that each 
pane reflects a fraction p of the incoming light and transmits the 
remaining light. Considering all reflections of light between the 
panes, what fraction of the incoming light is ultimately transmit- 
ted by the window? Assume the amount of incoming light is 1. 





Bouncing ball for time Suppose a rubber ball, when dropped 
from a given height, returns to a fraction p of that height. In the 
absence of air resistance, a ball dropped from a height h requires 
V2h/g seconds to fall to the ground, where g ~ 9.8 m/s’ is 

the acceleration due to gravity. The time taken to bounce up to a 
given height equals the time to fall from that height to the ground. 
How long does it take for a ball dropped from 10 m to come to rest? 


Multiplier effect Imagine that the government of a small commu- 
nity decides to give a total of $W, distributed equally, to all its cit- 
izens. Suppose that each month each citizen saves a fraction p of 
his or her new wealth and spends the remaining 1 — p in the com- 
munity. Assume no money leaves or enters the community, and 
all the spent money is redistributed throughout the community. 


a. If this cycle of saving and spending continues for many months, 
how much money is ultimately spent? Specifically, by what 
factor is the initial investment of $W increased? (Economists 
refer to this increase in the investment as the multiplier effect.) 

b. Evaluate the limits p — 0 and p — 1 and interpret their 
meanings. 


(See the Guided Project Economic stimulus packages for more on 
stimulus packages.) 


Snowflake island fractal The fractal called the snowflake island 
(or Koch island) is constructed as follows: Let Jọ be an equilat- 
eral triangle with sides of length 1. The figure 7, is obtained by 
replacing the middle third of each side of Jj by a new outward 
equilateral triangle with sides of length 1/3 (see figure). The 
process is repeated where /,,,, 1s obtained by replacing the middle 
third of each side of Z, by a new outward equilateral triangle with 
sides of length 1/3"*!. The limiting figure as n — œ% is called the 
snowflake island. 
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a. Let L, be the perimeter of J,. Show that lim L, = ©. a. Evaluate f(0), f(0.2), (0.5), f(1), and f(1.5), if possible. 


n—o 
. Wh he d f f? 
b. Let A, be the area of J,. Find lim A,. It exists! b. What is the domain of f 
n— 0 


95. Functions defined as series Suppose a function f is defined by 


the geometric series f(x) = X (—1)* x*. 
k=0 














1 1 
a. Evaluate f(0), f(0.2), f(0.5),f(1), and f(1.5), if possible. 
b. What is the domain of f? 
1 
96. Functions defined as series Suppose a function f is defined by 
lo L l I, the geometric series f(x) = >. 
k=0 
Additional Exercises a. Evaluate f(0), f(0.2),f(0.5),f(1), and f(1.5), if possible. 
88. Decimal expansions b. What is the domain of J? 
a. Consider the number 0.555555. . . , which can be viewed as 97. Series in an equation For what values of x does the geometric series 
the series 5 >, 10 *. Evaluate the geometric series to obtain a _< 1 í 
k=l Jx) _ > 1 + 
k=0 x 
rational value of 0.555555.... 
b. Consider the number 0.54545454. . . , which can be repre- converge? Solve f(x) = 3. 
sented by the series 54 X 10%. Evaluate the geometric series 98. Bubbles Imagine a stack of hemispherical soap bubbles with 
k=1 decreasing radii r; = 1,7, r3,... (see figure). Let h, be the dis- 
to obtain a rational value of the number. tance between the diameters of bubble n and bubble n + 1, and 
c. Now generalize parts (a) and (b). Suppose you are given a let H,„ be the total height of the stack with n bubbles. 
number with a decimal expansion that repeats in cycles of a. Use the Pythagorean theorem to show that in a stack with n 
length p, say, n1, n2. . . . , Np, where n, . . . , np are integers bubbles, AŻ = r2 — r2, h2 = r — r2, and so forth. Note 
between 0 and 9. Explain how to use geometric series to ‘hath =r 
obtain a rational form of the number. b. Use part (a) to show that the height of a stack with n bubbles is 
d. Try the method of part (c) on the number 
0.123456789123456789. . . . Hes Vie = EV = NRT SG, 
. Prove that 0.9 = 1. : 
A o c. The height of a stack of bubbles depends on how the radii de- 
89. Remainder term Consider the geometric series $ = X r crease. Suppose that r, = 1, m = a, r3 = a’,...,r, = a™!, 
KD where 0 < a < 1 isa fixed real number. In terms of a, find 
which has the value 1/(1 — r) provided |r| < 1. Let the height H, of a stack with n bubbles. 
S= Sirk = oes bs the sunrise Tek pei The d. Suppose the stack in part (c) is extended indefinitely (n > œ). 
" &% Lr In terms of a, how high would the stack be? 
remainder R, is the error in approximating S by S„. Show that e. Challenge problem: Fix n and determine the sequence of radii 
: I, F2, 13,..., F, that maximizes H,, the height of the stack with 
k= (5-5) =| n bubbles. 


90-93. Comparing remainder terms Use Exercise 89 to determine 
how many terms of each series are needed so that the partial sum is 
within 10 ° of the value of the series (that is, to ensure R, < 10 °). 








90. a. > 0.6" b. >'0.15* a 

k=0 k=0 
91. a. > (—0.8)* b. >0.2* 

k=0 k=0 
92. a. 50.72" b. X (-0.25)* 

k=0 k=O 

oo 1 k o0 1 k 
93. a. (+) b. (*) 
3 

94. Functions defined as series Suppose a function f is defined by ! . bande 2. Using the formula, the values are 7 and 


$ 5. 3. 1 4. The first converges because |r| = 0.2 < 1; 
the geometric series f(x) = X x“. the second diverges because |r| = 2 > 1.< 
KZO 
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9.4 The Divergence and Integral Tests 


> Ifthe statement if p, then q is true, then 
its contrapositive, if (not q), then (not p), 
is also true. However its converse, if q, 
then p, is not necessarily true. Try it out 
on the true statement, if I live in Paris, 
then I live in France. 


With geometric series and telescoping series, the sequence of partial sums can be found 
and its limit can be evaluated (when it exists). Unfortunately, it is difficult or impossible 
to find an explicit formula for the sequence of partial sums for most infinite series. There- 
fore, it is difficult to obtain the exact value of most convergent series. 

In this section, we ask a simple yes or no question: Given an infinite series, does it 
converge? If the answer is no, the series diverges, and there are no more questions to ask. 
If the answer is yes, the series converges and it may be possible to estimate its value. 


The Divergence Test 


The goal of this section is to develop tests to determine whether an infinite series con- 
verges. One of the simplest and most useful tests determines whether an infinite series 
diverges. 


THEOREM 9.8 Divergence Test 
If Sa, converges, then pe a, = 0. Equivalently, if rat a, # O, then the series 


diverges. 





Important note: Theorem 9.8 cannot be used to determine convergence. 


Proof: Let {S,} be the sequence of partial sums for the series }a,. Assuming the series 
converges, it has a finite value, call it S, where 


S = lim S= lim S}: 


k— œ 
Note that S} — $,_, = a,. Therefore, 
lim ar = _ (Sk — Sgi) = §— § = 0; 


k— œ 


that is, a a, = 0 (Figure 9.25). The second part of the test follows immediately because 


it is the contrapositive of the first part (see margin note). < 
Sn 
T eA aaa eee © © 
S e 
s as? 
a, $ 
S, = S, +t a, 
a t a, decrease and 


approach 0 





` a, converges => lim S, = S => lima, = 0 


FIGURE 9.25 
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EXAMPLE 1 Using the Divergence Test Determine whether the following series 
diverge or state that the Divergence Test is inconclusive. 

















w k = = r =i al 

a. c. F = 

> k+ 1 ear: >> k 2, 2 
SOLUTION Recall that if mm a, # 0, then the series Xa; diverges. 
a. lim lim =] #0. 

k—œ ak kook + 1 

The terms of the series do not tend to zero, so the series diverges by the Divergence 

Test. 

ME 

b. lim a, = lim F 

k—0o k—œ J 

3 k 
= lim Es + G) | Simplify. 
—0 {= 
= O00 
l | os 
In this case, a a; does not equal 0, so the corresponding series Ss diverges 
by the Divergence Test. 
1 

c. lim a, = lim -= 0 

k—oo k— œ 


In this case, the terms of the series approach zero, so the Divergence Test is in- 
conclusive. (Remember, the Divergence Test cannot be used to prove that a series 
converges.) 





ee Apply the Divergence 4 


fx Snes Aaa . lima, = lim = = 0 

Test t to TT geometric series Srt. For ko kk 

what values of r does the series As in part (c), the terms of the series approach 0, so the Divergence Test is 
diverge? « inconclusive. 


Related Exercises 9-18< 


To summarize: If the terms a, of a given series do not tend to zero as k — œ, then the 
series diverges. Unfortunately, the test is easy to misuse. It’s tempting to conclude that if 
the terms of the series tend to zero, then the series converges. However, look again at the 
series in Examples I(c) and 1(d). Although it is true that a a, = O for both series, we 


will soon discover that one of them converges while the oie diverges. We cannot tell 
which behavior to expect based only on the observation that ai a, = 0. 


The Harmonic Series 


We now look at an example that has a surprising result. Consider the infinite series 
— | i 1 1 1 

a | e ee aa 

ja k E 3 4 5 


a famous series known as the harmonic series. Does it converge? As explained in 
Example 1(c), this question cannot be answered by the Divergence Test, despite the fact 
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an . I - 
that an T = (0. Suppose instead you try to answer the convergence question by writing 


out the terms of the sequence of partial sums: 


S; = 1 S,=1t+ I Z 3 
! : 5 9 
1 1 11 1 1 1 25 
» We analyze S, numerically because an $3=1+2-+2>=— Ss=1+ i+ -4+-=— 
explicit formula for S,, does not exist. 2 3 6 2 d 4 12 
c | i 1 1 1 
S, = -= ] +-+- +-+. + 
k=1 k 2 3 4 n 


Have a look at the first 200 terms of the sequence of partial sums shown in Figure 9.26. 
What do you think—does the series converge? The terms of the sequence of partial sums 
increase, but at a decreasing rate. They could approach a limit or they could increase with- 
out bound. 

Computing additional terms of the sequence of partial sums does not provide conclu- 
sive evidence. Table 9.3 shows that the sum of the first million terms is less than 15; the 
sum of the first 10°” terms—an unimaginably large number of terms—is less than 100. 
This is a case in which computation alone is not sufficient to determine whether a series 
converges. We need another way to determine whether the series converges. 


Table 9.3 

n San n Sa 
10° = 7,49 10°" = 23.60 
104 =~9,79 10% =~ 46.63 
10° =~ 12.09 1030 =~=69.65 
10°  =14.39 10% =~02.68 








FIGURE 9.26 
y 1 Observe that the nth term of the sequence of partial sums, 
aes The sum of the areas of the rectangles 
is greater than th der th Ad] La al l 
is greater than the area under the curve = co Pe ott oe ky no a 
y= 12 froma =Itor=n tI Sn Dy ae eee a sae 


1 
is represented geometrically by a left Riemann sum of the function y = F 


on the interval |1,n + 1] (Figure 9.27). This fact follows by noticing that 
1 1 
the areas of the rectangles, from left to right, are 1, 5° oT Comparing 


the sum of the areas of these n rectangles with the area under the curve, 


n+1 Ay el te 
which 1s J —, we see that S,, > J =; 
j A TE 


FIGURE 9.27 


dx 
» Recall that J slib + C.In 
x 


Section 7.8, we showed that = 
E 


“d 
diverges for p = 1. Therefore, J = 
1 x 


diverges. 


» The Integral Test also applies if the terms 
of the series a; are decreasing fork > N 
for some finite N > 1. The proof can be 
modified to account for this situation. 
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n+l 
X , , : 
We know that J 3 = In (n + 1) increases without bound as n increases. Because 
1 


n+l 
x 
Sp exceeds J pE S,, also increases without bound; therefore, lim S, = © and the 
Í 


nwo 


CO 


harmonic series > T diverges. This argument justifies the following theorem. 
k=1 


THEOREM 9.9 Harmonic Series 


oe WL 1 1 1 
The harmonic series > SL ea = 
i= k 2 3 4 


though the terms of the series approach zero. 


1 
+ 5 + +--+ diverges—even 





The Integral Test 


The method used to prove that the harmonic series diverges leads to an alternate approach 
to the question of convergence called the Integral Test. The fact that infinite series are 
sums and that integrals are limits of sums suggests a connection between series and inte- 
grals. The Integral Test exploits this connection. 


THEOREM 9.10 Integral Test 
Suppose f is a continuous, positive, decreasing function, for x = 1, and let 
a, = f(k), fork = 1,2,3,....Then 


Sa, and | roa 
k=1 1 


either both converge or both diverge. In the case of convergence, the value of the 
integral is not, in general, equal to the value of the series. 





Proof: By comparing the shaded regions in Figure 9.28, it follows that 





FIGURE 9.28 


The proof must demonstrate two results: If the improper integral | i f(x) dx has a finite 
value, then the infinite series converges, and if the infinite series converges, then the 
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» In this proof, we rely twice on the 
Bounded Monotonic Sequence Theorem 
of Section 9.2: A bounded monotonic 
sequence converges. 


improper integral has a finite value. First suppose that the improper integral f E f(x) dx 
has a finite value, say Z. We have 


n n 
> a4,=a,T Ss ay Separate the first term of the series. 
k=1 k=2 


n 
-on J f(x)dx Left inequality in expression (1) 
l 


<L di T / f(x) dx fis positive, so J r us J f(x) dx. 
1 1 1 
— a = id. 
n 
This argument implies that the terms of the sequence of partial sums S, = dia pare 
= 
bounded above by a, + I. Because { S, } is also increasing (the series consists of positive 


terms), the sequence of partial sums converges, which means the series dia ; converges 
(to a value less than or equal toa, + Z). k=1 


Now suppose the infinite series diay converges and has a value S. We have 
k=1 


n nt 
J Tala = Xar Right inequality in expression (1) 
1 k=1 


CO 


< Xa ; Terms a; are positive. 
k=1 


=S. Value of infinite series 


We see that the sequence { f f(x) dx} is increasing (because f(x) > 0) and bounded 
above by a fixed number S. Thus, the improper integral J | f(x)dx = lim f Jabar has 
a finite value (less than or equal to S). os 

We have shown that if f i f(x) dx is finite, then Xa, converges and vice versa. The 


same inequalities imply that i | f(x) dx and Xa, also diverge together. < 


The Integral Test is used to determine whether a series converges or diverges. For this 
reason, adding or subtracting a few terms in the series or changing the lower limit of inte- 
gration to another finite point does not change the outcome of the test. Therefore, the test 
does not depend on the lower index in the series or the lower limit of the integral. 


EXAMPLE 2 Applying the Integral Test Determine whether the following series 








converge. 

ae 2 1 = l 
a. b. oo C. 

Sik +1 k=3 V2k — 5 aw 
SOLUTION 


a. The function associated with this series is f(x) = x/(x* + 1), which is positive, for 
x = 1. We must also show that the terms of the series are decreasing beyond some fixed 
term of the series. The first few terms of the series are {3 i, a 5, a $, and it appears 
that the terms are decreasing. When the decreasing property is difficult to confirm, one 
approach is to use derivatives to show that the associated function is decreasing. In this 


case, we have 


(x* +1)? 7 (x2 + 1)?" 





f(x) A x x? + 1 — 2x? 1- x’ 
x) = — 
dix ti 


Quotient Rule 
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For x > 1,f'(x) < 0, which implies that the function and the terms of the series are 
decreasing. The integral that determines convergence is 





00 b 
X x 
J 3 dx = lim J a a ee Definition of improper integral 
1 X + | b— œ 1 X + 1 
b 
= lim >in (x + 1) Evaluate integral. 
—> 00 1 





1 
E lim (ln (b? + 1) — In2) Simplify. 


= 0; lim In (b? + 1) = œ% 
Because the integral diverges, the series diverges. 


b. The Integral Test may be modified to accommodate initial indices other than k = 1. 
The terms of this series decrease, for k = 3. In this case, the relevant integral is 





f dx i [ dx oe er 
—_— = lim ————._ Definition of improper integra 
s Vix—5 bom J, Vix — 5 ee 
b 
= te V2x- 5 Evaluate integral. 
—> 00 3 
= 0, lim V2b — 5 = œ 


b— œ 
Because the integral diverges, the series also diverges. 


c. The terms of the series are positive and decrease, for k = 0. The relevant integral is 


dx . f d ae | 
= lim Definition of improper integral 
0 











xX +4 pow fy x? +4 
m 
= lim -tan a Evaluate integral. 
—> 00 0 
1. _,0 = ee 
= — lim tan “— — tan 0 Simplify. 
2b 2 


—> 0 

T— l 
T 
2 


T — 
== tan 


4 


i T 
r> aam, 
2 


Because the integral is finite (equivalently, it converges), the infinite series also 


TT 
converges (vu not to z), Related Exercises 19-28< 


The p-Series 


The Integral Test is used to analyze the convergence of an entire family of infinite series, 


CO 


1 
` m known as the p-series. 
k=1 


al 
EXAMPLE 3 The p-series For what values of p does the p-series X z converge? 
k=1 


SOLUTION Notice that p = 1 corresponds to the harmonic series, which diverges. 
To apply the Integral Test, observe that the terms of the given series are positive and 
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QUICK CHECK 2 


Which of the follow- 


ing series are p-series, and which 


series converge? 


a. Dy ee b. 
k=1 





QUICK CHECK 3 
series of positiv 
R, = 0?<« 


52 e Da 
k=1 


k=10 


3 If Sa, is a convergent 


e terms, why is 


. oe l 
decreasing, for p > 0. The function associated with the series is f(x) = —: The relevant 
X 


integral is J x? dx = J KE Appealing to Section 7.8, recall that this integral 
1 1 * 
converges, for p > 1, and diverges, for p = 1. Therefore, by the Integral Test, the 
p-series > P converges, for p > 1, and diverges, for O < p < 1. For example, 
k=1 


the series 


converge and diverge, respectively. For p < 0, the series diverges by the Divergence 
Test. This argument justifies the following theorem. 
Related Exercises 29-34< 


THEOREM 9.11 Convergence of the p-Series 


al 
The p-series Za converges, for p > 1, and diverges, for p = 1. 
k=1 





EXAMPLE 4 Using the p-series test Determine whether the following series con- 
verge or diverge. 


= d 
a. 
SOLUTION 





2 l 
b. Su- y 


a. This series is a p-series with p = F, By Theorem 9.11, it diverges. 
b. The series 


$ -$l-l14l;,l,; 
Alk- Aar y y & 
is a convergent p-series (p = 2) without the first two terms. As we prove shortly, 
adding or removing a finite number of terms does not affect the convergence of a 
series. Therefore, the given series converges. 
Related Exercises 29-34< 


Estimating the Value of Infinite Series 


The Integral Test is powerful in its own right, but it comes with an added bonus. In some 
cases, it is used to estimate the value of a series. We define the remainder to be the error 
in approximating a convergent infinite series by the sum of its first n terms; that is, 


oO n 

i > ag~ 4k = Ta T + Ang tore. 
k=1 k=1 
———" D 


valueof approximation based 
series on first n terms 


The remainder consists of the tail of the series—those terms beyond a,. 

We now argue much as we did in the proof of the Integral Test. Let f be a continuous, 
positive, decreasing function such that f(k) = ax, for all relevant k. From Figure 9.29, we 
see that |. , f(x) dx = R, 
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n+ilnt2nt+3nt4 =: 


FIGURE 9.29 


Similarly, Figure 9.30 shows that R, = | - TX) ae 


R, < | F(x) dx ; 





FIGURE 9.30 


Combining these two inequalities, the remainder is squeezed between two integrals: 


CO 


f(x)dx = R, = fs f(x) dx: (2) 
n+l 
If the integrals can be evaluated, this result provides an estimate of the remainder. 

There is, however, another equally useful way to express this result. Notice that the 
value of the series is 


s= Ya, = Sa, +R, 
k=1 k=1 
Sn 
which is the sum of the first n terms S, and the remainder R,,. Adding S, to each term of 
(2), we have 


o0 


SF f(x)ax = Basset f fede F fx) ar 
n+1 
_ 


L pe T tk, = 


n Un 


These inequalities can be abbreviated as L, = S S U,, where S is the exact value of the 
series, and L, and U,, are lower and upper bounds for S, respectively. If the integrals can 
be evaluated, it is straightforward to compute S,, (by summing the first n terms of the se- 
ries) and to compute both L, and U,,. 


656 CHAPTER9 © SEQUENCES AND INFINITE SERIES 


THEOREM 9.12 Estimating Series with Positive Terms 
Let f be a continuous, positive, decreasing function, for x = 1, and let a; = f(k), 


CO 


fork = 1,2,3,....LetS = dia be a convergent series and let S, = dia be 
k=l k=1 


the sum of the first n terms of the series. The remainder R, = S — S, satisfies 


R, S / f(x) dx. 


Furthermore, the exact value of the series is bounded as follows: 


CO 


a f(x) dx = Za ar Sat / f(x) dx. 


n+l 





EXAMPLE 5 Approximating a p-series 


a. How many terms of the convergent p-series rr ie must be summed to obtain an 


approximation that is within 107° of the ome sali of the series? 
b. Find an approximation to the series using 50 terms of the series. 
SOLUTION The function associated with this series is f(x) = 1/x?. 


a. Using the bound on the remainder, we have 


“dx 1 
R= f fear i a 


To ensure that R, 5 10°, we must choose n so that 1 Inaz 10°, which implies that 
n = 1000. In other words, we must sum at least 1000 terms of the series to be sure 
that the remainder is less than 10°. 


b. Using the bounds on the series itself, we have L, <= S S U,,, where S is the exact 
value of the series, and 








” dx 1 "dx 1 
L, = 8, + i Sars and U, = S, + za Og a 
nt+1* n+l n X l 
A a Ol Sens Wie yeuyalues Therefore, the series is bounded as follows: 
of p are generally known. For example, 
with p = 2 the series converges to 77/6 1 1 
. ee pe Da T =) = peo 
(a proof is outlined in Exercise 66); with n n+1 n n 
p = 4, the series converges to 74/90. 
The values of p-series with odd values of where S, is the sum of the first n terms. Using a calculator to sum the first 50 terms of 
p are not known. the series, we find that Ssọ ~ 1.625133. The exact value of the series is in the interval 
5 = 5= 5 
0 S041 0 T 59) 


or 1.644741 < S < 1.645133. Taking the average of these two bounds as our ap- 
proximation of S, we find that S ~ 1.644937. This estimate is better than simply 
using Sso. Figure 9.31a shows the lower and upper bounds, L,, and U,,, respectively, 
forn = 1,2,...,50. Figure 9.31b shows these bounds on an enlarged scale for 

n = 50,51,..., 100. These figures illustrate how the exact value of the series is 
squeezed into a narrowing interval as n increases. 
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3.0 L=Ss U 
. 1.67 50 =n = 100 
2.5 a 
m {U } 1.66 S eeeeeeeooooosossn, 
2.0 ° á {U_} OCC rc c cc cccccccccccccs 
S _ **8eeeecccccccccccccccsesocessscesseccecses— ee 
. e00009 T E eee eee a 
e 1.64 
1.0 iL} L SSU 








(b) 
FIGURE 9.31 
Related Exercises 35—42 < 


Properties of Convergent Series 


We close this section with several properties that will be useful in upcoming work. For 
now, we restrict our attention to series with positive terms; that is, series of the form Xa+, 
where a; > 0. The notation >a,, without initial and final values of k, is used to refer to a 
general infinite series. 


THEOREM 9.13 Properties of Convergent Series 


1. Suppose >'a; converges to A and let c be a real number. The series X ca; 
converges and Sica, = ca, = CA. 


» The leading terms of an infinite series 
i + 
T T E 2. Suppose Xa; converges to A and Xb, converges to B. The series X (a, + b) 


index. The tail of an infinite series converges and à (dy T bz) — >d; as > Dy =A = B. 


consists of the terms at the “end” of the 


3. Whether a series converges does not depend on a finite number of terms 
added to or removed from the series. Specifically, if M is a positive integer, 


series with a large and increasing index. 
The convergence or divergence of an es a 
infinite series depends on the tail of the then X aand >) a, both converge or both diverge. However, the value of a 
series, while the value of a convergent k=1 k=M 


series is determined primarily by the convergent series does change if nonzero terms are added or deleted. 
leading terms. 





Proof: These properties are proved using properties of finite sums and limits of sequences. 


To prove Property 1, assume that >a g converges and note that 
k=1 


> ca, = lim > ca, Definition of infinite series 
k=1 
= lim c > a, Property of finite sums 


Property of limits 


| 
ion) 
5 

iM 
> 


Sg > ay Definition of infinite series 


= CA. Value of the series 
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ICK CHECK 4 Explain why if > ak 
k=1 


converges, then the series dia , (with 
= 

a different starting index) also con- 

verges. Do the two series have the same 

value? < 


Property 2 is proved in a similar way (Exercise 62). 
Property 3 follows by noting that for finite sums with 1 < M < n, 


n n M-1 
> 4k a Xa E > ap 
k=M k=1 k=1 


00 


Letting n — © in this equation and assuming that dia g = A, it follows that 


k=1 
00 00 M-1 
D4 = Xar Dae 
k=M k=1 k=1 
— — aa 
A finite number 
CO CO 
Because the right side has a finite value, >» a, converges. Similarly, if ` a; converges, 


CO 


then dia converges. By an analogous argument, if one of these series diverges, then the 
k=1 


other series diverges. < 


Use caution when applying Theorem 9.13. For example, you can write 


ey ees 

fan k(k — 1) i=2\k — 1 k 
and then recognize a telescoping series (that converges to 1). An incorrect application of 
Theorem 9.13 would be to write 


1 


CO 1 % 
` (= = L) = Yi —, This is incorrect! 
k—-1 4k-1 Sk 
ie —~— 
diverges diverges 


o0 


and then conclude that the original series diverges. Neither 25 
(= k 





‘taal Ds Ne š 


and, therefore, Property 2 of Theorem 9.13 does not apply. 


EXAMPLE 6 Using properties of series Evaluate the infinite series 


- 1G) - aI 


SOLUTION We examine the two series > 5( z) and > — individually. The first 


series is a geometric series and is evaluated using the methods of Section 9.3. Its first few 


$48) 50) 0) + 


The first term of the series is a = 5 ( 2 | and the ratio is r = 4 < 1; therefore, 


>3(2) = 4,-[4]- o 


Writing out the first few terms of the second series, we see that it, too, is geometric: 


terms are 
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The first term is a = 1 and the ratio is r = ż < 1; therefore, 


S% = a 7 7 o1 
AF i1-r 1-2 58 








Both series converge. By Property 2 of Theorem 9.13, we combine the two series and 


have S = 10 -$ = 2% 





Related Exercises 43-50 


HECK 5 For a series with positive terms, explain why the sequence of partial sums 


5. \ is an increasing sequence. «< 


SECTION 9.4 EXERCISES 


Review Questions 
1. Explain why computation alone may not determine whether a 
series converges. 


2. Isit true that if the terms of a series of positive terms decrease 
to zero, then the series converges? Explain using an example. 


3. Can the Integral Test be used to determine whether a series diverges? 
4. For what values of p does the series ae: — converge? For what 
values of p does it diverge? cai k 


CO 


5. For what values of p does the series b3 TP converge (initial 
k=10 


index is 10)? For what values of p does it diverge? 


6. Explain why the sequence of partial sums for a series with posi- 
tive terms is an increasing sequence. 


7. Define the remainder of an infinite series. 


8. Ifa series of positive terms converges, does it follow that the 
remainder R,, must decrease to zero as n — ©? Explain. 


Basic Skills 
9-18. Divergence Test Use the Divergence Test to determine whether 
the following series diverge or state that the test is inconclusive. 














9, ie 10. pire 11. ar 
12. 55 13. > o r HM 5- 
15. 2 a veut 17. zo 

o 3 
18. 2 


19-28. Integral Test Use the Integral Test to determine the conver- 
gence or divergence of the following series, or state that the conditions 
of the test are not satisfied and, therefore, the test does not apply. 








19. 20 == 71 ke 7* 
(= kink a Vera > 
22 = —— 2 24. 
1 Wk + 10 Š k+ 8 2 Kin 





<i 7 1 
25. — 26. — 
È z È cinkin(ink) 
2 |sin k| 2 k 
27. 28. ——— 
2 k? = (k? + 1)° 


29-34. p-series Determine the convergence or divergence of the 
following series. 


29. Se 0. Di 





32. X 2k 3” 


1 ioe) 
33. == 34. 
=] = Yk > W 27k? 


35—42. Remainders and estimates Consider the following convergent 


series. 


a. Find an upper bound for the remainder in terms of n. 

b. Find how many terms are needed to ensure that the remainder is 
less than 10>. 

c. Find lower and upper bounds (L,, and U,,, respectively) on the exact 
value of the series. 

d. Find an interval in which the value of the series must lie if you 
approximate it using ten terms of the series. 





a | 3 j = 1] 
35. — 36. — 37. — 
aie ae a3! 
38. 39. — 40. E 
2 k(1n k)? > pe Š f 
4. > 42. Y ke” 
f=. k k=1 


43-50. Properties of series Use the properties of infinite series to 
evaluate the following series. 





43. > - 44. D 

s SG) 6) BL) AG) | 
47. > iE) F (T) 48. >| 5 (02) + (08) 
49. > G) n G) Pa $ 2 - 
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Further Explorations 


51. Explain why or why not Determine whether the following state- 


52-57. Choose your test Determine whether the following series con- 


ments are true and give an explanation or counterexample. 


oO oO 
a. If Sia g converges, then Ss a, converges. 
k=l k=10 
co ee) 


b. If Xa diverges, then >» a, diverges. 
k=l k=10 


c. If Xa, converges, then > (a, + 0.0001) also converges. 

d. If >p* diverges, then DAG ees 0.001 )* diverges, for a fixed 
real number p. 

e. If Sk” converges, then Sk ?*°! converges. 

f. If jim a, = 0, then >a; converges. 


verge or diverge. 


52; 


54. 


56. 


58. 


59. 


60. 














> pz + | 53 5 1 
ra "(A (3k + 1)(3k + 4) 
=. 0 7 k 

55. m 
> k? +9 > ke +4 
o0 pk 4 3k Z 4 
> 4k 57. > kl 2 k 

1 

Log p-series Consider the series ar 4 (in ky” where p is areal 


number. 


a. Use the Integral Test to determine the values of p for which 
this series converges. 


b. Does this series converge faster for p = 2 or p = 3? Explain. 


1 
4 kIn k(In Ink)?’ 





Loglog p-series Consider the series > 
is a real number. 


a. For what values of p does this series converge? 
b. Which of the following series converges faster? Explain. 


1 (0,0) 


x 2 








3 k An a Ink)? 


Find a series Find a series that 
1 
a. converges faster than > %2 but slower than > rE 
1 1 
b. diverges faster than 23 — but slower than » OE 


1 
c. converges faster than pers y but slower than > 


Additional Exercises 


61. A divergence proof Give an argument, similar to that given in the 


62. 


63. 


oe) 


text for the harmonic series, to show that > —— diverges. 
k=1 


Properties proof Use the ideas in the proof of Property 1 of 
Theorem 9.13 to prove Property 2 of Theorem 9.13. 


Property of divergent series Prove that if >» a, diverges, then 


> ca, also diverges, where c # 0 is a constant. 


, where p 


64. 


65. 


66. 


> cot” (k0) = 


67. 


68. 


Prime numbers The prime numbers are those positive integers 
that are divisible by only 1 and themselves (for example, 2, 3, 5, 
7,11, 13,...). A celebrated theorem states that the sequence of 
prime numbers { p; } satisfies lim Ph /(kInk) = 1. Show 


1 
p diverges, which implies that the series > Ei 
=1Pk 


that tan 


ie 


The zeta function The Riemann zeta function is the subject of 
extensive research and is associated with several renowned 


il 
unsolved problems. It is defined by Z(x) = X T When x is a real 
k=l 


number, the zeta function becomes a p-series. For even positive 
integers p, the value of ¢(p) is known exactly. For example, 


= 2 m = | 1 = | a 
ee Br ow T 2s as 
= = k=1 


Use the estimation techniques described in the text to approximate 
¢(3) and ¢(5) (whose values are not known exactly) with a 
remainder less than 10°°. 


[oe] 


Showing that > 


-= "in 1734, Leonhard Euler informally 
2 


D An elegant proof is outlined here that 


i 
roved that == 
j py k è 6 


uses the inequality 


1 
cot? x < el cot? x ( provided thatO < x < z 
x 


and the identity 


n(2n — 1 
( nel. = 
n 








a. Show that > cot? (k0) < — 22 D <n + »> cot? (k0). 


b. Use the Pean in part (a) to i that 











n(2n — 1)r? 2 5 1 n(2n + 2)r? 
3(2n +1% 4k? 3(2n+ 1) 
co 2 


c. Use the Squeeze Theorem to conclude that > T = 


(Source: The College Mathematics Journal 24, No. 5 
(November, 1993).) 
00 2 

: 7 

Reciprocals of odd squares Assume that > Z — P 
k=1 

(Exercises 65 and 66) and that the terms of this series may be 
rearranged without changing the value of the series. Determine the 
sum of the reciprocals of the squares of the odd positive integers. 


Shifted p-series Consider the sequence ial } defined by 


= Lukin k(k + n)’ 


forn = 0,1,2,....Whenn = 0, the series is a p-series, and we 
have Fy = 17/6 (Exercises 65 and 66). 


69. 


hd 70. 


a. Explain why { F, } is a decreasing sequence. 

b. Plot {F,}, forn = 1,2,..., 20. 

c. Based on your experiments, make a conjecture about lim F,. 
nwo 

A sequence of sums Consider the sequence { x, } defined for 

n = 1,2,3,... by 


2n 


1.1 I 
k=n+1 k 


1 
= + +.. + —. 
n+ 1 n+2 2n 








Xn = 


a. Write out the terms x), X2, x3. 
b. Show that < x, < 1, forn = 1,2,3,.... 


2 
dx 
c. Show that x, is the right Riemann sum for J — using n 
subintervals. i% 
d. Conclude that lim x, = ln 2. 
n— æ 


The harmonic series and Euler’s constant 


a. Sketch the function f(x) = 1/x on the interval [1,n + 1], 
where n is a positive integer. Use this graph to verify that 


1 1 1 
matil <I ee ee Se] ee Ie, 
2 3 n 


b. Let S,, be the sum of the first n terms of the harmonic series, 
so part (a) says lIn (n + 1) < S, < 1 + Inn. Define the new 
sequence { E, } by 


E, =S, —In(n +1), forn = 1,2,3,.... 
Show that FE, > 0, forn = 1,2,3,.... 


c. Using a figure similar to that used in part (a), show that 





z7 nla + 2) ln (n + 1). 

d. Use parts (a) and (c) to show that {E,, } iS an increasing 
sequence (E,,, > En). 

e. Use part (a) to show that { E,, } is bounded above by 1. 

f. Conclude from parts (d) and (e) that { E,, } has a limit less 
than or equal to 1. This limit is known as Euler’s constant and 
is denoted y (the Greek lowercase gamma). 

g. By computing terms of { E, }, estimate the value of y and 
compare it to the value y ~ 0.5772. (It has been conjectured, 
but not proved, that y is irrational.) 

h. The preceding arguments show that the sum of the first n terms 
of the harmonic series satisfy S, ~ 0.5772 + In (n + 1). 
How many terms must be summed for the sum to exceed 10? 
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71. Stacking dominoes Consider a set of identical dominoes that are 
2 inches long. The dominoes are stacked on top of each other with 
their long edges aligned so that each domino overhangs the one 
beneath it as far as possible (see figure). 


a. If there are n dominoes in the stack, what is the greatest dis- 
tance that the top domino can be made to overhang the bot- 
tom domino? (Hint: Put the nth domino beneath the previous 
n — 1 dominoes.) 

b. If we allow for infinitely many dominoes in the stack, what is 
the greatest distance that the top domino can be made to over- 
hang the bottom domino? 


HECK ANSWERS 





1. The series diverges for |r| = 1. 2. a. Divergent p-series 
b. Convergent geometric series c. Convergent p-series 

3. The remainder is R, = d,4; + Gj,42 + +++, which con- 
sists of positive numbers. 4. Removing a finite number of 
terms does not change whether the series converges. It 
might, however, change the value of the series. 5. Given 
the nth term of the sequence of partial sums S,,, the next term 
is obtained by adding a positive number. So S,., > Sp 
which means the sequence is increasing. «< 


9.5 The Ratio, Root, and Comparison Tests 


We now consider several more convergence tests: the Ratio Test, the Root Test, and 
two comparison tests. The Ratio Test will be used frequently throughout the next 
chapter, and comparison tests are valuable when no other test works. Again, these 
tests determine whether an infinite series converges, but they do not establish the 


value of the series. 
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> 


> 


> 


CHAPTER9 © SEQUENCES AND INFINITE SERIES 


The Ratio Test 


The Integral Test is powerful, but limited, because it requires evaluating integrals. For 
example, the series È 1/k!, with a factorial term, cannot be handled by the Integral Test. 
The next test significantly enlarges the set of infinite series that we can analyze. 


THEOREM 9.14 The Ratio Test 


Ak+1 


Let Xa, be an infinite series with positive terms and let r = lim 7 
k— œ k 


- i 
In words, the Ratio Test says the limit of 1. f0 r < I, the series converges. 
the ratio of successive terms of the series 2. Ifr > 1 (including r = ©), the series diverges. 
must be less than 1 for convergence of 3. ifr 


= |, the test is inconclusive. 
the series. 





Proof (outline): We omit the details of the proof, but the idea behind the proof provides 
insight. Let’s assume that the limit r exists. Then, as k gets large and the ratio a;,4)/a, 
approaches r, we have a;,, ~ rag. Therefore, as one goes farther and farther out in the 
series, it behaves like 


Ap + Ags, + ag tees = ay + rag + r’ay t+ rea, t+: 
=a,(l TIT r? + r> n 
The tail of the series, which determines whether the series converges, behaves like a geo- 


metric series with ratio r. We know that if 0 = r < 1, the geometric series converges, 
and if r > 1, the series diverges, which is the conclusion of the Ratio Test. < 


EXAMPLE 1 Using the Ratio Test Use the Ratio Test to determine whether the fol- 
lowing series converge. 


00 k 00 
a > b 5 
k=1 k! k=1 


Recall that SOLUTION In each case, the limit of the ratio of successive terms is determined. 


kl} = k-(k-—1)---2¢1. Aia 10%+!/(k + 1)! 
Th a. r = lim —— = lim —— ~ Substitute a+; and ax. 
erefore, k>% ag kx 10° /k! 
(kK + 1)! = (k + 1)k!. R 108+! k! 
m a n a 
k>% 10% (k+ 1)k! 


, 10 
= lim 
k—>œ k + 1 


A~ 


k 
! 


A~ 


Invert and multiply. 





= 0 Simplify and evaluate the limit. 


Because r = 0, the series converges by the Ratio Test. 


ai p (k+ DEV + 1)! 





b. r = lim — = lim ——X—H——— Substitute azı; and az. 
k>% Ak k—œ k*/k! el i 
l (t = 3) Simplif 
= lim implify. 
a k purty 


Recall from Section 4.7 that 


| 

T= 

a= 
| 

— 

+ 

z | 
N 
A~ 

|| 

N 


k 
lim (1 + 1) =e = 2.718. Simplify and evaluate the limit. 
k 


k—œ 
Because r = e > 1, the series diverges by the Ratio Test. Alternatively, we could 
have noted that Ae kk /k! = © (Section 9.2) and used the Divergence Test to reach 


the same conclusion. 
Related Exercises 9-18< 


» At the end of this section, we offer some 
guidelines that help you to decide which 
convergence test is best suited for a given 
series. 
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CK 1 Evaluate 10!/9!, (k + 2)!/k!, and k!/(k + 1)!<« 


The Ratio Test is conclusive for many series. Nevertheless, observe what happens 
when the Ratio Test is applied to the harmonic series ` - 
k=1 


. a+] . 1/(k + 1) l k 
r= lim = bm —— = 
ko Az k— œ 1/k 








im = ], 

kook + 1 

which means the test is inconclusive. We know the harmonic series diverges, yet the Ratio 
Test cannot be used to establish this fact. Like all of the convergence tests presented so 
far, the Ratio Test works only for certain classes of series. For this reason, it is useful to 
present a few additional convergence tests. 





Al 
IECK 2 Verify that the Ratio Test is inconclusive for > 2 What test could be 
00 k=1 


1 
applied to show that ` 2 converges? « 
k=l 


The Root Test 


Occasionally a series arises for which none of the preceding tests gives a conclusive result. 
In these situations, the Root Test may be the tool that is needed. 


THEOREM 9.15 The Root Test 
Let Xa, be an infinite series with nonnegative terms and let p = At Way. 


1. If0 5s p < 1, the series converges. 


2. If p > 1 (including p = ©), the series diverges. 


3. If p = 1, the test is inconclusive. 





i Naa . ' k 
Proof (outline): Assume that the limit p exists. If k is large, we have p ~ Va, or 
a, ~ p*. For large values of k, the tail of the series, which determines whether a series 


converges, behaves as 
Ge E ee Gp ae pe te ar eee 


Therefore, the tail of the series is approximately a geometric series with ratio p. If 
0 <= p < 1, the geometric series converges, and if p > 1, the series diverges, which is 
the conclusion of the Root Test. < 


EXAMPLE 2 Using the Root Test Use the Root Test to determine whether the 
following series converge. 
< ( 4k* — 3 ) ey 
a. = ae b. an 
pes +6 Šo 
SOLUTION 


a. The required limit is 


4k? — 3\* 4k? -3 4 
p = lim k mI = -aa 
ko Tk + 6 k>œ Tk" + 6 7 


Because 0 = p < 1, the series converges by the Root Test. 
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» Whether a series converges depends on 
the behavior of terms in the tail (large 
values of the index). So the inequalities 
0O < a; S bandO < b; S a; need not 
hold for all terms of the series. They must 
hold for all k > N for some positive 
integer N. 


b. In this case, 
ok 
= i — = Hh — = H H 1 1/k = 
P a Ú 510 a q 10/k A (Ki) 10 2. limk : 
Because p > 1, the series diverges by the Root Test. 
We could have used the Ratio Test for both series in this example, but the Root 
Test is easier to apply in each case. In part (b), the Divergence Test leads to the same 
conclusion. 
Related Exercises 19-26< 


The Comparison Test 


Tests that use known series to test unknown series are called comparison tests. The first 
test is the Basic Comparison Test or simply the Comparison Test. 


THEOREM 9.16 Comparison Test 
Let Xa, and Xb, be series with positive terms. 


1. If0 < a, = b, and €b, converges, then >a, converges. 


2. If0 < b; S a, and >b, diverges, then >a, diverges. 





Proof: Assume that X b, converges, which means that © b, has a finite value B. The 
sequence of partial sums for Xa; satisfies 


n n 
Sa — Sax = X b; a- < b; 
k=1 k=1 


Ka > b; Positive terms are added to a finite sum. 
k=1 


= B Value of series 


Therefore, the sequence of partial sums for Xa, is increasing and bounded above by B. 
By the Bounded Monotonic Sequence Theorem (Theorem 9.5), the sequence of partial 
sums of Xa, has a limit, which implies that X.a, converges. The second case of the theo- 
rem is proved in a similar way. < 


The Comparison Test can be illustrated with graphs of sequences of partial sums. 
Consider the series 


a, = =. and b, = =o: 
= 2 k? + 10 = = k? 
1 
Because 46 < y it follows that a, < b,, for k = 1. Furthermore, ®© b, is a 


convergent p-series. By the Comparison Test, we conclude that Xa, also converges 
(Figure 9.32). The second case of the Comparison Test is illustrated with the series 


CO CO 


ee) 1 ee) 
Dyk = ON and X b, = Be 


k=4 


1 1 
Now —= < ———— for k = 4. Therefore, b} < a,, for k = 4. Because b, is 
Vi Ve =3 ei 
a divergent p-series, by the Comparison Test, Xa, also diverges. Figure 9.33 shows that 
the sequence of partial sums for Xa, lies above the sequence of partial sums for €b}. 
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5 $ S, - 

: : 1 
2.0 Sequence of partial sums for —z (converges) g Sequence of partial sums for 
1.8 7 e ° 

® 
1.6 E E a r ° 
1.4 © © j © 
© 

2 ? 5 m e? 
10+ © 4 °° °° 
| Sequence of partial sums for S) a ae ® ° e° ° 
= 2 e e’ Sequence of partial sums for > n (diverges) 
0.4 pooovcecseserscee® 2 = VE 
0.2 e? ° 





FIGURE 9.32 


» If Sa, diverges, then X ca; also diverges 
for any constant c # 0 (Exercise 63 of 
Section 9.4). In Example 3a, one could 


1 1 
use either b ak or > p both of which 


diverge, for the comparison series. The 
first choice makes the required inequality 
easier to prove. 





HECK 3 Explain why it is dif- 
ficult to use the divergent series $1 /k 
as a comparison series to test 
>1/(k + 1).< 





FIGURE 9.33 


Because the sequence of partial sums for © b, diverges, the sequence of partial sums for 
>a; also diverges. 


The key in using the Comparison Test is finding an appropriate comparison series. 
Plenty of practice will enable you to spot patterns and choose good comparison series. 


EXAMPLE 3 Using the Comparison Test Determine whether the following series 


converge. 
a k ” Ink 
a. — b. — 
>> j=j È ke 


SOLUTION In using comparison tests, it’s helpful to get a feel for how the terms of the 
given series are decreasing (if they are not decreasing, the series diverges). 


a. As we go farther and farther out in this series (k — © ), the terms behave like 


k’ k? 1l 


roal a a 
' EN ; l 
So a reasonable choice for a comparison series is the divergent series X, 5K We must 


now show that the terms of the given series are greater than the terms of the compari- 
son series. It is done by noting that 2k* — 1 < 2k’. Inverting both sides, we have 


> hich implies that á ut l 
=f oS > —, whichimpliestht <—, ~ > —_, = = 
Ikt — 1 2K4 j Ikt 1 2k4 2k 
1 
Because > OE diverges, case (2) of the Comparison Test implies that the given series 
also diverges. 
b. We note that Ink < k, fork = 2, and then divide by ke: 
In k k 1 
on E E 
Therefore, the appropriate comparison series is the convergent p-series Dar 


1 , l 
Because 2 converges, the given series converges. 
k Related Exercises 27—-38« 
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» Recall that |x| < a is equivalent to 
—a<x<a. 





QUICK CHECK 4 For case (1) of the 
Limit Comparison Test, we must have 
0 < L< œ. Why can either a; or b; 
be chosen as the known comparison 
series? That is, why can L be the limit 
of a,/b, or b/a? < 


The Limit Comparison Test 


The Comparison Test should be tried if there is an obvious comparison series and the neces- 


sary inequality is easily established. Notice, however, that if the series in Example 3a were 
o0 3 3 


` instead of > 


k k 
{£ 2k* + 10 ae = 
not work. Rather than fiddling with inequalities, it is often easier to use a more refined test 
called the Limit Comparison Test. 


, then the comparison to the harmonic series would 


THEOREM 9.17 The Limit Comparison Test 
Let Sa; and Èb; be series with positive terms and let 


1. If0 < L < œ (that is, L is a finite positive number), then Xa, and >b, 
either both converge or both diverge. 


2. If L = Oand Èb, converges, then Xa, converges. 


3. If L = © and > b; diverges, then Sa, diverges. 














a a 
Proof (Case 1): Recall the definition of i a = L: Given any e > 0, - = 1 <e 
provided k is sufficiently large. In this case, let’s take e = L/2. It then follows that for 
2 ak L , L č a L 
sufficiently large k, |— — L| < <=, or (removing the absolute value) -— < — —L< —. 
b; 2 2 B z 
Adding L to all terms in these inequalities, we have 
L dk 3L 
-< Š < 1, 
2 D; 2 


These inequalities imply that, for sufficiently large k, 
Lb 3Lb 
T k 


dk 3 ` 


We see that the terms of Xa, are sandwiched between multiples of the terms of € b;. By 
the Comparison Test, it follows that the two series converge or diverge together. Cases (2) 
and (3) (L = O or L = œ, respectively) are treated in Exercise 81. < 


EXAMPLE 4 Using the Limit Comparison Test Determine whether the following 
series converge. 


SOLUTION In both cases, we must find a comparison series whose terms behave like the 
terms of the given series as k— ©, 


a. As k— ©, a rational function behaves like the ratio of the leading (highest-power) 
terms. In this case, ask —> œ, 


kt- 2k? +3 kê _ 1 
ee = es ee D 
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Therefore, a reasonable comparison series is the convergent p-series > 2 (the factor 
k=1 

of 2 does not affect whether the given series converges). Having chosen a comparison 

series, we compute the limit L: 


(kA — 2k* + 3)/(2k° — k + 5) 
lim — ae. Ratio of terms of series 
ko 1/k 
r k*(k* — 2k* + 3) soa 
= hm ——— f 
rs Doe Ess ae 
kê — 2k* + 3k? 1 


me UN pee ee aa Simplify and evaluate the limit. 
k>0 k —k +5 2 


L 


We see that O < L < œ; therefore, the given series converges. 


= J = 
. Why is this series interesting? We know that > a converges and that > T diverges. 
k=1 k=1 


_ wink, ; ; 
The given series > —> is “between” these two series. This observation suggests 
k=1 k 


CO 


that we use either > > or Ss T as a comparison series. In the first case, letting 


k=1 k=1 
a, = Ink/k? and b, = 1/k°, we find that 
. ak _ Ink/k? l 
L = lim — = lim = lim Ink = œ. 





k—œ b; k—œ 1/k? k—œ 


Case (3) of the Limit Comparison Test does not apply here because the comparison 


CO 
series ` = converges. So the test is inconclusive. 
k=1 


1 
If, instead, we use the comparison series X b; = ae then 
Ink/k° Ink | 


a 
L= lim ~ = lim = lim — 
k>% bp, k>% 1/k k>% k 





0. 


Case (2) of the Limit Comparison Test does not apply here because the comparison 


CO 


series > ri diverges. Again, the test is inconclusive. 
k=l 
With a bit more cunning, the Limit Comparison Test becomes conclusive. A series 


we try itas a 


i c6 99 4 l - l 1 1 : hae 
that lies “between >> a and p> T is the convergent p-series >> T 72? 


comparison series. Letting a, = ln k/k? and b, = 1/k?/”, we find that 


Ink/ke Ink | 


= lim —== 
k>% \/k 

(This limit is evaluated using |’ H6pital’s Rule or by recalling that In k grows more 

slowly than any positive power of k.) Now case (2) of the Limit Comparison Test 


a 
L= lim —= 0. 


k—œ b, ares ie 


1 
applies; the comparison series >z converges, so the given series converges. 


Related Exercises 27-38 < 
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Guidelines 


We close by outlining a procedure that puts the various convergence tests in perspective. 
Here is a reasonable course of action when testing a series of positive terms Xa, for 


convergence. 


1. Begin with the Divergence Test. If you show that Pi a; Æ 0, then the series diverges 


and your work is finished. The order of growth rates of sequences given in Section 9.2 
is useful for evaluating n ag 


2. Is the series a special series? Recall the convergence properties for the following series. 


e Geometric series: Xar“ converges for |r| < 1, and diverges for |r| = 1 (a # 0). 


1 
e p-series: 2a converges for p > 1, and diverges for p = 1. 


e Check also for a telescoping series. 


3. If the general kth term of the series looks like a function you can integrate, then try the 


Integral Test. 


4. If the general kth term of the series involves k!, k*, or a“, where a is a constant, the 
Ratio Test is advisable. Series with k in an exponent may yield to the Root Test. 


5. If the general kth term of the series is a rational function of k (or a root of a rational 
function), use the Comparison or the Limit Comparison Test. Use the families of series 
given in Step 2 as comparison series. 


These guidelines will help, but in the end, convergence tests are mastered through prac- 


tice. It’s your turn. 


SECTION 9.5 EXERCISES 


Review Questions 
1. Explain how the Ratio Test works. 


2. Explain how the Root Test works. 
3. Explain how the Limit Comparison Test works. 
4 


What is the first test you should use in analyzing the convergence 
of a series? 


What tests are advisable if the series involves a factorial term? 


si 


6. What tests are best for the series Xa, when a; is a rational 
function of k? 


7. Explain why, with a series of positive terms, the sequence of 
partial sums is an increasing sequence. 


8. Do the tests discussed in this section tell you the value of the 
series? Explain. 


Basic Skills 
9-18. The Ratio Test Use the Ratio Test to determine whether the 
following series converge. 





o Si w5 un Se wy 
ik E= E= E= 
3. Set a SE i SS w SS 
k=1 k=1k jak mi al 
o0 (k!)? o0 P 
17. 18 k* 2 
àw 2 


19-26. The Root Test Use the Root Test to determine whether the 


following series converge. 
af 4k +k \ 
19. S) 


21. > ok 





o0 k 2k? 
23. 
p> Cea 


TOE 


26. > 


22. 


24. 





27-38. Comparison tests Use the Comparison Test or Limit Compari- 
son Test to determine whether the following series converge. 


7. > 


Eik +4 
4 


2. > 


k=] k+ 





= 1 
31. ads = 
> kel? +1 
ŞS sin (1/k) 


33. 
G Fk 


28. 


30. 


32. 


34. 


a k kei 


2 


AK t4e-=—3 


= 0.0001 
E k+4 








i k 
> k? +1 


1 


Pira 








= 1 = Í 
35. —— 36. -o 
eer: Mi kVvk +2 
yf VE +1 - $ 1 
Avie +2 * & (kinky 


Further Explorations 
39. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. Suppose that 0 < a, < b,. If Sia, converges, then Sb; 
converges. 

b. Suppose that 0 < a, < b,. If Sa, diverges, then >) b; diverges. 

c. Suppose 0 < bh < c; < a,. If Sa; converges, then € b; and 
Xc, converge. 


40-69. Choose your test Use the test of your choice to determine 
whether the following series converge. 


GOO 
































00 ( 2) a2 00 ca ) 4 00 j, 100 
41. i 
>> k > 2k? + 1 s Beep (k + 1)! 
o0 r 2 CO 00 k 
k 2 
4. > 45. X (Wk -1)* 46. S 
c=1 k k=1 me =] 
Pe ” k + 2k + 1 d5 7 1 
E 3k +1 E 5-1 
oe) 1 00 1 oo 1 
49, — 50. 51. 
ink 3 5* — 3* k=1 ViB—k+1 
2 (k!)° (: © Sink 
52. 53 Sg ga 54 
& Gio! ak ok 
Ok kd > ( of o k8 
55, 56. =S 57 
»> kk > k 2 Kies 
CO 1 CO 
58. ,p>od 59. ,p>od 
= (1 + p) Š ke 
i 1 ia k+2 = 
60. 61 In 62 kk 
3 k* Ink py fest = 
(oe) 1 co 7 1 oO 1 
63. >> T 64 > sin^ | — 65 p> tan — 
=a K k=l k k=1 
oo 1 1 1 
66. 100k * 67. SS 4 aS Se 
> 1°33 3:5 5-7 
1 2 3 1 4 9 16 
68. 2 e 69. T a ae 


70-77. Convergence parameter Find the values of the parameter 
p > 0 for which the following series converge. 
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ae pr Z a (2k — 1) 
74. 75. 
rea (k + 1)* p> pk 
si k P o p ) 
76. In 77. I= 
> e(r) x5 
78. Series of squares Prove that if $a; is a convergent series of posi- 
tive terms, then the series 2a also converges. 
79. Geometric series revisited We know from Section 9.3 that the 
geometric series Xart converges if 0 < r < 1 and diverges if 
r > 1. Prove these facts using the Integral Test, the Ratio Test, 
and the Root Test. What can be determined about the geometric 
series using the Divergence Test? 
80. Two sine series Determine whether the following series 


converge. 


00 l 1 
a. 2 k 


ll 1 
b. Ss — sin — 
ik k 
Additional Exercises 
81. Limit Comparison Test proof Use the proof of case (1) of the 
Limit Comparison Test to prove cases (2) and (3). 


82-87. A glimpse ahead to power series Use the Ratio Test to 
determine the values of x = O for which each series converges. 


o0 xk o0 oe) xk 
82. > — 83. Xx“ 84. > — 
(= k! KZO (= k 
ore) k 00 2k 00 k 
x x x 
85. 2a 86. ery 87. paar. 
k=1 k=1 k=1 
88. Infinite products An infinite product P = a, a, a3... , whichis 


denoted [la is the limit of the sequence of partial products 
k= 1 


lapain a, Ay G3, = ale 


a. Show that the infinite product converges (which means its 
sequence of partial products converges) provided the series 


>; In a, converges. 


k=l 
b. Consider the infinite product 


p= T(t) > 


Write out the first few terms of the sequence of partial 


products, 
P,= [[{1- 2 
k=2 
(for example, P, = 7 P, = Zy, Write out enough terms to 


determine the value of the product, which is lim P,. 


no 


c. Use the results of parts (a) and (b) to evaluate the series 


o l 
fl ts 
Sin a) 
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Infinite products Use the ideas of Exercise 88 to evaluate the 
following infinite products. 


CO 
k 
a. IIe” = eel. elf. elf... 


k=0 
= 1 12 3 4 
e 
I] k 2345 
An early limit Working in the early 1600s, the mathematicians 
Wallis, Pascal, and Fermat were attempting to determine the area 
of the region under the curve y = x” between x = 0 and x = 1, 


where p is a positive integer. Using arguments that predated the 
Fundamental Theorem of Calculus, they were able to prove that 


1 7k yY 1 
im +S (4) = . 
non p= n pel 


Use what you know about Riemann sums and integrals to verify 
this limit. 











1. 10; (k + 2)(k + 1);1/(k + 1) 2. The Integral Test 
or p-series with p = 2 3. To use the Comparison Test, we 
would need to show that 1/(k + 1) > 1/k, which is not true. 


ag b 1 
4. If n 1 = L for 0 < L< œ, then Pate ~ = poe 


k k>% Ar 


0 < IL < 0, < 


9.6 Alternating Series 


Our previous discussion focused on infinite series with positive terms, which is certainly 
an important part of the entire subject. But there are many interesting series with terms of 
mixed sign. For example, the series 


has the pattern that two positive terms are followed by two negative terms and vice versa. 
Clearly, infinite series could have a variety of sign patterns, so we need to restrict our 


attention. 


Fortunately, the simplest sign pattern is also the most important. We consider alter- 
nating series in which the signs strictly alternate, as in the series 


aa 


cy" 


J 
——+ 
2 


The factor (—1)**! (or (—1)*) has the pattern {...,1,—1,1,—1,...} and provides the 


alternating signs. 


Alternating Harmonic Series 


Let’s see what is different about alternating series by working with the series 5 


—1)**} 
Sk 


which is called the alternating harmonic series. Recall that this series without the 


CO 


alternating signs, > T is the divergent harmonic series. So an immediate question 
k=1 

is whether the presence of alternating signs changes the convergence or divergence of 

a series. 
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Sn We investigate this question by looking at the sequence of partial sums 
1.0779 y= Ea ie for the series. In this case, the first four terms of the sequence of partial 
E sums are 
J 
0.8 ü 7 
ee ee ° e o ee ooo S= 1 
e.. 000000 oe 1 1 
0.6 -e ° TE E. 
@ 2 2 
0.4 Sequence of partial sums for i 1 1 7 5 
the alternating harmonic series S53 = 1 > > T 3 = 6 
S,=1 1 n | | 7 
$ 2 3 4 12’ 





FIGURE 9.34 





sums for the alternating series 
L=2 3 =d = 64 oe, 
Does this series appear to converge 
or diverge? «< 


» Depending on the sign of the first term 
of the series, an alternating series may be 
written with (—1)* or (—1)**1. 


» Recall that the Divergence Test of 
Section 9.4 applies to all series: If 
the terms of any series (including an 
alternating series) do not tend to zero, 
then the series diverges. 


Plotting the first 30 terms of the sequence of partial sums results in 
Figure 9.34, which has several noteworthy features. 


e The terms of the sequence of partial sums appear to converge to a limit; if they do, it 
means that, while the harmonic series diverges, the alternating harmonic series con- 
verges. We will soon learn that taking a divergent series with positive terms and making 
it an alternating series may turn it into a convergent series. 


e For series with positive terms, the sequence of partial sums is necessarily an increasing 
sequence. Because the terms of an alternating series alternate in sign, the sequence of 
partial sums is not increasing; rather, the sequence oscillates (Figure 9.34). 


e Because the sequence of partial sums oscillates, its limit (when it exists) lies between 
any two consecutive terms. 


Alternating Series Test 


The alternating harmonic series displays many of the properties of all alternating series. 
We now consider alternating series in general, which are written >)(—1)**'a,, where 
a, > 0. The alternating signs are provided by (—1)**!. 

With the exception of the Divergence Test, none of the convergence tests for series 
with positive terms applies to alternating series. The fortunate news is that only one test 
needs to be used for alternating series—and it is easy to use. 


THEOREM 9.18 The Alternating Series Test 
The alternating series X (—1)**'a, converges provided 


1. the terms of the series are nonincreasing in magnitude (0 < a;,4, S ap, fork 
greater than some index N) and 


2. lim a, = 0. 


k— oo 





The first condition is met by most series of interest, so the main job is to show that the 
terms approach zero. There is potential for confusion here. For series of positive terms, 
lim a, = 0 does not imply convergence. For alternating series with nonincreasing terms, 


k— œ 


lim a; = 0 does imply convergence. 


k— œ 


Proof: The proof is short and instructive; it relies on Figure 9.35. We consider an alter- 
nating series in the form 


>) a) = Aa; 7 ao + a3 7T d4 Fp aoe 
k=1 
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=k 
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increase 
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(— za 





° T 


e Partial sums 
oscillate 


a dy = a; 
sy 
5 S3 = S, + a, [Se Sp Saa] 
g nonincreasing bounded below 
5 
S- ” è e A P 
5 a,| a| a| a] a, 
8 ~ © e ° 
S _—— (J 
6 5 
4 S, = S; — a, pay Sood 
5 nondecreasing bounded above 
S 





FIGURE 9.35 


Because the terms of the series are nonincreasing in magnitude, the even terms of the 
sequence of partial sums {S>} = { S3, S4, ...} form a nondecreasing sequence that is 
bounded above by $4. By the Bounded Monotonic Sequence Theorem (Section 9.2), this 
sequence must have a limit; call it L. Similarly, the odd terms of the sequence of partial 
sums {S21} = {S], S3, ...} form a nonincreasing sequence that is bounded below by 
S>. By the Bounded Monotonic Sequence Theorem, this sequence has a limit; call it L’. At 
the moment, we cannot conclude that L = L’. However, notice that Sa, = S5,~1 — aap. 
By the condition that i a, = 0, it follows that 


lim $5, = Jim S2- 1 — lima, 
k—œ 


k— œ 
SS a — aam 
L i; 0 


or L = L’. Thus, the sequence of partial sums converges to a (unique) limit and the cor- 


responding alternating series converges to that limit. < 
—] k+1 


Now we can confirm that the alternating harmonic series > converges. 
k=l 
This fact follows immediately from the Alternating Series Test because the terms a; = T 
decrease and i a, = 0. 


THEOREM 9.19 Alternating Harmonic Series 


CO 


The alternating harmonic series a = 
k=l 


converges (even though the harmonic series ` — = 


k=l 
diverges). 





tween successive terms of the sequence of partial sums. < 


EXAMPLE 1 Alternating Series Test Determine whether the following series con- 
verge or diverge. 
co = 1 jaa 


3 
a. X ———— bh. oS 
ap 2 
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SOLUTION 


a. The terms of this series decrease in magnitude, for k = 1. Furthermore, 


lim a, = lim = = 0. 
k— kook 


Therefore, the series converges. 


kor 1 1 
b. The magnitudes of the terms of this series are a, = ss = 1 + —. While these 
terms decrease, they approach 1, not 0, as k —> ©. By the Divergence Test, the series 


diverges. 
c. The first step is to show that the terms decrease in magnitude after some fixed term 
of the series. One way to proceed is to look at the function f(x) = na which 
__ 1 = lnx 


x2 


generates the terms of the series. By the Quotient Rule, f'(x) The fact 


Ink 
that f'(x) < 0, for x > e, implies that the terms Fi decrease, for k = 3. As long as 


the terms of the series decrease for all k greater than some fixed integer, the first con- 
dition of the test is met. Furthermore, using l’ Hôpital’s Rule or the fact that {In k } 
increases more slowly than {k} (Section 9.2), we see that 

i i Ink 0 

ima,= lm —= Q. 

k— œ k k— œ k 

The conditions of the Alternating Series Test are met and the series converges. 
Related Exercises 11-28< 


l Remainders in Alternating Series 
> The absolute value is included in the 








remainder because with alternating series Recall that if a series converges to a value S, then the remainder is R, = |S — S„|, where 
we have S > S, for some values of n S, 1S the sum of the first n terms of the series. The remainder is the absolute error in 
and S < S, for other values of n (unlike approximating S by S,. 
series with positive terms, in which An upper bound on the remainder in an alternating series is found by observing that 
S > S, for all n). the value of the series is always trapped between successive terms of the sequence of par- 
tial sums. Therefore, as shown in Figure 9.36, 
First neglected term R, = |S = ial < Kare — S =a 
S S 
? , This argument is a proof of the following theorem. 
R, T IS a S, St 7 S, —~ Gay] 
ep eee eee ve a THEOREM 9.20 Remainder in Alternating Series 
series = S Let R, = |S — S,,| be the remainder in approximating the value of a convergent 
S : ; _4)\k4+1 ba = 
n+l alternating series > ( 1)*" "a, by the sum of its first n terms. Then R, S a4}. 
R < ee k=l 
no Sii S, Get k : r : 
In other words, the remainder is less than or equal to the magnitude of the first 
> 
H ne n neglected term. 
FIGURE 9.36 
EXAMPLE 2 Remainder in an alternating series 
1 1 1 00 (— 1 r 1 
a. How many terms of the series Iln 2 = 1 — 5 T 3° 4 tree = are 
k=l 


required to approximate the value of the series with a remainder less than 10 ©? The 
exact value of the series is given but is not needed to answer the question. 
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. 1 1 © (-1)* 

b. Ifn = 9 terms of the series —1 + — - —+—-—:::= 
2! 3! 4! m k! 

are summed, what is the maximum error committed in approximating the value of the 


series (which is e | — 1)? 





SOLUTION 


a. The series is expressed as the sum of the first n terms plus the remainder: 


2 (—] k+1 1 1 1 =j n+] =j n+2 
ne E E ee a O 
k=1 k 2 3 4 n n +1 
N ie ae 
S„ = the sum of the first n terms R, = |S — S,| is less 


than the magnitude 
of this term 


The remainder is less than or equal to the magnitude of the (n + 1)st term: 


1 
n+l 





= |S — Sil S any = 


To ensure that the remainder is less than 10°, we require that 


1 


< 10%, or n+ 1> 10 
(ie ae | 





An+1 — 


Therefore, it takes 1 million terms of the series to approximate In 2 with a remainder 
less than 10 °. 


b. The series may be expressed as the sum of the first nine terms plus the remainder: 


Aa i 1 1l 11 
> = —] + — — — +--+ — — 4+ — —..- 
a k! 2! 3! 9! 10! 
Te end 
So = sum of first 9 terms Ro = |S — Sol 
is less than 
this term 





The error committed when using the first nine terms to approximate the value of the 
series satisfies 


1 
Ry = |S — Sol = 410 g = 2.8 X 107. 


Therefore, the maximum error is Oe 2.8 X 10°’. As a check, the difference 


between the sum of the first nine terms, 5 ( il 1)" 
k=1 K: 


value, S = e7! — 1 =~ —0.632120559, is approximately 2.5 X 10’. Therefore, the 
actual error satisfies the given inequality. 





= —().632120811, and the exact 


Related Exercises 29-44< 





QUICK CHECK 3 Compare and comment on the speed of convergence of the two series in 
nee previous same Why does one series converge so much more quickly than the 
other? < 


Absolute and Conditional Convergence 


In this final segment, some terminology is introduced that is needed in Chapter 10. We 
now let the notation Xa, denote any series—a series of positive terms, an alternating se- 
ries, or even a more general infinite series. 


Infinite series > a 





k 


Absolutely 
convergent 


FIGURE 9.37 


Conditionally 
convergent 
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Look again at the alternating harmonic series $ (—1)**!/k, which converges. The 
corresponding series of positive terms, È 1/k, is the harmonic series, which diverges. 
We saw in Example 1a that the alternating series }(—1)**'/k converges, and the corre- 
sponding p-series of positive terms >) 1/k* also converges. These examples illustrate that 
removing the alternating signs in a convergent series may or may not result in a conver- 
gent series. The terminology that we now introduce distinguishes these cases. 


DEFINITION Absolute and Conditional Convergence 


Assume the infinite series Xa, converges. The series >a, converges absolutely if 
the series > |a,| converges. Otherwise, the series Ža, converges conditionally. 





The series > (—1)**'/k* is an example of an absolutely convergent series because 
the series of absolute values, 








is a convergent p-series. In this case, removing the alternating signs in the series does not 
affect its convergence. 

On the other hand, the convergent alternating harmonic series )(—1)**!/k has the 
property that the corresponding series of absolute values, 


5-5: 
k= k= k 
does not converge. In this case, removing the alternating signs in the series does affect 
convergence, so this series does not converge absolutely. Instead, we say it converges 


conditionally. A convergent series (such as }(—1)**!/k) may not converge absolutely. 
However, if a series converges absolutely, then it converges. 


a 








THEOREM 9.21 Absolute Convergence Implies Convergence 
If © |a,| converges, then >a; converges (absolute convergence implies convergence). 


If Sa, diverges, then >’ |a;,| diverges. 





Proof: Because |a,| = a, or |a,;| = —a,, it follows that O < la| + a, = 2]a,|. By 
assumption X |a;| converges, which, in turn, implies that 2€ |a;| converges. Using the 
Comparison Test and the inequality 0 < |a,| + a, = (az + |a,l) 
converges. Now note that 


dae = X (ag + |ar| — lad) = X (ax + larl) -— X lad. 


converges converges 








We see that Xa, is the sum of two convergent series, so it also converges. The second 
statement of the theorem is logically equivalent to the first statement. < 


Figure 9.37 gives an overview of absolute and conditional convergence. It shows 
the universe of all infinite series, split first according to whether they converge or 
diverge. Convergent series are further divided between absolutely and conditionally 
convergent series. 
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QUICK CHECK 4 Explain why a conver- 
sent series af positive terms converges 
absolutely. «< 


Here are a few more consequences of these definitions. 


e The distinction between absolute and conditional convergence is relevant only for series 
of mixed sign, which includes alternating series. If a series of positive terms converges, 
it converges absolutely; conditional convergence does not apply. 





terms. Therefore, the convergence tests of Sections 9.4 and 9.5 (for positive-term series) 
are used to determine absolute convergence. 


EXAMPLE 3 Absolute and conditional convergence Determine whether the fol- 
lowing series diverge, converge absolutely, or converge conditionally. 


a > D " pa S sin k r S 
i= (Ee ve D =E a k+l 


SOLUTION 





a. We examine the series of absolute values, 


which is a divergent p-series (with p = i < 1). Therefore, the given alternating 
series does not converge absolutely. To determine whether the series converges con- 
ditionally we look at the original series—with alternating signs. The magnitude of the 
terms of this series decrease with lim 1/Vk = 0, so by the Alternating Series Test, 


oD -5L 


k=1 








k—> 
the series converges. Because this series converges, but not absolutely, it converges 
conditionally. 


b. To assess absolute convergence, we look at the series of absolute values, 
ioe) ioe) 1 
Dew = 2 BR Toa 


which is a convergent p-series (with p = 5 > 1). Therefore, the original alternating 
series converges absolutely (and by Theorem 9.21 it converges). 


i 








c. The terms of this series do not strictly alternate sign (the first few signs are +++——-—), 
so the Alternating Series Test does not apply. Because |sin k| = 1, the terms of the 
series of absolute values satisfy 


sin k 
k? 


= |sink| — 1 


= 


K k 














1 
The series Dp is a convergent p-series. Therefore, by the Comparison Test, the 


sin k 
series `y 2 








converges absolutely. 





ee l sin k 
converges, which implies that the series `y p 


d. Notice that lim k/(k + 1) = 1. The terms of the series do not tend to zero and, by 


the Divergence Test, the series diverges. 
Related Exercises 45—56< 


We close the chapter with the summary of tests and series shown in Table 9.4. 


Table 9.4 Special Series and Convergence Tests 


Series or Test 


Geometric series 


Divergence Test 


Integral Test 


p-series 


Ratio Test 


Root Test 


Comparison Test 


Limit Comparison Test 


Alternating Series Test 


Absolute Convergence 


Form of Series 


00 


X arf, a # 0 
k=0 


ioe) 
>ü; 
k=1 


(00) 


X ap where a, = f(k) and 
k=1 
f is continuous, positive, and 
decreasing 

al 
fan KP 


Sap where a; > 0 
k= 1 


(00) 
X ap where a; = 0 
k=1 


(0.0) 


X ap where a; > 0 
k=1 


ioe) 
Ss agp, where 
k=1 


a, > 0,b, > 0 


N (—1)* ag, where a; > 0, 
k=1 


(00) 
X 4p, a; arbitrary 
k=l 


SECTION 9.6 EXERCISES 


Condition for 
Convergence 


iF) 1 


Does not apply 


[ 1 dx < 0 


p> 1 


dk+1 





lim <] 
k>% dk 


lim Va, < 1 


k—œ 


0 < Ap = b, and 


(00) 
>, b, converges. 
k=1 


. ak 
0 < lm — < o 


k—œ k 


CO 
and > b, converges. 
k=1 


lim a; = 0 


k— oo 


(0.0) 


Y |a| converges 
i=1 


Condition for 
Divergence 


Hri ay A 0 


J f(x) dx does 
i 


not exist. 


as) 
IA 


A+] 





lim a | 
k>% dk 


lim Va; > 1 
0 < b; S a; and 


b b, diverges 
k=] 


. ak 
lim — > 0 and 


k— oo k 


> b, diverges. 
k=] 


lim a; # 0 


k—oo 
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Comments 


If |r| < 1, then 


= a 
ee 
k=0 [= 





r 


Cannot be used to prove 
convergence. 


The value of the integral is 
not the value of the series. 


Useful for comparison tests. 


a.. k+l 
Inconclusive if lim = | 
k>% Ay 





Inconclusive if 


lim Vay = 1 


oO 
> a, 1S given; 
k=1 
co 


you supply X be 
k=1 


Sia g 1S given; 

= 

you supply X by 
k=1 


Remainder R, satisfies 
Ra = An+1 


Applies to arbitrary series 


Review Questions 


Explain why the sequence of partial sums for an alternating series 


Describe how to apply the Alternating Series Test. 


Why does the value of a converging alternating series lie between 
any two consecutive terms of its sequence of partial sums? 


Suppose an alternating series converges to a value L. Explain how 
to estimate the remainder that occurs when the series is terminated 


1. 
is not an increasing sequence. 
2. 
3. 
4. 
after n terms. 
5. 


Explain why the remainder in terminating an alternating series is 
less than or equal to the first neglected term. 


10. 


Give an example of a convergent alternating series that fails to 
converge absolutely. 


Is it possible for a series of positive terms to converge condition- 
ally? Explain. 


Why does absolute convergence imply convergence? 


Is it possible for an alternating series to converge absolutely but 
not conditionally? 


Give an example of a series that converges conditionally but not 
absolutely. 
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Basic Skills 
11-28. Alternating Series Test Determine whether the following 
series converge. 


45-56. Absolute and conditional convergence Determine whether the 
following series converge absolutely or conditionally, or diverge. 





























00 (-1)* 00 (-1)* 00 (—1)**! 
o0 —_ k co f k 45. 46. . wo 47. 
11. so o 12. SED ate MO Vk > k3/2 
Z T = k 
ve 7 48 >( 9) w ae 50. > os 
0 (| o k : E ‘ ; —————— 
13. >| ? : 14. Sop + +) ‘=1\ 3 ek ei? 7 
k=1 k=1 
g E -DR 
z(e » (—1)} 51. 1)tan'k 52 =] e" 53 
15. 3! 7 16. So è a res 
k=] k=0 
o0 —1)* 00 (—1)* tan` k o0 (—1)+! k 
o0 k? as Ji k 54. 55. 56. 
17. ay a 18. PS ars È In k è k? ps (k +1)! 
k=1 k=2 
o% Pj o / Nk Further Explorations 
19. X (1) EE 20. >(-3) 57. Explain why or why not Determine whether the following state- 


ments are true and give an explanation or counterexample. 














21 5 (=i jk (1 a L) 2 5 cos 7k a. A series that converges must converge absolutely. 
E k an b. A series that converges absolutely must converge. 
2 LIO 4 OK 4] 2 (—1)é c. A series that converges conditionally must converge. 
B Sa, -_— 24> | d. If Sa, diverges, then X |a;| diverges. 
k=] K(k + 1) k=2 k ln“ k e. If Sa i. converges, then >a; converges. 
00 o k! f. Ifa, > 0 and Xa, converges, then a,” converges. 
25. Sle 26, SCN ik g. If Sa, converges conditionally, then > |a;| diverges. 
k=1 k=1 
o k ” 58. Alternating Series Test Show that the series 
(—1) 1 
27. 28. —1)* k sin — . 
Pa 2 en 1 2 3 4 7 ak 
hl oe hee alae ee 
x F 7 9 = 2k + 1 


29-38. Remainders in alternating series Determine how many terms 
of the following convergent series must be summed to be sure that the 
remainder is less than 104. Although you do not need it, the exact 
value of the series is given in each case. 


diverges. Which condition of the Alternating Series Test is not 
satisfied? 


2 















































00 (-1)**! é (-1)* 59. Alternating p-series Given that > ros r show that 
29. In2 = 2 k 30. F = 2 kl 00 aa T? a: 
k=l aa 2 = 75° . (Assume the result of Exercise 63.) 
a 7 S (-1)* m T? so" k=1 
"40 k+l "2 4 PR or Alma a adi m 
i ernating p-series Given that Xy 7 on Show that 
4 - k+1 3 > k k=1 k 90 
ae so) 34,2 => CD) ce 
"720 Æ k 32 Akri =) Tr‘ 
> 4 = = z0 (Assume the result of Exercise 63.) 
TV3 n2 < (—1)* 31° 2 (=) os 
35. 9 = 307 à 3k +1 36. 30,240 Æ kê 61. Geometric series In Section 9.3, we established that the geo- 
i metric series Xr“ converges provided |r| < 1. Notice that if 
7. 7- 5 (1) ( 2, 2 |, ! ) —1 < r < 0, the geometric series is also an alternating series. 
A g 4k+1 4k+2 4k+3 Use the Alternating Series Test to show that for —1 < r < 0, the 
series Xr“ converges. 
TV3 _ ln 2 = i) 
38. 9 -5 13k +2 62. Remainders in alternating series Given any infinite series Xa+, 


let N(r) be the number of terms of the series that must be summed 
to guarantee that the remainder is less than 10 ", where r is a posi- 
tive integer. 


39-44. Estimating infinite series Estimate the value of the following 
convergent series with an absolute error less than 10 °. 























—1)* 0. > (—1)* Ss (-1)*k a. Graph the function N(r) for the three alternating p-series 
l a 2 æ» (—] k+1 
=1 (2k + 1)" aie l 9 , for p = 1, 2, and 3. Compare the three graphs 
o0 (-1)*k 00 (—1)* (— p k=1 
42. TEE > 44. > | (2k + 1)! and discuss what they mean about the rates of convergence of 
k=l k=1 


the three series. 


00 (-1)**! 


b. Carry out the procedure of part (a) for the series > = 
k=1 


and compare the rates of convergence of all four series. 


Additional Exercises 


63. 


64. 


Rearranging series It can be proved that if a series converges 
absolutely, then its terms may be summed in any order without 
changing the value of the series. However, if a series converges 
conditionally, then the value of the series depends on the order of 
summation. For example, the (conditionally convergent) alternat- 
ing harmonic series has the value 


7 eee In 2. 


Show that by rearranging the terms (so the sign pattern is ++—), 


1 1 
1+ =-=+ 


l 3 
ae parec Sl 2. 
3 2 3 2 


1 

7 

A better remainder Suppose an alternating series X, (—1)* a, 
converges to S and the sum of the first n terms of the series is S,. 
Suppose also that the difference between the magnitudes of con- 
secutive terms decreases with k. It can be shown that forn = 1, 


(— 1 Mir | 
2 


a. Interpret this inequality and explain why it gives a better 
approximation to S than simply using S,, to approximate S. 

b. For the following series, determine how many terms of the series 
are needed to approximate its exact value with an error less than 
10 © using both S,, and the method — in part (a). 

jk 


o = (1 
(i) > Fi (ii) a = (iii) > y 


S — 














Sn T = 2 [an+ E An+2\- 





eA A:S REVIEW EXERCISES 


Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. The terms of the sequence {a,,} increase in magnitude, so the 
limit of the sequence does not exist. 

b. The terms of the series }}1/ Vk approach zero, so the series 
converges. 

c. The terms of the sequence of partial sums of the series Xa; 
approach > so the infinite series converges to 5, 

d. An alternating series that converges absolutely must converge 


conditionally. 
2 





e. The sequence a,, 


7 1 converges. 


—1)"n? 


f. The sequence a, = —,;——— converges. 
n tl 


k? 





g. The series X 3 
k=1 k 
h. The sequence of partial sums associated with the series 


CO 


pS 


k=1 k +1 


i converges. 





converges. 


Review Exercises 679 


65. A fallacy Explain the fallacy in the following argument. 





1 1 1 
ee es +— +- and 





=+ -+ 
2 4 6 8 


— -(1-4) (4-1) -4) +0 
oe 2 3 4 5 6 
S ——— 7 t et 


>0 >0 >0 


is a sum of positive terms, so x > y. Thus, we have shown that 
x = yand x > y. 


CK CHECK ANSWERS 





L L=lL2=2, 3; ~3; -s series diyerges. 2. Theeven 
terms of the sequence of partial sums approach the value of 
the series from one side; the odd terms of the sequence of 
partial sums approach the value of the series from the other 
side. 3. The second series with k! in the denominators con- 
verges much more quickly than the first series because k! in- 
creases much faster than k as k—> œ. 4. Ifa series has 
positive terms, the series of absolute values is the same as the 
series itself.< 


2-10. Limits of sequences Evaluate the limit of the sequence or state 
that it does not exist. 


n? +4 8” 


V4nf + 1 
3 2n 
4. a, = (1 +3) 5. a,= Wn 


n! 





n 
1 1/Inn 
6 a,=n- Vn’? -1 7 a, = (4) 
n 
mn (=1)* 
; = sin | — 9. = 
8. a, sin ( 6 ) An 0.9" 


10. a, = tan'n 


11. Sequence of partial sums Consider the series 


SED Pa os): 
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12-20. 


a. 


CHAPTERY ° 


SEQUENCES AND INFINITE SERIES 


Write the first four terms of the sequence of partial sums 


OO 


b. Write the nth term of the sequence of partial sums S,. 
Find lim S, and evaluate the series. 


C. 


n—> o0 


Evaluating series Evaluate the following infinite series or state 


that the series diverges. 


12. 


15. 


17. 


19. 


21. 


A] 








16. 


oe) oo 1 k 
13. $3(1.001)* 14. >(-3) 
k=1 k=0 3 





af i 1 
Sa 


18. S4* 
k=1 


a SG) -G) | 


Sequences of partial sums The sequences of partial sums for 
three series are shown in the figures. Assume that the pattern in 
the sequences continues as n — ©, 


a. Does it appear that series A converges? If so, what is its 


b. What can you conclude about the convergence or divergence 


(approximate) value? 





of series B? 





(A) 





(B) 


c. Does it appear that series C converges? If so, what is its 


(approximate) value? 


S 


n 





22—42. Convergence or divergence Use a convergence test of your 
choice to determine whether the following series converge or diverge. 


22. 


25. 


28. 


31. 


34. 


37. 


40. 




















= 2 is 2 2k? +1 
Siar 23. Se 24. X ——— 
Ek k=1 pe +3 
es S( k \* 28 
26. >( ) 27 S 
{z e IN FS ik 
= 1 = 3 2 1 
— 29, 30. Sksin— 
p> VkVk + 1 »> 2+ ek > k 
> Vk 32. 5 —-~ 33, Vise 
Ok eile lnk = 
o0 J o0 l k? o0 
; 35. >; 36. Y ke™ 
k=4 k 10 k=1 k = 
= Yeah = oF 2 coth k 
So 39. 52 
£ (2k + 1)! A (2k)! — l 
[0.6] 1 [0.6] 
41. Y tanhk 42. hk 
& sinh k 2 an Zaks 


43-50. Alternating series Determine whether the following series 
converge or diverge. In the case of convergence, state whether the 
convergence is conditional or absolute. 


43. 


45. 


47. 


49. 


51. 


52. 


53. 


54. 


55; 


(D + 4) 





44. > 








E k-1 E 2k? + 1 
ee) ioe) —] k 

ŞS (-1)'ke* 46. b 2o 
k=1 k=1 Vke + 1 

o0 (—1)**110* rr o0 (-1)* 

> k! l = klnk 

00 (-2)**! r 00 (—1)* 

> k? 50. > k —k 
k=l 0e te 


Sequences vs. series 


4 
a. Find the limit of t(- +) \ 


b. Evaluate s(- aI 


Sequences vs. series 





1 
a. Find the limit of L- L} 
k k+1 


b. Evaluat 
valuate D(L - L): 


Partial sums Let S,, be the nth partial sum of Da = 8. Find 
lim a; and lim S, 


k—œ n—o 





oe) 


Remainder term Let R, be the remainder associated with p> 7 


Find an upper bound for R, (in terms of n). How many ens of 
the series must be summed to approximate the series with an error 
less than 10? 

eal) 


Conditional p-series Find the values of p for which > YP 
converges conditionally. k=] 





56. 


H 57. 


58. 


59, 


60. 


6l. 


62. 


63. 


Logarithmic p-series Show that the series > 


1 
——— converges 
p 
provided p > 1. {=> k(n k) 


(0.0) 


Error in a finite sum Approximate the series > 5k by 
evaluating the first 20 terms. Compute the maximum error in 
the approximation. 


CO 


Error in a finite sum Approximate the series > E by 
evaluating the first 20 terms. Compute the maximum error in 
the approximation. 


Error in a finite alternating sum How many terms of the series 


o0 (= 1 ‘aa 1 
> En must be summed to ensure that the remainder is less 
k=1 
than 10 8? 


Equations involving series Solve the following equations for x. 
a. > ers) 
k=0 


b. (3x)! =å 
k=0 


Z x x 
c. = zl =0 
S a 


Building a tunnel—first scenario A crew of workers is con- 
structing a tunnel through a mountain. Understandably, the rate of 
construction decreases because rocks and earth must be removed a 
greater distance as the tunnel gets longer. Suppose that each week 
the crew digs 0.95 of the distance it dug the previous week. In the 
first week, the crew constructed 100 m of tunnel. 








a. How far does the crew dig in 10 weeks? 20 weeks? N weeks? 
b. What is the longest tunnel the crew can build at this rate? 


Building a tunnel—second scenario As in Exercise 61, a crew of 
workers is constructing a tunnel. The time required to dig 100 m 
increases by 10% each week, starting with 1 week to dig the first 
100 m. Can the crew complete a 1.5-km (1500-m) tunnel in 30 
weeks? Explain. 


Pages of circles On page 1 of a book, there is one circle of radius 

1. On page 2, there are two circles of radius L On page n there are 

2”~! circles of radius 2™”* t. 

a. What is the sum of the areas of the circles on page n of the 
book? 

b. Assuming the book continues indefinitely (n — © ), what is 
the sum of the areas of all the circles in the book? 


Chapter 9 Guided Projects 


Applications of the material in this chapter and related topics can be found in the following Guided Projects. For additional informa- 
tion, see the Preface. 





Chaos! 
Financial matters 
Periodic drug dosing 


Economic stimulus packages 


64. 


65. 


66. 


67. 


68. 


Guided Projects 681 


Sequence on a calculator Let {x, } be generated by the 
recurrence relation x) = 1 and x,,, = x, + COS X, for 
n = 0,1,2,.... Use a calculator (in radian mode) to generate 
as many terms of the sequence { x, } needed to find the integer p 
such that lim x, = m/p. 

nao 


A savings plan Suppose that you open a savings account by depos- 
iting $100. The account earns interest at an annual rate of 3% per 
year (0.25% per month). At the end of each month, you earn inter- 
est on the current balance, and then you deposit $100. Let B, be the 
balance at the beginning of the nth month, where Bọ = $100. 


a. Find a recurrence relation for the sequence { B,,}. 
b. Find an explicit formula that gives B,, for n = 0,1, 2,3,.... 


Sequences of integrals Find the limits of the sequences { a, } 
and {b, }. 


1 "iy 
a. a, = "dr n= I b. b, = p prin! 
0 i 


Sierpinski triangle The fractal called the Sierpinski triangle is 
the limit of a sequence of figures. Starting with the equilateral 
triangle with sides of length 1, an inverted equilateral triangle 
with sides of length 5 is removed. Then, three inverted equilateral 
triangles with sides of length 1 are removed from this figure (see 
figure). The process continues in this way. Let T, be the total area 
of the removed triangles after stage n of the process. The area of 
an equilateral triangle with side length L is A = V3L7/4. 


a. Find T, and 73, the total area of the removed triangles after 
stages | and 2, respectively. 

b. Find T, forn = 1,2,3,.... 

c. Find lim i 


n— œ 
d. What is the area of the original triangle that remains as 


n— œ? 
T 
2 
1 
2 


First stage 


|<___; —__> 


Initial stage Second stage 


Max sine sequence Let a, = max { sin 1l,sin2,...,sinn } , for 
n = 1,2,3,..., where max {...} denotes the maximum ele- 
ment of the set. Does { a, } converge? If so, make a conjecture 
about the limit. 


The mathematics of loans 
Archimedes’ approximation to 7 
Exact values of infinite series 


Conditional convergence in a crystal lattice 


Power Series 





10.1 Approximating Functions 
with Polynomials 


Chap ter Preview Until now we have worked with infinite series 
consisting of real numbers. In this chapter a seemingly small, but significant, change is 
10.2 Properties of Power Series made by considering infinite series whose terms include a variable. With this change, 
10.3 Taylor Series an infinite series becomes a power series. Surely one of the most fundamental ideas 
in all of calculus is that functions can be represented by power series. As a first step 
toward this result, we look at approximating functions using polynomials. The transi- 
tion from polynomials to power series is then straightforward, and we learn how to 
represent the familiar functions of mathematics in terms of power series called Taylor 
series. The remainder of the chapter is devoted to the properties and many uses of 
these series. 


10.4 Working with Taylor Series 


Approximating Functions 
10.1 with Polynomials 


Power series—like sets and functions—are among the most fundamental entities of math- 
ematics because they provide a way to represent familiar functions and to define new 
functions. 


What Is a Power Series? 


A power Series 1s an infinite series of the form 


Da Og ae te Es ae a ee, 
k=0 e m 
nth degree polynomial terms continue 


or, more generally, 


> ee) sata a) a aaa aa a o, 
=0 T 
nth degree polynomial terms continue 


where the center of the series a and the coefficients c, are constants. This type of series is 
called a power series because it consists of powers of x or (x — a). 
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y = p,@) 







OE 
NN pra = fa) 


p'a) = f'(a) 


FIGURE 10.1 


Japanan N P9 =f@ 
pia) = f'(a) 
p, (a) = f"(a) 


FIGURE 10.2 


» Matching concavity (second derivatives) 
ensures that the graph of p, bends in the 
same direction as the graph of f at a. 
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Viewed in another way, a power series is built up from polynomials of increasing 
degree, as shown in the following progression. 


Degree 0: co 
Degree 1: co + c, x 


Degree 2: co + cy x + cy x? 


Polynomials 
n 
Degree n: co + cix + ex’ + ooe + ex” = >ar 
k=0 
oO 
Cot cx tex? ter tex te = Sar } Power series 
k=0 


We begin our exploration of power series by using polynomials to approximate functions. 


Polynomial Approximation 

An important observation motivates our work. To evaluate a polynomial ( say, f(x) = 
x® — 49° + 1), all we need is arithmetic—addition, subtraction, multiplication, and 
division. However, algebraic functions (say, f(x) = Yx- 1 ), and the trigonometric, 
logarithmic, or exponential functions usually cannot be evaluated exactly using arithmetic. 
Therefore, it makes practical sense to use the simplest of functions, polynomials, to 
approximate more complicated functions. 


Linear and Quadratic Approximation 


Recall that if a function f is differentiable at a point a, it can be approximated near a by 
its tangent line (Section 4.5); the tangent line provides the linear approximation to f at the 
point a. The equation of the tangent line at the point (a, f(a) ) is 


y—fla) =f'(ay(x— a) or y= fla) + f'(a)(x — a). 


Because the linear approximation function is a first-degree polynomial, we name it p: 


pi(x) = fla) + f'(a)(x — a). 


This polynomial has some important properties: It matches f in value and in slope at a. In 
other words (Figure 10.1), 


pila) =f(a) and p,'(a) = f'(a). 
Linear approximation works well if f has a fairly constant slope near the point a. However, 
if f has a lot of curvature near a, then the tangent line may not provide a good approxima- 
tion. To remedy this situation, we create a quadratic approximating polynomial by adding 
a single term to the linear polynomial. Denoting this new polynomial p>, we let 
po(x) = fla) + f'(a)@ — a) + eg(x — a)’. 


— enn oe ee 
pı(x) quadratic term 


The new term consists of a coefficient c, that must be determined and a quadratic factor (x — a)’. 

To determine c, and to ensure that p» is a good approximation to f near the point a, 
we require that p> agree with f in value, slope, and concavity at a; that is, pọ must satisfy 
the matching conditions 


p2(a) = f(a) p2 (a) = f'(a) Po" (a) = f"(a), 


where we assume that f and its first and second derivatives exist at a (Figure 10.2). 
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Substituting x = a into py, we see immediately that p,(a) = f(a), so the first match- 
ing condition is met. Differentiating pọ once, we have 


P2' (x) = f'(a) + 2c9(x — a). 


So, po'(a) = f'(a), and the second matching condition is also met. Because 
po" (a) = 2c», the third matching condition is 


po" (a) = 2c = f"(a). 
l 


It follows that c = 5f” (a); therefore, the quadratic approximating polynomial is 


pals) = fla) + f'(a)(x a) + (w ~ a)? 
pi(x) 


EXAMPLE 1 Approximations for In x 

a. Find the linear approximation to f(x) = Inx atx = 1. 

b. Find the quadratic approximation to f(x) = Inx atx = 1. 
c. Use these approximations to estimate the value of In 1.05. 


SOLUTION 
a. Note that f(1) = 0, f'(x) = 1/x, and f’(1) = 1. Therefore, the linear approxima- 


tion to f(x) = Inxatx = Lis 

pi(x) =f) F O)@ -— 1) = 04+ 1-1) =x*-1. 
As shown in Figure 10.3, pı matches f in value (p;(1) = f(1)) and in slope 
(pi'(1) = f’()) atx = 1. 


b. We first compute f”(x) = —1/x? and f”(1) = —1. Building on the linear approxi- 
mation found in part (a), the quadratic approximation 1s 


p, matches f and 
f' atx = 1. 






p, matches f, f y = p,() 
and f" atx = 1. 1 ; i 
pax) 5x- 1+5) -= 1) 
P(x) a 
2 
l 2 
= (x— 1) + z TD)G =I) 


FIGURE 10.3 1 


= (x - 1) -=(x - 1)’. 
(x 1) 5-1) 
Because p> matches f in value, slope, and concavity at x = 1, it provides a better 
approximation to f near x = 1 (Figure 10.3). 
c. To approximate In 1.05, we substitute x = 1.05 into each polynomial approximation: 


p,(1.05) = 1.05 — 1 = 0.05 and 
1 
p2(1.05) = (1.05 — 1) — 5 (1.05 — 1)? = 0.04875. 


The value of In 1.05 given by a calculator, rounded to five decimal places, is 0.04879, 
showing the improvement in quadratic approximation over linear approximation. 
Related Exercises 7-14 


» Building on ideas that were already 
circulating in the early 18th century, 
Brooke Taylor (1685-1731) published 
Taylor’s Theorem in 1715. He is also 
credited with discovering integration 
by parts. 


> Recall that 2! = 2°1,3! = 3-2°1, 
k! = k» (k — 1)!, and by definition 
QO! = 1. 


> Recall that f‘”) denotes the nth derivative 
of f. By convention the zeroth derivative 
f is f itself. 







Y= IO 


p,, matches fin value, 
slope, and n derivatives 


at (a, f(a). 


fla)+--------7> 


FIGURE 10.4 
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Taylor Polynomials 


The process used to find the approximating polynomial p, can be extended to obtain 
approximating polynomials of higher degree. Assuming that f and its first n derivatives 
exist at a, we use p> to obtain a cubic polynomial p3 of the form 


p3(x) = p(x) + e3(x — a) 


that satisfies the four matching conditions 


p3(a) = f(a), p3'(a) =f'(a),  p3"(a) = f"(a), and p3"(a) = f(a). 


Because p; is built “on top of” po, the first three matching conditions are met. The last 
condition, p3’"(a) = f” (a), is used to determine c3. A short calculation shows that 
p3'" (x) = 3+2c3 = 3!c3, so the last matching condition becomes p3""(a) = 3!c3 = 


m 


f” (a). Solving for c3, we have c3 = z Therefore, the cubic approximating poly- 
nomial is 
. f"(a) ao 
ps(x) = Ka) + f'(a)(x = a) + SF a = a) + SE a 
a 
P2(x) 


ECK 1 Verify that p; satisfies p3'(a) =f W(a), for k = 0, 1,2, 3.< 


Continuing in this fashion (Exercise 74), building each new polynomial on the previ- 
ous polynomial, the nth approximating polynomial for f at a is 


a (a 
pals) = f(a) + Flaa- a) +9 a ap o +O (a - ay 


It satisfies the n + 1 matching conditions 


p,(a) =fla), waos a pa"(a) = f'"(a),.... Pa? (a) = f(a). 


These conditions ensure that the graph of p,, conforms as closely as possible to the graph 
of f near a (Figure 10.4). 


DEFINITION Taylor Polynomials 


Let f be a function with f’, f", ..., f defined at a. The nth-order Taylor polyno- 
mial for f with its center at a, denoted p,, has the property that it matches f in value, 
slope, and all derivatives up to the nth derivative at a; that is, 


Prla) = f(4), Pa'(a) = f(a)... Pa (a) = f(a). 


The nth-order Taylor polynomial centered at a is 


f"(@) 


Pn(x) = f(a) +F lax =a) t= = aly’ ty ee e a a 


n 
More compactly, p,(x) = >'cx(x — a)*, where the coefficients are 
k=0 


fork = 0,1,2,...,n. 
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Linear a, 
approximation à o P 
2 
f(x) = sinx 






p, matches f and 
f atx = 0. 






FIGURE 10.5 


> Itis worth repeating that the next 
polynomial in the sequence is obtained 
by adding one new term to the previous 
polynomial. For example, 





p3(x) = po(x) 





QUICK CHECK 2 Verify that 
(0) = = p3(0),.f'(0) = ps'(0), 
#(0) = px"(0), and f"(0) = 
p3""(0) for f(x) = sin x and 
p3(x) = x — x°/6.< 


EXAMPLE 2 Taylor polynomials for sin x Find the Taylor polynomials p4, .. ., p7 
centered at x = 0 for f(x) = sin x. 


SOLUTION Differentiating f repeatedly and evaluating the derivatives at 0, a pattern emerges: 
f(x) = sinx = f(0)=0 

‘(x) = cosx = f'(0) = 1 

"(x) = —sinx = f"(0) = 0 

f(x) = -cosx = f"(0) = -1 

fY(x) = sinx = f(0) = 0. 


The derivatives of sinx at 0 cycle through the values {0, 1,0,—1}. Therefore, 
(0) = 1, f(0) = 0, and f(0) = -1 


We now construct the polynomials that approximate f(x) = sin x near 0, beginning 
with the linear polynomial. The polynomial of order 1 (n = 1) is 


pi(x) = f(0) + f'(0)(x — 0) = x, 
whose graph is the line through the origin with slope 1 (Figure 10.5). Notice that f and p, 
agree in value (f(0) = p,(0) = 0) and in slope (f’(0) = p,'(0) = 1) at 0. We see that 
pı provides a good fit to f near 0, but the graphs diverge visibly for |x| > 0.5. 
The polynomial of order 2 (n = 2) is 


"(0 
pala) = AO) EPO 
o o 


so P> is the same as p}. 
The polynomial of order 3 that approximates f near 0 is 


f” (0) f” (0) 7 x? 
ps(x) = f(0) + f'(O)x + x + ae = x > 
p2o(x) = x —1/3! 


We have designed p; to agree with f in value, slope, concavity, and third derivative at 0 
(Figure 10.6). The result is that p, provides a better approximation to f over a larger inter- 
val than p}. 


Cubic approximation 





p, matches 
LF f" and 
f"' atx =0. 


FIGURE 10.6 


The procedure for finding Taylor polynomials may be extended to polynomials of 
any order. Because the even derivatives of f(x) = sin x are zero, p4(x) = p3(x). For the 
same reason, P6(x) = ps(x): 





y = p(x) 


y = p(X) 
FIGURE 10.7 


» Recall that if c is an approximation to x, 
the absolute error in c is |c — x| and the 
relative error in c is |c — x|/|x|. We use 
error to refer to absolute error. 


Taylor polynomials for f(x) = e* 
centered at 0. Approximations 
improve as n increases. 


y y = p(x) 
10 
8 fœ) = e* 
6 Ta px) 
4 
y = p,@) 
i y = Pol) 
—_ 
= 0 1 g 3 xX 
FIGURE 10.8 
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Finally, it can be shown that the Taylor polynomial of order 7 is 


From Figure 10.7 we see that as the order of the Taylor polynomials increases, better and 

better approximations to f(x) = sin x are obtained over larger and larger intervals cen- 

tered at 0. For example, p; is a good fit to f(x) = sin x over the interval |—a, a]. 
Related Exercises 15-22< 


QUICK CHECK 3 Given that f(x) = sin x is an odd function, why do the Taylor polynomi- 
as for F entered at O consist only of odd powers of x? <« 





Approximations with Taylor Polynomials 


Taylor polynomials find widespread use in approximating functions, as illustrated in the 
following examples. 


EXAMPLE 3 Taylor polynomials for e* 
a. Find the Taylor polynomials of order n = 0, 1, 2, and 3 for f(x) = e* centered at 0. 
Graph f and the polynomials. 


b. Use the polynomials in part (a) to approximate e®! and e °°. Find the absolute errors, 


f(x) a Pal 








SOLUTION 
a. The formula for the coefficients in the Taylor polynomials is 
(0) 
C; = a fork = 0,1,2,...,n 


With f(x) = e*, we have f(x) = e*. Therefore, f(0) = 1 and c} = 1/k!, for 
k = 0, 1,2,3.... The first four polynomials are 
Po(x) = f(0) = 1 
pi(x) = f0) + f'(O)x = 1+ x 
—— ——— 


Po(x) = 1 l 








n 0 2 
p(x) = f(0) + f'(0)x + rele =1+x+ 
p(x) =l 2 
F'O) 3 f(0) a x x3 
p3(x) = f0) + f'(O)x + x ee Tick ica ae 
pix) = 1 + x + x°/2 1/6 


Notice that each successive polynomial provides a better fit to f(x) = e* near 0 
(Figure 10.8). Better approximations are obtained with higher-order polynomials. If 
the pattern in these polynomials is continued, the nth-order Taylor polynomial for e” 
centered at O is 


2 x? n 


x 1 E 
pAx) =1+x+ w ar 
b. We evaluate p,,(0.1) and p,(—0.25), for n = 0, 1, 2, 3, and compare these values to the 
calculator values of e”! ~ 1.1051709 and e °*? ~ 0.77880078. The results are shown 
in Table 10.1. Observe that the errors in the approximations decrease as n increases. In 
addition, the errors in approximating e°! are smaller in magnitude than the errors 
in approximating e °° because x = 0.1 is closer to the center of the polynomials 
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than x = —0.25. Reasonable approximations based on these calculations are 
e^! = 1.105 ande? = 0.78. 





> A rule of thumb in finding estimates Table 10.1 
based on several approximations: Keep 
all of the digits that are common to the Approximations Absolute Error Approximations Absolute Error 
last two approximations after rounding. n P,(9.1) Jeo! — p,,(0.1)| Pn(— 9.25) le~°5 — yp, (—0.25)| 
0 1 1.05 x 107! 1 291 10" 
1 1.1 517 x 10` 0.75 2.88 X 10° 
QUICK CHECK 4 Write out the next two 7 
= Te ee Cee 1.105 LXI 0.78125 2.45 X 10° 
po p4 and ps 3 1.105167 4.25 x 10% 0.778646 1.55 X 1074 


in Example 3.< 
Related Exercises 23—28< 


EXAMPLE 4 Approximating a real number using Taylor polynomials Use poly- 
nomials of order n = 0, 1, 2, and 3 to approximate V18. 


SOLUTION Letting f(x) = Vx, we choose the center a = 16 because it is near 18, and 
f and its derivatives are easy to evaluate at 16. The Taylor polynomials have the form 








"(16 (16 
Pr(x) = f(16) + f'(16)(x — 16) +t S ) (f= 10 ee = n ) (x = 16)" 
! n! 
We now evaluate the required derivatives: 
f(x) = Vx = f(16) = 4 
1 -1/2 1 
i == (16) = — 
f(x) = 5x? = f'(16) = 5 
f'(x) EPE 5 f"(16) — ol 
4 256 
3 -5/2 3 
My "(16) = ——. 
Therefore, the polynomial p, (which includes po, pı, and p>) is 
ata E = Se (x — 16)° 
ee ee 512 16,384 © 
Po(x) 
P(x) 


The graphs of the Taylor polynomials (Figure 10.9) show better approximations to f 
as the order of the approximation increases. 


y y= p3) 

7 y = p(x) fx) = Vx 
6 7 y = p(x) 

; 


í IS Po) 
l 
4 Taylor polynomials for f(x) = Vx 


centered at 16. 


FIGURE 10.9 
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Letting x = 18, we obtain the approximations to V 18 and the associated absolute 
errors shown in Table 10.2. (A calculator is used for the value of V18.) As expected, the 
errors decrease as n increases. Based on these calculations, a reasonable approximation is 





V18 = 4.24. 
Table 10.2 
n Approximations p,(18) Absolute Error |\/18 — p,(18)| 
0 4 2.43 x 107! 
—— 1 4.25 7.36 X 10” 
QUICK CHEC B At what = ers 2 4.242188 4.53 X 107 
you center the Laylor polynomials for 3 4.242676 351 X 10> 
Vx and Wx to approximate V51 and 
V15, respectively? < Related Exercises 29-48< 


Remainder in a Taylor Polynomial 


Taylor polynomials provide good approximations to functions near a specific point. But 
how good are the approximations? To answer this question we define the remainder in a 
Taylor polynomial. If p,„ is the Taylor polynomial for f of order n, then the remainder at 
the point x is 


R,(x) = f(x) = P(x). 


The absolute value of the remainder is the error made in approximating f(x) by p,(x). 
Equivalently, we have f(x) = p,(x) + R,(x), which says that f consists of two 
components: the polynomial approximation and the associated remainder. 


DEFINITION Remainder in a Taylor Polynomial 


Let p, be the Taylor polynomial of order n for f. The remainder in using p, to 


approximate f at the point x 1s 


R,,(x) z f(x) a P,\x). 





The idea of a remainder is illustrated in Figure 10.10, where we see the remainder terms 
associated with the Taylor polynomials for f(x) = e* centered at 0. For fixed order n, the 
remainders tend to increase in magnitude as x moves farther from the center of the poly- 
nomials (in this case 0). And for fixed x, remainders decrease in magnitude to zero with 
Remainders increase in size as |x| increasing n. 


increases. Remainders decrease in 
size to zero as n increases. 





The remainder term for Taylor polynomials may be written quite concisely, which 
enables us to estimate remainders. The following result is known as Taylor’s Theorem (or 
FIGURE 10.10 the Remainder Theorem). 


THEOREM 10.1 Taylor’s Theorem 
Let f have continuous derivatives up to f ( 
all x in Z, 


n+1) on an open interval J containing a. For 


» The remainder term for a Taylor 
polynomial can be expressed in several i (x ) =P n(x ) a R, (x ) > 
different forms. The form in Theorem 10.1 


where p, is the nth-order Taylor polynomial for f centered at a, and the remainder is 


is called the Lagrange form of the 


: n+l 
remainder. R, (x) — f! i (c) (x _ ay, 
(n + 1)! 


for some point c between x and a. 
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Discussion: We make two observations here and outline a proof in Exercise 92. First, the 
case n = Q0 is the Mean Value Theorem (Section 4.6), which states that 


fle) = fla) 


x—a 


f'(c), 
where c is a point between x and a. Rearranging this expression we have 


fx) = fla) + f'(c)(x = a) 
Pol) Ro(x) 


= po(x) + Ro(x), 
which is Taylor’s Theorem with n = 0. Not surprisingly, the term f veh) in Taylor’s 


Theorem comes from a Mean Value Theorem argument. 
The second observation makes the remainder term easier to remember. If you write 


f(a) n 
(n+ 1)! ae ae 
Replacing f""!)(a) by f*!)(c) results in the remainder term for p,,. 


the (n + 1)st Taylor polynomial p„+1, the highest-degree term is 


Estimating the Remainder 


The remainder has both practical and theoretical importance. We deal with practical mat- 
ters now and theoretical matters in Section 10.3. The remainder term is used to estimate 
errors in approximations and to determine the number of terms of a Taylor polynomial 
needed to achieve a prescribed accuracy. 

Because c is generally unknown, the difficulty in estimating the remainder is finding 
a bound for |f ee) |. Assuming this can be done, the following theorem gives a stan- 
dard estimate for the remainder term. 


THEOREM 10.2 Estimate of the Remainder 
Let n be a fixed positive integer. Suppose there exists a number M such that 
|f EN < M, for all c between a and x inclusive. The remainder in the nth- 


order Taylor polynomial for f centered at a satisfies 


|x — a\"*! 


IR,(x)| = |f(x) = pa(x)| = Oe ie 





Proof: The proof requires taking the absolute value of the remainder term in Theorem 
10.1, replacing |f (nt 1)(e)| by a larger quantity M, and forming an inequality. < 


EXAMPLE 5 Estimating the remainder for cos x Find a bound for the magnitude 
of the remainder term for the Taylor polynomials of f(x) = cos x centered at 0. 


SOLUTION According to Theorem 10.1 with a = 0, we have 


JN . 
ae 


REL da 


where c is a point between 0 and x. Notice that f! c) = +sinc or f' c) = cosc. 
In all cases, | f("*!)(c)| = 1. Therefore, we take M = 1 in Theorem 10.2, and the absolute 
value of the remainder term can be bounded as 


fN(e) 4 
(n + 1)!" 


er 


IRa(x)| = =a 








> Recall that if f(x) = e”, then 


IECK 6 In Example 6, give 





R,(0.45).< 


upper bound for 
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For example, if we approximate cos (0.1) using the Taylor polynomial pio, the maximum 
error satisfies 


11 


11! 





|Rio(0.1)| = = 2.5 X 10”. 


Related Exercises 49-54< 


EXAMPLE 6 Estimating the remainder for e* Estimate the error in approximating 
e°* using the Taylor polynomial of order n = 6 for f(x) = e* centered at 0. 


SOLUTION By Taylor’s Theorem with a = 0, we have 
Fag oy mP 


R = 
n(x) (n+ 1)! "l 
where c is between 0 and x. Because f(x) = 2 torn — 0. 1.0.24, FPOe) =i 
and the remainder term is 
e£ 
R = ntl 
nl) (n + 1)! r 


If we wish to approximate e* for x = 0.45, then 0 < c < x = 0.45. Because e° is an 
increasing function, ef < e”®. Assuming that e°* cannot be evaluated exactly (it is the 
number we are approximating), it must be bounded above by a number M. A conserva- 
tive bound is obtained by noting that e?*? < el? < Al’? = 2, So, if we take M = 2, the 
maximum error satisfies 


0.457 
7! 





|R6(0.45)| < 2- aS 10 


Using the Taylor polynomial derived in Example 3 with n = 6, the resulting approxima- 





tion to e?® is 
6 k 
0.45 
p6(0.45)= © =~ 1.5683114; 
Eo k 
it has an error that does not exceed 1.5 X 10 °. Related Exercises 55-60 


EXAMPLE 7 Maximum error The nth-order Taylor polynomial for 
f(x) = In(1 — x) centered at 0 is 


a. What is the maximum error in approximating In (1 — x) by p3(x) for values of x in 
the interval |—4, L|? 


b. How many terms of the Taylor polynomial are needed to approximate values of 
f(x) = In (1 — x) with an error less than 10° on the interval |—3, |? 


SOLUTION (4) 
C 
a. The remainder for the Taylor polynomial p3 is R3(x) = ar * where c is 
6 
between 0 and x. Computing four derivatives of f, we find that f (4) (x) = “1 — x? 
mA 


On the interval [—4, aR the maximum magnitude of this derivative occurs at x = 5 
( because the denominator is smallest at x = L) and is 6/ (4)* = 96. Similarly, the 


factor x* has its maximum magnitude at x = +4 and it is (5)4 = Ł. Therefore, 
96 
R3(x)| < —- (+) = 0.25 on the interval |—5, 4|. The error in approximating f(x 
3 Ay \16 22 


by p3(x), for —5 = x = 3, does not exceed 0.25. 
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(n+1) C 
b. For any positive integer n, the remainder is R,(x) = a Differentiating f 
n ! 
several times reveals that 
! 
(a+) a t 


On the interval |[—4, ae the maximum magnitude of this derivative occurs at x = 5 
and is n! / ( A ae Similarly, x"t! has its maximum magnitude atx = + L and it is 
Cae Therefore, a bound on the remainder is 


| | yor j 1 

LD"! = 

a(x) (n+1)!2"7*!' nt] 

To ensure that the error is less than 10 ° on the entire interval |—3, ae n must satisfy 


1 

|R, = FE < 10° orn > 999. This error is likely to be significantly less than 
n 

10° if x is near 0. 


Related Exercises 61—72< 


12. f(x) = cosx,a = 7/4; approximate cos (0.2477). 


Review Questions 





1. Suppose you use a Taylor polynomial with n = 2 centered atOto 13. f (x) =x Ba = 8; approximate oF 
approximate a function f. What matching conditions are satisfied 14. f(x) = tan! x, a = 0; approximate tan”! 0.1. 
by the polynomial? 
oo, 15-22. Taylor polynomials 
2. Does the accuracy of an approximation given by a Taylor polyno- l l l l 
mial generally increase or decrease with the order of the approxi- & Find the nth-order Taylor polynomials of the given function 
mation? Explain. centered at 0, forn = Q, 1, and 2. 
b. Graph the Taylor polynomials and the function. 
3. The first three Taylor polynomials for f(x) = V1 + x centered E 
7 z $2 15. f(x) = cosx 16. f(x) =e” 
tO = |, = 1+ —, and = la —. _ 
an Oreo) — Tei) a and pal) 2 8 17. f(x) =In(1—x) 18. f(x) = (1 + x)" 
Find three approximations to V1.1. 19. f(x) = tanx 20. f(x) =(1 + x)? 
4. In general, how many terms do the Taylor polynomials p, and p3 2. fx) =(14+x)3 22, f(x) = sin’ x 
have in common? 
H 23-28. A imati ith Tayl l ial 
5. How is the remainder in a Taylor polynomial defined? P een pen ana aters 
a. Use the given Taylor polynomial p> to approximate the given 
6. Explain how to estimate the remainder in an approximation given quantity. 
by a Taylor polynomial. b. Compute the absolute error in the approximation assuming the 
, , exact value is given by a calculator. 
Basic Skills l 
7-14. Linear and quadratic approximation 23. Approximate V 1.05 -o f(x) = V1 + xand 
a. Find the linear approximating polynomial for the following Px) = 1 + x/2 — x°/8. 
functions centered at the given point a. 24. Approximate W/1.1 using f(x) = W1 + x and 
b. Find the quadratic approximating polynomial for the following pox) = 1 + x/3 — i /9. 
functions centered at the given point a. 
te . 1 
c. Use the polynomials obtained in parts (a) and (b) to approximate 25. Approximate using f(x) = ——— and 
the given quantity. V 1.08 [+x 
po(x) = 1 — x/2 + 3x?/8. 
Te f(x) = 8x7", a = 1; approximate 8(1.17/*). 
26. Approximate In 1.06 using f(x) = In (1 + x) and 
l 1 E. 
8. f(x) = — a = 1; approximate EE pa(x) = x = x°/2. 
X . 
27. Approximate e™®™! using f(x) = e™ and 
9. f(x) = e™,a = 0; approximate e™®?. pa(x) = 1 — x + x*/2. 
10. f(x) = Vx, a = 4; approximate V3.9. l Ï l 1 
28. Approximate ——, using f(x) = ———— and 
11. f(x) = (1 + x)! a = 0; approximate 1/1.05. 1.12 (1 + x) 


po(x) = 1 — 3x + 6x7. 


29-38. Taylor polynomials centered ata # 0 


a. Find the nth-order Taylor polynomials for the given function 
centered at the given point a, for n = Q, 1, and 2. 
b. Graph the Taylor polynomials and the function. 


29. f(x) =x3,a=1 30. f(x) =8Vx,a = 1 
31. f(x) = sinx,a = 7/4 32. f(x) = cosx,a = 7/6 
33. f(x) = Vx, a =9 34. f(x) = Wx,a = 8 
35. f(x) =Inxa=e 36. f(x) = Wx,a = 16 
37. f(x) = tan!x + x° +1,a=1 


38. f(x) = e%,a = In2 
39-48. Approximations with Taylor polynomials 
a. Approximate the given quantities using Taylor polynomials with 
n = 3. 
b. Compute the absolute error in the approximation assuming the 
exact value is given by a calculator. 


39, e0! 40. cos (—0.2) 41. tan (—0.1) 
42. In (1.05) 43. 1.06 44, V79 
45. V/101 46. W/126 47. sinh (0.5) 


48. tanh (0.5) 


49-54. Remainder terms Find the remainder term R,, for the nth-order 
Taylor polynomial centered at a for the given functions. Express the 
result for a general value of n. 


49. f(x) = sinx; a = 0 
51. f(x) =e% a=0 
53. f(x) = sinx; a = 7/2 


50. f(x) = cos 2x; a = 0 
52. f(x) = cosx; a = 7/2 
54. f(x) =1/(1 -— x); a=0 


55—60. Estimating errors Use the remainder term to estimate the 
absolute error in approximating the following quantities with the 
nth-order Taylor polynomial centered at 0. Estimates are not unique. 


55. sin0.3; n = 4 56. cos 0.45; n = 3 
58. tan0.3; n = 2 
60. In 1.04; n = 3 


61-66. Maximum error Use the remainder term to estimate the maxi- 
mum error in the following approximations on the given interval. Error 
bounds are not unique. 


61. sinx = x — x°/6; |-m/4, 7/4] 
62. cosx = 1 — x7/2; [-/4, 7/4] 
63. e% = 1 +x + x?’/2; [-4,4] 

64. tanx = x; |—7 /6, 1/6] 

65. In(1 + x) = x — x*/2; [-0.2,0.2] 
66. V1 +x = 14+ x/2; [-0.1,0.1] 


67-72. Number of terms What is the minimum order of the Taylor 
polynomial required to approximate the following quantities with an 


HH 76. 
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absolute error no greater than 10°? (The answer depends on your 
choice of a center.) 


67. e °° 68. sin 0.2 69. cos (—0.25) 
70. 1n 0.85 71. V1.06 72. 1/V0.85 


Further Explorations 
73. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


2x centered at 0 consist 


a. The Taylor polynomials for f(x) = e` 
of even powers only. 

b. For f(x) = x° — 1, the Taylor polynomial of order 10 cen- 
tered at x = Ois f itself. 

c. The nth-order Taylor polynomial for f(x) = V1 + x? cen- 


tered at 0 consists of even powers of x only. 


74. Taylor coefficients for x = a Follow the procedure in the text to 
show that the nth-order Taylor polynomial that matches f and its 
derivatives up to order n at a has coefficients 


— f(a) 
© ko’ 





an fork = 0,1,2,..., n. 

75. Matching functions with polynomials Match functions a-f 
with Taylor polynomials A—F (all centered at 0). Give reasons 
for your choices. 





a. V1 + 2x A. p(x) = 1 + 2x + 2x? 
1 
b. ——— B. = 1 — 6x + 24x? 
Vit x A r + os 
2 
cre" C. pax) = 1 +x- 
1 
d. D. = 1 — 2x + 4x? 
1 + 2x pal) — 
1 3 
e ——— E. x)=1l-xt+=x’ 
(1 + 2x3 p(x) 2 
ke~” F. po(x) = 1 — 2x + 2x? 


Dependence of errors on x Consider f(x) = In (1 — x) and its 
Taylor polynomials given in Example 7. 


a. Graph y = |f(x) — po(x)| and y = |f(x) — p3(x)| on the 
interval |—-3, L (two curves). 


b. At what points of |—5, 3] is the error largest? Smallest? 
c. Are these results consistent with the theoretical error bounds 
obtained in Example 7? 


Applications 


77-84. Small argument approximations Consider the following 


common approximations when x is near zero. 


a. Estimate f(0.1) and give the maximum error in the approximation. 


b. Estimate f(0.2) and give the maximum error in the approximation. 


77. f(x) = sinx ~ x 78. f(x) = tanx ~ x 


79. f(x) =cosx = 1—x7/2 80. f(x) = tan!x = x 
81. f(x) = VI +x ~1+x/2 

82. f(x) =In(1 + x) = x — x?/2 

83. f(x) =e” ~1+x 84. f(x) =sin |x ~ x 
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Errors in approximations Suppose you approximate sin x at the 
points x = —0.2, —0.1, 0.0, 0.1, and 0.2 using the Taylor polyno- 
mials p = x — x°/6 and ps = x — x°/6 + x°/120. Assume 
that the exact value of sin x is given by a calculator. 


a. Complete the table showing the absolute errors in the approxi- 
mations at each point. Show two significant digits. 


Error = |sinx — p3(x)| | Error = |sinx — p;(x)| 





b. In each error column, how do the errors vary with x? For 
what values of x are the errors the largest and smallest in 
magnitude? 


86-89. Errors in approximations Carry out the procedure described 
in Exercise 85 with the following functions and Taylor polynomials. 


86. 


87. 


88. 


89. 


90. 


91. 


2 2 4 
f(x) = cos x, p(x) = 1 — p4(x) = 


2 

= x 

f(x) =e » Pit) = 1 x, pox) = 1 x + 
x2 


f(x) = In(1 + x), py(x) = x, p(x) = x — = 


Oo 


f(x) = tanx, pi(x) = x, p3(x) =x + - 

Best expansion point Suppose you wish to approximate 

cos (7/12) using Taylor polynomials. Is the approximation more 
accurate if you use Taylor polynomials centered at 0 or m /6? Use 
a calculator for numerical experiments and check for consistency 
with Theorem 10.2. Does the answer depend on the order of the 
polynomial? 


Best expansion point Suppose you wish to approximate e°*> 


using Taylor polynomials. Is the approximation more accurate if 
you use Taylor polynomials centered at 0 or In 2? Use a calculator 
for numerical experiments and check for consistency with Theo- 
rem 10.2. Does the answer depend on the order of the polynomial? 


Additional Exercises 


92. 


Proof of Taylor’s Theorem There are several proofs of Taylor’s 
Theorem, which lead to various forms of the remainder. The fol- 
lowing proof is instructive because it leads to two different forms 
of the remainder and it relies on the Fundamental Theorem of 
Calculus, integration by parts, and the Mean Value Theorem for 
Integrals. Assume that f has at least n + 1 continuous derivatives 
on an interval containing a. 


a. Show that the Fundamental Theorem of Calculus can be writ- 
ten in the form 


CEE J Od 


b. Use integration by parts (u = f'(t), dv = dt) to show that 
fle) = fla) + a- afla) + f = OfO) dt 


c. Show that n integrations by parts gives 


f'(a) f"(a) 











fla) = fla) + 2S (= a) + OS ea te 
(n) a x e(n+1) 
oa Lazara fe oat 
amaaa 
R, (x) 


d. Challenge: The result in part (c) looks like f(x) = p,(x) + R,(x), 
where p, is the nth-order Taylor polynomial and R, is a new 
form of the remainder term, known as the integral form of the 
remainder term. Use the Mean Value Theorem for Integrals to 
show that R, can be expressed in the form 

(n+1) ( c) a 
R,(x) 7 (n 4 1)! (x a) > 


where c is between a and x. 


93. Tangent line is pı Let f be differentiable at x = a. 


a. Find the equation of the line tangent to the curve y = f(x) at 
(a, f(a)). 

b. Find the Taylor polynomial pı centered at a and confirm that it 
describes the tangent line found in part (a). 


94. Local extreme points and inflection points Suppose that f has 


two continuous derivatives at a. 


a. Show that if f has a local maximum at a, then the Taylor 
polynomial p, centered at a also has a local maximum 
ata. 

b. Show that if f has a local minimum at a, then the Taylor 
polynomial p, centered at a also has a local minimum 
ata. 

c. Is it true that if f has an inflection point at a, then the Taylor 
polynomial p, centered at a also has an inflection point 
at a? 

d. Are the converses to parts (a) and (b) true? If p, has a local 
extreme point at a, does f have the same type of point at a? 





3. f(x) = sin x is an odd function, and its even-ordered de- 
rivatives are zero at 0, so its Taylor polynomials are also odd 


5 


functions. 4. p(x) = p3(x) + me psx) = palx) + = 





5. x = 49 and x = 16 are good choices. 6. Because 
0.45° 
er? <9, |R(045)| <2 a 8.3 X 10 °.< 
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10.2 Properties of Power Series 


» Figure 10.11 shows an approximation to 
the graph of g made by summing the first 
500 terms of the power series at selected 
values of x on the interval (—2, 2). 





FIGURE 10.11 









QUICK CHECK 1 By substituting x = 0 
in the power series for g, evaluate g(0) 


for the function in Figure 10.11. 


Interval of convergence 


Radius of convergence 


FIGURE 10.12 


The preceding section demonstrated that Taylor polynomials provide accurate approxi- 
mations to many functions and that, in general, the approximations improve as we let the 
degree of the polynomials increase. In this section, we take the next step and let the degree 
of the Taylor polynomials increase without bound to produce a power series. 


Geometric Series as Power Series 


A good way to become familiar with power series is to return to geometric series, first 
encountered in Section 9.3. Recall that for a fixed number r, 
1 


fA eae T provided |r| < 1. 
0 = r 


Ms 


a~ 
Il 


It’s a small change to replace the real number r by the variable x. In doing so, the geomet- 
ric series becomes a new representation of a familiar function: 


ma ltxtx te = 7, provided |x| < 1. 
0 — X 


Ms 


> 
| 


This infinite series is a power series. Notice that while 1/(1 — x) is defined for 
{x:x # 1}, its power series converges only for |x| < 1. The set of values for which a 
power series converges 1s called its interval of convergence. 

Power series are used to represent familiar functions such as trigonometric, exponen- 
tial, and logarithmic functions. They are also used to define new functions. For example, 
consider the function defined by 


a ave 
(Uke y 
a 4 


The term function is used advisedly because it’s not yet clear whether g really is a func- 
tion. If so, is it a continuous function? Does it have a derivative? Judging by its graph 
(Figure 10.11), g appears to be a rather ordinary continuous function (which is identified 
at the end of the chapter). 

In fact, power series satisfy the defining property of all functions: For each admissible 
value of x, a power series has at most one value. For this reason we refer to a power series 
as a function, although the domain, properties, and identity of the function may need to be 
discovered. 


Convergence of Power Series 


We begin by establishing the terminology of power series. 


DEFINITION Power Series 


A power series has the general form 


CO 
2 e—a), 
k=0 


where a and c, are real numbers, and x is a variable. The c;,’s are the coefficients 

of the power series and a is the center of the power series. The set of values of x 

for which the series converges is its interval of convergence. The radius of conver- 
gence of the power series, denoted R, is the distance from the center of the series to 
the boundary of the interval of convergence (Figure 10.12). 
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> By the Ratio Test, X |a,| converges if How do we determine the interval of convergence? The presence of the terms x* or 


C= ay" in a power series suggests using the Ratio Test or the Root Test. Furthermore, 
because these terms could be positive or negative, we test a power series for absolute 
convergence. By Theorem 9.21, if we determine the values of x for which the series con- 
it diverges if r > 1, and the test is verges absolutely, we have a set of values for which the series converges. 

nee EA, Recall that a series a, converges absolutely if the series È |a;| converges. The fol- 
lowing examples illustrate how the Ratio and Root Tests are used to determine the interval 


dk+1 





r= lim 


k—œ 








< 1, 
dk 


> By the Root Test, X |a,| converges if and radius of convergence. 
p = lim Wa,| < 1, it diverges if 
k>% e . . . 
p > 1, and the test is inconclusive EXAMPLE 1 Interval and radius of convergence Find the interval and radius of 
ifp = 1. convergence for each power series. 
oO oO k oO 
aa = o — 2) 
aon sa a, k 
>> aD e Sla 
SOLUTION 


a. The center of the power series is 0 and the terms of the series are x“/k!. We test the 
series for absolute convergence using the Ratio Test: 


aak + 1)! 











r= lim Ratio Test 
ko lak /k!| 
a £ I t and multipl 

= lim e. ———— Invert and multiply. 
Center of k—00 |x|‘ (k+ 1)! si 
power series 

= x] lim ara = 0. Simplify and take the limit with x fixed. 

US 


0 
Notice that in taking the limit as k — ©, x is held fixed. Therefore, r = O, for all 


values of x, which implies that the interval of convergence of the power series 1s 
—œ < x < © (Figure 10.13) and the radius of convergence is R = œ. 


Interval of convergence (—%, %) 
Radius of convergence R = 2 





FIGURE 10.13 . 
b. We test for absolute convergence using the Root Test: 
i y Ce- 2] e2 
T 4" 4 








In this case, p depends on the value of x. For absolute convergence, x must satisfy 
ee? 


< 1, 
4 


which implies that |x — 2| < 4. Using standard techniques for solving inequalities, 
the solution setis —-4 < x — 2 < 4,or—2 < x < 6. Thus, the interval of conver- 
gence includes (—2, 6). 

The Root Test does not give information about convergence at the endpoints, 
x = —2 and x = 6, because at these points, the Root Test results in p = 1. To test 
for convergence at the endpoints, we must substitute each endpoint into the series and 
carry out separate tests. At x = —2, the power series becomes 


È E = Ss ak Substitute x = —2 and simplify. 


CO 


= > 1. Diverges by Divergence Test. 


» The Ratio and Root Tests determine 
the radius of convergence conclusively. 
However, the interval of convergence is 
not determined until the endpoints are 


tested. 
Center of 
power series 
<— R R— 
| | 
=2 0 2 6 


Interval of convergence (—2, 6) 
Radius of convergence R = 4 


FIGURE 10.14 


— o > 
0 


Interval of convergence {0} 
Radius of convergence R = 0 


FIGURE 10.15 


» Theorem 10.3 says nothing about 
convergence at the endpoints. For 
example, the radius of convergence 
is 2 for the intervals of convergence 
(2,6), (2,6], [2,6), and [2, 6]. 


‘CK 3 What are the interval 
and radius of convergence of the geo- 
metric series )\x*?« 





» The power series in Example 2 could also 
be analyzed using the Root Test. 
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The series clearly diverges at the left endpoint. At x = 6, the power series 1s 


ee Oy. ean ae 


i 7 
2 4k p 


Substitute x = 6 and simplify. 


` (-1)*. Diverges by Divergence Test. 
k=0 


This series also diverges at the right endpoint. Therefore, the interval of convergence 1s 
(—2, 6), excluding the endpoints (Figure 10.14) and the radius of convergence is R = 4. 


‘CK 2 Explain why the power series in Example 1b diverges if x > 6 or 





c. To test for absolute convergence we use the Ratio Test: 


(K+ 1) xt 
r= _ key Ratio Test 
—> 00 1X 
= (k +1)! 
= |x| lim — Simplify. 
= |x| lim (k + 1) Simplify. 
= 0, Ifx #0 


The only way to satisfy r < 1 is to take x = 0, in which case the power series has a 
value of 0. The interval of convergence of the power series consists of the single point 
x = 0 (Figure 10.15) and the radius of convergence is R = 0. 

Related Exercises 9-28< 


Example 1 illustrates the three common types of intervals of convergence, which are 
summarized in the following theorem (see Appendix B for a proof). 


THEOREM 10.3 Convergence of Power Series 


CO 


A power series X cx = a)* centered at a converges in one of three ways: 
k=0 


. The series converges absolutely for all x, in which case the interval of conver- 
gence is (— ©, ©) and the radius of convergence is R = ©. 


. There is areal number R > 0 such that the series converges absolutely for 
|x — a| < Rand diverges for |x — a| > R, in which case the radius of con- 
vergence is R. 


. The series converges only at a, in which case the radius of convergence is 
R= 0. 





EXAMPLE 2 Interval and radius of convergence Use the Ratio Test to find the 





= i= 2° 
radius and interval of convergence of > Í- = 
£ Vk 
e m 1/Vk + I 
SOLUTION r= lim ——————~—._ Ratio Test 
k>% |(x — 2)* /vVkl 
lx — 2| lim ,/ : Simplif 
= |x — im i 
7 k>» Vk +1 iai 
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Center of 
power series 


— R R— 
| l 


0 1 2 3 


Interval of convergence [1, 3) 
Radius of convergence R = 1 


FIGURE 10.16 


» New power series can also be defined as 


the product and quotient of power series. 


The calculation of the coefficients of 
such series is more challenging 
(Exercise 75). 


» Theorem 10.4 also applies to power 
series centered at points other than 
x = Q. Property 1 applies directly; 
Properties 2 and 3 apply with slight 
modifications. 





= |x — 2|,/ lim Limit Law 
k>% k + | 
a eae” 
1 
= |x — 2| Limit equals 1. 


The series converges absolutely for all x such that r < 1, which implies |x — 2| < 1, or 
1 < x < 3. Therefore, the radius of convergence is 1 (Figure 10.16). 
We now test the endpoints. Substituting x = 1 into the power series, we have 


o0 — o0 71) 
ye SS 


This series converges by the Alternating Series Test (the terms of the series decrease in 
magnitude and approach 0 as k—> œ ). Substituting x = 3 into the power series, we have 


a (x — 2)" — 2% ->5 

k=1 VE = 
which is a divergent p-series. We conclude that the interval of convergence is 1 S x < 3 
(Figure 10.16). Related Exercises 9-28< 


Combining Power Series 


A power series defines a function on its interval of convergence. When power series are 
combined algebraically, new functions are defined. The following theorem, stated without 
proof, gives three common ways to combine power series. 


THEOREM 10.4 Combining Power Series 


Suppose the power series $c; x* and Sd, x* converge absolutely to f(x) and g(x), 
respectively, on an interval /. 


1. Sum and difference: The power series È (cy + d,)x* converges absolutely 
to f(x) = g(x) onl. 


. Multiplication by a power: The power series x” Dc, x* = Xex” 
converges absolutely to x” f(x) on J, provided m is an integer such that 
k + m = O for all terms of the series. 


. Composition: If h(x) = bx”, where m is a positive integer and b is a real 
number, the power series Xc; (h(x))* converges absolutely to the composite 
function f(h(x) ), for all x such that h(x) is in J. 





EXAMPLE 3 Combining power series Given the geometric series 





= Sx H=1Ltxtxr tar ters, for |x| < 1, 


find the power series and interval of convergence for the following functions. 


x 1 1 
b. ——— C. p 
1-x | = 2x l +x 








a. 


» Theorem 10.5 makes no claim about 
the convergence of the differentiated or 
integrated series at the endpoints of the 
interval of convergence. 


10.2 Properties of Power Series 699 





SOLUTION 
5 
—_—_ ee 
a. i =x?(1+x+x° +--+) Theorem 10.4, Property 2 
a 
=x + x9 tx? +. 
= xt 
KZO 
This geometric series has a ratio r = x and converges when |r| = |x| < 1. The inter- 


val of convergence is |x| < 1. 


1 


=X 





b. We substitute 2x for x in the power series for 


7.3: = 1] + (2x) -+ (2x)? poera Theorem 10.4, Property 3 
= 2X 


1 + 2x + 4x7 4+--- 


D (2) 


This geometric series has a ratio r = 2x and converges provided |r| = |2x| < 1 or 
1 f 
|x| < 5. The interval of convergence is |x| < 5. 








. I , 1 
c. We substitute —x7 for x in the power series for 
= 
l 2 22 
z = 1 + (~x) + (-x*) +++ Theorem 10.4, Property 3 
L aw 
=] =x? +x 
= bAa a 
k=0 

This geometric series has a ratio of r = —x* and converges provided 
I| = [x°] = |e] < 1 cor |x) <1. 


Related Exercises 29-40< 


Differentiating and Integrating Power Series 


Some properties of polynomials carry over to power series, but others do not. For exam- 
ple, a polynomial is defined for all values of x, whereas a power series is defined only on 
its interval of convergence. In general, the properties of polynomials carry over to power 
series when the power series is restricted to its interval of convergence. The following 
result illustrates this principle. 


THEOREM 10.5 Differentiating and Integrating Power Series 
Let the function f be defined by the power series Xc, (x — a)* on its interval of 
convergence /. 


1. f is a continuous function on 7. 


2. The power series may be differentiated or integrated term by term, and the 


resulting power series converges to f’(x) or f f(x) dx + C, respectively, at 
all points in the interior of J, where C is an arbitrary constant. 





700 


CHAPTER 10 


POWER SERIES 


These results are powerful and also deep mathematically. Their proofs require ad- 
vanced ideas and are omitted. However, some discussion is in order before turning to 
examples. 

The statements in Theorem 10.5 about term-by-term differentiation and integration 
say two things: The differentiated and integrated power series converge, provided x be- 
longs to the interior of the interval of convergence. But the theorem claims more than 
convergence. According to the theorem, the differentiated and integrated power series 
converge to the derivative and indefinite integral of f, respectively, on the interior of the 
interval of convergence. 


EXAMPLE 4 Differentiating and integrating power series Consider the geometric 
series 
1 


f(x) = 5 = Xx =1+x+x tae t+: for|x| <1. 
TX  k=0 





a. Differentiate this series term by term to find the power series for f’, and identify the 
function it represents. 


b. Integrate this series term by term and identify the function it represents. 
SOLUTION 


a. We know that f'(x) = (1 — x)’. Differentiating the series, we find that 


d 
f'(x) = on (l+x+x7+x°+---) Differentiate the power series for f. 


be 
=1+2x+ 3x7 +t- Differentiate term by term. 
= X (k + 1) x*. Summation notation 
k=0 


Therefore, on the interval |x| < 1, 


CO 


f'(x) = (1 - x)? = X (k + 1) x*. 


k=0 


Substituting x = + 1 into the power series for f’ reveals that the series diverges at 
both endpoints. 


b. Integrating f and integrating the power series term by term, we have 


a l 
J 7 = e a to-)de 


L=x 





which implies that 

ss 2s 

Vine | ae) ee a C, 

2 3 4 
where C is an arbitrary constant. Notice that the left side is 0 when x = 0. The right 
side is 0 when x = 0 provided we choose C = 0. Because |x| < 1, the absolute value 
sign on the left side may be removed. Multiplying both sides by —1, we have a repre- 
sentation for In (1 — x): 


It is interesting to test the endpoints of the interval |x| < 1. When x = 1, the 
series is (a multiple of) the divergent harmonic series, and when x = —1, the 
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series is the convergent alternating harmonic series (Section 9.6). So the interval of 
convergence is —1 = x < 1. Here is a subtle point: Although we know the series 


converges at x = —1, Theorem 10.5 guarantees convergence to In (1 — x) only at the 
interior points. So we cannot use Theorem 10.5 to claim that the series converges to 
In 2 at x = —1. In fact, it does, as shown in Section 10.3. 


Related Exercises 41-46< 





CHECK 4 Use the result of Example 4 to write a power series representation for 
In! 7 = oar 2.< 


EXAMPLE 5 Functions to power series Find power series representations centered 
at O for the following functions and give their intervals of convergence. 


= I +x 
a. tan x b. In 
1-x 


SOLUTION In both cases, we work with known power series and use differentiation, inte- 
gration, and other combinations. 





a. The key is to recall that 





dx 4 
io XC 


and that, by Example 3c, 


1 
1+ x’ 





=1-—x74+x4----, provided |x| < 1. 


We now integrate both sides of this last expression: 
dx 
= L—x?+x7-—---)dx, 
J 1+ x? J ( ) 


co. a 


an Xe ee eC. 
an xX X 3 5 





which implies that 


Substituting x = 0 and noting that tan™! 0 = 0, the two sides of this equation agree 


» Again, Theorem 10.5 does not guarantee provided we choose C = 0. Therefore, 


that the power series in Example 5a 3 5 20 (eau 2k+1 
-1 = — X X 

converges to tan` xatx = +1. In fact, tan x = x — — + ——... o 

it does. 3 5 o 2kt 1 


By Theorem 10.5, this power series converges for |x| < 1. Testing the endpoints 
separately, we find that it also converges at x = + 1. Therefore, the interval of con- 
vergence is |—1, 1]. 


b. We have already seen (Example 4) that 


2 3 
in (1.— x) ai nae aa, 
» Nicolaus Mercator (1620-1687) and Sir 
Isaac Newton (1642-1727) independently Replacing x by —x, we have 
derived the power series for In (1 + x), 2 3 
which is called the Mercator series. In (1 — (—x)) — In (1 i x) — y — A a A E tie 
2 3 
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Subtracting these two power series gives 





LFX 
in( )=ma 
1—-x 


ae) > la =) 





Properties of logarithms 


x. x x 
SS ge ea OR Pe a a a , for |x| < 1 
2 3 2 3 
tai m(1 =x) 
i 
= 2 + a + z +> ) Combine, Theorem 10.4. 
gari 
= 25 Summation notation 
2k + 1 
CHECK 5 Verify that the power This power series is the difference of two power series, both of which converge on 





series in Example 5b does not con- 
verge at the endpoints x = +1.< x| < 1. 


the interval |x| < 1. Therefore, by Theorem 10.4, the new series also converges on 


Related Exercises 47—52<« 


If you look carefully, every example in this section is ultimately based on the geomet- 
ric series. Using this single series, we were able to develop power series for many other 
functions. Imagine what we could do with a few more basic power series. The following 
section accomplishes precisely that end. There, we discover basic power series for all the 
standard functions of calculus. 


SECTION 10.2 EXERCISES 


Review Questions 


1. Write the first four terms of a power series with coefficients Co, C1, C2, 


and c, centered at 0. 


2. Write the first four terms of a power series with coefficients Cp, C1, Co, 


and c, centered at 3. 


3. What tests are used to determine the radius of convergence of a 
power series? 


4. Explain why a power series is tested for absolute convergence. 


5. Do the interval and radius of convergence of a power series 
change when the series is differentiated or integrated? Explain. 


6. What is the radius of convergence of the power series Sc; (x/2)* 


if the radius of convergence of Sic; x* is R? 
7. What is the interval of convergence of the power series > (4x)*? 


8. How are the radii of convergence of the power series Xc, x* and 
> (-1)* c; x* related? 


Basic Skills 

9-28. Interval and radius of convergence Determine the radius of 
convergence of the following power series. Then test the endpoints to 
determine the interval of convergence. 


9. (2x) 10. 2 iy cas 


-2 


12. aa 13. X (kx) 


1)* 


14. X, k(x — 10) 


18. © (-1) 





21. 


24. > (=) 


217. 


19. 


22. 


25. 





20. 


23. > 


29-34. Combining power series Use the geometric series 


f(x) 


oe) 


= 2 


for |x| < 1, 


to find the power Series representation for the following functions (cen- 
tered at 0). Give the interval of convergence of the new series. 











29. f(3x) = 
p 3 
31. h(x) = = 
4 12 
33. p(x) = = 


30. 


32. fx) = i= 


34. f(—4x) 


g(x) 


1 





— X 


1 








35—40. Combining power series Use the power series representation 
f(x) =In(1 = x) = -55 for -1 <x <1, 


to find the power series for the following functions (centered at 0). 
Give the interval of convergence of the new series. 


35. f(3x) = In (1 — 3x) 36. g(x) = x? In (1 — x) 
37. h(x) = xin (1 — x) 38. f(x?) = ln (1 — x°) 
39. p(x) = 2x In (1 — x) 40. f(—4x) = lIn (1 + 4x) 


41-46. Differentiating and integrating power series Find the power 
series representation for g centered at Q by differentiating or integrat- 
ing the power series for f (perhaps more than once). Give the interval 
of convergence for the resulting series. 























41. g(x) = zopie C = a 
42. g(x) = qoyu f) =I y 
43. g(x) = aaa using I) 
44. g(x) = 7 2p using f(x) = > = 
45. g(x) = In (1 — 3x) using f(x) = 5 — 
46. g(x) = ln (1 + x’) using f(x) = 1 2 


47-52. Functions to power series Find power series representations 
centered at Q for the following functions using known power series. 
Give the interval of convergence for the resulting series. 











1 1 
47. f(x) = Er 48. f(x) = TF. 

49. f(x) = 7 — 50. f(x) = In V1 — x? 
51. f(x) = In V4- x? 52. f(x) = tan! (4x7) 


Further Explorations 
53. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. The interval of convergence of the power series Sc, (x — 3)* 


could be (—2, 8). 
b. X (—2x)* converges, for -—5 < x < $. 


c. If f(x) = Ecx" on the steel |x| < 1, then 
f(x?) = De, x** on the interval |x| < 1. 
d. If f(x) = Sc;,x* = 0, for all x on an interval (—a, a), then 


c, = 0, for all k. 


54. Radius of convergence Find the radius of convergence of 


Ss (1 + DE 


HH 74. 
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k! 
55. Radius of convergence Find the radius of convergence of > = 


56-59. Summation notation Write the following power series in 
summation (sigma) notation. 


2 3 2, 3 
ts soe Si, tae a oe 
2° 4° 6 23 4 
58 ee x 59 x x x ee 
° 4 9 16 I or 3l 4 


60. Scaling power series If the power series f(x) = Xc, x* has an 
interval of convergence of |x| < R, what is the interval of conver- 
gence of the power series for f(ax), where a # 0 is a real number? 


61. Shifting power series If the power series f(x) = Dc, x* has 
an interval of convergence of |x| < R, what is the interval of 
convergence of the power series for f(x — a), wherea # 0 
is a real number? 


62-67. Series to functions Find the function represented by the 
following series and find the interval of convergence of the series. 


62. p> Ca + 1)” 63. X (vx = aye 
k=0 k=0 
o0 2k 00 ” 

64. FFR 65. F 
2 ak i 





66. aes 67. S=) 


k=0 


68. A useful substitution Replace x by x — 1 in the series 


ore) (—1)* thé 
In(l+x)= > i to obtain a power series for In x 
k=1 


centered at x = 1. What is the interval of convergence for the 
new power series? 


69-72. Exponential function /n Section 10.3, we show that the power 
series for the exponential function centered at Q is 


= a 
= Dae for -œ <x < æ, 


Use the methods of this section to find the power series for the follow- 
ing functions. Give the interval of convergence for the resulting series. 
69. f(x) =e” 70: f(x) =e 

Ti fa) =e LE Se" 


Additional Exercises 
73. Powers of x multiplied by a power series Prove that if 


f(x) = X, cx" converges on the interval Z, then the power series 
k=0 
for x” f(x) also converges on 7 for positive integers m. 


Remainders Let 


and S$, (x) = 


704 


75. 


76. 
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The remainder in truncating the power series after n terms is 

R, = f(x) — S,(x), which now depends on x. 

a. Show that R,(x) = x" /(1 — x). 

b. Graph the remainder function on the interval |x| < 1 for 
n = 1, 2,3. Discuss and interpret the graph. Where on the 
interval is |R,,(x)| largest? Smallest? 

c. For fixed n, minimize |R,,(x)| with respect to x. Does the 
result agree with the observations in part (b)? 

d. Let N(x) be the number of terms required to reduce |R,,(x)| 
to less than 10°. Graph the function N(x) on the interval 
|x| < 1. Discuss and interpret the graph. 


Product of power series Let 


f(x) = 5 c,x* and g(x) = S dk 
k=0 


a. Multiply the power series together as 1f they were polynomials, 
collecting all terms that are multiples of 1, x, and x7. Write the 
first three terms of the product f(x)g(x). 

b. Find a general expression for the coefficient of x” in the prod- 
uct series, for n = 0,1,2,.... 


Inverse sine Given the power series 








Í 1, 1:3 4 1:35 | 
=] + — ;? + aa, 
TE 2 2-4 2:4:6 


for —1 < x < 1, find the power series for f(x) = sin! x 


centered at 0. 


10.3 Taylor Series 


77. Computing with power series Consider the following function 


and its power series: 


f(x) = Oe = >. tor 1 =e = 
(1 E x) k=1 
a. Let S,,(x) be the sum of the first n terms of the series. With 
n = 5andn = 10, graph f(x) and S,,(x) at the sample points 
x = —0.9, -0.8,...,—0.1, 0, 0.1,..., 0.8, 0.9 (two graphs). 
Where is the difference in the graphs the greatest? 
b. What value of n is needed to guarantee that 
| f(x) — S,(x)| < 0.01 at all of the sample points? 





1. g(0) = 0 2. For any value of x with x > 6 or x < —2, 
the series diverges by the Divergence Test. The Root or 
Ratio Test gives the same result. 


3. |x| < 1,R=1 


= 1 
4. Substituting x = 1/2, 1n (1/2) = —-In2 = -> or 


In the preceding section we saw that a power series represents a function on its interval 
of convergence. This section explores the opposite question: Given a function, what is its 
power series representation? We have already made significant progress in answering this 
question because we know how Taylor polynomials are used to approximate functions. 
We now extend Taylor polynomials to produce power series—called Taylor series—that 
provide series representations of functions. 


Taylor Series for a Function 


Suppose a function f has derivatives f () (qa) of all orders at the point a. If we write the 
nth-order Taylor polynomial for f centered at a and allow n to increase indefinitely, a 
power series is obtained. The power series consists of a Taylor polynomial of order n plus 
terms of higher degree called the remainder: 


co + cı (x — a) + e (x- af t-te (xe a) + eu (x -al i+: 
Taylor polynomial of order n remainder 


CO 


= > q(x — a). 


The coefficients of the Taylor polynomial are given by 





fork = 0,1,2,.... 
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These coefficients are also the coefficients of the power series, which ensures that the power 


Me Was tanaincen ean named aeie series has the same matching properties as the Taylor polynomials; that is, the function f 
Scotieni an oin Macan and the power series agree in all of their derivatives at a. This power series is called the 
(1698-1746), who described them (with Taylor series for f centered at a. It is the natural extension of the set of Taylor polynomials 
credit to Taylor) in a textbook in 1742. for f at a. The special case of a Taylor series centered at 0 is called a Maclaurin series. 


DEFINITION Taylor /Maclaurin Series for a Function 


Suppose the function f has derivatives of all orders on an interval containing the 
point a. The Taylor series for f centered at a is 


f"(a) )(a) 


fla) tfla l- a) +O - ap + a te 


2! 3! 


x — aŬ. 


_— Sf) 
> p | 


A Taylor series centered at 0 is called a Maclaurin series. 





For the Taylor series to be useful, we need to know two things: 


e The values of x for which the power series converges, which comprise the interval of 


l l convergence. 

» There are unusual cases in which the ; ; . . 
Taylor series for a function converges to e The values of x for which the power series for f equals f. This question is more subtle 
a different function (Exercise 90). and is postponed for a few pages. For now, we find the Taylor series for f at a point, 


but we refrain from saying f(x) equals the power series. 





QUICK CHECK 1 Verify that if the Taylor series for f centered at a is evaluated at x = a, 
then the Taylor series equals f(a). 


EXAMPLE 1 Maclaurin series and convergence Find the Maclaurin series (which 
is the Taylor series centered at 0) for the following functions. Give the interval of 
convergence. 





a. f(x) = cosx b. f(x) = 
SOLUTION The procedure for finding the coefficients of a Taylor series is the same as 
for Taylor polynomials; most of the work is computing the derivatives of f. 

a. The Maclaurin series (centered at 0) has the form 


f(0) 
kl” 





> Gx: where c; = fork = 0,1,2,.... 
k=0 


We evaluate derivatives of f(x) = cosx atx = 0. 
f(x) = cosx => f(0) = 1 
f'(x) = —sinx => f'(0) =0 
f"(x) =-cosx => f"(0) =-1 
f"(x) = sinx = f"(0) = 0 
f%(x) = cosx = f%(0) = 1 


1 


X 
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0 
Because the odd-order derivatives are zero, c, = ) = 0 when k is odd. Using 


the even-order derivatives, we have 














FOO) 1 
c= o aT 
_fO) _ 1 JO 1 
“4 4ar ap e a 
Bi o, 
and, in general, co, = TON Therefore, the Maclaurin series for f is 
n a p al E N -5 CD 
2! A! 6! E (2k)! 


Notice that this series contains all the Taylor polynomials. In this case, it consists only 
of even powers of x, reflecting the fact that cos x is an even function. 
For what “au of x does the series converge? As discussed in Section 10.2, we apply 


D) 
(2k)! 
(—1)Ft ly 2+) 109 (k 4 1))! 


2k| to test for absolute convergence: 











the Ratio Test to > 





























r= lim = Jim | 
ko (—1)* x**/(2k)! kw] Ag 
2 
. X . . . . . . 
> Recall that = n (2k + 2)(2k + 1) Simplify and take the limit with x fixed. 
(2k + 2)! = (2k + 2)(2k + 1)(2k)!. In this case, r < 1 for all x, so the Maclaurin series converges absolutely for all x and 
k)! i the interval of convergence is—% <x < ©, 
Therefore, = : 
(2k +2)! (2k + 2)(2k +1) b, We proceed in a similar way with f(x) = 1/(1 — x) by evaluating the derivatives of 
f at 0: 
fx) =— = (0) = 1 
X — = g 
Sa 
ro == > r0 =1 
X — — 5 
(=x) 
T ) 2 "(0) 21 
Ee = 
(1 — x)° 
32 
m — =; f” = = 31. 
4.3.2 
Ax) = (0) = 4! 
and, in general, f“(0) = k!. Therefore, the Maclaurin series coefficients are 
(k) 0 k! 
C; = 0) = a = ], fork = 0,1,2,....The series for f centered at 0 is 
Lrt texte = Sixt 
k=0 


This power series is familiar! The Maclaurin series for f(x) = 1/(1 — x) is a geo- 
metric series. We could apply the Ratio Test, but we have already demonstrated that 
this series converges for |x| < 1. 

Related Exercises 9-20 
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ECK 2 Based on Example 1b, what is the Taylor series for f(x) = (1 + x) !?<« 





The preceding example has an important lesson. There is only one power series rep- 
resentation for a given function about a given point; however, there may be several ways 


to find it. 


EXAMPLE 2 Center other than 0 Find the first four nonzero terms of the Taylor 


series for f(x) = 


Yx centered at 8. 


SOLUTION Notice that fhas derivatives of all orders at x = 8. The Taylor series cen- 
tered at 8 has the form 





Next, we evaluate derivatives: 


g (k) 
f(x) = Decale — 8)*, where c, = r 
f(x) = x'? = f(8) = 2, 
1 1 
Tos ~ >TO 
2 1 
F") = px = F"(8) = = 
10 5 
m a 8) m = 
Fa) = gx = I(8) = ae 


We now assemble the power series: 


| 1 1 EE 
fle) =2 es) + e i)e ts 





Related Exercises 21—-28< 


EXAMPLE 3 Manipulating Maclaurin series Let f(x) = e”. 


a. Find the Maclaurin series for f (by definition centered at 0). 


b. Find its interval of convergence. 


c. Use the Maclaurin series for e* to find the Maclaurin series for the functions x 


—2x 


we, 
e~“ amde”, 


SOLUTION 


tar 


a. The coefficients of the Taylor polynomials for f(x) = e* centered at 0 are c, = 1/k! 
(Example 3, Section 10.1). They are also the coefficients of the Maclaurin series. 
Therefore, the Maclaurin series for f is 


X X 
1 + — + — + eee + — Hel = 


b. By the Ratio Test, 





2 y” o0 xk 


I 2! n! E kl 


x1 /(k +1)! 


T Substitute (k + 1)st and kth terms. 
x*/k! 











= 0, Simplify; take the limit with x fixed. 


Because r < 1 for all x, the interval of convergence is ~œ <x < ©, 
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C K 3 Find the first three 
terms sof ike re Taylor series for 2xe* 
and e *.< 





» For nonnegative integers p and k 
with 0 < k S p, the binomial coeffici- 
ents may also be defined as 


(z) soe ere EE 
k) klp- k)! 


The coefficients form the rows of 
Pascal’s triangle. The coefficients of 
(1 + x)° form the sixth row of the 
triangle. 


c. As stated in Theorem 10.4, power series may be added, multiplied by powers of x, or 
composed with functions on their intervals of convergence. Therefore, the Maclaurin 
series for xte” is 


ykt4 5 6 k+4 


2 xk = EE x x 
eT >= = yX + — + — +... + p>- 
Ak Ak Il 2! 








Similarly, e ~ is the composition f(—2x). Replacing x by —2x in the Maclaurin series 


for f, the series representation for e ~* is 


= = —1)* (2x)* 
> ) Ba 


= 4 

- $ = 1 2x + 2x? zx? to 
The Maclaurin series for e 
The resulting series is 


Because the interval of DN ence of f (x) = = e*řis—% < x < ©, the manipulations 
used to obtain the series for x* e*, e”, or e~ X do not change the merd of convergence. 
If in doubt about the interval of convergence of a new series, apply the Ratio Test. 


Related Exercises 29-38< 


— is obtained by replacing x by —x7 in the power series for f. 


x2)k 





The Binomial Series 


We know from algebra that if p is a positive integer, then (1 + x)? is a polynomial of 
degree p. In fact, 


aaay = (D) (Pre (Breet (Par 


where the binomial coefficients (2) are defined as follows. 


DEFINITION Binomial Coefficients 


For real numbers p and integers k = 1, 


(7) -ee Dae 
k k! 





For example, 


(L+a = (*) + C) + Gye + Gle + Ge 4 G) 
“TS o EG “5 


= 1+ 5x + 10x? + 10x? + 5x4 + x5. 





3 1 
K CHECK 4 Evaluate the binomial coefficients ( 5 and (7).< 


Our goal is to extend this idea to the functions f(x) = (1 + x)”, where p is a real number 
other than a nonnegative integer. The result is a Taylor series called the binomial series. 


» To evaluate (2), start with p and 


successively subtract 1 until k factors are 
obtained; then take the product of these 
k factors and divide by k!. Recall that 

P) = 1, 

0 
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THEOREM 10.6 Binomial Series 
For real numbers p # 0, the Taylor series for f(x) = (1 + x)? centered at 0 is 
the binomial series 


= DOs Dee) Se) 


k! 


P(p — 1) 2 P plp — 1)(p — 2) 2 
2! 3! 


= 1+ px + foes 


The series converges for |x| < 1 (and possibly at the endpoints, depending on p). 
If p is a nonnegative integer, the series terminates and results in a polynomial of 
degree p. 


Proof: We seek a power series centered at 0 of the form 


f(0) 


kL 





>ar. where c; = fork = 0,1,2,.... 
k=0 


The job is to evaluate the derivatives of f at 0: 


f(x) = (1 +x} = f(0) = 1, 
f'(x) = p(L + xP" = f'(0) = p, 
f(x) = p(p — 1). + xP * => F"(0) = p&p — 1), 
f'"(x) = p(p = 1)(p = 2). + xP = f”(0) = p(p — 1)(p = 2). 
A pattern emerges: The kth derivative f (0) involves the k factors 
p(p — 1)(p — 2):+- (p — k + 1). In general, we have 
f(0) = p(p - 1)(p — a (p — k + 1). 
Therefore, 
"O _ pp - I - 2): kt) (? 


kl k! k 





C, = ) fork = 0,1,2,.... 


The Taylor series for f(x) = (1 + x)? centered at 0 is 


Go) O Ge Ge t= BG) 


This series has the same general form for all values of p. When p is a nonnegative integer, 
the series terminates and it is a polynomial of degree p. 

The interval of convergence for the binomial series is determined by the Ratio Test. 
Holding p and x fixed, the relevant limit is 


x plp VW) (Pk + 1)(p = HK + 1)!| Ratio of (k + 1)stto 




















r= lim 
ma x* p(p —1)---(p-—k+1)/k! Ath term 
— k 
= |x| lim Cancel factors and simplify. 
k>%|k + 1 
approaches 1 
With p fixed, 
=H -p-k 
lim = 
ko} k+ 1 





Absolute convergence requires that r = |x| < 1. Therefore, the series converges abso- 
lutely, for |x| < 1. (Depending on the value of p, the interval of convergence may include 
the endpoints; they should be tested on a case-by-case basis.) < 
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A binomial series is a Taylor series. 
Because the series in Example 4 is 
centered at 0, it is also a Maclaurin series. 


Table 10.3 


wW N fF O X 


Approximations p,,(0.15) 
1.0 
1.075 
1.0721875 
1.072398438 


The remainder theorem for alternating 
series (Section 9.6) could be used to 
estimate the number of terms of the 
Taylor series needed to achieve a desired 
accuracy. 


EXAMPLE 4 Binomial series Consider the function f(x) = V1 + x. 


a. Find the binomial series for f centered at 0. 


b. Approximate V 1.15 to three decimal places. Assume the series for f converges to f on 
the interval of convergence. 


SOLUTION 


a. We use the formula for the binomial coefficients with p = 5 to compute the first four 
coefficients: 


1 1 
l 1 
oi a=) -2 
(2) 2.) oe oer (2) eae. A. 
2 2! g’ 3 3! 16 


The leading terms of the binomial series are 





C2 


b. Truncating the binomial series in part (a) produces Taylor polynomials that may be used to 
approximate f(0.15) = V1.15. With x = 0.15, we find the polynomial approximations 
shown in Table 10.3. Four terms of the power series (n = 3) give V1.15 ~ 1.072. 
Because the approximations with n = 2 andn = 3 agree to three decimal places, when 
rounded, the approximation 1.072 is accurate to three decimal places. 

Related Exercises 39-44< 





QUICK CHECK 5 Use two and three terms of the binomial series in Example 4 to 


approximate V 1.1.<« 


EXAMPLE 5 Working with binomial series Consider the functions 
f(x) = W1+x and g(x) = Vc+-x, wherec > 0 isa constant. 


a. Find the first four terms of the binomial series for f centered at 0. 

b. Use part (a) to find the first four terms of the binomial series for g centered at 0. 

c. Use part (b) to approximate NA, W24, ee \/31. Assume the series for g con- 
verges to g on the interval of convergence. 


SOLUTION 


a. Because f(x) = (1 + x)!®, we find the binomial coefficients with p = 3. 


; y)_G) 1 
a= (i) =i an(s 
OA 3)G-1) 1 _fA\_ WG-1)G-2) _ 5 
C9 a — ne 9? C3 = ae MS 
The first four terms of the binomial series are 

ESTE S N ee at 
3 9 81 


b. To avoid deriving a new series for g(x) = Vc + x, a few steps of algebra allow us to 
use part (a). Note that 


als) = Veta gehi +2) = Vegi +2 = ves(*) 
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In other words, g can be expressed in terms of f, for which we already have a binomial 
series. The binomial series for g is obtained by substituting x/c into the binomial 


series for f and multiplying by We: 


ao = Ydi) 9(2) tal) -~ | 


f(x/e) 


The series for f(x/c) converges provided |x/c| < 1, or, equivalently, for |x| < c. 





c. The series of part (b) may be truncated after four terms to approximate cube roots. 
For example, note that \/29 = Ý 27 + 25 so we take c = 27 and x = 2. 


Cc 


X 
The choice c = 27 is made because 29 is near 27 and Wc = V/27 = 3 is easy to 
evaluate. Substituting c = 27 and x = 2, we find that 


1/2 FEAR 
va- Vail + 1(2) -HEF EEY] = sam 
IAZ O27 81 \ 27 
The same method is used to approximate the cube roots of 23, 24,..., 30, 31 


(Table 10.4). The absolute error is the difference between the approximation and the 
value given by a calculator. Notice that the errors increase as we move away from 27. 


Table 10.4 
Approximation Absolute Error 

/ 23 2.8439 6.7 X 10° 
W24 2.8845 2.0 X 10° 
725 2.9240 3.9 x 10°° 
/ 26 2.9625 24x 107 
W27 3 0 

/ 28 3.0366 2.3 X 107 
V29 3.0723 3.5 X 10°° 
130 3.1072 1.7 x 10° 
131 3.1414 5.4 xX 10° 


Related Exercises 45—56< 


Convergence of Taylor Series 


It may seem that the story of Taylor series is over. But there is a technical point that is 
easily overlooked. Given a function f, we know how to write its Taylor series centered 
at a point a, and we know how to find its interval of convergence. We still do not know 
that the series actually converges to f. The remaining task is to determine when the Taylor 
series for f actually converges to f on its interval of convergence. Fortunately, the neces- 
sary tools have already been presented in Taylor’s Theorem (Theorem 10.1), which gives 
the remainder for Taylor polynomials. 

Assume f has derivatives of all orders on an open interval containing the point a. 
Taylor’s Theorem tells us that 


f(x) = Palx) + Ral), 


where p, is the nth-order Taylor polynomial for f centered at a, 


and c is a point between x and a. We see that the remainder, R,(x) = f(x) — p,(x), 
measures the difference between f and the approximating polynomial p,. For the Taylor 
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series to converge to f on an interval, the remainder must approach zero at each point 
of the interval as the order of the Taylor polynomials increases. The following theorem 
makes these ideas precise. 


THEOREM 10.7 Convergence of Taylor Series 

Let f have derivatives of all orders on an open interval / containing a. The 
Taylor series for f centered at a converges to f, for all x in Z, if and only if 
lim R,,(x) = 0, for all x in Z, where 

nw oo 


Gree) yw 


R,(x) = (x — a 


(n + 1)! 


is the remainder at x (with c between x and a). 





Proof: The theorem requires derivatives of all orders. Therefore, by Taylor’s Theorem 
(Theorem 10.1), the remainder term exists in the given form for all n. Let p, denote the nth- 
order Taylor polynomial and note that oo 1 Pa(X) i is the Taylor series for f centered at a, 
evaluated at a point x in J. 
First, assume that lim R,(x) = 0 on the interval / and recall that 
nwo 


Pa(x) = f(x) — R,(x). Taking limits of both sides, we have 
lim py(x) = lim (f(x) — Ry(x)) = lim f(x) — lim R,(x) = f(x). 
n—>0 no n—> no 
Taylor series a Oo 


We conclude that the Taylor series lim 1 p(x) equals f(x), for all x in Z. 
Conversely, if the Taylor series converges to f, then f(x) = lim 1 p(x) and 


0 = f(x) — lim pax) = lim (f(x) — pa(x)) = lim R,(x). 


R,(x) 





It follows that lim R,(x) = 0, for all x in Z. < 
n—> 0 


Even with an expression for the remainder, it may be difficult to show that 
lim R,(x) = 0. The following examples illustrate cases in which it is possible. 
nwo 


EXAMPLE 6 Remainder term in the Maclaurin series for e* Show that the 
Maclaurin series for f(x) = e* converges to f, for =% <x < ©, 


SOLUTION As shown in Example 3, the Maclaurin series for f(x) = e* is 
k 2 n 


X X X 
— =] +++ +H, 
o k! 2! n! 


M: 


which converges for —œ < x < ©, In Example 6 of Section 10.1 it was shown that the 
remainder term is 


y”tl 
(n + 1)! 
where c is between 0 and x. Notice that the intermediate point c varies with n, but it is 


always between 0 and x. Therefore, e“ is between e? = 1 and e”: in fact, e° < ekl, for 
all n. It follows that 


R,(x) = 


n+l 


—10 = YA 5 a 


imp (o= e 
n> 


Ps 


FIGURE 10.17 





lim p(x) = cos x 
n>% 


FIGURE 10.18 
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Holding x fixed, we have 


lim ÍR = lim ———x|"*! = el lim ———— = 0, 
E E e 


where we used the fact that lim x”/n! = 0, for—%© < x < œ (Section 9.2). Because 


nwo 
lim |R,,(x)| = 0, it follows that for all real numbers x the Taylor series converges to e”, or 
noo 


00 k 2 n 
fas SMe Po, dusa dee A oes 
=y D a ee ae 
The convergence of the Taylor series to e” is illustrated in Figure 10.17, where Taylor 
polynomials of increasing degree are graphed together with e*. 
Related Exercises 57-60< 


EXAMPLE 7 Maclaurin series convergence for cos x Show that the Maclaurin se- 
ries for cos x, 





converges to f(x) = cos x, for =% <x < ©, 


SOLUTION To show that the power series converges to f, we must show that 

lim |R,,(x)| = 0, for—œ < x < œ. According to Taylor’s Theorem with a = 0, 
nwo 

Fre) 
ntl 
(n + 1)! 

aa | 


R,(x) = 


where c is between 0 and x. Notice that f! c) = +£sinc or 
f"* (ce) = cosc. In all cases, | f("*"(c)| = 1. Therefore, the absolute 
value of the remainder term is bounded as 


fF" De) _ 
(n + Dr 





Pa 


= (a+1)! 





R| = | 


Holding x fixed and using lim x”/n! = 0, we see that lim R,(x) = 0 for 


nwo nwo 
all x. Therefore, the given power series converges to f(x) = cos x, for all x; 
. 00 (— 1 i 2k 
that is, cosx = > = 
& (2k)! 
cos x is illustrated in Figure 10.18. 


. The convergence of the Taylor series to 


Related Exercises 57—-60< 


The procedure used in Examples 6 and 7 can be carried out for all the Taylor series 
we have worked with so far (with varying degrees of difficulty). In each case, the Taylor 
series converges to the function it represents on the interval of convergence. Table 10.5 
summarizes commonly used Taylor series centered at 0 and the functions to which they 
converge. 
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» Table 10.5 asserts, without proof, that 




















. . Table 10.5 
in several cases the Taylor series for 
f converges to f at the endpoints of o 
=] +xr+x ter tatem Dx, for |x| <1 
the interval of convergence. Proving TF ATA x a= > X 
convergence at the endpoints generally 
requires advanced techniques. It may also 1 i 
= 2 k,.k = _ 1 \kyk 
be done using the following theorem: os l=xtx PA + 2 1)"x", for |x| < 1 
Suppose the Taylor series for f 
centered at 0 converges to f on the 2 k o yk 
x — == 
interval (—R, R). If the series converges e= l+tx+ DI ae i T! a = 2 H for |x| < % 
at x = R, then it converges to lim f(x). 7 
; <r 2k+1 k 2k+1 
If the series converges at x = —R, then it L x? (-1)* S (—1) for |x 
SU 0 ee ee ee ee a Fae a ke LOL |X| a 
COMYCEE CSO dim J1): 315! (2k + 1)! £ (2k + 1)! 
For example, this theorem would 
allow us to conclude that the series for x? x4 ( 1) 2k Ss (= 1 yi 2k | | 
= cose = l-z t> Fs Se ee = aay «| LOF |X| <œ% 
In (1 + x) converges to In2 at x = 1. 2! 4! (2k)! 0 (2k)! 
2 3 =] k+l „k 0 (—]1 k+1\k 
x 
iC Pe) = a ae ae Py os Sa e. = So for—l = x= | 
3 k = k 
2 3 k 00 xk 
-In(l-—x)=x+—+—+4 += + = Dae for-l <x <1 
k=1 
a x3 fn x? n (—1)* xh! 5 (—1)* 2k : | | 
tan x =x- — — Re cee , lor]x| 5 
d 5 2k + 1 fo 2k+ 1 
3 5 2k+1 o0 2k+1 
, X x x x 
SN ee oe e Pe ee pe >. a for |x| < © 
315! (2k + 1)! 4(2k + 1)! 
2 4 2k 20 2k 
X x X 
Cosine = Doe ta Fae pan S , for |x| < © 
2! Al (2k)! ŽW! Kl 
= (P\ 4 p\ _ P(p —1)(p — 2)--- (pk +1) (2) 
1 +x = x“, for|x| < 1 and SS E = 1 
l ) (i) kl (2) k! 0 
SECTION 10.3 EXERCISES 
Review Questions 7. In terms of the remainder, what does it mean for a Taylor series 
1. How are the Taylor polynomials for a function f centered at a for a function f to converge to f? 


related to the Taylor series for the function f centered at a? 


8. Write the Maclaurin series for e”. 


2. What conditions must be satisfied by a function f to have a 


Taylor series centered at a? 


Basic Skills 


9—20. Maclaurin series 


3. How do you find the coefficients of the Taylor series for f 


centered at a? 


a. Find the first four nonzero terms of the Maclaurin series for the 


given function. 
4. How do you find the interval of convergence of a Taylor series? b. Write the power series using summation notation. 
. Det ine the int l th eS. 
5. Suppose you know the Maclaurin series for f and it converges Be ELT EA EREE EOE EES 
for |x| < 1. How do you find the Maclaurin series for f(x”) and 9. f(x) = e™ 10. f(x) = cos 2x 
here does it ? 
Ua ere ny omen 11. f(x) = (1 +22) 12. f(x) =In(1 + x) 
6. For what values of p does the Taylor series for f(x) = (1 + x)? _ By B 4 
centered at 0 terminate? a =< ag = ai 


15. f(x) = tan! x 
17. f(x) = 3 
19. f(x) = coshx 


16. f(x) = sin 3x 
18. f(x) = log3(x + 1) 
20. f(x) = sinh 2x 


21-28. Taylor series centered ata # 0 


a. Find the first four nonzero terms of the Taylor series for the given 
function centered at a. 
b. Write the power series using summation notation. 


21. f(x) = sinx,a = 7/2 
22. f(x) = cosx,a = 7 
23. f(x) 

24. f(x) = 1/x,a = 2 
25. f(x) =Inx,a = 3 
26. f(x) = e, a = In2 
27. f(x) =2,a=1 
28. f(x) = 10.4 = 2 


29-38. Manipulating Taylor series Use the Taylor series in Table 
10.5 to find the first four nonzero terms of the Taylor series for the 
following functions centered at Q. 


2 








29. In(1 + x’) 30. sin x 
1 
31. 32. In (1-4 2x) 
lL — 2x 
=l 
33. 34. cos Vx 
xX 
35. (1 + x$)! 36. xtan! x? 
37. sinh x? 38. cosh 3x 


39-44, Binomial series 


a. Find the first four nonzero terms of the Taylor series centered at Q 
for the given function. 

b. Use the first four terms of the series to approximate the given 
quantity. 


39. f(x) = (1 +x)’; approximate 1/1.21 = 1/1.1°. 


40. f(x) = V1 + x; approximate V 1.06. 

41. f(x) = W1 + x; approximate Ý1.12. 

42. f(x) = (1 + x)”; approximate 1/1.331 = 1/1.1°. 
) 


43. f(x) = (1 + x); approximate 1.18777. 
44. f(x) = (1 + x)”; approximate 1.0277. 


45-50. Working with binomial series Use properties of power series, 
substitution, and factoring to find the first four nonzero terms of the 
Taylor series centered at Q for the following functions. Give the inter- 
val of convergence for the new series. Use the Taylor series 


2 x3 


Mad tte, tor) <72 1 
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45. V1 +x’ 46. V4+x 


47. V9 — 9x 48. V1 — 4x 
49. Va? +x, a>0 50. V4 — 16x? 


51-56. Working with binomial series Use properties of power series, 
substitution, and factoring of constants to find the first four nonzero 
terms of the Taylor series centered at O for the following functions. Use 
the Taylor series 


(1 +x)? = 1 — 2x + 3x? — 4x? +--+, for-l1 <x <1. 
1 
51. (1 + 4x)? S e a 
(1 — 4x) 
1 
53. arry 54. (x? — 4x + J 
xX 
1 l 








55. 
(3 + 4x)? (1 + 4x7)? 


57-60. Remainder terms Find the remainder in the Taylor series 
centered at the point a for the following functions. Then show that 
lim R,(x) = 0 for all x in the interval of convergence. 

nwo 


57. f(x) = sinx,a = 0 
58. f(x 
59. f(x 
60. f(x) = cosx,a = 7/2 


Further Explorations 
61. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. The function f(x) = Vx has a Taylor series centered at 0. 

b. The function f(x) = csc x has a Taylor series centered at 77/2. 

c. If f has a Taylor series that converges only on (—2, 2), then 
f(x”) has a Taylor series that also converges only on (—2, 2). 

d. If p(x) is the Taylor series for f centered at 0, then p(x — 1) 
is the Taylor series for f centered at 1. 

e. The Taylor series for an even function about 0 has only even 
powers of x. 


62-69. Any method 


a. Use any analytical method to find the first four nonzero terms of 
the Taylor series centered at 0 for the following functions. In most 
cases you do not need to use the definition of the Taylor series 
coefficients. 

b. If possible, determine the radius of convergence of the series. 


62. f(x) = cos 2x + 2 sinx 
Ce 


63. f(x) = 3 


64. f(x) = secx 


65. f(x) = (1 + x7)? 
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66. f(x) = tanx 


2 


67. f(x) = V1I-x 
68. f(x) = b*,forb > 0,b #1 
69. f(x) . 
- fx = 
Ee = I 


70-73. Alternative approach Compute the coefficients for the Taylor 
series for the following functions about the given point a and then use 
the first four terms of the series to approximate the given number. 


70. f(x) = Vx with a = 36; approximate V39. 

71. f(x) = Wx with a = 64; approximate %60. 

72. f(x) = 1/Vx with a = 4; approximate 1/V3. 

73. f(x) = Wx with a = 16; approximate “13. 

74. Geometric/binomial series Recall that the Taylor series for 


f(x) = 1/(1 — x) about 0 is the geometric series X, x“. Show 
k=0 
that this series can also be found as a case of the binomial series. 


75. Integer coefficients Show that the coefficients in the Taylor 
series (binomial series) for f(x) = V1 + 4x about 0 are integers. 


76. Choosing a good center Suppose you want to approximate V72 
using four terms of a Taylor series. Compare the accuracy of the 
approximations obtained using the Taylor series for Vx centered 
at 64 and 81. 


77. Alternative means By comparing the first four terms, show 
that the Maclaurin series for sin? x can be found (a) by 
squaring the Maclaurin series for sin x, (b) by using the identity 
sin* x = (1 — cos 2x) /2, or (c) by computing the coefficients 


using the definition. 


78. Alternative means By comparing the first four terms, show 
that the Maclaurin series for cos” x can be found (a) by squar- 
ing the Maclaurin series for cos x, (b) by using the identity 
cos?x = (1 + cos 2x) /2, or (c) by computing the coefficients 
using the definition. 


79. Designer series Find a power series that has (2, 6) as an interval 
of convergence. 


80-81. Patterns in coefficients Find the next two terms of the 
following Taylor series. 


1 1 1-3 
80. Vi +x: 1+ 5x- 5, t EEE 





2-4 2-4-6 
l 1 1-3 1-3-5 
8. ———1 - =x + —x?- x 
TF 2° 2-4" 2-4-6 


82. Composition of series Use composition of series to find the first 
three terms of the Maclaurin series for the following functions. 


Cc. VI + sin? x 





a. gsm b. eins 


Applications 


83-86. Approximations Choose a Taylor series and a center point a 


to approximate the following quantities with an error of 10“ or less. 
83. cos 40° 84. sin (0.9877) 
85. \/83 86. 1/417 


87. Different approximation strategies Suppose you want to 
approximate \/ 128 to within 10+ of the exact value. 


a. Use a Taylor polynomial for f(x) = (125 + x)! centered 
at 0. 

b. Use a Taylor polynomial for f(x) = x'/3 centered at 125. 

c. Compare the two approaches. Are they equivalent? 


Additional Exercises 

88. Mean Value Theorem Explain why the Mean Value Theo- 
rem (Theorem 4.9 of Section 4.6) is a special case of Taylor’s 
Theorem. 


89. Version of the Second Derivative Test Assume that f has at 
least two continuous derivatives on an interval containing a with 
f'(a) = 0. Use Taylor’s Theorem to prove the following version 
of the Second Derivative Test: 


a. If f”(x) > 0 on some interval containing a, then f has a local 
minimum at a. 

b. If f”(x) < 0 on some interval containing a, then f has a local 
maximum at a. 


0. Nonconvergence to f Consider the function 


—1/x . 
e ifx ~ 0 
Fx) = ‘6 iren. 


a. Use the definition of the derivative to show that f’(0) = 0. 

b. Assume the fact that f(0) = 0, fork = 1,2,3,.... (You 
can write a proof using the definition of the derivative.) Write 
the Taylor series for f centered at 0. 

c. Explain why the Taylor series for f does not converge to f for 
x Æ 0. 





1. When evaluated at x = a, all terms of the series are zero 
except for the first term, which is f(a). Therefore the series 
equals f(a) at this point. 

2. 1— x+? x txt 3, 2x + 2x* + x’: 
1—x+x*/2 4.6,1/16 5. 1.05, 1.04875< 
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10.4 Working with Taylor Series 


» L’ Hôpital’s Rule may be impractical 
when it must be used more than once on 
the same limit or when derivatives are 
difficult to compute. 


» In using a series approach to evaluating 
limits, it is often not obvious how many 
terms of the Taylor series to use. When 
in doubt, include extra (higher-power) 
terms. The dots in the calculation stand 
for powers of x greater than the last 
power that appears. 





CK 1 Use the Taylor series 
sinx = x — x°/6 + -+ - to verify that 
lim (sin x)/x = 1.< 

Xx. 


We now know the Taylor series for many familiar functions and we have tools for work- 
ing with power series. The goal of this final section is to illustrate additional techniques 
associated with power series. As you will see, power series cover the entire landscape of 
calculus from limits and derivatives to integrals and approximation. 


Limits by Taylor Series 


An important use of Taylor series is evaluating limits. Two examples illustrate the essen- 
tial ideas. 


2 
L200 = 2 
EXAMPLE 1 A limit by Taylor series Evaluate lim —_ =. 
x2 X 
SOLUTION Because the limit has the indeterminate form 0/0, l’ Hôpital’ s Rule can 
be used, which requires four applications of the rule. Alternatively, because the limit 
involves values of x near 0, we substitute the Maclaurin series for cos x. Recalling that 


E y" 


cosx = 1- — + — ——— t---, Table 10.5, page 714 
2 24 720 


we have 


3 x7 x? xê 
x“ + 2| 1 — — + — — —— +... ]— 2 Substitute for 


= x2 +2cosx—2 2 24 720 
lim E a = lim = OO COS x. 
x0 3x x0 3x 
e+(2-2+5- xt + )-2 
; 12 360 Simplify. 
= lim Fi 
x0 3x 
ee 
o 2 360 Simplify. 
= hm —————— 
x0 3x4 
1 x? 1 Simplify, 
= lim (= — —— +>: 7 = = evaluate 


Related Exercises 7—24< 
EXAMPLE 2 A limit by Taylor series Evaluate 


lim G TETE J 
x—> 0 X 

SOLUTION A Taylor series may be centered at any finite point in the domain of the func- 
tion, but we don’t have the tools needed to expand a function about x = œ. Using a tech- 
nique introduced earlier, we replace x by 1/t and note that as x > ~, t —> 0". The new 
limit becomes 


6sint 6 1 
— ++ 3] Replacex by 1/t. 





1 
lim | 6x° sin — = 6xt + x = lim ( 


l 6 sint — 6t + t? 
= lim — et P Common denominator 
t—0* t 
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This limit has the indeterminate form 0/0. We now expand sin ż in a Taylor series cen- 
tered at t = 0. Because 
m a 


t 
ai 6 120 5040 





Table 10.5, page 714 


the value of the original limit 1s 


l ues 
lim aa. an 
t-0° t 


t 2 t' 
E a aA E 
6 120 5040 





= lim z Substitute for sin t. 
t—0" t 
Sor 
i 20 840 iii 
= lim implify. 
So 15 putty 
(lt 1 — S 
= lim = p aS, Simplify; evaluate limit. 
t—0" 20 840 20 


Related Exercises 7—24< 


Differentiating Power Series 


The following examples illustrate the ways in which term-by-term differentiation 
(Theorem 10.5) may be used. 


EXAMPLE 3 Power series for derivatives Differentiate the Maclaurin series for 


d 
f(x) = sin x to verify that T (sin x) = cos x. 
x 


SOLUTION The Maclaurin series for f(x) = sin x is 


ee. 


sinx =x Te Ta tl 
and it converges for —%œ < x < ©, By Theorem 10.5, the differentiated series also 
converges for —œ < x < © and it converges to f'(x). On differentiating, we have 





d ae ree ne ne 
Fi ee ees a ee eee ee ed Ge I eae ee oe ee ee Pe COR, 
apm dx S| 5L 7 2! 4! 6! 
QUICK CHECK 2 Differentiate the power 
series stor cos x (given in Example 3) The differentiated series is the Maclaurin series for cos x, confirming that f’(x) = cos x. 
and identify the result. < Related Exercises 25—32< 


EXAMPLE 4 A differential equation Find a power series solution of the differential 
equation y'(t) = y(t) + 2, subject to the initial condition y(0) = 6. Identify the func- 
tion represented by the power series. 


SOLUTION Because the initial condition is given at t = 0, we assume the solution has a 


Taylor series centered at 0 of the form y(t) = > & tt, where the coefficients cy must be 





k=0 
determined. Recall that the coefficients of the Taylor series are given by 
(0) 
Ch = , fork = 0,1,2,.... 
k! 
If we can determine y! (0), fork = 0, 1, 2,..., the coefficients of the series are also 


determined. 


> You should check that y(t) = —2 + 8e' 
satisfies y'(t) = y(t) + 2 and y(0) = 6. 
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Substituting the initial condition t = 0 and y = 6 into the power series 
A= otata t---, 
we find that 
6 = co + ca (0) +o (0 +---. 


It follows that cp = 6. To determine y'(0), we substitute t = 0 into the differential 
equation; the result is y'(0) = y(0) + 2 = 6 + 2 = 8. Therefore, ci = y’(0)/1! = 8. 
The remaining derivatives are obtained by successively differentiating the differential 
equation and substituting t = 0. We find that y’(0) = y’(0) = 8, y"(0) = y"(0) = 8, 
yO) 8 
k! k! 





and, in general, y™®(0) = 8, for k = 2,3, 4, . . .. Therefore, c} = 
k = 1,2,3,..., and the Taylor series for the solution is 
H = cot atto ++: 
8 8 


8 
ok Iro ee e Pen 
1! 2) al 


To identify the function represented by this series we write 


8 8, 8, 
te ee 


y(t) I 31 
: 





E 
-24 8(141 iE) 
2! 3! 


k= 


e! 


The power series that appears is the Taylor series for e’. Therefore, the solution is 
y(t) = —2 + 8e’. 
Related Exercises 33-—36< 


Integrating Power Series 


The following example illustrates the use of power series in approximating integrals that 
cannot be evaluated by analytical methods. 


EXAM PLE 5 Approximating a definite integral Approximate the value of the integral 
I o£ ` dx with an error no greater than 5 X 10. 


SOLUTION The antiderivative of e cannot be expressed in terms of familiar functions. 
The strategy is to write the Maclaurin series for e™ and integrate it term by term. Recall 

that integration of a power series is valid within its interval of convergence (Theorem 10.5). 
Beginning with the Maclaurin series 


2 3 n 
x 
e=1lt+xt+—4+—4---4+ — 4555, 
a oS n! 
which converges for —% < x < œ, we replace x by —x” to obtain 
4 6 =i)" 2n 
x x X 
oe = = 42 = l aM me N ee 
2) n! 


which also converges for ~œ < x < ©, By the Fundamental Theorem of Calculus, 


[ p ( y 40 y (—1)"x2"*! 
e* dx=\x-—t+ = Se ee le 
P 3 5.21 7.3! (2n + 1)n! 


1 l 1 (iy 
+h +--+. + — — 
3 «5-2! 7.3! (2n + 1)n! 


1 











0 
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» The integral in Example 5 is important 
in statistics and probability theory 
because of its relationship to the normal 
distribution. 


» The series in Example 6a (known as the 
Gregory series) is one of a multitude 
of series representations of 77. Because 
this series converges slowly, it does not 
provide an efficient way to approximate 77. 


Because the definite integral is expressed as an alternating series, the remainder in 

(— 1 j l 
(2n + 3)(n + 1)! 
By trial and error, we find that the magnitude of this term is less than 5 X 10 * if 


truncating the series is less than the first neglected term, which is 


n = 5 (withn = 5, we have =~ 1.07 X 104). The sum of the terms of the series 





13+6! 
up ton = 5 gives the approximation 
a 1 1 l 1 l 
Ce Gee 1 ae a ee =~ 0.747. 
0 3 S92) Prat: Ott 11+5! 


Related Exercises 37-44< 


Representing Real Numbers 


When values of x are substituted into a convergent power series, the result may be a se- 
ries representation of a familiar real number. The following example illustrates some 
techniques. 


EXAMPLE 6 Evaluating infinite series 


a. Use the Maclaurin series for f(x) = tan™' x to evaluate 


1 1 = 1 
[en . 
3 5 42k +1 


b. Let f(x) = (e* — 1)/x, for x # 0, and f(0) = 1. Use the Maclaurin series for f 





to evaluate f’(1) and > k+ DT 


SOLUTION 
a. From Table 10.5 (page 714), we see that for |x| < 1, 





3 5 1k 241 oe Pegler 
parle ee ee, ee ) x 
3 5 2k + 1 £o 2k+1 
Substituting x = 1, we have 
Bo a = 
wis a aS 
we 3 5 DE 


Because tan ' 1 = 77/4, the value of the series is 7/4. 


b. Using the Maclaurin series for e*, the series for f(x) = (e* — 1)/x is 





e= 1 l E l l 
f(x) = =—/|(1+x+ —+—+:::}]-—1] Substitute series for e”. 
x x 2! 3! 
ee eee Simplif 
= ae a = p> > implify. 


which converges for —œ < x < ©, By the Quotient Rule, 


raatna 
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Differentiating the series for f term by term (Theorem 10.5), we find that 





dx 21 3! 4! 

i 2 3x? xk! 
= = = -+ a - e.. Z > A 

2! 3l l £i (k + 1)! 


We now have two expressions for f’; they are evaluated at x = 1 to show that 


f)=1= Sas 


Related Exercises 45—54< 


QUICK CHECK 3 What value of x would you substitute into the Maclaurin series for tan | x 
to shia a ene representation for 7/6? «< 





Representing Functions as Power Series 


Power series have a fundamental role in mathematics in defining functions and providing 
alternative representations of familiar functions. As an overall review, we close this chapter 
with two examples that use many techniques for working with power series. 


ni ry 7 Identify the series Identify the function represented by the power 


— 2x = ae 
series += and give its interval of convergence. 


SOLUTION The Taylor series for the exponential function, 
‘=> x" 
XS KV 


converges for —œ < x < ©, Replacing x by 1 — 2x produces the given series: 


% Ci 
+= ) 


This replacement is allowed because | — 2x is within the interval of convergence of the 
series for e~% ; that is, —% < 2x — 1 < ©, for all x. Therefore, the given series represents 
p H for—0 <x < 0, 


— plex 


Related Exercises 55-64< 


00 = k 
EXAMPLE 8 Mystery series The power series > a x” appeared in the opening 
k=1 


of Section 10.2. Determine the interval of convergence of the power series and find the 
function it represents on this interval. 


SOLUTION Applying the Ratio Test to the series, we determine that it converges when 
|x7/4| < 1, which implies that |x| < 2. A quick check of the endpoints of the original 
series confirms that it diverges at x = +2. Therefore, the interval of convergence is 
jx| < 2. 

To find the function represented by the series, we apply several maneuvers until we 
obtain a geometric series. First note that 


00 —] k k 00 1 k 
Ss ( “i 2k — Se -) 2k 
k=1 


k=1 
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The series on the right is not a geometric series because of the presence of the factor k. 
The key is to realize that k could appear in this way through differentiation; specifically, 


d 
something like ke (x7*) = 2kx**~!. To achieve terms of this form, we write 
X 








oO 1 ky co 1 k 
Si ) 2k — ` (-2) 2k 
k=] 4 k=1 4 
original series 
= Ok =. | a Multiply and divide by 2. 
2 1 4 


00 k 
ul 2k-1 ; 
> 2k A x . Remove x from the series. 


Now we identify the last series as the derivative of another series: 


ae ase gs 


5 m >(-4) Vex 2k-! 
Ak 2 4 


k=1 
original series 








Cot 1 ao ; cs 
= =D [-—]} —(x**) Identify a derivative. 
2 k=1 4 dx 
xd af x*\" , | o. 
= —— `X me Combine factors; term-by-term differentiation. 
2 dx k=] 4 
This last series is a geometric series with a ratio r = —x7/4 and first term —x*/4; 
= 2 
x“ /4 x 
therefore, its value is eh provided |—| < l, or |x| < 2. We now have 
1 + (x*/4) = 








{k 


5 fe oS >(-2) 
e P Id EN 4 


original series 











xd ( —x"/4 S f TEE 
= —— um of geometric series 
2 dx \1 + (x*/4) i 
= << ( x! Sinti 
2 dx \4 +x’ a 
Li Differentiate and simplif 
= === ee 1iferentiate and Simply. 
(4 + x7) a 
Therefore, the function represented by the power series on (—2, 2) has been uncovered; it is 
ane 
i er 





Notice that f is defined for ~œ < x < œ (Figure 10.19), but its power series 


FIGURE 10.19 centered at 0 converges to f only on (—2, 2). 
Related Exercises 55-64< 


SECTION 10.4 EXERCISES 


Review Questions 


1. Explain the strategy presented in this section for evaluating a limit 

of the form lim f(x)/g(x), where f and g have Taylor series 
x—>a 
centered at a. 

2. Explain the method presented in this section for evaluating 
f ° f(x) dx, where f has a Taylor series with an interval of 
convergence centered at a that includes b. 

3. How would you approximate e °° using the Taylor series for e”? 

4. Suggest a Taylor series and a method for approximating m. 

5. If f(x) = X cyx“ and the series converges for |x| < b, what is 

k=0 
the power series for f'(x)? 

6. What condition must be met by a function f for it to have a 
Taylor series centered at a? 

Basic Skills 

7-24. Limits Evaluate the following limits using Taylor series. 

. =] ` tantx -—x 

7. lim 8. lim 3 

x—>0 X x—0 x 
=y = Intl =~ 2 

9. lim a 10. lim = 

x—0 X x>0 xX 
e EERS E i — 4X 

11. lim —— 12. lim — 

x—>0 X x—>0 4x 
2 cos 2x — 2 + 4x? 

13. lim "7-14, lim x sin— 

x0 2x x—> 0 X 
3 tanx = 3r = x “= 

E a = 16. lim ———~ 

x—0 x? x—4 In (x = 3) 
3 tan! x — 3x + 

17. lim ———_——~ 18. lim ; 

x0 x x0 4x 
Li 1 =] 

19. lim = may 20. lim — 
x0 3x%cosx x>1 lnx 

21. lim 22. lim x(e’/* — 1) 

x—2 In (x = 1) x70 
© (1+ xy? -— 4cos Vx + 3 

23. lim 7 

x—>0* 2x 
n eo et 

24. lim ———_,—_ 

x—0 8x 


25-32. Power series for derivatives 


a. 
b. 
c. 


25. 
27, 














fla) = e 
f(x) = In(1 + x) 














Differentiate the Taylor series about Q for the following functions. 
Identify the function represented by the differentiated series. 
Give the interval of convergence of the power series for the 
derivative. 


26. f(x) = cosx 
28. fa) = sinx" 


Via e— 1 = (2) 


29. 
31. 
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30. f(x) = V1I+x 
32. f(x) = —In(1 — x) 


f(x) =e 
fo) =tan x 


33-36. Differential equations 


a. Find a power series for the solution of the following differential 


equations. 


b. Identify the function represented by the power series. 


33. 
34. 
J3; 
36. 


y'(t) — y(t) = 0, y(0) = 2 

y'(t) + 4y(t) = 8, y(0) = 0 
y'(t) — 3y(t) = 10, y(0) = 2 
y'(t) = 6y(t) + 9, y(0) = 2 


37—44. Approximating definite integrals Use a Taylor series to 
approximate the following definite integrals. Retain as many terms 
as needed to ensure the error is less than 10“. 


37. 


39. 


41. 


43. 


0.25 0 0.2 
J e~“ dx 38. J sin x? dx 
0 0 


0.35 0.2 
J cos 2x” dx 40. V1 + x* dx 
~0.35 0 
0.35 0.4 
J tan! x dx 42. J In(1 + x°) dx 
0 0 








0.5 0.2 
d In(1 +t 
x 44. J ( dit 
0 


0 V1i+4+x°® t 


45-50. Approximating real numbers Use an appropriate Taylor 
series to find the first four nonzero terms of an infinite series that is 
equal to the following numbers. 


45. 
48. 
51. 


52. 


53. 


g” 46. Ve 
sin 1 49. In (3) 


47. cos2 
50. tan! (5) 


Evaluating an infinite series Let f(x) = (e* — 1)/x, for x # 0, 
and f(0) = 1. Use the Taylor series for f about 0 and evaluate 


l 
1) to find the value of a a 
f(1) to find the value o Ze TEEN 
Evaluating an infinite series Let f(x) = (e* — 1)/x, for x # 0, 
and f(0) = 1. Use the Taylor series for f and f’ about 0 to 
00 k=l 

evaluate f’ (2) to find the value of 3 +r 
Evaluating an infinite series Write the Taylor series for 
f(x) = In (1 + x) about 0 and find its interval of convergence. 
Assume the Taylor series converges to f on the interval of 
00 (= 1 je 
convergence. Evaluate f(1) to find the value of X, B 

k=l 
(the alternating harmonic series). 


724 CHAPTER 10 © POWER SERIES 


54. Evaluating an infinite series Write the Taylor series for 
f(x) = In (1 + x) about 0 and find the interval of convergence. 
1 
ke 2* 





Evaluate f(—4) to find the value of X 
k=1 


55-64. Representing functions by power series Identify the functions 
represented by the following power series. 


k 








00 (0.0) 00 2 
5. XZ 56. YOZ 5 SCF = 
k=O 2 k=0 3 k=0 4 
00 00 k 00 =f k „k+l 
58. 52x2 59, + 0. 5 l 5 
k=0 i= k k=0 4 
o0 kxk! o0 2k 
6. YO S 2 Y 
KZI 3 m1 k 
© k(k — 1)x* ek 
63. 64. 
& 3K p> k(k — 1) 


Further Explorations 
65. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


2 
xX , l 
a. To evaluate J T one could expand the integrand in a 
P = 


Taylor series and integrate term by term. 
b. To approximate 7/3, one could substitute x = V3 into the 
Taylor series for tan ! x. 
2 tin 
(In2)k 


C. a 
A k 





66—68. Limits with a parameter Use Taylor series to evaluate the 
following limits. Express the result in terms of the parameter(s). 








= e™%—i sin ax 
66. lim 67. lim — 
x0 X x—0 sin bx 
`. sinax — tan ax 
68. lim ——-_ 


x0 bx? 
69. A limit by Taylor series Use Taylor series to evaluate 
( sin =) 1x 
lim l 
x0 X 


70. Inverse hyperbolic sine The inverse hyperbolic sine is defined in 
several ways; among them are 


sinh} x = In (x + Vx? + 1) 





“ dt 
| Vi+ 22 


Find the first four terms of the Taylor series for sinh ‘x using 
these two definitions (and be sure they agree). 


71-74. Derivative trick Here is an alternative way to evaluate higher 
derivatives of a function f that may save time. Suppose you can find the 
Taylor series for f centered at the point a without evaluating deriva- 
tives (for example, from a known series). Explain why f Wa) = k! 


H 77. 


multiplied by the coefficient of (x — a)*. Use this idea to evaluate 
f(0) and f(0) for the following functions. Use known series and 
do not evaluate derivatives. 


x +1 


YVI + x 


a | 
74. x) = dt 
f(x) J 1 +z! 


71. f(x) = e°% 72. f(x) = 





73. f(x) = J sin (t^) dt 


Applications 
75. Probability: tossing for a head The expected (average) 
number of tosses of a fair coin required to obtain the first head is 


> k( ae Evaluate this series and determine the expected number 
k=l 


of tosses. (Hint: Differentiate a geometric series.) 


76. Probability: sudden death playoff Teams A and B go into 
sudden death overtime after playing to a tie. The teams alternate 
possession of the ball and the first team to score wins. Each team 
has a ¿ chance of scoring when it has the ball, with Team A 
having the ball first. 


a. The probability that Team A ultimately wins is 5 1(3) 7% 
k=0 
Evaluate this series. 
b. The expected number of rounds (possessions by either team) 
required for the overtime to end is D k( aE, Evaluate this 
k=1 
series. 


Elliptic integrals The period of a pendulum is given by 


eT? do € 
T=4]-]| —— Z = 4,|ŻF(k), 
gJo Vi = ksin? 6 g 


where £ is the length of the pendulum, g ~ 9.8 m/ s? is the accel- 
eration due to gravity, k = sin (0ọ/2), and @ is the initial angular 
displacement of the pendulum (in radians). The integral in this 
formula F(k) is called an elliptic integral and it cannot be 
evaluated analytically. 





a. Approximate F(0.1) by expanding the integrand in a Taylor 
(binomial) series and integrating term by term. 

b. How many terms of the Taylor series do you suggest using to 
obtain an approximation to F(0.1) with an error less than 10°? 

c. Would you expect to use fewer or more terms (than in part (b)) 
to approximate F(0.2) to the same accuracy? Explain. 


“sin t 
78. Sine integral function The function Si(x) = J FE dt is called 
0 


the sine integral function. 


a. Expand the integrand in a Taylor series about 0. 

b. Integrate the series to find a Taylor series for Si. 

c. Approximate Si(0.5) and Si(1). Use enough terms of the 
series so the error in the approximation does not exceed 10°. 


79. Fresnel integrals The theory of optics gives rise to the two 


80. 


81. 


Fresnel integrals 


S(x) = J sint?dt and C(x) = J cos t° dt. 
0 0 

a. Compute S’(x) and C' (x). 

b. Expand sin ¢? and cos ¢° in a Maclaurin series and then in- 
tegrate to find the first four nonzero terms of the Maclaurin 
series for S and C. 

c. Use the polynomials in part (b) to approximate $(0.05) 
and C(—0.25). 

d. How many terms of the Maclaurin series are required to 
approximate S(0.05) with an error no greater than 10 *? 

e. How many terms of the Maclaurin series are required to 
approximate C(—0.25) with an error no greater than 10 °? 


Error function An essential function in statistics and the study of 
the normal distribution is the error function 


v= fe at 
a e : 
Vit J 


a. Compute the derivative of erf (x). 

b. Expand et in a Maclaurin series, then integrate to find the 
first four nonzero terms of the Maclaurin series for erf. 

c. Use the polynomial in part (b) to approximate erf (0.15) 
and erf (—0.09). 

d. Estimate the error in the approximations of part (c). 


erf (x) = 


Bessel functions Bessel functions arise in the study of wave prop- 
agation in circular geometries (for example, waves on a circular 
drum head). They are conveniently defined as power series. One 
of an infinite family of Bessel functions is 

00 (— 1 j 

I(x) = > Á 


-ara ee 
= 2) 


a. Write out the first four terms of Jo. 

b. Find the radius and interval of convergence of the power 
series for Jo. 

c. Differentiate Jy twice and show (by keeping terms through xô) 
that Jo satisfies the equation x*y"(x) + xy'(x) + x*y(x) = 0. 


Additional Exercises 


82. 


83. 


84. 





l , íl 
Power series for sec x Use the identity sec x = and long 
COS x 


division to find the first three terms of the Maclaurin series for 
sec x. 


Symmetry 


a. Use infinite series to show that cos x is an even function. That 
is, show cos (—x) = cos x. 
b. Use infinite series to show that sin x is an odd function. That 
is, show sin (—x) = —sin x. 
Behavior of csc x We know that a csc x = ©, Use long 
xz 
division to determine exactly how csc x grows as x > 0°. 
Specifically, find a, b, and c (all positive) in the following 


a 
sentence: As x > 0°, cscx ~ poe 
x 


85. 


86. 
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L’Hôpital’s Rule by Taylor series Suppose f and g have Taylor 
series about the point a. 


a. If f(a) = g(a) = 0 and g'(a) # 0, evaluate lim f(x) /g(x) 


by expanding f and g in their Taylor series. Show that the 
result is consistent with l Hôpital’ s Rule. 


b. If f(a) = g(a) = f'(a) = 8'(a) = Oand g"(a) ¥ 0, 
x 
evaluate lim = by expanding f and g in their Taylor series. 
xa Q\X 
Show that the result is consistent with two applications of 
P Hôpital’ s Rule. 


Newton’s derivation of the sine and arcsine series Newton 
discovered the binomial series and then used it ingeniously to 
obtain many more results. Here is a case in point. 


a. Referring to the figure, show that x = sin y or y = sin ™!x. 


b. The area of a circular sector of radius r subtended by an angle 
0 is $r? 0. Show that the area of the circular sector APE is y/2, 
which implies that 


y=2f V1 — tdt—xV1 — x’. 
0 


c. Use the binomial series for f(x) = V1 — x? to obtain the 
first few terms of the Taylor series for y = sin | x. 

d. Newton next inverted the series in part (c) to obtain the 
Taylor series for x = sin y. He did this by assuming that 
siny = X, a“ and solving x = sin (sin | x) for the coeffi- 
cients a,. Find the first few terms of the Taylor series for sin y 
using this idea (a computer algebra system might be helpful 
as well). 








1. 


ECK ANSWERS 
dny oe lee x 
~~ ee ee ee ee ee es 
à x 3! 


2. The result is the power series for—sinx. 3. x = 1/V3 
(which lies in the interval of convergence) « 
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€A: REVIEW EXERCISES 


1. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


CHAPTER 10 © POWER SERIES 


a. Let p, be the nth-order Taylor polynomial for f centered at 
2. The approximation p3(2.1) ~ f(2.1) is likely to be more 
accurate than the approximation p2(2.2) = f(2.2). 

b. If the Taylor series for f centered at 3 has a radius of conver- 
gence of 6, then the interval of convergence is [—3, 9]. 

c. The interval of convergence of the power series $c, x* could 
be (—3, 3). 

d. The Taylor series for f(x) = (1 + x)” 
finite number of nonzero terms. 


centered at 0 has a 


2-9. Taylor polynomials Find the nth-order Taylor polynomial for the 
following functions centered at the given point a. 


=In(1+x),n=3,a=0 


= cosx, n = 2,a= 7/4 


SN A nN RF WwW DN 
=> 
be 


9. f(x) = coshx,n = 3,a = In2 


10-13. Approximations 


a. Find the Taylor polynomials of order n = Q, 1, and 2 for the given 
functions centered at the given point a. 

b. Make a table showing the approximations and the absolute error 
in these approximations using a calculator for the exact function 


value. 
10. f(x) = cos x, a = 0; approximate cos (—0.08). 
11. f(x) = e*, a = 0; approximate ge. 
12. f(x) = V1 + x, a = 0; approximate V1.08. 


13. f(x) = sinx, a = 7/4; approximate sin (7/5). 


14-16. Estimating remainders Find the remainder term R,,(x) for the 
Taylor series centered at 0 for the following functions. Find an upper 
bound for the magnitude of the remainder on the given interval for the 
given value of n. (The bound is not unique.) 


14. f(x) = e*; bound R;(x), for |x| < 1. 
15. f(x) = sin x; bound R3(x), for |x| < m. 
16. f(x) 


17-24. Radius and interval of convergence Use the Ratio or Root 
Test to determine the radius of convergence of the following power 
series. Test the endpoints to determine the interval of convergence, 

when appropriate. 


k2 xk 


17. > 


= In (1 — x); bound R3(x), for |x| < 1/2. 





x 4k 
18. 25 





(x + 1) cma — 1) 
19. —1)* 20. 
a“ n + 2)* 
21. >(Z) 2 >—_— 
(x + 2) me w xl 
23. Zo 24.x4+—-4+—-4+—+4::: 
py 2 In k a i a 


25-30. Power series from the geometric series Use the geometric 














1 
series Boa = TI? for |x| < 1, to determine the Maclaurin series 
k=0 7x 
and the interval of convergence for the following functions. 
1 
25. x)= 26. f(x) = 
1 10x 
27. = 28. = 
f(x) poe f(x) TE 
1 
2, Se a 30. f(x) = In (1 + x°) 
(=a) 


31-38. Taylor series Write out the first three terms of the Taylor series 
for the following functions centered at the given point a. Then write the 
series using summation notation. 


31. f(x) =e*,a=0 

32. f(x) = 1/x,a = 1 

33. f(x) = cosx,a = 7/2 

34. f(x) =—-In(1 — x),a=0 
35. f(x 
36. f(x) = sin2x,a = —7/2 
37. f(x) = cosh 3x,a = 0 


1 


38. f(x) = EF 0 


= tan! x,a = 0 





39-42. Binomial series Write out the first three terms of the Maclaurin 
series for the following functions. 


39. f(x) = (14+ x)! 
Al. f(x) = (1 + x/2)° 


40. f(x) = (1+ x)! 

42. f(x) = (1 + 2x)” 

43-46. Convergence Write the remainder term R,,(x) for the Taylor 
series for the following functions centered at the given point a. Then 
show that jim R,(x) = 0, for all x in the given interval. 

43. f(x) =e*,a=0,-~* <x< % 

44. f(x 
45. f(x 
46. f(x) = V1 +x,4=0,-5 5x55 


47-52. Limits by power series Use Taylor series to evaluate the 61. 


following limits. 


x” /2 — 1 + cosx 


47. lim — 62. 


x—>0 x 


2sinx — tan! x — x 
48. lim ee 
x0 2x 





49. lim 





an 
50. lim ia à H 63. 
x—0 x 


Sec x — COS X — X 


51. lim 7 
x—>0 X 
(1 +x)? — V1 -— 6x 
52. lim 5 
x=) 2x 


53-56. Definite integrals by power series Use a Taylor series to 
approximate the following definite integrals. Retain as many terms 
as necessary to ensure the error is less than 10 °. 


1/2 1/2 
53. J e* dx 54. J tan ! x dx 
0 0 
1 1/2 
55. J xcosx dx 56. J x? tan”! x dx 
0 0 


57-60. Approximating real numbers Use an appropriate Taylor 


series to find the first four nonzero terms of an infinite series that is 64. 


equal to the following numbers. There may be more than one way to 
choose the center of the series. 


57. V119 58. sin 20° 
59. tan !(—}) 60. sinh (—1) 


Chapter 10 Guided Projects 


Guided Projects dd 


A differential equation Find a power series solution of the differ- 
ential equation y’(x) — 4y(x) + 12 = 0, subject to the condition 
y(0) = 4. Identify the solution in terms of known functions. 


Rejected quarters The probability that a random quarter is not 
rejected by a vending machine is given by the integral 


11.4 I a a dx (assuming that the weights of quarters are nor- 
mally distributed with a mean of 5.670 g and a standard deviation 
of 0.07 g). Expand the integrand inn = 2 andn = 3 terms of a 
Taylor series and integrate to find two estimates of the probabil- 
ity. Check for agreement between the two estimates. 


Approximating In 2 Consider the following three ways to 
approximate In 2. 


a. Use the Taylor series for In (1 + x) centered at 0 and evaluate 
it at x = 1 (convergence was asserted in Table 10.5). Write 
the resulting infinite series. 

b. Use the Taylor series for In (1 — x) centered at 0 and the 


1 
identity In2 = —In (=). Write the resulting infinite series. 


c. Use the property In (a/b) = Ina — Inb and the series of 
parts (a) and (b) to find the Taylor series for 


l +x 
f(x) = In (=) centered at 0. 
= 


d. At what value of x should the series in part (c) be evaluated to 
approximate In 2? Write the resulting infinite series for In 2. 

e. Using four terms of the series, which of the three series derived 
in parts (a)-(d) gives the best approximation to In 2? Which 
series gives the worst approximation? Can you explain why? 


Graphing Taylor polynomials Consider the function 

f(x) = (14+ x. 

a. Find the Taylor polynomials po, p1, p2, and p3 centered at Q. 

b. Use a graphing utility to plot the Taylor polynomials and f, for 
=<. = 

c. For each Taylor polynomial, give the interval on which its 
graph appears indistinguishable from the graph of f. 


Applications of the material in this chapter and related topics can be found in the following Guided Projects. 


For additional information, see the Preface. 


e Series approximations to 7 e Three-sigma quality control 


e Euler’s formula (Taylor series with complex numbers) ° 


e Stirling’s formula and n! 


Fourier series 





11.1 Parametric Equations 


11.2 Polar Coordinates 


11.3 Calculus in Polar 
Coordinates 


11.4 Conic Sections 


Parametric and 
Polar Curves 


Chapter P rEVIEW Until now, all our work has been done in the Carte- 
sian coordinate system with functions of the form y = f(x). There are, however, alterna- 
tive ways to generate curves and represent functions. We begin by introducing parametric 
equations, which are featured prominently in Chapter 12 to represent curves and trajecto- 
ries in three-dimensional space. When working with objects that have circular, cylindrical, 
or spherical shapes, other coordinate systems are often advantageous. In this chapter, we 
introduce the polar coordinate system for circular geometries. Cylindrical and spherical 
coordinate systems appear in Chapter 14. After working with parametric equations and 
polar coordinates, the next step is to investigate calculus in these settings. How do we find 
slopes of tangent lines and rates of changes? How are areas of regions bounded by curves 
in polar coordinates computed? The chapter ends with the related topic of conic sections. 
Ellipses, parabolas, and hyperbolas (all of which are conic sections) can be represented in 
both Cartesian and polar coordinates. These important families of curves have many fasci- 
nating properties and appear throughout the remainder of the book. 


11.1 Parametric Equations 





FIGURE 11.1 
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So far, we have used functions of the form y = f(x) to describe curves in the xy-plane. 
In this section we look at another way to define curves, known as parametric equations. 
As you will see, parametric curves enable us to describe both common and exotic curves; 
they are also indispensable for modeling the trajectories of moving objects. 


Basic Ideas 


A motor boat speeds counterclockwise around a circular course with a radius of 4 mi, 
completing one lap every hour at a constant speed. Suppose we wish to describe 
the points on the path of the boat (x(t), y(t) ) at any time t = 0, where t is measured 
in hours. We assume that the boat starts on the positive x-axis at the point (4, 0) 
(Figure 11.1). Note that the angle 6 corresponding to the position of the boat increases 
by 27 radians every hour beginning with 0 = 0 when t = 0; therefore, 0 = 27, for 
t = 0. As we show in Example 2, the x- and y-coordinates of the boat are 


x = 4cos 0 = 4cos2mt and y = 4sin@é = 4sin 27t, 


where t = 0. You can confirm that when t = 0, the boat is at the starting point (4, 0); 
when ¢ = 1, it returns to the starting point. 

The equations x = 4 cos 27t and y = 4sin 27t are examples of parametric 
equations. They specify x and y in terms of a third variable t called a parameter, 
which often represents time (Figure 11.2). 


» You can think of the parameter t as the 
independent variable. There are two 
dependent variables, x and y. 


Table 11.1 

t x y (x,y) 
0 0O -4 (0,4) 
l 2 = B= 
2 A = 4-9) 
3 6 5 (6,5) 

4 8 4 (8,4) 

5 10 x (10) 
6 12 14 (12, 14) 
7 4 z7 (1457) 
8 16 28 (16,28) 





QUICK CHECK 1 Identify the graph that 
is generated by the parametric equa- 
tions x = my = ft, for 

-10 =s t s 10.< 
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Standard two-variable 
description 


H y -so | 


Parametric description 








FIGURE 11.2 


In general, parametric equations have the form 


x= g(t), y = h(t), 


where g and h are given functions and the parameter t typically varies over a specified 
interval, such asa S t S b. The parametric curve described by these equations consists 
of the points in the plane that satisfy 


(x,y) = (g(t), A(t), 


EXAMPLE 1 Parametric parabola Graph and analyze the parametric equations 


fora S t S b. 


e = 2 y= A(t) =>? 4, for0 <1 8. 

SOLUTION Plotting individual points often helps visualize a parametric curve. Table 11.1 
shows the values of x and y corresponding to several values of t on the interval [0, 8]. 

By plotting the (x, y) pairs in Table 11.1 and connecting them with a smooth curve, we 
obtain the graph shown in Figure | 1.3. We see that as t increases from its initial value 

of t = 0 to its final value of t = 8, the curve is generated from the initial point (0, —4) 
to the final point (16, 28). Notice that the values of the parameter do not appear in the 
graph. The only signature of the parameter is the direction in which the curve is gener- 


ated: In this case, it unfolds upward and to the right. 


x=21,y=50 — 4, for0<1<8 


t = 8: (16, 28) 








t = 6: (12, 14) 


FIGURE 11.3 t = 2: (4, —2) 


Occasionally, it is possible to eliminate the parameter from a set of parametric 
equations and obtain a description of the curve in terms of x and y. In this case, from the 
x-equation we have t = x/2, which may be substituted into the y-equation to give 


Expressed in this form, we identify the graph as part of a parabola. 
Related Exercises 7-16 
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Given a set of parametric equations, the preceding example shows that as the param- 


eter increases, the corresponding curve unfolds in a particular direction. The following 
definition captures this fact and is important in upcoming work. 


DEFINITION Forward or Positive Orientation 


The direction in which a parametric curve is generated as the parameter increases 1s 
called the forward, or positive, orientation of the curve. 





EXAMPLE 2 Parametric circle Graph and analyze the parametric equations 
x= 4cos27t, y= 4sin27t, forOsrsl 
used to describe the path of the motor boat in the opening paragraphs. 


SOLUTION For each value of ¢ in Table 11.2, the corresponding ordered pairs (x, y) are 
recorded. Plotting these points as ¢ increases from t = 0 to t = 1 results in a graph that 
appears to be a circle of radius 4; it is generated with positive orientation in the coun- 
terclockwise direction, beginning and ending at (4, 0) (Figure 11.4). Letting t increase 
beyond t = 1 would simply retrace the same curve. 







Table 11.2 Í 

t (x,y) Ja EO) 

0 (4, 0) t = 2: (-2V2, 2V2) t = 2: (2V2, 2V2) 
3 (2V2, 2V2) ji f+ ™ t = 0: (4,0) 

i (0, 4) \ 

j (22,22) OPY ” 

1 (—4, 0) 3, 

7 (0, —4) 

1 (4, 0) 


x = 4 cos 27t, y = 4 sin 271, 
forO =t=1 


FIGURE 11.4 


To identify the curve conclusively, the parameter t is eliminated by writing 
x? + y* = (4cos2zt)* + (4 sin 27t)* 
16(cos* 2at + sin? 2at) = 16. 
e—— ui qw~w 
1 


We see that the parametric equations are equivalent to x? + y? = 16, whose graph is a 
circle of radius 4. 
Related Exercises 17-28< 


Generalizing Example 2 for nonzero real numbers a and b in the parametric equations 
x = acos bt, y = asin bt, notice that 


x? + y* = (acos bt)” + (asin bt)? 


= a’ (cos? bt + sin? bt) = a’. 





1 


Therefore, the parametric equations x = a cos bt, y = a sin bt describe the circle 
x? + y^ = a°, centered at the origin with radius |a|, for any nonzero value of b. The circle 





t = 15: (—4, 0) 


Turtle completes 


» Recall that the functions sin bt and cos bt 


have period 27 /|b|. The equations 


x = acos bt, y = —a sin bt also describe 





a circle of radius |a 
x = asinbt,y = tacos bt. 


Example 3 shows that a single curve—for 


example, a circle of radius 4—may be 
parameterized in many different ways. 


The constant |b| is called the angular 
frequency because it is the number 

of radians the object moves per unit 
time. The turtle travels 277 rad every 
30 min, so the angular frequency is 
27/30 = 7/15 rad/min. Because 
radians have no units, the angular 
frequency in this case has units per 


minute, sometimes written min™!. 








t = 7.5: (0, 4) 


one lap in 30 min. t = 22.5: (0, —4) 
x= 40s (TE), y = 4 sin (7), 
fr0 =t= 30 
FIGURE 11.5 


We can also vary the point on the line 


that corresponds to t = 0. For example, 


the equations 
x=-1+6t, y=2t 


produce the same line shown in 
Figure 11.6. However, the point 
corresponding to tf = 0 is (—1, 0). 


, as do the equations 


11.1 Parametric Equations Jal 


is traversed once as t varies over any interval of length 27 / |b|. If t represents time, the circle 
is traversed in 27 /|b| time units, which means we can vary the speed at which the curve 
unfolds by varying b. If b > O, the curve is generated in the counterclockwise direction 
(positive orientation). If b < 0, the curve is generated in the clockwise direction. 

More generally, the parametric equations 


x = Xo + acosbt, y= yọ + asin bt 


describe the circle (x — x9)? + (y — yo)? = a’, centered at (xo, yo) with radius |a|. If 


b > O, then the circle is generated in the counterclockwise direction. 


EXAMPLE 3 Circular path A turtle walks with constant speed in the counterclock- 
wise direction on a circular track of radius 4 ft centered at the origin. Starting from the 
point (4, 0), the turtle completes one lap in 30 minutes. Find a parametric description of 
the path of the turtle at any time t = Q. 


SOLUTION Example 2 showed that a circle of radius of 4, generated in the counterclock- 
wise direction, may be described by the parametric equations 


x = 4cosbt, y = 4sin bt. 


The angular frequency b must be chosen so that, as t varies from 0 to 30, the prod- 
uct bt varies from 0 to 2m. Specifically, when t = 30, we must have 30b = 277, or 
b = m/15 rad/min. Therefore, the parametric equations for the turtle’s motion are 


=4 (=) = asin (Z£) for0 <1 = 30 
X cos | F5 p 9 sm{ jo} roe rea, 


You should check that as ¢ varies from 0 to 30, the points (x, y) make one complete 
circuit of a circle of radius 4 (Figure 11.5). 
Related Exercises 29-32< 





QUICK CHECK 2 Give the center and radius of the circle generated by the equations 
x= 3 sin £, y = —3 cost, for 0 S t S 27. Specify the direction of positive 
orientation. < 


EXAIVIPLE 4 Parametric lines Express the curve described by the equations 
x = Xo + at,y = yo + bt inthe form y = f(x). Assume that xo, yo, a, and b are 
constants witha ~ O,and-~% < t< œ, 


SOLUTION The parameter t may be eliminated by solving the x-equation for t, 
resulting int = (x — xg) /a. Substituting t into the y-equation, we have 





X = XO b 
y= yo + bY = yo + 7 ) or y = Yo = 7T 4). 


This equation describes the line with slope b/a passing through the point (xọ, yo). 
Figure 11.6 illustrates the line x = 2 + 3t,y = 1 + t, which passes through the point 
(2,1) (when t = 0) with slope 3. 


y 


x=2+3ty=l+t, 
for —œ < t < œ 





FIGURE 11.6 
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Notice that the parametric description of a given line is not unique: If k is any 
nonzero constant, the numbers a and b may be replaced by ka and kb, respectively, and 
QUICK CHECK 3 Describe the curve the resulting equations describe the same line (although it is traversed at a different speed). 
generated by x = 3 + 2t, Ifb = Oanda # 0, the line has zero slope and is horizontal. Ifa = 0 and b # QO, the 
y = —12 — 6t, for— œ < t < %,< line is vertical. Related Exercises 33-40< 





EXAMPLE 5 Parametric equations of curves A common task (particularly in 
upcoming chapters) is to parameterize curves given either by Cartesian equations or by 
graphs. Find a parametric representation of the following curves. 

a. The segment of the parabola y = 9 — x’, for-—1 =< x <3 

b. The complete curve x = (y — 5)* + Vy 


c. The piecewise linear path that connects P(—2, 0) to Q(0, 3) to R(4, 0) (in that order), 
where the parameter varies over the interval 0 = t S 2 


SOLUTION 


a. The simplest way to represent the curve y = f(x) parametrically is to let x = t 
y and y = f(t), where f is the parameter. We must then find the appropriate interval 


e 2 r= Í . . 
y=59- x, a KEE for the parameter. Using this approach, the curve y = 9 — x7 has the parametric 


x=ty=9-2,for-l1<1r<3 representation 
C=1, y=9-ť, for =—1=7=3. 
This representation is not unique. You should check that the parametric equations 
x=1-t, y=9-(1-1)*, fr -2=t=2 


also do the job, although these equations trace the parabola from right to left, while the 
original equations trace the curve from left to right (Figure 11.7). 


b. In this case, it is easier to let y = t. Then a parametric description of the curve is 


x=(¢-—5)+V4A y=t 





FIGURE 11.7 . . | 
Notice that t can take values only in the interval 0, œ), As t— ©, we see that x > © 
and y — © (Figure 11.8). 
c. The path consists of two line segments (Figure | 1.9) that can be parameterized sepa- 
rately in the form x = x) + at and y = yọ + bt. The line segment PQ originates at 
(—2, 0) and unfolds in the positive x-direction with slope >. It can be represented as 
x=24+ 24, y=3t, forOsSstsl. 
» In moving from P to Q, y increases as The line segment QR originates at (0, 3) and unfolds in the positive x-direction with 
x increases. In moving from Q to R, slope —ż, On the interval 1 = ż < 2, the point (0, 3) corresponds to tf = 1. Therefore, 
y decreases as x increases. The parametric the line segment has the representation 
equations must reflect these changes. 
Recall that the line x = xp + at, MAS H4 Ta, VSO on fora 7S 72. 
y = yo + bt has slope b/a. 
7 
x=(t-5°+Viy=t, y 
forO =t< œ% 













t~9.7 
x=—4+4t 
R= 20 2 y=6-— 31, 
y= 36 for l =7=2 
forO =t=1 





FIGURE 11.8 FIGURE 11.9 






FIGURE 11.12 





x = cost, y = sin’ t, 
reat] 27 


FIGURE 11.13 
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It is always wise to check the endpoints of the line segments for consistency. As 
before, this representation is not unique. 
Related Exercises 41-44< 





QUICK CHECK 4 Find parametric equations for the line segment that goes from Q(0, 3) to 


P(—2, 0).< 


EXAMPLE 6 Rolling wheels Many fascinating curves are generated by points 
on rolling wheels. The path of a light on the rim of a rolling wheel (Figure 11.10) is a 
cycloid, which has the parametric equations 

x = a(t — sint), y=a(1-—cost), fort = 0, 


where a > 0. Use a graphing utility to graph the cycloid with a = 1. On what interval 
does the parameter generate one arch of the cycloid? 


SOLUTION The graph of the cycloid, for 0 = t = 37, 1s shown in Figure 11.11. The 
wheel completes one full revolution on the interval 0 S t S 277, which gives one arch 
of the cycloid. 


x=t— sinćt,y = l — cost, 
for 0 < t S 3r 







t = 7: (7, 2) 


— N WwW & 


(t= 2m: (277, 0) 


* FIGURE 11.10 FIGURE 11.11 


Related Exercises 45—54< 


EXAMPLE 7 More rolling wheels The path of a point on circle A with radius a/4 
that rolls on the inside of circle B with radius a (Figure | 1.12) is an astroid or hypocy- 
cloid. Its parametric equations are 


x = acos°t, y= asin’ t, forO =t = 2r. 
Graph the astroid with a = 1 and find its equation in terms of x and y. 


SOLUTION Because both cos? ¢ and sin? t have a period of 27r, the complete curve is 
generated on the interval 0 S t S 27 (Figure | 1.13). To eliminate t from the parametric 
equations, note that x? = cos? t and y 3 = sin’ t. Therefore, 


xP + y = cos? t + sin? t = 1, 
where the Pythagorean identity has been used. We see that an alternative description of 


the astroid is x77 + y’? = 1. 
Related Exercises 45—54< 


Derivatives and Parametric Equations 


Parametric equations express a relationship between the variables x and y. Therefore, it 
makes sense to ask about dy/dx, the rate of change of y with respect to x at a point on 
a parametric curve. Once we know how to compute dy/dx, it can be used to determine 
slopes of lines tangent to parametric curves. 
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» We will soon interpret x’(t) and y'(t) 
as the horizontal and vertical velocities, 
respectively, of an object moving along 
a curve. The slope of the curve at a point 
is the ratio of the velocity components at 







that point. 
y 
Ay 
x = g(t + At) sec Ax 
y = h(t + At) 
_d_ yy 
dx xÀ 
x = g(t) 
y = hO) 
Ay ~ y'(t) At 
Ax = x'(t) At 





FIGURE 11.14 





aed is undefined 
dx 


FIGURE 11.15 





Consider the parametric equations x = g(t), y = A(t) on an interval on which both g 
and h are differentiable. The Chain Rule relates the derivatives dy/dt, dx/dt, and dy/dx: 


A 
dt dx dt 


Provided that dx/dt # 0, we divide both sides of this equation by dx/dt and solve for 
dy /dx to obtain the following result. 


THEOREM 11.1 Derivative for Parametric Curves 
Let x = g(t) and y = A(t), where g and A are differentiable on an interval | a, b]. 
Then 


dy _ dy/dt _ y'(t) 
dx adxjdt x (1) 


provided dx/dt # 0. 





Figure 11.14 gives a geometric explanation of Theorem 11.1. The slope of the line 


A 

tangent to a curve at a point is a lim =A Using linear approximation (Section 4.5), 
dx Axo Ax 

we have Ax = x'(t)At and Ay = y’(t)At, with these approximations improving as 


At — 0. Notice also that At— 0 as Ax — 0. Therefore, the slope of the tangent line is 


dy, AY_ 4 MAE _ y'() 
dx Ax>0 Ax aArcox'(t)At x'(t) 








EXAMPLE 8 Slopes of tangent lines Find dy/dx for the following curves. Interpret 
the result and determine the points (if any) at which the curve has a horizontal or a verti- 
cal tangent line. 


ax=ty= 2Vt, fort = 0 
b. x = 4cost,y = 16 sint, for 0 St S 27 


SOLUTION 
a. We find that x'(t) = 1 and y’(t) = 1/Vt. Therefore, 
dy _ y'(t) B 1/Vt 1 


dx x'(t) 1 Vi 
provided t # 0. Notice that dy/dx # 0 for t > 0, so the curve has no horizontal 
tangent lines. On the other hand, as t —> O*, we see that dy/dx — œ. Therefore, the 
curve has a vertical tangent line at the point (0, 0). To eliminate t from the parametric 
equations, we substitute £ = x into the y-equation to find that y = 2Vx, or x = y*/4. 
Because y = 0, the curve is the upper half of a parabola (Figure 11.15). Slopes of 
tangent lines at other points on the curve are found by substituting the corresponding 
values of t. For example, the point (4, 4) corresponds to t = 4 and the slope of the 
tangent line at that point is 1/ V4 = 5. 








b. These parametric equations describe an ellipse with a long axis of length 32 on 


the y-axis and a short axis of length 8 on the x-axis (Figure | 1.16). In this case, 

x'(t) = —4 sin t and y'(t) = 16 cost. Therefore, 
dy  y'(t)  16cost 
— = = — = —4 cott. 
dx x'(t)  —4sint 








» In general, the equations x = acost, 
y = bsint, forO S t S 27, describe an 
ellipse. The constants a and b can be seen 
as horizontal and vertical scalings of the 
unit circle x = cost, y = sin t. Ellipses 
are explored in Exercises 71—76 and in 
Section 11.4. 


FIGURE 11.16 


SECTION 11.1 EXERCISES 


Review Questions 
1. Explain how a set of parametric equations generates a curve in the 
xy-plane. 


2. Give two sets of parametric equations that generate a circle cen- 
tered at the origin with radius 6. 


3. Give a set of parametric equations that describes a full circle 
of radius R, where the parameter varies over the interval 
[0, 10]. 


4. Give a set of parametric equations that generates the line with 
slope —2 passing through (1, 3). 


5. Find a set of parametric equations for the parabola y = x°. 


6. Describe the similarities and differences between the parametric 
equations x = t, y = t” and x = —ty= t°, where t = 0 in 
each case. 


Basic Skills 
7-10. Working with parametric equations Consider the following 
parametric equations. 


a. Make a brief table of values of t, x, and y. 

b. Plot the points in the table and the full parametric curve, indicating 
the positive orientation (the direction of increasing t). 

Eliminate the parameter to obtain an equation in x and y. 

Describe the curve. 


x=2ty =3t- 4; -10 <1 <= 10 


ge a AS 


x=+2,y=44-4<1<4 


11.1 Parametric Equations TD 


Att = Oandt = 7, cot t is undefined, and vertical tangent lines occur at the cor- 
responding points (+4,0). Att = 7/2 and t = 37/2, cott = 0 and the curve has 
horizontal tangent lines at the corresponding points (0, + 16). Slopes of tangent lines 
at other points on the curve may be found. For example, the point (2V2, 8V2) corre- 
sponds to t = 7/4; the slope of the tangent line at that point is —4 cot 7/4 = —4. 








t = +: (0, 16), slope = 0 


= 7: (—4, 0), 
slope undefined 


slope undefined 


t = 27; (0, -16), 
slope = 0 
Related Exercises 55—60< 


= 
be 
| 


-t +6,y = 3t- 3; -5=t25 
10. x=- 1,y=5t+1;-3s1t53 


11-16. Working with parametric equations Consider the following 
parametric equations. 


a. Eliminate the parameter to obtain an equation in x and y. 
b. Describe the curve and indicate the positive orientation. 


1l. x= Vt + 4,y=3Vt 0st 16 
12. x=(t+1),y =t+2;-10<=7= 10 
13. x 


cost y = sin? th OS t= a7 
14. x= 1 — sin? thy = cost, 7 S t = 20 
15. x=t-ly=r;-42s1ts4 
16. x=e*y=e+1,;051t5 25 


17-22. Circles and arcs Eliminate the parameter to find a description 
of the following circles or circular arcs in terms of x and y. Give the 
center and radius, and indicate the positive orientation. 


17. x = 3cost,y = 3sint, m StS 27 
18. x = 3cost,y = 3sint OS t S$ 7/2 


19. x 


cost, y = 1 + sing, OS tS 27 
20. x = 2sint — 3,y = 2cost + 5; 0 Sts 27 


21. x 


—7 cos 2t,y =—-7sn2t, 0S tSn 


22. x= 1 — 3 sin 4rt, y = 2 + 3cos4rt 0<1<} 
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23-28. Parametric equations of circles Find parametric equations 
(not unique) for the following circles and give an interval for the pa- 
rameter values. Graph the circle and find a description in terms of x 
and y. 


23. A circle centered at the origin with radius 4, generated 
counterclockwise 


24. A circle centered at the origin with radius 12, generated clockwise 
with initial point (0, 12) 


25. A circle centered at (2,3) with radius 1, generated 
counterclockwise 


26. A circle centered at (2, 0) with radius 3, generated clockwise 


27. A circle centered at (—2,—3) with radius 8, generated clockwise 


28. A circle centered at (2, —4) with radius 3, generated counterclock- 


wise with initial point (5 —4) 


29-32. Circular motion Find parametric equations that describe the 
circular path of the following objects. Assume (x, y) denotes the posi- 
tion of the object relative to the origin at the center of the circle. Use 

the units of time specified in the problem. There is more than one way 
to describe any circle. 


29. A go-cart moves counterclockwise with constant speed around a 
circular track of radius 400 m, completing a lap in 1.5 min. 


30. The tip of the 15-inch second hand of a clock completes one revo- 
lution in 60 seconds. 


31. A bicyclist rides counterclockwise with constant speed around a 
circular velodrome track with a radius of 50 m, completing one 
lap in 24 s. 


32. A Ferris wheel has a radius of 20 m and completes a revolution in 
the clockwise direction at constant speed in 3 min. Assume that 
x and y measure the horizontal and vertical positions of a seat on 
the Ferris wheel relative to a coordinate system whose origin is at 
the low point of the wheel. Assume the seat begins moving at the 
origin. 


33-36. Parametric lines Find the slope of each line and a point on the 
line. Then graph the line. 


33. x=3+ty=1-t 

34. x =4-3ty=-2+ 6t 
35. x =8+ 2t,y= 1 

36. x = 1 + 2t/3,y = —4 — 5t/2 


37—40. Line segments Find a parametric description of the line seg- 
ment from the point P to the point Q. The solution is not unique. 


37. P(0,0), O(2, 8) 38. P(1,3), Q(—2, 6) 
39. P(—1,—3), O(6, -16) 40. P(—8,2), Q(1, 2) 


41-44. Curves to parametric equations Give a set of parametric 
equations that describes the following curves. Graph the curve and 
indicate the positive orientation. Be sure to specify the interval over 
which the parameter varies. 


41. The segment of the parabola y = 2x” — 4, where-1 = x = 5 


42. The complete curve x = y? — 3y 


43. The piecewise linear path from P(—2, 3) to Q(2, —3) to 
R(3, 5) 


44. The path consisting of the line segment from (—4, 4) to (0, 8), 
followed by the segment of the parabola y = 8 — 2x* from (0, 8) 
to (2, 0) 


45-50. More parametric curves Use a graphing utility to graph the 
following curves. Be sure to choose an interval for the parameter that 


generates all features of interest. 
45. Spiral x = tcost,y = tsint, t = 0 
46. Witch of Agnesi x = 2 cott, y = 1 — cos 2t 


3i o 3r? 
eee 





47. Folium of Descartes x = 


48. Involute of a circle x = cost + tsin t,y = sint — tcost 





az a, Be 2° 3 b? 
49. Evolute of an ellipse x = cos’ z, y= sin’ t; 
a = 4andb = 3 
Se : 2 sin? t 
50. Cissoid of Diocles x = 2 sin 2t, y = 
COS 


51-54. Beautiful curves Consider the family of curves 





i sin bt 1. 
x= | 2. + -sinat |cos {t + „y = {2+ =sinat }: 
2 C 2 


i sin bt , , 
sin (: + intr) Plot the curve for the given values of a, b, and c with 
C 


0 < t S 27. (Source: Stan Wagon, Mathematica in Action, 3rd Ed., 


Springer; created by Norton Starr, Amherst College.) 
51. a=b=5,c=2 52. a=6,b = 12,c = 3 
53. a= 18,b = 18,c = 7 54. a=7,b=4,c=1 


55-60. Derivatives Consider the following parametric curves. 


a. Determine dy/dx in terms of t and evaluate it at the given value 


of t. 


b. Make a sketch of the curve showing the tangent line at the point 


corresponding to the given value of t. 
55. x =2+4,y=4- 8h t=2 
56. x = 3sint,y = 3 cost; t = 7/2 


57. x 


cos t£, y = 8 sin t; t = 7/2 
S8. = 2y =r ==] 
59. x=t+1/ty=t-1/,t=1 
60. x= Viy = 2 i= 


Further Explorations 
61. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. The equations x = —cos t, y = —sint, forO S t S 277, gen- 
erate a circle in the clockwise direction. 

b. An object following the parametric curve x = 2 cos 277, 
y = 2 sin 27t circles the origin once every | time unit. 


c. The parametric equations x = t,y = t°, for t = 0, describe 
the complete parabola y = x”. 

d. The parametric equations x = cost, y = sin t, for 
=m [2 = t = 7/2, describe a semicircle. 


62-65. Tangent lines Find an equation of the line tangent to the curve 
at the point corresponding to the given value of t. 


62. x = sint, y = cost, t = 7/4 
63. x=P-lLly=rtrt=2 
=e'y=In(t+1);t=0 
65. x = cost + tsint,y = sint — tcost; t = 7/4 


66-69. Words to curves Find parametric equations for the following 
curves. Include an interval for the parameter values. 


66. The left half of the parabola y = x” + 1, originating at (0, 1) 


67. The line that passes through the points (1, 1) and (3, 5), oriented 
in the direction of increasing x 


68. The lower half of the circle centered at (—2, 2) with radius 6, ori- 
ented in the counterclockwise direction 


69. The upper half of the parabola x = y*, originating at (0, 0) 


70. Matching curves and equations Match equations a—d with 
graphs A-D. Explain your reasoning. 


ax=t—-2y=Pr-t 

b. x = cos (t + sin 50t), y = sin (t + cos 50r) 
c€. x = t + cos2t,y = t — sin4t 

d. x = 2 cost + cos 20t, y = 2 sint + sin 20t 
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(C) (D) 


11.1 Parametric Equations dod 


71-72. Ellipses An ellipse (discussed in detail in Section 11.4) is 
generated by the parametric equations x = acost,y = b sin t. If 

0 <a < b, then the long axis (or major axis) lies on the y-axis and 
the short axis (or minor axis) lies on the x-axis. If0 < b < a, the 
axes are reversed. The lengths of the axes in the x- and y-directions 
are 2a and 2b, respectively. Sketch the graph of the following ellipses. 
Specify an interval in t over which the entire curve is generated. 


71. x = 4cost,y = 9sint 
72. x = 12 sin 2t,y = 3 cos 2t 


73-76. Parametric equations of ellipses Find parametric equations 
(not unique) of the following ellipses (see Exercises 71—72). Graph the 
ellipse and find a description in terms of x and y. 


73. An ellipse centered at the origin with major axis of length 6 on 
the x-axis and minor axis of length 3 on the y-axis, generated 
counterclockwise 


74. An ellipse centered at the origin with major and minor axes of 
lengths 12 and 2, on the x- and y-axes, respectively, generated 
clockwise 


75. An ellipse centered at (—2,—3) with major and minor axes of 
lengths 30 and 20, on the x- and y-axes, respectively, generated 
counterclockwise (Hint: Shift the parametric equations.) 


76. An ellipse centered at (0, —4) with major and minor axes of 
lengths 10 and 3, on the x- and y-axes, respectively, generated 
clockwise (Hint: Shift the parametric equations.) 


77. Multiple descriptions Which of the following parametric equa- 
tions describe the same line? 


a x=3+ty=4-24 -~<t<om 
bx =3+4,y=4- 8h -~<t<om 
e x=34+ rj y=4-Pr;-~<t< om 


78. Multiple descriptions Which of the following parametric equa- 
tions describe the same curve? 
ax=2?,y=44+4451<4 
b. x =2t,y=4+4+7;-2<1=2 
c x= WP y=44+7;, -64 = t 64 


79-84. Eliminating the parameter Eliminate the parameter to express 
the following parametric equations as a single equation in x and y. 


79. x = 2sin 8t,y = 2 cos 8t 80. x=3-ty=3+t 


82. x = ei pe 


poy 


81. 4 — 7? 


be 
| 


t, y = 


83. x 


tan t, y = sec? t — 1 


84. x = asin" t, y = b cos” t, where a and b are real numbers and n 
is a positive integer 


85-88. Slopes of tangent lines Find all the points on the following 
curves that have the given slope. 


N= 


85. x = 4cost,y = 4sin t, slope = 


| 
| 
— 


86. x = 2cost,y = 8 sint, slope 


e X = 


89-90. 
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t+1/t,y =t-— 1/t, slope = 1 
2 + Vt, y =2-— 4t; slope = 0 


Equivalent descriptions Find real numbers a and b such that 


equations A and B describe the same curve. 


89. 


90. 


A: x = 
B:x 


10 sin t, y = 10 cost; 0 S t S 27 
10 sin 3t, y = 10 cos3t aStsb 
A:x 
B:x 


t+Py=3+;-2<1<2 
P2+py=3+PP,a<t<b 


91-92. Lissajous curves Consider the following Lissajous curves. 
Find all points on the curve at which there is (a) a horizontal tangent 


line and (b) a vertical tangent line. (See the Guided Project Parametric 


Art for more on Lissajous curves.) 


91. 


92. 


93. 


94. 


95. 








x = sin2t,y = 2 sin t; 
Qa fa 27 
x = sin 4t, y = sin 3¢; 
0a ta 75 
n n 
Lamé curves The Lamé curve described by |—| + 5 = |, 














where a, b, and n are positive real numbers, is a generalization of 
an ellipse. 


a. Express this equation in parametric form (four sets of 
equations are needed). 

b. Graph the curve for a = 4 and b = 2, for various values of n. 

c. Describe how the curves change as n increases. 


Hyperbolas A family of curves called hyperbolas (discussed 

in Section 11.4) has the parametric equations x = a tan t, 

y = bsect, for—a < t < wand |t| ¥ 7/2, where a and b 
are nonzero real numbers. Graph the hyperbola with a = b = 1. 
Indicate clearly the direction in which the curve is generated as t 
increases from t = —7 tot = T. 


Trochoid explorations A trochoid is the path followed by a point 
b units from the center of a wheel of radius a as the wheel rolls 
along the x-axis. Its parametric description is x = at — b sint, 

y = a — b cos t. Choose specific values of a and b, and use a 
graphing utility to plot different trochoids. In particular, explore 
the difference between the cases a > banda < b. 


96. 


H 97. 


Epitrochoid An epitrochoid is the path of a point on a circle 
of radius b as it rolls on the outside of a circle of radius a. It is 
described by the equations 








CRE: 

x = (a + b) cost — c cos -a 
l [(a+ b)t 

y = (a + b)sint — csin —a 








Use a graphing utility to explore the dependence of the curve on 
the parameters a, b, and c. 


Hypocycloid A general hypocycloid is described by the equations 


>| 


E 


x= (a = b) cost + bcos | 


y= (a — b) sin — bsin| 


Use a graphing utility to explore the dependence of the curve on 
the parameters a and b. 


Applications 


98. Paths of moons An idealized model of the path of a moon 


(relative to the Sun) moving with constant speed in a circular orbit 
around a planet, where the planet in turn revolves around the Sun, 
is given by the parametric equations 


x(8) 


acos@ + cos n0, y(0) = asin@ + sin nð. 


The distance from the moon to the planet is taken to be 1, the dis- 
tance from the planet to the Sun is a, and n is the number of times 
the moon orbits the planet for every 1 revolution of the planet 
around the Sun. Plot the graph of the path of a moon for the given 
constants, then conjecture which values of n produce loops for a 
fixed value of a. 


a a=4,n=3 ba=4,n=4 caa= 


Paths of the moons of Earth and Jupiter Use the equations in 
Exercise 98 to plot the paths of the following moons in our solar 
system. 


a. Each year our moon revolves around Earth about n = 13.4 
times and the distance from the Sun to Earth is approximately 
a = 389.2 times the distance from Earth to our moon. 

b. Plot a graph of the path of Callisto (one of Jupiter’s moons) 
that corresponds to values of a = 727.5 and n = 259.6. Plot a 
small portion of the graph to see the behavior of the orbit. 

c. Plot a graph of the path of Io (another of Jupiter’s moons) that 
corresponds to values of a = 1846.2 and n = 2448.8. Plot a 
small portion of the path of Io to see the loops in the orbits. 


(Source for Exercises 98, 99: The Sun, the Moon, and Convexity, by Noah 
Samuel Brannen, The College Mathematics Journal, September 2001, 
Vol. 32, No. 4.) 


100. Air drop A plane traveling horizontally at 80 m/s over flat 


101. 


102. 


> 


ground at an elevation of 3000 m releases an emergency packet. 
The trajectory of the packet is given by 


x = 801, y = —4.917 + 3000, fort = Q, 


where the origin is the point on the ground directly beneath 

the plane at the moment of the release. Graph the trajectory 

of the packet and find the coordinates of the point where the 
packet lands. 





Air drop—inverse problem A plane traveling horizontally at 
100 m/s over flat ground at an elevation of 4000 m must drop an 
emergency packet on a target on the ground. The trajectory of the 
packet is given by 


x = 1004 y = —4.9t? + 4000, fort = 0, 


where the origin is the point on the ground directly beneath the 
plane at the moment of the release. How many horizontal meters 
before the target should the packet be released in order to hit 

the target? 


Projectile explorations A projectile launched from the ground 
with an initial speed of 20 m/s and a launch angle 0 follows a tra- 
jectory approximated by 


x = (20cosO)t, y = —4.917 + (20 sin 6)t, 


where x and y are the horizontal and vertical positions of the pro- 
jectile relative to the launch point (0, 0). 
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a. Graph the trajectory for various values of 0 in the range 
0< 0 < w/2. 

b. Based on your observations, what value of 0 gives the greatest 
range (the horizontal distance between the launch and landing 
points)? 


Additional Exercises 


103. 


104. 


105. 


106. 


Implicit function graph Explain and carry out a method for 
graphing the curve x = 1 + cos’ y — sin’ y using parametric 
equations and a graphing utility. 


Second derivative Assume a curve is given by the parametric 
equations x = g(t) andy = h(t), where g and h are twice differ- 
entiable. Use the Chain Rule to show that 


x'(t)y"(t) — y’ (Hx" u) 
CHOD) 


General equations for a circle Prove that the equations 





y) = 


x = acost + bsint, y = ccost + dsint, 


where a, b, c, and d are real numbers, describe a circle of radius R 
provided a° + c? = b? + d? = R? andab + cd = 0. 


x” versus y* Consider positive real numbers x and y. Notice that 
4? < 34t, while 3? > 2°, and 4? = 24. Describe the regions in 

the first quadrant of the xy-plane in which x” > y* and x” < y*. 
(Hint: Find a parametric description of the curve that separates the 
two regions.) 


"HECK ANSWERS 





1. A segment of the parabola x = y? opening to the right 
with vertex at the origin 2. The circle has center (0, 0) and 
radius 3; it is generated in the counterclockwise direction 


(positive orientation) starting at (0, —3). 


3. The line 


y = —3x — 3 with slope —3 passing through (3, —12) 
(whent = 0) 4. One possibility is x = —2t,y = 3 — 3t, 
forO sts 1.< 


11.2 Polar Coordinates 


Suppose you work for a company that designs heat shields for space vehicles. The shields 
are thin plates that are either rectangular or circular in shape. To solve the heat transfer 
equations for these two shields, you must choose a coordinate system that best fits the 
geometry of the problem. A Cartesian (rectangular) coordinate system is a natural choice 


Recall that the terms Cartesian 
coordinate system and rectangular 
coordinate system both describe the usual 
xy-coordinate system. 


for the rectangular shields (Figure 11.17a). However, it does not provide a good fit for 
the circular shields (Figure 11.17b). On the other hand, a polar coordinate system, in 
which the coordinates are constant on circles and rays, is much better suited for the circu- 
lar shields (Figure 11.17c). 
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(a) 


FIGURE 11.17 


» Polar points and curves are plotted on 
a rectangular coordinate system, with 
standard “x” and “y” labels attached to 
the axes. However, plotting polar points 
and curves is often easier using polar 
graph paper, which has concentric circles 
centered at the origin and rays emanating 


from the origin (Figure 11.19). 





Q 1 Which of the follow- 
ing coordinates represent the same 
point: (3, 7/2), (3, 37/2), 

(3,5 /2),,(—3,—a7r/ 2), and 

(—3, 377 /2)?« 






(a) 
FIGURE 11.18 


PARAMETRIC AND POLAR CURVES 


(b) (c) 


Defining Polar Coordinates 


Like Cartesian coordinates, polar coordinates are used to locate points in the plane. When 
working in polar coordinates, the origin of the coordinate system is also called the pole, 
and the positive x-axis is called the polar axis. The polar coordinates for a point P have 
the form (r, 0). The radial coordinate r describes the signed, or directed, distance from 
the origin to P. The angular coordinate 0 describes an angle whose initial side is the 
positive x-axis and whose terminal side lies on the ray passing through the origin and P 
(Figure 11.18a). Positive angles are measured counterclockwise from the positive x-axis. 

With polar coordinates, points have more than one representation for two reasons. 
First, angles are determined up to multiples of 27 radians, so the coordinates (r, 0) and 
(r,@ + 2r) refer to the same point (Figure 11.18b). Second, the radial coordinate may 
be negative, which is interpreted as follows: The points (r, 0) and (—r, 0) are reflections 
of each other through the origin (Figure |1.18c). This means that (r, 0), (—r, 0 + 7), and 
(—r, 0 — m) all refer to the same point. The origin is specified as (0, 0) in polar coordi- 
nates, where 0 is any angle. 










P(r, 6), r>0 P(r, @ + 227), r= 0 P(r, 0), + >0 


X 


(r, 0 + 2T) represents 
the same point as 
(r, 0). 


P(r, 0) and P'(—r, 0) 
are reflections 
through the origin. 


Polar axis 


P'(—r, 0) 
a (c) 


EXAMPLE 1 Points in polar coordinates Graph the following points in polar 
coordinates: O( 1, or), R(- l, my and S ( 2, =F), Give two alternative representations 
for each point. 


SOLUTION The point O( l, ot) is one unit from the origin on a line OQ that makes an 
angle of — with the positive x-axis (Figure 11.19a). Subtracting 27 from the angle, the 
point Q can be represented as ( l, 3), Subtracting 7 from the angle and negating the 


radial coordinate means Q also has the coordinates (— , T). 
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To locate the point R ( =], my, it is easiest first to find the point R’ ( l, i) in the 
fourth quadrant. Then, R ( = 1, i) is the reflection of R’ through the origin (Figure 
1 1.19b). Other representations of R include (—1,—%) and (1, *7). 

The point S ( 2, -32 ) is two units from the origin, found by rotating clockwise 
through an angle of — (Figure 11.19c). The point S can also be represented as (2, 3) or 
TE) 








oi. z) 


AKFA 
O(-1.4) 





(a) 
FIGURE 11.19 


Related Exercises 9-14<« 


Converting Between Cartesian and Polar Coordinates 


P(x, y) = P(r,@) We often need to convert between Cartesian and polar coordinates. The conversion equa- 
tions emerge when we look at a right triangle (Figure | 1.20) in which 







x 
cos@ = — and sind = = 
r r 


Given a point with polar coordinates (r, 0), we see that its Cartesian coordinates are 
x = rcos@ and y = r sin 0. Conversely, given a point with Cartesian coordinates (x, y), 
FIGURE 11.20 its radial polar coordinate satisfies r? = x? + y*. The coordinate 0 is determined using 
the relation tan 0 = y/x, where the quadrant in which 0 lies is determined by the signs of 
x and y. Figure 11.20 illustrates the conversion formulas for a point P in the first quadrant. 
QUICK CHECK 2 Draw versions of Fig- The same relationships hold if P is in any of the other three quadrants. 

ure 11.20 with P in the second, third, 
and fourth quadrants. Verify that the 
same conversion formulas hold in all PROCEDURE Converting Coordinates 


cases. << A point with polar coordinates (r, 0) has Cartesian coordinates (x, y), where 


x=rcos@ and y= rsinð. 


A point with Cartesian coordinates (x, y) has polar coordinates (r, 0), where 


» To determine 0, you may also use 


the relationships cos 0 = x/r and r? =x? + y and tan = y/x. 
sin 0 = y/r. Either method requires 





checking the signs of x and y to be sure 
that 0 is in the correct quadrant. 


EXAMPLE 2 Converting coordinates 
a. Express the point with polar coordinates P(2, iT in Cartesian coordinates. 


b. Express the point with Cartesian coordinates Q(1,—1) in polar coordinates. 
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P has rectangular 
coordinates 


NVO VI 


3a 
4 


Q has polar 
coordinates 


(v2, -2) 


4 


(b) 
FIGURE 11.21 


» If the equation 0 = 6, is accompanied by 
the condition r = 0, the resulting set of 
points is a ray emanating from the origin. 
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SOLUTION 


a. The point P has Cartesian coordinates 


x = rcos0 = 2 cos ($5) = 


y rsin@ = 2 sin ($) = V2. 


As shown in Figure | 1.21a, P is in the second quadrant. 


b. It’s best to locate this point first to be sure that the angle 0 is chosen correctly. As 
shown in Figure |1.21b, the point Q(1, —1) is in the fourth quadrant at a distance 


r= VI? + (—1) = V2 from the origin. The coordinate 6 satisfies 





T ne ee ee 
x 


The angle in the fourth quadrant with tan 6 = —1 is 0 = —7 or wm Therefore, two (of 


infinitely many) polar representations of Q are ( V2, —7) and ( V2, m), 
Related Exercises 15—-26< 





IECK 3 Give two polar coordinate descriptions of the point with Cartesian coordi- 
nates (1,0). What are the Cartesian coordinates of the point with polar coordinates 
(2,8)? 


Basic Curves in Polar Coordinates 


A curve in polar coordinates is the set of points that satisfy an equation in r and 0. Some 
sets of points are easier to describe in polar coordinates than in Cartesian coordinates. 
Let’s begin with two simple curves. 

The polar equation r = 3 1s satisfied by the set of points whose distance from the 
origin is 3. The angle 0 is arbitrary because it is not specified by the equation, so the graph 
of r = 3 is the circle of radius 3 centered at the origin. In general, the equation r = a de- 
scribes a circle of radius |a| centered at the origin (Figure 11.22a). 

The equation 0 = 77/3 is satisfied by the points whose angle with respect to the posi- 
tive x-axis is 77/3. Because r is unspecified, it is arbitrary (and can be positive or nega- 
tive). Therefore, 0 = 7/3 describes the line through the origin making an angle of 7/3 
with the positive x-axis. More generally, 9 = 6) describes the line through the origin 
making an angle of 0) with the positive x-axis (Figure |1.22b). 


Circle of radius lal 
with equation r = a 






Line through origin 
with equation 0 = 6). 





(b) 
FIGURE 11.22 


Spiral with 
equation r = 0 





FIGURE 11.23 


r=6sin@ 





FIGURE 11.24 
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The simplest polar equation that involves both r and 0 is r = 0. Restricting 0 to the 
interval 0 = 0, we see that as 0 increases, r increases. Therefore, as 0 increases, the points 
on the curve move away from the origin as they circle the origin in a counterclockwise 
direction, generating a spiral (Figure 11.23). 





QUICK CHECK 4 Describe the polar curves r = 12, r = 60, and r sin 0 = 10.< 


EXAMPLE 3 Polar to Cartesian coordinates Convert the polar equation r = 6 sin 0 
to Cartesian coordinates and describe the corresponding graph. 


SOLUTION We first assume that r # O and multiply both sides of the equation by r, 
which produces the equation r” = 6r sin 0. Using the conversion relations r” = x? + y? 
and y = r sin 0, the equation 


x+y? 6y 
becomes x” + y? — 6y = 0. Completing the square gives the equation 
x? + yl — 6y +9-9=x + (y-— 3) -9=0. 
-y 


We recognize x* + (y — 3)* = 9 as the equation of a circle of radius 3 centered at 
(0, 3) (Figure 11.24). 
Related Exercises 27-36 


Calculations similar to those in Example 3 lead to the following equations of circles 
in polar coordinates. 


SUMMARY Circles in Polar Coordinates 


The equation r = a describes a circle of radius |a| centered at (0, 0). 


The equation r = 2a sin 0 describes a circle of radius |a| centered at (0, a). 


The equation r = 2a cos 0 describes a circle of radius |a| centered at (a, 0). 


r = 2a cos 0 


Graphing in Polar Coordinates 


Equations in polar coordinates often describe curves that are difficult to represent in 
Cartesian coordinates. Partly for this reason, curve-sketching methods for polar coor- 
dinates differ from those used for curves in Cartesian coordinates. Conceptually, the 
easiest graphing method is to choose several values of 0, calculate the corresponding 
r-values, and tabulate the coordinates. The points are then plotted and connected with a 
smooth curve. 
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» When a curve is described as r = f(0), it 
is natural to tabulate points in 6-r format, 
just as we list points in x-y format for 
y = f(x). Despite this fact, the standard 
form for writing an ordered pair in polar 
coordinates is (r, 0). 


Table 11.3 
0 r= 1+ sin 0 
0 1 
a /6 32 
q {2 2 
Sa /6 3/2 
T 1 
Ta /6 E 
3T /2 0 
1177/6 172 
2T 1 


» For some (but not all) curves, it suffices 
to graph r = f(@) over any interval in 
0 whose length is the period of f. See 
Examples 6 and 9 for exceptions. 


EXAMPLE 4 Plotting a polar curve Graph the polar equation 
r= f(0) = 1+ sind. 


SOLUTION The domain of f consists of all real values of 0; however, the complete 
curve is generated by letting 0 vary over any interval of length 277. Table | 1.3 shows 
several (r, 0) pairs, which are plotted in Figure | 1.25. The resulting curve, called a 
cardioid, is symmetric about the y-axis. 





Cardioid r = 1 + sin 0 


FIGURE 11.25 
Related Exercises 37-48<¢ 


Cartesian-to-Polar Method Plotting polar curves point by point is time consuming, 
and important details may not be revealed. Here is an alternative procedure for graphing 
polar curves that is usually quicker and more reliable. 


PROCEDURE Cartesian-to-Polar Method for Graphing r = (0) 


1. Graph r = f(0) as if r and 0 were Cartesian coordinates with 0 on the hori- 
zontal axis and r on the vertical axis. Be sure to choose an interval in 0 on 
which the entire polar curve is produced. 


2. Use the Cartesian graph in Step 1 as a guide to sketch the points (r, 0) on 
the final polar curve. 





EXAMPLE 5 Plotting polar graphs Use the Cartesian-to-polar method to graph the 
polar equation r = 1 + sin 0 (Example 4). 


SOLUTION Viewing r and 0 as Cartesian coordinates, the graph of r = 1 + sin 0 on the 
interval |0, 277] is a standard sine curve with amplitude 1 shifted up 1 unit (Figure 11.26). 
Notice that the graph begins with r = 1 at 8 = 0, increases to r = 2 at 0 = 77/2, 
decreases to r = 0 at 0 = 37/2 (which indicates an intersection with the origin on the 
polar graph), and increases to r = 1 at 0 = 277. The second row of Figure 11.26 shows 
the final polar curve (a cardioid) as it is transferred from the Cartesian curve. 
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r and @ as Cartesian coordinates 


r=1+smn0 r=1+sin0 r=1+sin@ r=1+sin0@ 





r and @ as polar coordinates 





FIGURE 11.26 
Related Exercises 37-48< 


Symmetry Given a polar equation in r and 0, three types of symmetry are easy to spot 
(Figure 11.27). 


SUMMARY Symmetry in Polar Equations 


Symmetry about the x-axis occurs if the point (r, 0) is on the graph whenever 
(7, —@) is on the graph. 


» Any two of these three symmetries Symmetry about the y-axis occurs if the point (r, 0) is on the graph whenever 
implies the third. For example, if a (r. T — 0) = (—r, —6) is on the graph. 
graph is symmetric about both the x- and 
y-axes, then it must be symmetric about Symmetry about the origin occurs if the point (r, 0) is on the graph whenever 
the origin. (—r,0) = (r,6 + mT) is on the graph. 





Symmetry about y-axis 


Symmetry about x-axis Symmetry about origin 





FIGURE 11.27 


For instance, consider the polar equation r = 1 + sin 0 in Example 5. If (r, 0) satisfies 
in the graph of (a)r = 4 + 4cos the equation, then (r, m — 0) also satisfies the equation because sin 0 = sin (m — 0). There- 
and (b) r = 4 sin 0.< fore, the graph is symmetric about the y-axis, as shown in Figure 11.26. Testing for symmetry 

produces a more accurate graph and often simplifies the task of graphing polar equations. 





QUICK CHECK 5 Identify the symmetry 
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Subtle Point 


The fact that one point has several 
representations in polar coordinates 
presents potential pitfalls. In Example 6, 
you can show that (—r, 0) does not 
satisfy the equation r = 3 sin 20 when 
(r, 0) satisfies the equation. And yet, as 
shown, the graph is symmetric about the 
origin because (r, 8 + m) satisfies the 
equation whenever (r, 0) satisfies 

the equation. Note that (—r, 0) and 

(r,0 + 7) are the same point. 


PARAMETRIC AND POLAR CURVES 


EXAMPLE 6 Plotting polar graphs Graph the polar equation r = 3 sin 20. 


SOLUTION The Cartesian graph of r = 3 sin 20 on the interval |0, 27 | has amplitude 

3 and period m (Figure 11.28). The 6-intercepts occur at 0 = 0, 7/2, mT, 3m /2, and 277, 
which correspond to the intersections with the origin on the polar graph. Furthermore, the 
arches of the Cartesian curve between 6-intercepts correspond to loops in the polar curve. 
The resulting polar curve is a four-leaf rose (Figure 11.28). 





y 
r = 3sin 20 Each Cartesian arch à 
corresponds to a 
/\ polar loop. 
T T 3a D jÀ 
J 2 





Four - Leaf Rose 


FIGURE 11.28 


The graph is symmetric about the x-axis, the y-axis, and the origin. It is instructive to 
see how these symmetries are justified. To prove symmetry about the y-axis, notice that 
(r,0) onthe graph =r = 3 sin 20 
=r = —3 sin 2(—0) 
=>-r = 3 sin 2(—0) 
= (—r,—6) on the graph. 


sin (—0) = —sin 0 


Simplify. 


We see that if (r, 0) is on the graph, then (—r, —0) is also on the graph, which implies 
symmetry about the y-axis. Similarly, to prove symmetry about the origin, notice that 
(7,0) onthe graph =r = 3 sin 20 
=r = 3sin (26 + 277) 
=r = 3sin|2(0 + 7)| 
= (r,0 + m) onthe graph. 


sin (@ + 27) = sin 0 


Simplify. 


We have shown that if (r, 0) is on the graph, then (r, 0 + 77) is also on the graph, which 
implies symmetry about the origin. Symmetry about the y-axis and the origin imply sym- 
metry about the x-axis. Had we proved these symmetries in advance, we could have graphed 
the curve only in the first quadrant—teflections about the x- and y-axes would produce the 
full curve. 

Related Exercises 37-48< 


EXAMPLE 7 Plotting polar graphs Graph the polar equation r? = 9 cos 0. Use a 
graphing utility to check your work. 


SOLUTION The graph of this equation has symmetry about the origin (because of the r^) and 
about the x-axis (because of cos 0). These two symmetries imply symmetry about the y-axis. 

A preliminary step is required before using the Cartesian-to-polar method for graph- 
ing the curve. Solving the given equation for r, we find that r = +3 cos 0. Notice that 
cos 0 < 0, for 7/2 < 0 < 32/2, so the curve does not exist on that interval. Therefore, 
we plot the curve on the intervals 0 = 0 < 7/2 and 37/2 < 0 < 27 (the interval 
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|—a /2, 7/2] would also work). Both the positive and negative values of r are included 


in the Cartesian graph (Figure 11.29a). 
Now we are ready to transfer points from the Cartesian graph to the final polar graph 


(Figure |1.29b). The resulting curve is called a lemniscate. 


Cartesian graph of r = +3V cos 0 
where cos 0 = 0. Lemniscate r? = 9 cos 0 





(b) 
Related Exercises 37-48< 


FIGURE 11.29 (a) 


EXAIVIPLE 8 Matching polar and Cartesian graphs The butterfly curve 
r = e™? — 2 cos40, for 0 < 6 =< 2r, 


is plotted in polar coordinates in Figure 11.30b. The same function, r = e™®? — 2 cos 48, 
is plotted in a Cartesian coordinate system with 0 on the horizontal axis and r on the ver- 
tical axis (Figure | 1.30a). Follow the Cartesian graph through the points A, B, C,...,N, O 
and mark the corresponding points on the polar curve. 


SOLUTION Point A in Figure 11.30a has the Cartesian coordinates (0 = 0,r = —1). 
The corresponding point in the polar plot (Figure 11.30b) with polar coordinates (—1, 0) 

» See Exercise 107 for a spectacular is marked A. Point B in the Cartesian plot is on the 6-axis; therefore, r = 0. The corre- 

ee A Dae el sponding point in the polar plot is the origin. The same argument used to locate B applies 

to F, H, J, L, and N, all of which appear at the origin in the polar plot. In general, the 
local and endpoint maxima and minima in the Cartesian graph (A, C, D, E, G, I, K, M, 
and O) correspond to the extreme points of the loops of the polar plot and are marked 
accordingly in Figure 11.30b. 


YÀ BF, H,J,L, and N 
are at the origin 





Cartesian graph of r = e™®? — 2 cos 46, for . 
C= 0 = 27 Polar graph of r = e™®? — 2 cos 46, for 
Os 06227 


FIGURE 11.30 


(Source: The butterfly curve is due to T. H. Fay, Amer. Math. Monthly 96 (1989), revived in Wagon and Packel, 


Animating Calculus, Freeman, 1994.) 
Related Exercises 49-52< 
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Using a parametric equation plotter to 
graph polar curves 


To graph r = f(0), treat 0 as a parameter 
and define the parametric equations 
x = rcos 0 = f(@) cos @ 


——_—— 
r 


y = rsin = f(0) sind 
— 
r 


Then graph (x(0), y(@)) as a parametric 
curve with 0 as the parameter. 


Once P is found, the complete curve is 
generated as 0 varies over any interval 
of length P. This choice of P described 
here ensures that the complete curve is 
generated. Smaller values of P work in 
some cases. 


SECTION 11.2 EXERCISES 


Review Questions 


1. 


Plot the points with polar coordinates (2, Z) and (—3, —7). Give 
two alternative sets of coordinate pairs for both points. 


Write the equations that are used to express a point with polar 
coordinates (r, 0) in Cartesian coordinates. 


Write the equations that are used to express a point with Cartesian 
coordinates (x, y) in polar coordinates. 


PARAMETRIC AND POLAR CURVES 


Using Graphing Utilities 
With many graphing utilities, it is necessary to specify an interval in 0 that generates the 
entire curve. In some cases, this problem is a challenge in itself. 


EXAMPLE 9 Plotting complete curves Consider the curve described by 
r = cos (20/5). Give an interval in 6 that generates the entire curve and then graph 
the curve. 


SOLUTION Recall that cos 6 has a period of 277. Therefore, cos (20/5) completes one 
cycle when 26/5 varies from 0 to 277, or when 0 varies from 0 to 57r. Therefore, it is 
tempting to conclude that the complete curve r = cos (20/5) is generated as 0 varies 
from 0 to 57. But you can check that the point corresponding to 0 = 0 is not the point 
corresponding to 0 = 577, which means the curve does not close on itself over the inter- 
val |0, 57 | (Figure 11.31a). 

In general, an interval [0, P| over which the complete curve r = f(0) is guaranteed 
to be generated must satisfy two conditions: P is the smallest positive number such that 


e Pisa multiple of the period of f (so that f(0) = f(P)), and 

e Pisa multiple of 27 (so that the points (0, f(0)) and (P, f(P)) are the same). 

To graph the complete curve r = cos (20/5), we must find an interval |0, P|, where P is 
a multiple of 5a and a multiple of 277. The smallest number satisfying these conditions is 


10a. Graphing r = cos (26/5) over the interval [0, 107r | produces the complete curve 
(Figure 11.31b). 










r= cos) r= cos) 
0<0<57 OS 6= 10r 





(KA 


(a) (b) 





x 
0=0 
Incomplete 


graph 


Complete 
graph 






FIGURE 11.31 
Related Exercises 53—60 < 


6. What is the polar equation of the horizontal line y = 5? 


7. Explain three symmetries in polar graphs and how they are 
detected in equations. 


8. Explain the Cartesian-to-polar method for graphing polar curves. 
Basic Skills 


9-13. Graph the points with the following polar coordinates. Give two 
alternative representations of the points in polar coordinates. 


What is the polar equation of a circle of radius |a| centered at the 


origin? 


What is the polar equation of the vertical line x = 5? 


9. (2,7) 10. (3,4) 11. (-1,-3) 
12. (2,3) 13. (-4,#) 
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14. Points in polar coordinates Give two sets of polar coordinates 49. r= 1 — 2 sin 30 
for each of the points A—F in the figure. 





15-20. Converting coordinates Express the following polar coordi- 
nates in Cartesian coordinates. 


15. (3,7) 16. (1,4) 17. (1,-3) 
18. (2,7) 19. (—4, 7) 20. (4,57) 





21-26. Converting coordinates Express the following Cartesian coor- 


dinates in polar coordinates in at least two different ways. a. p= l cos 40 
2l; (22) 22, (=1,0) $ 

23. (1, V3) 24. (—9,0) 

25. (-4,4V3) 26. (4,4V3) 


27-36. Polar-to-Cartesian coordinates Convert the following 
equations to Cartesian coordinates. Describe the resulting curve. 





27. rcos@é = —4 28. r = cot @cscé 
29. r= 2 30. r = 3 csc 0 
31. r= 2sin@ + 2cos0 32. sind = |cos 0| 
33. rcos0 = sin 20 34. r = sin 0 sec? 0 
; 52. r = cos@ + sin 20 
35. r= 8siné 36. r 


EST 


37—40. Simple curves Tabulate and plot enough points to sketch a 
graph of the following equations. 


37. r = 8 cos0 38. r= 4 + 4cos0 
39. r(sin@ — 2 cos 0) = 0 40. r= 1 — cos 0 


41-48. Graphing polar curves Graph the following equations. Use a 
graphing utility to check your work and produce a final graph. 





41. r= 1 — sin0 42. r=2-—2sin0 

43. r= sin” (0/2) 44. r° = 4sin0 

45. r?° = 16cos0 46. r?° = 16 sin 20 53—60. Using a graphing utility Use a graphing utility to graph the 
47. r= sin 30 48. r= 2 sin 50 following equations. In each case, give the smallest interval |0, P | that 


generates the entire curve (if possible). 
49-52. Matching polar and Cartesian curves A Cartesian and a polar 
graph of r = f(@) are given in the figures. Mark the points on the polar 
graph that correspond to the points shown on the Cartesian graph. 55. r = cos 30 + cos” 26 56. r = sin? 20 + 2 sin 20 


53. r= 0sin0 54. r= 2 — 4cos 50 
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57. r = cos (36/5) 58. r = sin (36/7) than or less than the area of the region inside the square but 


ide the circles. 
59, r= 1 — 3 cos 26 60. r=1-—2sin50 outside the circles 


Further Explorations 
61. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. The point with Cartesian coordinates (—2, 2) has polar coor- 
dinates (2V2, 37/4), (2V2, 11a /4), (2V2, —57r /4), and 


(-2V2, —7/4). 
b. The graphs of r cos 0 = 4 andr sin 0 = —2 intersect exactly 
once. 


c. The graphs of r = 2 and 0 = 7/4 intersect exactly once. 
d. The point (3, 7/2) lies on the graph of r = 3 cos 20. 
e. The graphs ofr = 2 sec 0 andr = 3 csc 0 are lines. 





62-65. Cartesian-to-polar coordinates Convert the following equa- 83. Vertical lines Consider the polar curve r = 2 sec 0. 


tions to polar coordinates. a. Graph the curve on the intervals (7/2, 37/2), (37/2, 5/2), 

and (57/2, 77/2). In each case, state the direction in which 

the curve is generated as 0 increases. 

64. (x-1) +y =1 65. y = 1/x b. Show that on any interval (nm /2, (n + 2)a/2), where n is an 
odd integer, the graph is the vertical line x = 2. 


62. y=3 63. y =x’ 


66-73. Sets in polar coordinates Sketch the following sets of points. 
66. {(r,0):r = 3} 
67. {(r,0):6 = 27/3} 


68. { (1,6 b. Use the figure to find an alternative polar equation of a line, 


j: 84. Lines in polar coordinates 
y 
): 

69. {(7,0):7/2 = 0 < 37/4} r cos (09 — 0) = rp. Note that Q(ro, 0o) is a fixed point 
): 
): 
i 


a. Show that an equation of the line y = mx + b in polar 


0 , . 
coordinates is r = ——————__. 
sara, sin 0 — m cos 0 


on the line such that OQ is perpendicular to the line and 


70. {(7,0):1<r<2and7/6 = 6 = 7/3} ro = 0; P(r, @) is an arbitrary point on the line. 


71. {(r,6): |6| = 7/3} 
72. {(r,6): |r| <3and0 <0 <= 7} 
73. {(r,0):r = 2} 





r cos(G, —@)= ro 


74. Circles in general Show that the polar equation 


Oro, Ay) 





r?° — 2r(acos6 + bsin@) = R? — a° — b? 
describes a circle of radius R centered at (a, b). 


75. Circles in general Show that the polar equation 
85-88. Equations of lines Use the result of Exercise 84 to describe 


> = = R? — pr 
r 2rro cos (0 — 0o) = R ro and graph the following lines. 


ae a circle of radius R whose center has polar coordinates 85. rcos(@ — 2) = 3 86. rcos(6 +7) =4 
Fo, 0). 
; ; l 87. r(sin0 — 4cos0)-3=0 88. r(4sin0 — 3 cos 0) = 6 
76-81. Equations of circles Use the results of Exercises 74-75 to 
describe and graph the following circles. 89. The limaçon family The equations r = a + b cos 0 and 


r = a + b sin 0 describe curves known as limaçons (from Latin 
for snail). We have already encountered cardioids, which oc- 

77. r? — 4rcos (0 — 7/3) = 12 cur when |a| = |b|. The limaçon has an inner loop if |a| < |b]. 
The limaçon has a dent or dimple if |b| < |a| < 2|b|. And, the 
limaçon is oval-shaped if |a| > 2|b|. Match the limaçons in the 


76. r?° — 6rcos0 = 16 


78. r° — 8rcos(@ — 7/2) =9 


79. r? — 2r(2cos@ + 3sin@) = 3 figures A—F with equations a-f. 

2 ae _ a. r=-l1+sné b. r = —1 + 2cos0 
ee ee as c r=2+ sind d. r= 1 — 2cos@ 
81. r? — 2r(—cos@ + 2 sin 0) = 4 e r= 1+ 2sin0 f. r= 1+ 3sin0 


82. Equations of circles Find equations of the circles in the figure. 
Determine whether the combined area of the circles is greater 
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100. Spiral of Archimedes: r = a 


101. Logarithmic spiral: r = e” 


102. Hyperbolic spiral: r = a/0 


103-106. Intersection points Points at which the graphs of r = f(0) 
andr = g(@) intersect must be determined carefully. Solving 
f(0) = g(@) identifies some—but perhaps not all—intersection points. 
The reason is that the curves may pass through the same point for dif- 
ferent values of 0. Use analytical methods and a graphing utility to find 
all the intersection points of the following curves. 


103. r = 2 cos 0 andr = 1 + cos@ 
104. r? = 4cos @ andr = 1 + cos@ 
105.r = 1 — sin andr = 1 + cos@ 
106. r” = cos 20 and r° = sin 20 


107. Enhanced butterfly curve The butterfly curve of Example 8 may 
be enhanced by adding a term: 


r = e™? _ 9 cos 40 + sin? (6/12), for 0 = 6 = 247. 


a. Graph the curve. 
b. Explain why the new term produces the observed effect. 


(Source: S. Wagon and E. Packel, Animating Calculus, Freeman, New 
York, 1994.) 


108. Finger curves Consider the curve r = f(0) = cos (a?) — 1.5, 
where a = (1 + 127r)!?7 = 1.78933 (see figure). 


a. Show that f(0) = f(27r) and find the point on the curve that 
corresponds to 0 = 0 and 0 = 27. 
b. Is the same curve produced over the intervals [—7, 7] and 





[0,27]? 
c. Let f(@) = cos (af) — b, where a = (1 + 2kr)!/?”, kis an 
(E) (F) integer, and b is a real number. Show that f(0) = f(27r) and 


that the curve closes on itself. 
d. Plot the curve with various values of k. How many fingers can 
you produce? 


90. Limiting limaçon Consider the family of limaçons 
r = 1 + bcos 0. Describe how the curves change as b —> œ. 


91-94. The lemniscate family Equations of the form r? = a sin 20 
and r° = a cos 20 describe lemniscates (see Example 7). Graph the 
following lemniscates. 


91. r? = cos 20 92. r? = 4sin 20 
93. r? = —2 sin 20 94. r? = —8 cos 20 


95-98. The rose family Equations of the form r = a sin mô or 

r = acos m0, where a and b are real numbers and m is a positive 
integer, have graphs known as roses (see Example 6). Graph the 
following roses. 





95. r= sin20 96. r = 4 cos 30 

97. r = 2 sin 40 98. r = 6 sin 50 

99. Number of rose petals Show that the graph of r = a sin m@ or Applications 
r = a cos mô is arose with m leaves if m is an odd integer and a 109. Earth—Mars system A simplified model assumes that the orbits 
rose with 2m leaves if m is an even integer. of Earth and Mars are circular with radii of 2 and 3, respectively, 


and that Earth completes one orbit in one year while Mars takes 
two years. The position of Mars as seen from Earth is given by the 
parametric equations 


100-102. Spirals Graph the following spirals. Indicate the direction 
in which the spiral winds outward as 0 increases, where 0 > Q. Let 
a= l anda = -1. 

x = (3 — 4cos mt)cos mt + 2, y = (3 — 4 cos mt) sin mt. 
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a. Graph the parametric equations, for 0 S t S 2. 
b. Letting r = (3 — 4 cos mt), explain why the path of Mars as 
seen from Earth is a limaçon. 


110. Channel flow Water flows in a shallow semicircular channel 
with inner and outer radii of 1 m and 2 m (see figure). At a point 
P(r, 0) in the channel, the flow is in the tangential direction 
(counterclockwise along circles), and it depends only on r, the 
distance from the center of the semicircles. 


a. Express the region formed by the channel as a set in polar 
coordinates. 

b. Express the inflow and outflow regions of the channel as sets 
in polar coordinates. 

c. Suppose the tangential velocity of the water in m/s is given by 
v(r) = 10r, for 1 = r < 2. Is the velocity greater at (1.5, 7) 
or ( Ls 7 \9 Explain. 

d. Suppose the tangential velocity of the water is given by 


20 T 
v(r) = > for 1 s r S 2. Is the velocity greater at (1.8, T) 


or ( La Za) Explain. 

e. The total amount of water that flows through the channel 
(across a cross section of the channel 6 = 09) is proportional 
to Sr) dr. Is the total flow through the channel greater for 
the flow in part (c) or (d)? 





Outflow 


Additional Exercises 

111. Special circles Show that the equation r = a cos 0 + b sin 0, 
where a and b are real numbers, describes a circle. Find the center 
and radius of the circle. 


112. Cartesian lemniscate Find the equation in Cartesian coordinates 
of the lemniscate r? = a? cos 20, where a is a real number. 


113. Subtle symmetry Without using a graphing utility, determine the 
symmetries (if any) of the curve r = 4 — sin (0/2). 


114. Complete curves Consider the polar curve r = cos (n/m), 


where n and m are integers. 

a. Graph the complete curve when n = 2 and m = 3. 

b. Graph the complete curve when n = 3 and m = 7. 

c. Find a general rule in terms of m and n for determining the 
least positive number P such that the complete curve is gener- 
ated over the interval [0, P]. 


QUICK CHECK ANSWERS 


1. All the points are the same except (3, 37/2). 3. Polar 
coordinates: (1,0), (1, 277); Cartesian coordinates: (0, 2) 
4. Acircle centered at the origin with radius 12; a double 
spiral; the horizontal line y = 10 5. (a) Symmetric about 
the x-axis; (b) symmetric about the y-axis « 


11.3 Calculus in Polar Coordinates 


Having learned about the geometry of polar coordinates, we now have the groundwork 
needed to explore calculus in polar coordinates. Familiar topics, such as slopes of tangent 
lines and areas bounded by curves, are now revisited in a different setting. 


Slopes of Tangent Lines 


Given a function y = f(x), the slope of the line tangent to the graph at a given point is 
dy/dx or f'(x). So, it may be tempting to conclude that the slope of a curve described by 
the polar equation r = f(@) is dr/d0 = f'(@). Unfortunately, it’s not that simple. 


» The slope is the change in the vertical 
coordinate divided by the change in the 
horizontal coordinate, independent of the 
coordinate system. In polar coordinates, 6 as a parameter: 

neither r nor 0 corresponds to a vertical 


or horizontal coordinate. 


x = rcos@ = f(@)cos@ and y = rsin = f(6) sin 8. 


The key observation is that the slope of a tangent line—in any coordinate system—is 
the rate of change of the vertical coordinate y with respect to the horizontal coordinate x, 
which is dy/dx. We begin by writing the polar equation r = f(@) in parametric form with 


(1) 


Slope = 





Slope at (0, Ay) is tan Bo» 
provided f'(0,) # 0 


FIGURE 11.32 





FIGURE 11.33 


f'(@)sin 0 + f(@)cos 0 
f'(@)cos 6 — f(@)sin 0 
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From Section 11.1, when x and y are defined parametrically as differentiable func- 





tions of 0, the derivative is A = a Using the Product Rule to compute y'(0) 
and x’(@) in equation (1), we have 
y'(8) 
dy  f'(@)sin@ + f(@) cos 6 
dx f'(0) cos 9 — f(8) sin 8 "= 
— 


If the graph passes through the origin for some angle 69, then f(@)) = 0, and equation (2) 
simplifies to 


dy _ sin @ 





= tan 6o, 

dx COS Ay oa 
provided f’(6)) # 0. However, tan 0 is the slope of the line 0 = 69, which also passes 
through the origin. We conclude that if f(@)) = 0, then the tangent line at (0, 60) is 
simply 0 = @ (Figure 11.32). 


C 4 EE] 
`i lL Ni 





K1 Verify that if y = f(0) sin 0, then y’(@) = f'(0) sin + f(0) cos 0 
(which was used earlier to find dy /dx).< 


QUICK 





THEOREM 11.2 Slope of a Tangent Line 
Let f be a differentiable function at 09. The slope of the line tangent to the curve 


r = f(@) at the point (f(0), 0o) is 


dy _ f' (80) sin 0o + f(A) cos A 


dx — f'(09) cos 8o — f(O9) sin Oy’ 


provided the denominator is nonzero at the point. At angles 69 for which f(6)) = 0 
and f’(6,) # O, the tangent line is 9 = 69 with slope tan 0p. 





EXAMPLE 1 Slopes ona circle Find the slopes of the lines tangent to the circle 
r = f(0) = 10. 


SOLUTION In this case, f(0) is constant (independent of 0). Therefore, f’(@) = 0, 
f(@) # 0, and the slope formula becomes 
dy _ f'(9)sin@ + f(@)cos@ cos _ 
dx  f'(@)cos@ — f(@) sin 6 sin 0 





—cot p, 


We can check a few points to see that this result makes sense. With 0 = O and 
0 = m, the slope dy/dx = —cot 0 is undefined, which is correct (Figure 11.33). With 
0 = 7/2 and 0 = 37/2, the slope is zero; with 0 = 37/4 and 0 = 77/4, the slope 
is 1; and with 0 = 7/4 and 0 = 57/4, the slope is —1. At all points P(r, 0) on the 
circle, the slope of the line OP from the origin to P is tan 0, which is the negative re- 
ciprocal of —cot 0. Therefore, OP is perpendicular to the tangent line at all points 
P on the circle. 

Related Exercises 5—14< 


EXAMPLE 2 Vertical and horizontal tangent lines Find the points on the interval 
—q <= 0 < m at which the cardioid r = f(@) = 1 — cos 0 has a vertical or horizontal 
tangent line. 
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SOLUTION Applying Theorem 11.2, we find that 
dy _ f'(@)sin@ + f(@) cos 8 
dx f'(@) cos @ — f(@) sin @ 
sin? @ = 1 — cos*6 


——————[— 


sin 0 sin @ + (1 — cos 0) cos 0 










Cardioid r = 1 — cos 8 











2 
= Tem Substitute for f(0) and f'(0). 
0 ==, slope = 0 sin 0 cos 0 — (1 — cos 0) sin 0 eee 
TT r e 
0 = 7, slope” sin 0 (2 cos @ — 1) 
ae undefined (2 cos*@ — cos6 — 1) 
undefined = = ——. Simplify. 
sin 0 (2 cos 0 — 1) 
aa (2cos@ + 1)(cos@ — 1) 
slope = -. Ja. Factor the numerator. 


> undefined sin 0 (2 cos 0 — 1) 
T sia The points with a horizontal tangent line satisfy dy/dx = 0 and occur where the 
numerator is zero and the denominator is nonzero. The numerator is zero when 0 = 0 
FIGURE 11.34 and + 27/3. Because the denominator is not zero when 0 = + 277/3, horizontal tangent 
lines occur at 0 = +27/3 (Figure 11.34). 

Vertical tangent lines occur where the numerator of dy/dx is nonzero and the denom- 
inator is zero. The denominator is zero when 0 = 0, +77, and +77/3, and the numerator 
is not zero at 0 = +m and +77/3. Therefore, vertical tangent lines occur at 0 = +77 
and + 77/3. 

The point (0, 0) on the curve must be handled carefully because both the numerator 
and denominator of dy/dx equal 0 at 0 = 0. Notice that with f(@) = 1 — cos 0, we have 
f(0) = f'(0O) = 0. Therefore, dy/dx may be computed as a limit using l H6pital’s Rule. 
As 0 — 0°," we find that 

dy (2cos@ + 1)(cos@ — 1) 
— = lim |- 
dx  6=>0* sin 0 (2 cos 0 — 1) 


4 cos 0 sin 0 — sin 0 


im —— z L’Hôpital’s Rule 
é—0' —2 sin’ 0 + 2 cos“ 0 — cos 0 


=—= 0. Evaluate the limit. 
A similar calculation using |’ H6pital’s Rule shows that as 0 > O`, dy/dx — 0. Therefore, 


the curve has a slope of 0 at (0, 0). 
Related Exercises 15-20 





QUICK CHECK 2 What is the slope of the line tangent to the cardioid in Example 2 at the 


point corresponding to 0 = m /4?< 


Area of Regions Bounded by Polar Curves 


The problem of finding the area of a region bounded by polar curves brings us back to the 
slice-and-sum strategy used extensively in Chapters 5 and 6. The objective is to find the 
area of the region R bounded by the graph of r = f(@) between the two rays 0 = a and 
0 = B (Figure 11.35a). We assume that f is continuous and nonnegative on | a, B]. 

L) The area of R is found by slicing the region in the radial direction creating wedge- 
shaped slices. The interval | a, 6] is partitioned into n subintervals by choosing the grid 
points 


Area of circle = mr? 


Risse AG) Oa aE We let AO, = 0; — 0-1, fork = 1,2,...,n, and we let 0; be any point of the interval 


0,1, 0z]. The kth slice is approximated by the sector of a circle swept out by an an- 
A0 2 l 2 k k * : i 
Aar a Ad gle A0, with radius f(0,) (Figure 11.35b). Therefore, the area of the kth slice is 
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approximately + f(0%) A0, for k = 1,2,...,n (Figure 11.35c). To find the approxi- 
mate area of R, we sum the areas of these slices: 


n] . 
area ~ > f(O) Ad. 
(=12 


Slices are approximated by 
yA 9,=8 sectors of a circle. 


y @ =p | Area of kth slice 
n 1 % 
= zJ O; AG, . 


0=Ļß R is divided into 
wedge-shape slices. 


r= 7) 





' kth slice is approximately a 
sector with angle A0, and 
| What is the area of R? radius f (0 *). 





(a) (b) (c) 
FIGURE 11.35 


This approximation is a Riemann sum, and the approximation improves as 


we take more sectors (n —> ©) and let AO, — 0, for all k. The exact area is given by 


B 
Moe aoe ch ies l 
lim X a f(0;)* A0, which we identify as the definite integral f 3 f(0)* do. 


n>» k=] 

With a slight modification, a more general result is obtained for the area of a region 
R bounded by two curves, r = f(@) and r = g(0), between the rays 0 = a and 0 = B 
(Figure 11.36). We assume that f and g are continuous and f(0) = (0) = 0 on la, B]. 
To find the area of R, we subtract the area of the region bounded by r = g(0) from the 
area of the entire region bounded by r = f(0) (all between 0 = a and 0 = B); that is, 


B B B 
area = J ZSO)? a0 — J = g(0)- a0 = J = (HO)? = 8(0)?) do. 





nd 2 2 
Area =| 5( (0) — g(6)?) do 


, DEFINITION Area of Regions in Polar Coordinates 
FIGURE 11.36 








Let R be the region bounded by the graphs of r = f(@) andr = g(@), between 
> If R is bounded by the graph of 0 = aand = 8, where f and g are continuous and f(@) = g(0) = Oon |a, B]. 
r = f(0) between 0 = a and 0 = B, The area of R is 
then g(@) = 0 and the area of R is 
B 
TOKI o — g(0)*) dé. 
QUICK CHECK 3 Use integration to find the area of the circle r = f(0) = 8 (for 
0 = 60 = 27).< 
> The equation r = 2 cos 26 is unchanged EXAMPLE 3 Area of a polar region Find the area of the four-leaf rose 
when @ is replaced by —@ (symmetry r= f(0) = 2 cos 26. 
about the x-axis) and when 6 is replaced 
by m — 6 (symmetry about the y-axis). SOLUTION The graph of the rose (Figure 11.37) appears to be symmetric about the 


x- and y-axes; in fact, these symmetries can be proved. Appealing to this symmetry, we 
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Area of half of a petal find the area of one-half of a leaf and then multiply the result by 8 to obtain the area of 
the full rose. The upper half of the rightmost leaf is generated as 0 increases from 0 = 0 


77/4 
=) & 2 
| geen oer (when r = 2) to 0 = 7/4 (when r = 0). Therefore, the area of the entire rose is 






= 8 mi f(0)? do = 4 u cos 20)? dé f(0) = 2 cos 20 
r = 2cos 20 0 2 0 





a7 /4 
= 16 / cos” 20 dé Simplify. 
0 
qr /4 
| = 40 
= 16 / — ad Half-angle formula 
0 
7/4 
= (80 + 2sin 40) Fundamental Theorem 
0 
FIGURE 11.37 = (27 + 0) — (0 + 0) = 2a. Simplify. 


Related Exercises 21—36< 





‘CK 4 Give an interval over which you could integrate to find the area of one 
leaf of the rose r = 2 sin 30.< 


T EXAMPLE 4 Areas of polar regions Consider the circle r = 1 and the car- 
Crescent-shaped region | ? dioid r = 1 + cos 0 (Figure 11.38). 
in Quadrant II is l . PEII : er a 
bounded by cardioid 2 a. Find the area of the region inside the circle and inside the cardioid. 
from 0 = 5 t00 = r. Ok b. Find the area of the region inside the circle and outside the cardioid. 


SOLUTION 


a. The points of intersection of the two curves can be found by solving 
1 + cos @ = 1, or cos 0 = 0. The solutions are 0 = +m /2. The region 
inside the circle and inside the cardioid consists of two subregions. 


e A semicircle with radius 1 in the first and fourth quadrants bounded by the 
Semicircle circle r = 1 
ml) _ r 


5 e Two crescent-shaped regions in the second and third quadrants bounded by 


the cardioid r = 1 + cos 0 and the y-axis 


has area = 


N 


FIGURE 11.38 
The area of the semicircle is 77/2. To find the area of the upper crescent-shaped region 
in the second quadrant, notice that it is bounded by r = 1 + cos 0, as 0 varies from 7/2 
to m. Therefore, its area is 








5 + cos 0)* d0 = 5 + 2cos@ + cos“ 0) d0 Expand. 
7/2 7/2 

1 [" 1 + cos 20 i 

= >| (1 de Dao a COS ) a Half-angle 
2 T/2 2 formula 

= He tasmo 0 4 sin 2) 7 Fundamental 
2 2 4 7/2 Theorem 
3 

= = =; Simplify. 


The area of the entire region (two crescents and a semicircle) is 


(= TT STT 
De = [ee SS 
8 2 4 






on circle 
2 


FIGURE 11.39 


y Radial lines enter region A 
3 m |atr= 1 + cos@ and exit 
B a atr = 3 cos 0. 





r= Í + cos r = 3 cos0 


FIGURE 11.40 


» One way to be sure the inner and outer 
boundaries of a region have been 
correctly identified is to draw a ray 
from the origin through the region—the 
ray should enter the region at the inner 
boundary and exit the region at the outer 
boundary. This is the case for every ray 
through region A, for0 = 0 S 77/3. 
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b. The region inside the circle and outside the cardioid is bounded by the outer curve 
r = 1 and the inner curve r = 1 + cos 0 on the interval | 7r /2, 3m /2] (Figure 11.38). 
Using the symmetry about the x-axis, the area of the region is 


T 1 T 
2f 7 (1° — (1 + cos 0)*) do = / (—2 cos — cos”) d@ Simplify the integrand. 
a [2 a /2 


Evaluate the integral. 


| 
WN 
| 
AJA 


Note that the regions in parts (a) and (b) comprise the interior of a circle of radius 1; 
indeed, their areas have a sum of 77. 
Related Exercises 21-36< 


EXAMPLE 5 Points of intersection Find the points of intersection of the circle 
r = 3 cos @ and the cardioid r = 1 + cos 0 (Figure 11.39). 


SOLUTION The fact that a point has multiple representations in polar coordinates may 
lead to subtle difficulties in finding intersection points. We first proceed algebraically. 
Equating the two expressions for r and solving for 0, we have 


3 cos = 1+ cos or cos = 5° 
which has roots 0 = +77/3. Therefore, two intersection points are (3/2, 7/3) and 
(3/2,—7/3) (Figure 11.39). Without graphs of the curves, we might be tempted to stop 
here. Yet, the figure shows another intersection point O that has not been detected. To 
find the third intersection point, we must investigate the way in which the two curves 
are generated. As 0 increases from 0 to 277, the cardioid is generated counterclockwise, 
beginning at (2, 0). The cardioid passes through O when 0 = m. As 0 increases from 
0 to 7, the circle is generated counterclockwise, beginning at (3, 0). The circle passes 
through O when 0 = 77/2. Therefore, the intersection point O is (0, 77) on the cardioid 
(and these coordinates do not satisfy the equation of the circle), while O is (0, 7/2) on 
the circle (and these coordinates do not satisfy the equation of the cardioid). There is no 
foolproof rule for detecting such “hidden” intersection points. Care must be used. 

Related Exercises 37-40< 


EXAMPLE 6 Computing areas Example 5 discussed the points of intersection of the 
curves r = 3 cos 0 (a circle) and r = 1 + cos 0 (acardioid). Use those results to com- 
pute the areas of 


a. region A in Figure 11.40 b. region B c. region C. 
SOLUTION 


a. Itis evident that region A is bounded on the inside by the cardioid and on the outside 
by the circle between the points Q(0 = 0) and P(@ = m/3). Therefore, the area of 
region A is 


1/3 

l 

A ((3 cos 0)? — (1 + cos 6)7) dé 
0 


i ee Spe 
= — (8 cos’ 8 — 1 — 2 cos 0) dé Simplify. 
0 





2 
a /3 
1 a 
-3f (3 + 4cos20 — 2 cos 0) dé mE E oo 
0 


1 l SoN ee: l 
= 5 (30 + 2 sin 20 — 2 sin 0) = 5 Evaluate integral. 
0 
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b. Examining region B, notice that a ray drawn from the origin enters the region im- 


SECTION 11.3 EXERCISES 


Review Questions 


1. Express the polar equation r = f(@) in parametric form in Carte- 


sian coordinates, where 0 is the parameter. 


2. How do you find the slope of the line tangent to the polar graph of 


r = f(0) at a point? 


mediately. There is no inner boundary, and the outer boundary isr = 1 + cos 0 on 
0 = 0 < 7/3 andr = 3cos@on7/3 S 0 < w/2 (recall from Example 5 that 
0 = 7/2 is the angle at which the circle intersects the origin). Therefore, we slice the 
region into two parts at 0 = 7/3 and write two integrals for its area: 

1 1/3 1 a /2 

2 2 
area of region B = | (1 + cos 0)“ d0 + >| (3 cos 6)* dé. 

2 0 2 a /3 

While these integrals may be evaluated directly, it’s easier to notice that 


area of region B = area of semicircle OPQ — area of region A. 


Because r = 3 cos 0 is a circle with a radius of 3/2, we have 


, l (3) 
area of region B = =:7| =] - — = —. 
2 2 
It’s easy to incorrectly identify the inner boundary of region C as the circle and 
the outer boundary as the cardioid. While these identifications are true when 
7/3 = 0 = w/2 (notice again the radial lines in Figure 11.40), there is only one 
boundary curve (the cardioid) when 7/2 < 6 < m. We conclude that the area of 
region C is 
1 ar /2 > ; 1 T i a 
za ((1 + cos@)“ — (3 cos 0) )d0 + >| (1 + cos0)“ dð = —. 
2 T/3 2 a /2 8 
Related Exercises 41-44< 


11. r = 4cos 26; at the tips of the leaves 
12. r= 1+ 2sin 20; (3,7) 

13. r? = 4cos 26; (0, +7) 

14. r= 26; (5,7) 


3. Explain why the slope of the line tangent to the polar graph of 15-20. Horizontal and vertical tangents Find the points at which the 


r = f(0) is not dr/dé. 


following polar curves have a horizontal or a vertical tangent line. 


4. What integral must be evaluated to find the area of the region 15. r = 4cosd 16. r= 2+ 2sin0 


bounded by the polar graphs of r = f(@) and r = g(0) on the 


interval æ = 6 = B, where f(0) = g(0) = 0? 117. r = sin 26 18. r= 3 + 6sin0 
19. r= 1 — siné 20. r = sec é 
Basic Skills 
5-14. Slopes of tangent lines Find the slope of the line tangent to 21-36. Areas of regions Make a sketch of the region and its bounding 
the following polar curves at the given points. At the points where the curves. Find the area of the region. 
curve intersects the origin (when this occurs), find the equation of the 21. The region inside the curve r = Vcos 0 


tangent line in polar coordinates. 
5. r=1- sind; (5,7) 

6. r=4cosd; (2,5) 

7. r= 8sind; (4,7) 

8. r=4+4 sin; (4, 0) and (3, 3) 
9. r=6+ 3cos@; (3, 77) and (9, 0) 


10. r = 2 sin 36; at the tips of the leaves 


22. The region inside the right lobe of r = Vcos 20 

23. The region inside the circle r = 8 sin 0 

24. The region inside the cardioid r = 4 + 4 sin 0 

25. The region inside the limaçon r = 2 + cos 0 

26. The region inside all the leaves of the rose r = 3 sin 20 


27. The region inside one leaf of r = cos 30 


28. The region inside the inner loop of r = cos 0 — L 


29. The region outside the circle r = + and inside the circle 
r = cos 0 


30. The region inside the curve r = V cos 0 and outside the circle 


r=1/vV2 


31. The region inside the curve r = V cos 0 and inside the circle 
r = 1/V2 in the first quadrant 


32. The region inside the right lobe of r = Vcos 26 and inside the 
circle r = 1/2 in the first quadrant 


33. The region inside one leaf of the rose r = cos 50 


34. The region inside the rose r = 4 cos 20 and outside the circle 
r=2 


35. The region inside the rose r = 4 sin 26 and inside the circle 
r=2 


36. The region inside the lemniscate r° = 2 sin 26 and outside the 
circler = 1 


37—40. Intersection points Use algebraic methods to find as many 
intersection points of the following curves as possible. Use graphical 
methods to identify the remaining intersection points. 


37. r = 3sin@ andr = 3 cos 0 

38. r= 2 + 2sin@ andr = 2 — 2 sin 0 
39. r= 1+ sin andr = 1 + cosé 
40. r= landr = V2 cos 20 


41-44. Finding areas In Exercises 37—40, you found the intersection 
points of pairs of curves. Find the area of the entire region that lies 
within both of the following pairs of curves. 


41. r = 3 sin andr = 3 cos 0 

42. r= 2 + 2sin0 andr = 2 — 2 sin 0 
43. r 
44. r= landr = V2 cos 20 


1 + sin@ andr = 1 + cos@ 


Further Explorations 
45. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. The area of the region bounded by the polar graph of r = f(0) 
on the interval |æ, 6] is SEKO) dé. 
b. The slope of the line tangent to the polar curve r = f(@) ata 


point (r, 0) is f’(0). 


46. Multiple identities Explain why the point (—1, 37/2) is on the 
polar graph of r = 1 + cos 0 even though it does not satisfy the 
equation r = 1 + cos ð. 


47-50. Area of plane regions Find the areas of the following regions. 
47. The region common to the circles r = 2 sin 0 andr = 1 
48. The region inside the inner loop of the limaçon r = 2 + 4 cos 0 


49. The region inside the outer loop but outside the inner loop of the 
limaçon r = 3 — 6 sin 0 


H 51. 
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50. The region common to the circle r = 3 cos 0 and the cardioid 
r= l + cos0 


Spiral tangent lines Use a graphing utility to determine the first 
three points with 0 = 0 at which the spiral r = 20 has a horizon- 
tal tangent line. Find the first three points with 0 = 0 at which the 
spiral r = 20 has a vertical tangent line. 


52. Area of roses 


a. Even number of leaves: What is the relationship between the 
total area enclosed by the 4m-leaf rose r = cos (2m0) and m? 
b. Odd number of leaves: What is the relationship between 
the total area enclosed by the (2m + 1)-leaf rose 
r = cos ((2m + 1)0) and m? 


53. Regions bounded by a spiral Let R,, be the region bounded by 
the nth turn and the (n + 1)st turn of the spiral r = e~° in the 
first and second quadrants, for 9 = O (see figure). 


a. Find the area A, of R, 
b. Evaluate lim A,,. 
nao 


c. Evaluate lim A,,)/A),. 
n— œ 





54-57. Area of polar regions Find the area of the regions bounded by 
the following curves. 


54. The complete three-leaf rose r = 2 cos 30 
55. The lemniscate r? = 6 sin 20 
56. The limaçon r = 2 — 4 sin 0 
57. The limaçon r = 4 — 2 cos 0 


Applications 

58. Blood vessel flow A blood vessel with a circular cross section of 
constant radius R carries blood that flows parallel to the axis of 
the vessel with a velocity of v(r) = V(1 — r?/R?), where V is a 
constant and r is the distance from the axis of the vessel. 


a. Where is the velocity a maximum? A minimum? 

b. Find the average velocity of the blood over a cross section of 
the vessel. 

c. Suppose the velocity in the vessel is given by 
v(r) = V(1 — r?°/R°)"P, where p = 1. Graph the velocity 
profiles for p = 1, 2, and 6 on the interval 0 = r < R. Find 
the average velocity in the vessel as a function of p. How does 
the average velocity behave as p —> œ? 
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59-61. Grazing goat problems Consider the following sequence of 
problems related to grazing goats tied to a rope. (See the Guided 
Project Grazing Goat Problems.) 


59. A circular corral of unit radius is enclosed by a fence. A goat 


60. 


61. 


inside the corral is tied to the fence with a rope of length 

0 = a S 2 (see figure). What is the area of the region (inside the 
corral) that the goat can graze? Check your answer with the spe- 
cial cases a = O anda = 2. 





A circular concrete slab of unit radius is surrounded by grass. 

A goat is tied to the edge of the slab with a rope of length 

0 = a S 2 (see figure). What is the area of the grassy region that 
the goat can graze? Note that the rope can extend over the con- 
crete slab. Check your answer with the special cases a = 0 and 

a = 2. 





A circular corral of unit radius is enclosed by a fence. A goat 
is outside the corral and tied to the fence with a rope of length 
a = 0 (see figure). What is the area of the region (outside the 
corral) that the goat can reach? 





Rope stretches 
along fence 


Additional Exercises 
62. Tangents and normals Let a polar curve be described by 


r = f(0) and let £ be the line tangent to the curve at the point 

P(x,y) = P(r, 0) (see figure). 

a. Explain why tana = dy/dx. 

b. Explain why tan 0 = y/x. 

c. Let ọ be the angle between € and OP. Prove that 
tan = f(0)/f' (0). 

d. Prove that the values of 0 for which £ is parallel to the x-axis 
satisfy tan 0 = —f(0)/f' (0). 

e. Prove that the values of 0 for which £ is parallel to the y-axis 


satisfy tan 0 = f'(0)/f(0). 








P(x, y) = P(r, 9) 


KN 


. Isogonal curves Let a curve be described by r = f(0), where 


f(@) > 0 on its domain. Referring to the figure of Exercise 62, a 
curve is isogonal provided the angle ¢ is constant for all 6. 


a. Prove that ¢ is constant for all 6 provided cot ¢ = f’(@)/f(@) 
d 
is constant, which implies that g” f(0)| = k, where k is a 


constant. 

b. Use part (a) to prove that the family of logarithmic spirals 
r = Ce consists of isogonal curves, where C and k are 
constants. 

c. Graph the curve r = 2e” and confirm the result of part (b). 


QUICK CHECK ANSWERS 
1. Apply the Product Rule. 


2,V2+1 


2a 
3. Area = J +(8)° dð = 647 
0 


4. [0,3] or [Z, | (among others) < 
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11.4 Conic Sections 



































Conic sections are best visualized as the Greeks did over 2000 years ago by slicing a 
double cone with a plane (Figure 11.41). Three of the seven different sets of points that 
arise in this way are ellipses, parabolas, and hyperbolas. These curves have practical ap- 
plications and broad theoretical importance. For example, celestial bodies travel in orbits 
that are modeled by ellipses and hyperbolas. Mirrors for telescopes are designed using the 
properties of conic sections. And architectural structures, such as domes and arches, are 
sometimes based on these curves. 


tits 


Circle: plane Ellipse: plane Parabola: plane Hyperbola: plane 
perpendicular to cone axis cuts one half of cone parallel to side of cone cuts both halves 
(a) of cone 
a 


+} 


Point: plane Single line: plane Pair of intersecting 
through cone vertex only tangent to cone lines 


(b) 
FIGURE 11.41 The standard conic sections (a) are the intersection sets of a double cone anda 
plane that does not pass through the vertex of the cone. Degenerate conic sections (lines and 
points) are produced when a plane passes through the vertex of the cone (b). 








Parabolas 


A parabola is the set of points in a plane that are equidistant from a fixed point F (called 
the focus) and a fixed line (called the directrix). In the four standard orientations, a 
parabola may open upward, downward, to the right, or to the left. We derive the equation 
of the parabola that opens upward. 

Suppose the focus F is on the y-axis at (0, p) and the directrix is the horizontal 
line y = —p, where p > 0. The parabola is the set of points P that satisfy the de- 
fining property |PF| = |PL|, where L(x, —p) is the point on the directrix closest to P 
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Vx? + (y — p) =y + pis 


equivalent to x” = 4py.< 


» Recall that a curve is symmetric with 
respect to the x-axis if (x, —y) is on the 
curve whenever (x, y) is on the curve. 
So, a y°-term indicates symmetry 
with respect to the x-axis. Similarly, 
an x°-term indicates symmetry with 
respect to the y-axis. 


(Figure 11.42). Consider an arbitrary point P(x,y) that satisfies this condition. 
Applying the distance formula, we have 


Vx? + (y — py = y + p. 
|PF| |PL| 
Squaring both sides of this equation and simplifying gives the equation x” = 4py. This 
is the equation of a parabola that is symmetric about the y-axis and opens upward. The 
vertex of the parabola is the point closest to the directrix; in this case it is (0,0) (which 
satisfies |PF| = |PL| = p). 
The equations of the other three standard parabolas are derived in a similar way. 


Equations of Four Standard Parabolas 


Let p be areal number. The parabola with focus at (0, p) and directrix y = —p 
is symmetric about the y-axis and has the equation x7 = 4py. If p > 0, then the 
parabola opens upward; if p < 0, then the parabola opens downward. 

The parabola with focus at (p, 0) and directrix x = —p is symmetric about 
the x-axis and has the equation y? = 4px. If p > 0, then the parabola opens to 
the right; if p < O, then the parabola opens to the left. 


Each of these parabolas has its vertex at the origin (Figure | 1.43). 





x = 4py, p <0 





y? = 4px, p > 0 y? = 4px, p <0 
FIGURE 11.43 





CHECK 2 In which direction do the following parabolas open? 


a. y? = —4x b. x? = 4y< 





Directrix: x = 3 





Focus: (—3, 0) 


FIGURE 11.44 





FIGURE 11.45 


|PF | + |PF,| = 2a 


Vertex nee 9 Vertex 


FIGURE 11.47 
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EXAMPLE 1 Graphing parabolas Find the focus and directrix of the parabola 
y? = —12x. Sketch its graph. 


SOLUTION The y-term indicates that the parabola is symmetric with respect to the 
x-axis. Rewriting the equation as x = —y’ /12, we see that x = 0 for all y, imply- 
ing that the parabola opens to the left. Comparing y” = —12x to the standard form 
y = 4px, we see that p = —3; therefore, the focus is (—3, 0), and the directrix is 
x = 3 (Figure 11.44). 
Related Exercises 13—18< 


EXAMPLE 2 Equations of parabolas Find the equation of the parabola with vertex 
(0, 0) that opens downward and passes through the point (2, —3). 


SOLUTION The standard parabola that opens downward has the equation x7 = 4py. The 
point (2, —3) must satisfy this equation. Substituting x = 2 and y = —3 into x= Apy, 
we find that p = —Ł, Therefore, the focus is at (0, —3), the directrix is y = L and the 
equation of the parabola is x* = —4y/3, or y = —3x°/4 (Figure 11.45). 

Related Exercises 19-26< 


Reflection Property Parabolas have a property that makes them useful in the design 
of reflectors and transmitters. A particle approaching a parabola on any line parallel to the 
axis of the parabola is reflected on a line that passes through the focus (Figure | 1.46); this 
property is used to focus incoming light by a parabolic mirror on a telescope. Alternatively, 
signals emanating from the focus are reflected on lines parallel to the axis, a property used 
to design radio transmitters and headlights (Exercise 83). 


Parabolic 


reflector Incoming 


y 














A S f Coni 

i | à Outgoing 
| — Parabolic W ~~ 
Y reflector 

FIGURE 11.46 

Ellipses 


An ellipse is the set of points in a plane whose distances from two fixed points have 
a constant sum that we denote 2a (Figure 11.47). Each of the two fixed points is a 
focus (plural foci). The equation of an ellipse is simplest if the foci are on the x-axis at 
( +c,0) or on the y-axis at (0, +c). In either case, the center of the ellipse is (0, 0). If 
the foci are on the x-axis, the points (+a, 0) lie on the ellipse and are called vertices. 
If the foci are on the y-axis, the vertices are (0, +a) (Figure 11.48). A short calcula- 
tion (Exercise 85) using the definition of the ellipse results in the following equations 
for an ellipse. 
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» When necessary, we may distinguish 
between the major-axis vertices 
(+a, 0) or (0, +a), and the minor-axis 
vertices (+b, 0) or (0, +b). The word 
vertices (without further description) is 
understood to mean major-axis vertices. 





3 In the case that the 


QUICK CHECK 3 
De a a ae 





vertices and foci are on the x-axis, 
show that the length of the minor axis 
of an ellipse is 2b. « 





FIGURE 11.49 
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Major axis is horizontal: 
cre a yo ey 
@ oi 





FIGURE 11.48 


Equations of Standard Ellipses 


An ellipse centered at the origin with foci at (+c, 0) and vertices at (+a, 0) has 
the equation 


2 2 
xy 
oe 


o = 1], wherea? = b? + c°. 
a 


An ellipse centered at the origin with foci at (0, +c) and vertices at (0, +a) has 
the equation 


where a? = b? + c? 


2 4 
y x 
— 4+ =], 
a? b? 


In both cases, a > b > Oanda > c > 0, the length of the long axis (called the 
major axis) is 2a, and the length of the short axis (called the minor axis) is 2b. 





EXAMPLE 3 Graphing ellipses Find the vertices, foci, and the length of the major 
2 2 


and minor axes of the ellipse a F Fa = |. Graph the ellipse. 
SOLUTION Because 9 > 4, we identify a? = 9 and b? = 4. Therefore, a = 3 and 
b = 2. The lengths of the major and minor axes are 2a = 6 and 2b = 4, respectively. 
The vertices are at (+3, 0) and lie on the x-axis, as do the foci. The relationship 
c? = a? — b? implies that c? = 5, orc = V5. Therefore, the foci are at (+ V5, 0). 
The graph of the ellipse is shown in Figure 11.49. 

Related Exercises 27—32 < 


EXAMPLE 4 Equation of an ellipse Find the equation of the ellipse centered at the 
origin with its foci on the y-axis, a major axis of length 8, and a minor axis of length 4. 
Graph the ellipse. 


SOLUTION Because the length of the major axis is 8, the vertices are located at (0, +4), 
and a = 4. Because the length of the minor axis is 4, we have b = 2. Therefore, the 
equation of the ellipse is 


N 


2 
a =], 
16 4 


FIGURE 11.50 


» Asymptotes that are not parallel to one of 
the coordinate axes, as in the case of the 
standard hyperbolas, are called oblique, 


or Slant, asymptotes. 









|F,P| — |F,P| = 2a 


Vertex 


Focus F, 


A 
Focus F 


F,P| — |F,P| = —2a 


FIGURE 11.51 


» Notice that the asymptotes for hyperbolas 
are y = +bx/a when the vertices are 
on the x-axis and y = +ax/b when the 
vertices are on the y-axis (the roles of a 


and b are reversed). 





F, (0, —2V3) 
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Using the relation c? = a? — b?, we find that c = 2V3 and the foci are at (0, £ 2V3). 
The ellipse is shown in Figure 11.50. 
Related Exercises 33-38< 


Hyperbolas 


A hyperbola is the set of points in a plane whose distances from two fixed points have a 
constant difference, either 2a or —2a (Figure 11.51). As with ellipses, the two fixed points 
are called foci. The equation of a hyperbola is simplest if the foci are on either the x-axis 
at (+c, 0) or on the y-axis at (0, +c). If the foci are on the x-axis, the points ( +a, 0) on 
the hyperbola are called the vertices. In this case, the hyperbola has no y-intercepts, but 
it has the asymptotes y = +bx/a, where b? = c° — a’. Similarly, if the foci are on the 
y-axis, the vertices are (0, +a), the hyperbola has no x-intercepts, and it has the asymp- 
totes y = +ax/b (Figure 11.52). A short calculation (Exercise 86) using the definition of 
the hyperbola results in the following equations for standard hyperbolas. 


Asymptote Asymptote 








7 
/ Asymptote 
ax 


Asymptote 


ax 
W E 
Te 
g b 
S 





Major axis horizontal: 


Y aF aj A | 
a? b2 


FIGURE 11.52 


Equations of Standard Hyperbolas 


A hyperbola centered at the origin with foci at (+c, 0) and vertices at ( +a, 0) 
has the equation 


1, where b? = c? — a’. 


The hyperbola has asymptotes y = + bx/a. 


A hyperbola centered at the origin with foci at (0, + c) and vertices at (0, +a) 
has the equation 


1, where b? = c? — a’. 


The hyperbola has asymptotes y = + ax/b. 
In both cases, c > a > Oandc > b> 0. 


766 CHAPTER 11 © PARAMETRIC AND POLAR CURVES 


Vix -y5 








2 A 
/ 


FIGURE 11.53 


» The conic section lies in the plane formed 
by the directrix and the focus. 


» Theorem 11.3 for ellipses and hyperbolas 
describes how the entire curve is 
generated using just one focus and one 
directrix. Nevertheless, every ellipse 
or hyperbola has two foci and two 
directrices. 


EXAMPLE 5 Graphing hyperbolas Find the equation of the hyperbola centered at 
the origin with vertices at (+4, 0) and foci at (+6, 0). Graph the hyperbola. 


SOLUTION Because the foci are on the x-axis, the vertices are also on the x-axis, and 
there are no y-intercepts. With a = 4 and c = 6, we have b = 6 — a = 20, of 
b = 2V5. Therefore, the equation of the hyperbola is 


The asymptotes are y = +bx/a = +V5x/2 (Figure 11.53). 
Related Exercises 39-50 


K 4 Identify the vertices and foci of the hyperbola y? — x*/4 = 1.< 





Eccentricity and Directrix 


Parabolas, ellipses, and hyperbolas may also be developed in a single unified way called 
the eccentricity-directrix approach. We let € be a line called the directrix and F be a point 
not on £ called a focus. The eccentricity is a real number e > 0. Consider the set C of 
points P in a plane with the property that the distance |PF| equals e multiplied by the per- 
pendicular distance |PL| from P to € (Figure 11.54); that is, 

PF] 

|PF| = e|PL| or 7—7 = e = constant. 

|PL| 
Depending on the value of e, the set C is one of the three standard conic sections, as 
described in the following theorem. 





C 
C 
P P 
L L 
F 
Parabola PF 1 Elli PF 0O<e<l 
: — = e = : —— = 7 
PL ipse PL e e 


FIGURE 11.54 


THEOREM 11.3 Eccentricity-Directrix Theorem 
Let € be a line, F a point not on £, and e > 0 a real number. Let C be the 


PF 
set of points P in a plane with the property that mal = e, where | PL| is the 


perpendicular distance from P to £. 


1. Ife = 1, C is a parabola. 
2. If0 < e < 1, Cis an ellipse. 
3. Ife > 1, Cis a hyperbola. 





The proof of the theorem is straightforward; it requires an algebraic calculation that 
can be found in Appendix B. The proof establishes relationships between five parameters 
a, b, c,d, and e that are characteristic of any ellipse or hyperbola. The relationships are 
given in the following summary. 
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SUMMARY Properties of Ellipses and Hyperbolas 


An ellipse or hyperbola centered at the origin has the following properties. 


Foci on x-axis Foci on y-axis 
Major-axis vertices: (+a, 0) (0, Ła) 
Minor-axis vertices (for ellipses): (0, £b) (2D; 0) 
Foci: (+c, 0) (0, tc) 
Directrices: x= td y= td 
Eccentricity: 0 < e < 1 for ellipses, e > 1 for hyperbolas. 


Given any two of the five parameters a, b, c, d, and e, the other three are found 
using the relations 





(HECK 5 Given an ellipse with c? (for ellipses), 2 (for hyperbolas). 
a = 3 and e = L, what are the values 
of b, c, and d? < 





EXAMPLE 6 Equations of ellipses Find the equation of the ellipse centered at the 
origin with foci at (0, +4) and eccentricity e = L Give the length of the major and 
minor axes, the location of the vertices, and the directrices. Graph the ellipse. 


SOLUTION An ellipse with its major axis along the y-axis has the equation 


y X 
ee 

where a and b must be determined (with a > b). Because the foci are at (0, +4), we 
have c = 4. Using e = + and the relation c = ae, it follows that a = c/e = 8. So, 

the length of the major axis is 2a = 16, and the major-axis vertices are (0, +8). Also 

d = a/e = 16, so the directrices are y = + 16. Finally, bsa — c* = 48, or 

b = 4V3. So, the length of the minor axis is 2b = 8V3, and the minor-axis vertices are 
(+4V3, 0) (Figure 11.55). The equation of the ellipse is 


2 2 
X 

A 
64 48 
Related Exercises 51—54< 





FIGURE 11.55 


Polar Equations of Conic Sections 


It turns out that conic sections have a natural representation in polar coordinates, provided 
we use the eccentricity-directrix approach given in Theorem 11.3. Furthermore, a single 
polar equation covers parabolas, ellipses, and hyperbolas. 

When working in polar equations, the key is to place a focus of the conic section at 
the origin of the coordinate system. We begin by placing one focus F at the origin and 
taking a directrix perpendicular to the x-axis through (d, 0), where d > 0 (Figure 11.56). 








Directrix 


IPF] = e|PL| 





F(0, 0) PF 
O z We now use the definition a = e, where P(r, @) is an arbitrary point on the conic. As 
— en ee 
shown in Figure 11.56, |PF| = r and |PL| = d — r cos 0. The condition IPL} =e 
ed 
ETT implies that r = e(d — r cos 0). Solving for r, we have 


ed 
(= 
FIGURE 11.56 1 + ecos@ 
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6 On which axis do the 
vertices and foci of the conic section 
r = 2/(1 — 2sin 6) lie?« 
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A similar derivation (Exercise 74) with the directrix at x = —d, where d > 0, results 


in the equation 


r= 


ed 
1 — ecos@ 


For horizontal directrices at y = +d (Figure 11.57), a similar argument (Exercise 74) 


leads to the equations 


___ ed 
1 + e cos 0’ 


r d>0 





Directrix 






x=d 
(a) 
_ ed 
Te gugee 
y Directrix 
y=d 










Focus at 
origin 






(c) 
FIGURE 11.57 


E ed 
ETT 





Directrix 
x= -d 


(b) 


__ ed 
1] — e sin 0’ 


d>0 


r 





Directrix 


= -d 
C 


THEOREM 11.4 Polar Equations of Conic Sections 
Let d > 0. The conic section with a focus at the origin and eccentricity e has the 


polar equation 
ed 
= —_ — 
1 + ecosé 
——————— ym qr 


if one directrix is x = d 


ed 
pann 
1 — e cos 0 


if one directrix is x = —d 


The conic section with a focus at the origin and eccentricity e has the polar 


equation 
ed 
(See 
1+ esiné 
ee 


if one directrix is y = d 


ed 
f= 
1 — esin@ 


if one directrix is y = —d 


IfO < e < 1, the conic section is an ellipse; if e = 1, itis a parabola; and if e > 1, 
it is a hyperbola. The curves are defined over any interval in 0 of length 277. 





Hyperbola: 
3 8 


an: ry te oA 





Directrix: Directrix: 
8 — 104 
Am X — I5 
FIGURE 11.58 





mT 


>=, 


r 
0> Parabola: e = 1 5) 


FIGURE 11.59 


Directrix 





FIGURE 11.60 
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EXAMPLE 7 Conic sections in polar coordinates Find the vertices, foci, and direc- 
trices of the following conic sections. Graph each curve and then check your work with a 
graphing utility. 
8 2 
= ———— b. r = — 
2+ 3cos0 1 + sin 6 


SOLUTION 


a. r 


a. The equation must be expressed in standard polar form for a conic section. Dividing 
numerator and denominator by 2, we have 


4 
—— 
1 + 5cos 6 


which allows us to identify e = >. Therefore, the equation describes a hyperbola 
(because e > 1) with one focus at the origin. 

The directrices are vertical (because cos 0 appears in the equation). Knowing that 
ed = 4, we have d = T= 3 and one directrix is x = $ Letting 0 = O and 0 = 7, 
the polar coordinates of the vertices are ($, 0) and (—8, 7); equivalently, the verti- 
ces are (3, 0) and (8, 0) in Cartesian coordinates (Figure 11.58). The center of the 


hyperbola is halfway between the vertices; therefore, its Cartesian coordinates are 


(2 0). The distance between the focus at (0, 0) and the nearest vertex (3, 0) is 3 


Therefore, the other focus is ; units to the right of the vertex (8, 0). So, the Cartesian 


coordinates of the foci are (2, 0) and (0, 0). Because the directrices are symmetric 


about the center and the left directrix is x = >, the right directrix is x = “ = 6.9. 
The graph of the hyperbola (Figure 11.58) is generated as 0 varies from O to 27r ( with 


6 # +cos!(-$)). 


b. The equation is in standard form, and it describes a parabola because e = 1. The sole 
focus is at the origin. The directrix is horizontal (because of the sin 0 term); ed = 2 
implies that d = 2, and the directrix is y = 2. The parabola opens downward because 
of the plus sign in the denominator. The vertex corresponds to 0 = 5 and has polar 
coordinates (1, z) or Cartesian coordinates (0, 1). Setting 0 = 0 and 0 = 7, the 
parabola crosses the x-axis at (2, 0) and (2, m) in polar coordinates, or ( +2, 0) in 
Cartesian coordinates. As 0 increases from —% to 5, the right branch of the parabola is 
generated and as 0 increases from 5 to — the left branch of the parabola is generated 
(Figure 11.59). 

Related Exercises 55—64< 


EXAMPLE 8 Conics in polar coordinates Use a graphing utility to plot the curves 


r , with e = 0.2, 0.4, 0.6, and 0.8. Comment on the effect of varying the 


D e 
1 + ecos 0 
eccentricity, e. 


SOLUTION Because 0 < e < 1, all the curves are ellipses. Notice that the equation is in 
standard form with d = 1; therefore, the curves have the same directrix, x = d = 1. As 
the eccentricity increases, the ellipses becomes more elongated. Small values of e corre- 
spond to more circular ellipses (Figure 11.60). 

Related Exercises 65—66< 
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SECTION 11.4 EXERCISES 


Review Questions 
1. Give the property that defines all parabolas. 


2. Give the property that defines all ellipses. 
3. Give the property that defines all hyperbolas. 
4 


Sketch the three basic conic sections in standard position with ver- 
tices and foci on the x-axis. 


5. Sketch the three basic conic sections in standard position with ver- 
tices and foci on the y-axis. 


6. What is the equation of the standard parabola with its vertex at the 
origin that opens downward? 


7. What is the equation of the standard ellipse with vertices at 
(+a,0) and foci at (+c, 0)? 


8. What is the equation of the standard hyperbola with vertices at 
(0, +a) and foci at (0, +c)? 


9. Given vertices ( +a, 0) and eccentricity e, what are the coordi- 
nates of the foci of an ellipse and a hyperbola? 


10. Give the equation in polar coordinates of a conic section with a 
focus at the origin, eccentricity e, and a directrix x = d, where 
d> 0. 


11. What are the equations of the asymptotes of a standard hyperbola 
with vertices on the x-axis? 


12. How does the eccentricity determine the type of conic section? 
Basic Skills 
13-18. Graphing parabolas Sketch the graph of the following parabo- 


las. Specify the location of the focus and the equation of the directrix. 
Use a graphing utility to check your work. 


14. y? = 20x 
17. 8y = —3x’ 


13. 4° = 12y 
16. 4x = —y? 


15. x = —y?/16 
18. 12x = 5y? 


19-24. Equations of parabolas Find an equation of the following pa- 
rabolas, assuming the vertex is at the origin. 


19. A parabola that opens to the right with directrix x = —4 
20. A parabola that opens downward with directrix y = 6 
21. A parabola with focus at (3, 0) 

22. A parabola with focus at (—4, 0) 


23. A parabola symmetric about the y-axis that passes through the 
point (2, —6) 


24. A parabola symmetric about the x-axis that passes through the 
point (1, —4) 


25-26. From graphs to equations Write an equation of the following 
parabolas. 


25. 26. y 





Directrix y = 4 





Directrix 
La=2 


27-32. Graphing ellipses Sketch the graph of the following ellipses. 
Plot and label the coordinates of the vertices and foci, and find the 
lengths of the major and minor axes. Use a graphing utility to check 
your work. 


2 2 2 


X X y 
3 = py a[l 38. = + Im] 

4: 9 4 

2 2 2 

x? y zaJ 
29. — + — = I 30. — = | 

I E g 

2 2 
31. += 32, 12x? + Sy? = 60 


33-36. Equations of ellipses Find an equation of the following 
ellipses, assuming the center is at the origin. Sketch a graph labeling 
the vertices and foci. 


33. An ellipse whose major axis is on the x-axis with length 8 and 
whose minor axis has length 6 


34. An ellipse with vertices (+6, 0) and foci (+4, 0) 
35. An ellipse with vertices (+5, 0), passing through the point (4, 2 | 


36. An ellipse with vertices (0, + 10), passing through the point 
(V3/2, 5) 


37-38. From graphs to equations Write an equation of the following 
ellipses. 


II: 38. y 





39-44. Graphing hyperbolas Sketch the graph of the following hy- 
perbolas. Specify the coordinates of the vertices and foci, and find the 
equations of the asymptotes. Use a graphing utility to check your work. 


2 2 2 
X y X 
39. — - y? = 1 40. —-—=1 
4 y 16 9 
41. 4x? — y? = 16 42. 25y? — 4x7 = 100 
2 2 
43. = E z = 44. 10x2 — 7y? = 140 


45-48. Equations of hyperbolas Find an equation of the following 
hyperbolas, assuming the center is at the origin. Sketch a graph label- 
ing the vertices, foci, and asymptotes. Use a graphing utility to check 
your work. 


45. A hyperbola with vertices (+4, 0) and foci ( + 6, 0) 

46. A hyperbola with vertices (+ 1, 0) that passes through (3, 8) 
47. A hyperbola with vertices (+2, 0) and asymptotes y = +3x/2 
48. A hyperbola with vertices (0, +4) and asymptotes y = +2x 


49-50. From graphs to equations Write an equation of the following 
hyperbolas. 


49. 50. 





51-54. Eccentricity-directrix approach Find an equation of the fol- 
lowing curves, assuming the center is at the origin. Sketch a graph 
labeling the vertices, foci, asymptotes, and directrices. Use a graphing 
utility to check your work. 


51. An ellipse with vertices (+9, 0) and eccentricity 4 
52. An ellipse with vertices (0, +9) and eccentricity 4 
53. A hyperbola with vertices (+1, 0) and eccentricity 3 
54. A hyperbola with vertices (0, +4) and eccentricity 2 


55-60. Polar equations for conic sections Graph the following conic 
sections, labeling the vertices, foci, directrices, and asymptotes (if they 
exist). Use a graphing utility to check your work. 








65. 


66. 





4 4 1 
: = ——— i = nmu 57. = 
om: © 1 + cos@ ae: 2 2 + cosé 2 — cos 0 
58 = i 59 = : 60 = 2 
a Sor “1T a asne 7  3—cosé 


61-64. Tracing hyperbolas and parabolas Graph the following equa- 
tions. Then use arrows and labeled points to indicate how the curve is 
generated as 0 increases from Q to 27. 


l l 


6l. r = ——_— 62. r = = 
1 + sind 1 + 2cos@ 
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63. r =——— a p= — 
= a 1 — 2 cos 6 


= 1— cosé 
Parabolas with a graphing utility Use a graphing utility to graph 
the parabolas y? = 4px, for p = —5,—2,—1, 1, 2, and 5 on the 
same set of axes. Explain how the shapes of the curves vary as p 


changes. 
Hyperbolas with a graphing utility Use a graphing utility to 
e 
h the hyperbol = ——— f = 1.1, 1.3, 1.5, 1.7, 
graph the hyperbolas r T or e 


and 2 on the same set of axes. Explain how the shapes of the 
curves vary as e changes. 


Further Explorations 
67. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. The hyperbola x*/4 — y?/9 = 1 has no y-intercepts. 

b. On every ellipse, there are exactly two points at which the 
curve has slope s, where s is any real number. 

c. Given the directrices and foci of a standard hyperbola, it is 
possible to find its vertices, eccentricity, and asymptotes. 

d. The point on a parabola closest to the focus is the vertex. 


68-71. Tangent lines Find an equation of the line tangent to the fol- 
lowing curves at the given point. 


68. y” = 8x; (8,—8) 


1 2 e 5 
70. r= ————: (= z) 7. y ->-=1; (6.3) 
1 + sin 0 3 6 64 4 


72-73. Graphs to polar equations Find a polar equation for each 
conic section. Assume one focus is at the origin. 


12; 


(—2, 0) 





Directrix 


73. 


Directrix E =i 





74. Deriving polar equations for conics Modify Figure 11.56 to 
derive the polar equation of a conic section with a focus at the 
origin in the following three cases. 


a. Vertical directrix at x = —d, where d > 0 
b. Horizontal directrix at y = d, where d > 0 
c. Horizontal directrix at y = —d, where d > 0 
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75. Another construction for a hyperbola Suppose two circles, a paraboloid (where a > 0 and h > 0). Show that the volume 
whose centers are at least 2a units apart (see figure), are centered of the solid is - the volume of the cone with the same base and 
at F; and F, respectively. The radius of one circle is 2a + r and vertex. 


the radius of the other circle is r, where r = 0. Show that as r 

increases, the intersection point P of the two circles describes one Applications 

branch of a hyperbola with foci at F} and F>. (See the Guided Project Properties of Conic Sections for additional 

| | applications of conic sections.) 

Weel alas 83. Reflection property of parabolas Consider the parabola 
y = x’/4p with its focus at F(0, p) (see figure). The goal is to 
show that the angle of incidence between the ray € and the tangent 
line L (q@ in the figure) equals the angle of reflection between the 
line PF and L (f in the figure). If these two angles are equal, then 
the reflection property is proved because ¢ is reflected through F. 





a. Let P(x, yo) be a point on the parabola. Show that the slope of 
the line tangent to the curve at P is tan 0 = x9/(2p). 

b. Show that tan ¢ = (p — yo)/Xo. 

Show that a = 7/2 — 0; therefore, tana = cot 0. 

d. Note that 6 = 0 + ọ. Use the tangent addition formula 


tan @ + tang 
tan (0 + ¢) = ——————— to show that 


76. The ellipse and the parabola Let R be the region bounded by 1 — tan @ tan ọ 


the upper half of the ellipse x? 12, + y = ] and the parabola tana = tan B = 2p/xo. 
y = x2/V2. e. Conclude that because «œ and £ are acute angles, a = B. 


T 


a. Find the area of R. 

b. Which is greater, the volume of the solid generated when R is 
revolved about the x-axis or the volume of the solid generated 
when R is revolved about the y-axis? 


77. Tangent lines for an ellipse Show that an equation of the line 
tangent to the ellipse x?/a? + y?/b? = 1 at the point (xo, yo) is 


XXO YY0 _ 
a’ b? 








78. Tangent lines for a hyperbola Find an equation of the line tan- 


gent to the hyperbola x*/a” — y?/b? = 1 at the point (xo, yo). 
84. Golden Gate Bridge Completed in 1937, San Francisco’s 


79. Volume of an ellipsoid Suppose that the ellipse Golden Gate Bridge is 2.7 km long and weighs about 890,000 
x*/a* + y*/b* = 1 is revolved about the x-axis. What is tons. The length of the span between the two central towers is 
the volume of the solid enclosed by the ellipsoid that is 1280 m; the towers themselves extend 152 m above the roadway. 
generated? Is the volume different if the same ellipse 1s The cables that support the deck of the bridge between the two 
revolved about the y-axis? towers hang in a parabola (see figure). Assuming the origin is 


midway between the towers on the deck of the bridge, find an 
equation that describes the cables. How long is a guy wire that 
hangs vertically from the cables to the roadway 500 m from the 
center of the bridge? 


80. Area of a sector of a hyperbola Consider the region R bounded 
by the right branch of the hyperbola x7/a? — y*/b* = 1 and the 
vertical line through the right focus. 


a. What is the area of R? 
b. Sketch a graph that shows how the area of R varies with the 
eccentricity e, fore > 1. 


81. Volume of a hyperbolic cap Consider the region R bounded by 
the right branch of the hyperbola x*/a? — y?/b* = 1 and the 
vertical line through the right focus. 


a. What is the volume of the solid that is generated when R is 
revolved about the x-axis? 

b. What is the volume of the solid that is generated when R is 
revolved about the y-axis? 





82. Volume of a paraboloid (Archimedes) The region bounded by 
the parabola y = ax? and the horizontal line y = h is revolved 
about the y-axis to generate a solid bounded by a surface called 


Additional Exercises 

85. Equation of an ellipse Consider an ellipse to be the set of points 
in a plane whose distances from two fixed points have a constant 
sum 2a. Derive the equation of an ellipse. Assume the two fixed 
points are on the x-axis equidistant from the origin. 


86. Equation of a hyperbola Consider a hyperbola to be the set of 
points in a plane whose distances from two fixed points have a 
constant difference of 2a or —2a. Derive the equation of a hyper- 
bola. Assume the two fixed points are on the x-axis equidistant 


from the origin. 


87. Equidistant set Show that the set of points equidistant from 
a circle and a line not passing through the circle is a parabola. 


Assume the circle, line, and parabola lie in the same plane. 


88. Polar equation of a conic Show that the polar equation of an 
ellipse or hyperbola with one focus at the origin, major axis of 


length 2a on the x-axis, and eccentricity e is 


— all — e’) 
= 1+ ecosd’ 


89. Shared asymptotes Suppose that two hyperbolas with eccentrici- 
ties e and E have perpendicular major axes and share a set of as- 


ymptotes. Show that e? + E? = 1. 


90-94. Focal chords A focal chord of a conic section is a line through 
a focus joining two points of the curve. The latus rectum is the focal 
chord perpendicular to the major axis of the conic. Prove the following 
properties. 


90. The lines tangent to the endpoints of any focal chord of a parabola 
y? = 4px intersect on the directrix and are perpendicular. 


91. Let L be the latus rectum of the parabola y* = 4px, for p > 0. 
Let F be the focus of the parabola, P be any point on the parabola 
to the left of L, and D be the (shortest) distance between P and L. 


Show that for all P, D + |FP| is a constant. Find the constant. 


92. The length of the latus rectum of the parabola y? = 4px or 


x? = 4py is Alp]. 


93. The length of the latus rectum of an ellipse centered at the origin 


is 2b7/a = 2bV 1 — e°. 


94. The length of the latus rectum of a hyperbola centered at the ori- 


gin is 2b7/a = 2bV e? — 1. 


95. Confocal ellipse and hyperbola Show that an ellipse and a 


hyperbola that have the same two foci intersect at right angles. 


96. Approach to asymptotes Show that the vertical distance between 
a hyperbola x7/a? — y?/b* = 1 and its asymptote y = bx/a 


approaches zero as x —> ©, where 0 < b < a. 


97. Sector of a hyperbola Let H be the right branch of the hyperbola 
x? — y° = 1 and let £ be the line y = m(x — 2) that passes 
through the point (2,0) with slope m, where =œ < m < ©, 

Let R be the region in the first quadrant bounded by H and f (see 
figure). Let A(m) be the area of R. Note that for some values of 


m, A(m) is not defined. 


a. Find the x-coordinates of the intersection points between H 
and £ as functions of m; call them u(m) and v(m), where 
v(m) > u(m) > 1. For what values of m are there two inter- 
section points? 
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b. Evaluate lim u(m) and lim v(m). 
m—>1* m—>1* 


c. Evaluate lim u(m) and lim v(m). 


mac mo 


d. Evaluate and interpret lim A(m). 
m—co 





98. The anvil of a hyperbola Let H be the hyperbola x? — y? = 1 
and let S be the 2-by-2 square bisected by the asymptotes of H. 
Let R be the anvil-shaped region bounded by the hyperbola and 


the horizontal lines y = +p (see figure). 


a. For what value of p is the area of R equal to the area of S$? 
b. For what value of p is the area of R twice the area of S? 





99. Parametric equations for an ellipse Consider the parametric 


equations 


x = acost + bsint, y = ccost + dsint, 


where a, b, c, and d are real numbers. 


a. Show that (apart from a set of special cases) the equations 
describe an ellipse of the form Ax? + Bxy + Cy? = K, where 
A, B, C, and K are constants. 

. Show that (apart from a set of special cases), the equations 
describe an ellipse with its axes aligned with the x- and y-axes 
provided ab + cd = 0. 

c. Show that the equations describe a circle provided 

ab + cd = O and °? + d =a? + b* # 0. 





ECK ANSWERS 


2. a. Left b. Up 3. The minor-axis vertices are (0, +b). 
The distance between them is 2b, which is the length of the 
minor axis. 4. Vertices: (0, +1); foci: (0, =+V5) 

5. b = 3V3/2,c = 3/2,d=6 6. y-axis< 
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€A: REVIEW EXERCISES 


1. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 





a. A set of parametric equations for a given curve is always unique. 


b. The equations x = e‘, y = 2e’, for—œ < t < œ, describe a 
line passing through the origin with slope 2. 


c. The polar coordinates (3, —37 /4) and (—3, 7/4) describe the ™ 17. 


same point in the plane. 
d. The limaçon r = f(@) = 1 — 4 cos 0 has an outer and inner 
loop. The area of the region between the two loops is 
sf reyes, 
0 
e. The hyperbola y*/2 — x7/4 = 1 has no x-intercepts. 
f. The equation x? + 4y? — 2x = 3 describes an ellipse. 


2—5. Parametric curves 


R 


Plot the following curves, indicating the positive orientation. 
b. Eliminate the parameter to obtain an equation in x and y. 

c. Identify or briefly describe the curve. 

d. Evaluate dy/dx at the specified point. 
2 


x=rť + 4, y = 6 — t, for—œ < t < ©; evaluate dy/dx at 
(5,5): 


x = et, y = 3e”, for—% < t< œ; evaluate dy/dx at (1,3). 


= 10sin2t, y = 16 cos 2t, for 0 < t < m; evaluate dy/dx at 


X 
(5V3, 8). 
5. x =Inty = 8Inr’,forl < t < e°; evaluate dy/dx at (1, 16). 


6. Circles For what values of a, b, c, and d do the equations 
x = acost + bsint, y = ccost + d sin t describe a circle? 
What is the radius of the circle? 


7-9. Eliminating the parameter Eliminate the parameter to find a 
description of the following curves in terms of x and y. Give a geomet- 
ric description and the positive orientation of the curve. 


7. x =4cost,y = 3sint, OS tS 27 
8. x =4cost—l,y = 4sint+ 2; 05S tS 27 
9 x=sint—3,y=cost+6;0S5ts7 


10. Parametric to polar equations Find a description of the follow- 
ing curve in polar coordinates and describe the curve. 


x = (1 + cost) cost, y = (1 + cost)sint +6; 0 StS 27 


11-16. Parametric description Write parametric equations for the 
following curves. Solutions are not unique. 


11. The circle x* + y = 9, generated clockwise 


j 2 
12. The upper half of the ellipse A + T = |, generated 


counterclockwise 
x2 oy? 
13. The right side of the ellipse a + 4 = |, generated 
counterclockwise 


14. The line y — 3 = 4(x + 2) 


15. The line segment from P(—1,0) to Q(1, 1) and the line segment 
from Q to P 


16. The segment of the curve f(x) = x? + 2x from (0, 0) 
to (2, 12) 


Tangent lines Find an equation of the line tangent to the cycloid 
x =t-— sint,y = 1 — cos t at the points corresponding to 
t = m/6 and t = 27/3. 


18-19. Sets in polar coordinates Sketch the following sets of points. 
18. {(7,0):4<7r° <9} 
19. {(7,60):0=r<4,-7/2=6 = -7/3} 


20. Matching polar curves Match equations a-f with graphs A-F. 


a. r = 3 sin 40 b. r? = 4cos 0 
ce r=2-—3sin0 d. r= 1+2cos0 
e. r = 3 cos 30 f. r=e /6 

y y 


= 


(A) (B) 





(E) (F) 


21. Polar valentine Liz wants to show her love for Jake by passing 


him a valentine on her graphing calculator. Sketch each of the 


22. 


23. 


24. 


25: 


26. 


H 27. 


following curves and determine which one Liz should use to get a 
heart-shaped curve. 
b. r= 1-—smn0 


a. r = 5 cos 0 c. r = cos 30 


Jake’s response Jake responds to Liz (Exercise 21) with a graph 
that shows that his love for her is infinite. Sketch each of the fol- 
lowing curves. Which one should Jake send to Liz to get a side- 
ways, figure-8 curve (infinity symbol)? 


a r=0 b. r= 4+ sind c. r? = cos 20 


Polar conversion Write the equation r? + r(2 sin 0 — 
6 cos 0) = 0 in Cartesian coordinates and identify the corre- 
sponding curve. 


Polar conversion Consider the equation r = 4/(sin 0 — 6 cos 0). 


a. Convert the equation to Cartesian coordinates and identify the 
curve it describes. 

b. Graph the curve and indicate the points that correspond to 
0 = 0, 7/2, and 277. 

c. Give an interval in 0 on which the entire curve is generated. 


Cartesian conversion Write the circle (x — 4)? + y? = 16 in 
polar coordinates and state values of 0 that produce the entire 
graph of the circle. 


Cartesian conversion Write the parabola x = y? in polar coor- 
dinates and state values of 0 that produce the entire graph of the 
parabola. 


Intersection points Consider the polar equations r = 1 and 
r= 2 — 4cosð. 


a. Graph the curves. How many intersection points do you 
observe? 

b. Give the approximate polar coordinates of the intersection 
points. 


Review Exercises 715 


38—43. Conic sections 


a. Determine whether the following equations describe a parabola, an 
ellipse, or a hyperbola. 

b. Use analytical methods to determine the location of the foci, verti- 
ces, and directrices. 

c. Find the eccentricity of the curve. 

d. Make an accurate graph of the curve. 


38. x = 16y? 39. x? — y?/2=1 
40. x?/4 + y?/25=1 41. y* — 4x? = 16 


42. y = 8x? + 16x + 8 43. 4x? + 8y? = 16 


44. Matching equations and curves Match equations a-f with 
graphs A-F. 
a. x? —y?=4 
ce y? — 3x =0 
e. x7/4+ y?/8 =1 


b. x? + 4y* = 4 
d. x? + 3y=1 
f. y?/8 —x7/2=1 


yY Y 
2 
2 
2 x 2 x 
(A) (B) 
yY 


28-31. Slopes of tangent lines 


a. Find all points where the following curves have vertical and hori- 
zontal tangent lines. 

b. Find the slope of the lines tangent to the curve at the origin (when 
relevant). 

c. Sketch the curve and all the tangent lines identified in parts (a) 
and (b). 

28. r = 2 cos 20 29. r=4+2sin0 

30. r = 3 — 6cos0 31. r? = 2 cos 20 


32-37. Areas of regions Find the area of the following regions. In each 


case, graph the curve(s) and shade the region in question. 


32. The region enclosed by all the leaves of the rose r = 3 sin 40 

33. The region enclosed by the limaçon r = 3 — cos 0 

34. The region inside the limaçon r = 2 + cos 0 and outside the 
circle r = 2 

35. The region inside the lemniscate r° = 4 cos 26 and outside the 

circle r = 5 

36. The area that is inside both the cardioids r = 1 — cos 0 and 
r= 1 + cos0 

37. The area that is inside the cardioid r = 1 + cos 0 and outside the 


cardioid r = 1 — cos 0 


we 
be 





(C) 





(E) (F) 


45-48. Tangent lines Find an equation of the line tangent to the follow- 
ing curves at the given point. Check your work with a graphing utility. 


4 4 
45. y° = —12x; (-£-4) 46. x? =5y; (-2, ) 
3 5 
2 2 2 2 
32 20 
a7, — +% =1. (-6,-2) 48. — -> =]; (2-4) 
100 5 16 9 3 
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49-52. Polar equations for conic sections Graph the following conic 
sections, labeling vertices, foci, directrices, and asymptotes (if they ex- 
ist). Give the eccentricity of the curve. Use a graphing utility to check 

your work. 


2 
49. r = ———— 50. ee 
1 + sin@ 1 — 2 cos 0 
4 10 
51. r = —— 52. r = ———————— 
2 + cos 0 5 + 2cos@é 


53. A polar conic section Consider the equation r° = sec 20. 


a. Convert the equation to Cartesian coordinates and identify 
the curve. 

b. Find the vertices, foci, directrices, and eccentricity of the 
curve. 

c. Graph the curve. Explain why the polar equation does not 
have the form given in the text for conic sections in polar 
coordinates. 


54-57. Eccentricity-directrix approach Find an equation of the 
following curves, assuming the center is at the origin. Graph the curve, 
labeling vertices, foci, asymptotes (if they exist), and directrices. 


54. An ellipse with foci (+4, 0) and directrices x = +8 

55. An ellipse with vertices (0, +4) and directrices y = +10 

56. A hyperbola with vertices (+4, 0) and directrices x = +2 
57. A hyperbola with vertices (0, +2) and directrices y = +1 


58. Conic parameters A hyperbola has eccentricity e = 2 and foci 
(0, +2). Find the location of the vertices and directrices. 


59. Conic parameters An ellipse has vertices (0, +6) and foci 
(0, +4). Find the eccentricity, the directrices, and the minor-axis 
vertices. 


60-63. Intersection points Use analytical methods to find as many 
intersection points of the following curves as possible. Use methods of 
your choice to find the remaining intersection points. 


60. r = 1 — cos andr = @ 
61. r? = sin 20 andr = 6 


62. r? = sin20 andr = 1 — 2 sin 0 
63. r = 0/2 andr = —0, for 0 = 0 


64. Area of an ellipse Consider the polar equation of an ellipse 
r = ed/(1 + ecos@), where 0 < e < 1. Evaluate an integral 
in polar coordinates to show that the area of the region enclosed 


by the ellipse is mab, where 2a and 2b are the lengths of the major 


and minor axes, respectively. 


Chapter 11 Guided Projects 


65. Maximizing area Among all rectangles centered at the origin 
with vertices on the ellipse x?/a° + y”/b” = 1, what are the 
dimensions of the rectangle with the maximum area (in terms of a 
and b)? What is that area? 


66. Equidistant set Let S be the square centered at the origin with 
vertices (+a, +a). Describe and sketch the set of points that are 
equidistant from the square and the origin. 


67. Bisecting an ellipse Let R be the region in the first quadrant 
bounded by the ellipse x7/a* + y*/b” = 1. Find the value of m 
(in terms of a and b) such that the line y = mx divides R into two 
subregions of equal area. 


68. Parabola-hyperbola tangency Let P be the parabola y = px? 
and H be the right half of the hyperbola x? — y? = 1. 


a. For what value of p is P tangent to H? 
b. At what point does the tangency occur? 
c. Generalize your results for the hyperbola x7/a* — y?/b* = 1. 


69. Another ellipse construction Start with two circles centered at 
the origin with radii O < a < b (see figure). Assume the line € 
through the origin intersects the smaller circle at Q and the larger 
circle at R. Let P(x, y) have the y-coordinate of Q and the 
x-coordinate of R. Show that the set of points P(x, y) generated 
in this way for all lines € through the origin is an ellipse. 





70-71. Graphs to polar equations Find a polar equation for the conic 
sections in the figures. 


70. Directrix: 71. 




















Applications of the material in this chapter and related topics can be found in the following Guided Projects. For additional informa- 


tion, see the Preface. 


e The amazing cycloid 
e Parametric art 
e Polar art 


e Grazing goat problems 


e Translations and rotations of axes 
e Celestial orbits 


e Properties of conic sections 





12.1 Vectors in the Plane 


12.2 Vectors in Three Dimensions 
12.3 Dot Products 

12.4 Cross Products 

12.5 Lines and Curves in Space 


12.6 Calculus of Vector-Valued 
Functions 


12.7 Motion in Space 
12.8 Length of Curves 


12.9 Curvature and Normal Vectors 





FIGURE 12.1 


Vectors and 
Vector-Valued Functions 


Chap fer Preview wenwimiica significant departure from previous 
chapters by stepping out of the xy-plane into three-dimensional space. The fundamental 
concept of a vector—a quantity with magnitude and direction—is introduced in two and 
three dimensions. We then put vectors in motion by introducing vector-valued functions, 
or simply vector functions. The calculus of vector functions is a direct extension of every- 
thing you already know about limits, derivatives, and integrals. Also, with the calculus 
of vector functions, we can solve a wealth of practical problems involving the motion of 
objects in space. The chapter closes with an exploration of arc length, curvature, and tan- 
gent and normal vectors, all important features of space curves. 


12.1 Vectors in the Plane 


Imagine a raft drifting down a river, carried by the current. The speed and direction of 
the raft at a point may be represented by an arrow (Figure 12.1). The length of the arrow 
represents the speed of the raft at that point; longer arrows correspond to 
greater speeds. The orientation of the arrow gives the direction in which the 
raft is headed at that point. The arrows at points A and C in Figure 12.1 have 
the same length and direction, indicating that the raft has the same speed and 
heading at these locations. The arrow at B is shorter and points to the left of 
the rock, indicating that the raft slows down as it nears the rock. 


ea 


Basic Vector Operations 


The arrows that describe the raft’s motion are examples of vectors—quantities that have 
both length (or magnitude) and direction. Vectors arise naturally in many situations. For 
example, electric and magnetic fields, the flow of air over an airplane wing, and the veloc- 
ity and acceleration of elementary particles are described by vectors (Figure 12.2). In this 
section we examine vectors in the xy-plane and then extend the concept to three dimen- 
sions in Section 12.2. E 

The vector whose tail is at the point P and whose head is at the point Q is denoted PQ 
(Figure 12.3). The vector QP has its tail at Q and its head at P. We also label vectors with 
single, boldfaced characters such as u and v. 

Two vectors u and v are equal, written u = v, if they have equal length and point in 
the same direction (Figure 12.4). An important fact is that equal vectors do not necessar- 
ily have the same location. Any two vectors with the same length and direction are equal. 
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Electric field vectors due to two charges 


FIGURE 12.2 


» The vector v is commonly handwritten 
as V. 


» In this book, scalar is another word for 
real number. 


> The zero vector is handwritten 0. 


Same direction 
as v and half 
as long as v. 


Twice as long as 
v, pointing in the 
—2v opposite direction. 


s K 


Same direction as v 
and three times 
Pad as long as vV. 


FIGURE 12.5 


Velocity vectors of air flowing 
over an airplane wing 


Tracks of elementary particles in a cloud chamber 
are aligned with the velocity vectors of the particles. 


— Head 
Vector PO | v 
Vectors u and v 
Q are equal if 
they have the 
aie u same length 
and direction. 
P 
FIGURE 12.3 FIGURE 12.4 


Not all quantities are represented by vectors. For example, mass, temperature, and price 
have magnitude, but no direction. Such quantities are described by real numbers and are 
called scalars. 


Vectors, Equal Vectors, Scalars, Zero Vector 


Vectors are quantities that have both length (or magnitude) and direction. 
Two vectors are equal if they have the same magnitude and direction. Quantities 


having magnitude but no direction are called scalars. One exception is the zero 
vector, denoted 0: It has length 0 and no direction. 





Scalar Multiplication 


A scalar c and a vector v can be combined using scalar-vector multiplication, or simply 
scalar multiplication. The resulting vector, denoted cv, is called a scalar multiple of v. 
The magnitude of cv is |c| multiplied by the magnitude of v. The vector cv has the same 
direction as v if c > 0. Ifc < 0, then cv and v point in opposite directions. If c = 0, then 
O-v = 0 (the zero vector). 

For example, the vector 3v is three times as long as v and has the same direction as 
v. The vector —2v is twice as long as v, but it points in the opposite direction. The vector 
ly points in the same direction as v and has half the length of v (Figure 12.5). The vec- 
tors v, 3v, —2v, and v/2 (that is, Lv) are examples of parallel vectors: each one is a scalar 
multiple of the others. 


DEFINITION Scalar Multiples and Parallel Vectors 


Given a scalar c and a vector v, the scalar multiple cv is a vector whose magnitude is 


[e| multiplied by the magnitude of v. If c > 0, then cv has the same direction as v. If 
c < 0, then cv and v point in opposite directions. Two vectors are parallel if they are 
scalar multiples of each other. 





» For convenience, we write —u for (—1)u, 
—cu for (—c)u, and u/c for (1/c)u. 


S-60 @R 


(a) 





(b) 


FIGURE 12.6 


ro as) (velocity 
of wind) 





(velocity relative 
to ground) 


FIGURE 12.7 





K3 Use the Triangle Rule 
to show that the vectors in Figure 12.8 
satisfy u +v=vt+u< 
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Notice that two vectors are parallel if they point in the same direction (for example, 
v and 12v) or if they point in opposite directions (for example, v and —2v). Also, because 
Ov = 0 for all vectors v, it follows that the zero vector is parallel to all vectors. While it 
may seem counterintuitive, this result turns out to be a useful convention. 





HECK 1 Describe the magnitude and direction of the vector —5v relative to v.< 


EXAMPLE 1 Parallel vectors Using Figure |2.6a, write the following vectors in 
terms of u or vV. 


a. PO b. OP c. OR d. RS 
SOLUTION 


a. The vector PO has the same direction and length as u; therefore, PO = u. These two 
vectors are equal even though they have different locations (Figure |2.6b). 


b. Because OP and u have equal length, but opposite directions, OP = (-l)u = —u. 
c. OR points in the same direction as v and is twice as long as v, so OR = 2Vv. 


d. RS points in the direction opposite to that of u with three times the length of u. Conse- 
quently, RS = —3u. 
Related Exercises 17-20 


Vector Addition and Subtraction 


To illustrate the idea of vector addition, consider a plane flying horizontally at a constant 
speed in a crosswind (Figure 12.7). The length of vector v, represents the plane’s airspeed, 
which is the speed the plane would have in still air; v, points in the direction of the nose of 
the plane. The wind vector w points in the direction of the crosswind and has a length equal 
to the speed of the crosswind. The combined effect of the motion of the plane and the wind 
is the vector sum V, = Va + w, which is the velocity of the plane relative to the ground. 





IECK 2 Sketch the sum v, + w in Figure 12.7 if the direction of w is reversed. < 


Figure 12.8 illustrates two ways to form the vector sum of two nonzero vectors u and v 
geometrically. The first method, called the Triangle Rule, places the tail of v at the head of 
u. The sumu + vis the vector that extends from the tail of u to the head of v (Figure 12.8b). 

When u and v are not parallel, another way to form u + vis to use the Parallelogram 
Rule. The tails of u and v are connected to form adjacent sides of a parallelogram; then, the 
remaining two sides of the parallelogram are sketched. The sum u + vis the vector that coin- 
cides with the diagonal of the parallelogram, beginning at the tails of u and v (Figure 12.8c). 
The Triangle Rule and Parallelogram Rule each produce the same vector sum u + v. 


To add u and v, Triangle Rule or the Parallelogram Rule 
use the ... 





FIGURE 12.8 (a) (b) (c) 
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The difference u — v is defined to be the sum u + (—Vv). By the Triangle Rule, the 
tail of —v is placed at the head of u; then, u — v extends from the tail of u to the head of 
—v (Figure 12.9a). Equivalently, when the tails of u and v coincide, u — v has its tail at 
the head of v and its head at the head of u (Figure 12.9b). 


Finding u — v = u + (—v) 
by Triangle Rule = 
Finding u — v directly 





FIGURE 12.9 (a) (b) 

EXAMPLE 2 Vector operations Use Figure 12.10 to write the following vectors as 
sums of scalar multiples of v and w. 

a. OP b. OO c. OR 

SOLUTION 


a. Using the Triangle Rule, we start at O, move three lengths of v in the direction of v 
and then two lengths of w in the direction of w to reach P. Therefore, OP = 3v + 2w 
(Figure 12.1 1a). 


b. The vector OO coincides with the diagonal of a parallelogram having adjacent sides 
equal to 3v and —w. By the Parallelogram Rule, OQ = 3v — w (Figure 12.1 1b). 


c. The vector OR lies on the diagonal of a parallelogram having adjacent sides equal to v 
and 2w. Therefore, OR = v + 2w (Figure 12.1 1c). 





(b) (c) 
Related Exercises 2]—22< 


Vector Components 


So far, vectors have been examined from a geometric point of view. To do calculations 
with vectors, it is necessary to introduce a coordinate system. We begin by considering a 
vector v whose tail is at the origin in the Cartesian plane and whose head is at the point 
(vi, v2) (Figure 12.12a). 


> Round brackets (a, b) enclose the 
coordinates of a point, while angle 
brackets (a,b) enclose the components 
of a vector. Note that in component form, 
the zero vector is 0 = (0,0). 


PO = (Xp TXY T y) 
j IPO] = (x, — ar T O» 7 yo 


Q (Xz, Ya) 


FIGURE 12.13 


> Justas the absolute value |p — q| gives 
the distance between two points on 
the number line, the magnitude |PO| 
is the distance between the points 
P and Q. The magnitude of a vector is 
also called its norm. 
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DEFINITION Position Vectors and Vector Components 


A vector v with its tail at the origin and head at the point (1, v2) is called a position 


vector (or is said to be in standard position) and is written (v,, vz). The real num- 
bers v; and v, are the x- and y-components of v, respectively. The position vectors 
u = (u, u2) andv = (vj, vz) are equal if and only if u) = v; and u) = vz. 





There are infinitely many vectors equal to the position vector v, all with the same 
length and direction (Figure 12.12b). It is important to abide by the convention that 
v = (v4, v2) refers to the position vector v or to any other vector equal to v. 


Position vector v = (Vas Vy) Copies of v at different locations are equal. 





FIGURE 12.12 (a) (b) 


Now consider the vector PO, not in standard position, with its tail at the point 
P(x, yı) and its head at the point Q(x, y2). The x-component of PQ is the difference 
in the x-coordinates of Q and P, or x, — xı. The y-component of PQ is the differ- 
ence in the y-coordinates, yp — yı (Figure 12.13). Therefore, PQ has the same length 
and direction as the position vector (vi, Vy) = (x = Xi y TA and we write 


PO = (x2 T X1, X2 — y). 


HECK 4 Given the points P(2, 3) and Q(—4, 1), find the components of PO.< 





As already noted, there are infinitely many vectors equal to a given position vec- 
tor. All these vectors have the same length and direction; therefore, they are all equal. 
In other words, two arbitrary vectors are equal if they are equal to the same position vec- 
tor. For example, the vector PQ from P(2, 5) to Q(6, 3) and the vector AB from A(7, 12) 
to B(11, 10) are equal because they are both equal to the position vector (4,-2). 


Magnitude 


The magnitude of a vector is simply its length. By the Pythagorean Theorem and Figure 12.13, 
we have the following definition. 


DEFINITION Magnitude of a Vector 
Given the points P(x;, y1) and Q(x, y2), the magnitude, or length, of 
PO = (x — xi, y2 — yı), denoted |PQ], is the distance between P and Q: 


IPO] = Vig = x)? + (2 = y) 


The magnitude of the position vector v = (v4, vz) is lv] = Vyr + vy. 
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EXAMPLE 3 Calculating components and magnitude Given the points O(0, 0), 
P(—3, 4), and Q(6, 5), find the components and magnitudes of the following vectors. 


a. OP b. PO 
SOLUTION 


a. The vector OP is the position vector whose head is located at P(—3, 4). Therefore, 


OP = (-3,4) and |OP| = V(-3)? + 4 = 5. 
b. PO = (6 — (-3),5 — 4) = (9,1) and |PO| = V9 + 12 = V82. 


Related Exercises 23—27< 


utv=(u, +v, u, +v) Vector Operations in Terms of Components 


YA | by the Parallelogram Rule We now show how vector addition, vector subtraction, and scalar multiplication are per- 
formed using components. Suppose u = (uj, uz) and v = (v4, v2). The vector sum of u 
and visu + v = (u; + vi}, u2 + v). This definition of a vector sum is consistent with 
the Parallelogram Rule given earlier (Figure 12.14). 

For a scalar c and a vector u, the scalar multiple cu is cu = (cu, cuz); that is, the 
scalar c multiplies each component of u. If c > 0, u and cu have the same direction 
(Figure 12.15a). Ifc < 0, u and cu have opposite directions (Figure 12.15b). In either 





case, |cu| = |c||u| (Exercise 87). 
Notice that u — v =u + (—v), where —v = (=v, =v2). Therefore, the vector 
difference ofu and visu — v = (uw, — vi, U2 — v2). 





cu = (cu,, cu,), for c > 0 cu = (cu Cu), for c < 0 


FIGURE 12.14 





Mi 
[a cu = (cu,, cu,) 


FIGURE 12.15 (a) (b) 





Vector Operations 


Suppose c is a scalar, u = i and v = Vs V2 ), 


u + v = (u; + vj, uz + v2) Vector addition 


u— v= — Vj, U? — Vy ) Vector subtraction 


cu = Scalar multiplication 





EXAMPLE 4 Vector operations Letu = (—1,2) and v = (2,3). 


a. Evaluate |u + v|. b. Simplify 2u — 3v. 


c. Find two vectors half as long as u and parallel to u. 

SOLUTION 

a. Because u + v = (—1,2) + (2,3) = (1,5), we have |u + v| = V12 + 52 = V26. 
b. 2u — 3v = 2(—1,2) — 3(2,3) = (-2,4) — (6,9) = (-8,-5). 


Coordinate 
1 unit vectors 





FIGURE 12.16 


» Coordinate unit vectors are also called 
standard basis vectors. 


u = — and —u = —— have length 1. 
v] Ivl 





FIGURE 12.18 





QUICK CHECK 5 Find vectors of length 
10 parallel to the unit vector 


(2 +) < 
u = “se fe 
55 
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c. The vectors Lu = 1(—1, 2) = (—3, 1 ) and —u = —5(-1, 2) = (3, —] ) have 
half the length of u and are parallel to u. 
Related Exercises 28—41< 


Unit Vectors 


A unit vector is any vector with length 1. Two useful unit vectors are the coordinate unit 
vectors i = (1,0) and j = (0,1) (Figure 12.16). These vectors are directed along the 
coordinate axes and allow us to express all vectors in an alternate form. For example, by 
the Triangle Rule (Figure 12.17a), 


(3,4) = 3(1,0) + 4(0,1) = 3i + 4j. 
In general, the vector v = (v4, vz) (Figure 12.17b) is also written 


v= v1 (1,0) T v (0, 1) = vi a vj. 


(3, 4) = 31+ 4j Vig Vs) = Vilar t 





(a) (b) 
FIGURE 12.17 


Given a nonzero vector v, we sometimes need to construct a new vector parallel to v 


vV 
of a specified length. Dividing v by its length, we obtain the vector u = ki Because u is 
v 


a positive scalar multiple of v, it follows that u has the same direction as v. Furthermore, 


Iv 


; Vs 
u is a unit vector because ul = — = I. The vector ~u = —-— is also a unit vector 


M M 


' V A Eoas . 
(Figure 12.18). Therefore, = are unit vectors parallel to v that point in opposite 
vV 
directions. 
To construct a vector that points in the direction of v and has a specified length c > 0, 


CV ae ’ 
we form the vector -—. It is a positive scalar multiple of v, so it points in the direction of 





v] 
_|ev Iv | vo oe 
v, and its length is W = el = c. The vector E points in the opposite direction 
vV vV 


and also has length c. 


DEFINITION Unit Vectors and Vectors of a Specified Length 


l l ; V , 
A unit vector is any vector with length 1. Given a nonzero vector v, + lvl are unit 
V 


CV 
vectors parallel to v. For a scalar c > 0, the vectors + Wl are vectors of length c 
v 


parallel to v. 
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EXAMPLE 5 Magnitude and unit vectors Consider the points P(1,—2) and 
Q(6, 10). 
a. Find PO and two unit vectors parallel to PO. 
b. Find two vectors of length 2 parallel to PO. 
SOLUTION 
a. PO = (6 — 1,10 — (—2)) = (5,12), or 5i + 12. Because 
IPO| = V5% + 12? = V169 = 13, a unit vector parallel to PQ is 
PÒ (5,12) € 2) 5. 12, 
—— oO. cea weet Go = aA nande 
Pol 13 iis, B DB 
Another unit vector parallel to PO but having the opposite direction is (—3, —) ; 


b. To obtain two vectors of length 2 that are parallel to PO, we multiply the unit vector 
Ši t+ 73j by +2: 


5., 12, 10. 24. 5. 12. 10. 24. 
2| 1+ —j)=-—1+-—j and -2| —1i1+—j] = i, 
13 13 13 13 
Related Exercises 42—-47< 


ECK 6 Verify that the vector (>, 12) has length 1.< 





Properties of Vector Operations 


> The Parallelogram Rule illustrates the When we stand back and look at vector operations, ten general properties emerge. 
commutative property u + v = v + u. For example, the first property says that vector addition is commutative, which means 
u + v = v + u. This property is proved by letting u = (uj, u2) and v = (vi, v2). By 

the commutative property of addition for real numbers, 


u +y = (u +v, u +v) = (v + upv +u) =Vtu 


The proofs of other properties are outlined in Exercises 82—85. 


SUMMARY Properties of Vector Operations 


Suppose u, v, and w are vectors and a and c are scalars. Then the following proper- 
ties hold (for vectors in any number of dimensions). 


lut+v=vt+tu Commutative property of addition 
.(u+v)+w=u-+t (v+w) Associative property of addition 
-vt+t0=v Additive identity 

.v+t+ (-v) =0 Additive inverse 

. c(u + v) = cu + cv Distributive property 1 

. (a+ c)v=av+cv Distributive property 2 

Ov = 0 Multiplication by zero scalar 


= 0 Multiplication by zero vector 


Z 
3 
4 
5 
6 
Ta 
8. 
9, 


Multiplicative identity 


=r 
= 


Associative property of scalar multiplication 
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These properties allow us to solve vector equations. For example, to solve the equation 
u + v = w for u, we proceed as follows: 


(u + v) + (—v) = w + (-v) Add -—vto both sides. 
u + (v + (—v)) =w + (—v) Property 2 





— 

0 
QUICK CHECK 7 Solve ut+0=Ww-v Property 4 
3u + 4v = 12w for u.< u=w-y. Property 3 


Applications of Vectors 


Vectors have countless practical applications, particularly in the physical sciences and en- 
gineering. These applications are explored throughout the remainder of the book. For now 
we present two common uses of vectors: to describe velocities and forces. 


Velocity Vectors Consider a motorboat crossing a river whose current is everywhere 


> Speed of the boat relative to the water represented by the constant vector w (Figure 12.19); this means that |w] is the speed of the 
means the speed the boat would have moving water and w points in the direction of the moving water. Assume that the vector 
in still water (or relative to someone V,, gives the direction and speed of the boat relative to the water. The combined effect of w 
traveling with the current). and v,, is the sum v, = v,, + w, which gives the speed and direction of the boat that would 
be observed by someone on the shore (or on the ground). 
N 

wpe EXAMPLE 6 Speed of a boat in a current Assume the water in a river moves south- 

S west (45° west of south) at 4 mi/hr. If a motorboat is traveling due east at 15 mi/hr rela- 


ity relative t° water) tive to the shore, determine the speed of the boat and its heading relative to the moving 
Vw a 7 w water (Figure 12.19). 


V= tW o SOLUTION To solve this problem, the vectors are placed in a coordinate system (Fig- 
(velocity relative to shore) ure 12.20). Because the boat is moving east at 15 mi/hr, v; = ( 15, 0) . To obtain the 
FIGURE 12.19 components of w = (w,, Wy) , observe that |w| = 4 and the lengths of the sides of the 
45-45-90 triangle in Figure 12.20 are 
— — © — 4 — V2 
[w| = [w] = |w] cos 45° = o 2V2. 
> Recall that the lengths of the legs of Given the orientation of w (southwest), w = (—2V2, —2 V2 2 Because v, = v, + W 
a 45—45-90 triangle are equal and (Fi gure 12.19), 
are (1/2) times the length of the 
poene VW» = V — w= (15,0) — (-2V2,-2V2) 


= (15 + 2V2,2v2). 


The magnitude of v,, is 
lv] = V (15 + 2V2)* + (2V2? = 18. 


Therefore, the speed of the boat relative to the water is approximately 18 mi/hr. 





|w] = |w,| = |w| cos 45° 
W E 4 
w = (-2V2, -2V2) 





v=y 7 w= (5,0) 


FIGURE 12.20 
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» The magnitude of F is typically measured 
in pounds (lb) or newtons (N), where 
IN = 1kg- m/s’. 


» The vector (cos 0, sin 0) is a unit vector. 
Therefore, any position vector v may be 
written v = (|v| cos 6, |v| sin @), where 
0 is the angle that v makes with the 
positive x-axis. 





F = 20 cos 30° 
FIGURE 12.22 





(Tension in 
the chain) 


(Tension in 
the chain) 


(Downward force, 
weight of the engine) 


FIGURE 12.23 







The heading of the boat is given by the angle 0 between v,, and the positive x-axis. The 
x-component of v,, is 15 + 2V2 and the y-component is 2 V2: therefore, 


0 = tan! E) = 9°. 
15 + 2V2 


The heading of the boat is approximately 9° north of east, and its speed relative to the 
water is approximately 18 mi/hr. 
Related Exercises 45—53< 


Force Vectors Suppose a child pulls on the handle of a wagon at an angle of 6 with the 
horizontal (Figure 12.21a). The vector F represents the force exerted on the wagon; it has 
a magnitude |F| and a direction given by 0. We denote the horizontal and vertical compo- 
nents of F by F, and F,, respectively. Then, F, = |F| cos 0, F, = |F| sin 0, and the force 
vector is F = (|F| cos 0, |F| sin @) (Figure 12.21b). 








(a) (b) 
FIGURE 12.21 


EXAMPLE 7 Finding force vectors A child pulls a wagon (Figure 12.21) with a 
force of |F| = 20 lb at an angle of 6 = 30° to the horizontal. Find the force vector F. 
SOLUTION The force vector (Figure 12.22) is 


F = (|F| cos 9, |F| sin@) = (20 cos 30°, 20 sin30°) = (10V3, 10). 
Related Exercises 54-58< 





EXAMPLE 8 Balancing forces A 400-lb engine is suspended from two chains that 
form 60° angles with a horizontal ceiling (Figure 12.23). How much weight must each 
chain withstand? 


SOLUTION Let F; and F, denote the forces exerted by the chains on the engine and let F; be 
the downward force due to the weight of the engine (Figure 12.23). Placing the vectors in a 
standard coordinate system (Figure 12.24), we find that F} = (|F,| cos 60°, |F;| sin 60°), 
F, = (-|F,| cos 60°, |F,| sin 60°), and F; = (0,—400). 








FIGURE 12.24 
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If the engine is in equilibrium (so the chains and engine are stationary), the sum of the 
forces must be zero; that is, F; + F, + F; = OorF, + F, = —F;. Therefore, 


(|F,| cos 60° — |F,| cos 60°, 


F,| sin 60° + |F,| sin 60°) = (0,400). 





Equating corresponding components, we obtain the following two equations to be solved 


for |F,| and |F,|: 


|F,| cos 60° — |F,| cos 60° = 0 and 


|F,| sin 60° + |F,| sin 60° = 400. 


Factoring the first equation, we find that (|F,;| — |F,|) cos 60° = 0, which implies that 


|F,| = |F,|. Replacing |F, 
Noting that sin 60° = V3/2 and solving for |F; 





by |F,| in the second equation gives 2|F,| sin 60° = 400. 





, we find that |F,| = 400/V3 = 231. 


Each chain must be able to withstand a weight of approximately 231 Ib. 


SECTION 12.1 EXERCISES 


Review Questions 


1. 


Interpret the following statement: Points have a location, but no 


size or direction; nonzero vectors have a size and direction, but no 


location. 


What is a position vector? 


Draw x- and y-axes on a page and mark two points P and Q. Then 


draw PQ and OP. 


On the diagram of Exercise 3, draw the position vector that 
is equal to PQ. 


Given a position vector v, why are there infinitely many vectors 
equal to v? 


Explain how to add two vectors geometrically. 
Explain how to find a scalar multiple of a vector geometrically. 


Given two points P and Q, how are the components of PQ 
determined? 


Ifu = (uy, u>) and v = (vi, v2), how do you find u + v? 


Ifv = (vi, v) and c is a scalar, how do you find cv? 


. How do you compute the magnitude of v = (v4, v2)? 


. Express the vector v = (v4, v>) in terms of the unit vectors i 


and j. 


How do you compute |PO] from the coordinates of the points P 
and Q? 


Explain how to find two unit vectors parallel to a vector v. 


How do you find a vector of length 10 in the direction of 
v = (3,—2)? 


If a force has magnitude 100 and is directed 45° south of east, 
what are its components? 


Related Exercises 54—58 


Basic Skills 
17-22. Vector operations Refer to the figure and carry out the follow- 
ing vector operations. 


17; 


18. 


19. 


20. 


F 
: E 
n C 
© 
A B 
© 
s D 
G @ 
o 
ei 
O 
H 
e K 
© 
I 
© 
J 
© 
L 
@ 


Scalar multiples Which of the following vectors equals CE? 
(There may be more than one correct answer.) 

a. V b. LAT c. 10A d. u e. TH 

Scalar multiples Which of the following vectors equals BK? 
(There may be more than one correct answer.) 

a. 6v b.-6v c.3H/ d.3/H e. 2A0 
Scalar multiples Write the following vectors as scalar multiples 
of u or v. 

a. OA b. OD c. OH d. AG e. CE 

Scalar multiples Write the following vectors as scalar multiples 
of u or vV. 

a. TH b. HI c. JK d. FD e EA 
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21. Vector addition Write the following vectors as sums of scalar 
multiples of u and v. 


a. OE b. OB 
f. Ol g. OJ 


c. OF d. OG e. OC 


h. OK i. OL 


22. Vector addition Write the following vectors as sums of scalar 
multiples of u and v. 


a. BF b. DE c. AF d. AD e. CD 
f. JD g. JI h. DB i. IL 


23. Components and magnitudes Define the points O(0, 0), P(3, 2), 
Q(4, 2), and R(—6, —1). For each vector, do the following. 


(i) Sketch the vector in an xy-coordinate system. 
(ii) Compute the magnitude of the vector. 


a. OP b. OP c. RO 


24-27. Components and equality Define the points P(—3,—1), 
Q(—1, 2), R(1, 2), $(3, 5), T(4, 2), and U(6, 4). 


24. Sketch PU, TR, and sO and the corresponding position vectors. 
25. Sketch QU ; PT , and RS and the corresponding position vectors. 
26. Find the equal vectors among PO, RS, and TU. 

27. Which of the vectors OT or SU is equal to (5,0)? 


28-33. Vector operations Letu = (4,—-2),v = (—4, 6), and 
w = (0,8). Express the following vectors in the form (a,b). 


29. 30. 2u + 3v 
32. 


28. u+ v w-u 


31. w — 3v 10u — 3v + w 33. 8w + v — 6u 


34—41. Vector operations Let u = (3, —4 ) v= ( 1,1 ) , and 
w= (— 1,0). Carry out the following computations. 

34. Find |u + vl. 35. Find |—2v]. 
36. Find |u + v + wi. 37. Find |2u + 3v — 4w]. 

38. Find two vectors parallel to u with four times the magnitude of u. 
39. Find two vectors parallel to v with three times the magnitude of v. 
40. Which has the greater magnitude, 2u or 7v? 

41. Which has the greater magnitude, u — v or w — u? 


42-47. Unit vectors Define the points P(—4, 1), Q(3, —4), and 
R(2, 6). Carry out the following calculations. 


42. Express PO in the form ai + bj. 

43. Express OR in the form ai + bj. 

44. Find the unit vector with the same direction as OR. 
45. Find two unit vectors parallel to PR. 

46. Find two vectors parallel to RP with length 4. 

47. Find two vectors parallel to OP with length 4. 


48. A boat in a current The water in a river moves south at 10 mi/hr. 
If a motorboat is traveling due east at a speed of 20 mi/hr relative 
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49. 


50. 


51. 


52. 


59: 


54. 


35. 


56. 


a7. 


to the shore, determine the speed and direction of the boat relative 
to the moving water. 


Another boat in a current The water in a river moves south at 
5 km/hr. If a motorboat is traveling due east at a speed of 

40 km/hr relative to the water, determine the speed of the boat 
relative to the shore. 


Parachute in the wind In still air, a parachute with a payload 
would fall vertically at a terminal speed of 4 m/s. Find the direc- 
tion and magnitude of its terminal velocity relative to the ground 
if it falls in a steady wind blowing horizontally from west to east 
at 10 m/s. 


Airplane in a wind An airplane flies horizontally from east 

to west at 320 mi/hr relative to the air. If it flies in a steady 

40 mi/hr wind that blows horizontally toward the southwest 
(45° south of west), find the speed and direction of the airplane 
relative to the ground. 


Canoe in a current A woman in a canoe paddles due west at 

4 mi/hr relative to the water in a current that flows northwest at 
2 mi/hr. Find the speed and direction of the canoe relative to the 
shore. 


Boat in a wind A sailboat floats in a current that flows due east at 
1 m/s. Due to a wind, the boat’s actual speed relative to the shore 
is V3 m/s in a direction 30° north of east. Find the speed and 
direction of the wind. 


Towing a boat A boat is towed with a force of 150 Ib with a rope 
that makes an angle of 30° to the horizontal. Find the horizontal 
and vertical components of the force. 


Pulling a suitcase Suppose you pull a suitcase with a strap that 
makes a 60° angle with the horizontal. The magnitude of the force 
you exert on the suitcase is 40 lb. 


a. Find the horizontal and vertical components of the force. 

b. Is the horizontal component of the force greater if the angle of 
the strap is 45° instead of 60°? 

c. Is the vertical component of the force greater if the angle of the 
strap is 45° instead of 60°? 


Which is greater? Which has a greater horizontal component, a 
100-N force directed at an angle of 60° above the horizontal or a 
60-N force directed at an angle of 30° above the horizontal? 


Suspended load If a 500-Ib load is suspended by two chains (see 
figure), what is the magnitude of the force each chain must be 
able to withstand? 





58. Net force Three forces are applied to an object, as shown in the 
figure. Find the magnitude and direction of the sum of the forces. 


IF,| = 100 Ib 






IF,| = 60 Ib 


|F 


| = 150 Ib 


Further Explorations 
59. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. José travels from point A to point B in the plane by following 
vector u, then vector v, and then vector w. If he starts at A and 
follows w, then v, and then u, he still arrives at B. 

b. Maria travels from A to B in the plane by following the vector 
u. By following —u, she returns from B to A. 

c. The magnitude of u + vis at least the magnitude of u. 

d. The magnitude of u + vis at least the magnitude of u plus the 
magnitude of v. 


e. Parallel vectors have the same length. 

f. If AB = CD, then A = C and B = D. 

g. If uand v are perpendicular, then |u + v| = |u| + |v]. 

h. If u and v are parallel and have the same direction, then 
ju + v| = Jul + |v]. 


60. Finding vectors from two points Given the points A(—2, 0), 
B(6, 16), C(1, 4), D(5, 4), E( V2, V2), and F(3 V2, —4 V2), 


find the position vector equal to the following vectors. 
a. AB b. AC c. EF d. CD 


61. Unit vectors 


a. Find two unit vectors parallel to v = 6i — 8j. 
b. Find bifv = (3, b) is a unit vector. 


c. Find all values of a such that w = ai — j is a unit vector. 
62. Equal vectors For the points A (3,4), B(6, 10), 


C(a + 2D 5); and D(b + 4,a — 2), find the values of a and 
b such that AB = CD. 


63-66. Vector equations Use the properties of vectors to solve 
the following equations for the unknown vector x = (a,b). Let 
u = (2,-3) and v = (—4,1). 


63. 10x =u 
65. 3x — 4u =v 66. 


64. 2x +u=v 
—4x = u — 8v 


67—69. Linear combinations A sum of scalar multiples of two or more 
vectors (such as cù + cov + c3w, where c; are scalars) is called 

a linear combination of the vectors. Leti = ( 1,0 ) ,j = (0, 1 k 

u = (1,1), andv = (-1,1). 


67. Express (4,—8) as a linear combination of i and j (that is, find 
scalars c, and c such that (4, —8) = qi + cj). 
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68. Express (4,—8) as a linear combination of u and v. 


69. For arbitrary real numbers a and b, express (a, b) as a linear 
combination of u and v. 


70-71. Solving vector equations Solve the following pairs of equa- 
tions for the vectors u and v. Assume i = (1,0) andj = (0,1). 


70. 2u = iu — 4v = j 

71. 2u + 3v=1Lu-v=j 

72-75. Designer vectors Find the following vectors. 

72. The vector that is 3 times (3,—5) plus —9 times (6, 0) 
73. The vector in the direction of (5,—12) with length 3 


74. The vector in the direction opposite to that of (6, —8) with 
length 10 


75. The position vector for your final location if you start at the origin 
and walk along (4,—6) followed by (5,9) 


Applications 

76. Anton a page An ant is walking due east at a constant speed of 
2 mi/hr on a sheet of paper that rests on a table. Suddenly the 
sheet of paper starts moving southeast at V2 mi/hr. Describe the 
motion of the ant relative to the table. 


77. Clock vectors Consider the 12 vectors that have their tails at the 
center of a (circular) clock and their heads at the numbers on the 
edge of the clock. 


a. What is the sum of these 12 vectors? 

b. If the 12:00 vector is removed, what is the sum of the remain- 
ing 11 vectors? 

c. By removing one or more of these 12 clock vectors, explain 
how to make the sum of the remaining vectors as large as pos- 
sible in magnitude. 

d. If the clock vectors originate at 12:00 and point to the other 11 
numbers, what is the sum of the vectors? 

(Source: Calculus, by Gilbert Strang. Wellesley-Cambridge 
Press, 1991.) 


78. Three-way tug-of-war Three people located at A, B, and C pull 
on ropes tied to a ring. Find the magnitude and direction of the 
force with which C must pull so that no one moves (the system is 
in equilibrium). 


F,| = 100 Ib 





IF,| = 60 Ib 
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79. Net force Jack pulls east on a rope attached to a camel with a 
force of 40 Ib. Jill pulls north on a rope attached to the same camel 
with a force of 30 lb. What is the magnitude and direction of the 
force on the camel? Assume the vectors lie in a horizontal plane. 


Jill 
30 Ib 


J r 
Jack 
40 lb 


Camel 


80. Mass on a plane A 100-kg object rests on an inclined plane at an 
angle of 30° to the floor. Find the components of the force perpen- 
dicular to and parallel to the plane. (The vertical component of the 
force exerted by an object of mass m is its weight, which is mg, 
where g = 9.8 m/ s? is the acceleration due to gravity.) 


100 k 
Component 


parallel to plane 






S 
ER 


Component 
perpendicular to plane 


Additional Exercises 
81-85. Vector properties Prove the following vector properties using 

components. Then make a sketch to illustrate the property geometrically. 
Suppose u, V, and w are vectors in the xy-plane and a and c are scalars. 
8l. u+v=vtu Commutative property 
82. (u+v) +w=u+ (v +w) 


83. a(cv) = (ac)v 


Associative property 
Associative property 
84. a(u + v) = au + av 


85. (a+c) 


Distributive property 1 


= avy + cV Distributive property 2 


86. Midpoint of a line segment Use vectors to show that the mid- 
point of the line segment joining P(x, y,) and Q(x), y2) is the 
point ( (x1 + x2)/2, (yı + y2)/2). (Hint: Let O be the origin and 
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let. M be the eee of PQ. Draw a picture and show that 
OM = OP + 1 PO = = OP + (OQ - OP). ) 


, where c 





87. Magnitude of scalar multiple Prove that 
is a scalar and v is a vector. 


88. Equality of vectors Assume PO equals RS. Does it follow that 
PR is equal to OS" ? Explain your answer. 


89. Linear independence A pair of nonzero vectors in the plane is 
linearly dependent if one vector is a scalar multiple of the other. 
Otherwise, the pair is linearly independent. 


a. Which pairs of the following vectors are linearly depen- 
dent and which are linearly independent: u = (2,—3), 
v = (-12,18),andw = (4,6)? 

b. Geometrically, what does it mean for a pair of nonzero vectors 
in the plane to be linearly dependent? Linearly independent? 

c. Prove that if a pair of vectors u and v is linearly independent, 
then given any vector w, there are constants cı and c) such that 

= CU + CV. 


90. Perpendicular vectors Show that two nonzero vectors 
u = (u;,u>) and v = (¥,, vy) are perpendicular to each other if 
Ui Vi T Uy V = 0. 


91. Parallel and perpendicular vectors Let u = (a, 5) and 
= (2,6). 


a. Find the value of a such that u is parallel to v. 
b. Find the value of a such that u is perpendicular to v. 


92. The Triangle Inequality Suppose u and v are vectors in the plane. 


a. Use the Triangle Rule for adding vectors to explain why 
ju + v| < |u| + |v]. This result is known as the Triangle 
Inequality. 

b. Under what conditions is |u + v| = |u| + |v|? 





1. The vector —5v is five times as long as v and points in the 
opposite direction. 2. v, + w points in a northeasterly direction. 
3. Constructing u + v and v + u using the Triangle Rule 
produces vectors having the same direction and magnitude. 








4. PO = (-6,-2) 5. 10u = (6,8) and—10u = (-6,-8) 
(> r= = 144 _ [169 _ 
13° 13 169 169 
—_ _4 


12.2 Vectors in Three Dimensions 


Up to this point, our study of calculus has been limited to functions, curves, and vectors that 
can be plotted in the two-dimensional xy-plane. However, a two-dimensional coordinate 
system is insufficient for modeling many physical phenomena. For example, to describe 
the trajectory of a jet gaining altitude, we need two coordinates, say x and y, to measure 
east-west and north-south distances. In addition, another coordinate, say z, is needed 
to measure the altitude of the jet. By adding a third coordinate and creating an ordered 
triple (x, y, z), the location of the jet can be described. The set of all points described 
by the triples (x, y, z) is called three-dimensional space, xyz-space, or R°. Many of the 
properties of xyz-space are extensions of familiar ideas you have seen in the xy-plane. 


» Recall that R is the notation for the real 
numbers and R? (pronounced R-two) 
stands for all ordered pairs of real 
numbers. The notation R? (pronounced 
R-three) stands for the set of all ordered 
triples of real numbers. 


First octant 
{(x, y, I:x > 0,y >0,z>0} s 







xy-plane 


/ 


yz-plane 


xyz-space is divided into octants. 


FIGURE 12.26 


xz-plane 


a. (3, 4,5) 
SOLUTION 
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The xyz-Coordinate System 


A three-dimensional coordinate system is created by adding a new axis, called the z-axis, 
to the familiar xy-coordinate system. The new z-axis is inserted through the origin perpen- 
dicular to the x- and y-axes (Figure 12.25). The result is a new coordinate system called 
the three-dimensional rectangular coordinate system or the xyz-coordinate system. 
The coordinate system described here is a conventional right-handed coordinate 
system: If the curled fingers of the right hand are rotated from the positive x-axis to the 
positive y-axis, the thumb points in the direction of the positive z-axis (Figure 12.25). 


Add z-axis. Right-handed 


coordinate system. 





FIGURE 12.25 


The coordinate plane containing the x-axis and y-axis is still called the 
xy-plane. We now have two new coordinate planes: the xz-plane containing 
the x-axis and the z-axis, and the yz-plane containing the y-axis and the z-axis. 
Taken together, these three coordinate planes divide xyz-space into eight regions 
called octants (Figure 12.26). 

The point where all three axes intersect is the origin, which has coordinates 
(0, 0,0). An ordered triple (a, b, c) refers to a point in xyz-space that is found by 
starting at the origin, moving a units in the x-direction, b units in the y-direction, 
and c units in the z-direction. With a negative coordinate, you move in the nega- 
tive direction along the corresponding coordinate axis. To visualize this point, it’s 


Y helpful to construct a rectangular box with one vertex at the origin and the opposite 


vertex at the point (a, b, c) (Figure 12.27). 


Z 
| (a, b, c) 
| 


Move c units 
in z-direction. 







(0, 0, 0) 
Move a units 


in x-direction. 


x Move b units 
in y-direction. 


FIGURE 12.27 


EXAMPLE 1 Plotting points in xyz-space Plot the following points. 
b. (—2,—3,5) 


a. Starting at (0, 0,0), we move 3 units in the x-direction to the point (3, 0, 0), then 


4 units in the y-direction to the point (3, 4, 0), and finally, 5 units in the z-direction 
to reach the point (3, 4, 5) (Figure 12.28). 
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Plotting (—2, —3, 5) 
FIGURE 12.29 


» Planes that are not parallel to the 
coordinate planes are extremely 


important in three-dimensional calculus. 


They are discussed in Section 13.1. 


Plane is parallel to the xz-plane 
and passes through (2, —3, 7). 


Z 





X 


FIGURE 12.31 


(3, 4, 5) / 
re (0, 0, 0) p? 
(0, 0, 0) a 
K 
(3, 0, 0) Saas E ee m 
(3, 4, 0) d Pa i 
X X 


(0, 0, 0) and (3, 4, 5) are 
opposite vertices of a box. 


Plotting (3, 4, 5) 
FIGURE 12.28 
b. We move —2 units in the x-direction to (—2, 0, 0), —3 units in the y-direction to 


(—2,—3, 0), and 5 units in the z-direction to reach (—2, —3, 5) (Figure 12.29). 
Related Exercises 9-14< 





QUICK CHECK 1 Suppose the positive x-, y-, and z-axes point east, north, and upward, 
respectively. Describe the location of the points (—1,—1, 0), (1,0, 1), and (—1,—1,—1) 
relative to the origin. < 


Equations of Simple Planes 


The xy-plane consists of all points in xyz-space that have a z-coordinate of 0. Therefore, 
the xy-plane is the set { (x,y,z): z = 0} ; it is represented by the equation z = 0. Simi- 
larly, the xz-plane has the equation y = 0, and the yz-plane has the equation x = 0. 
Planes parallel to one of the coordinate planes are easy to describe. For example, the 
equation x = 2 describes the set of all points whose x-coordinate is 2 and whose y- and 
z-coordinates are arbitrary; this plane is parallel to and 2 units from the yz-plane. Simi- 
larly, the equation y = a describes a plane that is everywhere a units from the xz-plane, 
and z = a is the equation of a horizontal plane a units from the xy-plane (Figure 12.30). 


CK 2 To which coordinate planes are the planes x = —2 and z = 16 parallel? < 


EXAMPLE 2 Parallel planes Determine the equation of the plane parallel to the 
xz-plane passing through the point (2, —3, 7). 


SOLUTION Points on a plane parallel to the xz-plane have the same y-coordinate. There- 
fore, the plane passing through the point (2, —3, 7) with a y-coordinate of —3 has the 
equation y = —3 (Figure 12.31). 

Related Exercises 15—22<« 


Distances in xyz-Space 


Recall that the distance between two points (xı, y1) and (x2, y2) in the xy-plane is 
(x. — x;)* + (y2 — y1)”. This distance formula is useful in deriving a similar formula 
for the distance between two points P(x;, Y1, z1) and Q(%, yo, z2) in xyz-space. 





| 
Xj) TX, Vy TV, e 


Midpoint = (=. 7 5) 
\ OX Yy Z2) 
PO, Yp 2) 
yY 
X 
FIGURE 12.33 


» Just as a circle is the boundary of a 
disk in two dimensions, a sphere is the 
boundary of a ball in three dimensions. 
We have defined a closed ball, which 
includes its boundary. An open ball does 


not contain its boundary. 





y 


X 


Sphere: (x — a}? + Ve by? +(z-cP =r? 
Baga) Ge) te= Ser 


FIGURE 12.34 
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Figure 12.32 shows the points P and Q, together with the auxiliary point R(x2, yo, Z1), 
which has the same z-coordinate as P and the same x- and y-coordinates as Q. The line 


segment PR has length |PR| = V(x. — xı) + (y2 — y,)? and is one leg of the right 


triangle APRQ. The hypotenuse of that triangle is the distance between P and Q: 
V |PR|? + [RO|? = V (x2 = x1) + 2 = y) + (z2 = z). 
a oe 
|PR|? |RO|? 


z |PO| = V [PRP + |ROP 
= Væ — 2 + OP + HP 





X 


|PR| = yv (x, i” ra T 0» z yr 


Ræ Yv Z4) 


FIGURE 12.32 


Distance Formula in xyz-Space 


The distance between the points P(x), y1, z1) and Q(x2, yo, Z2 ) is 


(%. — x1)? + (y2 — yw)? + (22 — zr). 





By using the distance formula, we can derive the formula (Exercise 79) for the midpoint 
of the line segment joining P(x, y1, z1) and Q(x, Y2, z2), which is found by averaging the 
x-, y-, and z-coordinates (Figure 12.33): 


(4 +X yi t+ Y2 Z +2) 
Z 7 2 ~ » l 





Equation of a Sphere 


A sphere is the set of all points that are a fixed distance r from a point (a, b, c); r is the ra- 
dius of the sphere and (a, b, c) is the center of the sphere. A ball centered at (a, b, c) with 
radius r consists of all the points inside and on the sphere centered at (a, b, c) with radius r 
(Figure 12.34). We now use the distance formula to translate these statements. 


Spheres and Balls 
A sphere centered at (a, b, c) with radius r is the set of points satisfying the 
equation 

(x — a)? + (y—b)* +(z- c} =r’. 


A ball centered at (a, b, c) with radius r is the set of points satisfying the 
inequality 


(x-a + (y- bf + (z-cl er’. 
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EXAMPLE 3 Equation of a sphere Consider the points P(1,—2,5) and Q(3, 4, —6). 
Find an equation of the sphere for which the line segment PQ is a diameter. 


SOLUTION The center of the sphere is the midpoint of PQ: 


cs -2 +4 $) = (2,1,4) 
2” 2» ~ 2 oy 
The diameter of the sphere is the distance 
V(3-— 1)? + (44 2)? + (-6 - 5) = VI61. 


Therefore, the sphere’s radius is 4 V161, its center is (2, I= L), and it is described by 
the equation 











a-t- (e+ if- (ivf = 


Related Exercises 23—28< 


EXAMPLE 4 Identifying equations Describe the set of points that satisfy the equa- 
tion x? + y? + z? — 2x + 6y — 8z = 1. 


SOLUTION We simplify the equation by completing the square and factoring: 
(x? — 2x) + (y? + 6y) + (z? — 8z) =—1 Group terms. 
(x? — 2x + 1) + (y7 + 6y + 9) + (27 — 8z + 16) = 25 Complete the square. 
(x-1 +(y+3) + (z-4Y = Factor. 
The equation describes a sphere of radius 5 with center (1, —3, 4). 


Related Exercises 29-38< 


CHECK 3 Describe the solution set of the equation 





(x— 1} +y*+(z+1*+4=0< 


Vectors in R? 


Vectors in R? are straightforward extensions of vectors in the xy-plane; we simply include 
a third component. The position vector v = (v;, v2, v3) has its tail at the origin and its 
head at the point (v1, v2, v3). Vectors having the same magnitude and direction are equal. 
Therefore, the vector from P(x, y1, z1) to O(%, Y2, z2) is denoted PO and is equal to the 
position vector (x, — x), Y2 — Yı, Z2 — Z,). It is also equal to all vectors such as RS that 
have the same length and direction as v (Figure 12.35). 








R ——_—_——> S 
(0, 0, v.) Panwa Os Y» z) 
ri 
x Pi 
/ A 


Pá oa —a —z 
Position vector for PO and RS 
¥ = (5. V2.0) 


FIGURE 12.35 






Parallelogram Rule 
/ for vector addition 
u +v 


Scalar multiplication 
for cv 





FIGURE 12.36 


2u = (4, —8, 2) u = (2, —4, 1) 





é —2v = (—6, 0, 2) 





v = (3,0, —1) 
FIGURE 12.38 


(0,0, —1) 
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The operations of vector addition and scalar multiplication in R? generalize in 
a natural way to three dimensions. For example, the sum of two vectors is found geo- 
metrically using the Triangle Rule or the Parallelogram Rule (Section 12.1). The sum is 
found analytically by adding the respective components of the two vectors. As with two- 
dimensional vectors, scalar multiplication corresponds to stretching or compressing a vec- 
tor, possibly with a reversal of direction. Two nonzero vectors are parallel if one is a scalar 
multiple of the other (Figure 12.36). 





QUICK CHECK 4 Which of the following vectors are parallel to each other? 
a. u = (-2,4,-6) b. v = (4,-8, 12) c w= (-1,2,3)< 


DEFINITION Vector Operations in R° 


Let c be a scalar, u = (u4, u2, u3), and v = (Vy, v2, v3). 
(uy + Vy, U2 F Vo, U3 + v3 ) Vector addition 


V2, U3 — v3 ) 


u + v = 


u— v (uy — Vj, Uy — Vector subtraction 


cu (cuj, Cu), cuz) 


Scalar multiplication 





EXAMPLE 5 Vectorsin R? Letu = (2,—4, 1) and v = (3,0,—1). Find the com- 
ponents of the following vectors and draw them in R°. 


a. 2u b. —2v c. u + 2v 
SOLUTION 


a. Using the definition of scalar multiplication, 2u = a2, —4,] ) = (4, —§8, 2 P The 
vector 2u has the same direction as u with twice the magnitude of u (Figure 12.37). 


b. Using scalar multiplication, —2v = —2 ( 3,0,—1 ) = (—6, 0, 2) . The vector —2v has 
the opposite direction as v and twice the magnitude of v (Figure 12.38). 


c. Using vector addition and scalar multiplication, 
u + 2v = (2,-4,1) + 2(3,0,-1) = (8,-4,-1). 


The vector u + 2v is drawn by applying the Parallelogram Rule to u and 2v 
(Figure 12.39). 


u + 2v by the Parallelogram Rule 







u + 2v = (8, —4, -1) u = (2, —4, 1) 


2v = (6, 0, —2) 


FIGURE 12.39 
Related Exercises 39-44< 
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Magnitude and Unit Vectors 


The magnitude of the vector PÒ from P(x), y1, z1) to O(%, Y2, z2) is denoted IPO 
the distance between P and Q and is given by the distance formula (Figure 12.40). 





; itis 


PO|= Vix, — x, + 0) a a 
OX, Yy Z3) 
PO) Yp z1) 


d 
D 
i y 
N 
7 | 
l 


FIGURE 12.40 


DEFINITION Magnitude of a Vector 
The magnitude (or length) of the vector PỌ = (x = Mis Vo Vis Ze z1) is the 


distance from P(x,, y1, z1) to O(%, yo, Z2): 


IPO) = Vi = 41)? + On = 1)? + (@ z). 





The coordinate unit vectors introduced in Section 12.1 extend naturally to three 
dimensions. The three coordinate unit vectors in R? (Figure 12.41) are 


i= (1,0,0), j= (0,1,0), and k= (0,0,1). 


k = (0, 0, 1) 







j = (0, 1, 0) 


ra Coordinate unit vectors y 


x V = (V1, V9, V3) = vi + voj + vk 


FIGURE 12.41 





These unit vectors give an alternative way of expressing position vectors. Ifv = (11, vz, v3), 
then we have 


v= v,(1,0,0) + v (0,1,0) + 3(0,0,1) = vi + vj + vk. 





z (up) 






calm air 


\ 


v=v,twtd 


x (East) Velocity relative 
to ground 
FIGURE 12.42 


Velocity in 


v, = 300j 







\ 
w = 20V2(i — j) 


Crosswind 


d = —30k 
Downdraft 


SECTION 12.2 EXERCISES 


Review Questions 
Explain how to plot the point (3, —2, 1) in R°. 3u — v. 


1. 


2 
3. 
4 


What is the y-coordinate of all points in the xz-plane? 


Describe the plane x = 4. 
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EXAMPLE 6 Magnitudes and unit vectors Consider the points P(5, 3, 1) and 
Q(—7, 8, 1). 

a. Express PO in terms of the unit vectors i, j, and k. 

b. Find the magnitude of PO. 


c. Find the position vector of magnitude 10 in the direction of PO. 
SOLUTION 


a. PO is equal to the position vector (-7 — 5,8 — 3,1 — 1) = (—12, 5,0). Thus, 
PQ = —12i + 5j. 


b. |PO| = |-12i + 5j| = V12? + 52 = V169 = 13 
| e Ee PÒ _ 1 
c. The unit vector in the direction of PO is u = —— = — (—12,5,0). Therefore, a 
|PQ| 
vector in the direction of u with a magnitude of 10 is 10u = T3 (—12,5,0). 
Related Exercises 45-50 


QUICK CHECK 5 Which vector has the smaller magnitude: u = 3i — j — kor 
v= 2i+j+k)?< 





EXAMPLE 7 Flight in crosswinds A plane is flying horizontally due 
north in calm air at 300 mi/hr when it encounters a horizontal crosswind 

blowing southeast at 40 mi/hr and a downdraft blowing vertically down- 

ward at 30 mi/hr. What are the resulting speed and direction of the plane 

relative to the ground? 


SOLUTION Let the unit vectors i, j, and k point east, north, and up- 

ward, respectively (Figure 12.42). The velocity of the plane relative to 
ee the air (300 mi/hr due north) is v, = 300j. The crosswind blows 45° 
.. y(North) south of east, so its component to the east is 40 cos 45° = 20V2 (in 
the i direction) and its component to the south is 40 cos 45° = 20V2 
(in the —j direction). Therefore, the crosswind may be expressed as 
w = 20V2i — 20V2j. Finally, the downdraft in the negative k direction 
is d = —30k. The velocity of the plane relative to the ground is the sum 
of v,, W, and d: 


vVv=vt+wed 
= 300j + (20V2i — 20V2j) — 30k 
20V2i + (300 — 20V2)j — 30k. 


Figure 12.42 shows the velocity vector of the plane. A quick calculation shows that the speed 

is |v| ~ 275 mi/hr. The direction of the plane is slightly east of north and downward. (In the 

next section, we present methods for precisely determining the direction of the vector.) 
Related Exercises 51-56< 


5. Letu = (3,5,-7) andv = (6,—5, 1). Evaluate u + v and 


6. What is the magnitude of a vector joining two points P(x,, Y1, Z1) 
and Q(x, Y2, Z2)? 


7. Which point is farther from the origin, (3, —1, 2) or (0, 0, —4)? 


What position vector is equal to the vector from (3, 5,—2) to 


(0, —6, 3)? 


8. Express the vector from P(—1, —4, 6) to Q(1, 3, —6) as a position 
vector in terms of i, j, and k. 
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Basic Skills 
9—12. Points in R? Find the coordinates of the vertices A, B, and C of 
the following rectangular boxes. 
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13-14. Plotting points in R? For each point P(x, y, z) given below, 
let A(x, y, 0), B(x, 0, z), and C(0, y, z) be points in the xy-, xz-, and 
yz-planes, respectively. Plot and label the points A, B, C, and P in R. 


13. a. P(2,2,4) 
14. a. P(—3, 2,4) 


b. P(1,2,5) c. P(—2,0, 5) 


b. P(4,—2,—3) e P(—2,—4,—3) 


15-20. Sketching planes Sketch the following planes in the window 
[0,5] x [0,5] x [0,5]. 


15. x=2 16. z= 3 
19. The plane that passes through (2, 0, 0), (0, 3, 0), and (0, 0, 4) 


17. y=2 18. z= y 


20. The plane parallel to the xz-plane containing the point (1, 2, 3) 


21. Planes Sketch the plane parallel to the xy-plane through (2, 4, 2) 
and find its equation. 


22. Planes Sketch the plane parallel to the yz-plane through (2, 4, 2) 
and find its equation. 


23-26. Spheres and balls Find an equation or inequality that 
describes the following objects. 


23. A sphere with center (1,2,3) and radius 4 

24. A sphere with center (1,2, 0) passing through the point (3, 4, 5) 
25. A ball with center (—2, 0, 4) and radius 1 

26. A ball with center (0, —2, 6) with the point (1, 4, 8) on its boundary 


27. Midpoints and spheres Find an equation of the sphere passing 
through P(1, 0,5) and Q(2, 3, 9) with its center at the midpoint 
of PQ. 


28. Midpoints and spheres Find an equation of the sphere passing 
through P(—4, 2,3) and Q(0, 2, 7) with its center at the midpoint 
of PQ. 


29-38. Identifying sets Give a geometric description of the following 
sets of points. 


29. (x -— 1)? + y*+77-9=0 

30. (x + 1) + y?+2?-2y-24=0 
31. x? + y?4+27-2y-—4z7-4=0 

32. x? + y? + 2* — 6x + 6y — 82 —-2=0 
33. x? + y? — 14y + z? =-13 

34. x? + y? — 14y +z? <= -13 

35. x? + y? +z? — 8x — 14y — 18z = 79 
36. x? + y? +z? — 8x + 14y — 18z = 65 
37. x? — 2x + y? + 6y +z? +10=0 
38. x? — 4x + y? + 6y +z? +14=0 


39-44. Vector operations For the given vectors u and v, evaluate the 

following expressions. 
a. 3u + 2v b. 4u- v 

39. u = (4,-3,0),v = (0,1,1) 


40. u = (-2,-3,0),v = (1,2,1) 


c. ju + 3y| 


41. 
42. 
43. 
44. 


u = (-2,1,-2),v = (1,1,1) 

u = (— a, = (3,1,1) 

u = (-7,11,8),v = (3,—5,—1) 

u = (-4,-8V3,2 V2),v = (2,3V3,-V2) 


45-50. Unit vectors and magnitude Consider the following points 
P and Q. 


a. 


Find PO and state your answer in two forms: (a, b,c) and 
ai + bj + ck. 


b. Find the magnitude of PO. 


52, 


53. 


54. 


55; 


56. 


. P(5,11, 12), 
. P(—3, 1,0), Q(—3,—4, 1) 
. P(3, 8,12), Q(3,9, 11) 

. P(0, 0,2), O(—2, 4, 0) 


Find two unit vectors parallel to PO. 


. P(1,5,0), O(3, 11, 2) 


Q(1, 14, 13) 


P(a, b,c), Q(1,1,—1) (a, b, and c are real numbers) 


. Flight in crosswinds A model airplane is flying horizontally 


due north at 20 mi/hr when it encounters a horizontal crosswind 
blowing east at 20 mi/hr and a downdraft blowing vertically 
downward at 10 mi/hr. 


a. Find the position vector that represents the velocity of the 
plane relative to the ground. 
b. Find the speed of the plane relative to the ground. 


Another crosswind flight A model airplane is flying horizontally 


due east at 10 mi/hr when it encounters a horizontal crosswind 
blowing south at 5 mi/hr and an updraft blowing vertically up- 
ward at 5 mi/hr. 


a. Find the position vector that represents the velocity of the 
plane relative to the ground. 
b. Find the speed of the plane relative to the ground. 


Crosswinds A small plane is flying horizontally due east in calm 
air at 250 mi/hr when it is hit by a horizontal crosswind blowing 
southwest at 50 mi/hr and a 30-mi/hr updraft. Find the resulting 
speed of the plane and describe with a sketch the approximate 
direction of the velocity relative to the ground. 


Combined force An object at the origin is acted on by the forces 
F, = 20i — 10j, F, = 30j + 10k, and F; = 40i + 20k. Find 
the magnitude of the combined force and describe the approxi- 
mate direction of the force. 


Submarine course A submarine climbs at an angle of 30° above 
the horizontal with a heading to the northeast. If its speed is 

20 knots, find the components of the velocity in the east, north, 
and vertical directions. 


Maintaining equilibrium An object is acted upon by the forces 
F, = (10,6,3) and F, = (0,4,9). Find the force F; that must 
act on the object so that the sum of the forces is zero. 
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Further Explorations 


S 


Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. Suppose u and v both make a 45° angle with w in R?. Then 
u + v makes a 45° angle with w. 

b. Suppose u and v both make a 90° angle with w in R?. Then 
u + v can never make a 90° angle with w. 

c itjtk=0. 

d. The intersection of the planes x = 1, y = 1, andz = lisa 
point. 


58-60. Sets of points Describe with a sketch the sets of points (x, y, z) 
satisfying the following equations. 


58. 
60. 
61. 


62. 


63. 


64. 


65. 


66. 


(x + 1)(y - 3) =0 59, x*y2z? > 0 


ed Seat!) 


Sets of points Give a geometric description of the set of points 
(x, y, z) satisfying the pair of equations z = 0 and x? + y? = 1. 
Sketch a figure of this set of points. 


Sets of points Give a geometric description of the set of points 
(x, y, z) satisfying the pair of equations z = x? and y = 0. Sketch 
a figure of this set of points. 


Sets of points Give a geometric description of the set of 
points (x, y, z) that lie on the intersection of the sphere 
x? + y? + z? = 5 and the plane z = 1. 


Sets of points Give a geometric description of the set of 
points (x, y, z) that lie on the intersection of the sphere 
x? + y? + z? = 36 and the plane z = 6. 


Describing a circle Find a pair of equations describing a circle 
of radius 3 centered at (2, 4, 1) that lies in a plane parallel to the 
xz-plane. 


Describing a line Find a pair of equations describing a line pass- 
ing through the point (—2, —5, 1) that is parallel to the x-axis. 


67-70. Parallel vectors of varying lengths Find vectors parallel to v 
of the given length. 


67. 
68. 
69. 
70. 
71. 


(pA 


v = (6,—8,0); length = 20 
v = (3,-2,6); length = 10 
v = PO with P(3, 4, 0) and Q(2, 3, 1); length = 3 


v = PQ with P(1,0, 1) and Q(2,—1, 1); length = 3 


Collinear points Determine whether the points P, Q, and R are 
collinear (lie on a line) by comparing PQ and PR. If the points 
are collinear, determine which point lies between the other two 
points. 


a. P(1,6,—5), O(2, 5,—3), R(4, 3, 1) 
b. P(1,5,7), O(5, 13,—1), R(0, 3, 9) 
c. P(1,2,3), O(2,—3, 6), R(3,—1, 9) 
d. P(9, 5,1), Q(11, 18, 4), R(6, 3, 0) 


Collinear points Determine the values of x and y such that the 
points (1, 2,3), (4,7, 1), and (x, y, 2) are collinear (lie on a line). 
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73. Lengths of the diagonals of a box A fisherman wants to know if 
his fly rod will fit in a rectangular 2 ft X 3 ft X 4 ft packing box. 
What is the longest rod that fits in this box? 


Applications 

74. Forces on an inclined plane An object on an inclined plane does 
not slide provided the component of the object’s weight parallel 
to the plane |W,ar| is less than or equal to the magnitude of the 
opposing frictional force |F;|. The magnitude of the frictional 
force, in turn, is proportional to the component of the object’s 
weight perpendicular to the plane |W,.:p| (see figure). The con- 

stant of proportionality is the coefficient of static friction, u. 


~~ IF; | = | LW perp] 





a. Suppose a 100-Ib block rests on a plane that is tilted at an 
angle of 0 = 20° to the horizontal. Find |W,,,| and |W,erp|- 

b. The condition for the block not sliding is |[Wparl = @|Wperp|- If 
u = 0.65, does the block slide? 

c. What is the critical angle above which the block slides with 
u = 0.65? 


75. Three-cable load A 500-kg load hangs from three cables of equal 
length that are anchored at the points (—2, 0, 0), (1, V3, 0), and 
(L= V3, 0). The load is located at (0, 0, —2 V3). Find the vec- 
tors describing the forces on the cables due to the load. 






(1, — V3, 0) 


/ (0, 0, —2V3) 


p 
x 
| y 


76. Four-cable load A 500-lb load hangs from four cables of equal 
length that are anchored at the points ( +2, 0, 0) and (0, +2, 0). 
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The load is located at (0, 0, —4). Find the vectors describing the 
forces on the cables due to the load. 





Additional Exercises 

77. Possible parallelograms The points O(0, 0,0), P(1, 4, 6), and 
Q(2, 4, 3) lie at three vertices of a parallelogram. Find all possible 
locations of the fourth vertex. 


78. Diagonals of parallelograms Two sides of a parallelogram are 
formed by the vectors u and v. Prove that the diagonals of the par- 
allelogram are u + v andu — v. 


79. Midpoint formula Prove that the midpoint of the line segment 
joining P(x1, y1, z1) and Q(x, yo, Zz) is 


(= FX Ir aTr 2) 
E. l 


80. Equation of a sphere For constants a, b, c, and d, show that the 
equation 


x? + y? +z? — 2ax — 2by — 2cz = d 


describes a sphere centered at (a, b, c) with radius r, where 
r° = d + a° + b? +c’, provided d + a? + b? + cœ? > 0. 


81. Medians of a triangle—coordinate free Assume that u, v, and w 
are vectors in R? that form the sides of a triangle (see figure). Use 
the following steps to prove that the medians intersect at a point 
that divides each median in a 2:1 ratio. The proof does not use a 
coordinate system. 


82. 


83. 


a. Show thatu + v + w = 0. 

b. Let M; be the median vector from the midpoint of u to the 
opposite vertex. Define M, and M, similarly. Using the geom- 
etry of vector addition show that M; = u/2 + v. Find analo- 
gous expressions for M, and M3. 

c. Let a,b, and c be the vectors from O to the points one-third 
of the way along M,, M,, and M3, respectively. Show that 
a=b=c=(u- w)/3. 

d. Conclude that the medians intersect at a point that divides each 
median in a 2:1 ratio. 


Medians of a triangle—with coordinates In contrast to the proof 
in Exercise 81, we now use coordinates and position vectors to 
prove the same result. Without loss of generality, let P(x, y1, 0) 
and Q(x, y2, 0) be two points in the xy-plane and let R(x3, y3, z3) 
be a third point, such that P, Q, and R do not lie on a line. Con- 
sider APOR. 


a. Let M, be the midpoint of the side PQ. Find the coordinates of 
M, and the components of the vector RM E 

b. Find the vector OZ , from the origin to the point Z4 two-thirds of 
the way along RM fe 

c. Repeat the calculation of part (b) with the midpoint M, of RO 
and the vector PM, to obtain the vector OZ. 

d. Repeat the calculation of part (b) with the midpoint M3 of PR 
and the vector OM; to obtain the vector Oz. 

e. Conclude that the medians of APQR intersect at a point. Give 
the coordinates of the point. 


84. 
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a. Use vector addition to show thatu + v = w + x. 

b. Let m be the vector that joins the midpoints of PQ and QR. 
Show thatm = (u + v)/2. 

c. Let n be the vector that joins the midpoints of PS and SR. 
Show that n = (x + w)/2. 

d. Combine parts (a), (b), and (c) to conclude that m = n. 

e. Explain why part (d) implies that the line segments joining the 
midpoints of the sides of the quadrilateral form a parallelogram. 


The amazing quadrilateral property—with coordinates Prove 
the quadrilateral property in Exercise 83, assuming the coordi- 
nates of P, Q, R, and S are P(x), y1, 0), O(%, yo, 0), R(x3, y3, 0), 
and S(x4, Y4, Z4), where we assume that P, Q, and R lie in the 
xy-plane without loss of generality. 


f. With P(2, 4,0), O(4, 1,0), and R(6, 3, 4), find the point at 
which the medians of APOR intersect. 





ECK ANSWERS 
The amazing quadrilateral property—coordinate free The 
points P, Q, R, and S, joined by the vectors u, v, w, and x, are the 
vertices of a quadrilateral in R°. The four points needn’t lie in a 
plane (see figure). Use the following steps to prove that the line 
segments joining the midpoints of the sides of the quadrilateral 
form a parallelogram. The proof does not use a coordinate system. 


1. Southwest; due east and upward; southwest and downward 
2. yz-plane; xy-plane 3. Nosolution 4. u and v are 
parallel. 5. jul = V11 and |v| = V12 = 2V3; u has 
the smaller magnitude. < 


12.3 Dot Products 


The dot product is used to determine the angle between two vectors. It is also a tool for 
calculating projections—the measure of how much of a given vector lies in the direction 
of another vector. 

To see the usefulness of the dot product, consider an example. Recall that the work 
done by a constant force F in moving an object a distance dis W = Fd (Section 6.7). 
This rule applies provided the force acts in the direction of motion (Figure 12.43a). 
Now assume the force is a vector F applied at an angle 0 to the direction of motion; 
the resulting displacement of the object is a vector d. In this case, the work done by 
the force is the component of the force in the direction of motion multiplied by the 
distance moved by the object, which is W = (|F| cos @)|d| (Figure 12.43b). We call 
this product of the magnitudes of two vectors and the cosine of the angle between them 
the dot product. 


The dot product is also called the 
scalar product, a term we do not use 
in order to avoid confusion with scalar 
multiplication. 
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Horizontal and vertical 
components of a vector 


F 
|F| sin 0 


[F| cos 0 


u 
s 
Vv 


Work = |F||d| cos 0 


Force in the direction of motion 
Work = Fd 


i 
F | 
| 
| 


_ a Block moves or cos ra 


a distance d. 


(a) (b) 





FIGURE 12.43 


Two Forms of the Dot Product 


Guided by the example of work done by a force, we give one definition of the dot product. 
Then an equivalent definition is derived that is often better suited for computation. 


DEFINITION Dot Product 


Given two nonzero vectors u and v in two or three dimensions, their dot product is 


u-v = |u||v| cos 9, 


where @ is the angle between u and v withO = 0 < m (Figure 12.44). Ifu = Oor 
v = 0, then u: v = 0, and 0 is undefined. 





The dot product of two vectors is itself a scalar. Two special cases immediately arise: 


e u and v are parallel (0 = Oor = r) if and only ifu +v = +|ul|vl. 
e u and v are perpendicular (0 = 77/2) if and only if u+ v = 0. 


The second case gives rise to the important property of orthogonality. 


S Ne 


0 =0, u: v= |ully| u: v= lullv|cos6 > 0 é=7,u-v=0 u: T 0 = m, u» v = —lul|v] 


FIGURE 12.44 


» In two and three dimensions, 
orthogonal and perpendicular are used 
interchangeably. Orthogonal is a more 
general term that also applies in more 
than three dimensions. 


DEFINITION Orthogonal Vectors 


Two vectors u and v are orthogonal if and only if u + v = 0. The zero vector is 


orthogonal to all vectors. In two or three dimensions, two nonzero orthogonal vectors 
are perpendicular to each other. 





QUICK CHECK 1 Sketch two nonzero vectors u and v with 0 = 0. Sketch two nonzero 
Cn u aad v with 0 = m.< 





EXAMPLE 1 Dot products Compute the dot products of the following vectors. 
. u = 2i — 6j and v = 12k 
b. u = (V3,1) andv = (0,1) 


> In R? with u = (u, u) and 


v= (vi v), u.v = UV + uv. 





FIGURE 12.46 


Law of Cosines 


C 


(/ 


a 


c? = a? + b? — 2ab cos 0 
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SOLUTION 
a. The vector u lies in the xy-plane and the vector v is perpendicular to the xy-plane. 


Therefore, 0 = a u and v are orthogonal, and ue v = O (Figure 12.45a). 


b. As shown in Figure 12.45b, u and v form two sides of a 30-60-90 triangle in the 
v| = 1, and 





xy-plane, with an angle of 7 /3 between them. Because |u| = 2, 
cos 7/3 = 1/2, the dot product is 


u-v = |jul|v| cos@ = 2-1-5 = 1. 


| 





(a) (b) 
FIGURE 12.45 
Related Exercises 9—14< 


The definition of the dot product requires knowing the angle 0 between the vectors. Often 
the angle is not known; in fact, it may be exactly what we seek. For this reason, we present 
another method for computing the dot product that does not require knowing 0. 


THEOREM 12.1 Dot Product 
Given two vectors u = (uy, u», U3) and v = (Vas Vo, v3), 


u’. y — UV; + U2V2 + U3V3. 





Proof: Consider two position vectors u = (u4, U2, u3) and v = (Vv, v2, v3), and sup- 
pose 0 is the angle between them. The vector u — v forms the third side of a triangle 
(Figure 12.46). By the Law of Cosines, 
la — v|? = Jul? + |v|* — 2|ul|v| cos 6. 
ee 


ucv 


The definition of the dot product, u +v = |u||v| cos 0, allows us to write 
1 
u-v = |u||v| cos = 5 (Tul? + |v|? — |u — vi^). (1) 


Using the definition of magnitude, we find that 
jul? = Te F uy T iz: |v]? = H T Ve T ee 
and 


Ju — y| = (uy =v) + (ug — w) + (uz — n. 
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compute the dot products i+ j, i + k, and 
j: k for the unit coordinate vectors. 
What do you conclude about the 
angles between these vectors? «< 


» Theorem 12.1 extends to vectors 
with any number of components. 
t= (hice: u,) and 


Dey Wy Ins 


The properties in Theorem 12.2 also 
apply in two or more dimensions. 
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Expanding the terms in |u — v|? and simplifying yields 
lal? + |v|? — ju — v|? = 2(uyv, + uzv + uzv). 
Substituting into expression (1) gives a compact expression for the dot product: 
UV = Uv + Uv + 4313. < 

This new representation of u • v has two immediate consequences. 

1. Combining it with the definition of dot product gives 
u'v = Wy, + upv + uzv; = |ul|v| cos 8. 
If u and v are both nonzero, then 


UV] + U2V2 + U3V3 
cos 0 = = : 
juj |v ul |v 





and we have a way to compute 0. 


2. Notice that utu = u} + u)” + u% = Jul’. Therefore, we have a relationship be- 
tween the dot product and the magnitude of a vector: |u| = Vu +u or |u|? = u+ u. 


EXAMPLE 2 Dot products and angles Letu = (V3,1,0), v = (1, V3,0), and 
w= (1, V3,2V3). 

a. Compute u: v. 

b. Find the angle between u and v. 

c. Find the angle between u and w. 

SOLUTION 

a. U’ Vv = (V3, 1,0) + (1, V3,0) = V3+V3+0=2V3 

b. Note that |u| = Vu-u = V(V3, 1,0) + (V3, 1,0) = 2 and similarly |v| = 2. 


Therefore, 





Because 0 = 0 < v, it follows that 0 = cos!( 32) = 7/6. 
2 


2 
u:Ww (V3, 1,0) ° (1, V3,2V3) 
c. cos? = allw K, Lo, V3,2V3)| 24 


lullw] = | (V3, 1,0) || (1, V3, 2v3 
It follows that 
3 
0 = cos! (2) ~ 1.12rad = 64.3°. 
Related Exercises 15—24< 


Properties of Dot Products The properties of the dot product in the following theo- 
rem are easily proved using vector components (Exercises 76—80). 


THEOREM 12.2 Properties of the Dot Product 
Suppose u, v, and w are vectors and let c be a scalar. 


l.u-v =v-'u Commutative property 


2. c(u’v) = (cu)*v = us(cv) Associative property 


3. u:(v + w) = u:v+u:w Distributive property 





O P v 
0O=0<5 
scal u = |u| cos 6 > 0 


(a) 


u 
| 
| 
| 
| 
| 
l 0 
P O v 
a <a] 7 
scal, u = |u| cos 0 < 0 
(b) 
FIGURE 12.48 


» Notice that scalyu may be positive, 





negative, or zero. However, |scal,u| 
is the length of projyu. The projection 
proj,u is defined for all vectors u, but 


only for nonzero vectors vV. 
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Orthogonal Projections 


Given vectors u and v, how closely aligned are they? That is, how much of u points in the 
direction of v? This question is answered using projections. As shown in Figure 12.47a, the 
projection of the vector u onto a nonzero vector v, denoted proj,u, is the “shadow” cast by u 
onto the line through v. The projection of u onto v is itself a vector; it points in the same di- 
rection as v if the angle between u and v lies in the interval 0 <= 6 < 7/2 (Figure 12.47b); 
it points in the direction opposite to that of v if the angle between u and v lies in the interval 


w/2<0 = m (Figure 12.47c). If 0 = z u and v are orthogonal, and there is no shadow. 
| 

u 
iS A4 


proj, u 
is the shadow of u 
on the line through v. 
(a) (b) (c) 
FIGURE 12.47 


0 





To find the projection of u onto v, we proceed as follows: With the tails of u and v 
together, we drop a perpendicular line segment from the head of u to the point P on the 
line through v (Figure 12.48). The vector OP is the orthogonal projection of u onto v. An 
expression for proj,u is found using two observations. 


eIfO < 6 < w/2, then proj,u has length |u| cos 0 and points in the direction of the unit 
vector v/|v| (Figure 12.48a). Therefore, 


. V 
projyu = |u| cos 0 (+) 


IV 
length ~~ _— 
direction 


We define the scalar component of u in the direction of v to be scalyu = |u| cos 0. In 
this case, scalyu is the length of proj,u. 


elf 7/2 < @ S 7, then proj,u has length —|u| cos 6 (which is positive) and points in the 
direction of —v/|v| (Figure 12.48b). Therefore, 


projyu = —|ul cos 6 (5) = |u| cos 6 (2) 
kM [v] [v] 


length x, 
direction 


In this case, scalu = |u| cos 6 < 0. 


We see that in both cases, the expression for proj,u is the same: 


V V 
projyu = |u| cos 0 (Z) = scala( 27). 
ASE |v] 


scal,u 


Note that if 0 = a projyu = 0 and scalu = Q. 
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QUICK CHECK 3 Letu = 4i — 3j. By 
TE (not calculations), find the 
orthogonal projection of u onto i and 
onto j. Find the scalar component of u 
in the direction of i and in the direc- 
tion of j.< 





FIGURE 12.49 


Using properties of the dot product, proj,u may be written in different ways: 


won") 


u'v/ v lu||v|cosð uev 
= —| — |u| cos @ = — -=r 
Iv] Afv] [v] |v] 


projyu 


u°v R 

= — ]V. egrou terms; 
ou group 
scalar 





= y 





oo ; , M 
The first two expressions show that projyu is a scalar multiple of the unit vector ni 
vV 





whereas the last expression shows that projyu is a scalar multiple of v. 


DEFINITION (Orthogonal) Projection of u onto v 


The orthogonal projection of u onto v, denoted projyu, where v # 0, is 


projyu = |u| cos 0 (Š +) 


The orthogonal projection may also be computed with the formulas 


pa = sea) = (5) 
rojyu = ul — ] =| Jv, 
projy scal, ivi EE 


where the scalar component of u in the direction of v is 


scalu = |u| cos 0 = 


A 
ME 





EXAMPLE 3 Orthogonal projections Find proj,u and scal,u for the following 
vectors and illustrate each result. 


a. u = (4,1),v = (3,4) b. u = (—4,-3),v = (1,-1) 

SOLUTION 

a. The scalar component of u in the direction of v (Figure 12.49) is 

usv (41)*(3,4) _ 16 
| 


lu = = a 
Scalu v] (3,4) 5 





B V (2 4 
ecause —— = (7 
[v] 535 


a hu ( S ) = s =) 16 (3,4) 
ro = SCa cae oN oe ae — $ ‘ 
projy wW) 5 \55/ 25 


b. Using another formula for projyu, we have 


proj = (=) = (Ss a1) = -, iL, 


1,-1) + (1,-1) 


) we have 
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proj,u=(—>,>5) The vectors v and proj,u point in opposite directions because 7/2 < 0 = 7 
a pee (Figure 12.50). This fact is reflected in the scalar component of u in the direction 
Vv 










v=(41,-1]) 


EEEE 
FIGURE 12.50 
| 
| 
| 
Direction 


of motion 


Only this component 
of F does work: |F| cos 6 


FIGURE 12.51 


» Ifthe unit of force is newtons (N) and 
the distance is measured in meters, then 
the unit of work is joules (J), where 
1J = 1 N° m. If force is measured in lb 
and distance is measured in ft, then work 
has units of ft-lb. 






PALLO FSO) 


Only the component 
of F in the direction of d 
contributes to the work. 


Q(6, 6, 0) 


X 


FIGURE 12.52 







-i Parallel 


component 


Normal of F 


component 
of F 





F = gravitational force 
(weight) 


FIGURE 12.53 


2 of v, which is negative: 


| oa 24 1,—1) 1 
scal = r Oo 
. }(1,-1) V2 
Related Exercises 25—36< 





Applications of Dot Products 


Work and Force In the opening of this section, we observed that if a constant force F 
acts at an angle 0 to the direction of motion of an object (Figure 12.51), the work done by 
the force is 


W = |F| cos 0 |d| = F +d. 


Notice that the work is a scalar, and if the force acts in a direction orthogonal to the 
motion, then 0 = 77/2, F-d = 0, and no work is done by the force. 


DEFINITION Work 


Let a constant force F be applied to an object, producing a displacement d. If the 


angle between F and d is 0, then the work done by the force is 


W = |F||d| cos 0 = F-d. 





EXAMPLE 4 Calculating work A force F = (3,3,2) (in newtons) moves an object 
from P(1, 1, 0) to Q(6, 6, 0) (in meters). What is the work done by the force? Interpret the 
result. 


SOLUTION The displacement of the object is d = PO = (6-1,6-1,0-0) = 
(5,5, 0). Therefore, the work done by the force is 


W =F-d = (3,3,2) + (5,5,0) = 30]. 


To interpret this result, notice that the angle between the force and the displacement vec- 
tor satisfies 


F-d (3, 3,2) + (5,5,0) 30 
cos 0 = = 


Fld] |(3,3,2)|[(5,5,0)|  V22-V50 
Therefore, 9 ~ 0.44 rad ~ 25°. The magnitude of the force is |F| = V22 =~ 4.7N, but 


only the component of that force in the direction of motion, |F|cos 0 =~ V22 cos 0.44 = 
4.2 N, contributes to the work (Figure 12.52). 


=~ 0.905. 





Related Exercises 37—42 < 


Parallel and Normal Forces Projections find frequent use in expressing a force 
in terms of orthogonal components. A common situation arises when an object rests 
on an inclined plane (Figure 12.53). The gravitational force on the object equals its 
weight, which is directed vertically downward. The projection of the force in the di- 
rections parallel to and normal (or perpendicular) to the plane are of interest. Specif- 
ically, the projection of the force parallel to the plane determines the tendency of the 
object to slide down the plane, while the projection of the force normal to the plane 
determines its tendency to “stick” to the plane. 
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J 
30° X 
va ií 
Y 
Unit vector 
down the plane 
Parallel component 
~~ of F = proj, F 
N = Normal 
component 


of F 





F = N + proj, F 
FIGURE 12.54 


SECTION 12.3 EXERCISES 


Review Questions 


EXAMPLE 5 Components of a force A 10-lb block rests on a plane that is inclined 
at 30° below the horizontal. Find the components of the gravitational force parallel and 
normal (perpendicular) to the plane. 


SOLUTION The gravitational force F acting on the block equals the weight of the block 
(10 Ib), which we regard as a point mass. Using the coordinate system shown in Figure 12.54, 


the force acts in the negative y-direction; therefore, F = (0,—10). The direction down the 


plane is given by the unit vector v = (cos (—30°), sin (—30°)) = (x3 —}) (check that 


[v| = 1). The component of the force parallel to the plane is 
F- v3 1 v3 1 v3 1 
vV°y Kga Zz 2 2° 2 2 2 
vey =] y ” 


Let the component of F normal to the plane be N. Note that F = proj,F + N so that 
v/s d ; ( 5V3 5y 
= F — i = Gm = 50 = = 
N projF = (0,—10) (“3-5 ae 
Figure 12.54 shows how the components of F parallel and normal to the plane combine to 


form the total force F. 
Related Exercises 43-46 < 


15-24. Dot products and angles Compute the dot product of the vec- 


1. Define the dot product of u and v in terms of their magnitudes and tors u and v, and find the angle between the vectors. 


the angle between them. 


2. Define the dot product of u and v in terms of the components of 


the vectors. 


15. u =i+ jandv =i — j 
16. u = (10,0) andv = (-5S,5) 


3. Compute (2,3,-6) + (1,—8,3). 17. u=iandv =i + V3j 

4. What is the dot product of two orthogonal vectors? 18. u = V2i + V2jandv =—-V2i- V2j 

5. Explain how to find the angle between two nonzero vectors. 19. u = 4i + 3j and v = 4i — 6j 

6. Usea sketch to illustrate the projection of u onto v. 20. u = (3,4,0) and v = (0,4,5) 

7. Use a sketch to illustrate the scalar component of u in the 21. u = (~10,0,4) and v = (1,2,3) 
direction of v. 22. u = (3,—5,2) and v = (-9,5,1) 

8. Explain how the work done by a force in moving an object is 23. u = 2i — 3k and v = i + 4j + 2k 
computed using dot products. E EE E E E 

Basic Skills 


25-28. Sketching orthogonal projections Find proj,u and scalu by 


u and V. Sketch the vectors, find the angle between the vectors, and 25 
compute the dot product using the definition u+ v = |u||v| cos 8. 


9. u = 4iandv = 6j 

10. u = (—3,2,0) and v = (0,0,6) 
11. u = (10,0) andv = (10, 10) 
12. u = (-V3,1) andv = (V3,1) 


13. Dot product from the definition Compute u ° v if u and v are 
unit vectors and the angle between them is 77/3. 


14. Dot product from the definition Compute u * v if u is a unit 
v| = 2, and the angle between them is 377 /4. 





vector, 





26. 


21, 


28. 


29-36. Calculating orthogonal projections For the given vectors u 








and v, calculate proj,u and scal,u. 


29. 
30. 
31. 
32. 
33. 
34. 
35. 


u 


u 


u 


= (—1,4) and v = (—4,2) 


(10,5) and v = (2,6) 
(3,3,-3) andv = (1,-1,2) 
(13,0,26) and v = (4,-1,-3) 

= (—8,0,2) andv = (1,3,-3) 
(5,0, 15) andv = (0,4,—2) 
5it+ j—S5kandv =-—i +j- 2k 


36. 
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u = i + 4j + 7kandv = 2i — 4j + 2k 


37—42. Computing work Calculate the work done in the following 
situations. 


37. 


38. 


39. 


40. 


41. 


42. 


A suitcase is pulled 50 ft along a flat sidewalk with a constant 
force of 30 lb at an angle of 30° above the horizontal. 


A stroller is pushed 20 m with a constant force of 10 N at an angle 
of 15° below the horizontal. 


A sled is pulled 10 m along flat ground with a constant force of 
5 N at an angle of 45° above the horizontal. 


A constant force F = (4, 3, 2) (in newtons) moves an object 
from (0, 0, 0) to (8, 6, 0). (Distance is measured in meters.) 


A constant force F = (40, 30) (in newtons) 1s used to move a 
sled horizontally 10 m. 


A constant force F = (2, 4,1 ) (in newtons) moves an object 
from (0, 0, 0) to (2, 4, 6). (Distance is measured in meters.) 


43—46. Parallel and normal forces Find the components of the verti- 
cal force F = (0,—10) in the directions parallel to and normal to 
the following planes. Show that the total force is the sum of the two 
component forces. 


43. 
44. 
45. 
46. 


A plane that makes an angle of 7/4 with the positive x-axis 
A plane that makes an angle of 7/6 with the positive x-axis 


A plane that makes an angle of 7/3 with the positive x-axis 


A plane that makes an angle of 0 = tan !( $) with the positive 


X-axis 


Further Explorations 


47. 


Explain why or why not Determine whether the following state- 

ments are true and give an explanation or counterexample. 

a. projyu = proj,V 

b. If nonzero vectors u and v have the same magnitude they make 
equal angles with u + v. 

c. (ui)? + (uj)? + (u-k) = Jul’. 

d. If u is orthogonal to v and v is orthogonal to w, then u is 
orthogonal to w. 

e. The vectors orthogonal to ( 1,1,1 ) lie on the same line. 

f. If projyu = 0, then vectors u and v (both nonzero) are 
orthogonal. 


48-52. Orthogonal vectors Let a and b be real numbers. 


48. 
49. 
50. 
51. 


52. 


Find all unit vectors orthogonal to v = (3, 4,0). 
Find all vectors (1, a,b) orthogonal to (4,—8, 2). 
Describe all unit vectors orthogonal to v = i + j + k. 


Find three mutually orthogonal unit vectors in R? besides +i, +j, 
and +k. 


Find two vectors that are orthogonal to (0, 1,1 ) and to each other. 
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53. Equal angles Consider the set of all unit position vectors u in R? 
that make a 60° angle with the unit vector k in R°. 


a. Prove that proj,u is the same for all vectors in this set. 
b. Is scal,u the same for all vectors in this set? 


54-57. Vectors with equal projections Given a fixed vector v, there is 
an infinite set of vectors u with the same value of proj,u. 


54. Find another vector that has the same projection onto v = (1, 1) 
asu = (1,2). Draw a picture. 


55. Letv = (1,1). Give a description of the position vectors u such 
that proj,u = proj,(1,2). 


56. Find another vector that has the same projection onto 
= (1, 1,1) as u = 123. 


57. Letv = (0,0, 1). Give a description of all position vectors u 
such that projyu = proj, (1, 2,3). 


58-61. Decomposing vectors For the following vectors u and V, 
express was the sum u = p + n, where p is parallel to v and n is 
orthogonal to V. 


58. u = (4,3),v = (1,1) 

59. u = (-2,2),v = (2,1) 

60. u = (4,3,0),v = (1,1,1) 
61. u = (-1,2,3),v = (2,1,1) 


62-65. Distance between a point and a line Carry out the following 
steps to determine the (smallest) distance between the point P and the 
line € through the origin. 


a. Find any vector v in the direction of £. 

b. Find the position vector u corresponding to P. 

c. Find proj,u. 

d. Show that w = u — proj,u is a vector orthogonal to v whose 
length is the distance between P and the line €. 

e. Find w and |w]. Explain why |w] is the distance between P and £. 

62. P(2,—5); €:y = 3x 

63. P(—12,4); €: y = 2x 

64. P(0,2,6); £ has the direction of (3, 0,—-4). 


65. P(1,1,—1); £ has the direction of (—6, 8,3). 


66-68. Orthogonal unit vectors in R? Consider the vectors 


I= (1/V2, 1/V2) and J = (-1/V2, 1/ V2). 
66. Show that I and J are orthogonal unit vectors. 


67. Express I and J in terms of the usual unit coordinate vectors i and 
j. Then, write i and j in terms of I and J. 


68. Write the vector (2, —6) in terms of I and J. 


69. Orthogonal unit vectors in R? Consider the vectors 
I = (1/2,1/2,1/V2),J = (-1/V2, 1/V2, 0}, and 
K = (1/2,1/2,-1/V2). 


a. Sketch I, J, and K and show that they are unit vectors. 
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b. Show that I, J, and K are pairwise orthogonal. 
c. Express the vector ( 1, 0, 0) in terms of I, J, and K. 


70-71. Angles of a triangle For the given points P, Q, and R, find the 


approximate measurements of the angles of APQR. 
70. P(1,—4), Q(2,7), R(—2, 2) 
71. P(0,—1,3), Q(2, 2,1), R(—2, 2, 4) 


Applications 

72. Flow through a circle Suppose water flows in a thin sheet 
over the xy-plane with a uniform velocity given by the vector 
v= ( 1, 2) ; this means that at all points of the plane, the velocity 
of the water has components 1 m/s in the x-direction and 2 m/s 
in the y-direction (see figure). Let C be an imaginary unit circle 
(that does not interfere with the flow). 


y 


a. Show that at the point (x, y) on the circle C the outward- 
pointing unit vector normal to Cis n = (x,y). 

b. Show that at the point (cos 0, sin 0) on the circle C 
the outward-pointing unit vector normal to C is also 
n = (cos 0, sin 0). 

c. Find all points on C at which the velocity is normal to C. 

d. Find all points on C at which the velocity is tangential to C. 

e. At each point on C find the component of v normal to C. 
Express the answer as a function of (x, y) and as a function of 0. 


f. What is the net flow through the circle? That is, does water 
accumulate inside the circle? 


73. Heat flux Let D be a solid heat-conducting cube formed by the 
planes x = 0, x = 1, y = 0, y = 1,z = 0, and z = 1. The 
heat flow at every point of D is given by the constant vector 
Q = (0,2,1). 

a. Through which faces of D does Q point into D? 

b. Through which faces of D does Q point out of D? 

c. On which faces of D is Q tangential to D (pointing neither 
in nor out of D)? 

d. Find the scalar component of Q normal to the face x = 0. 

e. Find the scalar component of Q normal to the face z = 1. 

f. Find the scalar component of Q normal to the face y = 0. 


74. Hexagonal circle packing The German mathematician Gauss 
proved that the densest way to pack circles with the same radius 
in the plane is to place the centers of the circles on a hexagonal 
grid (see figure). Some molecular structures use this packing or 


its three-dimensional analog. Assume all circles have a radius of 
1 and let r; be the vector that extends from the center of circle i to 


the center of circle j, fori, 7 = 0,1,...,6. 






a. Find Tj; for j = 1,2,...,6. 
b. Find F12, 134, and F61- 


c. Imagine circle 7 is added to the arrangement as shown in the 


SPO 


figure. Find roz, r17, r47, and rs. 


75. Hexagonal sphere packing Imagine three unit spheres 


(radius equal to 1) with centers at O(0, 0, 0), P(V3,—1, 0), 
and Q( V3, 1, 0). Now place another unit sphere symmetrically 


on top of these spheres with its center at R (see figure). 





a. Find the coordinates of R. (Hint: The distance between the 


centers of any two spheres is 2.) 


b. Let r; be the vector from the center of sphere i to the center of 


sphere j. Find rop, roo, Ypo, Yor, and rpp. 


Additional Exercises 
76-80. Properties of dot products Letu = (uj, uz, u3), 


v= (v1, V9, is and W = (wy, W2, W3 ) . Let c be a scalar. Prove the 


following vector properties. 


76. 
Ths 
78. 
79. 


ue v| = Jully| 
uev = veu 
c(u*ev) = (cu)*v = us (cv) 


u-(v + w) = ur-vt+uew 


Commutative property 
Associative property 


Distributive property 






80. 


81. 


82. 


83. 
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Distributive properties 

a. Show that (u + v) ° (u + v) = jul? + 2u-ev + |v”. 

b. Show that (u + v). (u + v) = jul? + |v|? if u is 
perpendicular to v. 

c. Show that (u + v). (u — v) = Jul? — |v|?. 


Prove or disprove For fixed values of a, b, c, and d, the value 
Of Proj (Ka, kb) (c,d) is constant for all nonzero values of k, for 
(a,b) # (0,0). 


Orthogonal lines Recall that two lines y = mx + b and 

y = nx + c are orthogonal provided mn = —1 (the slopes are 
negative reciprocals of each other). Prove that the condition 

mn = —1 is equivalent to the orthogonality condition u Ħ* v = 0, 
where u points in the direction of one line and v points in the 
direction of the other line. 

Direction angles and cosines Let v = (a, b, c) and let a, p, 


and y be the angles between v and the positive x-axis, the positive 
y-axis, and the positive z-axis, respectively (see figure). 


Z 





a. Prove that cos? œ + cos? B + cos? y = 1. 

b. Find a vector that makes a 45° angle with i and j. What angle 
does it make with k? 

c. Find a vector that makes a 60° angle with i and j. What angle 
does it make with k? 

d. Is there a vector that makes a 30° angle with i and j? Explain. 

e. Find a vector v such that œ = B = y. What is the angle? 


84-88. Cauchy-Schwarz Inequality The definition u» v = |u||v| cos 0 
implies that |u -v| = |u||v| (because |cos 0| = 1). This inequal- 

ity, known as the Cauchy—Schwarz Inequality, holds in any number of 
dimensions and has many consequences. 


84. 


85. 


86. 


87. 


What conditions on u and v lead to equality in the Cauchy— 
Schwarz Inequality? 


Verify that the Cauchy—Schwarz Inequality holds for 
u = (3,—-5,6) and v = (—8,3,1). 


Geometric-arithmetic mean Use the vectors u = ( Va, Vb) 
and v = (Vb, Va) to show that Vab < (a + b)/2, where 
a = and b= 0, 


Triangle Inequality Consider the vectors u, v, and u + v (in 
any number of dimensions). Use the following steps to prove that 
ju + v| < Jul + |v. 
a. Show that |u + v|? = (u + v): (u + v) = jul? + 

2u-v + |v}. 
b. Use the Cauchy—Schwarz Inequality to show that 

ju + v? = (lul + |v). 
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c. Conclude that ju + v| < Jul + [vl]. 


c. Show that the sum of the squares of the lengths of the diago- 


d. Interpret the Triangle Inequality geometrically in R? or R°. nals equals the sum of the squares of the lengths of the sides. 


88. Algebra inequality Show that for real numbers u4, u2, and u3, it 90. Distance between a point and a line in the plane Use projections 


is true that 


(uy =H uy + TE < 3(uf F T =H uş). 


(Hint: Use the Cauchy—Schwarz Inequality in three dimensions 
with u = (4, uz, u3) and choose v in the right way.) 


89. Diagonals of a parallelogram Consider the parallelogram with 


adjacent sides u and v. 


a. Show that the diagonals of the parallelogram are u + v and 


to find a general formula for the (smallest) distance between the 
point P(xo, yo) and the line ax + by = c. (See Exercises 62-65.) 





QUICK CHECK ANSWERS 


1. If 9 = O, u and v are parallel and point in the same direc- 
tion. If @ = 7, u and v are parallel and point in opposite 
directions. 2. All these dot products are zero, and the unit 
vectors are mutually orthogonal. The angle between two dif- 


u— v. 
b. Prove that the diagonals have the same length if and only if ferent unit vectors is 7/2. 3. proja = 4i, projju = —3j, 
uv = 0. scalu = 4, scalu = —3.< 


12.4 Cross Products 


Torque 






r 
Component of F 


perpendicular to r 
has length |F| sin 0. 


FIGURE 12.55 





FIGURE 12.56 


The dot product combines two vectors to produce a scalar result. There is an equally funda- 
mental way to combine two vectors in R? and obtain a vector result. This operation, known 
as the cross product (or vector product) may be motivated by a physical application. 

Suppose you want to loosen a bolt with a wrench. As you apply force to the end of the 
wrench in the plane perpendicular to the bolt, the “twisting power” you generate depends 
on three variables: 


e the magnitude of the force F applied to the wrench; 
e the length |r| of the wrench; 


e the angle at which the force is applied to the wrench. 


The twisting generated by a force acting at a distance from a pivot point is called 
torque (from the Latin to twist). The torque is a vector whose magnitude is propor- 
tional to |F , |r|, and sin 0, where 0 is the angle between F and r (Figure 12.55). If the 
force is applied parallel to the wrench—for example, if you pull the wrench (0 = 0) 
or push the wrench (0 = m)—there is no twisting effect; if the force is applied per- 
pendicular to the wrench (0 = 7/2), the twisting effect is maximized. The direction 
of the torque vector is defined to be orthogonal to both F and r. As we will see shortly, 
the torque is expressed in terms of the cross product of F and r. 











The Cross Product 


The preceding physical example leads to the following definition of the cross product. 


DEFINITION Cross Product 


Given two nonzero vectors u and v in R3, the cross product u X visa vector with 
magnitude 


la x v| = [ulv] sin 9, 


where 0 = 0 < ~m is the angle between u and v. The direction ofu X v is given by the 
right-hand rule: When you put the vectors tail to tail and let the fingers of your right 
hand curl from u to v, the direction of u X v is the direction of your thumb, orthogonal 
to both u and v (Figure 12.56). When u X v = 0, the direction ofu X v is undefined. 





QUICK CHECK 1 Sketch the vectors 

=e) 2, 0) and v = (—1,2,0). 
Which way does u X v point? Which 
way does v X u point? « 








Area = base X height 
= |ullv| sin 0 
= |u x v| 


FIGURE 12.57 


y=(], LV?) 





u = (1, 1, 0) 


u X vis orthogonal to 
u and v with |u x v| = 2 


FIGURE 12.58 





QUICK CHECK 2 Explain why the 
vector Ou. x 3v points in the same 
direction asu X v.<« 
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The following theorem is a consequence of the definition of the cross product. 


THEOREM 12.3 Geometry of the Cross Product 
Let u and v be two nonzero vectors in R°. 


1. The vectors u and v are parallel (0 = O or @ = 7) if and only ifu X v = 0. 


2. If u and v are two sides of a parallelogram (Figure 12.57), then the area of the 
parallelogram is 


la x v| = Jul|v| sin 0. 





EXAMPLE 1 A cross product Find the magnitude and direction of u X v, where 
= (1,1,0) andv = (1,1, V2). 


SOLUTION Because u is one side of a 45—45—90 triangle and v is the hypotenuse (Figure 
12.58), we have 0 = 77/4 and sin @ = -5 = V2 and |v| = 2, so the magni- 
tude ofu X vis 





1 
ju X v| = jul|v| sin ð = V2:2 75 = 2: 


The direction of u X v is given by the right-hand rule: u X v is orthogonal to u and v 
(Figure 12.58). 
Related Exercises 7—-14< 


Properties of the Cross Product 
The cross product has several algebraic properties that simplify calculations. For example, 
scalars factor out of a cross product; that is, if a and b are scalars, then (Exercise 69) 

(au) X (bv) = ab(u X v). 


The order in which the cross product is performed is important. The magnitudes ofu X v 
and v X u are equal. However, applying the right-hand rule shows that u X v and v X u 
point in opposite directions. Therefore, u X v = —(v X u). There are two distributive 
properties for the cross product, whose proofs are omitted. 


THEOREM 12.4 Properties of the Cross Product 
Let u, v, and w be nonzero vectors in R?, and let a and b be scalars. 


lou X v= —(v xu) Anticommutative property 


2. (au) X (bv) = ab(u X v) Associative property 


3. u X (v + w) = (u xX v) + (u X w) Distributive property 
4. (u +v) X w= (u X w) + (Vv X w) Distributive property 





EXAMPLE 2 Cross products of unit vectors Evaluate all the cross products among 
the coordinate unit vectors i, j, and k. 


SOLUTION These vectors are mutually orthogonal, which means the angle between 

any two distinct vectors i j| = |k| = 
Therefore, the cross product of any two distinct vectors has magnitude 1. By the right- 
hand rule, when the fingers of the right hand curl from i to j, the thumb points in the di- 
rection of the positive z-axis (Figure 12.59). The unit vector in the positive z-direction is 
k, soi X j = k. Similar calculations show that j X k = iand k x i=j. 
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The determinant of the matrix A is 
denoted both |A| and det A. The formula 
for the determinant of A is 


























dı d2 43 
A E E by b3 _ bı b3 
192 03| — 4] a 
C2 C3 C1 C3 
C1 C2 C3 
bi by 
+ a3 3 
C] C2 
where 
a b 
| = ad — bc. 
c d 
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k 
i=jXk= ixj=k 
im jxk=i 
X ` s kxi j 
NO 
FIGURE 12.59 


By property | of Theorem 12.4, j X i = —(i X j) = —k, so j X iandi X j point in 
opposite directions. Similarly, k X j = —i andi X k = —j. These relationships are eas- 
ily remembered with a circle diagram (Figure 12.59). Finally, the angle between any unit 
vector and itself is 0 = 0. Therefore,i Xi =j Xj=kxk=0. 

Related Exercises 15—20< 


THEOREM 12.5 Cross Products of Coordinate Unit Vectors 
ixj=-(Gj xi) =k jx k=-—(k XxX j) =i 


ixi=jxjo=kxk=0 


kxXi=—-(i xk) =j 





What is missing so far is a method for finding the components of the cross product of 
two vectors in RÌ. Let u = uji + uj + u3k and v = vi + vj + vk. Using the dis- 
tributive properties of the cross product (Theorem 12.4) we have 

u X v = (mi + uj + usk) X (vii + vj + v3k) 
— UV] (i X i) F UV? (i X j) F U1V3 (i X k) 








0 k =j 
+ UV] (j x i) F U2V2 (j x j) + U2V3 (j x k) 
=k 0 i 
+ uzvi (k X i) + uzv (k X j) + uzv; (k X k). 
1— a M — m 
j àj 0 


This formula looks impossible to remember until we see that it fits the pattern used to 
evaluate 3 X 3 determinants. Specifically, if we compute the determinant of the matrix 


Unit vectors —> i jk 
Components ofu —> Uy Un U3 
Components ofvy — Vi Vo V3 


(expanding about the first row), the following formula for the cross product emerges (see 
margin note). 


THEOREM 12.6 Evaluating the Cross Product 
Letu = uji + U> J si u3k and v = vi + vj Ja vK. Then 


U3 


u XxX y = U] JF 










OP = (2, 3, 4) 
e P(2, 3, 4) 
N 


7 

Q(3, 2, 0) 

= (3, 2, 0) 

Area of parallelogram 


= |OP x 09]. 

Area of triangle 

= +|OP x OQ]. 
FIGURE 12.60 







z 


v = 2i — 5j — 3k 


FIGURE 12.61 





QUICK CHECK 3 A good check on a 
Cross TETE calculation is to verify 
that u and v are orthogonal to the 
computed u X v. In Example 4, 
verify that u+ (u X v) = 0 and 

v: (u X v) =0.< 


T=rxF 





FIGURE 12.62 


u X v = 30i + 9j + 5k 
is normal to u and v. 
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EXAMPLE 3 Area of a triangle Find the area of the triangle with vertices O(0, 0, 0), 
P(2, 3, 4), and Q(3, 2, 0) (Figure 12.60). 


SOLUTION First consider the parallelogram, two of whose sides are the vectors OP and 
OO. By Theorem 12.3, the area of this parallelogram is |OP x OQ|. Computing the 
cross product, we find that 


=|} ok 
2 0 





. . ds 2 4). |2 3 
OP x 00 = |2. 3 = i+ 
3 2 


of KF 


= — i + 12j — 5k. 
Therefore, the area of the parallelogram is 
IOP x OO| = |-8i + 12j — 5k| = V233 ~ 15.26. 


The triangle with vertices O, P, and Q comprises half of the parallelogram, so its area is 


V 233 /2 = 7.63. 
Related Exercises 21—34< 


EXAMPLE 4 Vector normal to two vectors Find a vector normal (or orthogonal) to 
the two vectors u = —i + 6K and v = 2i — 5j — 3k. 


SOLUTION A vector normal to u and vis parallel tou X v (Figure 12.61). One normal 


vector 1s 
i j k 
uxXv=/-l 0 6 
2 =) =) 
= (0 + 30)i — (3 — 12)j + (5 — 0)k 
= 301 + 9j + 5k. 


Any scalar multiple of this vector is also orthogonal to u and v. 
Related Exercises 35-38< 


Applications of the Cross Product 


We now investigate two physical applications of the cross product. 


Torque Returning to the example of applying a force to a wrench, suppose a force F is 
applied to the point P at the head of a vector r = OP (Figure 12. T The torque, or twist- 
ing effect, produced by the force about the point O is given by r = r X F. The torque 
vector has a magnitude of 


|r| = |r x F| = |r||F| sin 9, 


where 0 is the angle between r and F. The direction of the torque is given by the right- 
hand rule; it is orthogonal to both r and F. As noted earlier, if r and F are parallel then 
sin 0 = 0 and the torque is zero. For a given r and F, the maximum torque occurs when F 
is applied in a direction orthogonal to r (0 = 7/2). 


EXAMPLE 5 Tightening a bolt Suppose you apply a force of 20 N to a wrench 
attached to a bolt in a direction perpendicular to the bolt (Figure 12.63). Which produces 
more torque: applying the force at an angle of 60° on a wrench that is 0.15 m long or 
applying the force at an angle of 135° on a wrench that is 0.25 m long? In each case, what 
is the direction of the torque? 
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» When standard threads are added to the 
bolt in Figure 12.63, the forces used in 
Example 5 cause the bolt to move upward 
into a nut—in the direction of the torque. 


TOJ 
is 


q 
Path of charged 
particle 
F B 
F is orthogonal 
to v and B 


FIGURE 12.64 


» The standard unit of magnetic field 
strength is the tesla (T, named after 
Nicola Tesla). A strong bar magnet has 
a strength of 1 T. In terms of other units, 
1 T = 1kg/(C°s), where C is the unit 
of charge called the coulomb. 


T=rxF 
|7] = 3.5 Nem 


T=rxF 
|7| = 2.6Nem 





FIGURE 12.63 (a) (b) 


SOLUTION The magnitude of the torque in the first case is 

[r| = |r||F| sin@ = (0.15 m)(20N) sin 60° = 2.6N-m. 
In the second case, the magnitude of the torque is 

|r| = |r||F| sin @ = (0.25 m)(20N) sin 135° = 3.5 N- m. 


The second instance gives the greater torque. In both cases, the torque is orthogonal to r 
and F, parallel to the shaft of the bolt (Figure 12.63). 
Related Exercises 39-44< 


Magnetic Force on a Moving Charge Moving electric charges (either isolated 
charges or a current in a wire) experience a force when they pass through a magnetic field. 
For an isolated charge q, the force is given by F = q(v X B), where v is the velocity of 
the charge and B is the magnetic field. The magnitude of the force is 


IF| = |qllv x B| = [q/|v/|B] sin 9, 


where 0 is the angle between v and B (Figure 12.64). Note that the sign of the charge also 
determines the direction of the force. If the velocity vector is parallel to the magnetic field, 
the charge experiences no force. The maximum force occurs when the velocity is orthogo- 
nal to the magnetic field. 


EXAMPLE 6 Force ona proton A proton with a mass of 1.7 X 10 7’ kg anda 
charge of q = +1.6 X 10 '? coulombs (C) moves along the x-axis with a speed of 
|v| = 9 x 10° m/s. When it reaches (0, 0, 0) a uniform magnetic field is turned on. 
The field has a constant strength of | tesla and is directed along the negative z-axis 
(Figure 12.65). 


a. Find the magnitude and direction of the force on the proton at the instant it enters the 
magnetic field. 


b. Assume that the proton loses no energy and the force in part (a) acts as a centripetal 
force with magnitude |F| = m|v|?/R that keeps the proton in a circular orbit of 
radius R. Find the radius of the orbit. 
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P The force F = qv X B is orthogonal to SOLUTION 
v and B at all points and holds the proton 5. 
in a circular trajectory. a. Expressed as vectors, we have v = 9 X 10° 1 and B = —k. Therefore, the 


force on the proton in newtons is 
F = q(v X B) = 1.6 x 10 '°((9 X 10°) X (—k)) 
= 1.44 x 10 Pj. 
As shown in Figure 12.65, when the proton enters the magnetic field in the 


positive x-direction, the force acts in the positive y-direction, which changes 
the path of the proton. 


b. The magnitude of the force acting on the proton remains 1.44 X 10 1° N 
at all times (from part (a)). Equating this force to the centripetal force 
|F| = m|v|?/R, we find that 

FIGURE 12.65 Po m|y|? (1.7 X 10” kg) (9 X 10° m/s)? 
-JEI 1.44 X 10 3N 





=~ 0.01 m. 


Assuming no energy loss, the proton moves in a circular orbit of radius 0.01 m. 
Related Exercises 45—48< 


SECTION 12.4 EXERCISES 


Review Questions 8. z 
1. Explain how to find the magnitude of the cross product u X v. 


2. Explain how to find the direction of the cross product u X v. 


3. What is the magnitude of the cross product of two parallel 
vectors? 


4. Ifu and v are orthogonal, what is the magnitude of u X v? 


5. Explain how to use a determinant to compute u X v. 





6. Explain how to find the torque produced by a force using cross y 
products. 
9—12. Cross products from the definition Sketch the following vec- 
Basic Skills tors u and v. Then compute |u X v| and show the cross product on 
7-8. Cross products from the definition Find the cross product your sketch. 
u X vin each figure. 6 už (0,-2,0),v = (0, 1,0) 
T: 


10. u = (0,4,0), v = (0,0,—8) 
11. u = (3,3,0), v = (3,3,3V2) 
12. u = (0,—2,—2}),v = (0,2,—2) 


13. Magnitude of a cross product Compute |u X v| if u and v are 
unit vectors and the angle between u and v is 77/4. 





u = (3, 0, 0) 
v= (0,5, 0) 14. Magnitude of a cross product Compute |u x v| if |u| = 3 and 
|v| = 4 and the angle between u and v is 27/3. 
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15-20. Coordinate unit vectors Compute the following cross products. 
Then make a sketch showing the two vectors and their cross product. 


15. jX k 16. 
18. 3j Xi 19. 


iX k 17. —j X k 


-2i X 3k 20. 2j x (—5)i 


21-24. Area of a parallelogram Find the area of the parallelogram 
that has two adjacent sides u and vV. 


21. u = 3i — j, v = 3j + 2k 

22. u = —3i + 2k,v =i+j+k 

23. u = 2i — j — 2k,v = 3i + 2j — k 
24. u = 8i + 2j — 3k, v = 2i + 4j — 4k 


25-28. Area of a triangle For the given points A, B, and C, find the 
area of the triangle with vertices A, B, and C. 


25. A(0, 0,0), B(3,0, 1), C(1, 1,0) 

26. A(1,2,3),B(5, 1,5), C(2, 3, 3) 

27. A(5, 6,2), B(7, 16, 4), C(6, 7, 3) 

28. A(—1,—5,—3), B(—3,—2,—1), C(0,—5,—1) 


29-34. Computing cross products Find the cross products u X v and 
v X u for the following vectors u and vV. 


29. u = (3,5,0),v = (0,3,-6) 

30. u = (-4,1,1),v = (0,1,-1) 
31. u = (2,3,-9),v = (-1,1,-1) 
32. u = (3,-4,6),v = (1,2,-1) 
33. u = 3i — j — 2k,v =i + 3j — 2k 


34. u = 2i — 10j + 15k, v = 0.5i + j — 0.6k 

35-38. Normal vectors Find a vector normal to the given vectors. 
35. (0,1,2) and (—2,0,3) 36. (1,2,3) and (—2,4,—1) 
37. (8,0,4) and (—8, 2, 1) 38. (6,—2,4) and (1,2,3) 


39. Tightening a bolt Suppose you apply a force of 20 N to a 
0.25-meter-long wrench attached to a bolt in a direction perpen- 
dicular to the bolt. Determine the magnitude of the torque when 
the force is applied at an angle of 45° to the wrench. 


40. Opening a laptop Suppose you apply a force of 1.5 lb ina 
direction perpendicular to the screen of a laptop at a distance of 
10 in from the hinge of the screen. Find the magnitude of torque 
(in ft- lb) that you apply. 


41-44. Computing torque Answer the following questions about torque. 


41. Letr = OP = i + j + k. A force F = (20,0,0) is applied at 
P. Find the torque about O that is produced. 


42. Letr = OP = i — j + 2k. A force F = (10, 10,0) is applied 
at P. Find the torque about O that is produced. 


—>» 


43. Letr = OP = 10i. Which is greater (in magnitude): the torque 
about O when a force F = 5i — 5k is applied at P or the torque 
about O when a force F = 4i — 3j is applied at P? 
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44. A pump handle has a pivot at (0, 0, 0) and extends to P(5, 0, —5). 
A force F = (1,0,—10) is applied at P. Find the magnitude and 
direction of the torque about the pivot. 


45—48. Force on a moving charge Answer the following questions 
about force on a moving charge. 


45. A particle with a positive unit charge (q = 1) enters a constant 
magnetic field B = i + j with a velocity v = 20k. Find the mag- 
nitude and direction of the force on the particle. Make a sketch of 
the magnetic field, the velocity, and the force. 


46. A particle with a unit negative charge (q = —1) enters a constant 
magnetic field B = 5k with a velocity v = i + 2j. Find the mag- 
nitude and direction of the force on the particle. Make a sketch of 
the magnetic field, the velocity, and the force. 


47. An electron (q = —1.6 X 10°C) enters a constant 2-T 
magnetic field at an angle of 45° to the field with a speed of 
2 X 10° m/s. Find the magnitude of the force on the electron. 


48. A proton (q = 1.6 X 107°? C) with velocity 2 X 10°j m/s 
experiences a force in newtons of F = 5 X 10 |” k as it passes 
through the origin. Find the magnitude and direction of the mag- 
netic field at that instant. 


Further Explorations 
49. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. The cross product of two nonzero vectors is a nonzero vector. 
b. |u X v] is less than both |u| and |v]. 
c. If u points east and v points south, then u X v points west. 
d. Ifu xX v = Oandu-v = 0, then either u = O orv = 0 
(or both). 
e. Law of Cancellation? If u X v = u X w, then v = w. 


50-51. Collinear points Use cross products to determine whether the 
points A, B, and C are collinear. 


50. A(3,2, 1), B(5,4,7), and C(9, 8, 19) 
51. A(—3,—2, 1), B(1, 4,7), and C(4, 10, 14) 


52. Finding an unknown Find the value of a such that 
(a,a,2) X (1,a,3) = (2,-4,2). 


53. Parallel vectors Evaluate (a, b,a ) x (b, a, b ) . For what nonzero 
values of a and b are the vectors (a, b,a ) and (b, a,b ) parallel? 


54-57. Areas of triangles Find the area of the following triangles T. (The 
area of a triangle is half the area of the corresponding parallelogram.) 


(0,6,0),v = (4,4,4), andu — v. 
(3,3,3),v = (6,0,6), andu — v. 
56. The vertices of T are O(0, 0,0), P(2, 4, 6), and Q(3, 5, 7). 


54. The sides of T are u = 


55. The sides of T are u 


57. The vertices of T are O(0, 0,0), P(1, 2,3), and Q(6, 5, 4). 
58. A unit cross product Under what conditions is u X v a unit vector? 
59. Vector equation Find all vectors u that satisfy the equation 


(1,1,1) X u = (-1,-1,2). 


60. 


61. 


Vector equation Find all vectors u that satisfy the equation 
(1,1,1) Xu = (0,0,1). 


Area of a triangle Find the area of the triangle with vertices on 
the coordinate axes at the points (a, 0, 0), (0, b, 0), and (0, 0, c), 
in terms of a, b, and c. 


62—64. Scalar triple product Another operation with vectors is the 
scalar triple product, defined to be u’ (v X w), for vectors u, v, and 
w in RÌ. 


62. 


63. 


64. 


Express u, v, and w in terms of their components and show that 
u: (v X w) equals the determinant 


Uy U2 U3 
Vi V2 V3 |. 
Wi W2 W3 
Consider the parallelepiped (slanted box) determined by the posi- 


tion vectors u, v, and w (see figure). Show that the volume of the 
parallelepiped is |u + (v X w)]. 


| 


lu] cos 0 





Prove that u» (v X w) = (u X v): w. 


Applications 


65. 


66. 


Bicycle brakes A set of caliper brakes exerts a force on the rim 
of a bicycle wheel that creates a frictional force F of 40 N (see 
figure). Assuming the wheel has a radius of 66 cm, find the mag- 
nitude and direction of the torque about the axle of the wheel. 





Arm torque A horizontally outstretched arm supports a weight 
of 20 lb in a hand (see figure). If the distance from the shoulder 
to the elbow is 1 ft and the distance from the elbow to the hand is 
1 ft, find the magnitude and describe the direction of the torque 
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about (a) the shoulder and (b) the elbow. (The units of torque in 
this case are ft-lb.) 





|e ——1 # ——>].—_1 






67. Electron speed An electron with a mass of 9.1 X 10 3! kg anda 
charge of —1.6 X 10°!” C travels in a circular path with no loss of 
energy in a magnetic field of 0.05 T that is orthogonal to the path 
of the electron (see figure). If the radius of the path is 0.002 m, 
what is the speed of the electron? 


electron 





Additional Exercises 
68. Three proofs Prove thatu X u = 0 in three ways. 


a. Use the definition of the cross product. 
b. Use the determinant formulation of the cross product. 
c. Use the property thatu X v = —(v X u). 


69. Associative property Prove in two ways that for scalars a and b, 
(au) X (bv) = ab(u X v). Use the definition of the cross prod- 
uct and the determinant formula. 


70-72. Possible identities Determine whether the following statements 
are true using a proof or counterexample. Assume that u, v, and W are 
nonzero vectors in RÈ. 


70. ux (u X v) = 0 
71. (u—v) xX (ut+v) =2u Xv 
72. u:(v X w) = w:(u xv) 


73-74. Identities Prove the following identities. Assume that u, v, W, 
and x are nonzero vectors in RÌ. 


73. u X (v X w) = (u:w)v — (u'v)w_ Vector triple product 


74. (u X v) (w X x) = (u+w)(v:x) — (u: x)(v:w) 
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75. Cross product equations Suppose u and v are nonzero vectors 


in R°. 


a. Prove that the equation u X z = v has a nonzero solution z if 
and only if u +v = 0. (Hint: Take the dot product of both sides 


with v.) 
b. Explain this result geometrically. 





1. u X v points in the positive z-direction; v X u points 
in the negative z-direction. 2. The vector 2u points in the 
same direction as u and the vector 3v points in the same 
direction as v. So, the right-hand rule gives the same 
direction for 2u X 3v as it does foru X v. 

3. u: (u X v) = (—1,0,6)- (30,9,5) = 

—30 + 0 + 30 = Q0. A similar calculation shows 

that v+ (u X v) = 0.< 


12.5 Lines and Curves in Space 


One point on The entire curve is 

the curve represented by the 
corresponds to vector-valued function 
a single vector r(t) = (x(t), y£), zD). 
r = (x, y, Z). 


x(t), y@), z0) 







r(t) = xA, yA, z(t) 


X 


A point (x(t), y(t), z(£)) on the curve is the 
head of the vector r(t) = (x(t), y(t), z). 


FIGURE 12.66 


Imagine a projectile moving along a path in three-dimensional space; it could be an elec- 
tron or a comet, a soccer ball or a rocket. If you take a snapshot of the object, its position 
is described by a static position vector r = (x, y, z). However, if you want to describe the 
full trajectory of the object as it unfolds in time, you must use a position vector such as 
r(t) = (x(t), y(t), z(t)) whose components change in time (Figure 12.66). The goal of 
this section is to describe continuous motion by using vector-valued functions. 


Vector-Valued Functions 
A function of the form r(t) = (x(t), y(t), z(t)) may be viewed in two ways. 


e It is a set of three parametric equations that describe a curve in space. 


e It is also a vector-valued function, which means that the three dependent variables 
(x, y, and z) are the components of r, and each component varies with respect to a 
single independent variable t (that often represents time). 


Here is the connection between these two perspectives: As t varies, a point 
(x(t), y(t), z(t)) on a parametric curve is also the head of the position vector 
r(t) = (x(t), y(t), z(t)). It is useful to keep both of these interpretations in mind as you 
work with vector-valued functions. 


Lines in Space 

Two distinct points in R? determine a unique line. Alternatively, one point and a direction 
also determine a unique line. We use both of these properties to derive parametric equa- 
tions for lines in space. The result is an example of a vector-valued function in R°. 

Let £ be the line passing through the point Po(Xo, Yo, Zo) parallel to the nonzero vec- 
tor v = (a,b,c), where Po and v are given. The fixed point Pp is associated with the 
position vector rọ = OP = ( xo, Yo. Zo). We let P(x, y, z) be a variable point on € with 
r = OP = (x,y,z) the position vector associated with P (Figure 12.67). Because £ is 
parallel to v, the vector P,P is also parallel to v; therefore, P,P = tv, where ż is a real 
number. By vector addition, we see that OP = OP, + PoP, or OP = OP + tv. It 
follows that 

(x, y, z) = (Xos Yo» Zo) + t (a, b, c) or r = ro + tv. 


— Aam ee — aa 
E a OP ro ~ OP, = 
Equating the components, the line is described by the parametric equations 


x =X + at, y = yo + bt, z = zo + ct, for-—-~» <t< œ, 





QUICK CHECK 1 Describe the line 

r(t) = tk, for—%© < t < ©, Describe 
the line r(t) = t(i + j + Ok), for 
-0 a, Oe 


» Although we may refer to the equation of 
a line, there are infinitely many equations 
for the same line. The direction vector is 
determined only up to a scalar multiple. 







r(f) = (1 + 54,2 — 34,44+ 2) 





v=, 3D 
Fe 2, 4) 






AA 


Projection of line 


in xy-plane 
O 8 y 
V= t 

FIGURE 12.68 
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Equation of line € 


r=ry tiy 
' : € 
Variable point 
P(x, y, z) 
Fixed point 
Po Yor Zo) pne (Da) is 






ERS any vector in 
= r = OP = (x, y, z) the direction of £. 
ro = OP, = (x E. 


FIGURE 12.67 x 


The parameter t determines the location of points on the line, where t = O corresponds to 
Po. If t increases from 0, we move along the line in the direction of v, and if t decreases 
from 0, we move along the line in the direction of —v. As t varies over all real num- 
bers (~œ < t < ©), the vector r sweeps out the entire line £. If, instead of knowing the 
direction v of the line, we are given two points Pp (Xp, yo, Zo) and P; (x, Y1, Z1), then the 


direction of the line is v = PAP, = (x, — Xo. ¥1 — Yo Zi — Zo). 


Equation of a Line 
An equation of the line passing through the point P5( x9, yo, Zo) in the direction of 
the vector v = (a,b,c) isr = ro + tv, or 


-—ae <t< ©, 


Comey + t (a, b,c), for 


(x,y,z) = 
Equivalently, the parametric equations of the line are 


x = Xx +t at, y = yo t bt, z= z% +t ct, for -~<t< @, 





EXAMPLE 1 Equations of lines Find an equation of the line that passes through the 
point Pp (1, 2, 4) in the direction of v = (5, —3,1 7 


SOLUTION We are given rọ = (1,2,4). Therefore, an equation of the line is 
r(t) = ro + tv = (1,2,4) + t(5,—3,1) = (1 + 5t,2 — 3t,4 + t), 
for—œ < t < œ (Figure 12.68). The corresponding parametric equations are 


x= 1 + St, y=2-— 3t, z= 4+t_ for ~% <t< œ, 


The line is easier to visualize 1f it is plotted with its projection in the xy-plane. Setting 
z = 0 (the equation of the xy-plane), the parametric equations of the projection line are 
x= l + 5t,y = 2 — 3t, and z = 0. Eliminating t from these equations, an equation of 
the projection line is y = —2y T 2 (Figure 12.68). 

Related Exercises 9-24 


EXAMPLE 2 Equations of lines Let £ be the line that passes through the points 
Po (—3, 5, 8) and P, (4, 2,—1). 
a. Find an equation of €. 


b. Find equations of the projections of € on the xy- and xz-planes. Then graph those 
projection lines. 
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€ SOLUTION 
a. The direction of the line is 
v= PP, = (4 — (-3),2 —5,-1 — 8) = (7,-3,-9). 
Therefore, with rọ = (—3, 5,8 ), the equation of € is 










Projection of € 
in xy-plane 


ya 28 4 26 


r(t) = ro + tv 
= (—3,5,8) + t(7,—-3,—-9) 
= (-3 + 7t,5 — 3t,8 — 9t). 


xX b. Setting the z-component of the equation of € equal to zero, the parametric equations of 

(a) the projection of € on the xy-plane are x 7 =3 3 7t, y = 5 — 3t. Eliminating t from 
these equations gives the equation y = —5x + > (Figure 12.69a). The projection of € 
on the xz-plane (setting y = 0) is x = —3 + 7t,z = 8 — 9t. Eliminating t gives the 
equation z = —3x + ? (Figure 12.69b). 


Related Exercises 9-24< 
Projection of € 


on xz-plane 
7 T 


ECK 2 In the equation of the line 





r(t) = (X05 Yo» Zo) =F t{ x — Xos Yı T Yoo 21 7 a 


what value of t corresponds to the point Po (xo, Yo, zo)? What value of t corresponds to the 


point P; (x1, Y1, 21)? < 
P (4, 2, —1) 


EXAMPLE 3 Equation of a line segment Find the equation of the line segment be- 


(b) tween Py (3,—1, 4) and P, (0, 5, 2). 
FUARIN ARR SOLUTION The same ideas used to find an equation of an entire line work here. We just 
restrict the values of the parameter t, so that only the given line segment is generated. The 
» A related problem: To find the point at direction of the line segment 1S 
which the line in Example 2 intersects — 
the xy-plane, we set z = 0, solve for t, Vo, = (0 3 11) 4) = is, 6, Ah 


and Hnd ee ones One aang Letting rọ = (3,—1, 4), the equation of the line through Py and P} is 


y-coordinates: z = 0 implies t = 3 


which implies x = 22 and y = 4. r(t) = ro + tv = (3 — 3t,—1 + 6t,4 — 2t). 


Notice that if £ = 0, then r(0) = (3, —1,4 ) , which is a vector with endpoint Pp. If 

t = 1, thenr(1) = (0,5,2), which is a vector with endpoint P}. Letting t vary from 0 
to 1 generates the line segment between Po and P, (Figure 12.70). Therefore, the equation 
of the line segment is 


r(t) = (3 — 3t,-1+ 64,4 — 2t}, forO =¢ <= 1. 


4 













A finite interval in t 
H= produces a line segment. 


(t = 0) 


ty = 3 =— 3h —1 + 64.4 —2)) 
O=7=1 


P (0, 5, 2) 
(t= 1) 


Projection in xy-plane 
y=5-2x,0Ssx53 
FIGURE 12.70 y 


Related Exercises 25—28< 


> When f, g,and h are linear functions 


of t, the resulting curve is a line or line 


segment. 


X 


FIGURE 12.71 


The curve 


r(t) = (f(d), g(), h(D), 


frastsb 
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Curves in Space 


We now explore general vector-valued functions of the form 


r(t) = (f(t), g(t), h(t)) = f()i + g(t) + h(t)k, 


where f, g, and h are defined on an interval a = t S b. The domain of r is the largest set 
of values of t on which all of f, g, and h are defined. 

Figure 12.71 illustrates how a parameterized curve is generated by such a function. 
As the parameter t varies over the interval a S t S b, each value of t produces a posi- 
tion vector that corresponds to a point on the curve, starting at the initial vector r(a) 
and ending at the terminal vector r(b). The resulting parameterized curve can either 
have finite length or extend indefinitely. The curve may also cross itself or close and 
retrace itself. 


Orientation of Curves If a smooth curve C is viewed only as a set of points, then at 
any point of C it is possible to draw tangent vectors in two directions (Figure 12.72a). On 
the other hand, a parameterized curve described by the function r(t), where a = t S b, 
has a natural direction, or orientation. The positive or forward direction is the direction 
in which the curve is generated as the parameter increases from a to b. For example, the 
positive direction of the circle r(t) = (cos t, sin t), for 0 = t = 27, 1s counterclock- 
wise (Figure |12.72b). The orientation of a parameterized curve and its tangent vectors 
are consistent: The positive direction of the curve is also the direction in which the tan- 
gent vectors point along the curve. A precise definition of the tangent vector is given in 
Section 12.6. 


Tangent vectors point in 
positive or forward direction. 
Tangent vectors in 
either of two directions 


Unparameterized curve Parameterized curve 


FIGURE 12.72 (a) (b) 


EXAMPLE 4 A helix Graph the curve described by the equation 
r(t) = 4costi+ sintj + +k, 

where (a) 0 = t S 27 and (b)-*® < t< œ. 

SOLUTION 


a. We begin by setting z = O to determine the projection of the curve in the xy-plane. 
The resulting function r(t) = 4 cos ti + sin tj implies that x = 4 cos t and y = sin f; 
these equations describe an ellipse in the xy-plane whose positive direction is counter- 
clockwise (Figure 12.73a). Because z = i the value of z increases from 0 to 1 as t 
increases from O to 277. Therefore, the curve rises out of the xy-plane to create a helix 
(or coil). Over the interval 0, 27 |, the helix begins at (4, 0, 0), circles the z-axis once, 


and ends at (4, 0, 1) (Figure 12.73b). 
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b. Letting the parameter vary over the interval —œ < t < © generates a helix that 
winds around the z-axis endlessly in both directions (Figure 12.73c). The forward 
direction is upward on the z-axis. 


One loop of the helix 
t 
2T 


r(t) = 4costi + sintj + 


lor O= 72 27 


k, 


Projection of helix on 
2 + | xy-plane is an ellipse. 





Eight loops of the helix 
r(t) = 4 cos ti + sin tj + —k, Z 

2T 
for —% < ft < % 





» Recall that the functions sin at and cos at 
oscillate a times over the interval [ 0, 277]. 
Therefore, their period is 277 /a. 


Roller coaster curve 
r(t) = cos ti + sin tj + 0.4 sin 2t k, 
forO =t=27 


Z 


FIGURE 12.73 


Related Exercises 29—-36< 


EXAMPLE 5 Roller coaster curve Graph the curve 
r(t) = costi + sin tj + 0.4 sin 2tk, for0 S t S 27. 


SOLUTION Without the z-component, the resulting function r(t) = cos ti + sin rj 
describes a circle of radius | in the xy-plane. The z-component of the function varies 
between —0.4 and 0.4 with a period of m units. Therefore, on the interval [0, 27 | the 


Projection on xy-plane 
is the circle x? + y? = 1. 





FIGURE 12.74 z-coordinates of points on the curve oscillate twice between —0.4 and 0.4, while the 
x- and y-coordinates describe a circle. The result is a curve that circles the z-axis once 
Y y = A(t) cos t in the counterclockwise direction with two peaks and two valleys (Figure 12.74). 
6 with an amplitude Related Exercises 37—40 < 
4 A(t) = 4 + cos 20t 
2 EXAMPLE 6 Slinky curve Graph the curve 


r(t) = (4 + cos 20f) cos ti + (4 + cos 20f) sin tj + 0.4 sin 20rk, 
for 0 Ss t S 27. 


SOLUTION The factor A(t) = 4 + cos 20t that appears in the x- and y-components is a 
varying amplitude for cos ti and sin tj. Its effect is seen in the graph of the x-component 
FIGURE 12.75 A(t) cos t (Figure 12.75). For 0 = t < 27, the curve consists of one period of 4 cos t 


x-component of r 


12.5 Lines and Curves in Space 825 


with 20 small oscillations superimposed on it. As a result, the x-component of r varies 
from —5 to 5 with 20 small oscillations along the way. A similar behavior is seen in the 
y-component of r. Finally, the z-component of r, which is 0.4 sin 20t, oscillates between 
—0.4 and 0.4 twenty times over [0, 27]. Combining these effects, we discover a coil- 
shaped curve that circles the z-axis in the counterclockwise direction and closes on itself. 
Figure 12.76 shows two views, one looking along the xy-plane and the other from over- 
head on the z-axis. 





Slinky curve 
r(t) = (A(t) cos t, A(t) sin t, 0.4 sin 20t) 
ZÀ A(t) = 4 + cos 20t 
View along xy-plane. AN 


View from above. 


FIGURE 12.76 
Related Exercises 37-40< 


Limits and Continuity for Vector-Valued Functions 


The limit of a vector-valued function r(t) = f(t)i + g(t)j + h(t)k is defined much as 
it is for scalar-valued functions. If there is a vector L such that |r(t) — L| can be made 
arbitrarily small by taking ¢ sufficiently close to a, then we write lim r(t) = L and say 
that the limit of r as t approaches a is L. ae 


DEFINITION Limit of a Vector-Valued Function 


A vector-valued function r approaches the limit L as t approaches a, written 


lim r(t) = L, provided lim |r(t) — L| = 0. 
a ta 





This definition, together with a short calculation (Exercise 78), leads to a straightforward 
method for computing limits of the vector-valued function r = (f, g, hY. Suppose that 


lim f(t) = Lı, lim g(t) = Lo, and lim h(t) = L}. 
{a {a ta 

Then 

lim r(t) = (im f(n lim g(t), lim no) =, Wha, bade 
t—>a t—>a ia 


ia 


In other words, the limit of r is determined by computing the limits of its components. 
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The limits laws in Chapter 2 have analogs for vector-valued functions. For example, 
if lim r(t) and lim s(t) exist and c is a scalar, then 
ia ta 


lim (r(t) + s(t)) = limr(t) + lims(t) and lim cr(t) = climr(t). 
ia t—>a t—>a t—>a t—>a 
The idea of continuity also extends directly to vector-valued functions. A function 
r(t) = f(t)i + g(t)j + h(t)k is continuous at a provided lim r(t) = r(a). Specifically, 
{>a 


if the component functions f, g, and h are continuous at a, then r is also continuous at 
a and vice versa. The function r is continuous on an interval Z if it is continuous for 
all ¢ in J. 


» Continuity is often taken as part of the 
definition of a parameterized curve. 


z 4 r(A = (cos mt, sin mt, e`"), 





x Curve approaches the y 
circle x? + y? = lin 
the xy-plane as t> œ. 


FIGURE 12.77 


SECTION 12.5 EXERCISES 


Review Questions 


1. How many independent variables does the function 


r(t) = (f(t), g(t), h(t) ) have? 


2. How many dependent scalar variables does the function 


r(t) = (f(t), g(t), A(t) ) have? 


3. Whyisr(t) = (f(t), g(t), h(t)) called a vector-valued 


function? 


4. Explain how to find a vector in the direction of the line segment 


from Po(Xo, Yo, Zo) to Pi (1, Y1, Z1). 


5. How do you find an equation for the line through the points 


Po(X0, Yo» Zo) and Pi (xi, Yi» z1)? 


Continuity has the same intuitive meaning in this setting as it does for scalar-valued 
functions. If r is a continuous function, the curve it describes has no breaks or gaps, which 
is an important property when r describes the trajectory of an object. 


EXAMPLE 7 Limits and continuity Consider the function 


r(t) = cos mti + sin mtj + e‘k, fort = 0. 
a. Evaluate lim r(t). 

b. Evaluate lim r(t). 

c. At what points is r continuous? 

SOLUTION 

a. We evaluate the limit of each component of r: 


lim r(t) = lim (cos mti + sin mtj + e’k) = i + ek. 

—?2 3) ~~~ AA —— 

—> 1 —0 — e”? 

b. Note that although lim e~” = 0 exists, lim cos ¢ and lim sin ¢ do not exist. Therefore, 
lim r(t) does not exist. As shown in Figure 12.77, the curve is a coil that approaches 


t—0o 


the unit circle in the xy-plane. 


c. Because the components of r are continuous for all t, r is also continuous for all t. 
Related Exercises 41-46< 


Basic Skills 
9-24. Equations of lines Find equations of the following lines. 


9. The line through (0, 0, 1) in the direction of the vector 
v = (4,7,0) 


10. The line through (—3, 2, —1) in the direction of the vector 
v = (1,-2,0) 


11. The line through (0, 0, 1) parallel to the y-axis 
12. The line through (0, 0, 1) parallel to the x-axis 
13. The line through (0, 0,0) and (1, 2, 3) 

14. The line through (1, 0, 1) and (3, —3, 3) 


6. In what plane does the curve r(t) = ti + t°k lie? 15. The line through (—3, 4, 6) and (5, —1, 0) 
7. How do you evaluate lim r(t), where r(t) = (f(t), g(t), h(t) }? 16. The line through (0, 4, 8) and (10, —5, —4) 
>a 


How do you determine whether r(t) = f(t)i + g(t)j + A(t)k is 
continuous at t = a? 


17. The line through (0, 0, 0) that is parallel to the line 
r(t) = (3 — 2t,5 + 84,7 — 4t) 


34. 
35. 
36. 


18. The line through (1, —3, 4) that is parallel to the line 
r(t) = (3 + 44,5 — 14,7) 


19. The line through (0, 0, 0) that is perpendicular to both 
u = (1, 0,2) and v = (0, 1, 1) 


20. The line through (—3, 4, 2) that is perpendicular to both 
u = (1,1,—5) and v = (0,4,0) 


21. The line through (—2, 5, 3) that is perpendicular to both 
u = (1, l, 2) and the x-axis 


22. The line through (0, 2, 1) that is perpendicular to both 
u = (4,3,—5) and the z-axis 


23. The line through (1, 2, 3) that is perpendicular 
to the lines r,(t) = (3 — 24,5 + 84,7 — 4t) and 
r(t) = (-24,5+24,7-t) 


24. The line through (1, 0,—1) that is perpendicular to the lines 
r(t) = (3 + 2t,3t,—4t) andr,(t) = (t,t,—t) 


25-28. Line segments Find an equation of the line segment joining 
the first point to the second point. 


25. (0, 0,0) and (1, 2, 3) 
27. (2,4, 8) and (7,5, 3) 


26. (1,0, 1) and (0, —2, 1) 
28. (—1,—8,4) and (—9, 5,—3) 


29-36. Curves in space Graph the curves described by the following 
functions, indicating the direction of positive orientation. Try to antici- 
pate the shape of the curve before using a graphing utility. 


29. r(t 


) = cos ti + sin tk, forO = t < 27 
30. r(t) = 4costj + 16sintk, forO = t S 27 
31. r(t) = costi + j + sin tk, forO St S$ 27 
32. r(t) 

) 

) 

) 


133. r(t) = tcosti + tsintj + tk, for 0 < t < 67 


= 
aa 
~ 
| 
P 
N 
pi 0 
D 
~ 
= e 
-+ 
AK 
O 
O 
Nn 
~ 
Gate 
+ 
ği 
e 
© 
ta 
zi 
a) 
© 
IA 
~ 
/\ 
8 


= ¢ 1/20 sin ti + ec 9 cos tj + tk,forO S t < œ 
r(t) = e™ Vi + 3costj + 3 sin tk, for0 < t < ~ 


37—40. Exotic curves Graph the curves described by the following 
functions. Use analysis to anticipate the shape of the curve before 
using a graphing utility. 


37. r(t) = 0.5 cos 15ti + (8 + sin 15t) cos tj + (8 + sin 15ż) sin rk, 
tor 0 = t= 27 


38. r(t) = 2costi+ 4sintj + cos 10rk, forO < t < 27 
39, r(t) = sinti + sin? tj + t/(5m)k, forO < t < 107 
40. r(t) = cos tsin 3ti + sin tsin 3tj + Vtk,for0 <t <9 


41-46. Limits Evaluate the following limits. 


41. lim 


tan /2 


uae q 2b 
(co 2ti — 4sintj + K) 
TT 
42. lim (2e'i + 6e"j — 4e ™”k) 
t—>ln 2 


è —te 2t e —| 
lim|{ e ʻi — —— j + tan tk 
tx t+1 


43. 
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44 im( de a T K) 
. 1 — 4e T F 
m2\ f + 1 -A dar] 
in t '— t-l cost + #/2 — 1 
45. im ($t: -^ _ j+ ae) 
0\ t t f 
tan t 3t 
46. i(i o A Tk) 
t—0 t sin ¢ 


Further Explorations 
47. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. The line r(t) = (3, —1, 4) + t(6, —2, 8) passes through the 
origin. 

b. Any two nonparallel lines in R? intersect. 

c. The curve r(t) = (e™%, sin t,—cos t) approaches a circle as 
t —> œ, 


d. Ifr(t) = e” (1,1,1) then lim r(t) = lim r(t). 
{1—0 t—>— oo 


48. Point of intersection Determine the equation of the line that 
is perpendicular to the lines r(t) = (—2 + 3t, 2t, 3t) and 
R(s) = (—6 + s,—8 + 2s,—12 + 3s) and passes through the 
point of intersection of the lines r and R. 


49. Point of intersection Determine the equation of the line that 
is perpendicular to the lines r(t) = (4t, 1 + 2t, 3t) and 
R(s) = (—1 + s,—7 + 2s,—12 + 3s} and passes through the 
point of intersection of the lines r and R. 


50-55. Skew lines A pair of lines in R? are said to be skew if they are 
neither parallel nor intersecting. Determine whether the following 
pairs of lines are parallel, intersecting, or skew. If the lines intersect, 
determine the point(s) of intersection. 


50. r(t) = (3 + 4t, 1 — 6t, 4t); 
R(s) = (—2s,5 + 3s,4 — 2s) 

51. r(t) = (1 + 6¢,3 — 74,2 + t}; 
R(s) = (10 + 35,6 + 5,14 + 4s) 


52. r(t) = (4 + 5t,—2t,1 + 3t); 
R(s) = (10s,6 + 4,4 + 6s) 


53. r(t) = (4,6-14,1+ 1%); 

R(s) = (-3 — 7s,1 + 45,4 — s) 
54, r(t) = (4+ t,—21,1 + 3t); 

R(s) = (1 — 7s,6 + 14s,4 — 21s) 
55. r(t) = (1 + 24,7 — 34,6 + t); 

R(s) = (—9 + 65,22 — 9s,1 + 3s) 


56-59. Domains Find the domains of the following vector-valued 
functions. 





as F 
56. ET. 


57. r(t) = Vit 2i f V2=tj 


12 
58. r(t) = cos 2ti + eV'j + k 





2 
59. r(t) = V4- ri+ Vtj- VET 


828 CHAPTER 12 © VECTORS AND VECTOR- VALUED FUNCTIONS 


60-63. Line-plane intersections Find the point (if it exists) at which 


the following planes and lines intersect. 

60. x = 3; r(t) = (t,t,t) 

61. z = 4; r(t) = (2t+ 1,—t + 4,1 - 6) 
62. y = —2; r(t) = (2t + 1,-1 + 4,t — 6) 
63. z= —8; r(t) = (3t — 2,t — 6,—2t + 4) 


64-66. Curve-plane intersections Find the points (if they exist) at 
which the following planes and curves intersect. 


64. y = 1; r(t) = (10cos¢,2sint,1),for0 < t < 27 
65. z = 16; r(t) = (t,2t,4 + 3t),for—~ <t < œ% 


66. y+x=0; r(t) = (cos t, sin t, t), for 0 =t=4r 


67. Matching functions with graphs Match functions a-f with the 


appropriate graphs A-F. 


a. r(t) = (t,—t,t) b. r(t) = (?,4,t) 
c. r(t) = : cost,4sint,2) d. r(t) = (2t, sin t, cos t) 
e. r(t) = (sint,cost,sin2t) f. r(t) = (sint, 2t, cost) 


Brae 


(A) 


a 
Ph Se, 


68. Intersecting lines and colliding particles Consider the lines 


r(t) = (2 + 24,8 + 4,10 + 3t) and 
R(s) = (6 + s, 10 — 25,16 — s). 


a. Determine whether the lines intersect (have a common point) 


and if so, find the coordinates of that point. 


b. If rand R describe the paths of two particles, do the particles 
collide? Assume t = 0 and s = 0 measure time in seconds, 


and that motion starts ats = t = Q. 


69. Upward path Consider the curve described by the vector func- 
tion r(t) = (50e ‘cos t)i + (50e” sin t)j + (5 — 5e‘)k, for 
pe 0), 


a. What is the initial point of the path corresponding to r(0)? 
b. What is lim r(t)? 
to 
c. Sketch the curve. 
d. Eliminate the parameter f to show that z = 5 — r/10, where 
r=x + y. 


70-73. Closed plane curves Consider the curve 
r(t) = (acost + bsint)i + (ccost + dsint)j + (ecost + fsin t)k, 
where a, b, c, d, e, and f are real numbers. It can be shown that this 
curve lies in a plane. 


70. Assuming the curve lies in a plane, show that it is a circle 
centered at the origin with radius R provided 
œ + e+ esb + e+ = R adab + cd + ef= 0. 


71. Graph the following curve and describe it. 


r(t) = ean $ EET + aT + in 


Var V3 Var V3 


~ (—=sin r)k 


V3 


72. Graph the following curve and describe it. 


r(t) = (2cost + 2sint)i + (-cost + 2 sin f)j 
+ (cost — 2 sin t)k 


73. Find a general expression for a nonzero vector orthogonal to the 
plane containing the curve. 


r(t) = (acost + bsint)i + (ccost + dsint)j 
+ (ecost + fsin t)k, 


where (a,c, e) x (b, d, f) A 0 


Applications 
Applications of parametric curves are considered in detail in 
Section 12.7. 


74. Golf slice A golfer launches a tee shot down a horizontal fairway and 
it follows a path given by r(t) = (at, (75 — 0.la)t,—5f + 80t), 
where t = 0 measures time in seconds and r has units of feet. 
The y-axis points straight down the fairway and the z-axis points 
vertically upward. The parameter a is the slice factor that deter- 
mines how much the shot deviates from a straight path down the 
fairway. 

a. With no slice (a = 0), sketch and describe the shot. How far 
does the ball travel horizontally (the distance between the point 
the ball leaves the ground and the point where it first strikes 
the ground)? 

b. With a slice (a = 0.2), sketch and describe the shot. How far 
does the ball travel horizontally? 

c. How far does the ball travel horizontally with a = 2.5? 


Additional Exercises 
75-77. Curves on spheres 


75. Graph the curve r(t) = (4 sin 2t, 4(1 — cos 2t), cos t) and prove 
that it lies on the surface of a sphere centered at the origin. 


12.6 Calculus of Vector-Valued Functions 829 


76. Prove that for integers m and n, the curve b. Assume that lim f(t) = Ly, lim g(t) = L,, and 
ta ta 
r(t) = (asin mtcos nt, b sin mt sin nt, c cos mt ) lim h(t) = L}. Prove that lim r(t) = L = (Ly, L, L3), 
ta ta 


lies on the surface of a sphere provided a? + b? = œ. 


which means that lim |r(t) — L| = 0. 
{>a 


77. Find the period of the function in Exercise 76; that is, find the 


smallest positive real number T such that r(t + T) = r(t) 


for all t. 


78. Limits of vector functions Let r(t) = (f(t), g(t), A(t) ). 


CHECK ANSWERS 





1. The z-axis; the line y = x inthe xy-plane 2. When 
t = O, the point on the line is Pp; when t = 1, the point on 


a. Assume that lim r(t) = L = (Ly, Ly, L;), which means that the line is P,.< 
ta 


lim |r(t) — L| = 0. Prove that 
ta 


lim f(t) = Lı, lim g(t) = Lo, and limA(t) = L3. 
ta ta ta 


12.6 Calculus of Vector-Valued Functions 


» An analogous interpretation can be given 
for At < 0. 


» Section 12.7 is devoted to problems of 
motion in two and three dimensions. 


We now turn to the topic of ultimate interest in this chapter: the calculus of vector-valued 
functions. Everything you learned about differentiating and integrating functions of the 
form y = f(x) carries over to vector-valued functions r(t); you simply apply the rules of 
differentiation and integration to the individual components of r. 


The Derivative and Tangent Vector 


Consider the function r(t) = f(t)i + g(t)j + A(t)k, where f, g, and h are differentiable 
functions on an interval a < t < b. The first task is to explain the meaning of the deriva- 
tive of a vector-valued function and to show how to compute it. We begin with the defini- 
tion of the derivative—now with a vector perspective: 
© Ar ~- HF At) — r(t) 
ee e Ato a At l 

Before computing this limit, we look at its geometry. The function r(t) = f(t)i + 
g(t)j + h(t)k describes a parameterized curve in space. Let P be a point on that curve 
associated with the position vector r(t) and let Q be a nearby point associated with the 
position vector r(t + At), where At > 0 is a small increment in ¢ (Figure 12.78a). 
The difference Ar = r(t + At) — r(t) is the vector PO, where we assume Ar # 0. 
Because At is a scalar, the direction of Ar/At is the same as the direction of PO. 

As At approaches 0, Q approaches P and the vector Ar/At approaches a limiting 
vector that we denote r’(t) (Figure 12.78b). This new vector r’(t) has two important 
interpretations. 


e The vector r’(t) points in the direction of the curve at P. For this reason r’(f) is a 
tangent vector at P (provided it is not the zero vector). 


e The vector r'(t) is the derivative of r with respect to t; it gives the rate of change of the 
function r(t) at the point P. In fact, if r(t) is the position function of a moving object, 
then r’(t) is the velocity vector of the object, which always points in the direction of 
motion, and |r’(t)| is the speed of the object. 
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PO = Ar = r(t + At) — r(t) 


r(t) = (f(t), g(), Aa) 





As At > 0, Ar 
a At 


which is a tangent vector at P. 


>r’(), 


X (a) (b) 
FIGURE 12.78 


We now evaluate the limit that defines r’(t) by expressing r in terms of its components 
and using the properties of limits. 


ri + Al) — 177) 


= ke At 
p (f(t + Athi + g(t + At)j + h(t + At)k) — (f(t)i + g(t)j + h(t)k) 
TRN At 
Substitute components of r. 
_ p [AE AD =A, | ltt AN = al) AEH AN -hA 
O Ar50 At At i At 
Rearrange terms inside of limit. 
_ f(t + At) — fu) _ g(t + At) — g(t) _ A(t + At) — h(t) 
= Jin i i —— k 
At—>0 At At—>0 At At—>0 At 
ee ——]————$< $s —— aa 


f'(t) g'(t) h'(t) 


Limit of sum equals sum of limits. 


Because f, g, and h are differentiable scalar-valued functions of the variable t, the three 
limits in the last step are identified as the derivatives of f, g, and h, respectively. Therefore, 
there are no surprises: 


r'(t) =f'(tH)hit+ g'(t)j + h'(t)k. 


In other words, to differentiate the vector-valued function r(t), we simply differentiate 
each of its components with respect to t. 


DEFINITION Derivative and Tangent Vector 
Let r(t) = f(t)i + g(t)j + A(t)k, where f, g, and A are differentiable functions on 
(a, b). Then r has a derivative (or is differentiable) on (a, b) and 


r'(t) =f'(t)i+ g'(t)j + h'(t)k. 


Provided r'(t) # 0, r'(t) is a tangent vector (or velocity vector) at the point corre- 
sponding to r(f). 





In this case, 
r’(0) = 0 
produces a cusp 
at (0, 0, 0). 







r(t) = (P, 3r, 16) y 
FIGURE 12.79 


» Ifa curve has a cusp at a point, then 
r'(t) = 0 at that point. However, the 
converse is not true; it may happen that 


r'(t) = 0 at a point that is not a cusp 
(Exercise 89). 





K2 Suppose r'(t) has 
units m/s. Explain why T(t) = 
r’(t)/|r’(t)| is dimensionless (has no 
units) and carries information only 
about direction. «< 


12.6 Calculus of Vector-Valued Functions 831 


EXAMPLE 1 Derivative of vector functions Compute the derivative of the follow- 
ing functions. 


a. r(t) = (°,37,°/6) b. r(t) =e i+ 10Vtj + 2cos3tk 
SOLUTION 


a. r'(t) = (3¢7, 6t, t7/2); note that r is differentiable for all t and r’(0) = 0. 


5 
b. r'(t) = —e‘i + —-j — 6sin 3tk; the function r is differentiable for t > 0. 


Vi 


Related Exercises 7—20<« 


CK1 Letr(t) = (t, t,t). Compute r'(t) and interpret the result. < 





The condition that r'(t) # 0 in order for the tangent vector to be defined requires ex- 
planation. Consider the function r(t) = (f,37,°/6). As shown in Example 1a, 
r'(0) = 0; that is, all three components of r’(t) are zero simultaneously when t = 0. 
We see in Figure 12.79 that an otherwise smooth curve has a cusp or a sharp point at 
the origin. If r describes the motion of an object, then r’(t) = 0 means that the veloc- 
ity (and speed) of the object is zero at a point. At such a stationary point the object may 
change direction abruptly creating a cusp in its trajectory. For this reason, we say a func- 
tion r(t) = (f(t), g(t), A(t) ) is smooth on an interval if f, g, and h are differentiable and 
r’(t) # 0 on that interval. Smooth curves have no cusps or corners. 


Unit Tangent Vector In situations in which only the direction (but not the length) of 
the tangent vector is of interest, we work with the unit tangent vector. It is the vector with 
magnitude 1, formed by dividing r’ (t) by its length. 


DEFINITION Unit Tangent Vector 


Letr = f(t)i + g(t)j + h(t) k be a smooth parameterized curve, fora <= t = b. 
The unit tangent vector for a particular value of t is 


_ (i) 
HO 


T(t) 





EXAMPLE 2 Unit tangent vectors Find the unit tangent vectors for the following 
parameterized curves. 


a. r(t) = (t*,4t,4Int), fort > 0 
b. r(t) = (10, 3 cos t,3 sint), for0 =t=27 


SOLUTION 


a. A tangent vector is r'(t) = (23, 4,4/ t) , which has a magnitude of 


4 2 
Ir’(t)| = ,/ (20)? + 47 + ($) Definition of magnitude 


= Ja + 16+ 9 Expand 
2 pand. 


4 2 
= (2 + +) Factor. 


4 
= 2+ — Simplify. 





832 CHAPTER 12 © VECTORS AND VECTOR-VALUED FUNCTIONS 


Unit tangent vectors 
change direction along 
the curve, but always 
have length 1. 


r(t) = (É, 4t, 4 In 2), 
fort >0 





FIGURE 12.80 


» With the exception of the Cross Product 
Rule, these rules apply to vector- 
valued functions with any number of 
components. Notice that we have three 
new product rules, all of which mimic the 
original Product Rule. In Rule 4, u must 
be differentiable at f(t). 






QUICK CHECK 3 Let u(t) = (t,t,t) 
and v(t) = (1, |; Í): Compute 

d ; ee 

7 [ u(t) + v(t) | using Derivative Rule 5 
and show that it agrees with the result 
obtained by first computing the dot 
product and differentiating directly. «< 


Therefore, the unit tangent vector for a particular value of t is 


(21,4, 4/t) 
2r+ 4/t - 





T(t) = 
As shown in Figure 12.80, the unit tangent vectors change direction along the curve 
but maintain unit length. 
b. In this case, r'(t) = (0, —3 sin t, 3 cos t) and 
Ir’(t)| = Vo? + (—3 sin t)? + (3 cost)? = V9(sin* t + cos*t) = 3. 
i—i 
1 


Therefore, the unit tangent vector for a particular value of t is 


T(t) = — (0,—3 sin t£, 3 cost} = (0, —sin t, cos t}. 


W | — 


The direction of T changes along the curve, but its length remains 1. 
Related Exercises 21—30< 


Derivative Rules The rules for derivatives for single-variable functions either carry 
over directly to vector-valued functions or have close analogs. These rules are generally 
proved by working on the individual components of the vector function. 


THEOREM 12.7 Derivative Rules 

Let u and v be differentiable vector-valued functions and let f be a differentiable 
scalar-valued function, all at a point t. Let c be a constant vector. The following 
rules apply. 


d 
1. 


— (e) = 0 Constant Rul 
Praca, onstant Rule 


: © (u(t) + v(t)) = u’(t) + v’(t) Sum Rule 


T ADUA) = F'(Hult) + fHu (t) Product Rule 


d 


-y (UG) = u (F(t) Chain Rule 


; “ (u(t) ‘v(t)) = u’(t)* v(t) + u(t)+v’(t) Dot Product Rule 


: “ (u(t) X v(t)) = u'(t) X v(t) + u(t) X v’(t) Cross Product Rule 





The proofs of these rules are assigned in Exercises 86—88 with the exception of the 
following representative proofs. 


Proof of the Chain Rule: Let u(t) = (u(t), u2(t), u3(t) ), which implies that 
u(f(t)) = uE) i + wf) )j + us(f(t)) k. 
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We now apply the ordinary Chain Rule componentwise: 


d 


“(u(lt))) = E (aO) + A + us(fC0))) Components of u 


= © (u (f()))i + © (uf); + “(us(f(t))) k Derivative of a sum 


=u (FDE COEF u (FEF OI + us’ (E) (Chain Rule 

= (m (F) i + uz (F) + u3’ (FE) k) FO Factor f'(t). 

= u'( f) (Ð). Definition of u’ 
< 


Proof of the Dot Product Rule: One proof of the Dot Product Rule uses the stan- 
dard Product Rule on each component. Let u(t) = (u(t), u(t), u3(t)) and v(t) = 


(v(t), v2(t), v3(t)). Then 
d i 
— (u: v) = g Y + uav + U3V3) Definition of dot product 
= uy Vy + uv’ EZ Uy! Vo T Un Va” + U3’ V3 + U3 V3” Product Rule 
= Ui vy + Uy v + u3’ V3 + uivi" + uv” + u3v3" Rearrange. 


—=—— a aa: eee! 


f , 


u °v u:v 
= u'y + u.v’. < 
EXAMPLE 3 Derivative rules Compute the following derivatives, where 


u(t) = ti + tj- k and v(t) = sinti + 2costj + cos tk. 


d da day. 
a. = (v(0)) b. = (P v(2)) e = (u(t) +v(1)) 


SOLUTION 


a. Note that v’(t) = cos ti — 2 sin tj — sin tk. Using the Chain Rule, we have 


d d 

—(v(t?)) = v'(t?) — (t°) = (cos t*i — 2sint*j — sint*k) (2t). 

dt dt ee eee ee 

v'(t’) 
d d d 

b. ce v(t)) = ay bY) + re (A) Product Rule 
= 2tv(t) + t v'(t) 
= 2t (sin ti + 2costj + costk) + t7(cos ti — 2 sin tj — sin tk) 


v(t) v'(t) 


Differentiate. 


= (2tsint + t*cost)i+ (4tcost — 2t* sin t)j + (2tcost — t’sint)k 
Collect terms. 


d 
c. g y) = u'(t)-v(t) + u(t): v(t) Dot Product Rule 
= (i + 2tj — 3t°k) + (sin ti + 2 cos tj + cos tk) 
+ (ti + t?j — tk). (costi — 2 sin tj — sin tk) Differentiate. 
= (sint + 4t cost — 3t? cost) + (tcost — 2t° sint + t° sint) Dot products 
= (1 — 2t? + #)sint + (5t — 3t7) cost Simplify. 


Note that the result is a scalar. The same result is obtained if you first compute u + v and 


then differentiate. 
Related Exercises 3140< 
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Higher Derivatives Higher derivatives of vector-valued functions are computed in the 
expected way: We simply differentiate each component multiple times. Second derivatives 
feature prominently in the next section, playing the role of acceleration. 


EXAMPLE 4 Higher derivatives Compute the first, second, and third derivative of 
r(t) = {r 8ni h 


SOLUTION Differentiating once, we have r'(t) = (2t, 8 /t, —6e 7! J Differentiat- 
ing again produces r”(t) = (2,—8/t*, 12e”). Differentiating once more we have 
r”(t) = (0,16/P,—24e™}. 
Related Exercises 41-46< 


Integrals of Vector-Valued Functions 
An antiderivative of the vector function r is a function R such that R’ = r. If 
r= fi+ gj + hk, 
then an antiderivative of r is 
R = Fi+ Gj + Hk, 


where F, G, and H are antiderivatives of f, g, and h, respectively. This fact follows by dif- 
ferentiating the components of R and verifying that R’ = r. The collection of all antide- 
rivatives of r is the indefinite integral of r. 


DEFINITION Indefinite Integral of a Vector- Valued Function 


Letr = fi + gj + hk bea vector function and let R = Fi + Gj + Hk, where 
F, G, and H are antiderivatives of f, g, and h, respectively. The indefinite integral 
of ris 


[ro dt = R(t) + C, 


where C is an arbitrary constant vector. 





EXAMPLE 5 Indefinite integrals Compute 


t e —3t o 5 
las +e “j + (sin4t + Dk dt. 


> The substitution u = t? + 2 is used to SOLUTION We compute the indefinite integral of each component: 
evaluate the i-component of the integral. ; 
[= + ej + (sin4t + Dk dt 
Vrt +2 


1 1 
= (V +2+C)i+ (e + c» )j + (—feos a tit ck 
1 1 
= Vr7+2i- zej + (: — F eos4r)k FC.. aC] Cit tO 


In the last step, we combine the arbitrary constants for each component and use one con- 
Let r(t) = (1,26 312). stant vector C. You may suppress C4, C2, and C3 and append the vector constant C at the 
end of the calculation. 


1ECK 4 


C 





ompute i r(t) dt.< 


Related Exercises 47—52<¢ 
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EXAMPLE 6 Finding one antiderivative Find r(t) such that r’(t) = (e°, sin t,t) 
andr(0) =j. 


SOLUTION The required function r is an antiderivative of (e°, sin t, t): 


12 
r(t) = Jie sin ¢, t) dt = (e?r, cos t, E) + C, 


where C is an arbitrary constant vector. The condition r(0) = j allows us to determine C; 
substituting £ = 0 implies that r(0) = (0,—1,0)} + C = j, where j = (0, 1,0). Solv- 
ing for C, we have C = (0,1,0) — (0,-1,0) = (0,2,0). Therefore, 


j 
t 
r(t) = (61,2 = COST, L) 


Definite integrals are evaluated by applying the Fundamental Theorem of Calculus to 
each component of a vector-valued function. 


Related Exercises 53-S58< 


DEFINITION Definite Integral of a Vector-Valued Function 


Letr(t) = f(t)i + g(t) j + A(t) k, where f, g, and h are integrable on the interval 
[a,b]. 


fro dt = fto ar) T feo dt | T fro d |k 





EXAMPLE 7 Definite integrals Evaluate 


g t 
/ i + 3 COS J, = ark dt. 
0 2 











SOLUTION 
" t TT t T T s 
i + 3cos—j — ark dt = ti] + 6sin—j) — 212k) Evaluate integrals 
0 2 0 2 lo ü for each component. 
= mi + 6j — 27° k Simplify. 


Related Exercises 59—66 < 


With the tools of differentiation and integration in hand, we are prepared to tackle 
some practical problems, notably the motion of objects in space. 


SECTION 12.6 EXERCISES 


Review Questions Basic Skills 
1. Explain how to compute the derivative of r(t) = (f(t), g(t), hA(t)}. 7-14. Derivatives of vector-valued functions Differentiate the follow- 
] tions. 
2. Explain the geometric meaning of r’ (t). G 
of t) = t,t, sint 8. t) = (4e',5, Int 
3. Given a tangent vector on an oriented curve, how do you find the ty) (cos sint) ry) i nt) 
unit tangent vector? 9, r(t) = (20°, 6V1,3/t) 10. r(t) = (4,3 cos 2t, 2 sin 3t) 
4. Compute r’(t) when r(t) = (t!?, 8t, cost). 11. r(t) = (et, 2e™,—4e”) 12. r(t) = (tan t, sec t, cos’ t) 
5. How do you find the indefinite integral of 13. r(t) = (te, tlnt,tcost) 
t) = t), g(t), h(t))? = 
(1) = (19), 82), A) 14. r(t) = ((¢ + 1)!, tant, In (t+ 1)) 


6. How do you evaluate f r(t) dt? 
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15-20. Tangent vectors Find a tangent vector at the given value of t 
for the following curves. 


15. 7G) = 4636.7 N 
16, 1) = eere" 
17. r(t) = (t,cos 2t,2sint),t = 7/2 
18. r(t) = (2sint,3 cos t, sin (t/2)}, t = 7 
19. r(t) = (21t, 6t, 10/t),t= 1 

20. r(t) = (2e',e 7, 4e7), t = In3 


21-26. Unit tangent vectors Find the unit tangent vector for the 
following parameterized curves. 


2i YQ) = 22971), tor 0 = FS 1 

22. r(t) = (cost,sint,2), forO St < 27 
23. r(t) = (8,cos 2t,2sin2t), forO St S 27 
24. r(t) = (sin t,cost,cost), for0 = t = 27 
25. r(t) = (t,2,2/t), fort = 1 

26. r(t) = (e7,2e7%,2e*'), fort = 0 


27-30. Unit tangent vectors at a point Find the unit tangent vector at 


the given value of t for the following parameterized curves. 


27. r(t) = (cos 21,4,3sin2t), forO srar t= 7/2 
28. r(t) = (sint,cost,e"), forO = t = m;t =0 

29. r(t) = (61,6,3/t), forO<t<2;r=1 

30. r(t) = (V7e', 3e', 3e'), forO =< t< 1;t=In2 


31-36. Derivative rules Let 
u(t) = 2i + (t? — 1)j — 8k and v(t) = e'i + 2e*j — e”k. 
Compute the derivative of the following functions. 
31. (t? + 3t)u(t) 32. (41° — 6f°)v(t) 
33. u(t* — 2t) 34. v( V1) 
35. u(t) + v(t) 36. u(t) X v(t) 


37-40. Derivative rules Compute the following derivatives. 


d 
37. at C + 2j — 2tk)-(e'i + 2e'j — 3e™k) | 
d 3-6 e e 2 o 3 
38. qg (Ti T 2t) — 2k) x (ri — 1°] — Pk) 
d 2o e —] e . e 
39. rales i+ Vtj — 2t'k)-(costi + sin 2tj — 3tk)| 


d 
40. el + 6j — 2Vtk) x (3ti — 12t°j — 6f7k)| 


41-46. Higher derivatives Compute r"(t) and r'"(t) for the following 


functions. 
Al. r(t) = (#7 + 1,¢+4+ 1,1) 
42. r(t) = (3t? — t°, tè 4+ 2,067 - 2) 
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43. r(t) = (cos 3t, sin 4t, cos 6t ) 
44. r(t) = (e”,2e™™ + 1,2e™) 


45. r(t) = Vt + 4i + j- e”k 


nea 
+1 


I 
46. r(t) = tanti + (: F )j —In(t + 1)k 


47-52. Indefinite integrals Compute the indefinite integral of the fol- 
lowing functions. 

47. r(t) = (P — 3t,2t — 1,10) 

48. r(t) = (514 — #7, 1° — 40°,2/t) 








49. r(t) = (2cost, 2 sin 3t, 4 cos 8t) 
50. r(t) = te'i + tsint?j — — 5 
Veda 
51. r(t) = e“i+ E E 
l+t V2t 
52. r(t) = ži + ——j + Intk 
1 + 21 


53-58. Finding r from r’ Find the function r that satisfies the given 


condition. 

53. r'(t) = (e', sint,sec”t); r(0) = (2,2,2) 

54. r'(t) = (0,2,2t); r(1) = (4,3,-5) 

55. r'(t) = (1,21, 3t7); r(1) = (4,3,-5) 

56. r'(t) = (Vt,cos mt,4/t); r(1) = (2,3,4) 

57. r'(t) = (e%,1 — 2e™,1 — 2e'); r(0) = (1,1,1) 

58. r'(t) = ray, + tet j— we r(0) =i+ =i — 3k 


59-66. Definite integrals Evaluate the following definite integrals. 


1 
59, ix + tj + 3t7k) dt 
=I 


A 
60. J (6t7i + 8Pj + 9t°k)dt 
1 
In 2 


61. (e'i + e' cos(zre’)j)dt 
0 


1 
3 
62. J (3 = r cs?( Zr) Jar 
AET 2 


63. J (sin ti + cos tj + 2tk) dt 
ln 2 


64. (e™i + 2e” j — 4e'k)dt 
0 


2 
65. J te'(i + 2j — k) dt 
0 


a /4 
66. J (sec? ti — 2 cos tj — k) dt 
0 


Further Explorations 
67. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 
a. The vectors r(t) and r’(t) are parallel for all values of ż in the 
domain. 
b. The curve described by the function r(t) = (t,t? — 2t, cos at) 
is smooth, for ~œ < t < œ, 
c. Iff, g,and h are odd integrable functions and a is a real num- 
ber, then 


J (f(t)i + g(t)j + h(t)k)dt = 0. 


68-71. Tangent lines Suppose the vector-valued function 

r(t) = (f(t), e(t), h(t) ) is smooth on an interval containing the point 
(f(to), 2(to), A(to) ). The line tangent to r(t) att = tg is the line parallel 
to the tangent vector r' (tọ) that passes through (f(to), g(to), A(to) ). For 
each of the following functions, find the line tangent to the curve at t = tọ. 


68. r(t) = (e',e",e*): t—) = 0 

69. r(t) = (2 + cost,3 + sin2t,t); to = 7/2 

70. r(t) = (V2t+ 1, sin wt,4); tọ =4 

71. r(t) = (3t-— 1,7t + 2,17); — = 1 

72-77. Derivative rules Let u(t) = (1,2, 17), v(t) = (17, —2t, 1), 
and g(t) = 2Vt. Compute the derivatives of the following functions. 
72. u(t?) 73. v(e’) 74. g(t)v(t) 
75. v(g(t)) 76. u(t) + v(t) 77. u(t) X v(t) 
78-83. Relationship between r and r’ 

78. Consider the circle r(t) = (a cost, a sin t), for0 < t < 27, 


where a is a positive real number. Compute r’ and show that it is 
orthogonal to r for all t. 


79. Consider the parabola r(t) = (at? + 1, t) fo -o <t< ow, 
where a is a positive real number. Find all points on the parabola 
at which r and r’ are orthogonal. 


80. Consider the curve r(t) = (Vt 1, t) , for t > 0. Find all points 
on the curve at which r and r’ are orthogonal. 


81. Consider the helix r(t) = (cos t, sin t, t), for ~% < t < œ, 
Find all points on the helix at which r and r’ are orthogonal. 


82. Consider the ellipse r(t) = (2 cost, 8 sin t,0), for0 < t S 27. 
Find all points on the ellipse at which r and r’ are orthogonal. 


83. Give two families of curves in R? where r and r’ are parallel for 
all tin the domain. 


84. Derivative rules Suppose u and v are differentiable functions at t = 0 
with u(0) = (0,1,1),u’(0) = (0,7,1),v(0) = (0, 1,1), and 
v'(0) = ( 1, 1,2). Evaluate the following expressions. 


a. yy) 





t=0 





d 
b. —(u X v) 
dt t=0 





d 
c. —(costu(t)) 
dt t=0 


89. 
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Additional Exercises 
85. Vectors r and r’ for lines 


a. Ifr(t) = (at, bt,ct) with (a,b,c) # (0,0,0), show that 
the angle between r and r’ is constant for all t > 0. 

b. If r(t) = (xo + at, yo + bt, 2 + ct), where xo, yo, and Zo 
are not all zero, show that the angle between r and r’ varies 
with ¢. 

c. Explain the results of parts (a) and (b) geometrically. 


86. Proof of Sum Rule By expressing u and v in terms of their com- 
ponents, prove that 


€ (u(i) + v(t)) = u'(t) + v(t). 


87. Proof of Product Rule By expressing u in terms of its compo- 
nents, prove that 


EAA) = FO + NUC. 
88. Proof of Cross Product Rule Prove that 
“ (u(t) X v(t)) = u'(t) X v(t) + u(t) X v'(t). 


There are two ways to proceed: Either express u and v in terms of 
their three components or use the definition of the derivative. 


Cusps and noncusps 


a. Graph the curve r(t) = (t°, t°). Show that r'(0) = 0 and the 
curve does not have a cusp at t = 0. Explain. 

b. Graph the curve r(t) = (¢°, t°). Show that r'(0) = 0 and the 
curve has a cusp at t = 0. Explain. 

c. The functions r(t) = (t,t?) and p(t) = (t°, t*) both sat- 
isfy y = x”. Explain how the curves they parameterize are 
different. 

d. Consider the curve r(t) = Eg A? where m > 1 andn > 1 
are integers with no common factors. Is it true that the curve 
has a cusp at t = 0 if one (not both) of m and n is even? 
Explain. 


90. Motion on a sphere Prove that r describes a curve that lies on the 
surface of a sphere centered at the origin (x* + y? + 27 = a 
with a = 0) if and only if r and r’ are orthogonal at all points of 
the curve. 


2 


HECK ANSWERS 





1. r(t) describes a line, so its tangent vector r'(t) = (1,1,1) 
has constant direction and magnitude. 
2. Bothr’ and |r’| have units of m/s. In forming r'/|r' 





, the 
units cancel and T(f) is without units. 3. Tul) -v(t)| = 
(1,1,1)- (1,1,1) + (t,t, t). (0,0,0) = 3. 

Tane) (1,1,1)] = [3] =3. 4 (42°) +C, 


dt 
where C = (a, b, c) and a, b, and c are real numbers. < 
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Position and 
velocity at 










Position and 
velocity at 


p= 






v(t) 
/N i 


Position and 
velocity at 
t= fz 


X 


FIGURE 12.81 





FIGURE 12.82 


» In the case of two-dimensional motion, 
r(t) = (x(t), y(t)), v(t) = r'(t), and 
a(t) = r"(t). 

QUICK CHECK 1 Given r(t) = (t, t°, t°), 
find v(t) and a(t). «< 





It is a remarkable fact that given the forces acting on an object and its initial position and 
velocity, the motion of the object in three-dimensional space can be modeled for all future 
times. To be sure, the accuracy of the results depends on how well the various forces on 
the object are described. For example, it may be more difficult to predict the trajectory of a 
spinning soccer ball than the path of a space station orbiting Earth. Nevertheless, as shown 
in this section, by combining Newton’s Second Law of Motion with everything we have 
learned about vectors, it is possible to solve a variety of moving body problems. 


Position, Velocity, Speed, Acceleration 


Until now we have studied objects that move in one dimension (along a line). The 
next step is to consider the motion of objects in two dimensions (in a plane) and 
three dimensions (in space). 

We work in a three-dimensional coordinate system and let the vector-valued func- 
tion r(t) = (x(t), y(t), z(t) ) describe the position of a moving object at times t = 0. 


Trajectory r( |The curve described by r is the path or trajectory of the object (Figure 12.81). Just as 


with one-dimensional motion, the rate of change of the position function with respect 
to time is the instantaneous velocity of the object—a vector with three components cor- 
responding to the velocity in the x-, y-, and z-directions: 


v(t) = r'(t) = (x(t), y"(t),2'(2)). 


This expression should look familiar. The velocity vectors of a moving object are 
simply tangent vectors; that is, at any point the velocity vector is tangent to the tra- 
jectory (Figure 12.81). 

As with one-dimensional motion, the speed of an object moving in three 
dimensions is the magnitude of its velocity vector: 


lv(e)| = [(x"(2), a | = Vx)? + y(t)? + "(0)". 


The speed is a nonnegative scalar-valued function. 
Finally, the acceleration of a moving object is the rate of change of the velocity: 


a(t) = v'(t) = r"(t). 

While the position vector gives the path of a moving object and the velocity vector is always 
tangent to the path, the acceleration vector is more difficult to visualize. Figure 12.82 shows 
one particular instance of two-dimensional motion. The trajectory is a segment of a parabola 
and is traced out by the position vectors (shown at t = O and 1). As expected, the veloc- 
ity vectors are tangent to the trajectory. In this case, the acceleration isa = (—2, 0); it is 
constant in magnitude and direction for all times. The relationships among r, v, and a are 
explored in the coming examples. 


DEFINITION Position, Velocity, Speed, Acceleration 


Let the position of an object moving in three-dimensional space be given by 
r(t) = (x(t), y(t), z(t) }, fort = 0. The velocity of the object is 


v(t) = r'(t) = (x'(t),y'(2),2'(2)). 


The speed of the object is the scalar function 
POLS VE + y(t)? + 2/(0)°. 


The acceleration of the object is a(t) = v’(t) = r”(t). 








Circular motion: At all times a(t) = —r(f) 
and v(t) is orthogonal to r(t) and a(t). 


FIGURE 12.83 
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EXAMPLE 1 Velocity and acceleration from position Consider the two- 
dimensional motion given by the position vector 


r(t) = (x(t), y(t)) = (3cost,3sint), for0 = t = 2r. 
a. Sketch the trajectory of the object. 
b. Find the velocity and speed of the object. 
c. Find the acceleration of the object. 
d. Sketch the position, velocity, and acceleration vectors, for t = 0, 7/2, m, and 37/2. 
SOLUTION 
a. Notice that 

x(t)” + y(t)” = 9(cos*t + sin t) = 9, 


which is the equation of a circle centered at the origin with radius 3. The object moves 
on this circle in the counterclockwise direction (Figure 12.83). 


b. v(t) = (x'(t),y'(t)) = (-3sint,3cost) Velocity vector 
lv(t)| = Vx! (t)? + y(t)? Definition of speed 
= V(-3sint)? + (3 cost)? 
= \V/9(sin?t + co? t) = 3 
1 
The velocity vector has a constant magnitude and a continuously changing direction. 
c. a(t) = v'(t) = (-3cost,—3sint) = —r(t) 
In this case, the acceleration vector is the negative of the position vector at all times. 


d. The relationships among r, v, and a at four points in time are shown in Figure 12.83. 
The velocity vector is always tangent to the trajectory and has length 3, while the 
acceleration vector and position vector each have length 3 and point in opposite direc- 
tions. At all times, v is orthogonal to r and a. 

Related Exercises 7-18 


EXAMPLE 2 Comparing trajectories Consider the trajectories described by the 
position functions 


3 
t 
r(t) = (r M= a — 3), for t = 0, and 


6 
t 
R(t) = G tt — a 3), fort = 0, 


where ź is measured in the same time units for both functions. 


a. Graph and compare the trajectories using a graphing utility. 


b. Find the velocity vectors associated with the position functions. 
SOLUTION 


a. Plotting the position functions at selected values of t results in the trajectories shown 
in Figure 12.84. Because r(0) = R(0) = (0, —4,-8 i; both curves have the same 
initial point. For t = 0, the two curves consist of the same points, but they are traced 
out differently. For example, both curves pass through the point (4, 12, 8), but that 
point corresponds to r(4) on the first curve and R(2) on the second curve. In general, 
r(t) = R(t), fort = 0. 
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ae oe 1 3 
n= 4747 = 8) RW) = (P, 4 — 4, 116 —8) 


r(4) = (4, 12, 8) R(2) = (4, 12, 8) 
oI | 
Same point on the 


| 

l 

l 

| 

| . 

| curve is reached at 
| | different times. l 
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| 
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| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
~ | 
| 
L p7 









| ~. | "E 
T F ae Fy hee 
E A = m 
| l | 
| | | l 4 
r(2) = (2, 0, —6) R(V2) = (2, 0, —6) 
r(0) = (0, —4, —8) R(O) = (0, —4, —8) 
FIGURE 12.84 
Speed on b. The velocity vectors are 
wo R(t) trajectory 32 : 2 ; 
r'(t) = (1,21 — ) and R'(t) = ( 24,4¢,-—?f ). 
6 4 2 
5 Speedin The difference in the motion on the two curves is revealed by the graphs of the speeds 
r(f) trajectory associated with the trajectories (Figure 12.85). The object on the first trajectory reaches 
the point (4, 12, 8) at t = 4 where its speed is |r’(4)| = |(1,8,12)| ~ 14.5. The 
object on the second trajectory reaches the same point (4, 12, 8) at t = 2, where its 
speed is |R’(2)| = | (4, 32,48)| ~ 57.8. 
Related Exercises 19-24< 
QUICK CHECK 2 Find the functions that give the speed of the two objects in Example 2, for 
t = 0 (corresponding to the graphs in Figure 12.85). 
FIGURE 12.85 Straight-Line and Circular Motion 
Two types of motion in space arise frequently and deserve to be singled out. First consider 
» See Exercise 61 for a discussion of a trajectory described by the vector function 
nonuniform straight-line motion. 
r(t) = ‘ce tal Vo Di. 25, ct), fort = 0, 
Circular trajectory where Xo, Yo, Zo, 4, b, and c are constants. This function describes a straight-line trajec- 
r(t) = (A cos t, A sin f) tory with an initial point (xo, yo, Z)) and a direction given by the vector (a, b,c) (Sec- 
_ hes tion 12.5). The velocity on this trajectory is the constant v(t) = r’(t) = (a,b,c) in the 
ete ee direction of the trajectory, and the acceleration isa = (0, 0,0). The motion associated 


with this function is uniform (constant velocity) straight-line motion. 
A different situation is circular motion (Example 1). Consider the two-dimensional 
circular path 


r(t) = (A cos t,A sint), fr = t< 27, 
where A is a nonzero constant (Figure 12.86). The velocity and acceleration vectors are 
v(t) = (—Asint,A cost) and 
a(t) = (—A cos t,—A sint) = —r(t). 
Notice that r and a are parallel, but point in opposite directions. Furthermore, 
rev = a-v = 0; thus, the position and acceleration vectors are both orthogonal to the 
velocity vectors at any given point (Figure 12.86). Finally, r, v, and a have constant mag- 


nitude A and variable directions. The conclusion that r- v = 0 applies to any motion for 
FIGURE 12.86 which |r| is constant; that is, motion on a circle or a sphere (Figure 12.87). 





12.7 Motion in Space 841 


THEOREM 12.8 Motion with Constant |r | 
Let r describe a path on which |r| is constant (motion on a circle or sphere 
centered at the origin). Then, rev = 0, which means the position vector and 


the velocity vector are orthogonal at all times for which the functions are 
defined. 





Proof: If r has constant magnitude, then |r(r)|* = r(t) +r(t) = c for some constant c. 
Differentiating the equation r(t) -r(t) = c, we have 





y d ; f ; 2 
0 = — (r(t)-r(t)) Differentiate both sides of | r(t) |“ = c 

On a trajectory on which |r(®)| is constant, dt 

eee OT AE pO = r'(t)-r(t) + r(t)'r'(t) Derivative of dot product (Theorem 12.7) 

FIGURE 12.87 e Simplify. 
= 2v(t)-r(t). r'(t) = v(t) 
Because r(t)* v(t) = O for all ¢, it follows that r and v are orthogonal for all t. < 
g 


EXAMPLE 3 Path on a sphere An object moves on a trajectory described by 
r(t) = (x(t), y(t) z(t)} = (3cost,5sint,4cost), for0 < t< 2r. 


a. Show that the object moves on a sphere and find the radius of the sphere. 


b. Find the velocity and speed of the object. 





» For generalizations of this example and SOLUTION 
explorations of trajectories that lie on a. [r(t)|* = x(t)* + y(t)? + z(t) Square of the distance from the origin 
spheres and ellipses, see Exercises 79, E 2 , 2 2 , 
82, and 83. = (3 cost) + (Ssint)“ + (4cost)* Substitute. 
= 25 cos? t + 25 sin? t Simplify. 
zA = 25(cos*t + sin? t) = 25 Factor. 
r(t) = (3 cos t, 5 sin t, 4 cos t), ji 
t for0 = t= 2r ! 
Therefore, | r(t) | = 5, for 0 S t S 27, and the curve lies on a sphere of radius 5 
centered at the origin (Figure 12.88). 
ng b. v(t) = r'(t) = (—3 sin t,5cost,—4sint} Velocity vector 
n 


vA] = Vv(t) + v(t) Speed of the object 
TY = V9sin*t + 25 cos? t + 16 sin’ t Evaluate the dot product. 
i = V25(sin?t + cos? t) Simplify. 


l 
1 


T ro|=5, =5 Simplify. 


for 0 =£ t £ 2r 
FIGURE 12.88 The speed of the object is always 5. You should verify that r(t) + v(t) = 0, for all t, 
implying that r and v are always orthogonal. 
Related Exercises 25-30 





CK3 Verify that r(t) + v(t) = 0 in Example 3.< 
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Gravitational force 
F = (0, —mg) 






Initial velocity 
V(0) = (ug, Vo) 











Trajectory 





Initial position 
| TO) = (Xp, Yo) 


FIGURE 12.89 


> Recall that an antiderivative of 0 is a 
constant C and an antiderivative of —g is 
OF TL. 


» You have a choice. You may do these 
calculations in vector notation as we 
have done here, or you may work with 
individual components. 






Two-Dimensional Motion in a Gravitational Field 
Newton’s Second Law of Motion, which is used to model the motion of most objects, 
States that 


Mass ° acceleration = sum of all forces. 
m a(t) = r(A) SF 


In other words, the governing law says something about the acceleration of an object, 
and in order to describe the motion fully, we must find the velocity and position from the 
acceleration. 


Finding Velocity and Position from Acceleration We begin with the case of 
two-dimensional projectile motion in which the only force acting on the object is the 
gravitational force; for the moment, air resistance and other possible external forces are 
neglected. 

A convenient coordinate system uses a y-axis that points vertically upward and an 
x-axis that points in the direction of horizontal motion. The gravitational force is in the 
negative y-direction and is given by F = (0,—mg), where m is the mass of the object 
and g ~ 9.8 m/s? ~ 32 ft/s% is the acceleration due to gravity (Figure 12.89). 

With these observations, Newton’s Second Law takes the form 


ma(t) = F = (0,—mg). 
Significantly, the mass of the object cancels, leaving the vector equation 
a(t) = (0,—g). (1) 

In order to find the velocity v(t) = (x'(t), y'(t)) and the position r(t) = (x(t), y(t)) 
from this equation, we must be given the following initial conditions: 

Initial velocity at t = 0: v(0) = (uo, vo) and 

Initial position at t = 0: r(0) = (x, yo). 
We now proceed in two steps. 


1. Solve for the velocity The velocity is an antiderivative of the acceleration in equation (1). 
Integrating the acceleration, we have 


v(t) = [ao dt = J (o.e) dt = (0,—gt) + C, 


where C is an arbitrary constant vector. The arbitrary constant is determined by 
substituting t = 0 and using the initial condition v(0) = (uo, vo). We find that 
v(0) = (0,0) + C = (ug, vo), or C = (up, vo). Therefore, the velocity is 


v(t) = (0,-gt) + (uo vo) = (uo, gt + vo). (2) 


Notice that the horizontal component of velocity is simply the initial horizontal veloc- 
ity uọ for all time. The vertical component of velocity decreases linearly from its initial 
value of vo. 

2. Solve for the position The position is an antiderivative of the velocity given by 
equation (2): 


l 
r(t) = [vo dt = [uw —gt + vo) dt = (utte 4 vor) + C, 


y Parabolic trajectory of baseball 
Time of flight 5.04 s 

Range 403 ft 

Max. height 103 ft 





FIGURE 12.90 


» The equation in part (c) can be solved 
using the quadratic formula or a root- 
finder on a calculator. 


12.7 Motion in Space 843 


where C is an arbitrary constant vector. Substituting t = 0, we have 
r(0) = (0,0) + C = (x9, yo), which implies that C = (xo, yo). Therefore, the 
position of the object, for t = O, is 


1 , 2 
r(t) = ijt BF + Vot ) + Ve) =A uot + Ag; —S er F mot + yoy: 





SUMMARY Two-Dimensional Motion in a Gravitational Field 


Consider an object moving in a plane with a horizontal x-axis and a vertical 
y-axis, subject only to the force of gravity. Given the initial velocity v(0) = (up, Vo ) 
and the initial position r(0) = (Xo, yo), the velocity of the object, for t = 0, is 


v(t) = (x'(t), y'(t)) = (uo. gt + vo) 


and the position is 


1 
(x(t), y(t)) = (uo + Xo 5 at + Vol + w) 





EXAMPLE 4 Flight of a baseball A baseball is hit from 3 ft above home plate with 

an initial velocity in ft/s of v(0) = (uo, vo) = (80, 80). Neglect all forces other than 

gravity. 

a. Find the position and velocity of the ball between the time it is hit and the time it first 
hits the ground. 

b. Show that the trajectory of the ball is a segment of a parabola. 


c. Assuming a flat playing field, how far does the ball travel horizontally? Plot the trajec- 
tory of the ball. 


d. What is the maximum height of the ball? 


e. Does the ball clear a 20-ft fence that is 380 ft from home plate (directly under the path 
of the ball)? 


SOLUTION Assume the origin is located at home plate. Because distances are measured 
in feet, we use g = 32 ft/s”. 


a. Substituting x) = 0 and yo = 3 into the equation for r, the position of the ball is 
r(t) = (x(t), y(t)) = (80t,-16¢7 + 80t + 3), fort = 0. (3) 
We then compute v(t) = r'(t) = (80, —32t + 80). 


b. Equation (3) says that x = 80f and y = —16t? + 80t + 3. Substituting t = x/80 into 
the equation for y gives 


which is the equation of a parabola. 


c. The ball lands on the ground at the value of t > O at which y = 0. Solving 
y(t) = —16t* + 80t + 3 = 0, we find that r ~ —0.04 and t ~ 5.04 s. The first root is 
not relevant for the problem at hand, so we conclude that the ball lands when t ~ 5.04 s. 
The horizontal distance traveled by the ball is x(5.04) ~ 403 ft. The path of the ball in 
the xy-coordinate system on the time interval | 0, 5.04] is shown in Figure 12.90. 
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d. The ball reaches its maximum height at the time its vertical velocity is zero. Solv- 
ing y'(t) = —32t + 80 = 0, we find that t = 2.5 s. The height at that time is 
y(2.5) = 103 ft. 


e. The ball reaches a horizontal distance of 380 ft (the distance to the fence) when 
x(t) = 80t = 380. Solving for t, we find that t = 4.75 s. The height of the ball at that 
time is y(4.75) = 22 ft. So, indeed, the ball clears a 20-ft fence. 
Related Exercises 31-36 





YUICK CHECK 4 Write the functions x(t) and y(t) in Example 4 in the case that xọ = 0, 
yy = = 2 ug = 100, and vo = = 60.<« 


y Range, Time of Flight, Maximum Height Having solved one specific motion 
problem, we can now make some general observations about two-dimensional projectile 
motion in a gravitational field. Assume that the motion of an object begins at the origin; that 
is, Xy = yo = 0. Assume also that the object is launched at an angle of a (0 = a = 77/2) 
above the horizontal with an initial speed |vọ| (Figure 12.91). This means that the initial 
velocity 1s 


trajectory 


(uo, Vo) E ( ). 


Substituting these values into the general expressions for the velocity and position, we 
find that the velocity of the object is 





v(t) = (uo,—gt + vo) = (|vo] cosa,—gt + |vo| sina). 





FIGURE 12.91 The position of the object (with x) = yọ = 0) is 


r(t) = (x(t), y(t)) = ((|vol cos a)t,—gr°/2 + (|vo] sin æ)t}. 


Notice that the motion is determined entirely by the parameters |vp| and a. Several general 
conclusions now follow. 


> The other root of the equation y(t) = 0 1. Assuming the object is launched from the origin over horizontal ground, it returns to 
is t = 0, the time the object leaves the the ground when y(t) = —gt?/2 + (|vo| sin æ)t = 0. Solving for t, the time of flight 
ground. is T = 2|vo| sina/g. 


2. The range of the object, which is the horizontal distance it travels, is the x-coordinate 
of the trajectory at the time of flight: 





y4 | Trajectories for various a x(T) = (|vo| cos a)T 
Maximum range occurs for a = 45°. 2\v | ann 
= (|vo| cos a) ° Substitute for T. 
a = 70° § 
2|vo|? sin a cos a oes 
S| implify. 
g pity 
|Vo|? sin 2a 


= ——_., 2sinacosa = sin2a 


§ 


Note that on the interval 0 = a = 7/2, sin2a@ has a maximum value of 1 when 
a = 1/4, so the maximum range is |vo|*/g. In other words, in an ideal world, firing 
an object from the ground at a 45° angle maximizes its range. Notice that the ranges 
FIGURE 12.92 obtained with the angles a and 77/2 — «æ are equal (Figure 12.92). 








QUICK CHECK 5 Show that the range attained with an angle œ equals the range attained 
an fie ET w/2—-a.< 
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3. The maximum height of the object is reached when the vertical velocity is zero, or 
when y’(t) = —gt + |vo| sina = 0. Solving for t, the maximum height is reached at 
t = |vo|(sina)/g = T/2, which is half of the time of flight. The object spends equal 
amounts of time ascending and descending. The maximum height is 


(5) - ({vol sin a)? 
AD a 


4. Finally, by eliminating t from the equations for x(t) and y(t), it can be shown (Exer- 
cise 78) that the trajectory of the object is a segment of a parabola. 


SUMMARY Two-Dimensional Motion 
Assume an object traveling over horizontal ground, acted on only by the gravi- 
tational force, has an initial position (xp, yọ) = (0,0) and initial velocity 
(uo, Vo) = (|Vo| cos a, |Vo| sin a). The trajectory, which is a segment of a 
parabola, has the following properties. 
__ 2|Vo| sin æ 

§ 


|Vo|* sin 2a 


time of flight 


range 


— (J¥o| sin a)? 


2g 


maximum height = 





EXAMPLE 5 Flight of a golf ball A golf ball is driven down a horizontal fairway with 
an initial speed of 55 m/s at an initial angle of 25° (from a tee with negligible height). Ne- 
glect all forces except gravity and assume that the ball’s trajectory lies in a plane. 


a. How far does the ball travel horizontally and when does it land? 

b. What is the maximum height of the ball? 

c. At what angles should the ball be hit to reach a green that is 300 m from the tee? 
SOLUTION 

a. Using the range formula with a = 25° and |vọ| = 55 m/s, the ball travels 


lvo|? sin2a@ (55 m/s)* sin (50°) 


oo. eo 
§ 9.8 m/s 
The time of the flight is 
2|Vo| sina  2(55 m/s) sin 25° 
p 2ivolsina _ 2(55m/s)sin25° yy, 
§ 9.8 m/s 
b. The maximum height of the ball is 
(lvolsina)*  ((55 m/s) (sin 25°))* 
SS SS ~Ma. 


2g 2(9.8 m/s?) 


c. Letting R denote the range and solving the range formula for sin 2a, we find that 
sin 2a = Rg/|vo|*. For a range of R = 300 m and an initial speed of |vọ| = 55 m/s, 
the required angle satisfies 
Rg (300m) (9.8 m/s”) 


sin 2q = SS e OT. 
[vol (55 m/s) 
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z (up) 


x (East) 
FIGURE 12.93 








Gravitational force 
F = (0, 0, —mg) 


y (North) 


To travel a horizontal distance of exactly 300 m, the required angles are 
a = $sin! (0.972) ~ 38.2° or 51.8°. 
Related Exercises 37-42 < 


Three-Dimensional Motion 
To solve three-dimensional motion problems, we adopt a coordinate system in which 
the x- and y-axes point in two perpendicular horizontal directions (for example, east and 
north), while the positive z-axis points vertically upward (Figure 12.93). Newton’s Second 
Law now has three components and appears in the form 

ma(t) = (mx"(t), my"(t),mz"(t)) = F. 


If only the gravitational force is present (now in the negative z-direction), then the force 
vector is F = (0, 0, —mg); the equation of motion is then a(t) = (0, 0, —g). Other 
effects, such as crosswinds, spins, or slices, can be modeled by including other force 
components. 


EXAMPLE 6 Projectile motion A small projectile is fired over horizontal ground 

in an easterly direction with an initial speed of |vọ| = 300 m/s at an angle of a = 30° 
above the horizontal. A crosswind blows from south to north producing an acceleration of 
the projectile of 0.36 m/s? to the north. 


a. Where does the projectile land? 


b. In order to correct for the crosswind and make the projectile land due east of the launch 
site, at what angle from due east must the projectile be fired? Assume the initial speed 
[vọ| = 300 m/s and the angle of elevation a = 30° are the same as in part (a). 


SOLUTION 


a. Letting g = 9.8 m/s’, the equations of motion are a(t) = v'(t) = (0, 0.36, —9.8). 
Proceeding as in the two-dimensional case, the indefinite integral of the acceleration is 
the velocity function 


v(t) = (0, 0.36, —9.8t) + C, 


where C is an arbitrary constant. With an initial speed |vọ| = 300 m/s and an angle of 
elevation of a = 30° (Figure 12.94a), the initial velocity is 


v(0) = (300 cos 30°, 0, 300 sin 30°) = (1503, 0, 150). 


Substituting t = 0 and using the initial condition, we find that C = ( 150V3, 0, 150) 
Therefore, the velocity function is 


v(t) = (150V3, 0.36t,—9.8t + 150). 
Integrating the velocity function produces the position function 
r(t) = (150V3t, 0.1827, —4.917 + 150r) + C. 
Using the initial condition r(0) = (0, 0, 0 i, we find that C = (0, 0, 0), and the 


position function is 


r(t) = (x(t), y(t), 2(t)) = (150V3t, 0.1827, —4.9t + 150t). 


The projectile lands when z(t) = —4.9t* + 150t = 0. Solving for t, the positive root, 
which gives the time of flight, is T = 150/4.9 ~ 30.6s. The x- and y-coordinates at 
that time are 


x(T) ~ 7953m and y(T) ~ 169m. 


Thus, the projectile lands approximately 7953 m east and 169 m north of the firing site 
(Figure 12.94a). 
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y (North) y (North) 
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0 = 1.21° 
~~g | Without correction, projectile | With correction, projectile 
lands at approx. (7953, 169, 0). lands at approx. (7952, 0, 0). 
x (East) x (East) 
(a) (b) 
FIGURE 12.94 


b. Keeping the initial speed of the projectile equal to |v)| = 300 m/s, we decom- 
pose the horizontal component of the speed, 1503 m/s, into an east component, 
Uy = 150V3 cos 0, and a north component, vy = 150V3 sin 0, where @ is the angle 
relative to due east; we must determine the correction angle 6 (Figure 12.94b). The 
x- and y-components of the position are 


x(t) = (150V3 cos 0)t 


and y(t) = 0.1827 + (150V3 sin 0)t. 


These changes in the initial velocity affect the x- and y-equations, but not the 
z-equation. Thus, the time of flight is still T = 150/4.9 ~ 30.6s. The aim is to 
choose 0 so that the projectile lands on the x-axis (due east from the launch site), 
which means y(T) = 0. Solving 


y(T) = 0.18T? + (150V3 sin 0)T = 0, 


with T = 150/4.9, we find that sin © ~ —0.0212; therefore, 0 ~ —0.0212 rad ~ 
—].21°. In other words, the projectile must be fired at a horizontal angle of 1.21° to the 
south of east to correct for the northerly crosswind (Figure 12.94b). The landing loca- 
tion of the projectile is x(T) ~ 7952 mand y(T) = 0. 


SECTION 12.7 EXERCISES 


Review Questions 


1. 


Given the position function r of a moving object, explain how to 
find the velocity, speed, and acceleration of the object. 


What is the relationship between the position and velocity vectors 
for motion on a circle? 


State Newton’s Second Law of Motion in vector form. 


Write Newton’s Second Law of Motion for three-dimensional mo- 
tion with only the gravitational force (acting in the z-direction). 


Given the acceleration of an object and its initial velocity, how do 
you find the velocity of the object, for t = 0? 


Given the velocity of an object and its initial position, how do you 
find the position of the object, for t = 0? 


Related Exercises 43—52< 


Basic Skills 
7-18. Velocity and acceleration from position Consider the follow- 
ing position functions. 


a. 
b. 


T. 


10. 
11. 


Find the velocity and speed of the object. 
Find the acceleration of the object. 


r(t) = (3 + 1,4 + 3), fort = 0 


5 
r(t) = Ge + 3,6t? + 10). fort = 0 
r(t) = (2 + 2,1 — 4¢), fort = 0 

(1 — 17,3 + 20°), fort = 0 

( 


8 sin t£, 8 cost), for0 = t = 27 


r(t) = 
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12. r(t) = (3 cost, 4sint), for0 < t =< 27 


( 
13. r(t) = (Pta +103") fort = 0 
( 
( 
( 
( 


14. r(t) = (2e” + 1,e” — 1,2e” — 10), fort = 0 
15. r(t) = (3 + 4,2 — 4t,1 + 6t), fort = 0 

16. r(t) = (3sint,5cost,4sinr), forO < t S 27 
17. r0 = (re h fort = 0 


18. r(t) = (13 cos 2t, 12 sin 21,5 sin 2t), forO St =< m 


19-24. Comparing trajectories Consider the following position func- 
tions r and R for two objects. 


a. Find the interval |c, d| over which the R trajectory is the same as 
the r trajectory over |a, b]. 

b. Find the velocity for both objects. 

c. Graph the speed of the two objects over the intervals | a, b| and 
le, d |; respectively. 


19. r(t) = (4i), la, b| = [0,2], 
R(t) = (34 41*) on [c,d] 

20. r(t) = (1 + 34,2 + 4t), [a,b] = [0,6], 
R(t) = (1 + 94,2 + 12t) on [e, d] 

21. r(t) = (cost,4sint), [a,b] = [0,27], 
R(t) = (cos 3t, 4 sin 3t) on [c, d] 

22. r(t) = (2 — e4 — e*), [a,b] = [0, 1n 10], 
R(t) = (2 — 4,4 — 1/t) on[c,d] 

23. r(t) = (44 27,3 — 224,1 + 32°), fa, b) = [0,6], 
R(t) = (4 + Int,3 — 21n°t,1 + 31ln°t) on [c,d]. 
For graphing, let c = 1 and d = 20. 

24. r(t) = (2cos 2t, V2 sin 2t, V2 sin 2t}, [a,b] = [0, 7], 
R(t) = (2 cos 4t, V2 sin 4t, V2 sin 4t) on |c, d] 


25-30. Trajectories on circles and spheres Determine whether the 
following trajectories lie on a circle in R? or sphere in R? centered at 
the origin. If so, find the radius of the circle or sphere and show that 
the position vector and the velocity vector are everywhere orthogonal. 


25. r(t) = (8 cos 2t, 8 sin 2t), forO< t < m 

26. r) = (4sint,2cost), forO <t < 27 

27. r(t) = (sint + V3cost, V3 sint — cost), for0 = t =< 27 
28. r(t) = (3sint,5cost,4sint), forO < t < 27 

29. r(t) = (sin f, cos £, cos t}, for0O =t=27 


30. r(t) = (V3 cost + V2 sin t,— V3 cost + V2 sint, V2 sint), 


forO0 < t s 27 


31-36. Solving equations of motion Given an acceleration vector, ini- 
tial velocity (ug, Vo), and initial position (x, Yo), find the velocity and 
position vectors, for t = Q. 


31. a(t) = (0,1), (uo, vo) = (2,3), (xo Yo) = (0,0) 
32. a(t) = (1,2), (tovo) = (1,1), (xo y0) = (2,3) 
33. a(t) = (0,10), (uo, vo) = (0,5), (x00) = (1-1) 
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34, a(t) = (1,t), (uo, vo) = (2,-1), (xo yo) = (0,8) 
35. a(t) = (cos t,2 sint), (Up, Vo) = (0,1), (wm = (1,0) 
36. a(t) = (e™,1), (uo vo) = (1,0), (xo yo) = (0,0) 


37—42. Two-dimensional motion Consider the motion of the following 


objects. Assume the x-axis is horizontal, the positive y-axis is vertical 
and opposite g, the ground is horizontal, and only the gravitational 
force acts on the object. 


a. Find the velocity and position vectors, for t = Q. 

b. Graph the trajectory. 

c. Determine the time of flight and range of the object. 
d. Determine the maximum height of the object. 


37. A soccer ball has an initial position (xo yo 


0) when it is 
kicked with an initial velocity of (uo, vo) ) 


= (0, 
(30,6) m/s. 
38. A golf ball has an initial position (xp, yo) = (0,0) when it is hit 


at an angle of 30° with an initial speed of 150 ft J S. 


39. A baseball has an initial position (in feet) of (x9, yo) = (0,6) when 
it is thrown with an initial velocity of (uo, vo) = (80, 10) ft/s. 


40. A baseball is thrown horizontally from a height of 10 ft above the 
ground with a speed of 132 ft/s. 


41. A projectile is launched from a platform 20 ft above the ground at 
an angle of 60° with a speed of 250 ft/s. Assume the origin is at 
the base of the platform. 


42. A rock is thrown from the edge of a vertical cliff 40 m above the 
ground at an angle of 45° with a speed of 10/2 m/s. Assume the 
origin is at the foot of the cliff. 


43—46. Solving equations of motion Given an acceleration vector, 
initial velocity (Uo, Vo, Wo), and initial position (xo, Yo, Zo) » find the 
velocity and position vectors, for t = Q. 


43. a(t) = (0,0,10), (uo, vo Wo) = (1,5,0), 
Xo, Yo Zo ) = (0,5,0) 

44. a(t) = (1,t,4t), (uo, vo Wo) = (20,0,0), 
(xo, Yor Zo) = (0, 0, 0) 

45. a(t) = (sint,cost,1), (uo, vo Wo) = (0, 2,0), 
Xo» Yo» Zo ) = (0, 0, 0) 

46. a(t) = (t,e™,1), (uo, Vo, Wo) = (0,0, 1), 
Xo, Yor Zo ) = (4,0,0) 


47-52. Three-dimensional motion Consider the motion of the follow- 


ing objects. Assume the x-axis points east, the y-axis points north, the 
positive z-axis is vertical and opposite g, the ground is horizontal, and 
only the gravitational force acts on the object unless otherwise stated. 


a. Find the velocity and position vectors for, t = Q. 

b. Make a sketch of the trajectory. 

c. Determine the time of flight and range of the object. 
d. Determine the maximum height of the object. 


47. A bullet is fired from a rifle 1 m above the ground in a northeast 
direction. The initial velocity of the bullet is (200, 200, 0) m/s. 


48. A golf ball is hit east down a fairway with an initial velocity of 
(50, 0,30) m /s. A crosswind blowing to the south produces an 
acceleration of the ball of —0.8 m/s”. 


60. 


49. A baseball is hit 3 ft above home plate with an initial velocity of 
(60, 80, 80) ft/s. The spin on the baseball produces a horizontal 
acceleration of the ball of 10 ft/s% in the eastward direction. 


50. A baseball is hit 3 ft above home plate with an initial velocity of 
(30, 30, 80) ft/s. The spin on the baseball produces a horizontal 
acceleration of the ball of 5 ft/s” in the northward direction. 


51. A small rocket is fired from a launch pad 10 m above the ground 
with an initial velocity, in m/s, of (300, 400, 500). A crosswind 
blowing to the north produces an acceleration of the rocket of 
25 m/s, 


52. A soccer ball is kicked from the point (0, 0, 0) with an initial 
velocity of (0, 80, 80) ft/s. The spin on the ball produces an 
acceleration of ( 12.0. 0) ft / s? 


Further Explorations 
53. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. Ifthe speed of an object is constant, then its velocity compo- 
nents are constant. 

b. The functions r(t) = (cos t, sin t) and R(t) = 

sin t°, cos £?) generate the same set of points, for t = 0. 

c. Itis not possible for a velocity vector to have a constant direc- 
tion but a variable magnitude, for all t = 0. 

d. Ifthe acceleration of an object is zero, for all 
t = 0 (a(t) = 0), then the velocity of the object is constant. 

e. If you double the initial speed of a projectile, its range also 
doubles (assume no forces other than gravity act on the 
projectile). 

f. If you double the initial speed of a projectile, its time of flight 
also doubles (assume no forces other than gravity). 

g. A trajectory with v(t) = a(t) # 0, for all ¢, is possible. 


54-57. Trajectory properties Find the time of flight, range, and maxi- 
mum height of the following two-dimensional trajectories, assuming no 


forces other than gravity. In each case the initial position is (0,0) and 


the initial velocity is Vy = (uo, Vo). 

54. (uo, vo} = (10,20) ft/s 

55. Initial speed |vọ| = 150 m/s, launch angle a = 30° 
56. (uo, Vo) = (40,80) m/s 

57. Initial speed |vọ| = 400 ft/s, launch angle a = 60° 


58. Motion on the moon The acceleration due to gravity on the moon 
is approximately g/6 (one-sixth its value on Earth). Compare the 
time of flight, range, and maximum height of a projectile on the 
moon with the corresponding values on Earth. 


59. Firing angles A projectile is fired over horizontal ground from 
the origin with an initial speed of 60 m/s. What firing angles will 
produce a range of 300 m? 


Firing strategies Suppose you wish to fire a projectile over hori- 
zontal ground from the origin and attain a range of 1000 m. 


a. Make a graph of the initial speed required for all firing angles 
O0<a< 7/2. 

b. What firing angle requires the least initial speed? 

c. What firing angle requires the least flight time? 


H 67. 
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61. Nonuniform straight-line motion Consider the motion of an ob- 
ject given by the position function 


r(t) = f(t)(a,b,c) + (xo, Yo Zo)» fort = 0, 


where a, b, C, Xo, Yo, and Zp are constants and f is a differentiable 
scalar function, for t = 0. 


a. Explain why this function describes motion along a line. 
b. Find the velocity function. In general, is the velocity constant 
in magnitude or direction along the path? 


62. A race Two people travel from P(4, 0) to Q(—4, 0) along the 
paths given by 


r(t) = (4cos (at/8),4 sin (at/8)) and 
R(t) = (4-4,(4 — t? — 16). 
a. Graph both paths between P and Q. 


b. Graph the speeds of both people between P and Q. 
c. Who arrives at Q first? 


63. Circular motion Consider an object moving along the circu- 
lar trajectory r(t) = (A cos wt, A sin wt), where A and w are 
constants. 


a. Over what time interval [0, T] does the object traverse the 
circle once? 

b. Find the velocity and speed of the object. Is the velocity con- 
stant in either direction or magnitude? Is the speed constant? 

c. Find the acceleration of the object. 

d. How are the position and velocity related? How are the posi- 
tion and acceleration related? 

e. Sketch the position, velocity, and acceleration vectors at four 
different points on the trajectory with A = w = 1. 


64. A linear trajectory An object moves along a straight line from 
the point P(1, 2, 4) to the point Q(—6, 8, 10). 


a. Find a position function r that describes the motion if it occurs 
with a constant speed over the time interval [0, 5 k 

b. Find a position function r that describes the motion 1f it occurs 
with speed e’. 


65. A circular trajectory An object moves clockwise around a circle 
centered at the origin with radius 5 m beginning at the point 
(0; 5}. 
a. Find a position function r that describes the motion if the ob- 
ject moves with a constant speed, completing 1 lap every 12 s. 
b. Find a position function r that describes the motion if it occurs 
with speed e “. 
66. A helical trajectory An object moves on the helix 
(cos t, sin t, t), fort = 0. 


a. Find a position function r that describes the motion if it occurs 
with a constant speed of 10. 

b. Find a position function r that describes the motion if it occurs 
with speed t. 


Speed on an ellipse An object moves along an ellipse given by 
the function r(t) = (a cos t,b sin t), forO0 < t =< 27, where 
a > Oandb > 0. 


a. Find the velocity and speed of the object in terms of a and b, 
toro =f = 27. 
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b. With a = I and b = 6, graph the speed function, for 
0 < t S 27. Mark the points on the trajectory at which the 
speed is a minimum and a maximum. 

c. Is it true that the object speeds up along the flattest (straight- 
est) parts of the trajectory and slows down where the curves 
are sharpest? 

d. For general a and b, find the ratio of the maximum speed to 
the minimum speed on the ellipse (in terms of a and b). 


68. Travel on a cycloid Consider an object moving on the cycloid 


r(t) = (t — sint,1 — cos t), for 0 == di. 


a. Graph the trajectory. 

b. Find the velocity and speed of the object. At what point(s) on 
the trajectory does the object move fastest? Slowest? 

c. Find the acceleration of the object and show that |a(t)| is 
constant. 

d. Explain why the trajectory has a cusp at t = 277. 


69. Analyzing a trajectory Consider the trajectory given by the posi- 
tion function 


r(t) = (50e ‘cost, 50e™ sin t,5(1 — e™)}, fort = 0. 


a. Find the initial point (tf = 0) and the “terminal” point 
(lim r(t)) of the trajectory. 
t{— œ 
b. At what point on the trajectory is the speed the greatest? 
c. Graph the trajectory. 


Applications 

70. Golf shot A golfer stands 390 ft (130 yd) horizontally from the 
hole and 40 ft below the hole (see figure). Assuming the ball is hit 
with an initial speed of 150 ft/s, at what angle should it be hit to 
land in the hole? Assume that the path of the ball lies in a plane. 









390 ft (130 yd) 


71. Another golf shot A golfer stands 420 ft (140 yd) horizontally from 
the hole and 50 ft above the hole (see figure). Assuming the ball is hit 
with an initial speed of 120 ft/s, at what angle should it be hit to land 
in the hole? Assume that the path of the ball lies in a plane. 


420 ft (140 yd) 


72. Initial velocity of a golf shot A golfer stands 390 ft horizontally 
from the hole and 40 ft below the hole (see figure for Exercise 70). 
If the ball is struck and leaves the ground at an initial angle of 45° 
with the horizontal, then with what initial velocity should it be hit 
to land in the hole? 


73. Initial velocity of a golf shot A golfer stands 420 ft horizontally 


from the hole and 50 ft above the hole (see figure for Exercise 71). 
If the ball is struck and leaves the ground at an initial angle of 30° 
with the horizontal, then with what initial velocity should it be hit 
to land in the hole? 


. Ski jump The lip of a ski jump is 8 m above the outrun that is 


sloped at an angle of 30° to the horizontal (see figure). 


a. Ifthe initial velocity of a ski jumper at the lip of the jump is 
(40,0) m/s, how far down the outrun does he land? Assume 
only gravity affects the motion. 

b. Assume that air resistance produces a constant horizontal ac- 
celeration of 0.15 m/ s? opposing the motion. How far down 
the outrun does the ski jumper land? 

c. Suppose that the takeoff ramp is tilted upward at an angle of 
0°, so that the skier’s initial velocity is 40 ( cos 0, sin 0) m/s. 
What value of 6 maximizes the length of the jump? Express 
your answer in degrees and neglect air resistance. 


Takeoff point (0, 8) 
Inrun 





Outrun 


Trajectory 


30° / 


75. Designing a baseball pitch A baseball leaves the hand of a 


pitcher 6 vertical feet above home plate and 60 ft from home 
plate. Assume that the coordinate axes are oriented as shown in 
the figure. 





a. In the absence of all forces except gravity, assume that a 
pitch is thrown with an initial velocity of (130, 0, —3 } ft/s 
(about 90 mi/hr). How far above the ground is the ball when 
it crosses home plate and how long does it take for the pitch to 
arrive? 

b. What vertical velocity component should the pitcher use 
so that the pitch crosses home plate exactly 3 ft above the 
ground? 

c. A simple model to describe the curve of a baseball assumes 
that the spin of the ball produces a constant sideways accelera- 
tion (in the y-direction) of c ft/ s?. Assume a pitcher throws 
a curve ball with c = 8 ft/s” (one-fourth the acceleration of 
gravity). How far does the ball move in the y-direction by 


the time it reaches home plate, assuming an initial velocity of 
(130, 0,-3) ft/s? 

d. In part (c), does the ball curve more in the first half of its trip 
to the plate or in the second half? How does this fact affect the 
batter? 

e. Suppose the pitcher releases the ball from an initial position of 
(0, —3, 6) with initial velocity (130, 0,—3). What value of 
the spin parameter c is needed to put the ball over home plate 
passing through the point (60, 0, 3)? 


76. Trajectory with a sloped landing Assume an object is launched 
from the origin with an initial speed |vọ| at an angle a to the 


TT 
horizontal, where 0 < a < z 


a. Find the time of flight, range, and maximum height (rela- 
tive to the launch point) of the trajectory if the ground slopes 
downward at a constant angle of 0 from the launch site, where 


eat ee 
2 


b. Find the time of flight, range, and maximum height of the 
trajectory if the ground slopes upward at a constant angle of 0 
from the launch site. 


77. Time of flight, range, height Derive the formulas for time of 
flight, range, and maximum height in the case that an object is 
launched from the initial position (0, yọ) with initial velocity 
[vo] (cos æ, sina). 


Additional Exercises 
78. Parabolic trajectories Show that the two-dimensional trajectory 


2 
t 
x(t) = ugt + X and y(t) =" + vot + yo ior 0 = P= T; 


of an object moving in a gravitational field is a segment of a pa- 
rabola for some value of T > 0. Find T such that y(T) = 0. 


79. Tilted ellipse Consider the curve r(t) = (cos t, sin t, c sin t), for 
0 = t < 27, where c is a real number. It can be shown that the 
curve lies in a plane. Prove that the curve is an ellipse in that plane. 


80. Equal area property Consider the ellipse r(t) = (a cos t, b sint), 
for 0 S t S 27, where a and b are real numbers. Let 0 be the angle 
between the position vector and the x-axis. 


a. Show that tan 0 = (b/a) tant. 
b. Find 6/(t). 
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c. Recall that the area bounded by the polar curve r = f(0) 


sf (F(u))? 


, show that A’(t) = > ab. 


on the interval [0, 0] is A(@) = 


Letting f(0(t)) = |r(6(t)) 





d. Conclude that as an object moves around the ellipse, it sweeps 
out equal areas in equal times. 


81. Another property of constant |r| motion Suppose an object 
moves on the surface of a sphere with |r(t)| constant for all t. 
Show that r(t) and a(t) = r"(t) satisfy r(t) a(t) = —|v(t)|?. 


82. Conditions for a circular/elliptical trajectory in the plane An 
object moves along a path given by 


r(t) = (acost + bsint,ccost + dsint), for0 < t S 2r. 


a. What conditions on a, b, c, and d guarantee that the path is a 
circle? 

b. What conditions on a, b, c, and d guarantee that the path is an 
ellipse? 


83. Conditions for a circular/elliptical trajectory in space An 
object moves along a path given by 


r(t) = (acost + bsint,ccost + dsint,ecost + fsint), 
for0 = f= 27. 


a. What conditions on a, b, c, d, e, and f guarantee that the path 
is acircle (in a plane)? 

b. What conditions on a, b, c, d, e, and f guarantee that the path 
is an ellipse (in a plane)? 





1. v(t) = (1, 21,317), a(t) = (0,2, 6r) 
(A| = V1 + 4t? + 914/16 
IR'()| = V4 + 160° + 97/4 


3. r°-v= (3 cos t, 5 sin t, 4 cos t ) 
-(—3 sint,5cost,—4sint) = 0 
x(t) = 100r, y(t) = —16t* + 60t + 2 
5. sin|2(a7/2 — a)| = sin (m — 2a) = sin2a< 


= 


12.8 Length of Curves 


With the methods of Section 12.7, it is possible to model the trajectory of an object mov- 
ing in three-dimensional space. Although we can predict the position of the object at all 
times, we still don’t have the tools needed to answer a simple question: How far does the 
object travel along its flight path over a given interval of time? In this section we answer 
this question of arc length. 
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Arc Length 
» Arc length for curves of the form Suppose that a parameterized curve C is given by the vector-valued function 
y = f(x) was discussed in Section 6.5. r(t) = (f(t), g(t), A(t)), for a = t = b, where f', g', and h’ are continuous on |a, b]. 
You should look for the parallels between We first show how to find the length of the two-dimensional curve r(t) = (f(t), g(t)), 
that discussion and the one in this section. fora = t = b. The modification for three-dimensional curves then follows. 


To find the length of the curve between (f(a), g(a)) and (f(b), g(b)), we first subdi- 
vide the interval (a, b] into n subintervals using the grid points 


a=tp<t<bh<-':'<4=b. 
We connect the corresponding points on the curve, 


(Uo), 8(t0) )s+ = +» Fd 8(te) oe = «+ Fn) 8Ctn)) 


with line segments (Figure 12.95a). 


(f(t), 86) 
(f(b), 9(b)) 


(ft) 86-1) 












C(t), 26) 
r(t) = (f(), g(t) 


ast [oP (f(t,), g(t,)) 
Er T |[Ay,] 


fla) f(t) Ax, | 





(a) (b) 
FIGURE 12.95 


The kth line segment is the hypotenuse of a right triangle, whose legs have lengths 
| Ax,| and |Ay;|, where 
Ax, = f(t) —f(u-1) and Ay, = g(t) — 8(t-1), 
fork = 1,2,...,m (Figure 12.95b). Therefore, the length of the kth line segment is 
V Axl? + [Ay]. 


The length of the entire curve L is approximated by the sum of the lengths of the line 
segments: 





| p> V | Ax|* + [Ay = »> V (Ax)? + (Ay). (1) 
= = 


The goal is to express this sum as a Riemann sum. 
The change in x = f(t) over the kth subinterval is Ax, = f(t) — f(t%_1). By the 
Mean Value Theorem, there is a point t% in (t,_ 1, t) such that 


Ax; 
S 


Ki me =f. 
k T fk- 


At 


» Arc length integrals are usually difficult 
to evaluate exactly. The few easily 
evaluated integrals appear in the examples 
and exercises. Often numerical methods 
must be used to approximate the more 
challenging integrals (see Example 4). 


YUICK CHECK 2 What does the arc 
lengik eeu give for the length of 
the line r(t) = (t, t, t), for 
O=t=1< 
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So, the change in x as t changes by At, =  — {1 iS 

Axe = f(te) — f(te-1) =f" (te) Ate 
Similarly, the change in y over the kth subinterval is 

Ay, = a(tk) — 8(te-1) = 8’ (ti) Ate 


where 7, is also a point in (t,_1, t). We now substitute these expressions for Ax, and Ay, 
into equation (1): 


n 


L= DV (Ax)? + (Ay) 


k=1 


XV (f' (tp) At)? + (2'(t,) At)? Substitute for Ax, and Ay. 
k=1 


n 
> f' (th)? + 9’ (f° Aq. Factor At, out of square root. 
k=1 


The intermediate points t% and 7, both approach t, as n increases and as At, approaches 
zero. Therefore, given the conditions on f’ and g’, the limit of this sum as n —> © and 
At, — 0, for all k, exists and equals a definite integral: 


= lim SVF (Y + 9'(?,)°At, = / VF + 2'(t)* dt. 


na © k=1 


1 Use the arc length formula to find the length of the line r(t) = (t, t), for 





An analogous arc length formula for three-dimensional curves follows using a similar 
argument. The length of the curve r(t) = (f(t), g(t), h(t)) on the interval | a, b] is 


b 
L= / VF (t)? + g(t)? + h' (t? dt. 
Noting that r’(t) = (f’(t), g'(t), h'(t)), we state the following definition. 


DEFINITION Arc Length for Vector Functions 


Consider the parameterized curve r(t) = (f(t), g(t), h(t) ), where f’, g', and h’ 
are continuous, and the curve is traversed once fora <= t = b. The arc length of the 
curve between (f(a), g(a), h(a)) and (f(b), g(b), h(b)) is 


b b 
L= J VF + 8'E + h' (t? dt = / Ir’ (t)| dt. 





EXAMPLE 1 Circumference of a circle Prove that the circumference of a circle of 
radius a is 2ra. 


SOLUTION A circle of radius a is described by 


r(t) = (f(t), g(t)) = (acost, asint), 
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» An important fact is that the arc length for 0 <= t < 27. For curves in the xy-plane we set h(t) = 0 in the definition of arc 


of a smooth parameterized curve is length. Note that f’(t) = —a sin t and g'(t) = a cos t. The circumference is 
independent of the choice of parameter 


2T 
(Exercise 70). L = / f’ (t)? + g’ (t) dt Arc length formula 
0 


2T 
= / (—asint)* + (acost)* dt Substitute for f’ and g’. 
0 





27 
=a J V sin? t + cos’ t dt Factor a > 0 out of square root. 
0 
27 
=a f 1 dt sin? t + cos?t = 1 
0 
= 2ra. Integrate a constant. 


Related Exercises 9-22< 
Hypocycloid (astroid)| EXAMPLE 2 Length of a hypocycloid (or astroid) Find the length of the complete 
r(ġ = (cos? t, sin? f, | hypocycloid given by r(t) = (cos? t, sin? t), where 0 < t = 2a (Figure 12.96). 


SOLUTION The length of the entire curve is four times the length of the curve in the first 
quadrant. You should verify that the curve in the first quadrant is generated as the para- 
meter varies from t = 0 (corresponding to (1, 0)) to t = m /2 (corresponding to (0, 1)). 
Letting f(t) = cos? t and g(t) = sin? t, we have 


f'(t) =—3cos*tsint and g'(t) = 3sin*tcost. 


The arc length of the full curve is 


a /2 
L= af VE (O + g(t) dt Factor of 4 by symmetry 
0 





FIGURE 12.96 





a /2 
af V(-3 cos’ t sin t)? + (3 sin? tcost)* dt Substitute for f’ and g’. 
0 


a /2 
4 / V9 cost tsin? t + 9 cos? t sin? t dt Simplify terms. 
0 


a /2 
4 / 3 V cos? t sin? t (cos? t + sint) dt Factor. 
SS 


0 
1 


ar /2 
: : qT 
= 2 | cos ¢ sin t dt. costsint = 0, for0 = 1 = > 

0 


Letting u = sin t with du = cos t dt, we have 


a /2 1 
r=12f cosrsinrdt = 12 f udu = 6 
0 0 


The length of the entire hypocycloid is 6 units. 
Related Exercises 9-22< 


» Recall from Chapter 6 that the distance 
traveled by an object in one dimension 
is f “lv(1)| dt. The arc length formula 
generalizes this formula to three 
dimensions. 


1000 


250 
Helix 
x r(t) = (250 cos t, 250 sin t, 1001) 
FIGURE 12.97 
Ellipse 


r( = (a cost, b sin t), 
Ostar 


FIGURE 12.98 


» The German astronomer and 
mathematician Johannes 
Kepler (1571—1630) worked with the 
meticulously gathered data of 
Tycho Brahe to formulate three 
empirical laws obeyed by planets and 
comets orbiting the sun. The work 
of Kepler formed the foundation for 
Newton’s laws of gravitation developed 
50 years later. 


» In September 2006, Pluto joined the 


ranks of Ceres, Haumea, Makemake, and 


Eris as one of five dwarf planets in our 
solar system. 
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Paths and Trajectories If the function r(t) = (x(t), y(t), z(t) ) is the position func- 
tion for a moving object, then the arc length formula has a natural interpretation. Recall that 
v(t) = r'(t) is the velocity of the object and |v(t)| = |r'(t)| is the speed of the object. 
Therefore, the arc length formula becomes 


L= [ro dt = [wo dt. 


This formula is the analog of the familiar distance = speed X elapsed time formula. 
EXAMPLE 3 Flight of an eagle An eagle rises at a rate of 100 vertical ft/min on a 
helical path given by 

r(t) = (250 cos t, 250 sin t, 100r) 


(Figure 12.97), where r is measured in feet and ¢ is measured in minutes. How far does it 
travel in 10 min? 


SOLUTION The speed of the eagle is 


WOL = Ve + yP + ze 
= V (—250 sin t)? + (250 cos t)? + 100° 
= V250? + 100? ~ 269. 


The constant speed makes the arc length integral easy to evaluate: 


10 10 
L = / lv(t)| dt ~ / 269 dt = 2690. 
0 0 


The eagle travels approximately 2690 ft in 10 min. 


Substitute derivatives. 
Combine terms. 


sin? t + cost = 1 


Related Exercises 23—26< 





QUICK CHECK 3 If the speed of an object is a constant S (as in Example 3), explain why 


the arc length on the interval [a, b] is S(b — a).< 


EXAMPLE 4 Lengths of planetary orbits According to Kepler’s first law, the plan- 
ets revolve about the sun in elliptical orbits. A vector function that describes an ellipse in 
the xy-plane is 


r(t) = (a COS t,bsint), where 0 < t S 27. 


Ifa > b > Q, then 2a is the length of the major axis and 2b is the length of the minor 
axis (Figure 12.98). Verify the lengths of the planetary orbits given in Table 12.1. Dis- 
tances are given in terms of the astronomical unit (AU), which is the length of the semi- 
major axis of Earth’s orbit, or about 93 million miles. 


Table 12.1 

Semimajor Semiminor Orbit 
Planet axis, a (AU) axis, b (AU) œ = bja length (AU) 
Mercury 0.387 0.379 0.979 2.41 
Venus 0.723 0.723 1.000 4.54 
Earth 1.000 0.999 0.999 6.28 
Mars 1.524 1.517 0.995 9.57 
Jupiter 5.203 5.179 0.995 32.68 
Saturn 9.539 9.524 0.998 59.88 
Uranus 19.182 19.161 0.999 120.46 


Neptune 30.058 30.057 1.000 189.86 
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SOLUTION Using the arc length formula, the length of a general elliptical orbit is 


2a 
L= | Vere owre 
0 
2T 
= / (—a sint) + (bcost)* dt Substitute for x'(t) and y'(®). 
0 


277 
= i a? sin?t + b? cos? t dt. Simplify. 
0 


Factoring a” out of the square root and letting a = b/a, we have 


277 
L= J Va’ (sin? t + (b/a)* cos’ t) dt Factor out a”. 
0 
217 
= VS cin Dn = 
=a f sint + a cos’ t dt Leta = b/a. 
0 


T/2 
T / Jura eee EEEE 
0 


> The integral that gives the length of the In the last step we used the fact that the length of the full orbit is four times the length of 
ellipse is a complete elliptic integral a quarter of the orbit. 
of the second kind. Many reference Unfortunately, an antiderivative for this integrand cannot be found in terms of 
books and software packages provide elementary functions, so we have two options: This integral is well known and values 


APE vanes Ohne iia have been tabulated for various values of a. Alternatively, we may use a calculator to 


approximate the integral numerically (see Section 7.7). Using numerical integration, the 
orbit lengths in Table 12.1 are obtained. For example, the length of Mercury’s orbit with 
a = 0.387 and a = 0.979 is 


ar [2 
L=4a/ V sin? t + a? cos? tdt 
0 


ar [2 
= sas | V sin? t + 0.958 cos? tdt Simplify. 
0 


=~ 2.41. Approximate using calculator. 


The fact that a is so close to 1 for all of the planets means that their orbits are very nearly 
circular. For this reason, the lengths of the orbits shown in the table are nearly equal to 
27a, which is the length of a circular orbit with radius a. 

Related Exercises 27-30 


Arc Length of a Polar Curve 


» Recall from Section 11.2 that to convert We now return to polar coordinates and answer the arc length question for polar curves: 
from polar to Cartesian coordinates we Given the polar equation r = f(0), what is the length of the corresponding curve for 
use the relations a = 0 < B? The key idea is to express the polar equation as a set of parametric equa- 

x=rcos@ and y= rsinð. tions in Cartesian coordinates and then use the arc length formula derived above. Let- 


ting 0 play the role of a parameter and using r = f(0), the parametric equations for the 
polar curve are 


x = rcos@ = f(@)cos@ and y = rsin = f(6) sin, 





FIGURE 12.99 


2 Cardioid 


r=1+cos 8, 


Va p= 27, 





FIGURE 12.100 
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where a = 0 < BP. The arc length formula in terms of the parameter 0 is 
p l 2 
dx dy 
L= =e) oe do, 
J /( dé ( do 


d d 
7 = f'(@)cos0 — f(6)sin@ and = f'(0) sin 0 + f(0) cos 0. 





where 


When substituted into the arc length formula and simplified, the result is a new arc length 
integral (Exercise 68). 


Arc Length of a Polar Curve 


Let f have a continuous derivative on the interval |a, B]. The arc length of the 
polar curve r = f(0) on |æ, B] is 


B 
LS f VFS + f'(0)? dé. 








CK 4 Find the arc length of the circle r = f(@) = 1, for0 = 0 S 27.< 


EXAMPLE 5 Arc length of polar curves 


a. Find the arc length of the spiral r = f(0) = 0, forO = 0 S 27 (Figure 12.99). 
b. Find the arc length of the cardioid r = 1 + cos 0 (Figure 12.100). 


SOLUTION 
27 

aL J Ver + 1d0 f(0) = 0 and f'(0) = 1 
0 


Table of integrals or 
trigonometric substitution 


0 1 
$ 0° + 1+ 5 In (6 + Ver + D 





2T 
0 


l 
= mV 4n’ + 1+ z (2m + V4rT° +1) Substitute limits of integration. 


= 21.26 Evaluate. 


b. The cardioid is symmetric about the x-axis and its upper half is generated for 
0 <= 6 S m. The length of the full curve is twice the length of its upper half: 


L= 2f V (1 + cos 6)* + (—sin0)* d0 f(0) = 1 + cos 0; f'(0) = —sin 0 
0 
= 2 J V2 + 2 cos 0 d0 Simplify. 
0 


— 2f V4 cos” (0/2) dé 1 + cos 8 = 2 cos’ (0/2) 
0 


af cos (6/2) d0 cos (0/2) = 0,for(0 5 0 = r 
0 


T 


8 sin (0/2) = 8. Integrate and simplify. 


0 Related Exercises 31—40 < 
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Ql “5 Consider the portion 
of a circle r(t) = (cos t, sin t}, for 
a S t S b. Show that the arc length 
of the curve is b — a.< 


» Notice that t is the independent variable 
of the function s(t), so a different symbol 
u is used for the variable of integration. 
It is common to use s as the arc length 
function. 


Arc Length as a Parameter 


Until now the parameter t used to describe a curve r(t) = (f(t), g(t), A(t) ) has been cho- 
sen either for convenience or because it represents time in some specified unit. We now 
introduce the most natural parameter for describing curves; that parameter is arc length. 
Let’s see what it means for a curve to be parameterized by arc length. 

Consider the following two characterizations of the unit circle centered at the origin: 


° (cos t, sin t), for 0 < tm 


° (cos 2i, sin 2t), for 0 Llan 


In the first description, as the parameter t increases from t = 0 to t = 277, the full circle is 
generated and the arc length s of the curve also increases from s = 0 to s = 277. In other 
words, as the parameter t increases, it measures the arc length of the curve that is generated 
(Figure 12.101a). 

In the second description, as t varies from t = 0 to t = m, the full circle is generated 
and the arc length increases from s = 0 to s = 277. In this case, the length of the interval 
in t does not equal the length of the curve generated; therefore, the parameter t does not 
correspond to arc length (Figure 12.101b). In general, there are infinitely many ways to 
parameterize a given curve; however, for a given initial point and orientation, arc length is 
the parameter for only one of them. 


r = (cos t, sin t), r = (cos 2t, sin 2t}, 
y O0<t<27 y Ster 
Arc length s = t. Arc length s = 2t. 
TT 


EE 





(a) 


FIGURE 12.101 


The Arc Length Function Suppose that a smooth curve is represented by the func- 
tion r(t) = (x(t), y(t), z(t) ), for t = a, where t is a parameter. Notice that as ¢ increases, 
the length of the curve also increases. Using the arc length formula, the length of the curve 
from r(a) to r(t) is 


s(t) = / Vx'(u)? + y'(u)? + z'(u)* du = f |v(u)| du. 


This equation gives the relationship between the arc length of a curve and any parameter t 
used to describe the curve. 

An important consequence of this relationship arises if we differentiate both sides 
with respect to t using the Fundamental Theorem of Calculus: 


“ A(S reolau) = |v). 


12.8 Length of Curves 859 


Specifically, if t represents time and r is the position of an object moving on the curve, 
then the rate of change of the arc length with respect to time is the speed of the object. 
Notice that if r(t) describes a smooth curve, then |v(t)| # 0; hence ds/dt > 0, and s is 
an increasing function of t—as t increases, the arc length also increases. If r(t) is a curve 
on which |v(t)| = 1, then 


= fivwofau= fiduzia 


which means the parameter t corresponds to arc length. 


THEOREM 12.9 Arc Length as a Function of a Parameter 
Let r(t) describe a smooth curve, for t = a. The arc length is given by 


s(t) = [imo du, 


ds _ 
dt 
then the parameter t corresponds to arc length. 


where |v| = |r’|. Equivalently, |v(t)| > 0. If |v(t)| = 1, for all t = a, 





EXAMPLE 6 Arc length parameterization Consider the helix 
r(t) = (2 cos ft, 2 sin t, At), fort = 0. 


a. Find the arc length function s(t). 


b. Find another description of the helix that uses arc length as the parameter. 


SOLUTION 


(—2 sin t, 2 cos t,4) and 
[r’(a)| = V(-2sint)? + (2 cost)? + 4? 
= V4(sin? t + cos? t) + 4 Simplify. 
= V4 + 42 sin’ f + cost = 1 


SNESEN, Simplify. 


a. Note that r'(t) 


v(t) | 


Therefore, the relationship between the arc length s and the parameter t is 
t t 
s(t) = J lv(u)| du = J 2V5 du = 2V5t. 
a 0 


b. Substituting t = s/(2V/5) into the original parametric description of the helix, we 
find that the description with arc length as a parameter is (using a different function 
name) 





ri(s) = (2 COS (52). 2 sin ( 3 E, fors = 0. 
2V5 57 VS 


This description has the property that an increment of As in the parameter corresponds 
to an increment of exactly As in the arc length. 
Related Exercises 41-50 


HECK 6 Does the line r(t) = (t, t,t) have arc length as a parameter? Explain. < 
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SECTION 12.8 EXERCISES 


Review Questions 27-30. Arc length approximations Use a calculator to approximate 
1. Find the length of the line given by r(t) = (t, 2t), for the length of the following curves. In each case, simplify the arc length 
axt<b. integral as much as possible before finding an approximation. 
2. Explain how to find the length of the curve 27. r(t) = (2cost,4sint), for0 = t < 27 
r(t) = (A), eC), W(t) }, fora =t = b. 28. r(t) = (2cost,4sint,6cost), for0 = t = 2r 


3. Express the arc length of a curve in terms of the speed of an object 29. r(t) = (1,4,10), for-2 <1 <2 
moving along the curve. 


š š P EE š 30. t — ! 2e", t), f 0z<zt=In3 
4. Suppose an object moves in space with the position function r(t) = (e',2e™,t), for n 


r(t) = (x(t), y(t), z(t)). Write the integral that gives the 31-40. Arc length of polar curves Find the length of the following 
distance it travels between t = a and t = b. polar curves. 
5. An object moves on a trajectory given by r(t) = (10 cos 2t, 31. The complete circle r = asin 0, where a > 0 


10 sin 2t), for O = t = m. How far does it travel? 
sin 2r), for oe ie pre ee 32. The complete cardioid r = 2 — 2 sin 0 
6. a do you find the arc length of the polar curve r = f(6), for 33. The spiral r = 62, where 0 < 6 < 2a 
asl sp? 


7. Explain what it means for a curve to be parameterized by its arc ee ea Ore em Or a ye 








length. 35. The complete cardioid r = 4 + 4 sin 8 
8. Is the curve r(t) = (cos t, sin t) parameterized by its arc length? 36. The spiral r = 462, for0 < 6 < 6 
Explain. a 

37. The spiral r = 2e”, forO = 0 = In8 

Basic Skills 38. The curve r = sin? (6/2), forO <0 <7 

9-22. Arc length calculations Find the length of the following two- a 

and three-dimensional curves. 39. The curve r = sin’ (0/3), forO = 6 = 7/2 

9, r(t) = (377 — 1,47 +5), forO<t<1 40. The parabola r = V2/(1 + cos@), forO < 0 =< m/2 

10. r(t) = (3t — 1,4t + 5,t),fr0 =r <1 41-50. Arc length parameterization Determine whether the follow- 
ing curves use arc length as a parameter. If not, find a description that 

11. r(t) = (3 cost, 3 sint), forO<1+< 7 uses arc length as a parameter. 

12. r(t) = (4cos 3r, 4 sin 3t), forO = t < 27/3 41. r(t) = (1,sint = ee 

13. r(t) = (cost + tsint, sint — tcost), forO = t = 7/2 y= (2 \ 
42. — , fr0 sts 10 

14. r(t) = (cost + sint, cost — sint), forO = t = 27 Va 5 V3 

15. r(t) = (2 + 34,1 — 4t,—4 + 3t), fri = t= 6 43. r(t) = (1,2), forO< + <3 

16. r(t) = (4cost,4sint¢,3t), forO = t = 67 44, r(t) = (t+ 1,2r — 3,61), forO =t = 10 

17. r(t) = (t,8sint,8cost), forO < t < 4r 45. r(t) = (2cos?,2sint), forO = t = 2r 

18. r(t) = (27/2, (2t + 1)7/7/3), forO0 <= t=<2 46. r(t) = (Scost,3sint,4sint), foro < t < r 

19. r(t) = (e”%, 2e” + 5,2e” — 20), for0 = t = In2 47, r(t) = (cost sint), Toro = t = Va 

20. r(t) = (17,0°), forO= 14 <4 48. r(t) = (P, 207,417), fri st = 4 

21. r(t) = (cost, sin?t}), forO =< t = 7/2 49. r(t) = (eree) forr = 0 


COS Ź cost 


50. e(n) = (SH E 


22. r(t) = (3cost,4cost,5sint), for0 = t = 2r 








sin ‘), forO = t = 10 
23-26. Speed and arc length For the following trajectories, find the 
speed associated with the trajectory and then find the length of the tra- 


Further Explorations 
jectory on the given interval. 


51. Explain why or why not Determine whether the following state- 
23. r(t) = (20,-2,50), forO <1 = 4 ments are true and give an explanation or counterexample. 


a. If an object moves on a trajectory with constant speed S over a time 
intervala < t < b, then the length of the trajectory is S(b — a). 

13 sin 2t, 12 cos 2t, 5 cos 2t), forO = t= m b. The curves defined by r(t) = (f(t), g(t) ) and 

R(t) = (g(t), f(t) ) have the same length over the interval 

La, b]. 


24. r(t) = 
25. r(t) = 


. r 
26. r(t) = (e'sint,e'cost,e'), forO < t = In2 


5 cos t?, 5 sint?, 12t7), forO = t <= 2 


( 
( 


52; 


53: 


54. 


33. 


56. 


Di 


c. The curve r(t) = (f(t), g(t) ), for0 < 
curve R(t) = (f(t), ¢(t*)), for Va < 
same length. 

d. The curve r(t) = Lr, aP for 1 = t S 4, is parameterized 
by arc length. 


t = b, and the 


a 
t Vb, have the 


= 
= 


Length of a line segment Consider the line segment joining the 
points P(xo, Yo, Zo) and Q(x, y1, Z1). 

a. Find a parametric description of the line segment PQ. 

b. Use the arc length formula to find the length of PQ. 

c. Use geometry (distance formula) to verify the result of part (b). 


Tilted circles Let the curve C be described by r(t) = (a cost, 
b sin t, c sin t) , Where a, b, and c are real positive numbers. 


a. Assume that C lies in a plane. Show that C is a circle centered 
at the origin provided a? = b? + c’. 

b. Find the arc length of the circle. 

c. Assuming that the curve lies in a plane, find the conditions 
under which r(t) = (acost + bsint,ccost + dsint, 
ecost + fsint) describes a circle. Then find its arc length. 


A family of arc length integrals Find the length of the curve 
r(t) = Cis t”, pu). forO = a St = b, where mis areal 
number. Express the result in terms of m, a, and b. 


A special case Suppose a curve is described by 
r(t) = (AA(t), Bh(t)), fora = t = b, where A and B are con- 
stants and h has a continuous derivative. 


a. Show that the length of the curve is 
b 
VA? + B f |h' (t) | dt. 


b. Use part (a) to find the length of the curve x = oF. y= i, 
for0 =f = 4. 

c. Use part (a) to find the length of the curve x = 4/t, y = 10/t, 
forl =ts 8. 


Spiral arc length Consider the spiral r = 46, for 0 = 0. 


a. Use a trigonometric substitution to find the length of the spiral, 
for0 = 6 = V8. 

b. Find L(6), the length of the spiral on the interval |0, 6], for 
any 0 = 0. 

c. Show that L'(0) > 0. Is L”(@) positive or negative? Interpret 
your answers. 


Spiral arc length Find the length of the entire spiral r = e “, for 
0 = Oanda > 0. 


58-61. Arc length using technology Use a calculator to find the ap- 
proximate length of the following curves. 


58. The three-leaf rose r = 2 cos 30 

59. The lemniscate r? = 6 sin 20 

60. The limaçon r = 2 — 4 sin 0 

61. The limaçon r = 4 — 2 cos 0 

Applications 

62. A cycloid A cycloid is the path traced by a point on a rolling 


circle (think of a light on the rim of a moving bicycle wheel). The 


63. 
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cycloid generated by a circle of radius a is given by the paramet- 
ric equations 
x = a(t — sint), y= a(l — cost); 


the parameter range 0 S t S 27 produces one arch of the cycloid 
(see figure). Show that the length of one arch of a cycloid is ŝa. 


y 


Projectile trajectories A projectile (such as a baseball or a can- 
nonball) launched from the origin with an initial horizontal ve- 


locity up and an initial vertical velocity vọ moves in a parabolic 
trajectory given by 


2ra X 


x = ugt, y= —+ gt? + vot, fort = 0, 


where air resistance is neglected and g ~ 9.8 m/s’ is the accel- 
eration due to gravity. 


a. Let uy = 20 m/s and vy = 25 m/s. Assuming the projectile is 
launched over horizontal ground, at what time does it return to 
Earth? 

b. Find the integral that gives the length of the trajectory from 
launch to landing. 

c. Evaluate the integral in part (b) by first making the change of 
variables u = —gt + vo. The resulting integral is evaluated 
either by making a second change of variables or by using a 
calculator. What is the length of the trajectory? 

d. How far does the projectile land from its launch site? 


Variable speed on a circle Consider a particle that moves in a 
plane according to the equations x = sin t° and y = cos £? witha 
starting position (0, 1) att = 0. 


a. Describe the path of the particle, including the time required to 
return to the starting position. 

b. What is the length of the path in part (a)? 

c. Describe how the motion of this particle differs from the mo- 
tion described by the equations x = sint and y = cos t. 

d. Now consider the motion described by x = sin t” and y = cos t”, 
where n is a positive integer. Describe the path of the particle, 
including the time required to return to the starting position. 

e. What is the length of the path in part (d) for any positive 
integer n? 

f. If you were watching a race on a circular path between two 
runners, one moving according to x = sin t and y = cost and 
one according to x = sin t? and y = cos t°, who would win 
and when would one runner pass the other? 


Additional Exercises 
65. Arc length parameterization Prove that the line 


r(t) = (xo + at, yo + bt, z + ct) is parameterized by arc 
length provided a? + b? + c? = 1. 
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66. 


67. 


68. 


69. 
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Arc length parameterization Prove that the curve 
r(t) = (acost,b sint, c sint) is parameterized by arc length 
provided a? = b? + c? = 1. 


Lengths of related curves Suppose a curve is given by 

r(t) = (f(t), g(t)), where f’ and g' are continuous, for 

a = t S b. Assume the curve is traversed once, fora = t S b, 
and the length of the curve between (f(a), g(a)) and (f(b), g(b)) 
is L. Prove that for any nonzero constant c the length of the curve 
defined by r(t) = (cf(t), cg(t)), fora <= t S b, is |c]L. 


Arc length for polar curves Prove that the length of the curve 
r = f(0), fora = 0 = B,is 


B 
a J \/ FOY + f'(0)* dé. 


Arc length for y = f(x) The arc length formula for functions of 
the form y = f(x) on [a,b] found in Section 6.5 is 


pe | VFF a 


Derive this formula from the arc length formula for vector curves. 
(Hint: Let x = t be the parameter.) 


VECTORS AND VECTOR- VALUED FUNCTIONS 


70. Change of variables Consider the parameterized curves r(t) = 


(f(t), g(t), A(t) ) and R(t) = (f(u(t)), g(u(t)), A(w(t)) ), where 


f, g, h, and u are continuously differentiable functions and u has an 


inverse on |a, b]. 


a. Show that the curve generated by r on the interval 
a St S bis the same as the curve generated by R on 
u'‘(a) = tsu'(b)(oruw (b) St Su ‘(a)). 

b. Show that the lengths of the two curves are equal. (Hint: Use 


the Chain Rule and a change of variables in the arc length inte- 


gral for the curve generated by R.) 





CK ANSWERS 


2. V3 
Iv(t)| dt = 


1. V2 
3. L= 


b 
[ sa = so- a) 4. 27 


5. Fora < t < b, the curve C generated is (b — a)/27 of 
a full circle. Because the full circle has a length of 277, the 
curve C has a length of b — a. 6. No. If t increases by one 
unit, the length of the curve increases by V3 units. < 


12.9 Curvature and Normal Vectors 


We know how to find tangent vectors and lengths of curves in space, but much more can be 
said about the shape of such curves. In this section, we introduce several new concepts. Cur- 
vature measures how fast a curve turns at a point, the normal vector gives the direction in 
which a curve turns, and the binormal vector and the torsion describe the twisting of a curve. 


Curvature 


Imagine driving a car along a winding mountain road. There are two ways to change the 
velocity of the car (that is, to accelerate). You can change the speed of the car or you can 
change the direction of the car. A change of speed is relatively easy to describe, so we 
postpone that discussion and focus on the change of direction. The rate at which the car 


changes direction is related to the notion of curvature. 


Unit Tangent Vector Recall from Section 12.6 that if r(t) = (x(t), y(t), 2(t)) isa 
smooth oriented curve, then the unit tangent vector at a point is the unit vector that points in 


the direction of the tangent vector r’(f); that is, 


Because T is a unit vector, its length does not change along the curve. The only way T can 


_r(t) _ vt) 
rO KOl 








T(t) 


change is through a change in direction. 


How quickly does T change (in direction) as we move along the curve? If a small 
increment in arc length As along the curve results in a large change in the direction of 
T, the curve is turning quickly over that interval and we say it has a large curvature 
(Figure 12.102a). If a small increment As in arc length results in a small change in 
the direction of T, the curve is turning slowly over that interval and it has a small curva- 
ture (Figure 12.102b). The magnitude of the rate at which the direction of T changes with 


respect to arc length is the curvature of the curve. 


» Recall that the unit tangent vector at a 
point depends on the orientation of the 
curve. The curvature does not depend on 
the orientation of the curve, but it does 
depend on the shape of the curve. The 
Greek letter kappa, K is used to denote 
curvature. 
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T(s + As) 






Tis + As) 





arc length = s 
arc length = s 


T(s) T@ + As) = T(s) 


large curvature T(s) _, Ts + As) — Tis) 
: aN small curvature 
T(s + As) T(s + As) 
FIGURE 12.102 (a) (b) 


DEFINITION Curvature 


Let r describe a smooth parameterized curve. If s denotes arc length and T = r’/|r’| 


dT 


is the unit tangent vector, the curvature is k(s) = ae 
S 





Note that « is a nonnegative scalar-valued function. A large value of x at a point indi- 
cates a tight curve that changes direction quickly. If k is small, then the curve is relatively 
flat and its direction changes slowly. The minimum curvature (zero) occurs on a straight 
line where the tangent never changes direction along the curve. 

In order to evaluate dT /ds, a description of the curve in terms of the arc length ap- 
pears to be needed, but it may be difficult to obtain. A short calculation leads to the first of 
two practical curvature formulas. 

Letting t be an arbitrary parameter, we begin with the Chain Rule and write 
dT dT 


d 
eee Dividing by ds/dt = |v| and taking absolute values leads to 
dt ds dt 


dT 
dt 


_ |dT 


_ |dT/dt| 1 
lds 


=- |ds/dt| |v] 


K 











This calculation is a proof of the following theorem. 


THEOREM 12.10 Curvature Formula 
Let r(t) describe a smooth parameterized curve, where t is any parameter. If 
v = r' is the velocity and T is the unit tangent vector, then the curvature is 


_ 1jaT|_ [TO] 
wila EON 


K(f) 





EXAMPLE 1 Lines have zero curvature Consider the line 
r(t) = (xo + at, yo + bt, z + ct), for—% < t < œ. Show that k = 0 at all points on 
the line. 


SOLUTION Note that r’(t) = (a,b,c) and |r’(t)| = |v(t)| = Va? + b? + c?. 
Therefore, 





r'(t) (a,b,c) 


T(t) = = > 
VO +b +e 


Ir’ (t)| 
dT 
Because T is a constant, rs = 0 and k = Oat all points of the line. 





Related Exercises 11-20 
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> The curvature of a curve at a point can 
also be visualized in terms of a circle of 
curvature, which is a circle of radius R 
that is tangent to the curve at that point. 
The curvature at the point is k = 1/R. 
See Exercises 70-74. 


» Distributive law for cross products: 


w X (u + v) = (Ww X u) + (WX vy) 
(u+v) X w= (u X w) + (Vv xw) 





EXAMPLE 2 Circles have constant curvature Consider the circle 
r(t) = (Rcost,Rsint), for0 < t < 27, where R > 0. Show that x = 1/R. 


SOLUTION We compute r'(t) = (—Rsint, R cos t} and 
lv(t)| = |r’(t)| = V(—Rsint)* + (R cos t)” 
= VR? (sin* t + cos” t) Simplify. 





= R. sin? t + cos*t = 1,R > 0 
Therefore, 
r'(t —R sin t, R cos t 
T(t) = d ) = A = (—sin t, cost) , and 
Ir’ (t)| R 
dT 


rs = (—cos t, —sin ft). 


Combining these observations, the curvature is 
1 |\dT | 1 


1 
k = —|—]| = —|(-cosz,—-sint)| = — Vecos t + sin? t = — 
lv|| dt R R R 














The curvature of a circle is constant; a circle with a small radius has a large curvature and 
vice versa. 
Related Exercises 11—20 < 


QUICK CHECK 1 What is the curvature of the circle r(t) = (3 sint, 3 cos t}?< 


An Alternative Curvature Formula A second curvature formula, which pertains 
specifically to trajectories of moving objects, is easier to use in some cases. The calculation 
is instructive because it relies on many properties of vector functions. In the end, a remark- 
ably simple formula emerges. 

Again consider a smooth curve r(t) = (x(t), y(t), z(t)), where v(t) = r'(t) and 
a(t) = v'(t) are the velocity and acceleration of an object moving along that curve, re- 
spectively. We assume that v(t) # 0 and a(t) # 0. Because T = v/|v|, we begin by 
writing v = |v| T and differentiating both sides with respect to t: 


— z — IO] T(t)) = IODO + |v(t)| Z Product Rule (1) 





a 
We now form v X a: 


d dT 
xa = |vT x | — t)|})T + v — 
v xa = Wit x| 2 (vor + WS | 


v N 
a 





d dT 
= |v|T x (Zw | T + |v|T x Kien Distributive law for cross products 


_ _ ——— 
0 


The first term in this expression has the form aT X bT, where a and b are scalars. There- 
fore, aT and bT are parallel vectors and aT X bT = 0. To simplify the second term, 
recall that a vector u(t) of constant length has the property that u and du/dt are orthogo- 
nal (Section 12.7). Because T is a unit vector, it has constant length, and T and dT /dt are 


» Recall that the magnitude of the 
cross product of nonzero vectors is 
lu X v| = |ul|v| sin 0, where 6 is 
the angle between the vectors. If the 
vectors are orthogonal, sin 0 = 1 and 
ju x v| = fully]. 


» Note that a(t) = 0 corresponds to 
straight-line motion and k = 0. If 
v(t) = 0, the object is at rest and x is 
undefined. 






Parabola 


r = (t, 2°) 


Maximum 
Curve flattens curvature 
K >Q, as t> —% i 
K 
| l 
I l l 
| / 
| 3 i Curve flattens 
: / K >Q, as t > œ% 





Curvature 
of parabola 


FIGURE 12.103 
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orthogonal. Furthermore, scalar multiples of T and dT /dt are also orthogonal. Therefore, 
the magnitude of the second term simplifies as follows: 














vir x [WIZE] = [olla] Ive sing ux vi = lllvi sing 
vV v di v v di sin u v| = juj||v| sin 
2|aT : i 
= |v|“|—_||T| Simplify, 0 = 7/2. 
di [ie 
1 
dT 
= ee T| = 1 








The final step is to use Theorem 12.10 and substitute 
together, we find that 





dT 
al k|v|. Putting these results 


dT 





yx al = WP PGE] = Welle = ale 
| . lv x al 
Solving for the curvature gives k = Wwe 
v 


THEOREM 12.11 Alternative Curvature Formula 
Let r be the position of an object moving on a smooth curve. The curvature at a 
point on the curve is 


|v Xal 
C Wp? 


where v = r’ is the velocity and a = v’ is the acceleration. 








QUICK CHECK 2 Use the alternative curvature formula to compute the curvature of the 
curve r(t) = (1°, 10,-10).< 





EXAMPLE 3 Curvature of a parabola Find the curvature of the parabola 
r(t) = (t at”), for—œ < t< œ, where a > 0 is areal number. 


SOLUTION The alternative formula works well in this case. We find that 


v(t) = r'(t) = (1, 2at) and a(t) = v'(t) = (0, 2a). To compute the cross product 
v X a, we append a third component of 0 to each vector: 


i j k 
vXa= |i 2at 0| = 2ak. 
0 2a 0 
Therefore, the curvature is 
—|vxal  [2ak| 2a 


K(f) = = = a aoe 
9 = RE T 2a) Gt 4a? 
The curvature is a maximum at the vertex of the parabola where t = 0 and k = 2a. The 
curvature decreases as one moves along the curve away from the vertex, as shown in 
Figure 12.103 witha = 1. 
Related Exercises 21—26< 


EXAMPLE 4 Curvature of a helix Find the curvature of the helix 
r(t) = (a cos ź, a sin t, bt), for—œ < t < ©,wherea > Oandb > Oare real numbers. 
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» In the curvature formula for the helix, if 
b = 0, the helix becomes a circle 


1 
of radius a with k = —. At the other 
a 


extreme, holding a fixed and letting 
b — stretches and straightens the helix 
so that k —> 0. 


» The principal unit normal vector depends 
on the shape of the curve but not on the 
orientation of the curve. 


SOLUTION We use the alternative curvature formula, with 
v(t) = r'(t) = (-asint,acost,b) and 
a(t) = v'(t) = (—acost,—asint,0). 


The cross product v X ais 


i j k 
vXa=|-asint acost b| = absinti — abcostj + a’k. 
—acost —asint 0 
Therefore, 
lv x a| = |ab sinti — ab cos tj + a*k| 
= Va’ b? (sin? t + cos? t) + af 
ee mamam 


1 
= aV a? + b’. 
By a familiar calculation, |v] = |(—a sin t, a cos t, b) | = Va? + b?. Therefore, 


lv x al aV a? + b? a 
k = —,_ = 





WP (Vay @ te 


A similar calculation shows that all helices of this form have constant curvature. 
Related Exercises 21—26< 


Principal Unit Normal Vector 


The curvature answers the question of how fast a curve turns. The principal unit nor- 
mal vector determines the direction in which a curve turns. Specifically, the magnitude 
of dT /ds is the curvature: k = |dT/ds|. What about the direction of dT /ds? If only the 
direction, but not the magnitude, of a vector is of interest, it is convenient to work with a 
unit vector that has the same direction as the original vector. We apply this idea to dT /ds. 
The unit vector that points in the direction of dT /ds is the principal unit normal vector. 


DEFINITION Principal Unit Normal Vector 


Let r describe a smooth parameterized curve. The principal unit normal vector at a 
point P on the curve at which k # O is 


dT/ds — 1 dT 
\dT/ds| K ds’ 


N(s) = 


In practice, we use the equivalent formula 
N dT /dt 
t) = ___,, 
(1) [dT /dt 


evaluated at the value of t corresponding to P. 





dT /dt 
The practical formula N = a follows from the definition by using the Chain Rule 
. dT aT dt . ' ' cos 
to write ae = Fa : a (Exercise 80). Two important properties of the principal unit nor- 
S S 


mal vector follow from the definition. 
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THEOREM 12.12 Properties of the Principal Unit Normal Vector 
At all points Let r describe a smooth parameterized curve with unit tangent vector T and prin- 


T= NSi cipal unit normal vector N. 
and T- N = 0. 


1. T and N are orthogonal at all points of the curve; that is, T(t) > N(t) = 0 at all 


points where N is defined. 


2. The principal unit normal vector points to the inside of the curve—in the 
direction that the curve is turning. 





T 
N points to the inside of the 
curve—in the direction the 
curve is turning. Proof: 
FIGURE 12.104 1. As a unit vector, T has constant length. Therefore, by Theorem 12.8, T and dT /dt (or 


T and dT /ds) are orthogonal. Because N is a scalar multiple of dT /ds, T and N are 
orthogonal (Figure 12.104). 





For small As 2. We motivate—but do not prove—this fact, by recalling that 
T@ + As) — TG) 

points to the inside of dT ji T(s + As) — T(s) 
the curve, as does dT/ds. As 7 A mae As ' 


T(s) 





T(s + As) Therefore, dT /ds points in the approximate direction of T(s + As) — T(s) when As 
is small. As shown in Figure 12.105, this difference points in the direction in which the 
curve is turning. Because N is a positive scalar multiple of dT /ds, it points in the same 
direction. < 


T(s) 


Tis + As) — TCs) 





T(s + As) 3 Consider the parabola r(t) = (t,—t*). Does the principal unit normal 
FIGURE 12.105 vector point in the positive y-direction or negative y-direction along the curve? «< 


EXAMPLE 5 Principal unit normal vector for a helix Find the principal unit nor- 
E mal vector for the helix r(t) = (acost, asint, bt), for—% < t< œ, where a > 0 and 
r(t) = la cost, asint, bt) b > O are real numbers. 






> SOLUTION Several preliminary calculations are needed. First, we have 
v(t) = r'(t) = (—asin t, acos t, b). Therefore, 


lv(t)| = H| = V (—asint)* + (acos t)? + b? 
= Va’ (sin? t + cos? t) + b? Simplify. 
sya + b’. sin’ t + cos*t = 1 


The unit tangent vector is 


T - N = 0 at all points of the curve. i ( t) 
T points in the direction of the curve. T( ) = 
N points to the inside of the curve. 





E (—a sin ft, a cos t, b) 
Ir’ (t)| Va? + b? 
FIGURE 12.106 Notice that T points along the curve in an upward direction (at an angle to the horizontal 


that satisfies tan 0 = b/a) (Figure 12.106). We can now calculate the principal unit nor- 
mal vector. First, we determine that 


dT d (nase coves Pt) E (—acost,—a sin t, 0) 


and 
dt) 
dt Va? + b? 
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QUICK CHECK 4 Explain why the prin- 


cipal unit vector for a straight line is 
undefined. < 


> Recall that the speed is |v| = ds/dr, 
where s is arc length. 


> Note that ay and ap are defined even at 
points where k = 0 and N is undefined. 


— 
Tangential Trajectory in R 


component a,T a=a,N + a,T 






Normal 
component aN 


FIGURE 12.107 


The principal unit normal vector now follows: 


(—a cos t, —a sin t, 0) 


dT /dt Va? + b’ 


N = aT /at| = a = (—cos t, —sint,0). 


Va? + b? 


Several important checks should be made. First note that N is a unit vector; that is, 
IN | = |. It should also be confirmed that T +N = 0; that is, the unit tangent vector 
and the principal unit normal vector are everywhere orthogonal. Finally, N is parallel 
to the xy-plane and points inward toward the z-axis, in the direction the curve turns 
(Figure 12.106). Notice that in the special case b = 0, the trajectory is a circle, but the 
normal vector is still N = (—cos t, —sin t, 0). 

Related Exercises 27-34< 


Components of the Acceleration 


We now use the vectors T and N to gain insight into how moving objects accelerate. Re- 
call the observation made earlier that the two ways to change the velocity of an object (to 
accelerate) are to change its speed and change its direction of motion. We now show that 
changing the speed produces acceleration in the direction of T and changing the direction 
produces acceleration in the direction of N. 
We begin with the fact that 
ds 


v 
T=— = Tv) = TË. 
Fy or v [v] p 


d 
Differentiating both sides of v = T P with respect to t gives 


dv d ( z) 
a = — = — T — 
dt dt dt 


= a + T d's Product Rule 
dt dt dt? 

_aTdsds | d's pie ae 
ds dt dt dt? ` dt ds dt 


We now substitute |v| = ds/dt and KN = dT /ds to obtain the following useful result. 


THEOREM 12.13 Tangential and Normal Components of the Acceleration 
The acceleration vector of an object moving in space along a smooth curve has 
the following representation in terms of its tangential component a, (in the 
direction of T) and its normal component a y (in the direction of N): 


a = ayN “i arT, 


where ay = k|v|* = 





The tangential component of the acceleration, in the direction of T, is the usual accel- 
eration ay = d’s/dt* of an object moving along a straight line (Figure 12.107). The nor- 
mal component, in the direction of N, increases with the speed |v| and with the curvature. 
Higher speeds on tighter curves produce greater normal accelerations. 


12.9 Curvature and Normal Vectors 869 
EXAMPLE 6 Acceleration on a circular path Find the components of the accelera- 
tion on the circular trajectory 
r(t) = (Rcos wt, R sin wt), 


where R and w are positive real numbers. 





SOLUTION We find that r'(t) = (—Rw sin wt, Rw cos wt), |v(t)| = |r’(t)| = Ro, 
and, by Example 2, k = 1/R. Recall that ds/dt = |v(t)|, which is constant; therefore, 
d’s / dt” = 0 and the tangential component of the acceleration is zero. The acceleration is 





5 d’s 1 5 5 
a = k| N + -T = — (Ro) N = RoN. 
dt R 
0 


On a circular path (traversed at constant speed), the acceleration is entirely in the normal 
direction, orthogonal to the tangent vectors. The acceleration increases with the radius of 
the circle R and with the frequency of the motion w. 

Related Exercises 35—-40< 


Parabolic trajectory 





Approaching bend 


FIGURE 12.108 


> Using the fact that |T| = |N| = 1, we 
have, from Section 12.3, that 
a- N 


—— = a'N 
IN| 


ay = scalya = 


a’ T v-a 
—— = a- T = —_. 
[T| |v 


Parabolic trajectory 
YA rv=(t,17) 


4 
a = (0,2) 
for all t. 
a ĵ a 
\ / ~N 
\ / 
\ / 
\ / 
\ 2 / 
aT a aT 
(ay <0) (a, > 0) 
ayN ayN 
a 
=) =~] 0 1 2 x 


FIGURE 12.109 


(=a) 






EXAMPLE 7 A bend inthe road The driver of a car follows the 
parabolic trajectory r(t) = (t, t”), for—2 < t < 2, through a sharp bend 
(Figure 12.108). Find the tangential and normal components of the accelera- 
tion of the car. 


SOLUTION The velocity and acceleration vectors are easily computed: 
v(t) = r'(t) = (1,2t) anda(t) = r"(t) = (0,2). The goal is to express 
a = (0,2) in terms of T and N. A short calculation reveals that 


v (1, 2t) e dT/dt (—2r, 1) 


ee er ae = ee 
Iv} Vi + 4? \dT/dtl Wy + 4r 


We now have two ways to proceed. One is to compute the normal and tan- 
gential components of the acceleration directly using the definitions. More ef- 
ficient is to note that T and N are orthogonal unit vectors, and then to compute 
the scalar projections of a = (0,2) in the directions of T and N. We find that 
(—21, 1) 2 
ay = a'N = (0,2): = 


Vit4? V1 +4? 


Leaving bend 


and 


(1, 2r) At 


VI+ Vitae 


You should verify that at all times (Exercise 76), 


ay =a‘T = (0,2). 


a=ayN+a;7T = (N + xT) = (0,2). 


2 
V1 +4? 
Let’s interpret these results. First, notice that the driver negotiates the curve in a sensible 


way: The speed |v| = V1 + 4t? decreases as the car approaches the origin (the tightest 
part of the curve) and increases as it moves away from the origin (Figure 12.109). As the 


car approaches the origin (t < 0), T points in the direction of the trajectory and N 
2 


2 as S ’ 
points to the inside of the curve. However, ar = ey) < 0 whent < 0, so a7T points in 
t 


the direction opposite to that of T (corresponding to a deceleration). As the car leaves the ori- 

gin (t > 0), ar > 0 (corresponding to an acceleration) and a 7T and T point in the direction 

of the trajectory, while N still points to the inside of the curve (Figure 12.109; Exercise 78). 
Related Exercises 35—40< 


870 CHAPTER 12 © VECTORS AND VECTOR- VALUED FUNCTIONS 


» The TNB frame is also called the Frenet- 
Serret frame, after two 19th-century 
French mathematicians, Jean Frenet and 
Joseph Serret. 


“5 Verify that T and N given in Example 7 satisfy |T| = |N| = 1 and that 





The Binormal Vector and Torsion 


We have seen that the curvature function and the principal unit normal vector tell us how 
quickly and in what direction a curve turns. For curves in two dimensions, these quan- 
tities give a fairly complete description of motion along the curve. However, in three 
dimensions, a curve has more “room” in which to change its course, and another descriptive 
function is often useful. Figure 12.110 shows a smooth parameterized curve C with its unit 
tangent vector T and its principal unit normal vector N at two different points. These two 
vectors determine a plane called the osculating plane (Figure 12.1 10b). The question we 
now ask is, How quickly does the curve C move out of the plane determined by T and N? 

To answer this question, we begin by defining the unit binormal vector B = T X N. 
By the definition of the cross product, B is orthogonal to T and N. Because T and N are unit 
vector, B is also a unit vector. Notice that T, N, and B form a right-handed coordinate sys- 
tem (like the xyz-coordinate system) that changes its orientation as we move along the curve. 
This coordinate system is often called the TNB frame (Figure 12.110). 









TNB frame 
changes 
orientation 
along the curve. 






Osculating plane 
formed by 
T and N 


(a) (b) 
FIGURE 12.110 


CHECK 6 Explain why B = T X N is a unit vector. « 


The rate at which the curve C twists out of the plane determined by T and N 1s the rate at 


dB 
which B changes as we move along C, which is or A short calculation leads to a practical 
S 


formula for the twisting of the curve. Differentiating the cross product T X N, we find that 


ds ds 
dT dN ; ME 
= Ts xXN-+T xX a Rule for differentiating a cross product 


S S 
_ — 


parallel vectors 


dN dT dT 
=T x —— — and N are parallel; — x N = 0. 
ds ds ds 


1dT dT 
Notice that by definition, N = ae which implies that N and Ts are scalar multiples of 
S S 


each other. Therefore, their cross product is the zero vector. 


» Note that B is a unit vector (of constant 
length). Therefore, by Theorem 12.8, B 
and B’(t) are orthogonal. Because B’ (t) 
and B’(s) are parallel, it follows that 
B and B’(s) are orthogonal. 


» The negative sign in the definition of the 
torsion is conventional. However, rT may 
be positive or negative (or zero), and in 
general, it varies along the curve. 


» Notice that B and 7 depend on the 
orientation of the curve. 





J 
Osculating plane 


Normal plane 


FIGURE 12.111 


» The third plane formed by the vectors T 
and B is called the rectifying plane. 
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dB 
The properties of ae become clear with the following observations. 
S 





dN dN 
is orthogonal to both T and T’ because it is the cross product of T and ae 
S S S 


dB 
e Applying Theorem 12.8 to the unit vector B, it follows that Ws is also orthogonal to B. 
S 


e By the previous two observations, Pa is orthogonal to both B and T, so it must be par- 
S 


allel to N. 


dB 
Because ae is parallel to (a scalar multiple of) N, we write 
S 








dB N 
aay 
ds 
where the scalar 7 is the torsion. Notice that a |-TN| = |-r|, so the magnitude 
S 


dB 
of the torsion equals the magnitude of Ts’ which is the rate at which the curve twists out 
S 
of the TN-plane. 


A short calculation gives a method for computing the torsion. We take the dot product 
of both sides of the equation defining the torsion with N: 


dB 
— eN janma TN- N 
ds ——’ 

1 
dB 
——* N = =F, N is a unit vector. 
ds 





DEFINITION Unit Binormal Vector and Torsion 


Let C be a smooth parameterized curve with unit tangent and principal unit normal 
vectors T and N, respectively. Then, at each point of the curve at which the curvature 
is nonzero, the unit binormal vector is 


B=TXN, 


and the torsion is 





Figure 12.111 provides some interpretation of the curvature and the torsion. First, we see 
a smooth curve C passing through a point P, where the mutually orthogonal vectors T, 
N, and B are defined. The osculating plane is defined by the vectors T and N. The plane 
orthogonal to the osculating plane containing N is called the normal plane. Because N and 


dB dB 
Ws are parallel, Ws also lies in the normal plane. The torsion, which is equal in magnitude 
S S 


to , gives the rate at which the curve moves out of the osculating plane. In a complementary 
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z,| B= (0,0, 1) 
at all points, 
so T = 0. 





FIGURE 12.112 


C: r(t) = (R cos t, R sin tY 


way, the curvature, which is equal to |— |, gives the rate at which the curve turns within 








the osculating plane. Two examples will clarify these concepts. 


EXAMPLE 8 Unit binormal vector Consider the circle C defined by 
r(t) = (R COS t, Rsint) , for 0 < t < 27,withR > 0. 


a. Without doing any calculations, find the unit binormal vector B and determine the 
torsion. 


b. Use the definition of B to calculate B and confirm your answer in part (a). 
SOLUTION 


a. The circle C lies in the xy-plane, so at all points on the circle, T and N are in the xy-plane. 
Therefore, at all points of the circle, B = T X N is the unit vector in the positive 
z-direction (by the right-hand rule ); that is, B = k. Because B changes neither in length 


dB 
nor direction, Ws = 0 and 7 = 0 (Figure 12.112). 
S 
b. Building on the calculations of Example 2, we find that 
T = (-sint,cost) and N = (-cost,-—sint). 
Therefore, the unit binormal vector is 
i j k 
B=TXN= |-sint cost 0| =O°1-—0°:j+1-k=kK. 
—cost —sint 0 
As in part (a), it follows that the torsion is zero. 


Related Exercises 41—48 


Generalizing Example 8, it can be shown that the binormal vector of any curve that 
lies in the xy-plane is always parallel to the z-axis; therefore, the torsion of the curve is 
everywhere zero. 


EXAMPLE 9 Torsion of a helix Compute the torsion of the helix 
r(t) = (a cos t, a sint, bt), fort = 0, witha > Oandb > 0. 
SOLUTION In Example 5, we found that 


(—a sint,acost, b) 
T = and N = (—cosż,—sint, 0). 


Va? + b? 





Therefore, 


BTN 1 7 J . (b sin t,—b cost, a) 
= = ———— |-asint acost = ——— 
Va’ + b’ 0 Vap 


—cos t —sin t 


dB dT 
The next step is to determine Te which we do in the same way we computed Ts by 
S S 


writing 





B dB d æ _ d/d 


= or = ; 
dt ds dt ds  ds/dt 
In this case, 


d 
P aa EE T A 
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. dB 
Computing ar we have 


dB dB /dt B (b cos ź, b sin t, 0) 
ds dsjdt a? + b? 
The final step is to compute the torsion: 


dB (bcost,bsint, 0) ; 
A 


b 
a° + b?” 
We see that the torsion is constant over the helix. In Example 4, we found that the 
curvature of a helix is also constant. This special property of circular helices means 


that the curve turns about its axis at a constant rate and rises vertically at a constant 
FIGURE 12.113 rate (Figure 12.113). 





X 


Related Exercises 41-48< 


Example 9 suggests that the computation of the binormal vector and the torsion can 
be involved. We close by stating some alternative formulas for B and 7 that may simplify 
calculations in some cases. Letting v = r'(t)anda = v'(t) = r”(t), the binormal vector 


can be written compactly as (Exercise 83) 
vxa 
B = T X N = ———.. 
lv x al 


We also state without proof that the torsion may be expressed in either of the forms 


(v x a) eQ’ (r’ x r") er” 


o lv x al? ae E Xa 


SUMMARY Formulas for Curves in Space 
Position function: r(t) = (x(t), y(t), 2(t)) 
Velocity: v =r’ 


1 


Acceleration: a = v 


Unit tangent vector: T = hi 
v 
dT /dt 
[dT /dt| 


dT|  1ļaT| |vXxal 


Principal unit normal vector: N = (provided dT/dt # 0) 


Curvature: « = |—] = —|— 
urvature K d Iv dt v? 


Components of acceleration: a = ayN + a7T, where ay = k|v 


v'a 
and ar = —; 


Unit binormal vector: 


(r’ x r”) er” 


r’ x< r”|? 


Torsion: 
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SECTION 12.9 EXERCISES 


Review Questions 
1. What is the curvature of a straight line? 


2. Explain the meaning of the curvature of a curve. Is it a scalar 
function or a vector function? 


3. Give a practical formula for computing the curvature. 


4. Interpret the principal unit normal vector of a curve. Is it a scalar 
function or a vector function? 


5. Give a practical formula for computing the principal unit normal 
vector. 


6. Explain how to decompose the acceleration vector of a moving 
object into its tangential and normal components. 


7. Explain how the vectors T, N, and B are related geometrically. 
8. How do you compute B? 

9. Give a geometrical interpretation of the torsion. 

10. How do you compute the torsion? 

Basic Skills 


11-20. Curvature Find the unit tangent vector T and the curvature K 
for the following parameterized curves. 


11. r(t) = (2t + 1, 4¢ — 5,6¢ + 12) 

12. r(t) = (2cost,—2 sint) 

13. r(t) = (21,4 sin t, 4 cos fr) 

14. r(t) = (cos t’, sint?) 

15. r(t) = (V3 sint, sin t, 2 cos t) 

16. r(t) = (t, In (cos t)) 

17. 1) = 1420) 

18. r(t) = (cost, sin’ t) 

19. r(t) = ( f cos (m u*/2) du, [sn (a7 u*/2) du), >0 
0 0 


20. 


© 


t t 
r(t) = (| COs Wau, f sinwau),1 > 0 
0 0 


21-26. Alternative curvature formula Use the alternative curva- 


ture formula k = |v X al/|v|> to find the curvature of the following 
parameterized curves. 

21. r(t) = (—3 cost, 3 sint, 0} 

22. r(t) = (4t, 3 sint, 3 cost) 

23. r(t) = (44+ 07,1,0) 

24. r(t) = (V3 sint, sint, 2 cos fr) 

25. r(t) = (4 cost, sin, 2 cost) 

26. r(t) = (e'cost,e'sint, e') 
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27-34. Principal unit normal vector Find the unit tangent vector T 
and the principal unit normal vector N for the following parameterized 


curves. In each case, verify that |T| = |N| = 1 andT-N = 0. 

27. r(t) = (2sint,2 cost) 28. r(t) = (4sin t, 4 cost, 10t) 
29. r(t) = (t7/2,4 — 3t,1) 30. r(t) = (17/2,0°/3),t > 0 
31. r(t) = (cost^ sint?) 32. r = (cos Asin 7) 

33. r(t) = (t?,t) 34. r(t) = (t,Incost) 


35—40. Components of the acceleration Consider the following 
trajectories of moving objects. Find the tangential and normal 
components of the acceleration. 


35. r(t) = (4,1 + 4t,2 — 6t) 
36. r(t) = (10cost,—10 sin tr) 
37. r(t) = (e'cost,e'sint, e’) 
38. r(t) = (t,t? + 1) 

39. r(t) = (1°, 07) 


40. r(t) = (20 cost, 20 sin t, 30t) 


41-44. Computing the binormal vector and torsion /n Exercises 
27—30, the unit tangent vector T and the principal unit normal vector 
N were computed for the following parameterized curves. Use the defi- 
nitions to compute their unit binormal vector and torsion. 


41. r(t) = 42. r(t) = 
43. r(t) = 44. r(t) = 


(4 sin tf, 4 cost, 10r) 
(17/2, 1°/3),t > 0 


(2 sin t, 2 cos f). 
(17/2,4 — 3t,1) 


45—48. Computing the binormal vector and torsion Use the defini- 
tions to compute the unit binormal vector and torsion of the following 
curves. 


45. r(t) = (2cost,2sint,—t) 

46. r(t) = (t, cosh t,—sinh t) 

47. r(t) = (12t,5cost,5sint) 

48. r(t) = (sint — tcost,cost + fsint, ft) 


Further Explorations 
49. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. The position, unit tangent, and principal unit normal vectors 
(r, T, and N) at a point lie in the same plane. 
b. The vectors T and N at a point depend on the orientation of a 


curve. 
c. The curvature at a point depends on the orientation of a curve. 
d. An object with unit speed (|v) = 1) ona circle of radius R has 


an acceleration of a = N/R. 

e. If the speedometer of a car reads a constant 60 mi/hr, the car 
is not accelerating. 

f. A curve in the xy-plane that is concave up at all points has 
positive torsion. 

g. A curve with large curvature also has large torsion. 


50. Special formula: Curvature for y = f(x) Assume that f 
is twice differentiable. Prove that the curve y = f(x) has 
curvature 

oy) = 10) 
OFr” 
(Hint: Use the parametric description x = t, y = f(t).) 


51-54. Curvature for y = f(x) Use the result of Exercise 50 to find 
the curvature function of the following curves. 


51. Jar 52. f(x) = Va’ — x’ 
53. f(x) = Inx 54. f(x) = Incosx 


55. Special formula: Curvature for plane curves Show that the 
curve r(t) = (f(t), ¢(t)), where f and g are twice differentiable, 
has curvature 


_ fg" — fe" | 
k(t) = 1\2 1233/2? 
((f")" + (8')) 
where all derivatives are taken with respect to t. 


56-59. Curvature for plane curves Use the result of Exercise 55 to 
find the curvature function of the following curves. 


56. r(t) = (asint,acost) (circle) 


57. r(t) = (asint, b cost) (ellipse) 
) 


( 
58. r(t) = (acos t, asin? t) (astroid) 
( 


59. r(t) = (t, at?) (parabola) 


When appropriate, consider using the special formulas derived in 
Exercises 50 and 55 in the remaining exercises. 


60-63. Same paths, different velocity The position functions of 

objects A and B describe different motion along the same path, 

fort = Q. 

a. Sketch the path followed by both A and B. 

b. Find the velocity and acceleration of A and B and discuss the 
differences. 

c. Express the acceleration of A and B in terms of the tangential and 
normal components and discuss the differences. 


60. A:r(t) = (1 + 2t,2 — 3t,4t)}, B: r(t) = (1 + 6t,2 — 9t, 12t) 
61. A:r(t) = (t,2t,3t), Bi r(t) = (#7, 2t7, 317) 

62. A:r(t) = (cost,sint), B:r(t) = (cos 3t, sin 3t) 

63. A:r(t) = (cost, sint}, B:r(t) = (cost, sint?) 


64-67. Graphs of the curvature Consider the following curves. 


a. Graph the curve. 

b. Compute the curvature. 

c. Graph the curvature as a function of the parameter. 

d. Identify the points (if any) at which the curve has a maximum or 
minimum curvature. 

e. Verify that the graph of the curvature is consistent with the graph of 
the curve. 


64. r(t) = (t, t?) , for —2 =t=2 (parabola) 
65. r(t) = (t — sint, 1 — cos t), for0 =t S 2r (cycloid) 


66. r(t) = (t, sin t), forO Sta (sine curve) 


H 77. 
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67. r(t) = (t7/2,0°/3), fort > 0 


68. Curvature of In x Find the curvature of f(x) = In x, for x > 0, 
and find the point at which it is a maximum. What is the value of 
the maximum curvature? 


69. Curvature of e* Find the curvature of f(x) = e” and find the 
point at which it is a maximum. What is the value of the maxi- 
mum curvature? 


70. Circle and radius of curvature Choose a point P on a smooth 
curve C in the plane. The circle of curvature (or osculating cir- 
cle) at the point P is the circle that (a) is tangent to C at P, (b) has 
the same curvature as C at P, and (c) lies on the same side of C as 
the principal unit normal N (see figure). The radius of curvature 
is the radius of the circle of curvature. Show that the radius of cur- 
vature is | /«, where x is the curvature of C at P. 


Circles of curvature 





. 1 
radius of curvature = F 


71-74. Finding radii of curvature Find the radius of curvature (see 
Exercise 70) of the following curves at the given point. Then write the 
equation of the circle of curvature at the point. 


71. r(t) = (t,t?) (parabola) at t = 0 

72. y=Inxatx = 1 

73. r(t) = (t — sint,1 — cost) (cycloid) att = 7 

74. y = sinxatx = 7/2 

75. Curvature of the sine curve The function f(x) = sin nx, where 
n is a positive real number, has a local maximum at x = m /(2n). 


Compute the curvature K of f at this point. How does «x vary (if at 
all) as n varies? 


Applications 
76. Parabolic trajectory In Example 7 it was shown that for the 
parabolic trajectory r(t) = (t,t7?),a = (0,2) and 
2 


V1 + 42? 


reduces to the first expression. 


a= (N + 2tT). Show that the second expression for a 


Parabolic trajectory Consider the parabolic trajectory 
x = (Ycosa)t,y = (Wsina) t — 5 gt’, 


where Vo is the initial speed, œ is the angle of launch, and g is the 

acceleration due to gravity. Consider all times [0, T] for which 

y= 0, 

a. Find and graph the speed, forO s t S T. 

b. Find and graph the curvature, for 0 <s t S T. 

c. At what times (if any) do the speed and curvature have maxi- 
mum and minimum values? 


81. 
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78. Relationship between T, N, and a Show that if an object 
accelerates in the sense that d?’s/dt” > 0 and x # O, then the 
acceleration vector lies between T and N in the plane of T and N. 
If an object decelerates in the sense that d*s/dt* < 0, then the 
acceleration vector lies in the plane of T and N, but not between 
T and N. 


Additional Exercises 
79. Zero curvature Prove that the curve 


r(t) = (a+ bt?,c + dt?,e + ft), 


where a, b, c, d, e, and f are real numbers and p is a positive inte- 
ger, has zero curvature. Give an explanation. 


80. Practical formula for N Show that the definition of the principal 


. dT/ds ___. 
unit normal vector N = —— implies the practical 
|\dT /ds| 
dT /dt 
formula N = -———.. Use the Chain Rule and recall that 
[dT /dt| 
|v| = ds/dt > 0. 


Maximum curvature Consider the “superparabolas” 
f,(x) = x", where n is a positive integer. 


a. Find the curvature function of f,, forn = 1, 2, and 3. 

b. Plot f, and their curvature functions, for n = 1, 2, and 3, 
and check for consistency. 

c. At what points does the maximum curvature occur, for 
n = 1,2,3? 

d. Let the maximum curvature for f, occur at x = +z,. Using 
either analytical methods or a calculator determine lim z,. 
Interpret your result. — 


82. Alternative derivation of the curvature Derive the computa- 
tional formula for curvature using the following steps. 


a. Use the tangential and normal components of the acceleration 
to show that v X a = x«|v|°B. (Note that T x T = 0.) 

b. Solve the equation in part (a) for k and conclude that 

lv x al 
vil 


K = , as shown 1n the text. 





€A: REVIEW EXERCISES 


1. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. Given two vectors u and v, it is always true that 
2u + v = v + 2u. 

b. The vector in the direction of u with the length of v equals the 
vector in the direction of v with the length of u. 

c. Ifu ~ Oandu + v = 0, then u and v are parallel. 

d. Ifr'(t) = 0, then r(t) = (a, b,c ) , where a, b, and c are real 
numbers. 

e. The curve r(t) = (5 cost, 12 cos t, 13 sint) has arc length as 
a parameter. 

f. The position vector and the principal unit normal are always 
parallel on a smooth curve. 
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83. Computational formula for B Use the result of part (a) of Exer- 
cise 82 and the formula for k to show that 


_ VXa 
lv x al 





84. Torsion formula Show that the formula defining the torsion, 


1 dB 
—: N. The second for- 


dB , , 
T = ——°N, is equivalent to T = ——— 
ds |v| dt 


mula is generally easier to use. 


85. Descartes’ four-circle solution Consider the four mutually tan- 
gent circles shown in the figure that have radii a, b, c, and d, and 
curvatures A = 1/a, B = 1/b,C = 1/c, and D = 1/d. Prove 
Descartes’ result (1643) that 


(A + B + C + DP =2(A? + B? + C + D’). 





2. Kk =O 3. Negative y-direction 4. k = 0, 


1. K = 5 
so N is undefined. 6. |T| = |N| = 1, so 


|B| = 1. 7. For any vector, u-u = |u|’. Because 
IN| =1,N-N=1~< 


2-5. Drawing vectors Letu = (3,—4) andv = (—1, 2). Use 
geometry to sketch u, v, and the following vectors. 


2 u-v 3. 
4. u+t+2v 5. 


—3v 
2v- u 


6-11. Working with vectors Let u = 2 4,-—5 ) and 
v = (-6, 10,2). 


6. Compute u — 3v. 
Compute |u + vl. 


7. 
8. Find the unit vector with the same direction as u. 


13. 


14. 


Find a vector parallel to v with length 20. 


Compute u: v and the angle between u and v. 


. Compute u X v,v X u, and the area of the triangle with vertices 


(0, 0,0), (2,4, —-5), and (—6, 10, 2). 
Scalar multiples Find scalars a, b, and c such that 
(2,2,2) = a(1,1,0) + b(0,1,1) + ¢(1,0,1). 


Velocity vectors Assume the positive x-axis points east and the 
positive y-axis points north. 


a. An airliner flies northwest at a constant altitude at 550 mi/hr 
in calm air. Find a and b such that its velocity may be 
expressed in the form v = ai + bj. 

b. An airliner flies northwest at a constant altitude at 550 mi/hr 
relative to the air in a southerly crosswind w = (0,40). Find 
the velocity of the airliner relative to the ground. 


Position vectors Let PO extend from P(2, 0, 6) to Q(2, —8, 5). 


a. Find the position vector equal to PQ. 

b. Find the midpoint M of the line segment PQ. Then find the 
magnitude of PM. p 

c. Find a vector of length 8 with direction opposite to that of PQ. 


15-17. Spheres and balls Use set notation to describe the following sets. 


15. 
16. 
17. 


The sphere of radius 4 centered at (1, 0,—1) 
The points inside the sphere of radius 10 centered at (2, 4, —3) 


The points outside the sphere of radius 2 centered at (0, 1, 0) 


18-21. Identifying sets. Give a geometric description of the following 
sets of points. 


18. 
19. 
20. 
21. 
22. 


23. 


24. 


25. 


x — 6x + y* + 8y +z — 2z — 23 = 0 
xw—xt+yt+4y4+227-6z24+11 <0 
x? + y? — 10y + z? — 6z = —34 
x? — 6x + y? +z’ -— 207z +9>0 


Combined force An object at the origin is acted on by the forces 
F; = —10i + 20k, F, = 40j + 10k, and F; = —50i + 20j. 
Find the magnitude of the combined force and describe with a 
sketch the direction of the force. 


Falling probe A remote sensing probe falls vertically with a 
terminal velocity of 60 m/s when it encounters a horizontal cross- 
wind blowing north at 4 m/s and an updraft blowing vertically at 
10 m/s. Find the magnitude and direction of the resulting velocity 
relative to the ground. 


Crosswinds A small plane is flying north in calm air at 250 mi /hr 
when it is hit by a horizontal crosswind blowing northeast at 

40 mi /hr and a 25 mi/hr downdraft. Find the resulting velocity 
and speed of the plane. 


Sets of points Describe the set of points satisfying both the equa- 
tion x? + z? = landy = 2. 


26-27. Angles and projections 


a. 


Find the angle between u and v. 


b. Compute proj,u and scalu. 


C. 


Compute proj,v and scal,v. 


26. 
27. 
28. 


29. 


30. 


31. 
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u = —3j + 4k, v = —4i + j + 5k 
u = —i + 2j + 2k, v = 3i + 6j + 6k 


Work A 180-Ib man stands on a hillside that makes an angle of 
30° with the horizontal, producing a force of W = (0, —180 ) ; 





30°/ 


Weight = (0, — 180) 


a. Find the component of his weight in the downward direction 
perpendicular to the hillside and in the downward direction 
parallel to the hillside. 

b. How much work is done when the man moves 10 ft up the 
hillside? 


Vectors normal to a plane Find a unit vector normal to the vec- 
tors (2,—6,9) and (—1, 0,6). 


Angle in two ways Find the angle between (2,0, —2) and 
DA 2; 0) using (a) the dot product and (b) the cross product. 


Knee torque Jan does leg lifts with a 10-kg weight attached to her 
foot, so the resulting force is mg ~ 98 N directed vertically down- 
ward. If the distance from her knee to the weight is 0.4 m and her 
lower leg makes an angle of 0 to the vertical, find the magnitude 

of the torque about her knee as her leg is lifted (as a function of 0). 
What is the minimum and maximum magnitude of the torque? Does 
the direction of the torque change as her leg is lifted? 





m= 10 kg 


g=98N 


32-36. Lines in space Find an equation of the following lines or line 
segments. 


32. 
33. 
34. 


35. 


The line that passes through the points (2, 6,—1) and (—6, 4, 0) 
The line segment that joins the points (0, —3, 9) and (2, —8, 1) 


The line through the point (0, 1, 1) and parallel to the line 
R(t) = (1 + 2¢,3 — 5t,7 + 6t) 


The line through the point (0, 1, 1) that is normal to both 
(0,-1,3) and (2,—1, 2) 
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36. The line through the point (0, 1, 4) and normal to the vector 


(—2, 1, 7) and the y-axis 


37. Area of a parallelogram Find the area of the parallelogram with 


vertices (1, 2, 3), (1, 0, 6), and (4, 2, 4). 


38. Area of a triangle Find the area of the triangle with vertices 


(1, 0,3), (5,0,—1), and (0, 2, —2). 


39-41. Curves in space Sketch the curves described by the following 
functions, indicating the orientation of the curve. Use analysis and de- 
scribe the shape of the curve before using a graphing utility. 


39. 
40. 
41. 
42. 


r(t) = 4costi + j + 4sintk, forO < t < 27 
r(t) = ei + 2e'j + k, fort = 0 
r(t) = sinti + V2costj + sintk, for 0 < t < 27 


Orthogonal r and r’ Find all points on the ellipse 

r(t) = (1,8 sin t, cos t), for O < t = 27, at which r(t) and 
r'(t) are orthogonal. Sketch the curve and the tangent vectors to 
verify your conclusion. 


43. Projectile motion A projectile is launched from the origin, 

which is a point 50 ft from a 30-ft vertical cliff (see figure). It is 
launched at a speed of 50 V2 ft/s at an angle of 45° to the hori- 
zontal. Assume that the ground is horizontal on top of the cliff and 


that only the gravitational force affects the motion of the object. 





a. Give the coordinates of the landing spot of the projectile on the 
top of the cliff. 

. What is the maximum height reached by the projectile? 

What is the time of flight? 

. Write an integral that gives the length of the trajectory. 

Approximate the length of the trajectory. 

What is the range of launch angles needed to clear the edge 

of the cliff? 


moan > 


44. Baseball motion A toddler on level ground throws a baseball 
into the air at an angle of 30° with the ground from a height of 
2 ft. If the ball lands 10 ft from the child, determine the initial 


speed of the ball. 


45. Shooting a basket A basketball player tosses a basketball into the 
air at an angle of 45° with the ground from a height of 6 ft above 
the ground. If the ball goes through the basket 15 ft away and 


10 ft above the ground, determine the initial velocity of the ball. 
46-48. Arc length Find the arc length of the following curves. 
46. r(t) = (217,27), forO =t <2 


VECTORS AND VECTOR- VALUED FUNCTIONS 


4V2 
47. r(t) = (P. V2 an, 2) forl<t<3 


48. 
49. 


r(t) = (t,In(sect),In(sect + tant)), forO < t < 7/4 


Velocity and trajectory length The acceleration of a wayward 
firework is given by a(t) = V2j + 2tk, for0 = t < 3. Suppose 
the initial velocity of the firework is v(0) = i. 


a. Find the velocity of the firework, forO = t S 3. 
b. Find the length of the trajectory of the firework over the inter- 
vlo = 7 = 3; 


50-51. Arc length of polar curves Find the approximate length of the 
following curves. 


50. The limaçon r = 3 + 2 cos 0 
51. The limaçon r = 3 — 6cos 0 


52-53. Arc length parameterization Find a description of the follow- 
ing curves that uses arc length as a parameter. 


52. r(t) = (1 + 4t)i — 3tj, fort = 1 


r(t) = (P. 4V2 


53. Ee 2) fort = 0 


54. Tangents and normals for an ellipse Consider the ellipse 
r(t) = (3 Cos t,4 sint), for 0 = ¢t = 27. 


a. Find the tangent vector r’, the unit tangent vector T, and the 
principal unit normal vector N at all points on the curve. 

b. At what points does |r’| have maximum and minimum values? 
At what points does the curvature have maximum and mini- 
mum values? Interpret this result in light of part (b). 


d. Find the points (if any) at which r and N are parallel. 


55-58. Properties of space curves Do the following calculations for 
all values of t for which the given curve is defined. 


a. Find the tangent vector and the unit tangent vector. 

b. Find the curvature. 

c. Find the principal unit normal vector. 

d. Verify that |N| = 1 and T:N = 0. 

e. Graph the curve and sketch T and N at two points. 

55. r(t) = (6cost,3sint), forO < t < 27 

56. r(t) = costi + 2sintj + k, forO < t s 27 

57. r(t) = costi + 2costj + V5sintk, for0 < t S 27 
58. r(t) = ti + 2costj + 2sintk, for 0 < t S 27 


59-62. Analyzing motion Consider the position vector of the follow- 
ing moving objects. 


a. 
b. 


Find the normal and tangential components of the acceleration. 
Graph the trajectory and sketch the normal and tangential compo- 
nents of the acceleration at two points on the trajectory. Show that 
their sum gives the total acceleration. 


59. © 
60. r 
6l. r 

>. © 
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(t) = 2costi + 2sintj, for 0 S t S$ 27 


) 
(t) = 3ti+ (4 — t)j + tk, fort = 0 
) 
) 


(t + 1)i+ 2tj, fort = 0 


(t 


(t) = 2costi + 2sintj + 10tk, for 0 St < 27 


63. Lines in the plane A 


a. Use a dot product to find the equation of the line in the xy- 
plane passing through the point (xo, yo) perpendicular to the 
vector (a, b). 

b. Given a point (xo, yo, 0) and a vector v = (a,b,0) in Gs 
R°, describe the set of points that satisfy the equation 
(a, b, 0) x (x — Xo Y — Yo, 0) = 0. Use this result to 
determine an equation of a line in R? passing through (xo, yo) 8- 
parallel to the vector (a,b). 


Q 


h 
64. Length of a DVD groove The capacity of a single-sided, single- 
layer digital versatile disc (DVD) is approximately 4.7 billion 66. 
bytes—enough to store a two-hour movie. (Newer double-sided, 67. 


double-layer DVDs have about four times that capacity, and Blu- 


ray discs are in the range of 50 gigabytes.) A DVD consists of a 68. 


single “groove” that spirals outward from the inner edge to the 
outer edge of the storage region. 


a. First consider the spiral given in polar coordinates by 
r = 1t0/(277), where 0 = 0 = 27N and successive loops of 
the spiral are ¢ units apart. Explain why this spiral has N loops 
and why the entire spiral has a radius of R = Nt units. Sketch 
three loops of the spiral. 

b. Write an integral for the length L of the spiral with N loops. 

c. The integral in part (b) can be evaluated exactly, but a good 
approximation can also be made. Assuming N is large, explain 
why 67 + 1 = 67. Use this approximation to simplify 

mR? 


the integral in part (b) and show that L ~ trN? = B 


d. Now consider a DVD with an inner radius of r = 2.5 cm and 69. 


an outer radius of R = 5.9 cm. Model the groove by a spiral 
with a thickness of t = 1.5 microns = 1.5 X 10 m. Because 
of the hole in the DVD, the lower limit in the arc length inte- 
gral is not 0 = 0. What are the limits of integration? 

e. Use the approximation in part (c) to find the length of the 
DVD groove. Express your answer in centimeters and miles. 


65. Computing the binormal vector and torsion Compute the unit 
binormal vector B and the torsion of the curve r(t) = (t, t°, t°) 
att = 1. 


66-67. Curve analysis Carry out the following steps for the given 
curves C. 


a. Find T(t) at all points of C. 
b. Find N(t) and the curvature at all points of C. 
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Sketch the curve and show T(t) and N(t) at the points of C corre- 
sponding to tf = 0 and t = 77/2. 


. Do the results of parts (a) and (b) appear to be consistent with the 


graph? 

Find B(t) at all points of C. 

On the graph of part (c), plot B(t) at the points of C corresponding 
tot = Oandt = 77/2. 

Describe three calculations that serve to check the accuracy of your 
results in part (a)—(f). 


. Compute the torsion at all points of C. Interpret this result. 


C: r(t) = (3 sin t, 4 sin t, 5 cost), for0 < t S 2r. 
C: r(t) = (3 sin t, 3 cos t, 4t), for 0 = t S 27. 


Torsion of a plane curve Suppose r(t) = (f(t), g(t), h(t) }, 
where f, g, and h are the quadratic functions 

f(t) = ait? + bit + cy, g(t) = azt? + bot + cp, and 

h(t) = a3t? + b3t + c3, and where at least one of the leading co- 
efficients a4, a2, Or a3 is nonzero. Apart from a set of degenerate 
cases (for example, r(t) = (t°, t?, t”), whose graph is a line), 
it can be shown that the graph of r(t) is a parabola that lies in a 
plane (Exercise 69). 


a. Show by direct computation that v X a is constant. Then 
explain why the unit binormal vector is constant at all points 
on the curve. What does this result say about the torsion of the 
curve? 

b. Compute a'(t) and explain why the torsion is zero at all points 
on the curve for which the torsion is defined. 


Families of plane curves Let f and g be continuous on an 
interval J. Consider the curve 


C: r(t) = (ay f(t) + azg(t) + az, bi f(t) + by g(t) + bs, er f(t) 
+ agl) + ¢3), 


for tin J, and where a;, b;, and c; , fori = 1, 2, and 3, are real 
numbers. 


a. Show that, in general, apart from a set of special cases, C lies 
in a plane. 

b. Explain why the torsion is zero at all points of C for which the 
torsion is defined. 

c. Find the plane in which C: r(t) = (£ — 2,-07 + t+ 2, 
t — 4) lies. 


Applications of the material in this chapter and related topics can be found in the following Guided Projects. For additional informa- 


tion, see the Preface. 


e Designing a trajectory e Bezier curves for graphic design 


e Intercepting a UFO : 
e CORDIC algorithms: How your calculator works 


Kepler’s laws 
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13.2 Graphs and Level Curves 


13.3 Limits and Continuity 


13.4 Partial Derivatives 


13.5 The Chain Rule 


13.6 Directional Derivatives 


and the Gradient 


13.7 Tangent Planes and Linear 


Approximation 


13.8 Maximum/Minimum 


Problems 


13.9 Lagrange Multipliers 
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Just as the slope determines the 
orientation of a line, a normal vector 
determines the orientation of a plane. 


Functions of 
Several Variables 


Chapter Preview Chapter 12 was devoted to vector-valued functions, 
which generally have one independent variable and two or more dependent variables. 
In this chapter, we step into three-dimensional space along a different path by consid- 
ering functions with several independent variables and one dependent variable. All the 
familiar properties of single-variable functions—domains, graphs, limits, continuity, and 
derivatives—have generalizations for multivariable functions, although there are often 
subtle differences when compared to single-variable functions. With functions of several 
independent variables, we work with partial derivatives, which, in turn, give rise to direc- 
tional derivatives and the gradient, a fundamental concept in calculus. Partial derivatives 
allow us to find maximum and minimum values of multivariable functions. We define 
tangent planes, rather than tangent lines, that allow us to make linear approximations. The 
chapter ends with a survey of optimization problems in several variables. 


13.1 Planes and Surfaces 


Functions with one independent variable, such as f(x) = xe”, or equations in two 
variables, such as x? + y = 4, describe curves in R?. We now add a third variable 
to the picture and consider functions of two independent variables (for example, 
f(x,y) = x? + 2y*) and equations in three variables (for example, x? + y? + 2z7 = 4). 
We see in this chapter that such functions and equations describe surfaces that may 
be displayed in R°. Just as a line is the simplest curve in R’, a plane is the simplest 
surface in RÌ. 


XxX 


Equations of Planes 


Intuitively, a plane is a flat surface with infinite extent in all directions. Three noncollinear 
points (not all on the same line) determine a unique plane in R°. A plane in R? is also uniquely 
determined by one point in the plane and any nonzero vector orthogonal (perpendicular) to 
the plane. Such a vector, called a normal vector, specifies the orientation of the plane. 


DEFINITION Plane in R? 


Given a fixed point Pp and a nonzero normal vector n, the set of points P in R? for 
which PoP is orthogonal to n is called a plane (Figure 13.1). 









SFE KU 
C ( H E (K 
U NIN 


1 Describe the plane that is orthogonal to the unit vector i = (1,0, 0} and 
passes through the point (1, 2, 3).<« 


QUICK 


n = (a, b,c) 





P(x, y, z) 


Po A Yo Zo) PP 


The orientation of a plane is 
specified by a normal vector n. 
All vectors P,P in the plane 
are orthogonal to n. 


FIGURE 13.1 


> A vector n = (a, b, c) is used to 
describe a plane by specifying a direction 
orthogonal to the plane. By contrast, a 
vector V = (a, b, c) is used to describe 
a line by specifying a direction parallel 
to the line (Section 12.5). 


n = (a, b, c} 
: ax + by + cz =d] 
n 
ax + by + cz =d, 
ax + by + cz = d, 
The normal vectors of 
parallel planes have 
the same direction. 
FIGURE 13.2 
Z 
n = (—1, 2, 3) 
—x+2y+3z=4 
P (2, —3, 4) S 
N 
va y 
x 
FIGURE 13.3 


> Three points P, Q, and R determine a 
plane provided they are not collinear. 
If P, Ọ, and R are ( collinear, then the 
vectors PO and PR are parallel, which 
implies that PO x PR = 0. 
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We now derive an equation of the plane passing through the point Po(Xo, yo, zo) with 
nonzero normal vector n = (a,b,c). Notice that for any point P(x, y, z) in the plane, the 
vector P,P = \X ~ XoY ~ Yoz 7 Zo/ lies in the plane and is orthogonal to n. This or- 
thogonality relationship is written and simplified as follows: 


n P,P =0 Dot product of orthogonal vectors 

(a,b,c) ° (x T Xo, Y T Yoz Zo) =0 
a(x — xo) + b(y — yo) + c(z — %) = 0 Expand the dot product. 
ax + by + 


Substitute vector components. 
ce — ad. d = axo + byo + Czo 


This important result states that the most general linear equation in three variables, 
ax + by + cz = d, describes a plane in R3. 


General Equation of a Plane in R° 


The plane passing through the point Po(x9, Yo, zo) With a nonzero normal vector 
n = (a,b,c) is described by the equation 


a(x — xo) + bly — yo) + e(z — %) =O or ax + by+cz=d, 


where d = axọ + byo + Czo. 





The coefficients a, b, and c in the equation of a plane determine the orientation of 
the plane, while the constant term d determines the location of the plane. If a, b, and c are 
held constant and d is varied, a family of parallel planes is generated, all with the same 
orientation (Figure 13.2). 


ECK 2 Consider the equation of a plane in the form n- PP = = 0. Explain why 





the Sian of the plane depends only on the direction, but not the length, of the normal 


vector n. < 


EXAMPLE 1 Equation of a plane Find an equation of the plane passing through 
Po(2, —3, 4) with a normal vector n = (—1, 2,3 ) 


SOLUTION Substituting the components of n (a = —1, b = 2, and c = 3) and the coor- 
dinates of P) (x) = 2, Yọ = —3, and z = 4) into the equation of a plane, we have 
a(x — xo) + bly — yo) + e(z — %) = 0 General equation of a plane 

(—1)(x — 2) + 2(y — (—3)) + 3(z- 4) = 0 

—x + 2y + 3z = 4. 


Substitute. 
Simplify. 


The plane is shown in Figure 13.3. 
Related Exercises 11—l6< 


EXAMPLE 2 A plane through three points Find an equation of the plane that 
passes through the (noncollinear) points P(2,—1, 3), Q(1, 4, 0), and R(0, —1, 5). 


SOLUTION To write an equation of the plane, we must find a normal vector. Because 
P, Q, and R lie in the plane, the vectors PO = (—1, 3; —3) and PR = (—2, 0, 2) also 
lie in the plane. The cross product PO x PR is perpendicular to both PO and PR; there- 
fore a vector normal to the plane is 


ij k 
A 5 
2 0 2 


n = PÒ x PR = = 10i + 8j + 10k. 
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n = PÒ x PŘ 5x + 4y + 5z = 21 


200, —1, 5) 


P(2, -1,3)>— 


-k 


® 
Q(1, 4, 0) 


PO and PR lie in 
the same plane. 


PO x PR is orthogonal 
to the plane. 


FIGURE 13.4 


» There is a possibility for confusion 
here. Working in R? with no other 
restrictions, the equation —3y — z = 6 
describes a plane that is parallel to the 
x-axis (because x is unspecified). To 
make it clear that —3y — z = 6 is a line 

in the yz-plane, the condition x = 0 is 

included. 


FUNCTIONS OF SEVERAL VARIABLES 


Any scalar multiple of n may be used as the normal vector. Choosing n = (5,4,5) and 


Po(2, 


—1, 3) as the fixed point in the plane (Figure 13.4), an equation of the plane is 


S(x — 2) + 4(y — (-1)) + 5(2 - 3) = 0 or 5x + 4y + 5z = 21. 


Using either Q or R as the fixed point in the plane leads to an equivalent equation of 
the plane. 


Related Exercises 17-20 


ICK CHECK 3 Verify in Example 2 that the same equation for the plane results if either 





7 or rR i 1S aed as the fixed point in the plane. «< 


EXAMPLE 3 Properties of a plane Let Q be the plane described by the equation 
2x — 3y -z= 6. 


a. Find a vector normal to Q. 


b. 
c. 


Find the points at which Q intersects the coordinate axes and plot Q. 


Describe the sets of points at which Q intersects the yz-plane, the xz-plane, and the 
xy-plane. 


SOLUTION 


a. 


FIGURE 13.5 


The coefficients of x, y, and z in the equation of Q are the components of a vector normal 
to Q. Therefore, a normal vector is n = (2,—3,—1) (or any nonzero multiple of n). 


. The point (x, y, z) at which Q intersects the x-axis must have y = z = 0. Substi- 


tuting y = z = O into the equation of Q gives x = 3, so Q intersects the x-axis at 

(3, 0,0). Similarly, Q intersects the y-axis at (0, —2, 0), and Q intersects the z-axis at 
(0, 0, —6). Connecting the three intercepts with straight lines allows us to visualize the 
plane (Figure 13.5). 


. All points in the yz-plane have x = 0. Setting x = O in the equation of Q gives the 


equation —3y — z = 6, which, with the condition x = 0, describes a line in the 
yz-plane. If we set y = O, Q intersects the xz-plane in the line 2x — z = 6, where 
y = 0. If z = 0, Q intersects the xy-plane in the line 2x — 3y = 6, where z = 0 
(Figure 13.5). 


The line 2x — 3y = 6, 
z = 0 in the xy-plane 








The line —3y — z = 6, 
x = 0 in the yz-plane 


2x — 3y-z=6 
/ 


The line 2x — z = 6, 


y = 0 in the xz-plane (0, 0, —6) 


Related Exercises 2]—24< 


Two distinct planes are 
parallel if n, and n, 
are parallel. 


ny 
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Parallel and Orthogonal Planes 


The normal vectors of distinct planes tell us about the relative orientation of the planes. 
Two cases are of particular interest: Two distinct planes may be parallel (Figure 13.6a) 
and two intersecting planes may be orthogonal (Figure 13.6b). 


DEFINITION Parallel and Orthogonal Planes 


Two distinct planes are parallel if their respective normal vectors are parallel (that is, 


the normal vectors are scalar multiples of each other). Two planes are orthogonal if 
their respective normal vectors are orthogonal (that is, the dot product of the normal 
vectors 1S zero). 


(a) 





EXAMPLE 4 Parallel and orthogonal planes Which of the following distinct planes 
are parallel and which are orthogonal? 


Q: 2x— 3y+6z=12 R: —x + ży- 3z = 14 
> S: 6x + 8y + 2z = 1 T: —9x — 12y- 3z=7 


SOLUTION Let no, npg, Ns, and ny be vectors normal to Q, R, S, and T, respectively. Nor- 
mal vectors may be read from the coefficients of x, y, and z in the equations of the planes. 
Two planes are 


orthogonal no = Caer, Nr = ou. 
ifn; n, =0. ns = (6,8,2) nr = (—9,—12,—3) 
(b) 


r T Notice that ng = —2np, which implies that Q and R are parallel. Similarly, ny = 5 Ng, 


so S and T are parallel. Furthermore, ng: ns = 0 and ng: ny = 0, which implies that 
Q is orthogonal to both S and 7. Because Q and R are parallel, it follows that R is also 
4 Verify in Example 4 orthogonal to both S and T. 








a] I at = ø™ | 
A ¢ 
i fe 


ICK CHEC! 


tng 


tha 





‘ns = 0 and ng’ ny = 0.< Related Exercises 25-30< 
Q EXAMPLE 5 Parallel planes Find an equation of the plane Q that passes through the 
point (—2, 4, 1) and is parallel to the plane R: 3x — 2y + z = 4. 
a R SOLUTION The vector n = (3,—2, 1) is normal to R. Because Q and R are parallel, n 
z is also normal to Q. Therefore, an equation of Q, passing through (—2, 4, 1) with normal 
(3,1,0) = . 
Nr vector (3, —2, 1), is 
ny (4+ 2) = 26 —=4) + G—-1)=—0 or 3x- 2y +z = -13. 
Related Exercises 3]1—34< 
ty cone EXAMPLE 6  Intersecting planes Find an equation of the line of intersection of the 
planes Q: x + 2y + z = 5and R:2x +y—-z=7. 
ngo X Np is a vector perpendicular to SOLUTION First note that the vectors normal to the planes, nọ = ( 1,2, 1 ) and 
no and np. ng = (2,1,—1), are not multiples of each other. Therefore, the planes are not parallel 
0“ p X 
pore perpendicular to and they must intersect in a line; call it €. To find an equation of £, we need two pieces 
Q R 


of information: a point on £ and a vector pointing in the direction of €. Here is one of 
several ways to find a point on £. Setting z = 0 in the equations of the planes gives equa- 
tions of the lines in which the planes intersect the xy-plane: 


Thus, € and n ọ * ngare parallel 
to each other. 


FIGURE 13.7 
x+2y=5 
» By setting z = 0 and solving these two 2x+ y=7. 
equations, we find the point that lies 
on both planes and lies in the xy-plane Solving these equations simultaneously, we find that x = 3 and y = 1. Combining this 


(z = 0). result with z = 0, we see that (3, 1, 0) is a point on € (Figure 13.7). 
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» Another question related to Example 6 
concerns the angle between two planes. 
See Exercise 95 for an example. 


» Any nonzero scalar multiple of 
(—3, 3,3) can be used for the direction 
of £. For example, another equation of € 
isr(#) = (3 +4,1-4,f). 









Curve C generates 
the cylinder. 


Lines parallel to € 
through C form 
the surface. 


FIGURE 13.8 


We next find a vector parallel to €. Because ¢ lies in Q and R, it is orthogonal to the 
normal vectors Ng and ne. Therefore, the cross product of ng and ng is a vector parallel 
to € (Figure 13.7). In this case, the cross product is 


ij k 
Mo Xng=]|l1 2 1) =—-3i + 3j — 3k = (-3,3,-3). 
2 1 -1 


An equation of the line £ in the direction of the vector (—3, 3, —3 } passing through the 
point (3, 1, 0) is 
r(t) = (xo, Yo 20) + t(a,b,c) Equation of a line (Section 12.5) 
= (3,1,0) + t(-3,3,-3) Substitute. 
= (3 — 34,1 + 3t,-3f), Simplify. 


where — 0% < t < ©, You can check that any point (x, y, z) with x = 3 — 3t, y = 1 + 3t, 
and z = —3t satisfies the equations of both planes. Related Exercises 35—38< 


Cylinders and Traces 


In the context of three-dimensional surfaces, the term cylinder has a more general mean- 
ing than it does in everyday usage. 


DEFINITION Cylinder 


Given a curve C in a plane P and a line £ not in P, a cylinder is the surface consisting 
of all lines parallel to € that pass through C (Figure 13.8). 





A common situation arises when f is parallel to one of the coordinate axes. In these 
cases, the cylinder is also parallel to one of the coordinate axes. Equations for such cylinders 
are easy to identify: The variable corresponding to the coordinate axis parallel to € is missing. 

For example, working in R?, the equation y = x” does not include z, which means 
that z is arbitrary and can take on all values. Therefore, y = x” describes the cylinder 
consisting of all lines parallel to the z-axis that pass through the parabola y = x” in the 
xy-plane (Figure 13.9a). In a similar way, the equation z? = y in R? is missing the vari- 
able x, so it describes a cylinder parallel to the x-axis. The cylinder consists of lines paral- 
lel to the x-axis that pass through the curve z” = y in the yz-plane (Figure 13.9b). 





2 







The curve y = z 
in the yz-plane 





The parabola y = x? 
in the xy-plane 


Lines through y = z? 
parallel to the x-axis 
Lines through y = x? 
parallel to the z-axis 
(a) (b) 
FIGURE 13.9 
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QUICK CHECK 5 To which coordinate axis in R? is the cylinder z — 2 In x = 0 parallel? 
To which coordinate axis in R? is the cylinder y = 4z? — 1 parallel?< 


Graphing surfaces—and cylinders in particular—is facilitated by identifying the 
traces of the surface. 


DEFINITION Trace 


A trace of a surface is the set of points at which the surface intersects a plane that is 


parallel to one of the coordinate planes. The traces in the coordinate planes are called 
the xy-trace, the xz-trace, and the yz-trace (Figure 13.10). 











y 





xy-trace 
xz-trace 





FIGURE 13.10 


EXAMPLE 7 Graphing cylinders Sketch the graphs of the following cylinders in 
R°. Identify the axis to which each cylinder is parallel. 


a. x? + 4y? = 16 b. x — sinz = 0 
SOLUTION 


a. As an equation in R?, the variable z is absent. Therefore, z assumes all real values 
and the graph is a cylinder consisting of lines parallel to the z-axis passing through 
the curve x” + 4y? = 16 in the xy-plane. You can sketch the cylinder in the 
following steps. 

2 2 


1. Rewriting the given equation as -5 + — = 1, we see that the trace of the cylinder 
4 2 


in the xy-plane (the xy-trace) is an ellipse. We begin by drawing this ellipse. 


2. Next draw a second trace (a copy of the ellipse in Step 1) in a plane parallel to the 
xy-plane. 


3. Now draw lines parallel to the z-axis through the two traces to fill out the cylinder 
(Figure 13.11a). 


The resulting surface, called an elliptic cylinder, runs parallel to the z-axis (Figure 13.1 1b). 


b. As an equation in R°, x — sin z = O is missing the variable y. Therefore, y assumes all real 
values and the graph is a cylinder consisting of lines parallel to the y-axis passing through 
the curve x = sin z in the xz-plane. You can sketch the cylinder in the following steps. 


1. Graph the curve x = sin z in the xz-plane, which is the xz-trace of the surface. 


2. Draw a second trace (a copy of the curve in Step 1) in a plane parallel to the 
xz-plane. 
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Z xz-trace: 
x= sinz 


UK 


a 


7} Wf] IIN 
ty 


x 
Lines through SW 


xz-trace parallel 
to y-axis 


fel 





(b) 


FIGURE 13.12 


» Working with quadric surfaces 
requires familiarity with conic sections 
(Section 11.4). 
















2. Draw a second 
trace in a plane 
parallel to the basic 

trace. 


3. Draw parallel 
lines through 
the two traces. 


4. To give definition 

to the cylinder, 
basic trace in draw light outer 
the appropriate edges parallel to 
plane. traces. 


(a) (b) 





1. Sketch the 


Elliptic cylinder 


FIGURE 13.11 


3. Draw lines parallel to the y-axis passing through the two traces. (Figure 13.12a). 


The result is a cylinder, running parallel to the y-axis, consisting of copies of the 
curve x = sin z (Figure 13.12b). 
Related Exercises 39-46< 


Quadric Surfaces 


Quadric surfaces are described by the general quadratic (second-degree) equation in 
three variables, 


Ax? + By? + Cz? + Dxy + Exz + Fyz + Gx + Hy + iz + J =0, 


where the coefficients A,...,J are constants and not all of A, B, C, D, E, and F are zero. 
We do not attempt a detailed study of this large family of surfaces. However, a few stan- 
dard surfaces are worth investigating. 

Apart from their mathematical interest, quadric surfaces have a variety of practical 
uses. Paraboloids (defined in Example 9) share the reflective properties of their two- 
dimensional counterparts (Section 11.4) and are used to design satellite dishes, headlamps, 
and mirrors in telescopes. Cooling towers for nuclear power plants have the shape of hy- 
perboloids of one sheet. Ellipsoids appear in the design of water tanks and gears. 

Making hand sketches of quadric surfaces can be challenging. Here are a few general 
ideas to keep in mind as you sketch their graphs. 


1. Intercepts Determine the points, if any, where the surface intersects the coordinate 
axes. To find these intercepts, set x, y, and z equal to zero in pairs in the equation of the 
surface and solve for the third coordinate. 


2. Traces As illustrated in the following examples, finding traces of the surface helps 
visualize the surface. For example, setting z = 0 or z = zo (a constant) gives the traces 
in planes parallel to the xy-plane. 

3. Sketch at least two traces in parallel planes (for example, traces with z = 0 and 
z = +1). Then draw smooth curves that pass through the traces to fill out the surface. 


‘QUICK CHECK 6 Explain why the elliptic cylinder discussed in Example 7a is a quadric 
surface. << 





(a) (ellipse) 








xz-trace: yz- -trace: 
9 25 


(ellipse) 


(b) (ellipse) 





Ellipsoid 
Ole yi 2 
9 16 25 


FIGURE 13.13 


> The name ellipsoid is used because all 
traces of this surface, when they exist, are 
ellipses. 
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2 
EXAMPLE 8 An ellipsoid The surface defined by the equation ~ = 7 7 + L = | 


C 


is an ellipsoid. Graph the ellipsoid with a = 3, b = 4, and c = 5. 


SOLUTION Setting x, y, and z equal to zero in pairs gives the intercepts (+ 3, 0, 0), 
(0, +4,0), and (0,0, +5). Note that points in R? with |x| > 3 or |y| > 4 or 
not satisfy the equation of the surface (because the left side of the equation is the sum of 
nonnegative terms, which cannot exceed 1). Therefore, the entire surface is contained in 
the rectangular box defined by |x| = 

The trace in the horizontal plane z = zo is found by substituting z = Zp into the 
equation of the ellipsoid, which gives 








a oe ey, oe 
9 16 25 9 16 25 
2 


4 
If |zo| < 5, then 1 — F > 0, and the equation describes an ellipse in the horizontal 
plane z = Zp. The largest ellipse parallel to the xy-plane occurs with zọ = OQ; it is the 
2 2 


xy-trace, which is the ellipse a + a 1 with axes of length 6 and 8 (Figure 13.13a). 


16 
yo z 
You can check that the yz-trace, found by setting x = 0, is the ellipse 16 F 35 = |, 
2 2 
The xz-trace (set y = Q) is the ellipse a a 1 (Figure 13.13b). By sketching the 


xy-, xz-, and yz-traces, an outline of the ellipsoid emerges (Figure 13.13c). 
Related Exercises 47—-S0< 





QUICK CHECK 7 Assume that 0 < c < b < a in the general equation of an ellipsoid. 
NET hich coordinate axis does the ellipsoid have its longest axis? Its shortest axis? < 


EXAMPLE 3 An elliptic paraboloid The surface defined by the equation 
2 


C= L + 7 is an elliptic paraboloid. Graph the elliptic paraboloid with a = 4 and 
a 
b = 2. 


SOLUTION Note that the only intercept of the coordinate axes is (0, 0, 0), which is the 


vertex of the paraboloid. The trace in the horizontal plane z = zo, where zo > O, satisfies 
2 


X i . : : 
the equation — + — = zo, which describes an ellipse; there are no horizontal traces 


16 4 
when zo < 0 (Figure 13.14a). The trace in the vertical plane x = x is the parabola 
2? 
x 
z = ~, + — (Figure 13.14b); the trace in the vertical plane y = yọ is the parabola 
2 . 
a a T A (Figure 13.14c). 
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Trace in the Trace in the Trace in the 

plane z = zo: plane x = x): plane y = yy: Elliptic paraboloid 

cae o y 2,’ 

16° 4 “0 «16° 4 16° 4 

ellipse 4 l Z Z 

(ellipse) (parabola)  _— Xz-trace 





(a) 


FIGURE 13.14 


» The name elliptic paraboloid says that 
the traces of this surface are parabolas 
and ellipses. Two of the three traces in 
the coordinate planes are parabolas, so 
it is called a paraboloid rather than an 
ellipsoid. 


» To be completely accurate, this surface 
should be called an elliptic hyperboloid 
of one sheet because the traces are 
ellipses and hyperbolas. 


yz-trace 





Trace in z = Zo 





(b) (c) (d) 


2 
X 
To graph the surface, we sketch the xz-trace z = K (setting y = 0) and the 
2 
yz-trace z = a (setting x = 0). When these traces are combined with an elliptical trace 


x2 


16 


+ 


& |<, 


= zoin a plane z = Zp, an outline of the surface appears (Figure 13.14d). 


Related Exercises 5]—54< 


2 2 
QUICK CHECK 8 The elliptic paraboloid x = 5 $ = is a bowl-shaped surface. Along 


which axis does the bowl open? «< 


EXAMPLE 10 A hyperboloid of one sheet Graph the surface defined by the 
2 2 
y 2 
tion — += -z= 1. 
equation -7 9? 


SOLUTION The intercepts of the coordinate axes are (0, £3, 0) and ( +2, 0, 0). Setting 
2 2 

Z = Zo, the traces in horizontal planes are ellipses of the form Pi T - = 1] + zo. This 

equation has solutions for all choices of zp, so the surface has traces in all horizontal 


planes. These elliptical traces increase in size as |z,| increases (Figure 13.15a), with the 
2 


smallest trace being the ellipse a a z = ] in the xy-plane. Setting x = 0, the yz-trace 
y? r 
is the hyperbola a z? = 1; with y = 0, the xz-trace is the hyperbola ria gs j 


(Figure 13.15b,c). In fact, the intersection of the surface with any vertical plane is a 
hyperbola. The resulting surface is a hyperboloid of one sheet (Figure 13.15d). 
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> m x 
xz-trace: yz-trace: Hyperboloid of 
x2 j y? 4 one sheet 
4 -z =l Ty =g l i y me 

for i= =2, 0,2 (hyperbola) (hyperbola) 4 9 
(a) (b) (c) (d) 


FIGURE 13.15 
Related Exercises 55—58 


QUICK CHECK 9 Which coordinate axis EXAMPLE 11 A hyperbolic paraboloid Graph the surface defined by the equation 


is the axis of the hyperboloid 3 y? 
2 2 2 A 
Z x 
5 + b2 T = 1?< 4 
a i SOLUTION Setting z = 0 in the equation of the surface, we see that the xy-trace consists 
of the two lines y = +2x. However, slicing the surface with any other horizontal plane 
» The name hyperbolic paraboloid tells 


y 
us that the traces are hyperbolas and z = zo produces a hyperbola x? — — = zo. If z) > 0, then the axis of the hyperbola is 
parabolas. Two of the three traces in the 4 
coordinate planes are parabolas, so it is a parallel to the x-axis. On the other hand, if zọ < 0, then the axis of the hyperbola is paral- 


paraboloid rather than a hyperboloid. y 
lel to the y-axis (Figure 13.16a). Setting x = x produces the trace z = xo — FE which 


> The hyperbolic paraboloid has a feature With z, > 0, traces in the plane z = z, are xz-trace: 
called a saddle point. For the surface in hyperbolas with axis parallel to the x-axis. c= 


Example 11, if you walk from the saddle P (parabola) 











point at the origin in the direction of the 
x-axis, you move uphill. If you walk 
from the saddle point in the direction 

of the y-axis, you move downhill. 
Saddle points are examined in detail 

in Section 13.8. 


yz-trace: 





With zọ < 0, traces in the plane z = z, are Hyperbolic paraboloid 
hyperbolas with axis parallel to the y-axis. y 


(a) 


2 

S25 a 
v4 
(parabola) 





FIGURE 13.16 
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xy-trace: 






Trace in the 


plane x = x, 


is an ellipse. 







Elliptic cone | Z 





2 
aes 2—4,2 
a 4x 


(b) 


FIGURE 13.17 


2 2 

> The equation —x? — = +X =] 
4 16 

describes a hyperboloid of two sheets 

with its axis on the z-axis. Therefore, 

the equation in Example 13 describes 

the same surface shifted 2 units in the 


positive x-direction. 


( Hyperboloid of two sheets i 


2 2 
ps e an 
| (x— 2) 4+ 16 i 


Z 









Vertex: (2, 0, 4) — 





y 


FIGURE 13.18 


y= +4x 
(two lines) 





Vertex: (2, 0, — 


is the equation of a parabola that opens downward in a plane parallel to the yz-plane. You 
can check that traces in planes parallel to the xz-plane are parabolas that open upward. 
The resulting surface is a hyperbolic paraboloid (Figure 13.16b). 

Related Exercises 59—-62< 


EXAMPLE 12 Elliptic cones Graph the surface defined by the equation 
2 


y 2 2 
— + = 4x", 
3 z 


SOLUTION The only intercept of the coordinate axes is (0, 0, 0). Traces in the planes 
2 
x = xo are ellipses of the form A + z* = 4x,° that shrink in size as x) approaches 0. 


Setting y = 0, the xz-trace satisfies the equation z” = 4x7 or z = +2x, which are equa- 
tions of two lines in the xz-plane that intersect at the origin. Setting z = 0, the xy-trace 
satisfies y” = 16x” or y = +4x, which describe two lines in the xy-plane that intersect 
at the origin (Figure 13.17a). The complete surface consists of two cones opening in 
opposite directions along the x-axis with a common vertex at the origin (Figure 13.17b). 
Related Exercises 63—66< 


EXAMPLE 13 A hyperboloid of two sheets Graph the surface defined by the equation 
—16x? — 4y? + z? + 64x — 80 = 0. 

SOLUTION We first regroup terms, giving 
—16(x” — 4x) — 4y? + z? — 80 = 0, 


— Aam 
complete the 
square 


and then complete the square in x: 
—16(x* — 4x + 4 — 4) — 4y? + z? — 80 = Q. 
T 
(x — a 


Collecting terms and dividing by 16 gives the equation 


2 2 
= tee) ee E 
4 16 
Notice that if z = 0, the equation has no solutions, so the surface does not intersect 
the xy-plane. The traces in planes parallel to the xz- and yz-planes are hyperbolas. If 
[zo| = 4, the trace in the plane z = zp is an ellipse. This equation describes a hyper- 
boloid of two sheets, with its axis parallel to the z-axis and shifted 2 units in the 
positive x-direction (Figure 13.18). 
Related Exercises 67—/0 


QUICK CHECK 10 In which variable(s) should you complete the square to identify the sur- 
face x = y* + 2y + z’ — 4z + 16? Name and describe the surface. < 


Table 13.1 summarizes the standard quadric surfaces. It is important to note that 
the same surfaces with different orientations are obtained when the roles of the vari- 
ables are interchanged. For this reason, Table 13.1 summarizes many more surfaces 
than those listed. 


Table 13.1 


Name 
Ellipsoid 


Elliptic 
paraboloid 


Hyperboloid of 
one sheet 


Hyperboloid of 
two sheets 


Elliptic cone 


Hyperbolic 
paraboloid 


Standard Equation 


2 
x2 y z? 





X J 
Cera e a 
a” b? 
a E ae 
2 b2 7 
a C 
L y z 
=23 agg | 
a b c 
voy 2 
2 b2 2 
a C 
2 J 


13.1 Planes and Surfaces 


Features 


All traces are ellipses. 


Traces with z = zy > 0 are ellipses. 
Traces with x = xp or y = yọ are parabolas. 


Traces with z = zo are ellipses for all Zo. 
Traces with x = xp or y = yọ are hyperbolas. 


Traces with z = Zo with |zo| > |c| are ellipses. 
Traces with x = x) and y = yo are hyperbolas. 


Traces with z = z # Oare ellipses. Traces with x = x9 
or y = yo are hyperbolas or intersecting lines. 


Traces with z = zọ # 0 are hyperbolas. 
Traces with x = xp or y = yo are parabolas. 
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SECTION 13.1 EXERCISES 


Review Questions 
1. Give two pieces of information which, taken together, uniquely 
determine a plane. 


2. Find a vector normal to the plane —2x — 3y + 4z = 12. 


3. Where does the plane —2x — 3y + 4z = 12 intersect the coordi- 
nate axes? 


4. Give an equation of the plane with a normal vector n = (1, 1, 1) 
that passes through the point (1, 0, 0). 


5. To which coordinate axes are the following cylinders in R? 
parallel: x7 + 2y? = 8,z* + 2y* = 8, and x? + 2z? = 8? 


6. Describe the graph of x = z* in RÌ. 
7. What are the traces of a surface? 


8. What is the name of the surface defined by the equation 


x2 z? 


4 8 
9. What is the name of the surface defined by the equation 
2 
x? + > + 277 = 1? 


10. What is the name of the surface defined by the equation 
2 


2 Z 2 _ 
-y2 -4x =1? 
x9 


Basic Skills 
11-16. Equations of planes Find an equation of the plane that passes 
through the point P) with a normal vector n. 


11. P)(0,2,-2); n = (1,1,-1) 
12. Po(1,0,-3); n = (1,-1,2) 
13. P)(2,3,0); n = (-1,2,-3) 
14. Po(1,2,-3); n = (-1,4,-3) 


15. Equation of a plane Find the equation of the plane that is parallel 
to the vectors (1,0, 1) and (0,2, 1), passing through the point 
(L23): 


16. Equation of a plane Find the equation of the plane that is parallel 
to the vectors ( 13.1 ) and (4, 2,0 ) passing through the point 
(3.0.2), 


17-20. Equations of planes Find an equation of the following 
planes. 


17. The plane passing through the points (1, 0,3), (0, 4, 2), and 


(1, 1,1) 

18. The plane passing through the points (—1, 1, 1), (0, 0, 2), and 
(S12) 

19. The plane passing through the points (2, —1, 4), (1, 1,—1), and 
(—4, 1,1) 


20. The plane passing through the points (5, 3, 1), (1, 3,—5), and 
(m31) 


21-24. Properties of planes Find the points at which the following 
planes intersect the coordinate axes and find equations of the lines where 


the planes intersect the coordinate planes. Sketch a graph of the plane. 
21. 3x— 2y +z=6 22. —4x + 8z = 16 
23. x + 3y — 5- 30 =0 24. 12x — 9y + 42 +72 =0 


25-28. Pairs of planes Determine if the following pairs of planes are 
parallel, orthogonal, or neither parallel nor orthogonal. 


25. x + y + 4z = 10and—x — 3y + z= 10 

26. 2x + 2y — 3z = 10 and—10x — 10y + 15z = 10 
27. 3x + 2y — 3z = 10 and—6x — 10y + z = 10 
28. 3x + 2y + 2z = 10 and—6x — 10y + 19z = 10 


29-30. Equations of planes For the following sets of planes, 
determine which pairs of planes in the set are parallel, orthogonal, 
or identical. 


29, Q: 3% — 2y + z= 12; Ro- +2y/3 — 33 = 0; 
Soe b 2y 7 = 15 T. 3x2 ey ee SO 


30. O:x +y—-—z=0; R:y+z=0; Six-—y=0; 
T:xt+y+z=0 


31-34. Parallel planes Find an equation of the plane parallel to the 
plane Q passing through the point Pp. 


31. Q:—x + 2y — 4z = 1; P(1, 0,4) 
32. O:2x + y —z= 1; B(0,2,—-2) 
33. Q:4x + 3y — 2z = 12; P(1,—1,3) 
34. Q:x — 5y — 2z = 1; Po(1, 2, 0) 


35-38. Intersecting planes Find an equation of the line of intersection 
of the planes Q and R. 


35. Q:—x + 2y +z= 1l; RRxt+ty+z=0 

36. Q:x+2y-=-z=1; Rx+y+z=1 

37. Q:2x — y + 3z — 1 = 0; R: —x + 3y+z-—-4=0 
38. O:x —y-2z=1; R:x+y+z=-1 

39—46. Cylinders in R? Consider the following cylinders in RÌ. 


a. Identify the coordinate axis to which the cylinder is parallel. 
b. Sketch the cylinder. 


39. z= y? 40. x? + 4y = 4 
41l. x? +z =4 42. x=z°—4 
43. y-x = 0 44. x — 2z? =0 
45. z— Iny =0 46. x— 1/y=0 


47-70. Quadric surfaces Consider the following equations of quadric 
surfaces. 


a. Find the intercepts with the three coordinate axes, when they 
exist. 

b. Find the equations of the xy-, xz-, and yz-traces, when they exist. 

c. Sketch a graph of the surface. 





Ellipsoids 
y A : 
47. x? +— +>] 48. 4x? +y? +> =l 
4 9 
2 2 2 
49. —+3y2?+=3 50. — + 24y2 ++ -6=0 
3 12 6 24 
Elliptic paraboloids 
x? y? 
51. x = y? + 2? 52. 24 
x=y t= 7 9 
2 j 2 
g xX z 
53. 9x — 8ly* -— = 0 A ppoe a a 
e Y g 18 
Hyperboloids of one sheet 
2 2 2 2 2 
X y 2 y Z X 
SS sr eS 56. snore = | 
23° 9 $ 4 9 16 
57, + 362-9 =0 58. TIE TE 
16 4 
Hyperbolic paraboloids 
2 2 
X X 
59. z= >- y? 60. y = — — 4z? 
“oO * m ~ 
2 2 2 2 
y Z x Z 
61. 5x —-—+—=0 62. 6y +—-— = 
“5 * 20 x6 24 


Elliptic cones 
T a 


63. rae 64. 4y? + 72 =x? 
2 2 2 2 
Z y 2 x Z 3 
65. —+—=2 66. — + =3 
32 «18 7” $ 1 4 


Hyperboloids of two sheets 
2 2 2 


67. -x2 +>- =] 68. 1- 4x +y? +% =0 
4 9 2 
2 2 2 2 
69. -> + 3y- =1 70. —— — 24y2++ -6=0 
3 12 6 24 


Further Explorations 
71. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. The plane passing through the point (1, 1, 1) with a nor- 
mal vector n = ( L.2,—3 ) is the same as the plane 
passing through the point (3, 0, 1) with a normal vector 
n = (-2,-4,6). 

b. The equations x + y — z = 1 and—x — y + z = 1 describe 
the same plane. 

c. Given a plane Q, there is exactly one plane orthogonal to Q. 

d. Given a line € and a point Pp not on £, there is exactly one 
plane that contains € and passes through Pp. 

e. Given a plane R and a point Po, there is exactly one plane that 
is orthogonal to R and passes through Pp. 

f. Any two distinct lines in R? determine a unique plane. 

g. If plane Q is orthogonal to plane R and plane R is orthogonal 
to plane S, then plane Q is orthogonal to plane S. 
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72. Plane containing a line and a point Find an equation of the 
plane that passes through the point P) and contains the line £. 
a. P)(1,—-2,3); €: r = (t,—t, 2t) 
b. Po(—4, 1,2); € r = (2t,—2t,—4t) 


73-74. Lines normal to planes Find an equation of the line passing 
through Po and normal to the plane P. 


73. Pol Qs 1,3); P:2x — 4y +z = 10 
74. P)(0,—-10,—3); Pix + 4z =2 


75. A family of orthogonal planes Find an equation for a family 
of planes that are orthogonal to the planes 2x + 3y = 4 and 
—x — y + 2z = 8. 


76. Orthogonal plane Find an equation of the plane passing through 
(0, —2, 4) that is orthogonal to the planes 2x + Sy — 3z = 0 and 
-=y t Sy or oe = 8. 


77. Three intersecting planes Describe the set of all points at which 
all three planes x + 3z = 3,y + 4z = 6,andx + y+ 67 = 9 
intersect. 


78. Three intersecting planes Describe the set of all points at 
which all three planes x + 2y + 2z = 3, y + 4z = 6, and 
x + 2y + 8z = 9 intersect. 
79. Matching graphs with equations Match equations a-f with 
surfaces A-F. 
a. y—z°=0 p 247 BY —Z = 3 
2 


oe See ee, 


e 42+ 24251 ; 


f. y = |x| 





(B) 








(C) 


95. 
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(E) (F) 


80-89. Identifying surfaces Identify and briefly describe the surfaces 
defined by the following equations. 


80. z? + 4y7- x7 =1 $1. y = 4z? =x 
82. —y? — 9z? + x7/4 = 1 83. y = x7/6 + z?/16 
84. x? +y? +477 +2x=0 85. 9x? + y? — 427 +2y=0 
86. x? + 4y°=1 87. y -z =2 
88. —x? — y? + z?/9 + 6x — 8y = 26 

89. x?/4 + y? — 2x — 10y — z? +41 =0 


90-93. Curve-plane intersections Find the points (if they exist) at 
which the following planes and curves intersect. 


90. y =2x + 1; r(t) = (10cost,2sint,1), forO =< t < 27 
91. 8x +y+z= 60; r(t) = aTa for—% < t < œ 
92. 8x + 15y + 3z = 20; r(t) = (1, Vt, —t}), fort > 0 


93. 2x + 3y — 12z = 0; r(t) = (4 cos ft, 4 sin t, cos t), 
for 0 = t= 27 


Applications 

98. Light cones The idea of a light cone appears in the Special 
Theory of Relativity. The xy-plane (see figure) represents all of 
three-dimensional space, and the z-axis is the time axis (f-axis). If 
an event E occurs at the origin, the interior of the future light cone 
(t > 0) represents all events in the future that could be affected 
by E, assuming that no signal travels faster than the speed of light. 
The interior of the past light cone (t < 0) represents all events in 
the past that could have affected E, again assuming that no signal 
travels faster than the speed of light. 


a. If time is measured in seconds and distance (x and y) is mea- 
sured in light-seconds (the distance light travels in 1 s), the 
light cone makes a 45° angle with the xy-plane. Write the 
equation of the light cone in this case. 

b. Suppose distance is measured in meters and time is measured 
in seconds. Write the equation of the light cone in this case 
given that the speed of light is 3 X 108 m/s. 






Future Light Cone 


Space 


Past Light Cone 


94. Intercepts Let a, b, c, and d be constants. Find the points at which 99, T-shirt profits A clothing company makes a profit of $10 on 


the plane ax + by + cz = d intersects the x-, y-, and z-axes. 


Angle between planes The angle between two planes is the 
angle 0 between the normal vectors of the planes, where the 
directions of the normal vectors are chosen so that 0 = 6 < 7. 
Find the angle between the planes 5x + 2y — z = 0 and 

=3% +y + 2z = 0, 


96. Solids of revolution Consider the ellipse x? + 4y? = 1 in the 
xy-plane. 


a. If this ellipse is revolved about the x-axis, what is the equation 
of the resulting ellipsoid? 

b. If this ellipse is revolved about the y-axis, what is the equation 
of the resulting ellipsoid? 


97. Solids of revolution Which of the quadric surfaces in Table 13.1 
can be generated by revolving a curve in one of the coordinate 
planes about a coordinate axis, assuming a = b= c # 0? 


its long-sleeved T-shirts and $5 on its short-sleeved T-shirts. 
Assuming there is a $200 setup cost, the profit on T-shirt sales 
isz = 10x + 5y — 200, where x is the number of long-sleeved 
T-shirts sold and y is the number of short-sleeved T-shirts sold. 
Assume x and y are nonnegative. 


a. Graph the plane that gives the profit using the window 
[0,40] x [0,40] x [—400, 400]. 

b. If x = 20 and y = 10, is the profit positive or negative? 

c. Describe the values of x and y for which the company breaks 
even (for which the profit is zero). Mark this set on your graph. 


Additional Exercises 

100. Parallel line and plane Show that the plane ax + by + cz = d 
and the line r(t) = rọ + vt, not in the plane, have no points of 
intersection if and only if v- (a,b,c) = 0. Give a geometric 
explanation of the result. 


101. Tilted ellipse Consider the curve r(t) = (cos t, sin t, c sin t), for 
0 = t < 2m, where c is areal number. 


a. What is the equation of the plane P in which the curve lies? 
b. What is the angle between P and the xy-plane? 
c. Prove that the curve is an ellipse in P. 


102. Distance from a point to a plane 


a. Show that the point in the plane ax + by + cz = d 
nearest the origin is P(ad/D*, bd/D*, cd/ D°), where 
D? = a? + b? + c°. Conclude that the least distance from the 


plane to the origin is |d|/D. (Hint: The least distance is along 
a normal to the plane.) 
b. Show that the least distance from the point Po(Xo, yo, Zo) to the 


plane ax + by + cz = dis |axy + byo + czo — d|/D. (Hint: 


Find the point P on the plane closest to Po.) 


103. Another distance formula. Suppose P is a point in the plane 
ax + by + cz = d. Then the least distance from any point Q to 
the plane equals the length of the orthogonal projections of PQ 
onto the normal vector n = (a, b.c). 


a. Use this information to show that the least distance from Q to 
|PQ-n| 
In| 
b. Find the least distance from the point (1, 2, —4) to the plane 
2x — y+ or = I, 





the plane is 


104. Ellipsoid—plane intersection Let E be the ellipsoid 
x19 + y?/4 + z? = 1, P be the plane z = Ax + By, and C be 
the intersection of E and P. 


a. Is C an ellipse for all values of A and B? Explain. 


b. Sketch and interpret the situation in which A = 0 and B # Q. 
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Find an equation of the projection of C on the xy-plane. 

d. Assume A = L and B = L Find a parametric description 

of C as a curve in RÌ. (Hint: Assume C is described by 

(a cost + bsint,ccost + dsint, ecost + fsint) and find 
a, b,c, d, e, and f.) 


p 


QUICK CHECK ANSWERS 


1. The plane passes through (1, 2, 3) and is parallel to the 
yz-plane; its equation is x = 1. 2. Because the right side 
of the equation is 0, the equation can be multiplied by 

any nonzero constant (changing the length of n) without 
changing the graph. 5. y-axis; x-axis 6. The equation 
x” + 4y% = 16 is a special case of the general equation for 
quadric surfaces; all the coefficients except A, B, and J are 
zero. 7. x-axis; z-axis 8. Positive x-axis 9. x-axis 

10. Complete the square in y and z; elliptic paraboloid with 
its axis parallel to the x-axis. «< 


13.2 Graphs and Level Curves 


In Chapter 11 we discussed vector-valued functions with one independent variable and 
several dependent variables. We now reverse the situation and consider functions with 
several independent variables and one dependent variable. Such functions are aptly called 
functions of several variables or multivariable functions. 

To set the stage, consider the following practical questions that illustrate a few of the 
many applications of functions of several variables. 


e What is the probability that one man selected randomly from a large group of men 
weighs more than 200 pounds and is over 6 feet tall? 


e Where on the wing of an airliner flying at a speed of 550 mi/hr is the pressure greatest? 


e A physician knows the optimal blood concentration of an antibiotic needed by a patient. 
What dosage of antibiotic is needed and how often should it be given to reach this opti- 


mal level? 


Although we don’t answer these questions immediately, they provide an idea of the scope and 
importance of the topic. First, we must introduce the idea of a function of several variables. 


Functions of Two Variables 


The key concepts related to functions of several variables are most easily presented in 
the case of two independent variables; the extension to three or more variables is then 
straightforward. In general, functions of two variables are written explicitly in the form 


or in the form 


C= fy) 


F(x, y, Zz) = 0. 


Both forms are important, but for now we consider explicitly defined functions. 
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FIGURE 13.20 


Domain of 
g(x, y) = 
V4 — x- y? 


The concepts of domain and range carry over directly from functions of a single variable. 


DEFINITION Function, Domain, and Range with Two Independent Variables 


A function z = f(x, y) assigns to each point (x, y) in a set D in R? a unique real 


number z in a subset of R. The set D is the domain of f. The range of f is the set 
of real numbers z that are assumed as the points (x, y) vary over the domain 
(Figure 13,19). 











2=fG, 
Ae f maps D to a subset of R. 


Range of f 


f assigns to each point 
(x, y) in D areal number z. 


FIGURE 13.19 


As with functions of one variable, a function of several variables may have a domain 
that is restricted by the context of the problem. For example, if the independent variables 
correspond to price or length or population, they take only nonnegative values, even 
though the associated function may be defined for negative values of the variables. If not 
stated otherwise, D is the set of points for which the function is defined. 

A polynomial in x and y consists of sums and products of polynomials in x and poly- 
nomials in y; for example, f(x,y) = x*y — 2xy — xy’. Such polynomials are defined 
for all values of x and y, so their domain is R*. A quotient of two polynomials in x and 


x 
y, such as h(x, y) = = is a rational function in x and y. The domain of a rational 


function must exclude points at which the denominator is zero, so the domain of h is 
{œ y) x # y}. 


EXAMPLE 1 Finding domains Find the domain of the function 


g(x,y) = V4—x* — y*, 


SOLUTION Because g involves a square root, its domain consists of ordered pairs (x, y) 
for which 4 — x” — y? = Oor x” + y? < 4. Therefore, the domain of g is { (x, y): 
x? + y% < 4}, which is the set of points on or within the circle of radius 2 centered at 
the origin in the xy-plane (a disk of radius 2) (Figure 13.20). 

Related Exercises 11-20 


QUICK CHECK 1 Find the domains of f(x, y) = sin xy and g(x,y) = V(x? + 1)y.< 





Graphs of Functions of Two Variables 


The graph of a function f of two variables is the set of points (x, y, z) that satisfy the 
equation z = f(x, y). More specifically, for each point (x, y) in the domain of f, the point 
(x, y, f(x, y)) lies on the graph of f (Figure 13.21). A similar definition applies to relations 
of the form F(x, y, z) = 0. 





{ An ellipsoid does not pass l 


the vertical line test: 


| not the graph of a function. 





a y 





‘This elliptic paraboloid 
passes the vertical line test: 
graph of a function. 


FIGURE 13.22 
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Function f assigns to 
each point (x, y) in the 
domain a real number 


\ 2 =I y). 








% 
NS (x, y, fx, y)) 


Graph of f 





Domain of f Domain of f 


FIGURE 13.21 


Like functions of one variable, functions of two variables must pass a vertical line 
test. A relation of the form F(x, y,z) = 0 is a function provided every line parallel to the 
z-axis intersects the graph of F at most once. For example, an ellipsoid (discussed in Sec- 
tion 13.1) is not the graph of a function because some vertical lines intersect the surface 
twice. On the other hand, an elliptic paraboloid of the form z = ax* + by? does represent 
a function (Figure 13.22). 





ICK CHECK 2 Does the graph of a hyperboloid of one sheet represent a function? Does 
the graph of a cone with its axis parallel to the x-axis represent a function? < 


EXAMPLE 2 Graphing two-variable functions Find the domain and range of the 
following functions. Then sketch a graph. 


a. f(x,y) = 2x + 3y — 12 b. g(x,y) = x? + y? 
c. h(x, y) = VI +x + y? 
SOLUTION 


a. Letting z = f(x, y), we have the equation z = 2x + 3y — 12, or 2x + 3y — z = 12, 
which describes a plane with a normal vector (2, J=] ) (Section 13.1). The domain 
consists of all points in R?, and the range is R. We sketch the surface by noting that 
the x-intercept is (6, 0,0) (setting y = z = 0); the y-intercept is (0, 4, 0) and the 
z-intercept is (0, 0, —12) (Figure 13.23). 








| Plane 


(6, 0, 0) z= fa, y) = 2x + 3y — 12 
Vh 
X 
0, 4, 0) — 
ae Pen D — (0,0, —12) 


FIGURE 13.23 
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Paraboloid b. Letting z = g(x, y), we have the equation z = x? + y*, which describes an elliptic 
z=fayax+y paraboloid that opens upward with vertex (0, 0, 0). The domain is R? and the range 
z consists of all nonnegative real numbers (Figure 13.24). 


c. The domain of the function is R? because the quantity under the square root is always posi- 
tive. Note that 1 + x? + y? = 1, so the range is {z: z = 1}. Squaring both sides of 
z= V1 +x? + y*, we obtain z? = 1 + x? + y? or —x? — y? + z? = 1. This is 
the equation of a hyperboloid of two sheets that opens along the z-axis. Because the range 
is { z:z = 1}, the given function represents only the upper sheet of the hyperboloid 
(Figure 13.25; the lower sheet was introduced when we squared the original equation). 


Upper sheet of hyperboloid of two sheets 
z=V14x2+ y 


Z 





x y 
FIGURE 13.24 






FIGURE 13.25 
Related Exercises 21—29< 


QUICK CHECK 3 Find a function whose graph is the lower half of the hyperboloid 
=x? — y? +z = 1.< 


» To anticipate results that appear later 


in the chapter, notice how the streams Level Curves Functions of two variables are represented by surfaces in R?. However, 
in the topographic map—which flow such functions can be represented in another illuminating way, which is used to make topo- 
downhill—cross the level curves roughly graphic maps (Figure 13.26). 

at right angles. 


Closely spaced Ke ual (\ =) =i Lv =| : =—— > yN f i p FA Widely spaced 
contours: rapid SSS | Fea me |) Yee Wee) fl ; | contours: slow 
DE ae Sel eat a changes in 


changes in = a | = 
elevation SSS u ee Cr Pe as me elevation 





FIGURE 13.26 


> A contour curve is a trace in the plane 
Z = Zo 


» A level curve may not always be a 
single curve. It might consist of a point 
(x? + y? = 0) or it might consist of 
several lines or curves (xy = 0). 


Surface 


z=] a) 


Level curve: y 
f(x, y) = zin the 
xy-plane. 


FIGURE 13.27 


( Curves closely spaced: | 
rapid change in 
_ function values 


. 


‘Curves widely spaced: | 


slow change in 
function values 


FIGURE 13.29 
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Consider a surface defined by the function z = f(x, y) (Figure 13.27). Now imag- 
ine stepping onto the surface and walking along a path on which your elevation has 
the constant value z = zp. The path you walk on the surface is part of a contour curve; 
the complete contour curve is the intersection of the surface and the horizontal plane 
Z = Z. When the contour curve is projected onto the xy-plane, the result is the curve 
f(x,y) = zo. This curve in the xy-plane is called a level curve. 

Imagine repeating this process with a different constant value of z, say, z = z,. The 
path you walk this time when projected onto the xy-plane is part of another level curve 
f(x,y) = zı. A collection of such level curves, corresponding to different values of z, 
provides a useful two-dimensional representation of the surface (Figure 13.28). 






| Level curves of f 





FY) = 2 


a 


y 


FIGURE 13.28 





HECK 4 Can two level curves of a function intersect? Explain. < 


Assuming that two adjacent level curves always correspond to the same change in 
z, widely spaced level curves indicate gradual changes in z-values, while closely spaced 
level curves indicate rapid changes in some directions (Figure 13.29). Concentric closed 
level curves indicate either a peak or a depression on the surface. 





EXAMPLE 3 Level curves Find and sketch the level curves of the following 
surfaces. 

a. f(x,y) =y—x°- 1 b. f(xy) =e" 

SOLUTION 


a. The level curves are described by the equation y — x? — 1 = zp, where zp is a con- 
stant in the range of f. For all values of zp, these curves are parabolas in the xy-plane, 
as seen by writing the equation in the form y = x? + zọ + 1. For example: 


e With z) = 0, the level curve is the parabola y = x” + 1; along this curve, the 
surface has an elevation (z-coordinate) of 0. 


e With z) = —1, the level curve is y = x7; along this curve, the surface has an 
elevation of —1. 


e With z) = 1, the level curve is y = x? + 2, along which the surface has an 
elevation of 1. 


As shown in Figure 13.30a, the level curves form a family of shifted parabolas. 
When these level curves are labeled with their z-coordinates, the graph of the surface 
z = f(x, y) can be visualized (Figure 13.30b). 
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z W \ 
Zy = =] (i 
i N 
E V 3 a 






Surface 
Z=y- x-1 







Contour curves formed 
by the intersection of 
surface and horizontal 


D planes 





(a) (b) 
FIGURE 13.30 


b. The level curves satisfy the equation gry = Zo, where Zo is a positive constant. Taking 
the natural logarithm of both sides gives the equation x? + y? = —In zo, which describes 
circular level curves. These curves can be sketched for all values of zy with O < z =< 1 
(because the right side of x? + y? = —In z, must be nonnegative). For example: 


e With zo = 1, the level curve satisfies the equation x? + y* = 0, whose solution is 
the single point (0, 0); at this point, the surface has an elevation of 1. 


e With zọ = e |, the level curve is x? + y? = —Ine ! = 1, which is a circle cen- 
tered at (0, 0) with a radius of 1; along this curve the surface has an elevation of 
-1 
e~ = 0.37. 


In general, the level curves are circles centered at (0, 0); as the radii of the circles 
increase, the corresponding z-values decrease. Figure 13.3la shows the level curves, 
with larger z-values corresponding to darker shades. From these labeled level curves, 
we can reconstruct the graph of the surface (Figure 13.31b). 







Surface 
| a z= a _ y 


Contour curves 
are formed by 
intersection 


of surface and 
planes z = A 
for 0 < Zy = 1. 





(a) (b) 
FIGURE 13.31 


Related Exercises 30-38< 





cK 6 Does the surface in Example 3b have a level curve for zọ = 0? Explain. « 





z = 2 + sin (x — y) 


Level curves of 
z = 2 + sin (x — y) 


(b) 


FIGURE 13.32 


p=1-d-n)" 





r Level curves of p | 





FIGURE 13.33 
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EXAMPLE 4 Level curves The graph of the function 


f(x,y) = 2 + sin (x — y) 
is shown in Figure 13.32a. Sketch several level curves of the function. 


SOLUTION The level curves are f(x,y) = 2 + sin (x — y) = Zp, or 
sin (x — y) = zo — 2. Because —1 < sin (x — y) = 1, the admissible values of zo 
satisfy —1 = z — 2 = 1, or, equivalently, | = z = 3. For example, when zp) = 2, 
the level curves satisfy sin (x — y) = 0. The solutions of this equation are x — y = kr, 
or y = x — ka, where k is an integer. Therefore, the surface has an elevation of 2 
on this set of lines. With z = 1 (the minimum value of z), the level curves satisfy 
sin (x — y) = —1. The solutions are x — y = —7/2 + 2km, where k is an integer; 
along these lines, the surface has an elevation of 1. Here we have an example in which 
each level curve is an infinite collection of lines of slope 1 (Figure 13.32b). 

Related Exercises 30-38 < 


Applications of Functions of Two Variables 


The following examples offer two of many applications of functions of two variables. 


EXAMPLE 5 A probability function of two variables Suppose that on a particular 
day, the fraction of students on campus infected with flu is r, where 0 = r < 1. If you 
have n random (possibly repeated) encounters with students during the day, the probabil- 
ity of meeting at least one infected person is p(n,r) = 1 — (1 — r)” (Figure 13.33a). 
Discuss this probability function. 


SOLUTION The independent variable r is restricted to the interval |0, 1] because it is a 
fraction of the population. The other independent variable n is any nonnegative integer; 
for the purposes of graphing, we treat n as a real number in the interval [0, 8]. With 

0 =r <1,notethatO = 1 — r < 1. Ifn is nonnegative, then 0 = (1 — r)” < 1, and 
it follows that 0 < p(n, r) = 1. Therefore, the range of the function is [0, 1 |, which is 
consistent with the fact that p is a probability. 

The level curves (Figure 13.33b) show that for a fixed value of n, the probability 
of at least one encounter increases with r; and for a fixed value of r, the probability in- 
creases with n. Therefore, as r increases or as n increases, the probability approaches 
1 (surprisingly quickly). If 10% of the population is infected (r = 0.1) and you have 
n = 10 encounters, then the probability of at least one encounter with an infected person 
is p(0.1, 10) ~ 0.651, which is about 2 in 3. 

A numerical view of this function is given in Table 13.2, where we see probabilities 
tabulated for various values of n and r (rounded to two digits). The numerical values con- 
firm the preceding observations. 

Related Exercises 39-45< 





‘CK 7 In Example 5, if 50% of the population is infected, what is the probability 
of meeting at least one infected person in five encounters? «< 


EXAMPLE 6 Electric potential function in two variables The electric field at 


points in the xy-plane due to two point charges located at (0,0) and (1, 0) is related to 
the electric potential function 


2 2 
plx, y) = AS + M 
Vx + y? V(x- 1) + y? 


Discuss the electric potential function. 
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Table 13.2 


EAEN 





» The electric potential function, often 
denoted ¢ (pronounced fee or fie), is a 
scalar-valued function from which the 
electric field can be computed. Potential 
functions are discussed in detail in 
Chapter 15. 


» A function that grows without bound 
near a point, as in the case of the electric 
potential function, is said to have a 
singularity at that point. A singularity 
is analogous to a vertical asymptote in a 
function of one variable. 


FUNCTIONS OF SEVERAL VARIABLES 


SOLUTION The domain of the function contains all points of R? except (0, 0) and (1, 0) 
where the charges are located. As these points are approached, the potential function 
becomes arbitrarily large (Figure 13.34a). The potential approaches zero as x or y increases 
in magnitude. These observations imply that the range of the potential function is all posi- 
tive real numbers. The level curves of ¢ are closed curves, encircling either a single charge 
(at small distances) or both charges (at larger distances; Figure 13.34b). 





í Level curves of electric ` 
| potential function 


FIGURE 13.34 


Related Exercises 39-45< 


CK 8 In Example 6, what is the electric potential at the point (4, 0 ) < 





Functions of More Than Two Variables 


The characteristics of functions of two independent variables extend naturally to functions 
of three or more variables. A function of three variables is defined explicitly in the form 
w = f(x, y, z) and implicitly in the form F (w, x, y, z) = 0. With more than three indepen- 
dent variables, the variables are usually written x,,...,x,. Table 13.3 shows the progres- 
sion of functions of several variables. 


Table 13.3 
Number of 
Independent Graph Resides 

Variables Explicit Form Implicit Form In... 
l y= Fae R? (xy-plane) 
2 z= f(x,y) F(x,y,z) =0 R? (ayz-space) 
3 w = f(x,y,z) F(w, x,y,z) =0 R4 
n y = f(xy, X2.. -3 Xn) F(x1, X2, <- ©, Xn Xn41) = 0 Rit! 


The concepts of domain and range extend from the one- and two-variable cases in an 
obvious way. 


DEFINITION Function, Domain, and Range with n Independent Variables 


The function y = f(x), X2, ... , Xn) assigns a unique real number y to each point 
X,) ina set D in R”. The set D is the domain of f. The range is the set of 
X,) vary over the domain. 


(Lis Mose 
real numbers y that are assumed as the points (x), %2,..., 





» Recall that a closed ball of radius r is the 
set of all points on or within a sphere of 


radius r. 





FIGURE 13.35 


13.2 Graphs and Level Curves 903 


EXAMPLE 7 Finding domains Find the domain of the following functions. 


12y 
a. g(x, y,z) = V16 — x? — y? — z? b. A(x, y, Zz) = 4 


Z= y 





SOLUTION 


a. Values of the variables that make the argument of a square root negative must be 
excluded from the domain. In this case, the quantity under the square root is nonnega- 
tive provided 


16 — x? — y? -z= 0, o x? +y +z < 16. 
Therefore, the domain of g is a closed ball in R? of radius 4 centered at the origin. 


b. Values of the variables that make a denominator zero must be excluded from the 
domain. In this case, the denominator vanishes for all points in R° that satisfy 
z — y = 0, ory = z. Therefore, the domain of h is the set { (x, y,z):y ¥ z}. 
This set is R? excluding the points on the plane y = z. 
Related Exercises 46—52< 





IECK 9 What is the domain of the function w = f(x, y,z) = 1/xyz?<« 


Graphs of Functions of More Than Two Variables 


Graphing functions of two independent variables requires a three-dimensional coordi- 
nate system, which is the limit of ordinary graphing methods. Clearly, difficulties arise in 
graphing functions with three or more independent variables. For example, the graph of 
the function w = f(x, y, z) resides in four dimensions. Here are two approaches to repre- 
senting functions of three independent variables. 

The idea of level curves can be extended. With the function w = f(x, y, z), level 
curves become level surfaces, which are surfaces in R? on which w is constant. For 
example, the level surfaces of the function 


w = f(x,y,z) = Vz — x? — 2y? 


satisfy w = Vz — x? — 2y? = C, where C is a nonnegative constant. This equation is 
satisfied when z = x? + 2y? + C?. Therefore, the level surfaces are elliptic paraboloids, 
stacked one inside another (Figure 13.35). 

Another approach to displaying functions of three variables is to use colors to gain access 
to the fourth dimension. Figure 13.36a shows the electrical activity of the heart at one snapshot 
in time. The three independent variables correspond to locations in the heart. At each point, the 
value of the electrical activity, which is the dependent variable, is coded by colors. 

In Figure 13.36b, the dependent variable is the switching speed in an integrated 
circuit, again represented by colors, as it varies over points of the domain. Software to 
produce such images, once expensive and inefficient, has become much more accessible. 








FIGURE 13.36 (a) 
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SECTION 13.2 EXERCISES 


Review Questions 


1. A function is defined by z = x?y — xy”. Identify the independent 
and dependent variables. 


What is the domain of f(x, y) = x?y — xy? 
What is the domain of g(x, y) = 1/(xy)? 


What is the domain of h(x, y) = Vx — y? 


oS oS UCP 


How many axes (or how many dimensions) are needed to graph 
the function z = f(x, y)? Explain. 


6. Explain how to graph the level curves of a surface z = f(x, y). 
7. Describe in words the level curves of the paraboloid z = x? + y?. 


8. How many axes (or how many dimensions) are needed to graph 
the level surfaces of w = f(x, y, z)? Explain. 


9. The domain of Q = f(u, v, w, x, y, z) lies in R” for what value of 
n? Explain. 


10. Give two methods for graphically representing a function with 
three independent variables. 


Basic Skills 
11-20. Domains Find the domain of the following functions. 


f(x,y) = cos (x° — y*) 


1 
13. fly) = V25— 7 —y? A fly) = aoa 
X y 7 


iD 
X, = 
f(xy) ae 


11. f(x,y) = 2xy — 3x + 4y 12. 





15. f(x,y) = sin Ž 16. 
y 


17. g(x,y) = In (x? — y) 18. 


= ei 
19. g(x, y) = aa? 20. 


21-28. Graphs of familiar functions Use what you learned about 
surfaces in Section 13.1 to sketch a graph of the following functions. In 
each case identify the surface, and state the domain and range of the 
function. 


f(x,y) = sin’ (y — x’) 


h(x, y) = Vx — 2y +4 





21. f(x,y) = 3x — 6y + 18 22. h(x, y) = 2x? + 3y? 
23. p(x,y) = x* — y? 24. F(x,y) = V1 — x2 — y? 
25. G(x,y) = NI + x2 + y? 26. (x,y) = Vx? + y? 


27. P(x,y) = Vx? + y?-1 28. 


29. Matching surfaces Match functions a-d with surfaces A-D in the 


g(x,y) =y? +1 


figure. 

a. f(x,y) = cos xy 

b. g(x,y) = In (x* + y°) 

c. h(x,y) = 1/(x — y) 

d. p(x,y) = 1/0 + x? + y’) 





(B) 





(C) (D) 


30-37. Level curves Graph several level curves of the following func- 


tions using the given window. Label at least two level curves with their 
z-values. 


30. z =x? + y’; [-4,4] x [-4,4] 

31. z =x — y^; [0,4] x [-2, 2] 

32. z = 2x — y; |-2,2] x [-2,2] 

33. z = Vx? + 4y? [-8,8] x [-8,8] 

34. =e T, [-2,2] x [-2, 2] 

35. z = V25 — x? — y*; [-6,6] x [-6,6] 
36. z= Vy — x? — 1; [+5,5] x [+5,5] 


37. z = 3 cos (2x + y); [-2,2] x [-2,2] 





38. Matching level curves with surfaces Match surfaces a-f in the 
figure with level curves A—F. 
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39. A volume function The volume of a right circular cone of radius 
r and height h is V(r, h) = mr’h/3. 

a. Graph the function in the window [0,5] x [0,5] x [0, 150]. 
b. What is the domain of the volume function? 


c. What is the relationship between the values of r and h when 
V = 100? 





. Earned run average A baseball pitcher’s earned run average (ERA) 
is A(e,i) = 9e/i, where e is the number of earned runs given up by 
the pitcher and 7 is the number of innings pitched. Good pitchers have 
low ERAs. Assume that e = 0 andi > O are real numbers. 


a. The single-season major league record for the lowest ERA was 
set by Dutch Leonard of the Detroit Tigers in 1914. During 
that season, Dutch pitched a total of 224 innings and gave up 
just 24 earned runs. What was his ERA? 

b. Determine the ERA of a relief pitcher who gives up 4 earned 
runs in one-third of an inning. 

c. Graph the level curve A(e, i) = 3, and describe the relation- 
ship between e and 7 in this case. 





X 


. Electric potential function The electric potential function for 
two positive charges, one at (0, 1) with twice the strength as the 
charge at (0, —1), is given by 

2 l 
ea + Å 
Vx? + (y -12 Va2 + (vy 4:17 








y y g(x,y) = 


a. Graph the electric potential using the window 


ce [-5,5] x [-5,5] x [0, 10]. 
"a b. For what values of x and y is the potential œ defined? 
gt = c. Is the electric potential greater at (3, 2) or (2,3)? 


d. Describe how the electric potential varies along the line y = x. 


42. Cobb-Douglas production function The output Q of an eco- 
nomic system subject to two inputs, such as labor L and capital 

(A) (B) K, is often modeled by the Cobb-Douglas production function 
O(L, K) = cL*K > where a, b, and c are positive real numbers. 


y y When a + b = 1, the case is called constant returns to scale. 
Suppose a = L, b= z, and c = 40. 
> a. Graph the output function using the window 
= [0,20] x [0,20] x [0, 500]. 
eon b. If Lis held constant at L = 10, write the function that gives 
Sj a ` the dependence of Q on K. 
c. If K is held constant at K = 15, write the function that gives 
the dependence of Q on L. 
43. Resistors in parallel Two resistors wired in parallel in an electri- 


cal circuit give an effective resistance of R(x, y) = aa where 
ee 


x and y are the positive resistances of the individual resistors 
(typically measured in ohms). 


J y 
x yY 
. = x a. Graph the resistance function using the window 
[0,10] x [0,10] x [0,5]. 
b. Estimate the maximum value of R, forO < x = 10 and 
O<y= 10. 


c. Explain what it means to say that the resistance function is 
(E) (F) symmetric in x and y. 
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44. Water waves A snapshot of a water wave moving toward shore 58. G(x, y) = In(2 + sin (x + y)) 
is described by the function z = 10 sin (2x — 3y), where z is the 
height of the water surface above (or below) the xy-plane, which 
is the level of undisturbed water. 60. P(x,y) = cos x sin 2y 


59, F(x,y) = tan? (x — y) 


a. Graph the height function using the window 
[—5,5] x [-5, 5] x [—-15, 15]. 

b. For what values of x and y is z defined? 

c. What are the maximum and minimum values of the water 
height? 

d. Give a vector in the xy-plane that is orthogonal to the level 61. f(x,y) = x*y* — 8x? — y? + 6 
curves of the crests and troughs of the wave (which is parallel = AD 2 
to the direction of wave D i Ree BG) EAE E 

63. h(x,y) = 1- gr) 


61-64. Peaks and valleys The following functions have exactly one 
isolated peak or one isolated depression (one local maximum or mini- 
mum). Use a graphing utility to approximate the coordinates of the 
peak or depression. 


45. Approximate mountains Suppose the elevation of Earth’s sur- 
face over a 16-mi by 16-mi region is approximated by the function 64. p(x,y) =2 + |x- 1] + |y- 1| 


z = 10e tH) + 5e(0+5+0-3)})/10 4 Ap 2(-4)° +4 1)") 65. Level curves of planes Prove that the level curves of the plane 
ax + by + cz = dare parallel lines in the xy-plane, provided 
a. Graph the height function using the window a? + b? ~ Oandc £0. 


[—-8,8] x [-8,8] x [0, 15]. 
b. Approximate the points (x, y) where the peaks in the landscape 66-69. Level surfaces Find an equation for the family of level surfaces 
appear. corresponding to f. Describe the level surfaces. 


c. What are the approximate elevations of the peaks? 1 


, , , 66. f(x, y,.z) =a a 
46-52. Domains of functions of three or more variables Find the x PY Tg 


domain of the following functions. If possible, give a description of the 68. f(x,y,z) = gag Sey 69. f(x,y, 2) = Bes. 27? 
domains (for example, all points outside a sphere of radius 1 centered 
at the origin). 


67. f(x,y,z) = x? + y?’ -z 


Applications 
46. f(x,y,z) = 2xyz — 3xz + 4yz 70. Level curves of a savings account Suppose you make a one-time 
deposit of P dollars into a savings account that earns interest at an 








47. 2(x,y,z) = l annual rate of p% compounded continuously. The balance in the 
nial i= Zz account after t years is B(P, r, t) = Pe”, where r = p/100 (for 
le, if the annual interest rate is 4%, then r = 0.04). Let the 
48. p(x,y,z) = Vx? +y2+ 22-9 sae i 
ploy z) = Val +y? +e interest rate be fixed at r = 0.04. 
49. f(x,y,z) = Vy=z a. With a target balance of $2000, find the set of all points (P, t) 
10 that satisfy B = 2000. This curve gives all deposits P and 
50. Q(x, y,z) = ae a ae times ¢ that result in a balance of $2000. 
r : b. Repeat part (a) with B = $500, $1000, $1500, and $2500, 
51. F(x,y,z) = and draw the resulting level curves of the balance function. 


c. In general, on one level curve, if t increases, does P increase or 





52. f(w,x,y,z) = 








decrease? 
Further Explorations 71. Level curves of a savings plan Suppose you make monthly de- 
53. Explain why or why not Determine whether the following state- posits of P dollars into an account that earns interest at a monthly 
ments are true and give an explanation or counterexample. rate of p%. The balance in the account after t years is 
À l 12 
a. The domain of the function f(x, y) = 1 — |x — y| is ape = | 
B(P,r,t) =P , where r = p/100 (for 
(aya =y]. ( ) 7 p/100( 
b. The domain of the function Q = g(w, x, y, z) is a region in RÌ. example, if the annual interest rate is 9%, then p = 5 = 0.75 
c. All level curves of the plane z = 2x — 3y are lines. and r = 0.0075). Let the time of investment be fixed at 
t = 20 years. 


54-60. Graphing functions 


a. Determine the domain and range of the following functions. 
b. Graph each function using a graphing utility. Be sure to experiment 
with the window and orientation to give the best perspective of the 


a. With a target balance of $20,000, find the set of all points 
(P, r) that satisfy B = 20,000. This curve gives all deposits 
P and monthly interest rates r that result in a balance of 


sae $20,000 after 20 years. 
l b. Repeat part (a) with B = $5000, $10,000, $15,000, and 
54. g(x,y) =e” 55. f(x,y) = |x| $25,000, and draw the resulting level curves of the balance 
function. 


56. p(x,y) =1—-|x-1] + |y+] 
57. h(x,y) = (x + y)/(x — y) 


T3. 


72. Quarterback ratings One measurement of the quality of a quar- 
terback in the National Football League is known as the quarter- 


back rating. The rating formula is 


50 + 20c + 80t — 100i + 100y 
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Additional Exercises 

74-77. Challenge domains Find the domains of the following func- 
tions. Specify the domain mathematically and then describe it in words 
or with a sketch. 





R(c,t,i, y) = , where c is the 
percentage of passes completed, t is the percentage of passes 74. g(x, y,z) = ee pe 
thrown for touchdowns, i is the percentage of intercepted passes, x RTE 
and y is the yards gained per attempted pass. 75. f(x,y) = sin! (x — yy 
a. In his career, Hall of Fame quarterback Johnny Unitas com- 76. f(x,y,z) = In (z — pa y? + 2x + 3) 
pleted 54.57% of his passes, 5.59% of his passes were thrown 4/5 
for touchdowns, 4.88% of his passes were intercepted, and he TT MER = Vz = XZ + yZ— xy 


gained an average of 7.76 yards per attempted pass. What was 78 


his quarterback rating? 


b. Ifc, t, and y remained fixed, what happens to the quarterback 
rating as 7 increases? Explain your answer with and without 


mathematics. 


(Source: The College Mathematics Journal (November 1993).) 


. Other balls The closed unit ball in R? centered at the origin is the 
set { (x, y, Z): x? + y? + z? < 1}. Describe the following alter- 
native unit balls. 
ae Leyes yl el Ty 
b. { (x,y,z): max { |x|, ly], |z|} = 1}, where max { a, b, c } is 

the maximum value of a, b, and c. 














9 9 


Ideal Gas Law Many gases can be modeled by the Ideal Gas 


Law, PV = nRT, which relates the temperature (7, measured in 


Kelvin (K)), pressure (P, measured in Pascals (Pa)), and volume 
(V, measured in m°?) of a gas. Assume that the quantity of gas in 
question is n = 1 mole (mol). The gas constant has a value of 


R = 8.3m’: Pa/mol:K. 


a. Consider T to be the dependent variable and plot several level 
curves (called isotherms) of the temperature surface in the re- 
gion0 = P < 100,000 and0 = V = 0.5. 

b. Consider P to be the dependent variable and plot several level 


CK CHECK ANSWERS 
1. R%; { (x, y):y 20} 2. No;no 


3.2=-V1l4t+2x7+ y 4. No, otherwise the function 
would have two values at a single point. 5. Concentric 


circles 6. No; z = 0 is not in the range of the function. 
7. 0.97 8.8 9. {(x,y,z):x ¥ Oandy # 0 and 
z # 0} (whichis R?, excluding the coordinate planes) < 





curves (called isobars) of the pressure surface in the region 


0 s= T= 900 and0 < V= 05. 


c. Consider V to be the dependent variable and plot several level 
curves of the volume surface in the region 0 = T <= 900 and 


0 < P = 100,000. 
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/ e P(x,y) \ 
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l 
l 
1 J te b) jj 
\ A 


FIGURE 13.37 


You have now seen examples of functions of several variables, but calculus has not yet 
entered the picture. In this section we revisit topics encountered in single-variable calculus 
and see how they apply to functions of several variables. We begin with the fundamental 
concepts of limits and continuity. 


Limit of a Function of Two Variables 


A function f of two variables has a limit L as P(x, y) approaches a fixed point Po(a, b) 
if | f(x, y) — L| can be made arbitrarily small for all P in the domain that are sufficiently 
close to Po. If such a limit exists, we write 
lim f(x,y) = lm f(x,y) = L. 
(x.y) >(ab) A PP (y) 

To make this definition more precise, close to must be defined carefully. 

A point x on the number line is close to another point a provided the distance |x — a| is 
small (Figure 13.37a). In R’, a point P(x, y) is close to another point Po(a, b) if the distance 


between them |PPy)| = V (x — a)? + (y — bY is small (Figure 13.37b). When we say 


for all P close to Po, it means that |PP,| is small for points P on all sides of P). 
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» The formal definition extends 
naturally to any number of variables. 
With n variables, the limit point is 





Po Qissaes a,,), the variable 
point is P(x,,..., x,), and |PPo| = 
V(x, —a,)?>+---+ (x, — a,). 





d 
X- 
X Pix,y) & 


f(x, y) is between L — e and L + e 
whenever P(x, y) is within 6 of Py 


FIGURE 13.38 


f(x, y)>LasP>P, 
along all paths in the 
domain of f. 





FIGURE 13.39 


FUNCTIONS OF SEVERAL VARIABLES 


With this understanding of closeness, we can give a formal definition of a limit with 
two independent variables. This definition parallels the formal definition of a limit given 
in Section 2.7 (Figure 13.38). 


DEFINITION Limit of a Function of Two Variables 
The function f has the limit L as P(x, y) approaches P,(a, b), written 


lim 
(x.y) (a, 


Oc eames Gee) aaa 


if, given any € > 0, there exists a ô > 0 such that 


f(x,y) = L| < e 
whenever (x, y) is in the domain of f and 


0 < |PP| = V(x — a)? + (y -bP < 6. 








The condition |PP)| < 6 means that the distance between P(x, y) and Pp(a, b) is less 
than ô as P approaches Pp from all possible directions (Figure 13.39). Therefore, the limit 
exists only if f(x, y) approaches L as P approaches P) along all possible paths in the 
domain of f. As shown in upcoming examples, this interpretation is critical in determining 
whether or not a limit exists. 

As with functions of one variable, we first establish limits of the simplest functions. 


THEOREM 13.1 Limits of Constant and Linear Functions 
Let a, b, and c be real numbers. 
1. Constant function f(x, y) = c: 

(x,y) (a,b) 


lim x= 


2. Linear function f(x, y) = x: 
(x.y) (a,b) 


lim 
TET 


3. Linear function f(x,y) = y: 





Proof: 


1. Consider the constant function f(x, y) = c and assume e > 0 is given. To prove that 
the value of the limit is L = c, we must produce a 6 > 0 such that | f(x,y) — L| < e 


whenever 0 < V(x — a} + (y — b)? < ô. For constant functions, we may use any 
ô > 0. Then, for every (x, y) in the domain of f, 
Fœ y) = L| = |f y) = el = |e = c| =0 < e 
whenever 0 < V(x — a)? + (y — b} < ô. 
2. Assume £ > 0 is given and take 6 = e. The condition 0 < V(x — a)* + (y — bY 


< 6 implies that 


0< V(x-a} +(y-b?} <e =e 
(xaf <e (x-a S(x-a)’+(y— by 
|x — a| < e. Vx? = |x| for real numbers x 


Because f(x,y) = x and a = L, we have shown that | f(x, y) — L| < £ whenever 


0< V(x— a)? + (y — b)? < ô. Therefore, 


lim f(x,y) =L,o lim x=a. 
(x.y) > (a.b) A (x.y) > (a,b) 
The proof that am r y = b is similar (Exercise 82). < 
X,Y =, 
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Using the three basic limits in Theorem 13.1, we can compute limits of more compli- 
cated functions. The only tools needed are limit laws analogous to those given in Theo- 
rem 2.3. The proofs of these laws are examined in Exercises 84-85. 


THEOREM 13.2 Limit Laws for Functions of Two Variables 
Let L and M be real numbers and suppose that a ‘i f(x,y) = Land 
AsV) >a, 


ang ») g(x,y) = M. Assume c is a constant, and m and n are integers. 
AY Pl Gs 


. Sum lim (f(x,y) + g(x,y) =L+M 
(x.y) (a,b) 


. Difference lim (f(x,y) — g(x,y) =L-M 
(x.y) > (a,b) 


. Constant multiple lim  cf(x,y) = cL 


(x.y) > (ab) 


. Product lim f(x, y)g(x,y) = LM 
(x.y) (a,b) 


a y) 
g(x, y) 
To ya 


L 
. Quotient lim | = M Provided M A 0 
X 


y) > (ab) 


a 
. Power lim 
(x,y) >(ab) 
. m/n power If m and n have no common factors and n # 0, then 
lim — [ f(x,y) /"/" = L/", where we assume L > 0 if n is even. 


(x,y) > (a,b) 





> Recall that a polynomial in two variables Combining Theorems 13.1 and 13.2 allows us to find limits of polynomial, rational, 
consists of sums and products of and algebraic functions in two variables. 
polynomials in x and polynomials in y. 
A rational function is the quotient of EXAMPLE 1 Limits of two-variable functions Evaluate lim  (3x°y + Vxy). 
two polynomials. (xy) (2,8) 


SOLUTION All the operations in this function appear in Theorem 13.2. Therefore, we can 
apply the limit laws directly. 


lim 3x?y + Vey) = lim 3x% + lim = Vx Lawl 
e a o 


2 
= 3| lim J lim J 
(x,y) > (2,8) (x,y) > (2,8) 


F | lim Jl lim J Laws 3, 4, 6, 7 
(xy) > (2,8) JL (%y)>(2,8) 


= 3-27-8 + V2-8 = 100 Theorem 13.1 
Related Exercises 11-I8< 


In Example 1, the value of the limit equals the value of the function at (a, b); in other 


words i m P f(x,y) = f(a, b), and the limit can be evaluated by substitution. This is 
x,y) > (a, 


a property of continuous functions, discussed later in this section. 





CHECK 1 Which of the following limits exist? 
a. lim . 3x"*y- b. lim 3x y? c. lim x — y< 
(xy) (1,1) (x,y) > (0,0) (x,y) (1,2) 
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Q is a boundary point: 
Every disk centered at Q 
contains points in R and 
points not in R. 


Oo 
Q 
"p 


P is an interior point: 
There is a disk centered 
at P that lies entirely in R. 


FIGURE 13.40 


» The definitions of interior point and 
boundary point apply to regions in R? if 
we replace disk by ball. 


» Many sets, such as the annulus 
{(x,y):2 = x? + y? <5} are neither 
open nor closed. 





P must approach P, 
along all paths in 
the domain of f. 


FIGURE 13.41 


» Recall that this same method was used 


with functions of one variable. For 
example, after canceling the common 
factor x — 2, the function 


x7 —4 
y= 7 





g(x) = 


becomes g(x) = x + 2, provided 
x # 2. In this case, 2 plays the role of a 
boundary point. 


Z 





2—2 
J) = — 
> 


x \ 
All points with y = x 


are excluded from graph. 


FIGURE 13.42 


Limits at Boundary Points 


This is an appropriate place to make some definitions that will be used in the remainder of 
the book. 


DEFINITION Interior and Boundary Points 


Let R be a region in R°. An interior point P of R lies entirely within R, which means 
it is possible to find a disk centered at P that contains only points of R (Figure 13.40). 


A boundary point Q of R lies on the edge of R in the sense that every disk centered 
at Q contains at least one point in R and at least one point not in R. 





For example, let R be the points in R? satisfying x” + y% < 9. The boundary points 
of R lie on the circle x? + y? = 9. The interior points lie inside that circle and satisfy 
x” + y? < 9. Notice that the boundary points of a set need not lie in the set. 


DEFINITION Open and Closed Sets 


A region is open if it consists entirely of interior points. A region is closed if it con- 
tains all its boundary points. 





An example of an open region in R? is the open disk {(x, y): x? + y% < 9}. An ex- 
ample of a closed region in R? is the square {(x, y): |x| = 1, |y| = 1}. Later in the book, 
we encounter interior and boundary points of three-dimensional sets such as balls, boxes, 
and cubes. 








‘CK 2 Give an example of a set that contains none of its boundary points. «< 


Suppose Po(a, b) is a boundary point of the domain of f. The limit | lim ' f(x,y) 
x,y) (a, 


exists, even if Pp is not in the domain of f, provided f(x, y) approaches the same value as 


(x, y) approaches (a, b) along all paths that lie in the domain (Figure 13.41). 
2 2 


X 
Consider the function f(x, y) = ay Whose domain is {(x, y): x # y}. Provided 


x # y, we may cancel the factor (x — y) from the numerator and denominator and write 
xi — yh (x—y)xty) _ 
X=Y X= Yy 


The graph of f (Figure 13.42) is the plane z = x + y, with points corresponding to the 
line x = y removed. 


IE) = x+y 


ORE 
Now we examine lim a: a where (4, 4) is a boundary point of the domain 
(x.y) (4,4) X= Y 
of f but does not lie in the domain. For this limit to exist, f(x, y) must approach the same 
value along all paths to (4, 4) that lie in the domain of f—that is, all paths approaching 


(4, 4) that do not intersect x = y. To evaluate the limit, we proceed as follows: 


x? — y? 
lm  ——= lim (x+y) Assumex # y,cancel x — y. 
(y) > (44) X=Y (xy) —>(4,4) 
=4+4=8. Same limit along all paths in the domain 


To emphasize, we let (x, y) — (4, 4) along all paths that do not intersect x = y, which 
lies outside the domain of f. Along all admissible paths, the function approaches 8. 


Line x = 4y is not 
in the domain of f. 


VE 


(x, y) > (4, 1) along 
paths in domain of f. 


FIGURE 13.43 







» Notice that if we choose any path of the 
form y = mx, then y —> 0 as x > 0. 
Therefore, lim 

(x,y) (0,0) 


u along this path. A similar argument 


can be replaced by 


applies to paths of the form y = mx”, for 





p >œ v. 
Straight line paths 
to (0, 0): y = mx 
m = 5 m= 1: 
limit = you =72 
oe = 
Sa AN 
limit = 1 
FIGURE . 
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JECK3 Can the limit lim — 


x 
4 be evaluated by direct substitution? < 
(x,y) > (0,0) 





2 
EXAMPLE 2 Limits at boundary points Evaluate lim E a 
(xy) (41) Vx — 2Vy 
SOLUTION Points in the domain of this function satisfy x = O and y = 0 (because of the 
square roots) and x # 4y (to ensure the denominator is nonzero). We see that the point 
(4, 1) lies on the boundary of the domain. Multiplying the numerator and denominator by 
the algebraic conjugate of the denominator, the limit is computed as follows: 


xy — Ay? (xy — 4y*)(Vx + 2Vy) 


fn = iy Multiply by 
(xy) (4,1) Vx — 2Vy (xy) (41) (Vx = 2Vy)(Vx a 2Vy) conjugate. 
yx — 4y)(-Vx + 2Vy) 

= Se Simplify. 
(x,y) (4,1) x — 4y 

= lim y(Vx + 2Vy). Cancel x — 4y, 
(x,y) (4,1) assumed to be nonzero. 

= 4, Evaluate limit. 


Because points on the line x = 4y are outside the domain of the function, we assume 
that x — 4y # 0. Along all other paths to (4, 1), the function values approach 4 
(Figure 13.43). 
Related Exercises 19—26 < 





EXAMPLE 3 Nonexistence of a limit Investigate the limit lim 


SOLUTION The domain of the function is {(x, y): (x, y) # (0, 0)}; therefore, the limit is 
at a boundary point outside the domain. Suppose we let (x, y) approach (0, 0) along the line 
y = mx for a fixed constant m. Substituting y = mx and noting that y —> 0 as x — 0, we have 


(x t yy x7(1 + m)’ (1 + m)’ 
lim 3 z~ = lim im > = : 
(xy) (0,0) (x? + y*)  x>0 (x? x>0 x (1 + m°) l+m 


The constant m determines the direction of approach to (0, 0). Therefore, depending 

on m, the function may approach any value in the interval | 0, 2] (which is the range of 

(1 + m)?/(1 + m’)) as (x, y) approaches (0, 0) (Figure 13.44). For example, if m = 0, 

the corresponding limit is 1 and if m = — 1, the limit is 0. Because the function approaches 
different values along different paths, we conclude that the limit does not exist. The reason for 
this behavior is revealed if we plot the surface and look at two level curves. The lines y = x and 
y = —x (excluding the origin) are level curves of the function for z = 2 and z = 0, respec- 
tively. (Figure 13.45). 


(x + mx)? 


+ mx?) 





















= (+ yy" 
x? +y? 


y = —x is level curve for z = 0 


y = xis level curve for z = 2 


FIGURE 13.45 
Related Exercises 27—32< 
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QUICK CHECK 4 What is the analog of 
ihe Tob: Path Test for functions of a 
single variable? «< 


The strategy used in Example 3 is one of the most effective ways to prove the nonex- 
istence of a limit. 


PROCEDURE ‘Two-Path Test for Nonexistence of Limits 


If f(x, y) approaches two different values as (x, y) approaches (a, b) along 


two different paths in the domain of f, then n f(x, y) does not exist. 
—_ a, 


(x,y) 





Continuity of Functions of Two Variables 


The following definition of continuity for functions of two variables is analogous to the 
continuity definition for functions of one variable. 


DEFINITION Continuity 


The function f is continuous at the point (a, b) provided 


1. f is defined at (a, b). 


2. lim "i , y) exists. 
(xy) > (ab 


3: LA “fl y) = f(a, b) 
(x.y) > 





A function of two (or more) variables is continuous at a point, provided its limit 
equals its value at that point (which implies the limit and the value both exist). The defini- 
tion of continuity applies at boundary points of the domain of f provided the limits in the 
definition are taken along paths that lie in the domain. 

Because limits of polynomials and rational functions can be evaluated by substitution 
at points of their domains (that is, ny j f(x,y) = f(a, b)), it follows that polynomials 

xy) (a, 


and rational functions are continuous at all points of their domains. Similarly, trigonomet- 
ric, logarithmic, and exponential functions are continuous on their domains. 


EXAMPLE 4 Checking continuity Determine the points at which the following 
function is continuous. 
2 


3xy 
-m if (x, A (0,0 
fay) <4 aye Eey) ¥ (00) 
0 if (x,y) = (0,0) 
2 
SOLUTION The function 2 4 vd is arational function, so it is continuous at all points 
x y 


of its domain, which consists of all points of R? except (0, 0). In order for f to be con- 
tinuous at (0, 0), we must show that 


2 


ji Sy" = #0,0) =0 
im —— = f(0,0) = 0. 
(xy) —>(0,0) x? + yí 


You can verify that as (x, y) approaches (0, 0) along paths of the form y = mx, where m 
is any constant, the function values approach f(0,0) = 0. Now consider parabolic paths 
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> The choice of x = my’ for paths to of the form x = my”, where m is a nonzero constant (Figure 13.46). This time we substi- 
(0, 0) is not obvious. Notice that if x is tute x = my” and note that x > 0 as y > 0: 
replaced by my” in f, the result involves 5 E 
the same power of y (in this case, y*) in ji 3xy = 3(my~)y Subst 9 
i dd ! hich 1m => 4 a, ubstitute x = my^. 
the numerator and denominator, whic (xy) (0,0) x? + y y>0 (my?) + y 
may be canceled. Smi 4 
= ji 7 Simplify. 
y y>0 my +y 
SEEREN 
m= 1: limit = 5 a 
= 5 Cancel y^. 
y>0 m^ + 1 
o> 3m 
x m +1 


We see that along parabolic paths, the limit depends on the approach path. For exam- 





; ple, with m = 1, along the path x = y’, the function values approach >; with m = —1, 
m= —1: limit= —| | Parabolic paths , along the path x = —y?, the function values approach —} (Figure 13.47). Because func- 

{0 0. =" | tion values approach two different numbers along two different paths, the limit at (0, 0) 
FIGURE 13.46 does not exist, and f is not continuous at (0, 0). 



























21.4 a . D 
x+y x = —y*isa level 
= 3 
| curve for z = -5 














x = y? is a level curve | 


3 
FOr = 5 





FIGURE 13.47 
Related Exercises 33-40< 


QUICK CHECK 5 Which of the follow- Composite Functions Recall that for functions of a single variable, compositions of 
ing functions are continuous at (0,0)? continuous functions are also continuous. The following theorem gives the analogous result 
a. f(x,y) = 2x’y? for functions of two variables; it is proved in Appendix B. 


b. fluy) = 5 
ce. f(x,y) = 2x *y?< 


oxy? 





THEOREM 13.3 Continuity of Composite Functions 
If u = g(x, y) is continuous at (a, b) and z = f(u) is continuous at g(a, b), then 


the composite function z = f(g(x, y)) is continuous at (a, b). 





EXAMPLE 5 Continuity of composite functions. Determine the points at which the 
following functions are continuous. 


a. h(x, y) = ln (x? + y? + 4) b. h(x, y) = e” 
SOLUTION 
a. This function is the composition f(g(x, y)), where 


f(u) =Inu and u= g(x,y) = x° + y? +4. 
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As a polynomial, g is continuous for all (x, y) in R°. The function f is continuous for 
u > 0. Because u = x7 + y? + 4 > 0, for all (x, y), it follows that h is continuous 
at all points of R°. 


b. Letting f(u) = e“ andu = g(x,y) = x/y, we have h(x, y) = f(g(x, y)). Note that f 
is continuous at all points of R and g is continuous at all points of R? provided y # 0. 
Therefore, h is continuous on the set { (x, y): y # 0}. 

Related Exercises 41—52< 


Functions of Three Variables 


The work we have done with limits and continuity of functions of two variables extends to 
functions of three or more variables. Specifically, the limit laws of Theorem 13.2 apply to 
functions of the form w = f(x, y, z). Polynomials and rational functions are continuous at 
all points of their domains, and limits of these functions may be evaluated by direct sub- 
stitution at all points of their domains. Compositions of continuous functions of the form 
f( g(x, y, z)) are also continuous. 


EXAMPLE 6 Functions of three variables 


x’ sin y 





a. Evaluate lim 5 
(x,y,z) > (2,77/2,0) 7“ + 4 


b. Find the points at which h(x, y, z) = Vx? + nE + z? — 1 is continuous. 
SOLUTION 


a. This function consists of products and quotients of functions that are continuous at 
(2, 7/2, 0). Therefore, the limit is evaluated by direct substitution: 


x siny 2° sin (m /2) 7 





lim 3 = 5 
(x,y,z) >(2,77/2,0) Zz + 4 0 + 4 
b. This function is a composition in which the outer function f(u) = Vu is continuous 
for u = 0. The inner function 


g(x, y, z) = y? +y? pa =] 


is nonnegative provided x? + y” + z* = 1. Therefore, the function is continuous at 
all points on or outside the unit sphere in RÌ. 
Related Exercises 53-58 


SECTION 13.3 EXERCISES 


Review Questions 7. What three conditions must be met for a function f to be continu- 
1. Explain what E . f(x,y) = L means. ous at the point (a, b)? 
X,V)— (a, 


8. Let R be the unit disk { (x, y): x” + y? < 1} with (0, 0) 


2. Explain why f(x, y) must approach L as (x, y) approaches (a, b) removed. Is (0, 0) a boundary point of R? Is R open or closed? 


along all paths in the domain inorder for lim f(x,y) to 
exist. (x,y) > (a,b) 9. At what points of R? is a rational function of two variables 
NESS l continuous? 

3. What does it mean to say that limits of polynomials may be 

evaluated by direct substitution? 10. Evaluate lim gz. 

(x,y,z) (1,1,-1) 

4. Suppose (a, b) is on the boundary of the domain of f. Explain Basic Skills 

how you would determine whether ae? a (x, y) exists. 11-18. Limits of functions Evaluate the following limits. 
5. Explain how examining limits along multiple paths may prove the 411. lim 101 12. lim (3x + 4y — 2) 

nonexistence of a limit. (x,y) > (2,9) (x,y) > (1-3) 

i ing a limi ini 13. li 4x? — y? 14. lim = Bay” 

6. Explain why evaluating a limit along a finite number of paths does on a x y^) (xy) a 2- P x*y”) 


not prove the existence of a limit of a function of several variables. 


cos xy + sin xy 


i Ya 2 == 16. lim Inv 
(y) >On) Dy Pie 
2 2 2 
25 ee, 
7 te 2 ———. is. lim) =o 
(xy) >(20) x+y =l 2-4 y 


19-26. Limits at boundary points Evaluate the following limits. 


2 

x —3 

iw lim ——~ 
6,2 


(x,y) (6,2) x — 3y 


20. 
21. lim 
22: lim 


23. 





lim 
(xy) (2,2) xy — 2x 
Vir y= 


24. lim 
(xy) (4,5) x ty — 9 





25. 
26. lim = 
(x,y) (8,8) x? — y? 


27-32. Nonexistence of limits Use the Two-Path Test to prove that the 
following limits do not exist. 








Kar 2y 
27. lim 
=ar — 2y 








. 4xy 
28. Hm Zaa 
(xy) > (00) 3x° + y 


4xy 


= 3x2 + y? 
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yt — 2x? l x y? 
29. lim -4 2 30. lim “3°, .2 
(x,y) (0,0) y + x (xy) (0,0) x" + y 
31. lim 2 32. lim > 
(xy) (0.0) xy? (xy) (0.0) Vx2 — y? 
33-40. Continuity At what points of R? are the following functions 
continuous ? 
Sa 3 ed 
33. f(x,y) = x° + 2xy -— y 34. f(x,y) 2.2 
ye + 1 
E 4x?y? _ Ax7y? 
35. p(x, y) = EEn y2 36 S(x, y) = 9 A y? 
37. fy) = 8. f) = 
e X, yY) = : x.y) = 
x(y2 + 1) x(y* — 1) 
"if (x,y) # (0,0) 
39. funy) =i xrtey? 7? 
0 if (x,y) = (0,0) 
y4 — 2x? 
40. flny)=4 yoo qe E) * 00) 
0 if (x,y) = (0,0) 


41-52. Continuity of composite functions At what points of R? are 
the following functions continuous? 








41. f(xy) = Vx? + y? 42. f(x,y) =e? 

43. f(x,y) = sin xy 44. g(x,y) = In (x — y) 

45. h(x, y) = cos (x + y) 46. p(x, y) =e" ? 

47. f(x,y) = ln (x? + y’) 48. f(x,y) = V4- x2? -— y? 

49. g(x,y) = Vx? +y? -9 50. h(x, y) = = 
sin(x? + y’) 

51. fy) = g2py2 E&Y) * (0,0) 
1 if (x, y) = (0,0) 


1 — cos (x? + y°) 
x? + y 
0 if (x, y) = (0,0) 


52. f(x,y) = if (x,y) # (0,0) 


53-58. Limits of functions of three variables Evaluate the following 
limits. 


53. lim ze 
(x,y,z) > (1, In 2,3) 


54. lim 


Ine“ (1 + 
Ce a 


2 
Zo XY XZ xX 

5 E oe 
(yay T ay Pay 


56 ji x — Vaz — Vay + Vyz 
e 1m a anc, As 
(x,y,z) (11) x — Vxz + Vay — Vyz 


2 
x^ + = yz = yz 
57. aed : 





lim 
(x,y,z) (1,1,1) X ~~ re 
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Further Explorations 
59. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. Ifthe limits lim  f(x,0)and_ 1 f(0, y) exist and 
(x,0)— (0,0) 


im 
(0.y)— (0,0) 
equal L, then lim x,y) = L. 
i am 
b. If lim F f(x,y) = L, then f is continuous at (a, b). 


(xy)>(a, 
c. If f is continuous at (a, b), then lim f(x,y) exists. 
(xy) > (ab) 


d. If P is a boundary point of the domain of f, then P is in the 
domain of f. 


60-67. Miscellaneous limits Use the method of your choice to evalu- 
ate the following limits. 


2 








, y , y sin x 
60. im =a 6l. lim —— 
(xy) (0,0) x? + y (xy) >(0,1) x(y + 1) 
2 2 
x^ + — 2 In 
62. lim = 63. lim ~— 
Ula = sy ¥ (xy)>(10) x 
X X — 
64. lim byl 65. lim | y! 


(x.y)—>(0.0) |x + y| 


lL — cos y 








66. lim 67. 


lim 7) 
(xy)>(2,0) xy 
68-71. Limits using polar coordinates Limits at (0, 0) may be 
easier to evaluate by converting to polar coordinates. Remember that 
the same limit must be obtained as r — 0 along all paths to (0,0). 
Evaluate the following limits or state that they do not exist. 





ce. im — 
(x,y) (0,0) Vx? + y 
2 
69. lim =~ 
(xy) (0,0) Fy 
w tee e 
` (xy)—>(0,0) x? + xy + y? 
m =y) 


lim 
(xy)>(0,0) (x? + y?)3? 


Additional Exercises 
72. Sine limits Evaluate the following limits. 
sin (x + y) 


a. lim 


(xy)>(00) x+y 


sinx + siny 
b. lm ——— 


(xy) >(0,0) x+y 


73. Piecewise function Let 

sin (x? + y? — 1) 
x? + y = 

b ifx? +y? = 1. 

Find the value of b for which fis continuous at all points in R°. 


ifx? + y? #1 
flxy) = 


74. 


75. 


76. 


Piecewise function Let 
1+ 2y — cos (xy) 


ifxy ~ 0 
fay) = xy ran 
a ifxy = 0. 
Find the value of a for which fis continuous at all points in R°. 





Nonexistence of limits Show that lim 7 7 
(xy) =(00) br a agy 


does not exist when a, b, and c are nonzero real numbers and m 
and n are positive integers. 


ax -n)a 


Nonexistence of limits Show that lim 3 does 
(y= 00) Dx = ey” 
not exist when a, b, and c are nonzero real numbers and n and p 


are positive integers with p = n. 





77-80. Limits of composite functions Evaluate the following limits. 


77. 


78. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 





QUICK CHECK 





lim 
(x,y) > (0,77/2) 
Filling in a function value The domain of f(x, y) = e7!/°+”) 
excludes (0, 0). How should f be defined at (0, 0) to make it 
continuous there? 


Limit proof Use the formal definition of a limit to prove that 
lm y = b. (Hint: Take 6 = e.) 

(x,y) > (a,b) 

Limit proof Use the formal definition of a limit to prove that 
lim (x + y) =a + b. (Hint: Take 6 = &/2.) 

(x,y) (a,b) 


Proof of Limit Law 1 Use the formal definition of a limit to 


rove that lim KV) F Bx, = lim Xy) + 
p E a (f(x,y) + g(x, y)) ee y) 


lim xX, y). 
a a 


Proof of Limit Law 3 Use the formal definition of a limit to 


rove that lim  cf(x,y) =c lim x,y). 
: e a ma a 


ANSWERS 


1. The limit exists only for (a). 2. {(x, y): x + y? < 2} 
3. If a factor of x is first canceled, then the limit may be 


evaluated by substitution. 


4. Ifthe left and right limits at a 


point are not equal, then the two-sided limit does not exist. 
5. (a) and (b) are continuous at (0, 0).< 
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13.4 Partial Derivatives 


The derivative of a function of one variable, y = f(x), measures the rate of change of y 
with respect to x, and it gives slopes of tangent lines. The analogous idea for functions 
of several variables presents a new twist: Derivatives may be defined with respect to any 
of the independent variables. For example, we can compute the derivative of f(x, y) with 
respect to x or y. The resulting derivatives are called partial derivatives; they still repre- 
sent rates of change and they are associated with slopes of tangents. So, much of what you 
have learned about derivatives applies to functions of several variables. However, much is 
also different. 


Derivatives with Two Variables 


Consider a function f defined on a domain D in the xy-plane. Suppose that f represents 
the elevation of the land (above sea level) over D. Imagine that you are on the surface 
z = f(x, y) at the point (a, b, f(a, b)) and you are asked to determine the slope of the sur- 
face where you are standing. Your answer should be, it depends! 

Figure 13.48a shows a function that resembles the landscape in Figure 13.48b. Sup- 
pose you are standing at the point P(0, 0, f(0, 0)), which lies on the pass or the saddle. 
The surface behaves differently, depending on the direction in which you walk. If you 
walk east (positive x-direction), the elevation increases and your path takes you upward on 
the surface. If you walk north (positive y-direction), the elevation decreases and your path 
takes you downward on the surface. In fact, in every direction you walk from the point P, 
the function values change at different rates. So how should the slope or the rate of change 
at a given point be defined? 


Z 





P(O, 0, f (0, 0)) 





x, East y 


(a) (b) 
FIGURE 13.48 


The answer to this question involves partial derivatives, which arise when we hold all 
but one independent variable fixed and then compute an ordinary derivative with respect 
to the remaining variable. Suppose we move along the surface z = f(x, y), starting at the 
point (a, b, f(a, b)) in such a way that y = b is fixed and only x varies. The resulting 
path is a curve (a trace) on the surface that varies in the x-direction (Figure 13.49). This 
curve is the intersection of the surface with the vertical plane y = b; it is described by 
z = f(x, b), which is a function of the single variable x. We know how to compute the 
slope of this curve: It is the ordinary derivative of f(x, b) with respect to x. This derivative 
is called the partial derivative of f with respect to x, denoted ðf /ðx or f,. When evaluated at 
(a, b) its value is defined by the limit 


Me tim + h, 7 = Jä, a), 


918 


CHAPTER 13 © FUNCTIONS OF 


This is the vertical 
plane x = aand... 





(a, b, f(a, b)) 


—_— 
ae ee 


—— ae 


FIGURE 13.50 


... this is the curve z = f(a, y). 





SEVERAL VARIABLES 


This is the vertical ... this is the 
plane y = band... curve z = f(x, b). 






z=) 





The limit - , 
+ = 
lim fern ie ... the slope of the curve z = f(x, b) 
scale at (a, b, f(a, b)), which is f (a, b). 





FIGURE 13.49 


provided this limit exists. Notice that the y-coordinate is fixed at y = b in this limit. If we 
replace (a, b) by the variable point (x, y), then f, becomes a function of x and y. 

In a similar way, we can move along the surface z = f(x,y) from the point 
(a, b, f(a, b)) in such a way that x = a is fixed and only y varies. Now, the result is 
a trace described by z = f(a, y), which is the intersection of the surface and the plane 
x = a (Figure 13.50). The slope of this curve at (a, b) is given by the ordinary derivative 
of f(a, y) with respect to y. This derivative is called the partial derivative of f with respect 
to y, denoted df/dy or f,. When evaluated at (a, b), it is defined by the limit 


Oe lim A? + ‘) =F"). 


provided this limit exists. If we replace (a, b) by the variable point (x, y), then f, becomes 
a function of x and y. 


The limit lim f(a, b + h) — f(a, b) ... the slope of the curve 
3 h z = f(a, y) at (a, b, f(a, b)), 
equals ... z which is fa, b). 


Z 





> Recall that f’ is a function, while f'(a) 
is the value of the derivative at x = a. In 
the same way, f, and f, are functions of 
x and y, while f, (a, b) and f, (a, b) are 
their values at (a, b). 








| Compute f, and f, for 


QUICK CHECK 1 
f(x,y) = 2xy.< 
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DEFINITION Partial Derivatives 
The partial derivative of f with respect to x at the point (a, b) is 


fla + h, b) — f(a, b) 
,b) = lim ——— 
fa (a,b) = h 
The partial derivative of f with respect to y at the point (a, b) is 


fla,b + h) — f(a, b) 
D 


f(a.) = jim 


provided these limits exist. 





Notation The partial derivatives evaluated at a point (a, b) are denoted in any of the 
following ways: 


Notice that the d in the ordinary derivative df/dx has been replaced by ð in the partial 
derivatives df/dx and of/dy. The notation ð/ðx is an instruction or operator: It says, “take 
the partial derivative with respect to x of the function that follows.” 


Calculating Partial Derivatives All the rules and results for ordinary derivatives can 
be used to compute partial derivatives. Specifically, to compute f,(x, y), we treat y as a 
constant and take an ordinary derivative with respect to x. Similarly, to compute f,(x, y), 
we treat x as a constant and differentiate with respect to y. Some examples illustrate the 
process. 


EXAMPLE 1 Partial derivatives Let f(x, y) = x” — y? + 4. 
of 


of 
a. Compute — and —. 
Ox oy 
b. Evaluate each derivative at (2, —4). 
SOLUTION 


a. We compute the partial derivative with respect to x assuming that y is a constant; the 
Power Rule gives 
ð ð 
LEE E ae E 
—— 


Ox Ox ww , 
variable constant with 


respect to x 


The partial derivative with respect to y is computed by treating x as a constant; using 
the Power Rule gives 


ðf ð 
— = mae ed — y + 4) = —2y. 
constant variable constant 
with respect 
toy 


b. It follows that f, (2,-4) = (2x)|(2-4) = 4 and f, (2,-4) = (-2y)|(2-4) = 8. 
Related Exercises 7—24< 
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EXAMPLE 2 Partial derivatives Compute the partial derivatives of the following 
functions. 
a. f(x,y) = sin xy b. g(x,y) = x'e” 
SOLUTION 


a. Treating y as a constant and differentiating with respect to x, we have 


af ð 


> Recall that = —(sin = YCOS xy. 
x gy een ay) = ycosxy 
d . . . ma . 
z (Sin 2x) = 2 cos 2x. Holding x fixed and differentiating with respect to y, we have 
Replacing 2 by the constant y, we have of — ð 


— (sin = XCOS xy. 
ay | xy) y 


dy 

Z (sin xy) = y cos (x). tenes 

ax b. To compute the partial derivative with respect to x, we call on the Product Rule. Hold- 
ing y fixed, we have 


ð ð 
2a Gre”) 
ox Ox 
ð 2N 4X 2 ð x 
= —(x*)e™ + x*—(e”) Product Rule 
Ox Ox 
= 2 
= Pe? ta ye” Evaluate partial derivatives. 
=a a: Simplify. 
> Because x and y are independent Treating x as a constant, the partial derivative with respect to y is 
variables, J J 3 
ð ð = = ee ee) ae 
—(y)=0 and —(x) =0. dy oy oy 
Ox oy aa a 


xe 


Related Exercises 7—24< 


Higher-Order Partial Derivatives 


Just as we have higher-order derivatives of functions of one variable, we also have higher- 
order partial derivatives. For example, given a function f and its partial derivative f,, we 
can take the derivative of f, with respect to x or with respect to y, which accounts for two 
of the four possible second-order partial derivatives. Table 13.4 summarizes the notation 
for second partial derivatives. 


Table 13.4 

Notation 1 Notation 2 What we say... 

ð (of of Sole = fax d squared f dx squared or f-x-x 
a 

a (of\ — of (hy = by d squared f dy squared or f-y-y 
has) 

2 (2) _ of zis fy-x 

ox \ dy oxdy 

a (24) _ of dy = fo f-x-y 

dy \ ox Oyox 





CK 3 Compute f,,, and fix 
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The order of differentiation can make a difference in the mixed partial derivatives 
fry and f,,. SO, it is important to use the correct notation to reflect the order in which 


2 
ð fð 
derivatives are taken. For example, the notations ——— and f,, both mean — (2); that is, 
Oxdy ox \dy 


differentiate first with respect to y, then with respect to x. 





Which of the following expressions are equivalent to each other: (a) fyy; 





QUICK CHECK 2 
3 2 


ð 
(b) fx or (c) ——? Write —— in subscript notation. < 
ðyðxX opog 


EXAMPLE 3 Second partial derivatives Find the four second partial derivatives of 
f(xy) = 3x*y — 2xy + Sxy?, 
SOLUTION First, we compute 





v= <(3x4y — 2xy + Sxy*) = 12x? y — 2y + Sy? 
and 
1- TER — 2xy + S5xy°) = 3x* — 2x + 15xy’. 
For the second partial derivatives, we have 
2 
= p a 7 — (124° y = 2y + Sy°) = 36x"y 
es — z2) = 2 (3x4 — 2x + 15xy*) = 30xy 
dy dy \ dy dy 
af — 2( 2) = (1283 — 2y + 5y?) = 12x° — 2 + 15y°. 


Related Exercises 25-40<« 


Equality of Mixed Partial Derivatives Notice that the two mixed partial deriva- 
tives in Example 3 are equal; that is, fy = f,,. It turns out that most of the functions we 
encounter in this book have this property. Sufficient conditions for equality of mixed partial 
derivatives are given in a theorem attributed to the French mathematician Alexis Clairaut 
(1713-1765). The proof is found in advanced texts. 


THEOREM 13.4 (Clairaut) Equality of Mixed Partial Derivatives 
Assume that f is defined on an open set D of R?, and fry and f,, are continuous 


throughout D. Then fy = f,, at all points of D. 





Assuming sufficient continuity, Theorem 13.4 can be extended to higher derivatives 
ot J- For example, Jos = Jey = J yee: 


Functions of Three Variables 


Everything we learned about partial derivatives of functions with two variables carries 
over to functions of three or more variables, as illustrated in Example 4. 
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QUICK CHECK 4 Compute f, and f, 
for f(x,y,z) = xyz — x” z + yz*< 


» Implicit differentiation can also be 
used with partial derivatives. Instead 
of solving for P, we could differentiate 
both sides of PV = kT with respect to 
V holding T fixed. Using the Product 
Rule, P + VPy = 0, which implies that 
Py = —P/V. Substituting P = kT/V, we 
have Py = —kT/ V°. 


» In the Ideal Gas Law, temperature is a 
positive variable because it is measured 
in degrees Kelvin. 


EXAMPLE 4 Partial derivatives with more than two variables Find f, f,, and f, 
when f(x, y, z) = e cos z. 


SOLUTION To find f,, we treat y and z as constants and differentiate with respect to x: 


of að, = 
— = — (e ®  cosz) = —ye “cos z. 
OX OX n n 
yi1S constant 
constant 


Holding x and z constant and differentiating with respect to y, we have 


of að, o 
— = —(e” cos z) = —xe cos z. 
X 1S constant 
constant 


To find f,, we hold x and y constant and differentiate with respect to z: 


of 0. | oer 
— = — (e ? cosz) = —e ™ sin z. 
constant 


Related Exercises 41-50 


Applications of Partial Derivatives When functions are used in realistic applica- 
tions (for example, to describe velocity, pressure, investment fund balance, or population), 
they often involve more than one independent variable. For this reason, partial derivatives 
appear frequently in mathematical modeling. 


EXAMPLE 5 Ideal Gas Law The pressure P, volume V, and temperature T of an 
ideal gas are related by the equation PV = kT, where k > 0 is a constant depending on 
the amount of gas. 


a. Determine the rate of change of the pressure with respect to the volume at constant 
temperature. Interpret the result. 


b. Determine the rate of change of the pressure with respect to the temperature at con- 
stant volume. Interpret the result. 


c. Explain these results using level curves. 
SOLUTION Expressing the pressure as a function of volume and temperature, we have 


T 
P = k—. 
V 


a. We find the partial derivative ôP /ðV by holding T constant and differentiating P with 


respect to V: 
oP ð T ð kT 
— = —| k>] = kT—(V-) = -—. 
oV VA V 


ne `. oP l 
Recognizing that P, V, and T are always positive, we see that ay < 0, which means 
that the pressure is a decreasing function of volume at a constant temperature. 


b. The partial derivative dP /ðT is found by holding V constant and differentiating P with 


respect to T: 
R. 
oT or\ V V 


In this case óP /ðT > 0, which says that the pressure is an increasing function of tem- 
perature at constant volume. 


On a line of 
constant T, P 
decreases as ™ 






V increases. 
10 
On a line of 
constant V, P 
increases as 
T increases. 
FIGURE 13.51 


» Notice that f’(a) Ax is the approximate 
change in the function given by a linear 
approximation. 
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c. The level curves (Section 13.2) of the pressure function are curves in the V7-plane that 


T 
satisfy k y = Po, where Po is a constant. Solving for T, the level curves are given 


1 Po. y S 
by T = T PV. Because 7 is a positive constant, the level curves are lines in the 


first quadrant (Figure 13.51) with slope Po/k. The fact that = < 0 (from part (a)) 
means that if we hold T > O fixed and move in the direction of increasing V on a 
horizontal line, we cross level curves corresponding to decreasing pressures. 
Similarly, = > 0 (from part (b)) means that if we hold V > 0 fixed and move 


in the direction of increasing T on a vertical line, we cross level curves corresponding 
to increasing pressures. 


Related Exercises 5]—52< 





QUICK CHECK 5 Explain why, in Figure 13.51, the slopes of the level curves increase as 
ep pressures increase. < 


Differentiability 


We close this section with a technical matter that bears on the remainder of the chapter. 
Although we know how to compute partial derivatives of a function of several variables, 
we have not said what it means for such a function to be differentiable at a point. It is 
tempting to conclude that if the partial derivatives f, and f, exist at a point, then f is dif- 
ferentiable there. However, it is not so simple. 

Recall that a function f of one variable is differentiable at x = a provided the limit 


eG + Ax) — f(a) 


a= 7 lean Ax 





exists. If f is differentiable at a, it means that the curve is smooth at the point (a, f(a) ) 
(no jumps, corners, or cusps); furthermore, the curve has a unique tangent line at that 
point with slope f'(a). Differentiability for a function of several variables should carry 
the same properties: The surface should be smooth at the point in question and something 
analogous to a unique tangent line should exist at the point. 

Staying analogy with the one-variable case, we define the quantity 


fla + Ax) — fla) 


s = — _ —- f'(a), 
Ax f(a) 
— ie of 


slope of secant line tangent line 


where € is viewed as a function of Ax. Notice that s is the difference between the slopes 
of secant lines and the slope of the tangent line at the point (a, f(a)). If f is differentiable 
at a, then this difference approaches zero as Ax — 0; therefore, ne € = 0. Multiplying 
both sides of this expression by Ax gives 


she = fat Ax) — f(a) = f(a) Ax 
Rearranging, we have the change in the function y = f(x): 
Ay = f(a + Ax) — f(a) = f'(a) Ax + e Ax. 
—0as Ax > 0 


This expression says that, in the one-variable case, if f is differentiable at a, then the 
change in f between a and a nearby point a + Ax is represented by f’(a) Ax plus a quan- 
tity e Ax, where lim € = 0. 


Ax—>0 
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» Recall that continuity requires that 
lim Xs = a, b > 
im fy) = flab) 


which is equivalent to 


lim a+ Ax,b + Ay) = 
mi o y) 


Tabi: 


The analogous requirement with several variables is the definition of differentiability 
for functions or two (or more) variables. 


DEFINITION Differentiability 


The function z = f(x, y) is differentiable at (a, b) provided f,(a, b) and f,(a, b) ex- 
ist and the change Az = f(a + Ax,b + Ay) — f(a, b) equals 


Az = f(a, b) Ax + f(a, b) Ay + siAx + s,Ay, 


where for fixed a and b, €, and s, are functions that depend only on Ax and Ay, with 
(£1, €2) — (0,0) as (Ax, Ay) — (0, 0). A function is differentiable on an open set 
R if it is differentiable at every point of R. 





Several observations are needed here. First, the definition extends to functions of 
more than two variables. Second, we show how differentiability is related to linear ap- 
proximation and the existence of a tangent plane in Section 13.7. Finally, the conditions 
of the definition are generally difficult to verify. The following theorem may be useful in 
checking differentiability. 


THEOREM 13.5 Conditions for Differentiability 
Suppose the function f has partial derivatives f, and f, defined on an open set 


containing (a, b), with f, and f, continuous at (a, b). Then f is differentiable 
at (a, b). 





This theorem states that existence of f, and f, at (a, b) is not enough to ensure dif- 
ferentiability of f at (a, b), we also need their continuity. Polynomials and rational func- 
tions are differentiable at all points of their domains, as are compositions of exponential, 
logarithmic, and trigonometric functions with other differentiable functions. The proof of 
this theorem is given in Appendix B. 

We close with the analog of Theorem 3.1, which states that differentiability implies 
continuity. 


THEOREM 13.6 Differentiability implies Continuity 


If a function f is differentiable at (a, b), then it is continuous at (a, b). 





Proof: By the definition of differentiability, 
Az = f(a, b) Ax + f(a, b) Ay + &,Ax + e,Ay, 


where (€41, €2) — (0,0) as (Ax, Ay) — (0, 0). Because f is assumed to be differentiable, 
as Ax and Ay approach 0, we see that 


lim Az = 0. 
(Ax,Ay)—> (0,0) 


Also, because Az = f(a + Ax,b + Ay) — f(a, b), it follows that 


+ E e 
ca w Ax,b + Ay) = f(a, b), 


which implies continuity of f at (a, b). < 
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EXAMPLE 6 A nondifferentiable function Discuss the differentiability and conti- 


nuity of the function 





fis not continuous 
at (0, 0), even though 
f0, 0) = f,O, 0) = 0. 


Gy) = 


3xy 
x” + y 
0 if (x, y) = (0, 0). 


if (x, y) # (0,0) 


SOLUTION As a rational function, f is continuous and differentiable at all points 

(x,y) # (0,0). The interesting behavior occurs at the origin. Using calculations similar 
to those in Example 4 in Section 13.3, it can be shown that if the origin is approached 
along the line y = mx, then 


3xy 3m 
i oa a a 
(x,y) (0,0) x* + y m° + I 


Therefore, the value of the limit depends on the direction of approach, which implies 
that the limit does not exist, and f is not continuous at (0, 0). By Theorem 13.6, it 
follows that f is not differentiable at (0, 0). Figure 13.52 shows the discontinuity of f at 


the origin. 
FIGURE 13.52 Let’s look at the first partial derivatives of f at (0,0). A short calculation shows that 
f(O +h, 0) — 70,0) l= 0 
0,0) = lim ——__————— = lim ——— = 0, 
f0, 0) i—>0 h n>0 h 
f(0,0 + h) — f(0, 0) == 0 
0,0) = lim ——_———— = lim —— = 0. 
f0, 0) n>0 h n>0 h 


Despite the fact that f is not differentiable at (0, 0), its first partial derivatives exist at 

(0, 0). Existence of first partial derivatives at a point is not enough to ensure differentia- 
bility at that point. As expressed in Theorem 13.5, continuity of first partial derivatives is 
required for differentiability. It can be shown in this case that f, and f, are not continuous 


at (0, 0). 


SECTION 13.4 EXERCISES 


Review Questions 


1. Suppose you are standing on the surface z = f(x, y) at the point 
(a, b, f(a, b)). Interpret the meaning of f,(a, b) and f,(a, b) in 
terms of slopes or rates of change. 


Find f, and f, when f(x,y) = 3x7y + xy’. 
Find f, and f, when f(x, y) = x cos (xy). 


Find the four second partial derivatives of f(x, y) = 3x 2y + xy? 


ao = a N 


Explain how you would evaluate f, for the differentiable function 
wan 
6. The volume of a right circular cylinder with radius r and height h 


is V = mr’h. Is the volume an increasing or decreasing function 
of the radius at a fixed height (assume r > 0 andh > 0)? 


Basic Skills 

7-24. Partial derivatives Find the first partial derivatives of the fol- 
lowing functions. 

7. f(x,y) = 3x? + 4y? 8. f(x,y) = x’y 


9, f(x,y) = 3x*y + 2 10. f(x,y) = yë + 2x° + 2xy 


Related Exercises 53—54< 








11. f(x,y) = xe’ 12. f(x,y) = In(x/y) 
13. g(x,y) = cos 2xy 14. h(x,y) = (y? + 1) e” 
2 S—t 
15. f(x,y) = e*? 16. f(s,t) = —— 
svt 
17. f(w,z) = oe 5 18. g(x,z) = xln (z? + x?) 
wo t+ Z 
19. s(y,z) = z° tan yz 20. F(p,.q) = VP + pqa+q@ 
t 
ET 22, A(u,v) = ./— 
Sar 7 u—v 
23.. fay) =x" 24. f(x,y) = Vx'y? 


25-34. Second partial derivatives Find the four second partial 
derivatives of the following functions. 


26. f(x,y) = 2xy? + x’y 
28. f(x,y) = (x + 3y) 
30. f(x,y) = cos xy 


25. h(x,y) = x? + xy? +1 
27. f(x,y) = xy” 
29. f(x,y) = y°sin 4x 
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31. p(u,v) = ln (u? + v? +4) 32. Q(r,s) = r/s 
33. F(r,s) = re 34, H(x,y) = V4 +x? +y? 


35-40. Equality of mixed partial derivatives Verify that fey = fyx for 
the following functions. 


35. f(x,y) = 2x? + 3y* +1 36. f(x,y) = xe 
38. f(x,y) = 3x2y 1 — 2x7ly? 
40. f(x,y) = Vxy 


41-50. Partial derivatives with more than two variables Find the 
first partial derivatives of the following functions. 


37. f(x,y) = cos xy 
39. f(x,y) =e” 


41. f(x,y,z) = xy + xz + yz 

42. 9(x,y,z) = 2x*y — 3xz* + 10y2z? 
43. h(x, y,z) = cos (x + y + z) 

44. O(x, y,z) = tan xyz 


u 





45. F(u, v,w) = + 
vtw 


46. G(r,s,t) = Vrs + rt + st 
47. f(w. x,y,z) = wry? + xy?z? 
48. g(w, x,y,z) = cos (w + x) sin (y — z) 


49. h(w, x,y,z) = = 


50. F(w, x,y,z) = wVx + 2y + 3z 


51. Gas law calculations Consider the Ideal Gas Law PV = kT, 
where k > O is a constant. Solve this equation for V in terms of 
P and T. 


a. Determine the rate of change of the volume with respect to the 
pressure at constant temperature. Interpret the result. 

b. Determine the rate of change of the volume with respect to the 
temperature at constant pressure. Interpret the result. 

c. Assuming k = 1, draw several level curves of the volume 
function and interpret the results as in Example 5. 


52. Volume of a box A box with a square base of length x and height 
h has a volume V = xh. 


a. Compute the partial derivatives V, and V,. 

b. For a box with h = 1.5 m, use linear approximation to esti- 
mate the change in volume if x increases from x = 0.5 m to 
x = 0.51 m. 

c. Fora box with x = 0.5 m, use linear approximation to esti- 
mate the change in volume if h decreases from h = 1.5 m to 

= 1.49 m. 

d. For a fixed height, does a 10% change in x always produce 
(approximately) a 10% change in V? Explain. 

e. Fora fixed base length, does a 10% change in h always pro- 
duce (approximately) a 10% change in V? Explain. 


53-54. Nondifferentiability? Consider the following functions f. 


a. Is f continuous at (0,0)? 
b. Is f differentiable at (0,0)? 
c. If possible, evaluate f(0,0) and f,(0, 0). 


d. Determine whether f, and f, are continuous at (0,0). 
e. Explain why Theorems 13.5 and 13.6 are consistent with the results 
in parts (a)—(d). 





53, f(xy)= 4 ety? if (x,y) # (0,0) 
9 if (x,y) = (0,0) 
Ixy" l 
s4. ay = ly (x,y) # (0,0) 


0 if (x,y) = (0,0) 


Further Explorations 
55. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


E ; ar 1 
. — = 10 b. ——(Vxy) = —= 
eax O) á w y) VXY 


c. If f has continuous partial derivatives of all orders, then 


Tew = Ja 


56-59. Estimating partial derivatives The following table shows val- 
ues of a function f(x, y) for select values of x from 2 to 2.5 and select 
values of y from 3 to 3.5. Use this table to estimate the values of the 
following partial derivates. 


N| e [a| 22 |s |as |as 


a [azs [asn [aso | 4550 ao | aT 
[2a [a384 | 2492 [aoe | a701 [a | 4.902 





Ea 

Ea | 

34 | 4.808 | 4.930 | 5.043 | 5.156 | 5.267 | 5.376 _ 
35 | 4950 | 5.072 | 5191 | 5.308 | 5.422 | 5.534 | 


56. f,(2,3) 
58. (2.2, 3.4) 


57. f,(2,3) 
59. f,(2.4, 3.3) 


60-64. Miscellaneous partial derivatives Compute the first partial 
derivatives of the following functions. 


60. f(x,y) =In(1 +e”) 
61. f(x,y) = 1 — tan! (x? + y?) 
62. f(x,y) = 1 — cos (2(x + y)) + cos? (x + y) 
63. h(x, y,z) = (1 + x + 2y) 
4x — 2y — 2z 
64. Ja eSa 
g(x, yz) sy = Oy = 3¢ 


65. Partial derivatives and level curves Consider the function z = x/y’. 


a. Compute z, and z}. 

b. Sketch the level curves for z = 1, 2, 3, and 4. 

c. Move along the horizontal line y = 1 in the xy-plane and 
describe how the corresponding z-values change. Explain how 
this observation is consistent with z, as computed in part (a). 

d. Move along the vertical line x = 1 in the xy-plane and 
describe how the corresponding z-values change. Explain how 
this observation is consistent with z, as computed in part (a). 


66. Spherical caps The volume of the cap of a sphere of radius r and 


thickness h is V = S P(r - h), fr 0 = h = r. 


> | 





V= 


gar = 1) 


a. Compute the partial derivatives V, and V,. 

b. For a sphere of any radius, is the rate of change of volume with 
respect to r greater when h = 0.2r or when h = 0.87? 

c. Fora sphere of any radius, for what value of h is the rate of 
change of volume with respect to r equal to 1? 

d. For a fixed radius r, for what value of h (0 = h < r) is the 
rate of change of volume with respect to h the greatest? 


67. Law of Cosines All triangles satisfy the Law of Cosines 


c? = a? + b? — 2ab cos 0 (see figure). Notice that when 

0 = 77/2, the Law of Cosines becomes the Pythagorean Theorem. 
Consider all triangles with a fixed angle 9 = 7/3, in which case, 
c is a function of a and b, where a > Oandb > 0. 


a 


ð 0 
a. Compute = and - by solving for c and differentiating. 
a 


Oc Oc 
b. Compute a and Db by implicit differentiation. Check for 
a 
agreement with part (a). 
c. What relationship between a and b makes c an increasing 
function of a (for constant b)? 


Applications 
68. Body mass index The body mass index (BMI) for an adult human 


is given by the function B = w/h”, where w is the weight mea- 
sured in kilograms and A is the height measured in meters. (The 
BMI for units of pounds and inches is B = 703 w/h?.) 


a. Find the rate of change of the BMI with respect to weight at a 
constant height. 

b. For fixed h, is the BMI an increasing or decreasing function 
of w? Explain. 

c. Find the rate of change of the BMI with respect to height at a 
constant weight. 

d. For fixed w, is the BMI an increasing or decreasing function 
of h? Explain. 


69. 


“70. 


(ak 


72. 
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Electric potential function The electric potential in the xy-plane 
associated with two positive charges, one at (0, 1) with twice the 
magnitude as the charge at (0, —1), is 


2 1 


A Ta a 








a. Compute p, and p}. 

b. Describe how ¢, and ¢, behave as x, y > + œ. 

c. Evaluate ¢,(0, y), forall y A +1. Interpret this result. 
d. Evaluate ¢,(x, 0), for all x. Interpret this result. 


Cobb-Douglas production function The output Q of an eco- 
nomic system subject to two inputs, such as labor L and capital 
K, is often modeled by the Cobb-Douglas production function 
Q(L, K) = cL‘K°. Suppose a = 4, b = 3, and c = 1. 

a. Evaluate the partial derivatives Qz and Ox. 

b. Suppose L = 10 is fixed and K increases from K = 20 to 
K = 20.5. Use linear approximation to estimate the change in Q. 

c. Suppose K = 20 is fixed and L decreases from L = 10 to 
L = 9.5. Use linear approximation to estimate the change in Q. 

d. Graph the level curves of the production function in the first 
quadrant of the LK-plane for Q = 1, 2, and 3. 

e. Use the graph of part (d). If you move along the vertical line 
L = 2 in the positive K-direction, how does Q change? Is this 
consistent with Ox computed in part (a)? 

f. Use the graph of part (d). If you move along the horizontal line 
K = 2 in the positive L-direction, how does Q change? Is this 
consistent with Q; computed in part (a)? 


Resistors in parallel Two resistors in an electrical circuit with 
resistance R, and R, wired in parallel with a constant voltage give 





an effective resistance of R, where > = R, > 
Ry 
— 
R 


2 


OR OR 
. Find —— and —— by solving for R and differentiating. 


8 


OR OR 
b. Find —— and —— by differentiating implicitly. 
c. Describe how an increase in R, with R, constant affects R. 


d. Describe how a decrease in R» with R, constant affects R. 


Wave on a string Imagine a string that is fixed at both ends 
(for example, a guitar string). When plucked, the string 

forms a standing wave. The displacement u of the string var- 
ies with position x and with time t. Suppose it is given by 

u = f(x, t) = 2 sin (mx) sin (wt/2), forO = x < 1 andt = 0 
(see figure). At a fixed point in time, the string forms a wave on 
[0, 1]. Alternatively, if you focus on a point on the string (fix a 
value of x), that point oscillates up and down in time. 


a. What is the period of the motion in time? 

b. Find the rate of change of the displacement with respect to 
time at a constant position (which is the vertical velocity of a 
point on the string). 
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c. Ata fixed time, what point on the string is moving fastest? 

d. Ata fixed position on the string, when is the string moving 
fastest? 

e. Find the rate of change of the displacement with respect 
to position at a constant time (which is the slope of the 
string). 

f. Ata fixed time, where is the slope of the string greatest? 


u(x,, t) 





73-75. Wave equation Traveling waves (for example, water waves or 
electromagnetic waves) exhibit periodic motion in both time and posi- 
tion. In one dimension (for example, a wave on a string) wave motion 
is governed by the one-dimensional wave equation 

gu 2 eu 


at? ax?’ 


where u(x, t) is the height or displacement of the wave surface at posi- 
tion x and time t, and c is the constant speed of the wave. Show that the 
following functions are solutions of the wave equation. 


73. u(x,t) = cos (2(x + ct)) 
74. u(x,t) = 5cos (2(x + ct)) + 3 sin (x — ct) 
75. u(x,t) = Af(x + ct) + B g(x — ct), where A and B are con- 


stants and f and g are twice differentiable functions of one 
variable 


76-79. Laplace’s equation A classical equation of mathematics is 
Laplace’s equation, which arises in both theory and applications. 

It governs ideal fluid flow, electrostatic potentials, and the steady- 
state distribution of heat in a conducting medium. In two dimensions, 
Laplace’s equation is 


Show that the following functions are harmonic; that is, they satisfy 
Laplace’s equation. 


76. u(x,y) =e “siny 
77. u(x,y) = x(x* — 3y*) 


78. u(x,y) = e” cos ay, for any real number a 


u(x,y) = tan! (=) — tan! (. : 7 


79. 


© 





80-83. Heat equation The flow of heat along a thin conducting bar is 
governed by the one-dimensional heat equation (with analogs for thin 
plates in two dimensions and for solids in three dimensions) 

ðu ou 


ot ax?’ 


where u is a measure of the temperature at a location x on the bar at 
time t and the positive constant k is related to the conductivity of the 

material. Show that the following functions satisfy the heat equation 

with k = 1. 


80. u(x,t) = 10e” sinx 
81. u(x,t) = 4e “cos 2x 
82. u(x,t) 

83. u(x,t) 


e ‘(2 sinx + 3 cos x) 


p2 
= Ae“' cos ax, for any real numbers a and A 


Additional Exercises 

84-85. Differentiability Use the definition of differentiability to prove 
that the following functions are differentiable at (0, 0). You must pro- 
duce functions €; and e, with the required properties. 


84. f(x,y) =x ty 85. f(x,y) = xy 
86-87. Nondifferentiability? Consider the following functions f. 


Is f continuous at (0,0)? 

Is f differentiable at (0,0)? 

If possible, evaluate f,(0,0) and f,(0, 0). 

Determine whether f, and f, are continuous at (0, 0). 

Explain why Theorems 13.5 and 13.6 are consistent with the results 
in parts (a)—(d). 


86. f(x,y) = 1 — lay 


87. f(x,y) = V xy 


88. Mixed partial derivatives 


DANSAR 


a. Consider the function w = f(x, y, z). List all possible second 
partial derivatives that could be computed. 

b. Let f(x,y,z) = x?y + 2xz? — 3y’z and determine which sec- 
ond partial derivatives are equal. 

c. How many second partial derivatives does p = g(w, x, y, Z) 
have? 


89. Derivatives of an integral Let h be continuous for all real 
numbers. 


y 
a. Find f, and f, when f(x,y) = J h(s) ds. 


xy 
b. Find f, and f, when f(x,y) = J h(s) ds. 
1 


, ; ax + by 
90. An identity Show that if f(x, y) = , where a, b, c, and d 
Cx tady 
are real numbers with ad — bc = Q0, then f, = hy = 0, for all x 


and y in the domain of f. Give an explanation. 


91. Cauchy-Riemann equations In the advanced subject 
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ANSWERS 


of complex variables, a function typically has the form pees 
f(x,y) = u(x, y) + iv(x, y), where u and v are real-valued func- L f, = ys fy = 2x 2. (a) and (c) are the same; Jap 


tions and i = V—1 is the imaginary unit. A function f = u + iv 3 fas = Yi foy = Ox 4 fie 5 Y T 2X; fz = 2y 

is said to be analytic (analogous to differentiable) if it satisfies the ' o l 
Cauchy-Riemann equations: u, = v, and u, = —v,. 5. The equations of the level curves are T = i PoV. As the 
a. Show that f(x,y) = (x? — y?) + i(2xy) is analytic. pressure Pp increases, the slopes of these lines increase. < 


b. Show that f(x, y) = x(x? — 3y?) + iy(3x? — y?) is analytic. 
c. Show that if f = u + iv is analytic, then u,, + uy, = 0 and 


Vig Vy — 0, 


az A az 
Ox dy 
ž y 
dx dy 
dt dt 
t t 
dz _ dzdx dz dy 
dt dxdt dydt 
FIGURE 13.54 


13.5 The Chain Rule 


In this section, we combine ideas based on the Chain Rule (Section 3.6) with what we 
know about partial derivatives (Section 13.4) to develop new methods for finding deriva- 
tives of functions of several variables. To illustrate the importance of these methods, con- 
sider the following situation. 

Economists modeling the output of a manufacturing system often work with pro- 
duction functions that relate the productivity of the system (output) to all the variables 
on which it depends (input). A simplified production function might take the form 
P = F(L,K,R), where L, K, and R represent the availability of labor, capital, and natu- 
ral resources, respectively. However, the variables L, K, and R may be intermediate vari- 
ables that depend on other variables. For example, it might be that L is a function of the 
unemployment rate u, K is a function of the prime interest rate i, and R is a function of 
time ¢ (seasonal availability of resources). Even in this simplified model we see that pro- 
ductivity, which is the dependent variable, is ultimately related to many other variables 
(Figure 13.53). Of critical interest to an economist is how changes in one variable deter- 
mine changes in other variables. For instance, if the unemployment rate increases by 0.1% 
and the interest rate decreases by 0.2%, what is the effect on productivity? In this section 
we develop the tools needed to answer such questions. 

















Resources (R) | R 


Unemployment w | Interest rate (i) d Time (t) d 


FIGURE 13.53 














The Chain Rule with One Independent Variable 


d dy d 
Recall the basic Chain Rule: If y is a function of u and u is a function of t, then - = a 
u 


We first extend the Chain Rule to composite functions of the form z = f(x, y), where x 
d 
and y are functions of t. What is P 


We illustrate the relationships among the variables t, x, y, and z using a tree diagram 
(Figure 13.54). To find dz/dt, first notice that z depends on x, which in turn depends on t. 
The change in z with respect to x is the partial derivative 0z/dx, while the change in x with 
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respect to ¢ is the ordinary derivative dx/dt. These derivatives appear on the correspond- 
ing branches of the tree diagram. Using the Chain Rule idea, the product of these deriva- 
tives gives the change in z with respect to t through x. 

Similarly, z also depends on y. The change in z with respect to y is dz/dy, while the 
change in y with respect to t is dy/dt. The product of these derivatives, which appear on 
the corresponding branches of the tree, gives the change in z with respect to t through y. 
Summing the contributions to dz/dt along each branch of the tree leads to the following 
theorem, whose proof is found in Appendix B. 


> A subtle observation about notation 
should be made. If z = f(x, y), where x 
and y are functions of another variable 
t, it is common to write z = f(t) to 
show that z ultimately depends on t. 


THEOREM 13.7 Chain Rule (One Independent Variable) 
ae arway tice To beca we Let z be a differentiable function of x and y on its domain, where x and y are dif- 
should write (or at least remember) that ferentiable functions of ¢ on an interval 7. Then 


However, the two functions denoted f 


in factz = F (1), were J is a function d- d dz dy 
other than f. This distinction is often — = EA 


= -- ; 
dt x dt ðy dt 


overlooked for the sake of convenience. 





QUICK CHECK 1 Explain why Theo- 
rem 13.7 reduces to the Chain Rule for Before presenting examples, several comments are in order. 
a function of one variable in the case 


that z = f(x) and x = g(t).< 





e With z = f(x(t), y(t) ), the dependent variable is z and the sole independent variable is t. 
The variables x and y are intermediate variables. 


Jw e The choice of notation for partial and ordinary derivatives in the Chain Rule is important. 
We write ordinary derivatives dx/dt and dy /dt because x and y depend only on t. We 
write partial derivatives 0z/dx and dz/dy because z is a function of both x and y. Finally, 
we write dz/dt as an ordinary derivative because z ultimately depends only on t. 


ow 
Ox 





dz 
dt e Theorem 13.7 generalizes directly to functions of more than two intermediate variables 
(Figure 13.55). For example, if w = f(x, y, z), where x, y, and z are functions of the 


single independent variable t, then 
dw _ ðwdx , dwdy , ðw dz 


dt ðxdt oy dt Əz dt dw wdx wdy ðw dz 
FIGURE 13.55 dt x dt dydt oz dt 


> If f, x, and y are simple, as in Example 1, it EXAMPLE 1 Chain Rule with one independent variable Letz = x” — 3y” + 20, 
is possible to substitute x(t) and y(t) into where x = 2 cos t and y = 2 sint. 
f, producing a function of t only, and then 

. . : : = dz l 

ennai respect to t. But taig a Pind ndevu ia = r J 4. 
approach quickly becomes impractical dt 

yi more complicated functions and the b. Interpret the result geometrically. 

Chain Rule offers a great advantage. 


SOLUTION 


a. Computing the intermediate derivatives and applying the Chain Rule (Theorem 13.7), 
we find that 
dz _ ide | az dy 
dt oxdt ðydt 
= (2x) (—2 sin t) + (—6y)(2 cost) Evaluate derivatives. 


iey I Mě 

2 S n ati 

ox dt dy dt 
= —4x sin t — 12y cost Simplify. 
= —$§ cos t sin t — 24 sin t cos t Substitute x = 2 cos t, y = 2 sin t. 
= — ]6 sin 2t. Simplify; sin 2t = 2 sin t cos t. 

E . dz 
Substituting t = 7/4 gives — = —16. 


t t=7/4 






dz 


o —16. 


z =x — 3y + 20 


C: < 2 cos t, 2 sin t > 


dz . 
= is the rate of 


dt 


change of z as C 
is traversed. 


FIGURE 13.56 


a _ az Ox 
Os ox ds 
FIGURE 13.57 


öz _ dz ax 
ot ox ot 
FIGURE 13.58 








At (V2,V2, 16), 
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b. The parametric equations x = 2 cost, y = 2 sin t, for0 S t S 27, describe a circle 
C of radius 2 in the xy-plane. Imagine walking on the surface z = x? — 3y% + 20 
while staying directly above the circle C in the xy-plane. Your path rises and falls as 
you walk (Figure 13.56); the rate of change of your elevation z with respect to t is 
given by dz/dt. For example, when t = 7/4, the corresponding point on the surface is 
(V2, V2, 16), and z changes with respect to t at a rate of —16 (by part (a)). 

Related Exercises 7-18< 


The Chain Rule with Several Independent Variables 


The ideas behind the Chain Rule of Theorem 13.7 can be modified to cover a variety 
of situations in which functions of several variables are composed with one another. 
For example, suppose z depends on two intermediate variables x and y, each of which 
depends on the independent variables s and t. Once again, a tree diagram (Figure 13.57) 
helps us organize the relationships among variables. The dependent variable z now 
ultimately depends on the two independent variables s and t, so it makes sense to ask 
about the rates of change of z with respect to either s or t, which are dz/ds and dz/0t, 
respectively. 

To compute dz/ds, we note that there are two paths in the tree (in red in Fig- 
ure 13.57) that connect z to s and contribute to 0z/ds. Along one path, z changes with re- 
spect to x (with rate of change dz/dx) and x changes with respect to s (with rate of change 
ox/ds). Along the other path, z changes with respect to y (with rate of change 0z/dy) 
and y changes with respect to s (with rate of change dy/ds). We use a Chain Rule cal- 
culation along each path and combine the results. A similar argument leads to dz/ot 
(Figure 13.58). 


THEOREM 13.8 Chain Rule (Two Independent Variables) 
Let z be a differentiable function of x and y, where x and y are differentiable 
functions of s and t. Then 


dz ozox  dzdoy oz ozox  dzdoy 
—= —— +t- ne 
ðs  ðxðs  ðyðsS ot ox ot oyotr 








UICK CHECK 2 Suppose that w = f(x, y,z), where x = g(s,t), y = h(s, t), and 
Aa p(s, t). Extend Theorem 13.8 to write a formula for dw /ðt.< 


EXAMPLE 2 Chain Rule with two independent variables Letz = sin 2x cos 3y, 
where x = s + tand y = s — t. Evaluate 0z/ds and ðz/ðt. 


SOLUTION The tree diagram in Figure 13.57 gives the Chain Rule formula for dz/ds: We 
form products of the derivatives along the red branches connecting z to s and add the re- 
sults. The partial derivative is 

oz _ &zax oz oy 


Os ax as dy OSs 
= 2 cos 2x cos 3y + 1 + (—3 sin 2x sin 3y) + 1 


M 
E 


Oz ox az oy 
ae ðs ay os 
= 2 cos (2(s + t)) cos (3(s — t)) — 3 sin (2(s + t)) sin (3(s — f)). 








x y x a 
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Following the branches of Figure 13.58 connecting z to t, we have 
Oz _ &% Ox | de oy 
ot ox ot  ðy ot 

= 2cos 2x cos 3y + 1 + (—3 sin 2x sin 3y) + —1 








_ a es 
əz 2 dz cd 
ax ðt ay ðt 
= 2cos (2(s + t)) cos (3(s — t)) + 3sin (2s + f)) sin (3(s = f)). 
x : x y 


Related Exercises 19—26< 


EXAMPLE 3 More variables Let w be a function of x, y, and z, each of which is a 
function of s and t. 


a. Draw a labeled tree diagram showing the relationships among the variables. 


ð 
b. Write the Chain Rule formula for = 
S 


SOLUTION 


a. Because w is a function of x, y, and z, the upper branches of the tree (Figure 13.59) are 
labeled with the partial derivatives w,, Wy, and w,. Each of x, y, and z is a function of 
FIGURE 13.59 two variables, so the lower branches of the tree also require partial derivative labels. 





b. Extending Theorem 13.8, we take the three paths through the tree that connect w to s 
(red branches in Figure 13.59). Multiplying the derivatives that appear on each path 
and adding gives the result 





QUICK CHECK 3 If Q is a function of 
w, x, y, and z, each of which is a func- 
tion of r, s, and t, how many depen- 
dent variables, intermediate variables, ðw ðwðx  ðwðy ðw&z 
and independent variables are there? < w ni ay a Boe 


Related Exercises 19-26< 


It is probably clear by now that we can create a Chain Rule for any set of relationships 
among variables. The key is to draw an accurate tree diagram and label the branches of the 
tree with the appropriate derivatives. 


EXAMPLE 4 A different kind of tree Let w be a function of z, where z is a function 
of x and y, and each of x and y is a function of t. Draw a labeled tree diagram and write 
the Chain Rule formula for dw /dt. 


SOLUTION The dependent variable w is related to the independent variable t through two 
paths in the tree: w —> z —> x —> t andw—>z— y > t (Figure 13.60). At the top of the 
tree, w is a function of the single variable z, so the rate of change 1s the ordinary deriva- 
tive dw/dz. The tree below z looks like Figure 13.54. Multiplying the derivatives on each 
of the two branches connecting w to t, and adding the results, we have 





t t 
FIGURE 13.60 dw _ dwdzdx | dwozdy _ dw (z= J z2) 


dt dzəxdt dzðydt dz\ðxdt ðydt 


Related Exercises 27—-30< 


Implicit Differentiation 


Using the Chain Rule for partial derivatives, the technique of implicit differentiation can be put 
in a larger perspective. Recall that if x and y are related through an implicit relationship, such 
as sin xy + ay” = x, then dy /dx is computed using implicit differentiation (Section 3.7). 
Another way to compute dy/dx is to define the function F(x,y) = sin xy + my% — x. 
Notice that the original relationship sin xy + wy? = xis F(x,y) = 0. 


» The question of whether a relationship of 
the form F(x,y) = 0 or F(x, y,z) = 0 
determines a function is addressed by a 
theorem of advanced calculus called the 
Implicit Function Theorem. 


» The preceding method generalizes to 
_  &Z Oz, 
computing — and — with functions of 
Ox oy 


the form F(x, y,z) = 0 (Exercise 48). 








FIGURE 13.62 
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To find dy/dx, we treat x as the independent variable and differentiate both sides of 
F(x, y(x)) = 0 with respect to x. The derivative of the right side is 0. On the left side, we 
use the Chain Rule of Theorem 13.7: 


OF dx oF dy 
a = 0, 
ox dx dy dx 


1 


Noting that dx/dx = 1 and solving for dy/dx, we obtain the following theorem. 


THEOREM 13.9 Implicit Differentiation 
Let F be differentiable on its domain and suppose that F(x, y) = 0 defines y as a 
differentiable function of x. Provided F, ~ 0, 





EXAMPLE 5 Implicit differentiation Find dy/dx when 
F(x,y) = sinxy + my? — x =Q. 


SOLUTION Computing the partial derivatives of F with respect to x and y, we find that 
F, = ycosxy— 1 and F; = xcosxy + 27y. 


Therefore, 


ay. oF, ycosxy — 1 
dx F, xcos xy + 2ay 


As with many implicit differentiation calculations, the result is left in terms of both x and 
y. The same result is obtained using the methods of Section 3.7. 
Related Exercises 31-36< 


EXAMPLE 6 Fluid flow A basin of circulating water is represented by the square re- 
gion { (x, yka 1.02 7= 1}, where x is positive in the eastward direction and 
y is positive in the northward direction. The velocity components of the water, 


East-west velocity: u(x, y) = 2 sin 7x cos Ty 


North-south velocity: v(x, y) = —2 cos 7x sin Ty, 


produce the flow pattern shown in Figure 13.61. The streamlines shown in the figure are 
the paths followed by small parcels of water. The speed of the water at a point (x, y) is 
given by the function s(x, y) = Vu(x, y)” + v(x, y)”. Find ds /dx and ds/dy, the rates of 
change of the water speed in the x- and y-directions, respectively. 


SOLUTION The dependent variable s depends on the independent variables x and y 
through the intermediate variables u and v (Figure 13.62). Theorem 13.8 applies here in 
the form 
Os Os ðu OS OV Os Os ðu — ðS OV 
e T ee 
ox  ðuðx  ðvðx ðy  ðuðy  ðvðy 


The derivatives ðs /ðu and ðs /ðv are easier to find if we square the speed function to ob- 
tain s* = u” + v? and then use implicit differentiation. To compute ðs /ðu, we differenti- 
ate both sides of s? = u?” + v? with respect to u: 


Os a Os u 
2s- = 2u, which implies that — = — 
ðu Ou S 
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Similarly, differentiating s” = u* + v” with respect to v gives 


Os Os Vv 
2s— = 2v, which implies that — = -. 
ðv ðv S 


ð 
Now the Chain Rule leads to 
xX 


as _ as au 
Ox OU Ox 


u V . . 
= (27 COS TX COS Try) + 5 (27 sin 7x sin Ty) 


Os ðu Os ðv 
iy Ox au ax 
2T 


= ~u COS TMX COS TY + v sin Tx sin Ty). 
A similar calculation shows that 
OSs 2T 


s —— (u sin mx sin Ty + v COs TX COS Ty). 
y s 


As a final step, you could replace s, u, and v by their definitions in terms of x and y. 


SECTION 13.5 EXERCISES 


Review Questions 


1. Suppose z = f(x, y), where x and y are functions of t. How 
many dependent, intermediate, and independent variables are 
there? 

2. Letz bea function of x and y, while x and y are functions of t. 

d 
Explain how to find as 
dt 
3. Suppose w is a function of x, y, and z, which are each functions of 
d 
t. Explain how to find - 

4. Letz = f(x,y), x = g(s,t), and y = h(s, t). Explain how to find 
ðz/ ðt. 

5. Given that w = F(x, y, z), and x, y, and z are functions of r and s, 
sketch a Chain Rule tree diagram with branches labeled with the 
appropriate derivatives. 

6. Suppose F(x, y) = 0 and y is a differentiable function of x. 
Explain how to find dy/dx. 

Basic Skills 


7-16. Chain Rule with one independent variable Use Theorem 13.7 
to find the following derivatives. When feasible, express your answer in 
terms of the independent variable. 


qs 
8. 
9. 


dz/dt, where z = x? + y°,x = t°, andy = t 
dz/dt, where z = oar mdy 


dz/dt, where z = x sin y, x = H andy = 47 


15. 


16. 


17. 


18. 


Related Exercises 37—38 


3 


dz/dt, where z = tO Wy r= andy =7- 


. dw/dt, where w = cos 2x sin 3y,x = t/2, and y = j 


dz/dt, where z = V r? + s*,r = cos 2t, ands = sin 2t 


dw/dt, where w = xy sin z, x = t? y = 40, andz=t+1 


. dQ/dt, where Q = Vx? + y? +z’ x = sint, y = cos ź, and 


Z = cost 


dU/dt, where U = In (x + y +z) x =t y= t°, and 
2 
= 


x 
dV/dt, where V = 
yor 





ey = andes 
Z 


Changing cylinder The volume of a right circular cylinder with 
radius r and height h is V = mr°h. 


a. Assume that r and h are functions of t. Find V’ (t). 

b. Suppose that r = e‘ and h = e ~, fort = 0. Use part (a) to 
find V’ (t). 

c. Does the volume of the cylinder in part (b) increase or 
decrease as t increases? 


Changing pyramid The volume of a pyramid with a square base 
x units on a side and a height of h is V = 3x7h. 


a. Assume that x and / are functions of t. Find V’ (t). 

b. Suppose that x = t/(t + 1)andh = 1/(t + 1), fort = 0. 
Use part (a) to find V’ (t). 

c. Does the volume of the pyramid in part (b) increase or 
decrease as t increases? 


19-26. Chain Rule with several independent variables Find the 
following derivatives. 


2 


19. z, and z, where z = x? sin y,x = s — t, and y = t° 


20. z, and z, where z = sin (2x + y), x = s? — f°, and 
y= Str 


21. z, and z, where z = xy — x°y,x = s + t,andy = s-t 
22. z, and z, where z = sin x cos 2y,x = s + t, andy = s — t 
23. z, and z, where z = e*™™, x = st, and y = s + t 


24. z,and z, where z = xy — 2x + 3y,x = cos s, and 
y = sint 





=a 
25. w,and w, where w = „x =s +t,y = st, and 
z 


£=—f5 — 7 
26. w, w, and w,, where w = Vx? + y? +7*x= st, y = rs, and 
z= rt 


27-30. Making trees Use a tree diagram to write the required Chain 
Rule formula. 


27. wis a function of z, where z is a function of x and y, each of 
which is a function of t. Find dw /dt. 


28. w = f(x, y, Zz), where x = g(t), y = h(s, t), andz = p(r, s, ft). 
Find ðw /ot. 


2). j = f(v), where v = g(w, X, y), w = COR = p(t, 2), and 
y = q(t, z). Find ðu /ðz. 


30. u = f(v, w, x), where v = g(r, 5,t),w = h(r,s,t), 
x = p(r,s,t), and r = F(z). Find ðu /dz. 


31-36. Implicit differentiation Given the following equations, evalu- 
ate dy/dx. Assume that each equation implicitly defines y as a differen- 
tiable function of x. 


31. x? — 2y?-1=0 
32. x3 + 3xy?— yp? = 0 
33. 2sinxy = 1 

34. ye” —2=0 

35. Vx? + Ixy + yt = 3 
36. yIn(x? + y?+ 4) =3 


37-38. Fluid flow The x- and y-components of a fluid moving in two 
dimensions are given by the following functions u and v. The speed of 


the fluid at (x, y) is s(x,y) = Vu(x, y)” + v(x, y}. Use the Chain 


Rule to find ds /dx and ðs /dy. 
37. u(x,y) = 2y and v(x, y) = —2x; x = Oand y = 0 


38. u(x,y) = x(1 — x)(1 — 2y) and v(x, y) = y(y — 1)(1 — 2x); 
Va 22 1L0=)= I] 
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Further Explorations 
39. Explain why or why not Determine whether the following 
statements are true and give an explanation or counterexample. 
Assume all partial derivatives exist. 
a. Ifz = (x + y) sin xy, where x and y are functions of s, then 
z dzdx 
ðs dxds 
b. Given that w = f(x(s, t), y(s, t), z(s, t) ), the rate of change of 
w with respect to t is dw/dt. 





40-41. Derivative practice two ways Find the indicated derivative in 
two ways: 


a. Replace x and y to write z as a function of t and differentiate. 
b. Use the Chain Rule. 
40. z'(t), where z = ln (x + y),x = te', and y = e' 

1 


! 2 3 
41. z'(t), wherez = — + —,x = t + 2t,andy = f° — 2 
X y 


42—46. Derivative practice Find the indicated derivative for the 
following functions. 


42. dz/dp, where z = x/y,x = p +q,andy=p-—q 


1 


43. dw/dt, where w = xyz,x = 2t*,y = 3f', and z = 4¢° 


44. dw/ox, where w = cos z — cosxcosy + sin x sin y, and 
£=x 7 ¥ 





ð 1 1 1 
45. a where — +- +- = 1 
Ox X y Z 


46. ðz/ðx, where xy — z = 1. 
47. Change on a line Suppose w = f(x, y, z) and £ is the line 
r(t) = (at, bt, ct), for—~ < t < ©, 


a. Find w'(t) on € (in terms of a, b, c, Wy, Wy, and w,). 

b. Apply part (a) to find w'(t) when f(x, y, z) = xyz. 

c. Apply part (a) to find w'(t) when f(x, y, z) = 
Vx? + y? + 22, 

d. For a general function w = f(x, y, z), find w” (t). 





48. Implicit differentiation rule with three variables Assume that 
F(x, y, (x, y)) = 0 implicitly defines z as a differentiable func- 
tion of x and y. Extend Theorem 13.9 to show that 


49-51. Implicit differentiation with three variables Use the result of 


oz oZ . 
Exercise 48 to evaluate re and a for the following relations. 
X y 
49. xy + xz +t yz=3 


50. x? + 2y? — 3z? = 1 


Sl... wyz+tx+ty-z=0 
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52. More than one way Let e** = 2. Find z, and z, in three ways 
(and check for agreement). 


a. Use the result of Exercise 48. 
b. Take logarithms of both sides and differentiate xyz = In 2. 
c. Solve for z and differentiate z = In 2/(xy). 


53-56. Walking on a surface Consider the following surfaces speci- 

fied in the form z = f(x, y) and the curve C in the xy-plane given 

parametrically in the form x = g(t), y = h(t). 

a. In each case, find z'(t). 

b. Imagine that you are walking on the surface directly above the 
curve C in the direction of increasing t. Find the values of t for 
which you are walking uphill (that is, z is increasing). 


53. z = x? + 4y? + 1,C:x =costy = sint, OS t= 27 


54. z = 4x? — y? + 1,C:x = cost, y = sin t; O0 S t S 2r 





55. z= V1- x? =), Cx =e .°.y=¢°r= +In2 


56. z= 2x? + y? + 1,C:x = 1 + cost, y = sint, 0 StS 27 


Applications 

57. Conservation of energy A projectile with mass m is launched 
into the air on a parabolic trajectory. For t = 0, its horizontal and 
vertical coordinates are x(t) = ugt and y(t) = —5 gt? + vot, 
respectively, where uo is the initial horizontal velocity, vp is the ini- 
tial vertical velocity, and g is the acceleration due to gravity. Recall- 
ing that u(t) = x’(t) and v(t) = y'(t) are the components of the 
velocity, the energy of the projectile (kinetic plus potential) is 


1 
E(t) = z mu? + v?) + mgy. 


Use the Chain Rule to compute E’ (t) and show that E’(t) = 0, 
for all t = O. Interpret the result. 


58. Utility functions in economics Economists use utility functions 
to describe consumers’ relative preference for two or more commodi- 
ties (for example, vanilla vs. chocolate ice cream or leisure time vs. 
material goods). The Cobb-Douglas family of utility functions 
has the form U(x, y) = x“y'~“, where x and y are the amounts 
of two commodities and 0 < a < 1 is a parameter. Level curves 
on which the utility function is constant are called indifference 
curves; the utility is the same for all combinations of x and y 
along an indifference curve (see figure). 


Indifference 
curves 






z U(x, y) = Ci 
U(x, y) = c, 


a. The marginal utilities of the commodities x and y are defined 
to be ðU /ðx and ðU /dy, respectively. Compute the marginal 


a,,l—a 


utilities for the utility function U(x, y) = x“y 


59. 


60. 


6l. 


62. 


b. The marginal rate of substitution (MRS) is the slope of 
the indifference curve at the point (x, y). Use the Chain 
Rule to show that for U(x, y) = x“y'!~%, the MRS is 

a y 





l—-ax 
c. Find the MRS for the utility function U(x, y) = x°4y°° at 
(x,y) = (8, 12). 
Constant volume tori The volume of a solid torus (a bagel or 
doughnut) is given by V = (m?/4)(R + r)(R — r)’, where r 
and R are the inner and outer radii and R > r (see figure). 





a. If R andr increase at the same rate, does the volume of the 
torus increase, decrease, or remain constant? 

b. If R and r decrease at the same rate, does the volume of the 
torus increase, decrease, or remain constant? 


Body surface area One of several empirical formulas that relates 

the surface area S of a human body to the height h and weight w 

of the body is the Mosteller formula S(h, w) = 25 Vhw, where 

h is measured in centimeters, w is measured in kilograms, and 

S is measured in square meters. Suppose that h and w are func- 

tions of t. 

a. Find S’(f). 

b. Show that the condition that the surface area remains constant 
as h and w change is wh'(t) + hw'(t) = 0. 

c. Show that part (b) implies that for constant surface area, h and 
w must be inversely related; that is, h = C/w, where C is a 
constant. 


The Ideal Gas Law The pressure, temperature, and volume of an 
ideal gas are related by PV = kT, where k > 0 is a constant. Any 
two of the variables may be considered independent, which deter- 
mines the third variable. 


a. Use implicit differentiation to compute the partial derivatives 
OP ôT oV 
m L a 
oV oP oT 
P oT OV 


ð 
b. Show that ———— = 
oV ðP oT 


generalization.) 


— 1. (See Exercise 67 for a 


Variable density The density of a thin circular plate of radius 
2 is given by p(x, y) = 4 + xy. The edge of the plate is 
described by the parametric equations x = 2 cost, y = 2 sin t, 
lor 0 =f = 27. 


a. Find the rate of change of the density with respect to t on the 
edge of the plate. 

b. At what point(s) on the edge of the plate is the density a 
maximum? 


63. 


Spiral through a domain Suppose you follow the spiral path 

C:x = cost,y = sint,z = t, fort = 0, through the domain of 

the function w = f(x,y,z) = (xyz)/(z? + 1). 

a. Find w’(t) along C. 

b. Estimate the point (x, y, z) on C at which w has its maximum 
value. 


Additional Exercises 


64. 


65. 


66. 


67. 


Change of coordinates Recall that Cartesian and polar coordi- 
nates are related through the transformation equations 


ye reese rel 
y = rsin tan 0 = y/x. 


a. Evaluate the partial derivatives x,, y,, xg, and yọ. 

b. Evaluate the partial derivatives r,, r,, 0x, and 0,. 

c. Fora function z = f(x, y), find z, and z, where x and y are 
expressed in terms of r and 0. 

d. For a function z = g(r, 0), find z, and z,, where r and 6 are 
expressed in terms of x and y. 


dz \? dz \* dz\? 1 faz \? 
e. Show that (2) + (=) = (=) + =(=) : 
Ox oy or r^ \ 00 


Change of coordinates continued An important derivative 
operation in many applications is called the Laplacian; in Cartesian 
coordinates, for z = f(x, y), the Laplacian is z,, + z,,. Determine 
the Laplacian in polar coordinates using the following steps. 


a. Begin with z = g(r, 0) and write z, and z, in terms of polar 
coordinates (see Exercise 64). 


b. Use the Chain Rule to find z,, = ). There should be 


a 


two major terms, which, when expanded and simplified, result 
in five terms. 


ð 
c. Use the Chain Rule to find z,, = ma (z,). There should be 
y 


two major terms, which, when expanded and simplified, result 

in five terms. 
d. Combine parts (b) and (c) to show that 

_ 1 
Zax t Lyy — rr + a + p2 00: 

Geometry of implicit differentiation Suppose x and y are related 
by the equation F(x, y) = 0. Interpret the solution of this equa- 
tion as the set of points (x, y) that lie on the intersection of the 
surface z = F(x, y) with the xy-plane (z = 0). 
a. Make a sketch of a surface and its intersection with the 

xy-plane. Give a geometric interpretation of the result that 

dy Fy 


dx F, 
y 
b. Explain geometrically what happens at points where 


p=, 


General three-variable relationship In the implicit relation- 
ship F(x, y, z) = 0, any two of the variables may be considered 
independent, which then determines the third variable. To avoid 
confusion, we use a subscript to indicate which variable is held 


means that 


oe OZ 
fixed in a derivative calculation; for example (2 ) 
x 
y 


68. 


69. 
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y is held fixed in taking the partial derivative of z with respect to x. 
(In this context, the subscript does not mean a derivative.) 


a. Differentiate F(x, y,z) = 0 with respect to x holding y fixed 


d F; 
to show that Z) = = 
ox / y F- 
ð d. 
b. As in part (a), find (2) and (=) l 
OZ / x dy / 


Oz oy ax 
c. Show that | — — —|=-], 
0x J y\0Z/x\ dy /, 


d. Find the relationship analogous to part (c) for the case 
F(w, x,y,z) = 0. 


Second derivative Let f(x, y) = 0 define y as a twice differen- 
tiable function of x. 


Safy E Liddy + ones 
ee | 
b. Verify part (a) using the function f(x, y) = xy — 1. 


a. Show that y"(x) = 


Subtleties of the Chain Rule Let w = f(x, y,z) = 2x + 3y + 4z, 
which is defined for all (x, y, z) in R°. Suppose that we are in- 
terested in the partial derivative w, on a subset of RÌ, such as the 
plane P given by z = 4x — 2y. The point to be made is that the 
result is not unique unless we specify which variables are consid- 
ered independent. 


a. We could proceed as follows. On the plane P, consider x and y 
as the independent variables, which means z depends on x and 
y, SO We write w = f(x, y, z(x, y)). Differentiate with respect 


= 18, where the sub- 


ðw 

to x holding y fixed to show that aa 
x 

y 


script y indicates that y is held fixed. 


b. Alternatively, on the plane P, we could consider x and z as the 
independent variables, which means y depends on x and z, so 
we write w = f(x, y(x, z), z) and differentiate with respect to 


= 8, where the subscript 
Z 


0 
x holding z fixed. Show that (=) 
x 


z indicates that z is held fixed. 
c. Make a sketch of the plane z = 4x — 2y and interpret the re- 
sults of parts (a) and (b) geometrically. 


ð 
d. Repeat the arguments of parts (a) and (b) to find (=) , 


( ðw ) ( Ow ) ( ðw ) y 
—— hA I andi = j: 
OVI: NOZ OZ /y 





ð 
1. Ifz = f(x(t)), then < = 0, and the original Chain Rule 
7 


results. 2. 


aw _ aw ax 


_ ow oy 
dt ax at 


Oy ot 


ow oz 
oz Ot 


3. One dependent variable, four intermediate variables, and 
three independent variables < 
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13.6 Directional Derivatives and the Gradient 


We seek the 
rate of change f 
of fat Pp in the 
direction of u. 






“(a, b, f(a, b)) 


P 


<J a P N 


Unit vector u 


FIGURE 13.63 
u| = 1 

u 

/ \ 

u, = COS 8 
(a) 

€ 
y 






LO h sin 0 
JZ. \ 


P,(a, b) h cos @ 


u = (u, u,) = (cos 0, sin 0) 


(b) 
FIGURE 13.64 


2 =f Y) 


Partial derivatives tell us a lot about the rate of change of a function on its domain. How- 
ever, they do not directly answer some important questions. For example, suppose you 
are standing at a point (a, b, f(a, b)) on the surface z = f(x, y). The partial derivatives 
fx and f, tell you the rate of change (or slope) of the surface at that point in the directions 
parallel to the x-axis and y-axis, respectively. But you could walk in an infinite number of 
directions from that point and find a different rate of change in every direction. With this 
observation in mind, we pose several questions. 


e Suppose you are standing on a surface and you walk in a direction other than a coor- 
dinate direction—say, northwest or south-southeast. What is the rate of change of the 
function in such a direction? 


e Suppose you are standing on a surface and you release a ball at your feet and let it roll. 
In which direction will it roll? 


e If you are hiking up a mountain, in what direction should you walk after each step if 
you want to follow the steepest path? 


These questions will be answered in this section as we introduce the directional deriva- 
tive, followed by one of the central concepts of calculus—the gradient. 


Directional Derivatives 


Let (a, b, f(a, b)) be a point on the surface z = f(x, y) and let u be a unit vector in the 
xy-plane (Figure 13.63). Our aim is to find the rate of change of f in the direction u at 
Po(a, b). In general, this rate of change is neither f,(a, b) nor f,(a, b) (unless u = (1,0) 
oru = (0, 1 \), but it turns out to be a combination of f,(a, b) and f,(a, b). 

Figure 13.64a shows the unit vector u at an angle 0 to the positive x-axis; its compo- 
nents are u = (u;,u>) = (cos 9, sin 0). The derivative we seek must be computed along 
the line € in the xy-plane through Pp in the direction of u. A neighboring point P, which is 
h units from Pp along €, has coordinates P(a + h cos 0, b + h sin 0) (Figure 13.64b). 

Now imagine the plane Q perpendicular to the xy-plane, containing €. This plane cuts 
the surface z = f(x, y) in a curve C. Consider two points on C corresponding to Pp and P; 
they have z-coordinates f(a, b) and f(a + hcos6,b + hsin@) (Figure 13.65). The slope 
of the secant line between these points is 


f(a + hcos0,b + hsin@) — f(a, b) 
i l 
The derivative of f in the direction of u is obtained by letting h — 0; when the limit ex- 


ists, it is called the directional derivative of f at (a, b) in the direction of u. It gives the 
slope of the line tangent to the curve C in the plane Q. 


DEFINITION Directional Derivative 


Let f be differentiable at (a, b) and let u = (cos 0, sin 0) be a unit vector in the 
xy-plane. The directional derivative of f at (a, b) in the direction of u is 


f(a + hcos0,b + hsin@) — f(a, b) 


Dyf(a,b) = lim ; 


provided the limit exists. 








QUICK CHECK 1 Explain why, when 0 = Q in the definition of the directional derivative, 
the ales is f,(a, b) and when 0 = 77/2, the result is f(a, b).< 


» The definition of the directional 
derivative looks like the definition of the 
ordinary derivative if we write it as 

o S(P) = f(Po) 
lm —_———__. 
P>P, |P — Pol 
where P approaches Pp along the line 
determined by the angle 0. 


» To see that s is an arc length parameter, 
note that the line € may be written in the 
form 


r(s) = (a + su, b + suz). 


Therefore, r’(s) = (uj, uz) and 

Ir’(s)| = 1. It follows by the discussion 
in Section 12.8 that s is an arc length 
parameter. Because the directional 
derivative is a derivative with respect to 
length along £, it is essential that s be an 
arc length parameter, which occurs only 
if u is a unit vector. 





QUI ‘2 In the paramet- 

ric description x = a + su, and 

y = b + su, where u = (uj, U>) 1S 
a unit vector, show that any positive 
change As in s produces a line seg- 


ment of length As. <« 
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Slope of tangent line 
=o f(a+hcos 0,b + hsin 0) — f(a, b) 
h>0 h 


f(a +hcos 0,b + h sin 0) — f(a, b) 


Slope of secant line = 7, 






b+hsin 60 Plane Q 





(X,Y) 


Plane Q cuts surface 


to form the curve C. 
a+hcos@ 


FIGURE 13.65 


As with ordinary derivatives, we would prefer to evaluate directional derivatives 
without taking limits. Fortunately, there is an easy way to express the directional deriva- 
tive in terms of partial derivatives. 

The key is to define a function that is equal to f along the line € through (a, b) in the 


direction of the unit vector u = (u4, uz). The points on £ satisfy the parametric equations 
x=artsu, and y= b + su, 


where —© < s < ©, Because u is a unit vector, the parameter s corresponds to arc 
length. As s increases, the points (x, y) move along ¢ in the direction of u with s = 0 cor- 
responding to (a, b). Now we define the function 


g(s) = fla + suy,b + sug), 
— as Cam 
x y 
which gives the values of f along £. The derivative of f along £ is g'(s), and when evalu- 


ated at s = 0, it is the directional derivative of f at (a, b); that is, g'(0) = D,f(a, b). 


d. d 
Noting that 7 = u; and = u, we apply the Chain Rule to find that 
S 


ds 


of d of d 
a + ta Chain Rule 


ox ds ay ds 





Dyf(a, b) = g'(0) = | P 


fa, b jui FJ Aab jun: 


We see that the directional derivative is a weighted average of the partial derivatives 
f(a, b) and f,(a, b), with the components of u serving as the weights. In other words, 
knowing the slope of the surface in the x- and y-directions allows us to find the slope in 
any direction. Notice that the directional derivative can be written as a dot product, which 
provides a practical formula for computing directional derivatives. 


s = 0 corresponds to (a, b). 


THEOREM 13.10 Directional Derivative 


Let f be differentiable at (a, b) and letu = (u4, uz) be a unit vector in the 


xy-plane. The directional derivative of f at (a,b) in the direction of u is 


Dy f(a, b) = (f.(a, b), f(a, b) ) ° (uy, uy) 
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> Itis understood that the line tangent 
to the curve C in the direction of u lies in 
the plane Q containing u perpendicular to 
the xy-plane. 


EXAMPLE 1 Computing directional derivatives Consider the paraboloid 
z = f(x,y) = t(x? + 2y?) + 2. Let P) be the point (3, 2) and consider the unit vectors 


-(45) r = (4-22) 
u = Vr V5 and v= 5 


a. Find the directional derivative of f at Po in the directions of u and v. 


b. Graph the surface and interpret the directional derivatives. 
SOLUTION 


a. We see that f, = x/2 and f, = y; evaluated at (3, 2), we have f,(3,2) = 3/2 and 
f,(3, 2) = 2. The directional derivatives in the directions u and v are 


Dyf(3,2) = (fc(3,2),.f,(3, 2) ) + (ua, u2) 
ee ee ee ee 
"2 42 va 3y ee 
Dy f(3,2) = (f-(3,2),f,(3,2)) + (vi v2) 
3 


l 3\ 3 
a2 he (2) EEE N E S 


b. In the direction of u, the directional derivative is approximately 2.47. Because it is 
positive, the function is increasing at (3, 2) in this direction. Equivalently, the 
slope of the line tangent to the curve C in the direction of u is approximately 2.47 
(Figure 13.66a). In the direction of v, the directional derivative is approximately 
—0.98. Because it is negative, the function is decreasing in this direction. In this case, 
the slope of the line tangent to the curve C in the direction of v is approximately — 0.98 
(Figure 13.66b). 


gogo taata z=1@? + 2y) +2 













| 25) Plane 
32a containing 
: >N uorv 
perpendicular | 
| | to xy-plane NE 








(3, 2) 
~~ 
u= v={Ł}- 








Slope of line in Q tangent to the | 
intersection curve in the direction 
_ of v has slope D,f ~ —0.98. 


Slope of line in Q tangent to the | 
intersection curve in the direction 
| of u has slope D f ~ 2.47. 














(a) (b) 


FIGURE 13.66 


Related Exercises 7-8< 





CK 3 In Example 1, evaluate D_, f(a, b) and D_, f(a, b).< 
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The Gradient Vector 


We have seen that the directional derivative can be written as a dot product: 


Duf(a,b) = (fa, b), f(a, b)) + (u1, uz). The vector (f(a, b), f(a, b)) that appears in 
the dot product is important in its own right and is called the gradient of f. 


» Recall that the unit coordinate vectors in DEFINITION Gradient (Two Dimensions) 
Let f be differentiable at the point (x, y). The gradient of f at (x, y) is the vector- 


R? arei = (1,0) andj = (0,1). The 
gradient of f is also written grad f, read 
grad f. 


valued function 


Vfl y) = (fel ») FO) =f sy) i + A(x y). 





With the definition of the gradient, the directional derivative of f at (a,b) in the 
direction of the unit vector u can be written 


Dy f(a, b) = Vf(a, b)+ u. 
The gradient satisfies sum, product, and quotient rules analogous to those for ordinary 


derivatives (Exercise 81). 


EXAMPLE 2 Computing gradients Find Vf and Vf(3, 2) for 
f(xy) =x + Day y. 
SOLUTION Computing fs = 2x + 2y and f, = 2x — 3y7, we have 
V(x, y) = (2(x + y), 2x — By?) = Q(x + y)i + (2x — 3y?)j. 
Substituting x = 3 and y = 2 gives 
Vf(3,2) = (10,-6) = 10i — 6j. 
Related Exercises 9-16< 


EXAMPLE 3 Computing directional derivatives with gradients Let 


2 1 
J xy 
Vv) a= = 
eo a. Compute Vf(3,—1). i i 
at (3, =l, a in the b. Compute Da f(3,—1), where u = (> -> 
direction of u 1 P V? v2 
DOr) = 10V2° c. Compute the directional derivative of f at (3, —1) in the direction of the vector (3, 4). 


SOLUTION 
a. Note that f, = —x/5 + y*/10 and f, = xy/5. Therefore, 


i 1 3 
WSE (3 = z) en (=$), 


5 105 
b. Before computing the directional derivative, it is important to verify that u is a unit 
vector (in this case, it is). The required directional derivative is 


DefB-1) = WG-10 = (5-3) (a) = 
> = > "u = a a i aa -. = — Z. 
7 2 5 V2 V2 10V2 
er E E 
uo | Va v2 | á Figure 13.67 shows the line tangent to the intersection curve in the plane correspond- 
FIGURE 13.67 ing to u whose slope is Da f(3, —1). 
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> Recall that ue v = |ul|v| cos 0, where 0 
is the angle between u and v. 


> Itis important to remember and easy to 
forget that Vf(a, b) lies in the same plane 
as the domain of f. 


Vf (a, b) lies 
in the same plane 
Z as the domain of f. 


z=) 


> 







(a, b, f(a, b)) 


—Vf (a, b) points 
in the direction of 
steepest descent 


on surface. sa 


Lo 


X 





@ 
| 
l 
| 
| 

| 

| 

| 

| 

| 


Direction of 
zero change / 


Vf(a, b) points in the direction 
of steepest ascent on surface. 


FIGURE 13.68 


c. In this case, the direction is given in terms of a nonunit vector. The vector (3,4) has 
length 5, so the unit vector in the direction of (3,4) isu = (3, =} . The directional 


derivative at (3, —1) in the direction of u is 


1 3\ /34\_ 39 
Dy f(3,-1) = Vf(3,—-1)-u = (-5-2). (25) — 50)’ 


which gives the slope of the surface in the direction of u at (3,—1). 
Related Exercises 17-26 


Interpretations of the Gradient 


The gradient is important not only in calculating directional derivatives; it plays many 
other roles in multivariable calculus. Our present goal is to develop some intuition about 
the meaning of the gradient. 

We have seen that the directional derivative of f at (a, b) in the direction of the unit 
vector u is D, f(a, b) = Vf(a, b) +u. Using properties of the dot product, we have 


Dy f(a, b) = Vf{a, b) +u 
= |Vf(a, b)||ulcos 6 
= |Vf(a,b)|cos@, |u| = 1 
where 0 is the angle between Vf(a, b) and u. It follows that D, f(a, b) has its maxi- 
mum value when cos @ = 1, which corresponds to 0 = 0. Therefore, D, f(a, b) 
has its maximum value and f has its greatest rate of increase when Vf(a, b) and u 


point in the same direction. Notice that when cos 0 = 1, the actual rate of increase is 
D, f(a, b) = |Vf(a, b)| (Figure 13.68). 


Similarly, when 0 = m, we have cos@ = —1, and f has its greatest rate of 
decrease when Vf(a, b) and u point in opposite directions. The actual rate of decrease is 
D, f(a, b) = —|Vf(a, b)|. These observations are summarized as follows: The gradient 


Vf(a, b) points in the direction of steepest ascent at (a, b), while —Vf(a, b) points in the 
direction of steepest descent. 

Notice that D, f(a, b) = 0 when the angle between Vf(a, b) and u is 7/2, which 
means Vf(a, b) and u are orthogonal (Figure 13.68). These observations justify the fol- 
lowing theorem. 


THEOREM 13.11 Directions of Change 
Let f be differentiable at (a, b) with Vf(a,b) # 0. 


1. f has its maximum rate of increase at (a, b) in the direction of the gradient 
V f(a, b). The rate of increase in this direction is | Vf(a, b) |. 


2. f has its maximum rate of decrease at (a, b) in the direction of —Vf(a, b). 
The rate of decrease in this direction is — | Vf(a, b) |. 


3. The directional derivative is zero in any direction orthogonal to Vf(a, b). 





EXAMPLE 4 Steepest ascent and descent Consider the bowl-shaped paraboloid 
z = f(x,y) =4 + x7 + 3y’. 


a. If you are located on the paraboloid at the point ( 2, —5, — ) , in which direction should you 


move in order to ascend on the surface at the maximum rate? What is the rate of change? 


b. If you are located at the point (2, —5, — ), in which direction should you walk in order 


to descend on the surface at the maximum rate? What is the rate of change? 


c. At the point (3, 1, 16), in what direction(s) is there no change in the function values? 


> Note that (6,6) and (6,—6) 
are orthogonal because 
(6,6)+(6,-6) =0. 
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SOLUTION 
a. At the point (2, —}), the value of the gradient is 
Vf(2,-5) = (2x, 6y) |(2,-12) = (4-3). 


Therefore, the direction of steepest ascent in the xy-plane is in the direction of the 
gradient vector (4,—3) (or u = £(4, —3), as a unit vector). The rate of change is 
IVf(2,-5)| = |(4,-3}| = 5 (Figure 13.69a). 


Z z=4+x + 3y 


D 


| 


| 











4 
| z=4+x + 3y 


(3, 1 


= 





Steepest _ No change in z 
ascent | along this 
f curve 
l 35 
( aor Level curve 


along which 


€T Steepest ate 


descent - 


AN 





i / WAG, a 


VE (2, -5) direction VF (2, -3) dpscian Saleen of . estes of . 
of steepest ascent. of steepest descent. ZEP CEGIN E zero change 1n z 
(a) (b) 
FIGURE 13.69 


b. The direction of steepest descent is the direction of — Vf ( a. —}) = (—4, 3 ) 
(oru = 5(—4, 3), as a unit vector). The rate of change is —| VF(2, —}) | = —5. 
c. At the point (3, 1), the value of the gradient is Vf(3, 1) = (6,6). The function has 


zero change if we move in either of the two directions orthogonal to (6, 6); these two 
directions are parallel to (6, —6). In terms of unit vectors, the directions of no change 


1 1 : 
are u = ——(—1, 1) andu = —~(1,-1) (Figure 13.69b). 


V3 v2 Related Exercises 27-32< 


EXAMPLE 5 Interpreting directional derivatives Consider the function 
f(x,y) = 3x* — 2y?. 
a. Compute Vf(x, y) and Vf(2, 3). 


b. Letu = (cos 0, sin 0) be a unit vector. For what values of 0 (measured relative to the 
positive x-axis), with 0 < 0 < 2r, does the directional derivative have its maximum 
and minimum values and what are those values? 


SOLUTION 


a. The gradient is Vf(x, y) = Jel) = (6x, —4y), and at (2,3), we have 
Vf(2,3) = (12,-12). 


944 CHAPTER 13 © FUNCTIONS OF SEVERAL VARIABLES 


maximum decrease 
3 
0 =-7,D f(2,3) ~ -17 
zero change 


0 = 7, D,f(2, 3) = 0 














level 
curve (2, 3) 


maximum 
Bo increase 
0 = Fa DFO; 3) = 17 


5 x 
0=-7,D f(2, 3) =0 
zero change 


FIGURE 13.70 





FIGURE 13.71 


» We have used the fact that the vector 
(a,b) has slope b/a. 


b. The gradient Vf(2,3) = (12,—12) makes an angle of 77/4 with the positive 
x-axis. So, the maximum rate of change of f occurs in this direction, and that rate of 
change is |Vf(2, 3)| = |(12,-12)| = 12V2 = 17. The direction of maximum 
decrease is opposite to the direction of the gradient, which corresponds to 0 = 37/4. 
The maximum rate of decrease is the negative of the maximum rate of increase, or 
—12V/2 = —17. The function has zero change in the directions orthogonal to the 
gradient, which correspond to 0 = 7/4 and 0 = 5r /4. 

Figure 13.70 summarizes these conclusions. Notice that the gradient at (2, 3) 
appears to be orthogonal to the level curve of f passing through (2, 3). We next see 
that this is always the case. 





Related Exercises 33-42< 


The Gradient and Level Curves 


Theorem 13.11 states that in any direction orthogonal to the gradient Vf(a, b), the func- 
tion f does not change at (a, b). Recall from Section 13.2 that the curve f(x,y) = Zo, 
where zo is a constant, is a level curve, on which function values are constant. Combining 
these two observations, we conclude that the gradient Vf(a, b) is orthogonal to the line 
tangent to the level curve through (a, b). 


THEOREM 13.12 The Gradient and Level Curves 
Given a function f differentiable at (a, b), the line tangent to the level curve of f 


at (a, b) is orthogonal to the gradient Vf(a, b), provided Vf(a, b) # 0. 





Proof: A level curve of the function z = f(x, y) is a curve in the xy-plane of the form 
f(x,y) = Zo, where zp is a constant. By Theorem 13.9, the slope of the line tangent to the 
level curve is y'(x) = —fs/fy- 

It follows that any vector that points in the direction of the tangent line at the point 
(a, b) is a scalar multiple of the vector t = (—f,(a, b), f(a, b)) (Figure 13.71). At that 
same point, the gradient points in the direction Vf(a, b) = (f(a, b), f(a, b)). The dot 
product of t and Vf(a, b) is 


t: Vf(a, b) = zi i CAE = (hes Jed aw ==), 
which implies that t and Vf(a, b) are orthogonal. < 


An immediate consequence of Theorem 13.12 is an alternative equation of the tangent 
line. The curve described by f(x, y) = zo can be viewed as a level curve in the xy-plane for a 
surface. By Theorem 13.12, the line tangent to the curve at (a, b) is orthogonal to Vf(a, b). 
Therefore, if (x, y) is a point on the tangent line, then Vf(a, b)+ (x — a,y — b) = 0, 
which, when simplified, gives an equation of the line tangent to the curve f(x, y) = zo: 


fila, b)(x — a) + fila, b)(y — b) = 0. 





QUICK CHECK 4 Draw a circle in the xy-plane centered at the origin and regard it is as a 
level curve of the surface z = x? + ie At the point (a, a) of the level curve in the 
xy-plane, the slope of the tangent line is —1. Show that the gradient at (a, a) is orthogonal 
to the tangent line. «< 


EXAMPLE 6 Gradients and level curves Consider the upper sheet 
z= f(x,y) = V1 + 2x? + y° of ahyperboloid of two sheets. 


a. Verify that the gradient at (1, 1) is orthogonal to the corresponding level curve at that 
point. 


b. Find an equation of the line tangent to the level curve at (1, 1). 


> The fact that y’ = —2x/y may also 
be obtained using Theorem 13.9: If 
Fay). = 0; then "(ay SSF Fs 









for z= 2 


Tangent to 
level curve 
at (1, 1) 


t- Vf=0 
Vfis orthogonal to level curves. 


FIGURE 13.72 


. Ball is released 
Z at (3, 4, 61). 
z=4+x + 3y? 


= Pathof 

f~ steepest 

| descent on 
surface 


Projection of path of 

steepest descent on 
Ax 

xy-plane, = 77’ 


is orthogonal to 
level curves. 


FIGURE 13.73 


Gradient vector at (a, b,c) is 
| orthogonal to level surface. 


Å z 


ii 





X 


FIGURE 13.74 


z= V1 + 2x2 +y? 


‘Level curve 
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SOLUTION 


a. You can verify that (1, 1, 2) is on the surface; therefore, (1, 1) is on the level curve 
corresponding to z = 2. Setting z = 2 in the equation of the surface and squaring 
both sides, the equation of the level curve is 4 = 1 + 2x* + y^, or 2x” + y? = 3, 
which is the equation of an ellipse (Figure 13.72). Differentiating 2x* + y% = 3 with 
respect to x gives 4x + 2yy’(x) = 0, which implies that the slope of the level curve is 


2 
y'(x) =- = Therefore, at the point (1, 1), the slope of the tangent line is —2. Any 


vector proportional to t = (1,—2) has slope —2 and points in the direction of the 
tangent line. 
We now compute the gradient: 


2x y 
Teo) = h) = (=, a) 
LPA Ty LFA Y 
It follows that Vf(1, 1) = ( l, L) (Figure 13.72). The tangent vector t and the gradient 
are orthogonal because 


t- Vf(1,1) = (1,—2)- (1,4) = 0. 
b. An equation of the line tangent to the level curve at (1, 1) is 


fl, 1)(x = 1) + AC Dy = 1) = 0, 


1 L 
2 


or y = —2x + 3. 
Related Exercises 43—S0< 


EXAMPLE 7 Path of steepest descent Consider the paraboloid 

z = f(x,y) = 4 + x? + 3y? (Figure 13.73). Beginning at the point (3, 4, 61) on the 
surface, find the path in the xy-plane that points in the direction of steepest descent on the 
surface. 


SOLUTION Imagine releasing a ball at (3, 4, 61) and assume that it rolls in the direc- 

tion of steepest descent at all points. The projection of this path in the xy-plane points 

in the direction of —Vf(x, y) = (—2x,—6y), which means that at the point (x, y) the 

line tangent to the path has slope y’(x) = (—6y) /(—2x) = 3y/x. Therefore, the path in 

the xy-plane satisfies y’(x) = 3y/x and passes through the initial point (3, 4). You can 

verify that the solution to this differential equation is y = 4x°/27 and the projection of 

the path of steepest descent in the xy-plane is the curve y = 4x°/27. The descent ends at 

(0, 0), which corresponds to the vertex of the paraboloid (Figure 13.73). At all points of 

the descent, the curve in the xy-plane is orthogonal to the level curves of the surface. 
Related Exercises 5]—54< 


1ECK5 Verify that y = 4x°/27 satisfies the equation y’(x) = 3y/x, with 





The Gradient in Three Dimensions 


The directional derivative, the gradient, and the idea of a level curve extend immediately 
to functions of three variables of the form w = f(x, y, z). The main differences are that the 
gradient is a vector in R? and level curves become level surfaces (Section 13.2). Here is 
how the gradient looks when we step up one dimension. 

The easiest way to visualize the surface w = f(x, y, z) is to picture its level surfaces— 
the surfaces in R? on which f has a constant value. The level surfaces are given by the 
equation f(x,y,z) = C, where C is a constant (Figure 13.74). The level surfaces can be 
graphed, and they may be viewed as layers of the full four-dimensional surface (like lay- 
ers of an onion). With this image in mind, we now extend the concept of a gradient. 
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» When we introduce the tangent plane 
in Section 13.7, we can also claim that 
Vf(a, b, c) is orthogonal to the level 
surface that passes through (a, b, c). 


Level surface of f(x, y, z) = x7 + 2y? + 427 — 1 
fa y, z) = Z 


V£(0, 0, 1) = (0, 0, 8) 
Vf (1, Legad 
Vf(0,V2, 0) = 0, Ae 2, 0) 


Vf(2, 0, 0) = (4, 0, 0) 
FIGURE 13.75 


Given the function w = f(x, y, z), we argue just as we did in the two-variable case 
and define the directional derivative. Given a unit vector u = (uy, Uy, U3 ) , the directional 
derivative of f in the direction of u at the point (a, b, c) is 


Dy f(a, b,c) = f,(a, b,c) uy + f(a, b,c) uy + f(a, b, c) us. 


As before, we recognize this expression as a dot product of the vector u and the vec- 
of of ð 
tor Vf(x, y,z) = (2, L N which is the gradient in three dimensions. There- 
x dy dz 
fore, the directional derivative in the direction of u at the point (a, b, c) is 


Dy f(a, b,c) = Vf(a,b,c)+u. 


Following the line of reasoning in the two-variable case, f has its maximum rate of 
increase in the direction of Vf(a, b, c). The actual rate of increase is | Vf(a, b, c)|. Simi- 
larly, f has its maximum rate of decrease in the direction of —Vf(a, b, c). Also, in all 
directions orthogonal to Vf(a, b, c), the directional derivative at (a, b, c) is zero. 





CHECK 6 Compute Vf(—1, 2, 1) when f(x, y, z) = xy/z.< 


DEFINITION Gradient and Directional Derivative in Three Dimensions 
Let f be differentiable at the point (x, y, z). The gradient of f at (x, y, z) is the 
vector-valued function 
Vi (x,y, z) = (ily, z) A y zh f(x, yz) 
=F) 1 Ld TAAGA 


The directional derivative of f in the direction of the unit vector u = (uy, uz, u3 ) 
at the point (a, b, c) is Dy f(a, b,c) = Vf(a, b,c) +u. 





EXAMPLE 8 Gradients in three dimensions Consider the function 
f(x,y,z) = x? + 2y* + 4z? — 1 and its level surface f(x, y,z) = 3. 


a. Find and interpret the gradient at the points P(2, 0,0), Q(0, VI. 0), R(0, 0, 1), and 
S(1, 1, 5) on the level surface. 


b. What are the actual rates of change of f in the directions of the gradients in part (a)? 
SOLUTION 


a. The gradient is 


Vi = Valet) = (204y, 82): 
Evaluating the gradient at the four points we find that 


Vf(2,0,0) = (4,0,0),  Vf(0, V2,0) = (0,4V2,0), 
Vf(0, 0,1) = (0,0,8), Vf(1, 1,5) = (2,4,4). 


The level surface f(x, y, z) = 3 is an ellipsoid (Figure 13.75), which is one layer of a 
four-dimensional surface. The four points P, Q, R, and S are shown on the level surface 
with the respective gradient vectors. In each case, the gradient points in the direction that f 
has its maximum rate of increase. Of particular importance is the fact—to be made clear in 
the next sectton—that at each point the gradient is orthogonal to the level surface. 


b. The actual rate of increase of f at (a, b, c) in the direction of the gradient is 
|V f(a, b, c)|. At P, the rate of increase of f in the direction of the gradient is 
|(4,0,0)| = 4; at Q, the rate of increase is | (0, 4V2, 0}| = 42; at R the rate of 
increase is |(0,0,8)| = 8; and at S, the rate of increase is | (2, 4,4)| = 6. 
Related Exercises 55-62< 


SECTION 13.6 EXERCISES 


Review Questions 


1. Explain how a directional derivative is formed from the two par- 
tial derivatives f, and fy. 


2. How do you compute the gradient of the functions f(x, y) and 


Jaya)? 
3. Interpret the direction of the gradient vector at a point. 
4. Interpret the magnitude of the gradient vector at a point. 


5. Given a function f, explain the relationship between the gradient 
and the level curves of f. 


6. The level curves of the surface z = x? + y? are circles in the 
xy-plane centered at the origin. Without computing the gradient, 
what is the direction of the gradient at (1, 1) and (—1,—1) 
(determined up to a scalar multiple)? 


Basic Skills 

7. Directional derivatives Consider the function 
f(x,y) = 8 — x?/2 — y?, whose graph is a paraboloid 
(see figure). 





a. Fill in the table with the values of the directional derivative at 
the points (a, b) in the directions (cos 0, sin 0}. 


||) = (2,0) | (a,b) = (0,2) | (ab) = 0,1) 
ea O oo 


T a 
oss] | 





b. Sketch the xy-plane and indicate the points and the direction of 
the directional derivative for each of the table entries in part (a). 


8. Directional derivatives Consider the function f(x, y) = 2x? + y’, 
whose graph is a paraboloid (see figure). 
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a. Fill in the table with the values of the directional derivative at 
the points (a, b) in the directions (cos 0, sin 0}. 





b. Sketch the xy-plane and indicate the points and the direction of 
the directional derivative for each of the table entries in part (a). 


9-16. Computing gradients Compute the gradient of the following 
functions and evaluate it at the given point P. 


9, f(x,y) = 2 + 3x? — S5y*; P(2,-1) 
10. f(x,y) = Ax? — 2xy + y’: P(=1;=5) 
11. g(x,y) = x? — 4x°y — 8xy?; P(-1, 2) 
12. Py) V12 — 4x? — y?; P(=1;=1) 
) 
) 





13. f(x,y xe: P(1, 0) 

14. f(x,y sin (3x 2y); Pr, 37/2) 
15. F(x,y) = e*~2”; P(-1,2) 

16. h(x,y) = In (1 + x? + 2y”); P(2,-3) 


17-26. Computing directional derivatives with the gradient Com- 
pute the directional derivative of the following functions at the given 
point P in the direction of the given vector. Be sure to use a unit vector 
for the direction vector. 


3 4 
17. f(x,y) = x? — y*; P(-1,-3); (2-2) 


18. f(x,y) = 3x7 + y3; P(3,2); (2 2y 
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A 

19. f(x,y) = 10 — 3x? + 7 P(2,=3); (2-1) 

20. g(x,y) =sinm(2x — y); P(-1,-1); (2-2) 
1 2 

21. f(x,y) = V4 — x? — 2y; P(2,-2): (s =) 

22. f(x,y) = 13e”; P(1,0); (5,12) 

23. f(x,y) = 3x2 + 2y + 5; P(1,2); (-3,4) 

24. h(x,y) =e*; P(In2,1In3); (1,1) 

25. P(x,y) = ln (4 + x? + y”); P(-1,2); (2,1) 

26. f(x,y) = x/(x — y); P(4,1); (-1,2) 


27-32. Direction of steepest ascent and descent Consider the follow- 
ing functions and points P. 


a. Find the unit vectors that give the direction of steepest ascent and 
steepest descent at P. 
b. Find a vector that points in a direction of no change in the function at P. 





27. f(x,y) = x? — 4y? — 9; FAs) 

28. f(x,y) = x? + 4xy — y’; P(2,1) 

29. f(x,y) = xt — x*y + y? + 6; P(-1,1) 
30. p(x,y) = V20 + x? + 2xy — ys P(1, 2) 
31. F(x,y) = e” Y1} P(-1,1) 

32. f(x,y) = 2sin (2x — 3y); P(0, 7) 


33-38. Interpreting directional derivatives A function f and a point P 
are given. Let 0 correspond to the direction of the directional derivative. 


a. Find the gradient and evaluate it at P. 

b. Find the angles 0 (with respect to the positive x-axis) associated 
with the directions of maximum increase, maximum decrease, and 
zero change. 

c. Write the directional derivative at P as a function of 0; call this 
function g(0). 

d. Find the value of 0 that maximizes g(@) and find the maximum value. 

e. Verify that the value of 0 that maximizes g corresponds to the direc- 
tion of the gradient. Verify that the maximum value of g equals the 
magnitude of the gradient. 





33. f(x,y) = 10 — 2x? — 3y?; P(3,2) 
34. f(x,y) =8 + x? + 3y*; P(-3,-1) 
35. f(x,y) = V2 + x? + y% P(-V3, 1) 
36. f(x,y) = V12 — x? — y% P(-1,-1/V3) 
37. f(x,y) =e”; P(-1,0) 
E38. f(x,y) =In(1 + 2x? + 3y?); P(L-V3) 


39-42. Directions of change Consider the following functions f 
and points P. Sketch the xy-plane showing P and the level curve 
through P. Indicate (as in Figure 13.70) the directions of maximum 
increase, maximum decrease, and no change for f. 


39. f(x,y) = 8 + 4x? + 2y*; P(2,—4) 


40. f(x,y) = —4 + 6x* + 3y*; P(-1,-2) 
M41. f(x,y) =x? + xy + y? + 7; P(-3,3) 
M42. f(x,y) = tan (2x + 2y); P(aw/16, 77/16) 


43—46. Level curves Consider the paraboloid f(x, y) = 

16 — x?/4 — y*/16 and the point P on the given level curve of f. 
Compute the slope of the line tangent to the level curve at P and verify 
that the tangent line is orthogonal to the gradient at that point. 


43. f(x,y) = 0; P(O, 16) 44. f(x,y) = 0; P(8, 0) 
45. f(x,y) = 12; P(4,0) 46. f(x,y) = 12; P(2V3, 4) 
47-50. Level curves Consider the upper half of the ellipsoid 


2 2 
f(x,y) = 4/1 - | F and the point P on the given level curve 


of f. Compute the slope of the line tangent to the level curve at P and 
verify that the tangent line is orthogonal to the gradient at that point. 


47. f(x,y) = V3/2; P(1/2, V3) 
48. f(x,y) = 1/V2; P(0, V8) 
49. f(x,y) = 1/V2; P(V2,0) 
50. f(x,y) = 1/V2; P(1, 2) 


51-54. Path of steepest descent Consider each of the following sur- 
faces and the point P on the surface. 


a. Find the gradient of f. 

b. Let C' be the path of steepest descent on the surface beginning at P 
and let C be the projection of C' on the xy-plane. Find an equation 
of C in the xy-plane. 


. f(x,y) = 4 + x(aplane); P(4, 4, 8) 
. f(x,y) = y + x(aplane); P(2,2, 4) 
. f(x,y) = 4 — x° — 2y*; P(1, 1,1) 
f(xy) =y +x"; PCI, 2,3) 


55-62. Gradients in three dimensions Consider the following func- 
tions f, points P, and unit vectors u. 


a. Compute the gradient of f and evaluate it at P. 

b. Find the unit vector in the direction of maximum increase of f at P. 

c. Find the rate of change of the function in the direction of maximum 
increase at P. 





d. Find the directional derivative at P in the direction of the given vector. 
1 1 
55. f(x,y,z) = x? + 2y? + 4z? + 10; P 1,0,4); (0 =) 
f(xy, 2) y + 42 ( Wy a 
56. fyz) =4 = x? + 3y? + ŠG 0,2,-1): (0 -) 
9 9 p 9 9 9 9 9 TM V2 


57. f(x,y,z) = 1 + 4xyz; P(1,—1, 


58. f(x, yz) = xy + yz + xz + 4; P(2,-2, 1); (0,-4.4) 


zz) 
6°6 6 \7 





. f(x, y,z) = 14+ sin (x + 2y — z); p( 


22 1 
60. f(x,y,z) = evel. Pde) (- — -) 


22 1 
61. f(x,y,z) =In(1 + x? + y+ z’): PALLI) (2 2-1) 


= I 2 1 
eee (1.2.1) 
y= op 2 





62. f(x,y,z) = 


Further Explorations 
63. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 
a. If f(x,y) = x? + y? — 10, then Vf(x, y) = 2x + 2y. 
b. Because the gradient gives the direction of maximum increase 
of a function, the gradient is always positive. 
c. The gradient of f(x, y,z) = 1 + xyz has four components. 
d. If f(x,y,z) = 4, then Vf = 0. 


64. Gradient of a composite function Consider the function 
F(x, y, z) = e”. 


a. Write F as a composite function f° g, where f is a function of 
one variable and g is a function of three variables. 
b. Relate VF to Vg. 


65—68. Directions of zero change Find the directions in the xy-plane 
in which the following functions have zero change at the given point. 
Express the directions in terms of unit vectors. 


65. f(x,y) = 12 — 4x? — y*; P(1, 2,4) 
66. f(x,y) =x? — 4y? — 8; P(4, 1,4) 

67. f(x,y) = V3 + 2x? + y% P(1,—2,3) 
68. f(x,y) = oe! P(1, 0, e) 





69. Steepest ascent on a plane Suppose a long sloping hillside is 
described by the plane z = ax + by + c, where a, b, and c are 
constants. Find the path in the xy-plane, beginning at (xo, yo), that 
corresponds to the path of steepest ascent on the hillside. 


70. Gradient of a distance function Let (a, b) be a fixed point in R? 
and let d = f(x, y) be the distance between (a, b) and an arbitrary 
point (x, y). 

a. Show that the graph of f is a cone. 

b. Show that the gradient of f at any point other than (a, b) is a 
unit vector. 

c. Interpret the direction and magnitude of Vf. 


71-74. Looking ahead—tangent planes Consider the following sur- 
faces f(x,y,z) = 0, which may be regarded as a level surface of the 
function w = f(x,y,z). A point P(a, b, c) on the surface is also given. 


a. Find the (three-dimensional) gradient of f and evaluate it at P. 

b. The heads of all vectors orthogonal to the gradient with their tails 
at P form a plane. Find an equation of that plane (soon to be called 
the tangent plane). 


71. f(x,y,z) = x? + y?+ 27-3 = 0; P(1,1,1) 
72. f(x,y,z) 
73. f(x,y,z) = e= T= 0; P(1,1,2) 
74. f(x,y,z) 


= 8 — xyz = 0; P(2, 2,2) 


= xy + xz — yz — 1; P(1,1,1) 
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Applications 


75. A traveling wave A snapshot (frozen in time) of a water wave 


is described by the function z = 1 + sin (x — y), where z gives 

the height of the wave relative to a reference point and (x, y) are 

coordinates in a horizontal plane. 

a. Use a graphing utility to graph z = 1 + sin (x — y). 

b. The crests and the troughs of the waves are aligned in the 
direction in which the height function has zero change. Find 
the direction in which the crests and troughs are aligned. 

c. Ifyou were surfing on this wave and wanted the steepest descent 
from a crest to a trough, in which direction would you point 
your surfboard (given in terms of a unit vector in the xy-plane)? 

d. Check that your answers to parts (b) and (c) are consistent with 
the graph of part (a). 


76. Traveling waves in general Generalize Exercise 75 by consider- 
ing a wave described by the function z = A + sin (ax — by), 
where a, b, and A are real numbers. 


a. Find the direction in which the crests and troughs of the wave are 
aligned. Express your answer as a unit vector in terms of a and b. 

b. Find the surfer’s direction—that is, the direction of steepest 
descent from a crest to a trough. Express your answer as a unit 
vector in terms of a and b. 


77-79. Potential functions Potential functions arise frequently in 
physics and engineering. A potential function has the property that a 
field of interest (for example, an electric field, a gravitational field, or 
a velocity field) is the gradient of the potential (or sometimes the nega- 
tive of the gradient of the potential). (Potential functions are consid- 
ered in depth in Chapter 15.) 


77. Electric potential due to a point charge The electric field 
due to a point charge of strength Q at the origin has a potential 
function V = kQ/r, where r = x7 + y + z? is the square of 
the distance between a variable point P(x, y, z) and the charge, 
and k > Q0 is a physical constant. The electric field is given by 
E = —VV, where VV is the gradient in three dimensions. 


a. Show that the three-dimensional electric field due to a point 
charge is given by 


Xx y Z 


E(x, >’ =k as 329 R fs 
l y2) o(* r? z) 


b. Show that the electric field at a point has a magnitude 
[E| = kQ/r°. Explain why this relationship is called an 
inverse square law. 


78. Gravitational potential The gravitational potential associated with 
two objects of mass M and mis V = —GMm_/r, where G is the 
gravitational constant. If one of the objects is at the origin and the 
other object is at P(x, y, z), then r? = x° + y? + z7 is the square 
of the distance between the objects. The gravitational field at P is 
given by F = —VV, where VV is the gradient in three dimensions. 
Show that the force has a magnitude |F| = GMm/r*. Explain why 
this relationship is called an inverse square law. 


79. Velocity potential In two dimensions, the motion of an ideal fluid 
(an incompressible and irrotational fluid) is governed by a veloc- 
ity potential œ. The velocity components of the fluid, u in the 
x-direction and v in the y-direction, are given by (u,v) = Vo. 
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Find the velocity components associated with the velocity poten- 
tial p(x, y) = sin 7x sin 27y. 


Additional Exercises 

80. Gradients for planes Prove that for the plane described by 
f(x,y) = Ax + By, where A and B are nonzero constants, the 
gradient is constant (independent of (x, y) ). Interpret this result. 


81. Rules for gradients Use the definition of the gradient (in two or 
three dimensions), assume that f and g are differentiable functions on 
R°? or R’, and let c be a constant. Prove the following gradient rules. 


a. Constants Rule: V(cf) = cVf 
b. Sum Rule: V(f + g) = Vf + Vg 
c. Product Rule: V(fg) = (Vf) ¢g + fVg 
Vf —fV 
d. Quotient Rule: (2) = a_i 
§ 
e. Chain Rule: V(f° g) = f'(g)Vg, where f is a function of one 


variable 


82-87. Using gradient rules Use the gradient rules of Exercise 81 to 
find the gradient of the following functions. 


x+y 
x? + y? 





82. f(x,y) = xy cos (xy) 83. f(x,y) = 
84. f(x,y) = In(1 + x? + y’) 


85. f(x,y,z) = V25 = x? — yaz 





86. JEJ) = ery Eze 


x + yz 
87. f(x,y,z) = —— 
ýy TX 





HECK ANSWERS 
1. If = O then 
f(a + hcos0,b + hsin@) — f(a, b) 
h 
_ flat h,b) — flab) 
= lim ——— 
h>0 h 


Daf(a, b) = lim 


= f(a, b). 


Similarly, when 0 = 77 /2,u = (0, 1) is parallel to the 
y-axis, and the partial derivative f, (a, b) results. 2. The 
vector from (a, b) to (a + Asu, b + Asuy) is 

(Asu,, Asuy) = As(u;, u2) = Asu. Its length is 

|Asu] = As|u| = As. Therefore, s measures arc length. 

3. Reversing (negating) the direction vector negates the 
directional derivative. So, the respective values are approxi- 
mately —2.47 and 0.98. 4. The gradient is (2x, 2y); 
which, evaluated at (a, a), is (2a, 2a ) . Taking the dot prod- 
uct of the gradient and the vector (—1, 1) (a vector parallel 
to a line of slope — 1), we see that (2a,2a) * (-1,1) = 0. 
6. (2,-1,2)< 


13.7 Tangent Planes and Linear Approximation 


In Section 4.5, we saw that if we zoom in on a point on a smooth curve (one described by 
a differentiable function), the curve looks more and more like the tangent line at that point. 
Once we have the tangent line at a point, it can be used to approximate function values and 
to estimate changes in the dependent variable. In this section, an analogous story is devel- 
oped, elevated by one dimension. Now we see that differentiability at a point (as discussed 


in Section 13.4) implies the existence of a tangent plane at that point (Figure 13.76). 


Consider a smooth surface described by a differentiable function f and focus on a sin- 
gle point on the surface. As we zoom in on that point (Figure 13.77), the surface appears 
more and more like a plane. The first step is to define this plane carefully; it 1s called the 
tangent plane. Once we have the tangent plane, we can use it to approximate function val- 


ues and to estimate changes in the dependent variable. 





f differentiable at 
a = > tangent line 


at (a, f(a) 
FIGURE 13.76 


g not differentiable at 
b = > no tangent 
line at (b, f(b)) 


Z 
= JS.) 
i =p) 


g not differentiable at 
(c, d) => no tangent 
plane at (č; d, glc, d)) 


f differentiable at 
(a, b) => tangent 
plane at (a, b, f(a, b)) 


As we 
zoom 
inona 
smooth 
surface ... 


... it appears more 
like a plane. 





FIGURE 13.77 


» Recall that an equation of the plane 
passing though (a, b, c) with a normal 
vector n = (n4, m, n3) is n(x — a) + 
mly — b) + n3(z — c) = 0. 


> Ifr is a position vector corresponding to 
an arbitrary point on the tangent plane 
and rọ is a position vector corresponding 
to a fixed point (a, b, c) on the plane, 
then an equation of the tangent plane may 
be written concisely as 


VF(a,b,c)*(r — ro) = 0. 


Notice the analogy with tangent lines and 
level curves (Section 13.6). An equation 
of the line tangent to f(x, y) = 0 at 

(a, b) is 


Vf(a, b)’ (x -ayy—b) =0. 
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Tangent Planes 

Recall that a surface in R? may be defined in at least two different ways: 

e Explicitly in the form z = f(x, y) or 

e Implicitly in the form F(x, y, z) = 0. 

It is easiest to begin by considering a surface defined implicitly by F(x, y, z) = 0, where 


F is differentiable at a particular point. Such a surface may be viewed as a level surface of 
a function w = F(x, y, z); it is the level surface for w = 0. 





‘CK 1 Write the function z = xy + x — yin the form F(x, y,z) = 0.< 


Tangent Planes for F (x,y,z) = 0 To find an equation of the tangent plane, con- 
sider a smooth curve C:r = (x(t), y(t), z(t)) that lies on the surface F(x, y,z) = 0 
(Figure 13.78a). Because the points of C lie on the surface, we have F (x(t), y(t), z(t)) = 0. 
Differentiating both sides of this equation with respect to t, a useful relationship emerges. 
The derivative of the right side is 0. The Chain Rule applied to the left side yields 


aPdx | aF dy | dF dz 
ox dt oy dt dz dt 


eee ae 
dx’ dy’ dz dt’ dt dt 


VF (x, y, Z) r’(t) 


= VF(x,y,z)*r'(t). 


© [F(x(2),9(1),<(1))] = 





Therefore, VF (x, y,z)+r'(t) = 0 and at any point on the curve, the tangent vector r’(f) 
is orthogonal to the gradient. 

Now fix a point Po(a, b, c) on the surface, assume that VF (a,b,c) # 0, and let C 
be any smooth curve on the surface passing through Pp. We have shown that the vec- 
tor tangent to C is orthogonal to VF (a, b, c) at Py. Because this argument applies to all 
smooth curves on the surface passing through Po, the tangent vectors for all these curves 
(with their tails at Py) are orthogonal to VF (a, b, c), and thus they all lie in the same 
plane (Figure 13.78b). This plane is called the tangent plane at Po. We can easily find an 
equation of the tangent plane because we know both a point on the plane Po(a, b, c) and 
a normal vector VF (a, b, c); an equation is simply 


VF(a,b,c)° (x = O,y = bg c) = 0. 


VF (Py) VF (P,) normal to tangent plane 









F(x, y, 2) = 0 \ Fx, y, 2) = ON 


Tangent vector r'(t) 


pe Gre) — ae), yC), 2) 
0 


C 
Vector tangent to C Tangent plane formed 
at P, is orthogonal by tangent vectors for 
to VF(P)). all curves C on the 


surface passing through P, 


(a) (b) 
FIGURE 13.78 
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DEFINITION Equation of the Tangent Plane for F (x,y,z) = 0 


Let F be differentiable at the point P)(a, b, c) with VF (a, b,c) # 0. The plane tan- 
gent to the surface F(x, y, z) = 0 at Po, called the tangent plane, is the plane passing 


through Pp orthogonal to VF (a, b, c). An equation of the tangent plane is 
Pla be) =a) P16, 0.6) mnb] + EG) cz ¢). = 0. 





EXAMPLE 1 Equation of a tangent plane Consider the ellipsoid 
F(x,y,z) = ane aan 1=0 
X,Y; = ae = = e 
w= gt og te 


a. Find the equation of the plane tangent to the ellipsoid at (0, 4, =). 
b. At what points on the ellipsoid is the tangent plane horizontal? 


SOLUTION 
a. Notice that we have written the equation of the ellipsoid in the implicit form 


2x 2y 
F(x, y,z) = 0. The gradient of F is VF (x, y, z) = (3 > 55° 


vF(0.4.2) = (0.25) 
aS 25 Sf 


An equation of the tangent plane at this point is 


22), Evaluated at 
(0, 4, 2), we have 


0. 0-0 + £4) + $(<-2) = , 


or 4y + 15z = 25. The equation does not involve x, so the tangent plane is parallel to 
the x-axis (Figure 13.79). 





F(x, y, 2) = wey a b. A horizontal plane has a normal vector of the form (0,0, c}, where c # 0. A plane 


FIGURE am tangent to the ellipsoid has a normal vector VF (x, y, o ace =e 22), Therefore, 


2 
the ellipsoid has a horizontal tangent plane when F, o = 0 and F, = z = (0, or 


when x = 0 and y = O. Substituting these values into the original equation for the 
ellipsoid, we find that horizontal planes occur at (0, 0, 1) and (0, 0,—1). 
Related Exercises 9-16 


» This result extends Theorem 13.12, The preceding discussion allows us to confirm a claim made in Section 13.6. The 
which states that for functions surface F(x, y,z) = 0 is a level surface of the function w = F(x, y, z) (corresponding to 
f(x,y) = 0, the gradient at a point is w = 0). At any point on that surface, the tangent plane has a normal vector VF (x, y, z). 
orthogonal to the level curve that passes Therefore, the gradient VF (x, y, z) is orthogonal to the level surface F(x, y, z) = 0 at all 
through that point. 


points of the domain at which F is differentiable. 


Tangent Planes forz = f(x,y) Surfaces in R’ are often defined explicitly in the form 

z = f(x, y). In this situation, the equation of the tangent plane is a special case of the general 

> To be clear, when F(x, y, z) = equation just derived. The equation z = f(x, y) is written as F(x, y,z) = z — f(x,y) = 0, 
z= YJ we havet, = je and the gradient of F at the point (a, b, f(a, b)) is 


f= =7,,.and Fy = t. 
VF(a,b, fla,b)) = (-f(a, b), f(a, b), 1). 


Z 
“7 23 >A 





Tangent plane Yy 
at (2, 1, 16) 


FIGURE 13.80 


X 


» The term linear approximation applies 
in both R? and R? because lines in 
R? and planes in R? are described by 
linear functions of the independent 
variables. In both cases, we call the linear 
approximation L. 





Tangent line 
linear approximation 


at (a, f(a) 






l 
| 
a y 


Tangent plane 
linear approximation 
at (a, b, f(a, b)) 


FIGURE 13.81 
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Proceeding as before, an equation of the plane tangent to the surface z = f(x, y) at the 
point (a, b, f(a, b)) is 


aba m= a) aL = 0). Woe fab) ) =: 


After some rearranging, we obtain an equation of the tangent plane. 


Tangent Plane for z = f(x,y) 
Let f be differentiable at the point (a, b). An equation of the plane tangent to the 


surface z = f(x, y) at the point (a, b, f(a, b)) is 
z= fa, b)(x — a) + f,(a,b)(y — b) + f(a, b). 





EXAMPLE 2 Tangent plane for z = f(x,y) Find an equation of the plane tangent 
to the paraboloid z = f(x, y) = 32 — 3x” — 4y7 at (2, 1, 16). 


SOLUTION The partial derivatives are fẹ = —6x and f, = —8y. Evaluating the partial 
derivatives at (2, 1), we have f.(2, 1) = —12 and f,(2, 1) = —8. Therefore, an equation 
of the tangent plane (Figure 13.80) is 
z= fila, b)(x — a) + fila, b)(y = b) + flab) 
= —12(x — 2) — 8(y — 1) + 16 
—12x — 8y + 48. 


Related Exercises 17—24< 


Linear Approximation 


With a function of the form y = f(x), the tangent line at a point often gives good approxi- 
mations to the function near that point. A straightforward extension of this idea applies to 
approximating functions of two variables with tangent planes. As before, the method is 
called linear approximation. 

Figure 13.81 shows the details of linear approximation in the one- and two-variable 
cases. In the one-variable case (Section 4.5), if f is differentiable at a, the equation of the 
line tangent to the curve y = f(x) at the point (a, f(a)) is 


L(x) = fla) + f'(a)(x = a). 
The tangent line gives an approximation to the function. At points near a, we have 
f(x) ~ L(x). 
The two-variable case is analogous. If f is differentiable at (a, b), an equation of the 
plane tangent to the surface z = f(x, y) at the point (a, b, f(a, b)) is 


L(x, y) = f(a, b)(x — a) + f(a, b)(y — b) + fla. b). 


This tangent plane is the linear approximation to f at (a,b). At points near (a, b), we 
have f(x,y) ~ L(x, y). 


DEFINITION Linear Approximation 
Let f be differentiable at (a, b). The linear approximation to the surface z = f(x, y) 


at the point (a, b, f(a, b) ) is the tangent plane at that point, given by the equation 
L(x, y) = f(a, b)(x — a) + f(a, b)(y — b) + f(a, b). 
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» Relative error = 
|approximation — exact value| 


[exact value| 


EEA. 2, 1) 





D Tangent plane 
x “SS A at (1,2. 1) 
y 

FIGURE 13.82 


» Alternative notation for the differential at 
(a, b) 1S dz| (a,b) or df | (a,b): 


5 
EXAMPLE 3 Linear approximation Let f(x, y) = 24 ye? 
x vy 
a. Find the linear approximation to the function at the point (—1, 2, 1). 


b. Use the linear approximation to estimate the value of f(—1.05, 2.1). 
SOLUTION 
a. The partial derivatives of f are 
10x 10y 
-> >- md = —— ~. 
ea aa y ty es J y) 
Evaluated at (—1, 2), we have f,(—1,2) = 4 = 0.4 and D L2= -4 = —0.8. 
Therefore, the linear approximation to the function at (—1, 2, 1) is 
L(x, y) 5O12) = (-1)) + ACL 2)(y = 2) +f(1,2) 
= 0.4(x + 1) — 0.8(y — 2) + 1 
= 0.4x — 0.8y + 3. 


f=- 


The surface and the tangent plane are shown in Figure 13.82. 


b. The value of the function at the point (—1.05, 2.1) is approximated by the value of the 
linear approximation at that point, which is 


L(—1.05, 2.1) = 0.4(—1.05) — 0.8(2.1) + 3 = 0.90. 


In this case, we can easily evaluate f(— 1.05, 2.1) ~ 0.907 and compare the linear 
approximation with the exact value; the approximation has a relative error of about 0.8%. 
Related Exercises 25-30 





QUICK CHECK 2 Look at the graph of the surface in Example 3 (Figure 13.82) and explain 
why f,(—1, 2) > O and f,(-1,2) < 0.< 


Differentials and Change 
Recall that for a function of the form y = f(x), if the independent variable changes from 
x to x + dx, the corresponding change Ay in the dependent variable is approximated by 
the differential dy = f'(x) dx, which is the change in the linear approximation. Therefore, 
Ay = dy, with the approximation improving as dx approaches 0. 

For functions of the form z = f(x, y), we start with the linear approximation to the 
surface 


fly) ~ Ly) = fla, b)(x = a) + fla, b)(y = b) + fla, b). 


The exact change in the function between the points (a, b) and (x, y) is 


Az = f(x,y) — f(a, b). 
Replacing f(x, y) by its linear approximation, the change Az is approximated by 


Az ~ L(x, y) — flab) = fila, b)(x — a) + fila, b)(y — b). 
dz dx dy 
The change in the x-coordinate is dx = x — a and the change in the y-coordinate is 
dy = y — b (Figure 13.83). As before, we let the differential dz denote the change in the 
linear approximation. Therefore, the approximate change in the z-coordinate is 


Az = dz = f(a, b) dx + f(a, b) dy. 


change in z due change in z due 
tochangeinx to change in y 
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This expression says that if we move the independent variables from (a,b) to 
(a + dx,b + dy), the corresponding change in the dependent variable Az has two 
contributions—one due to the change in x and one due to the change in y. If dx and dy are 
small in magnitude, then so is Az. The approximation Az ~ dz improves as dx and dy 
approach 0. The relationships among the differentials are illustrated in Figure 13.83. 


Az = f(x, y) — f(a, b) 
dz = L(x, y) — f(a, b) 






(x, yf y)) 


Linear approximation 
(x, y, LO, y)) 


(a, b, f(a, b)) 





h 7 
N 4a 
/ 


‘S 


it 


l 
l 
| 
| 


(a, b) 


Ye oe oy 
Sa 


x Ay = dy 


FIGURE 13.83 





QUICK CHECK 3 Explain why, if dx = 0 or dy = 0 in the change formula for Az, the 
eam 1S SE change formula for one variable. < 


DEFINITION The differential dz 


Let f be differentiable at the point (a, b). The change in z = f(x, y) as the indepen- 
dent variables change from (a, b) to (a + dx, b + dy) is denoted Az and is approxi- 


mated by the differential dz: 
Ag = dz = fa bjd + 7,(4,0) ay. 





5 
24 y2 
Approximate the change in z when the independent variables change from (—1, 2) to 
(—0.93, 1.94). 


SOLUTION If the independent variables change from (—1, 2) to (—0.93, 1.94), then 
dx = 0.07 (an increase) and dy = —0.06 (a decrease). Using the values of the partial 
derivatives evaluated in Example 3, the corresponding change in z is approximately 
dz =7i-1,2)a0 + 7,(-1,2) oy 
= ().4(0.07) + (—0.8)(—0.06) 
= (0.076. 


EXAMPLE 4 Approximating function change Letz = f(x, y) = 





Again, we can check the accuracy of the approximation. The actual change is 
f(—0.93, 1.94) — f(-1, 2) = 0.080, so the approximation has a 5% error. 
Related Exercises 31—34< 
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EXAMPLE 5 Body mass index The body mass index (BMI) for an adult human is 
given by the function B(w, h) = w/h*, where w is weight measured in kilograms and h 
is height measured in meters. 


a. Use differentials to approximate the change in the BMI when weight increases from 
55 to 56.5 kg and height increases from 1.65 to 1.66 m. 


b. Which produces a greater percentage change in the BMI, a 1% change in the weight 
(at a constant height) or a 1% change in the height (at a constant weight)? 
SOLUTION 


a. The approximate change in the BMI is dB = B,,dw + B,dh, where the derivatives are 
evaluated at w = 55 and h = 1.65, and the changes in the independent variables are 
dw = 1.5 and dh = 0.01. Evaluating the partial derivatives, we find that 


1 
B(w, h) = =, B„(55, 1.65) ~ 0.37, 
2w 


Therefore, the approximate change in the BMI is 


dB = B,,(55, 1.65) dw + B,(55, 1.65) dh 
(0.37) (1.5) + (—24.49)(0.01) 

= 0.56 — 0.25 

= 0.31. 


l 


As expected, an increase in weight increases the BMI, while an increase in height 
decreases the BMI. In this case, the two contributions combine for a net increase in 
the BMI. 


b. The changes dw, dh, and dB that appear in the differential change formula in part (a) 


, , dw dh 
are absolute changes. The corresponding relative, or percentage, changes are a, F 


dB 
and F To introduce relative changes into the change formula, we divide both sides of 
dB = B,,dw + B,dhby B = w/h? = wh”. The result is 


dB dw dh 
_ = By =) + B, > 
B wh wh 


1 dw 2w dh 


7 h2 wh p Ia 


ee Simplif 
= i implify. 


relative relative 
change change 














Substitute for B,, and B}. 


in w inh 
» See Exercises 64-65 for general results This expression relates the relative changes in w, h, and B. With h constant (dh = 0), 
about relative or percentage changes a 1% change in w (dw/w = 0.01) produces approximately a 1% change of the same 
in functions. sign in B. With w constant (dw = 0), a 1% change in h (dh/h = 0.01) produces 


approximately a 2% change in B of the opposite sign. We see that the BMI formula is 
more sensitive to small changes in A than in w. 
Related Exercises 35—38< 





CHECK 4 In Example 5, interpret the facts that B,, > 0 and B, < 0, for w, h > 0.<« 





FIGURE 13.84 


SECTION 13.7 EXERCISES 


Review Questions 
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The differential for functions of two variables extends naturally to more variables. 
For example, if f is differentiable at (a, b, c) with w = f(x, y, z), then 


dw = f,(a, b,c) dx + f,(a, b,c) dy + f,(a, b, c) dz. 


The differential dw (or df) gives the approximate change in f at the point (a, b, c) due to 
changes of dx, dy, and dz in the independent variables. 


EXAIVIPLE 6 Manufacturing errors A company manufactures cylindrical aluminum 
tubes to rigid specifications. The tubes are designed to have an outside radius of r = 10 cm, 

a height of h = 50 cm, and a thickness of t = 0.1 cm (Figure 13.84). The manufacturing 
process produces tubes with a maximum error of + 0.05 cm in the radius and height and 
a maximum error of + 0.0005 cm in the thickness. The volume of the material used to 
construct a cylindrical tube is V(r, h, t) = aht(2r — t). Use differentials to estimate the 
maximum error in the volume of a tube. 


SOLUTION The approximate change in the volume of a tube due to changes dr, dh, and 
dt in the radius, height, and thickness, respectively, is 


dV = V,dr + V,dh + V,dt. 

The partial derivatives evaluated at r = 10,h = 50, and t = 0.1 are 

V(r, h, t) = 2aht, V,(10, 50, 0.1) = 10r, 

V(r, h, t) = mt(2r — t), V,(10, 50, 0.1) = 1.9977, 

V(r, h,t) = 2mh(r — t), V,(10, 50, 0.1) = 99077. 
We let dr = dh = 0.05 and dt = 0.0005 be the maximum errors in the radius, height, 
and thickness, respectively. The maximum error in the volume is approximately 

dV = V,(10, 50, 0.1) dr + V,(10, 50, 0.1) dh + V,(10, 50, 0.1) dt 

107(0.05) + 1.9977(0.05) + 99077(0.0005 ) 
1:57 + 031 + 1.50 
= 3.44. 


l 


The maximum error in the volume is approximately 3.44 cm°. Notice that the “magni- 
fication factor” for the thickness (99077) is roughly 100 and 500 times greater than the 
magnification factors for the radius and height, respectively. This means that for the same 
errors in r, h, and t, the volume is far more sensitive to errors in the thickness. The partial 
derivatives allow us to do a sensitivity analysis to determine which independent (input) 
variables are most critical in producing change in the dependent (output) variable. 

Related Exercises 39-44< 


5. Explain how to approximate a function f at a point near (a, b) 


1. Suppose n is a vector normal to the tangent plane of the surface where the values of f, f, and f, are known at (a, b). 


F(x, y, z) = 0 at a point. How is n related to the gradient of F at 
that point? 


6. Explain how to approximate the change in a function 
f when the independent variables change from (a, b) to 


2. Write the explicit function z = xy” + x*y — 10 in the implicit (d + Ax;b F Ay): 


form F(x, y,z) = 0. 


7. Write the approximate change formula for a function z = f(x, y) 


3. Write an equation for the plane tangent to the surface at the point (a, b) in terms of differentials. 


F(x, y,z) = 0 at the point (a, b, c). 


8. Write the differential dw for the function w = f(x, y, z). 


4. Write an equation for the plane tangent to the surface z = f(x, y) 


at the point (a, b, f(a, b)). 
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Basic Skills 
9-16. Tangent planes for F(x, y,z) = 0 Find an equation of the 
plane tangent to the following surfaces at the given points. 


9, x*+y+4+ z= 3; (1,1,1) and (2,0,—1) 

10. x? + y? + z* = 2; (1,0, 1) and (—1, 0, 1) 

11. xy + xz + yz — 12 = 0; (2,2,2) and Q, 0,6) 

12. x? + y? — z? = 0; (3,4,5) and (—4,—3, 5) 

13. xysinz = 1; (1,2, 7/6) and (—2,—1, 57/6) 

14. yzeř — 8 = 0; (0,2,4) and (0,—8,—1) 

15. z? — x?/16 — y?/9 — 1 = 0; (4,3,—V3) and (—8,9, V14) 
16. 2x + y? — z? = 0; (0,1,1) and (4, 1,—3) 


17-24. Tangent planes for z = f(x, y) Find an equation of the plane 
tangent to the following surfaces at the given points. 
17. z = 4 — 2x? — y*; (2,2,—8) and (—1,—1, 1) 

2 


18. g=24 2 + 


1 
(= l, 3) and (3, —2, 22) 


19. z = e”; (1,0, 1) and (0, 1, 1) 

20. z = sin xy + 2; (1,0, 2) and (0, 5, 2) 

21. xe, (2, 2,4) and (—1,-1, 1) 

22. z= In (1 + xy); (1,2, In 3) and (—2,—1, In3) 

23. z = (x — y)/(x? + y?°); (1, 2,—4) and (2,-1, 2) 

24. z = 2cos (x — y) + 2; (7/6, —77/6, 3) and (77/3, 7/3, 4) 


N 
| 


25-30. Linear approximation 


a. Find the linear approximation for the following functions at the 
given point. 
b. Use part (a) to estimate the given function value. 


25. f(x,y) = ay + x — y; (2,3); estimate f(2.1, 2.99). 

26. f(x,y) = 12 — 4x? — 8y”; (—1,4); estimate f(—1.05, 3.95). 
27. f(x,y) = —x* + 2y*; (3,-1); estimate f(3.1,—1.04). 

28. f(x,y) = Vx? + ys (3,—4); estimate (3.06, —3.92). 

29. f(x,y) = In(1 +x + y); (0,0); estimate f(0.1,—0.2). 

30. f(x,y) = (x + y)/(x — y); (3,2); estimate f(2.95, 2.05). 


31-34. Approximate function change Use differentials to approximate 
the change in z for the given changes in the independent variables. 


31. z = 2x — 3y — 2xy when (x, y) changes from (1, 4) to (1.1, 3.9) 


32. z = —x° + 3y” + 2 when (x, y) changes from (—1, 2) to 
(—1.05, 1.9) 


33. z = e™™ when (x, y) changes from (0, 0) to (0.1, —0.05) 


34. z = In(1 + x + y) when (x, y) changes from (0, 0) to 
(—0.1, 0.03) 


35. Changes in torus surface area The surface area of a torus (an 
ideal bagel or doughnut) with an inner radius r and an outer radius 
R > ris S = 4r’ (R? — r°). 


36. 


37. 


38. 


a. If r increases and R decreases, does S increase or decrease, or 
is it impossible to say? 

b. If r increases and R increases, does S increase or decrease, or 
is it impossible to say? 

c. Estimate the change in the surface area of the torus when 
r changes from r = 3.00 to r = 3.05 and R changes from 

= 5.50 to R = 5.65. 

d. Estimate the change in the surface area of the torus when 
r changes from r = 3.00 to r = 2.95 and R changes from 
R = 7.00 to R = 7.04. 

e. Find the relationship between the changes in r and R that 
leaves the surface area (approximately) unchanged. 


Changes in cone volume The volume of a right circular cone 
with radius r and height h is V = ar7h/3. 


a. Approximate the change in the volume of the cone when 
the radius changes from r = 6.5 to r = 6.6 and the height 
changes from h = 4.20 toh = 4.15. 

b. Approximate the change in the volume of the cone when the 
radius changes from r = 5.40 to r = 5.37 and the height 
changes from h = 12.0 toh = 11.96. 


Area of an ellipse The area of an ellipse with axes of length 2a 
and 2b is A = mab. Approximate the percent change in the area 
when a increases by 2% and b increases by 1.5%. 


Volume of a paraboloid The volume of a segment of a circular 
paraboloid (see figure) with radius r and height h is V = mr7h TPA 
Approximate the percent change in the volume when the radius 
decreases by 1.5% and the height increases by 2.2%. 





39-42. Differentials with more than two variables Write the differ- 
ential dw in terms of the differentials of the independent variables. 


39. 
40. 
41. 
42. 
43. 


w = f(x,y,z) = xy? + zx? + yz? 
w = f(x,y,z) = sin (x + y — z) 

w = flu, x,y,z) = (u + x)/(y + z) 
w = f(p,q, r,s) = pq/ (rs) 


Law of Cosines The side lengths of any triangle are related by the 
Law of Cosines, 


c = a’ + b? — 2ab cos 0. 


44. 


a. Estimate the change in the side length c when a changes from 
a = 2toa = 2.03, b changes from b = 4.00 to b = 3.96, 
and 0 changes from 6 = 7/3 to@ = 7/3 + 7/90. 

b. If a changes from a = 2 toa = 2.03 and b changes from 
b = 4.00 to b = 3.96, is the resulting change in c greater in 
magnitude when 0 = 77/20 (small angle) or when 0 = 977/20 
(close to a right angle)? 


Travel cost The cost of a trip that is L miles long, driving a 

car that gets m miles per gallon, with gas costs of $p/gal is 

C = Lp/m dollars. Suppose you plan a trip of L = 1500 mi ina 
car that gets m = 32 mi/gal, with gas costs of p = $3.80/gal. 


a. Explain how the cost function is derived. 

b. Compute the partial derivatives Cz, Cm, and C,. Explain the 
meaning of the signs of the derivatives in the context of this 
problem. 

c. Estimate the change in the total cost of the trip if L changes 
from L = 1500 to L = 1520, m changes from m = 32 to 31, 
and p changes from $3.80 to $3.85. 

d. Is the total cost of the trip (with L = 1500 mi, 

m = 32 mi/gal, and p = $3.80) more sensitive to a 1% 
change in L, m, or p (assuming the other two variables are 
fixed)? Explain. 


Further Explorations 


45. 


Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. The planes tangent to the cylinder x? + z? = 1 in R? all have 
the form ax + bz + c = 0. 

b. Suppose w = xy/z, for x > 0,y > 0, and z > 0. A decrease 
in z with x and y fixed results in an increase in w. 

c. The gradient VF (a, b, c) lies in the plane tangent to the sur- 
face F(x, y,z) = Oat (a,b,c). 


46—49. Tangent planes Find an equation of the plane tangent to the 
following surfaces at the given point. 


46. 
47. 


48 


49. 


z = tan! (x + y); (0,0,0) 
z = tan (w) (1,1, 7/4) 
(x + z)/(y — z) = 2; (4,2, 0) 


sin xyz = L, (a7, 1,4) 


50-53. Horizontal tangent planes Find the points at which the follow- 
ing surfaces have horizontal tangent planes. 


50. 
51. 
52. 
53. 
54. 


z= gin (x — y) in the region—2r = x = 27,-27 = y S27 
x + y*?—77-%r4+2yv+3=0 

x? + 2y? +z -—2x —-2z7-2=0 

z = cos 2% sin y in the region =m = 2 = m, -T = y= 7 


Heron’s formula The area of a triangle with sides of length 
a, b, and c is given by a formula from antiquity called Heron’ s 
formula: 





A = Vs(s — a)(s — b)(s — c), 


where s = (a + b + c)/2 is the semiperimeter of the triangle. 


53: 


56. 
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a. Find the partial derivatives A,, Ap, and A,. 

b. A triangle has sides of length a = 2,b = 4, and c = 5. 
Estimate the change in the area when a increases by 0.03, b 
decreases by 0.08, and c increases by 0.6. 

c. For an equilateral triangle with a = b = c, estimate the 
percent change in the area when all sides increase in length 
by p%. 


Surface area of a cone A cone with height h and radius r has a 
lateral surface area (the curved surface only, excluding the base) 
ofS = amrVr? + k. 
a. Estimate the change in the surface area when r increases from 
r = 2.50 tor = 2.55 and h decreases from h = 0.60 to 
h = 0.58. 
b. When r = 100 and h = 200, is the surface area more sensi- 
tive to a small change in r or a small change in A? Explain. 


Line tangent to an intersection curve Consider the paraboloid 
z = x? + 3y% and the plane z = x + y + 4, which intersects the 
paraboloid in a curve C at (2, 1,7) (see figure). Find the equation 
of the line tangent to C at the point (2, 1, 7). Proceed as follows. 


a. Find a vector normal to the plane at (2, 1, 7). 

b. Find a vector normal to the plane tangent to the paraboloid at 
(2, 14:1): 

c. Argue that the line tangent to C at (2, 1, 7) is orthogonal to 
both normal vectors found in parts (a) and (b). Use this fact to 
find a direction vector for the tangent line. 

d. Knowing a point on the tangent line and the direction of the tan- 
gent line, write an equation of the tangent line in parametric form. 


(2, 1,7) í 





Applications 


57: 


58. 


Batting averages Batting averages in baseball are defined by 

A = x/y, where x = 0 is the total number of hits and y > 0 is 
the total number of at-bats. Treat x and y as positive real numbers 
and note thatO = A S 1. 


a. Use differentials to estimate the change in the batting average 
if the number of hits increases from 60 to 62 and the number 
of at-bats increases from 175 to 180. 

b. If a batter currently has a batting average of A = 0.350, does 
the average decrease if the batter fails to get a hit more than it 
increases if the batter gets a hit? 

c. Does the answer to part (b) depend on the current batting 
average? Explain. 


Water-level changes A conical tank with radius 0.50 m and 
height 2.00 m is filled with water (see figure). Water is released 
from the tank, and the water level drops by 0.05 m (from 2.00 m 


960 


59. 


60. 


61. 
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to 1.95 m). Approximate the change in the volume of water in 
the tank. (Hint: When the water level drops, both the radius and 
height of the cone of water change.) 


r=0.5m 





Flow in a cylinder Poiseuille’s Law is a fundamental law of 

fluid dynamics that describes the flow velocity of a viscous in- 
compressible fluid in a cylinder (it is used to model blood flow 
through veins and arteries). It says that in a cylinder of radius R 
and length L, the velocity of the fluid r = R units from the center- 


P 
line of the cylinder is V = 777 (R? — r°), where P is the dif- 
V 


ference in the pressure between the ends of the cylinder and 

v is the viscosity of the fluid (see figure). Assuming that 

P and v are constant, the velocity V along the centerline of the 
cylinder (r = 0) is V = kR*/L, where k is a constant that we 
will take to be k = 1. 


p Ll 


R / ay, 






a. Estimate the change in the centerline velocity (r = 0) if 
the radius of the flow cylinder increases from R = 3 cm to 
R = 3.05 cm and the length increases from L = 50 cm to 
L = 50.5 cm. 

b. Estimate the percent change in the centerline velocity if the 
radius of the flow cylinder R decreases by 1% and the length L 
increases by 2%. 

c. Complete the following sentence: If the radius of the cylinder 
increases by p%, then the length of the cylinder must increase 
by approximately % in order for the velocity to remain 
constant. 


Floating-point operations In general, real numbers (with infinite 
decimal expansions) cannot be represented exactly in a computer 
by floating-point numbers (with finite decimal expansions). Sup- 
pose that floating-point numbers on a particular computer carry an 
error of at most 10 !°. Estimate the maximum error that is com- 
mitted in doing the following arithmetic operations. Express the 
error in absolute and relative (percent) terms. 


a. f(x,y) = xy b. f(x,y) = x/y 
c. F(x, y,z) = xyz d F(X, 9,2) = (4/9) /z 


Probability of at least one encounter Suppose that in a large 
group of people a fraction 0 = r < 1 of the people have flu. The 
probability that in n random encounters, you will meet at least one 
person with flu is P = f(n,r) = 1 — (1 — r)”. Although n is a 
positive integer, regard it as a positive real number. 


62. 


63. 


a. Compute f, and f,. 

b. How sensitive is the probability P to the flu rate r? Suppose 
you meet n = 20 people. Approximately how much does the 
probability P increase if the flu rate increases from r = 0.1 to 
r = 0.11 (with n fixed)? 

c. Approximately how much does the probability P increase if 
the flu rate increases from r = 0.9 tor = 0.91 with n = 20? 

d. Interpret the results of parts (b) and (c). 


Two electrical resistors When two electrical resistors with resis- 
tance R; > O and R, > O are wired in parallel in a circuit (see 
figure), the combined resistance R, measured in ohms (Q), is 

1 1 


| 
iven b = + 
one R R 








a. Estimate the change in R if R, increases from 2 Q to 2.05 Q 
and R, decreases from 3 Q to 2.95 Q. 

b. Is it true that if R} = R, and R, increases by the same small 
amount as R, decreases, then R is approximately unchanged? 
Explain. 

c. Is it true that if R,; and R, increase, then R increases? Explain. 

d. Suppose R; > R, and R4 increases by the same small amount 
as R, decreases. Does R increase or decrease? 


Three electrical resistors Extending Exercise 62, when 
three electrical resistors with resistance R; > 0, R, > 0, 
and R3 > O are wired in parallel in a circuit (see figure), the 
combined resistance R, measured in ohms (Q), is given by 


1 1 1 1 
— = — + — + —. Estimate the change in R if R, increases 
R R R K 


from 2 Q to 2.05 Q, R, decreases from 3 Q to 2.95 Q, and R3 
increases from 1.5 Q to 1.55 Q. 


Additional Exercises 


64. 


65. 


Power functions and percent change Suppose that 

z = f(x,y) = xy. where a and b are real numbers. Let 
dx/x, dy/y, and dz/z be the approximate relative (per- 

cent) changes in x, y, and z, respectively. Show that 

dz/z = a(dx)/x + b(dy) /y; that is, the relative changes are 
additive when weighted by the exponents a and b. 


Logarithmic differentials Let f be a differentiable function of 

one or more variables that is positive on its domain. 

df 

F 

b. Use part (a) to explain the statement that the absolute change 
in In f is approximately equal to the relative change in f. 

c. Let f(x,y) = xy, note that Inf = Inx + In y, and show that 
relative changes add; that is, df /f = dx/x + dy/y. 


a. Show that d (Inf) = 
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d. Let f(x,y) = x/y, note that Inf = In x — In y, and show that e. Find a condition that guarantees that the plane P does not in- 
relative changes subtract; that is df/f = dx/x — dy/y. tersect the ellipsoid. 
e. Show that in a product of n numbers, f = x,x> --- x,, the rela- 


tive change in f is approximately equal to the sum of the rela- 


tive changes in the variables. 


66. Distance from a plane to an ellipsoid (Adapted from 1938 Put- 





1. F(x,y,z) =z-—xy-—x+y=0 2. If you walk in 


nam Exam) Consider the ellipsoid x?/a? + y?/b? + z2/c2 = 1 the positive x-direction from (—1, 2,1), then you walk 


and the plane P given by Ax + By + Cz + 1 = 0. Let uphill. If you walk in the positive y-direction from 
h = (A? + B? + CY? and m = (aA? + b?B? + ec’). (—1, 2, 1), then you walk downhill. 3. If Ax = 0, then 
a. Find the equation of the plane tangent to the ellipsoid at the the change formula becomes Az ~ f(a, b) Ay, which is 


point (p, q,r). 


the change formula for the single variable y. If Ay = 0, 


b. Find the two points on the ellipsoid at which the tangent plane then the change formula becomes Az = f,(a, b) Ax, which 


is parallel to P and find equations of the tangent planes. is the change formula for the single variable x. 4. The BMI 
c. Show that the distance between the origin and the plane P increases with weight w and decreases with height h.< 
is A. 


d. Show that the distance between the origin and the tangent 


planes is hm. 


13.8 Maximum/Minimum Problems 


Local maximum and 
absolute maximum 
on D \ 







Local maximum 





Local minimum Local minimum and 


absolute minimum 
on D 


FIGURE 13.85 


» We maintain the convention adopted in 
Chapter 4 that local maxima or minima 
occur at interior points of the domain. 
Recall that an open disk centered at 
(a, b) is the set of points within a circle 
centered at (a, b). 


In Chapter 4 we showed how to use derivatives to find maximum and minimum values 
of functions of a single variable. When those techniques are extended to functions of two 
variables, we discover both similarities and differences. The landscape of a surface is far 
more complicated than the profile of a curve in the plane, so we see more interesting 
features when working with several variables. In addition to peaks (maximum values) 
and hollows (minimum values), we encounter winding ridges, long valleys, and mountain 
passes. Yet despite these complications, many of the ideas used for single-variable func- 
tions reappear in higher dimensions. For example, the Second Derivative Test, suitably 
adapted for two variables, plays a central role. As with single-variable functions, the tech- 
niques developed here are useful for solving practical optimization problems. 


Local Maximum / Minimum Values 

The concepts of local maximum and minimum values encountered in Chapter 4 extend 
readily to functions of two variables of the form z = f(x, y). Figure 13.85 shows a general 
surface defined on a domain D, which is a subset of R. The surface has peaks (local high 
points) and hollows (local low points) at points in the interior of D. The goal is to locate 
and classify these extreme points. 


DEFINITIONS Local Maximum / Minimum Values 


A function f has a local maximum value at (a, b) if f(x,y) = f(a, b) for all (x, y) 
in the domain of f in some open disk centered at (a, b). A function f has a local 


minimum value at (a, b) if f(x,y) = f(a, b) for all (x, y) in the domain of f in 
some open disk centered at (a, b). Local maximum and local minimum values are also 
called local extreme values or local extrema. 





In familiar terms, a local maximum is a point on a surface from which you cannot 
walk uphill. A local minimum is a point from which you cannot walk downhill. The fol- 
lowing theorem is the analog of Theorem 4.2. 
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THEOREM 13.13 Derivatives and Local Maximum / Minimum Values 
If f has a local maximum or minimum value at (a, b) and the partial derivatives 


f: and f, exist at (a, b), then f(a, b) = fi(a,b) = 0. 





Proof: Suppose f has a local maximum value at (a, b). The function of one variable 
g(x) = f(x, b), obtained by holding y = b fixed, also has a local maximum at (a, b). By 
Theorem 4.2, g'(a) = 0. However, g'(a) = f,(a, b); therefore, f(a, b) = 0. Similarly, 
the function h(y) = f(a, y), obtained by holding x = a fixed, has a local maximum at 
(a, b), which implies that f,(a,b) = h'(b) = 0. An analogous argument is used for the 
local minimum case. < 


Suppose f is differentiable at (a, b) (ensuring the existence of a tangent plane) and 
f has a local extremum at (a, b). Then, f,(a,b) = f,(a,b) = 0, which, when substituted 
into the equation of the tangent plane, gives the equation z = f(a, b) (a constant). There- 
fore, if the tangent plane exists at a local extremum, then it is horizontal there. 





QUICK CHECK 1 The paraboloid z = x7 + y? — 4x + 2y + 5 has a local minimum at 
(2,= S Verify the conclusion of Theorem 13.13 for this function. < 


Recall that for a function of one variable the condition f'(a) = 0 does not guarantee 
a local extremum at a. A similar precaution must be taken with Theorem 13.13. The condi- 
tions f,(a,b) = f,(a, b) = 0 do not imply that f has a local extremum at (a, b), as we 
show momentarily. Theorem 13.13 provides candidates for local extrema. We call these 
candidates critical points, as we did for functions of one variable. Therefore, the procedure 
for locating local maximum and minimum values is to find the critical points and then deter- 
mine whether these candidates correspond to genuine local maximum and minimum values. 


DEFINITION Critical Point 


An interior point (a, b) in the domain of f is a critical point of f if either 


1- flab) = flab) = 0,01 


2. one (or both) of f, or f, does not exist at (a, b). 





EXAMPLE 1 Finding critical points Find the critical points of 

f(xy) = xy(x = 2)(y + 3). 

SOLUTION This function is differentiable at all points of R?, so the critical points occur 
only at points where f(x, y) = f(x,y) = 0. Computing and simplifying the partial de- 
rivatives, these conditions become 


f(xy) = 2y(x — 1)(y + 3) = 0 
Loy) =a = 22 + 3) = 0 
We must now identify all (x, y) pairs that satisfy both equations. The first equation is sat- 
isfied if and only if y = 0, x = 1, or y = —3. We consider each of these cases. 
e Substituting y = 0, the second equation is 3x(x — 2) = 0, which has solutions x = 0 
and x = 2. So, (0, 0) and (2, 0) are critical points. 
e Substituting x = 1, the second equation is — (2y + 3) = 0, which has the solution 
y= —3. So, (1, —3) is a critical point. 
e Substituting y = —3, the second equation is —3x(x — 2) = 0, which has roots x = 0 
and x = 2. So, (0, —3) and (2, —3) are critical points. 


» The usual image of a saddle point is 
that of a mountain pass (or a horse 
saddle), where you can walk upward in 
some directions and downward in other 
directions. The definition of a saddle 
point we have given includes other less 
common situations. For example, with 
this definition, the cylinder z = x° has a 


line of saddle points along the y-axis. 





l 
| 
l 


‘The hyperbolic paraboloid i 
z = x? — y? has a saddle 
| point at (0, 0). 


FIGURE 13.86 





» The Second Derivative Test for functions 
of a single variable states that if a is 
a critical point with f'(a) = 0, then 
f"(a) > 0 implies that f has a local 
minimum at a, f"(a) < 0 implies 
that f has a local maximum at a, and 
if f"(a) = 0, the test is inconclusive. 
Theorem 13.14 is easier to remember if 
you notice the parallels between the two 
second derivative tests. 
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We find that there are five critical points: (0, 0), (2, 0), (1, —ž), (0, —3), and (2, —3). 
Some of these critical points may correspond to local maximum or minimum values. We 
return to this example and a complete analysis shortly. 

Related Exercises 9-18 


Second Derivative Test 


Critical points are candidates for local extreme values. With functions of one variable, the 
Second Derivative Test may be used to determine whether critical points correspond to 
local maxima or minima (it can also be inconclusive). The analogous test for functions of 
two variables not only detects local maxima and minima, but also identifies another type 
of point known as a saddle point. 


DEFINITION Saddle Point 


A function f has a saddle point at a critical point (a, b) if, in every open disk centered 


at (a, b), there are points (x, y) for which f(x, y) > f(a, b) and points for which 
f(x,y) JG): 





A saddle point on the surface z = f(x, y) is a point (a, b, f(a, b)) from which it is 
possible to walk uphill in some directions and downhill in other directions. The function 
f(x,y) = x” — y? (a hyperbolic paraboloid) is a good example to remember. The surface 
rises from (0, 0) along the x-axis and falls from (0, 0) along the y-axis (Figure 13.86). We 
can easily check that f.(0,0) = f,(0,0) = 0, demonstrating that critical points do not 
necessarily correspond to local maxima or minima. 


ICK CHECK 2 Consider the plane tangent to a surface at a saddle point. In what direc- 


tion does the normal to the plane point? «< 


THEOREM 13.14 Second Derivative Test 

Suppose that the second partial derivatives of f are continuous throughout 

an open disk centered at the point (a, b), where f,(a,b) = f,(a,b) = 0. Let 
D(x.) = fel V) yy) — fos y))? 

1. If D(a, b) > Oand f,,(a, b) < 0, then f has a local maximum value at (a, b). 
2. If D(a, b) > Oand f,,(a,b) > 0, then f has a local minimum value at (a, b). 
3. If D(a, b) < 0, then f has a saddle point at (a, b). 


4. If D(a, b) = 0, then the test is inconclusive. 





The proof of this theorem is given in Appendix B, but a few comments are in order. 
The test relies on the quantity D(x, y) = fx fy — (fo), which is called the discriminant 


Jex “4 
fre Sy 
where fey = fyw provided these derivatives are continuous (Theorem 13.4). The condition 
D(x, y) > 0 means that the surface has the same general behavior in all directions near 
(a, b); either the surface rises in all directions, or it falls in all directions. In the case that 
D(a, b) = 0, the test is inconclusive: (a, b) could correspond to a local maximum, a local 
minimum, or a saddle point. 

Finally, another useful characterization of a saddle point can be derived from 
Theorem 13.14: The tangent plane at a saddle point lies both above and below the surface. 


of f. It can be remembered as the 2 X 2 determinant of the Hessian matrix ( 


CK 3 Compute the discriminant D(x, y) of f(x,y) = xy” 
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eee ee Ce ee a ae EXAMPLE 2 Analyzing critical points Use the Second Derivative Test to classify 
: the critical points of f(x, y) = x? + 2y? — 4x + 4y + 6. 


SOLUTION We begin with the following derivative calculations: 

fp=2x-4 flr=4 +4 

Tag 2 Ty = Ja iy t 
Setting both f, and f, equal to zero yields the single critical point (2, —1). The value of 
the discriminant at the critical point is D(2,—1) = fe fy — (fy)? = 8 > 0. Further- 
more, f,,.(2,-1) = 2 > 0. By the Second Derivative Test, f has a local minimum at 


(2, —1); the value of the function at that point is f(2,—1) = 0 (Figure 13.87). 
Related Exercises 19-34 





ocala. 24), f EXAMPLE 3 Analyzing critical points Use the Second Derivative Test to classify 
where f, = f, = 0 the critical points of f(x,y) = xy(x — 2)(y + 3). 


FIGURE 13.87 SOLUTION In Example 1, we determined that the critical points of f are (0, 0), (2, 0), 
( l, —3), (0, —3), and (2, —3). The derivatives needed to evaluate the discriminant are 
i, = 2% = Le + 3), M åO 
fx = 2y(y + 3), I-22) oa 1), a: © = 2): 


The values of the discriminant at the critical points and the conclusions of the Second 
Derivative Test are shown in Table 13.5. 


Table 13.5 

(x,y) D(x,y) fæ Conclusion 

(0, 0) —36 0 Saddle point 

(2, 0) —36 0 Saddle point 
(1,-3) 9 —2 Local maximum 
(0;—3) —36 0 Saddle point 
(2,=3) =36 0 Saddle point 


The surface described by f has one local maximum at ( l, —3), surrounded by four 
saddle points (Figure 13.88a). The structure of the surface may also be visualized by plot- 
ting the level curves of f (Figure 13.88b). 


Saddle points at (0, —3), 
(0, 0), (2, —3), and (2, 0) 





Saddle point R Saddle point 


E 2 f Local 
e J (+4 maximum 
| One local maximum 


surrounded by four | 2 = y — 2)(y + 3) 
saddle points. Saddle point WA Saddle point 


(a) 





FIGURE 13.88 
Related Exercises 19-34< 


» Example 4 is a constrained optimization 
problem, in which the goal is to 
maximize the volume subject to an 
additional condition called a constraint. 
We return to such problems in the next 
section and present another method 
of solution. 


Maximum volume 
| occurs when V 
| x = y = 32. | 









96 





aor X- 96 Domain: 


96 


Volume V = xy(96 — x — y) 
FIGURE 13.89 





X 


Local minimum at (0, 0), | 
but the Second Derivative 
_ Test is inconclusive. 


FIGURE 13.90 


> The same “flat” behavior occurs with 
functions of one variable, such as 
f(x) = xt. Although f has a local 
minimum at x = 0, the Second 
Derivative Test is inconclusive. 
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EXAMPLE 4 Shipping regulations A shipping company handles rectangular boxes 
provided the sum of the length, width, and height of the box does not exceed 96 in. Find 
the dimensions of the box that meets this condition and has the largest volume. 


SOLUTION Let x, y, and z be the dimensions of the box; its volume is V = xyz. 
The box with the maximum volume satisfies the condition x + y + z = 96, which 
is used to eliminate any one of the variables from the volume function. Noting that 
z = 96 — x — y, the volume function becomes 


Vis) = 2990 = % ==). 


Notice that because x, y, and 96 — x — y are dimensions of the box, they must be non- 
negative. The condition 96 — x — y = Oimplies that x + y = 96. Therefore, among 
points in the xy-plane, the constraint is met only if (x, y) lies in the triangle bounded by 
the lines x = 0, y = 0, and x + y = 96 (Figure 13.89). This triangle is the domain of 
the problem, and on its boundary, V = 0. 

The goal is to find the maximum value of V. The critical points of V satisfy 


V, = 96y — 2xy — y* = y(96 — 2x — y) =0 
V, = 96x — Ixy — x? = x(96 — 2y — x) = 0. 
You can check that these two equations have four solutions: (0, 0), (96, 0), (0, 96), and 


(32, 32). The first three solutions lie on the boundary of the domain, where V = 0. There- 
fore, the only critical point is (32, 32). The required second derivatives are 


Vi. = —2y, Vy = 96 = 24 — 2y, V 


r~ =x. 


The discriminant is 
D(x, y) = VaV — (Vy) = 4xy — (96 — 2x — 2y)?*, 


which, when evaluated at (32, 32), has the value D(32, 32) = 3072 > 0. Therefore, 
the critical point corresponds to either a local maximum or minimum. Noting that 
V,.(32, 32) = —64 < 0, we conclude that the critical point corresponds to a local 
maximum. The dimensions of the box with maximum volume are x = 32, y = 32, and 
z = 96 — x — y = 32 (itis a cube). Its volume is 32,768 in’, which is the maximum 
volume on the domain. 

Related Exercises 35—38< 


EXAMPLE 5 Inconclusive tests Apply the Second Derivative Test to the following 
functions and interpret the results. 


a. f(x,y) = 2x4 + y b. f(x,y) = 2 — xy’ 
SOLUTION 
a. The critical points of f satisfy the conditions 
fo = 8x =0 and f, = 4y? = 0, 
so the sole critical point is (0, 0). The second partial derivatives evaluated at (0, 0) are 
fa(0,0) = fiy(0,0) = fiy(0.0) = 0. 


We see that D(0, 0) = 0, and the Second Derivative Test is inconclusive. While the 
bowl-shaped surface (Figure 13.90) described by f has a local minimum at (0, 0), the 
surface also has a broad flat bottom, which makes the local minimum “invisible” to 
the Second Derivative Test. 


b. The critical points of this function satisfy 


f(xy) =—y? =0 and f(x,y) = —2xy = 0. 
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> Itis not surprising that the Second 
Derivative Test is inconclusive in 
Example 5b. The function has a line of 
local maxima at (a, 0) for a > 0, a line 
of local minima at (a, 0) fora < 0, and 
a saddle point at (0, 0). 


Z 





Second derivative 
test fails to detect 
saddle point at (0, 0). 


FIGURE 13.91 


> Recall that a closed set in R? is a set that 
includes its boundary. A bounded set 
in R? is a set that may be enclosed by a 
circle of finite radius. 


The solutions of these equations have the form (a, 0), where a is a real number. It is 
easy to check that the second partial derivatives evaluated at (a, 0) are 


fala, 0) = fola, 0) =0 and f,(a,0) = —2a. 


Therefore, the discriminant is D(a, 0) = 0, and the Second Derivative Test is incon- 
clusive. Figure 13.91 shows that f has a flat ridge above the x-axis that the Second 
Derivative Test is unable to classify. Related Exercises 39-42< 


Absolute Maximum and Minimum Values 


As in the one-variable case, we are often interested in knowing where a function of two or 
more variables attains its extreme values over its entire domain. 


DEFINITIONS Absolute Maximum /Minimum Values 
If f(x,y) <= f(a, b) for all (x, y) in the domain of f, then f has an absolute maxi- 


mum value at (a, b). If f(x,y) = f(a, b) for all (x, y) in the domain of f, then f has 
an absolute minimum value at (a, b). 





The concepts of absolute maximum and minimum values may also be applied to a 
specified subset of the domain, as shown in Example 6. It should be noted that the Ex- 
treme Value Theorem of Chapter 4 has an analog in R? (or in higher dimensions): A 
function that is continuous on a closed bounded set in R? attains its absolute maximum 
and absolute minimum values on that set. Absolute maximum and minimum values on a 
closed bounded set R occur in two ways. 


e They may be local maximum or minimum values at interior points of R, where they are 
associated with critical points. 
e They may occur on the boundary of R. 


Therefore, the search for absolute maximum and minimum values on a closed bounded set 
is accomplished in the following three steps. 


PROCEDURE Finding Absolute Maximum / Minimum Values on Closed, 
Bounded Sets 


Let f be continuous on a closed bounded set R in R°. To find the absolute maxi- 
mum and minimum values of f on R: 


. Determine the values of f at all critical points in R. 


. Find the maximum and minimum values of f on the boundary of R. 


. The greatest function value found in Steps | and 2 is the absolute maximum 
value of f on R, and the least function value found in Steps 1 and 2 is the 
absolute minimum value of f on R. 





The techniques for carrying out Step | of this process have been presented. The chal- 
lenge generally lies in locating extreme values on the boundary. For now, we restrict our 
attention to sets whose boundaries are described parametrically; then, finding extreme val- 
ues on the boundary becomes a one-variable problem. In the next section, we discuss an 
alternative method for finding extreme values on boundaries. 


EXAMPLE 6 Absolute maximum and minimum values Find the absolute maximum 
and minimum values of f(x, y) = x? + y? — 2x + 2y + 5 onthe set R = { (x,y): 
x? + y? < 4} (the closed disk centered at (0, 0) with radius 2). 


» Recall that a parametric description 


of a circle of radius a centered at the 


origin is x = a cos 0, y = asin 0, for 


Va = 25; 


Absolute minimum 
on R occurs in 
interior of 

Rat (1, —1). 
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SOLUTION We begin by locating the critical points and the local maxima and minima. 
The critical points satisfy the equations 


69) = 22-20 ad y =2y4 2 —0, 


which have the solution x = 1 andy = —1. The value of the function at this point is 
f(i,-1) = 3. 

We now determine the maximum and minimum values of f on the boundary of R, 
which is a circle of radius 2 described by the parametric equations 


x = 2 cos 8, y = 2sinð, for 0 s560 s 27. 
Substituting x and y in terms of 0 into the function f, we obtain a new function g(0) that 
gives the values of f on the boundary of R: 
g(0) = (2cos 0)? + (2sin6)? — 2(2 cos 6) + 2(2sin0) + 5 
= 4(cos%0 + sin?6) — 4cos0 + 4sin0 + 5 
= —4 cos 0 + 4sin0 + 9. 


Finding the maximum and minimum boundary values is now a one-variable problem. 
The critical points of g satisfy 


g'(0) = 4sin@ + 4cos0 = 0, 


or tan 0 = —1. Therefore, g has critical points 0 = —a/4 and 0 = 3m /4, which corre- 
spond to the points (V2, — V2) and (— V2, V2). The function values at these points are 
f(V2,-V2) = 9 — 4V2 = 3.3 and f(—V2, V2) = 9 + 4V2 = 147. 

Having completed the first two steps of this procedure, we have three function values 
to consider: 


e f(1,—1) =3 (critical point), 
e f(V2,-V2) = 9 — 4V2 = 3.3 (boundary point), and 
° 7 V2, V2) = 9 + 4V2 = 14.7 (boundary point). 


The greatest value, HV, V2) = 9 + 4V2, is the absolute maximum value, and 
it occurs at a boundary point. The least value, f(1,—1) = 3, is the absolute minimum 
value, and it occurs at an interior point (Figure 13.92a). Also revealing is the plot of 
the level curves of the surface with the boundary of R superimposed (Figure 13.92b). 
As the boundary of R is traversed, the values of f vary, reaching a maximum value at 
0 = 32/4, or (— V2, V2), and a minimum value at 9 = —7/4, or (V2, — V2). 










fa%yart+y-wt+ats * YA Level curves of f 
T Absolute maximum Increasing z 
on R occurs on 
boundary of R at 
NLN) 
Maximum fann 
value of f 4 
on boundary x 
of R occurs 
at (V2. V2), Minimum 
3a value of 
= isis a fon boundary 
of R occurs at 
, (—V2, V2), 
= gee 2. ae —_T 
EI EE Boundary of R = {(x, y): x? + y* = 4} ee a 


FIGURE 13.92 


(a) (b) 


Related Exercises 43—50< 
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ð od 
> Notice that — (d°) = 2d— and 
Ox Ox 


ð od 
—(d”) = 2d—. Because d = 0, d° and 
oy oy 


d have the same critical points. 


Distance squared: 
F(x, y) = 2x? + 5y* + Axy + 8y + 8 


Z 





Absolute minimum 
($ 4 1) 
3? 3° 3 


FIGURE 13.93 


SECTION 13.8 EXERCISES 


Review Questions 


1. Describe the appearance of a smooth surface with a local maxi- 


mum at a point. 


2. Describe the usual appearance of a smooth surface at a saddle 


point. 


Open and/or Unbounded Domains Finding absolute maximum and minimum 
values of a function on an open domain (for example, R = { (x,y) = x? + y? < 9}) 
or an unbounded domain (for example, R = {(x,y):x > 0, y > 0}) presents additional 
challenges. Because there is no systematic procedure for dealing with such problems, some 
ingenuity is generally needed. Notice that absolute extreme may not exist on such domains. 


EXAMPLE 7 Absolute extreme values on an open set Find the absolute maximum and 
minimum values of f(x,y) = 4 — x” — y? onthe open disk R = {(x,y):x7 + y? < 1} 
(if they exist). 


SOLUTION You should verify that f has a critical point at (0, 0) and it corresponds to 
a local maximum (on an inverted paraboloid). Moving away from (0, 0) in all direc- 
tions, the function values decrease, so f also has an absolute maximum at (0, 0). The 
boundary of R is the unit circle { (x, y): x? + y7” = 1}, which is not contained in R. As 
(x, y) approaches any point on the unit circle along any path in R, the function values 
f(x,y) = 4 — (x° + y?) decrease and approach 3 but never reach 3. Therefore, f does 
not have an absolute minimum on R. 

Related Exercises 5]—58<« 





QUICK CHECK 4 Does the linear function f(x, y) = 2x + 3y have an absolute maximum 
or minimum value on the open unit square { (x, y):0 <x < 1,0 < y < 1}?<« 


EXAMPLE 8 Absolute extreme values on an open set Find the point(s) on the plane 
x + 2y + z = 2 closest to the point P(2, 0, 4). 


SOLUTION Suppose that (x, y, z) is a point on the plane, which means that z = 2 — x — 2y. 
The distance between P(2, 0, 4) and (x, y, z) that we seek to minimize is 


d(x,y,z) = V(x - oe + y? + 2 4). 


It is easier to minimize d*, which has the same critical points as d. Squaring d and elimi- 
nating z using z = 2 — x — 2y, we have 


flay) = (d(x, y,z))* = (x — 2)? + y? + (-x — 2y — 2)? 
= 2x7 + 5y? + 4xy + 8y + 8. 


The critical points of f satisfy the equations 
jn = 48 F4y=]0 and j,— 42 7 10y 7 3 = 0, 


whose only solution is x = $, y = —}. The Second Derivative Test confirms that this point 
corresponds to a local minimum of f. We now ask: Does (3, —4) correspond to the absolute 
minimum value of f over the entire domain of the problem, which is R?? Because the 
domain has no boundary, we cannot check values of f on the boundary. Instead, we argue 
geometrically that there is exactly one point on the plane that is closest to P. We have found 
a point that is closest to P among nearby points on the plane. As we move away from this 
point, the values of f increase without bound. Therefore, (å, —4) corresponds to the abso- 


lute minimum value of f. A graph of f (Figure 13.93) confirms this reasoning, and we 


conclude that the point (3, -4 1) is the point on the plane nearest P. 


Related Exercises 51—58 


3. What are the conditions for a critical point of a function f? 


If f(a, b) = f,(a, b) = 0, does it follow that f has a local maxi- 
mum or local minimum at (a, b)? Explain. 


5. What is the discriminant and how do you compute it? 


6. Explain how the Second Derivative Test is used. 


7. What is an absolute minimum value of a function f on a set R 
“mp2 
in R^? 


8. What is the procedure for locating absolute maximum and mini- 
mum values on a closed bounded domain’? 


Basic Skills 
9-18. Critical points Find all critical points of the following 
functions. 


9, f(x,y) =1+x +y? 


10. f(x,y) =x 
11. f(x,y) = (3x — 2)? + (y - 4) 
12. f(x,y) = 3x? — 4y? 


14. f(x,y) = x°/3 — y?/3 + 3xy 

15. f(x,y) = xt — 2x? + y? — 4y +5 
16. f(x,y 
17. f(x,y) =x? + 6x + y7 +8 


| 
Se 
N 
£ 
Š 
| 
N 
Se 
| 
< 
4 
— 


) 
) 
) 
) 
13. f(x,y) = xt + yt — 16xy 
) 
) 
) 
) 


18. f(x,y) = er y 2y ty 


19-34. Analyzing critical points Find the critical points of the 
following functions. Use the Second Derivative Test to determine 
(if possible) whether each critical point corresponds to a local 
maximum, local minimum, or saddle point. Confirm your results 
using a graphing utility. 


19. f(x,y) = 4 + 2x? + 3y? 
20. f(x,y) = (4x — 1)? + (2y + 4)? + 1 
21. f(x,y) = —4x? + 8y? -— 3 

22. f(x,y) = xt + yf — 4x — 32y + 10 
23. f(x,y) = xt + 2y? — 4xy 

24. f(x,y) = xye*”? 

25. f(x,y) = Vx? + y?2- 4x +5 

26. f(x,y) = tan! xy 

27. f(x,y) 
28. f(x,y) = x? + xy? — 2x + 1 


X 
29. f(x,y) = 
fixy) L+x7+y? 
x= 1 
30. f(x, y) m 2 
31. f(x,y) = xt + 4x7(y — 2) + 8(y - 1)? 


32. f(x,y) = xe ~~ sin y, for [xl —20=yaq 
33. f(x,y 


34. f(x,y 
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35. 


36. 


Ih 


38. 
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Shipping regulations A shipping company handles rectangular 
boxes provided the sum of the height and the girth of the box does 
not exceed 96 in. (The girth is the perimeter of the smallest base 
of the box.) Find the dimensions of the box that meets this condi- 
tion and has the largest volume. 


Cardboard boxes A lidless box is to be made using 2 m° of card- 
board. Find the dimensions of the box with the largest possible 
volume. 


Cardboard boxes A lidless cardboard box is to be made with a 
volume of 4 m°. Find the dimensions of the box that requires the 
least amount of cardboard. 


Optimal box Find the dimensions of the largest rectangular box in 
the first octant of the xyz-coordinate system that has one vertex at 
the origin and the opposite vertex on the plane x + 2y + 3z = 6. 


39-42. Inconclusive tests Show that the Second Derivative Test is in- 
conclusive when applied to the following functions at (0,0). Describe 
the behavior of the function at the critical point. 


39 
41 


. f(x,y) =4 + x4 + 3y4 


. f(xy) = xy? 


40. f(x,y) = x’y — 3 
42. f(x,y) = sin (x*y’) 


43-50. Absolute maxima and minima Find the absolute maximum 
and minimum values of the following functions on the given set R. 


43. f(x,y) =x? + y?-—2y4+1; R= {(xy):x? + y? = 4} 
44, f(x,y) = 2x? + y% R= {(x,y):x7 + y? = 16} 
45. f(x,y) =4 + 2x? + y?; 
ee Ce) teed Ge a al ao 
46. f(x,y) = 6 — x? — Ay’; 
R= {(x,y):-2 =x=2,-lsy=1} 
47. f(x,y) = 2x* — 4x + 3y? + 2; 
k= Caan Oa eal 
48. f(x,y) =x? + y? — 2x — 2y; Ris the closed set bounded by 
the triangle with vertices (0, 0), (2,0), and (0, 2). 
49. f(x,y) = —2x* + 4x — 3y? — 6y — 1; 
R= {(xy): œ- 1} + 0+1} <1} 
50. f(x,y) = Vx? + y? — 2x + 2; Ris the closed half disk 


{(x,y):x? + y? = 4 with y = 0}. 


51-54. Absolute extrema on open and / or unbounded sets /f pos- 
sible, find the absolute maximum and minimum values of the following 
functions on the set R. 


51 
52 
53 
54 





. f(y) =x? +y?— 4, R= {ya + y? < 4} 
eJay Ses ayy RS 19) sly) 2} 

s f(xy) = 2e7;, R= {(x, y):x = 0,y = OF 
fey) =e 973 R= 1 ey): lal < 1,9] = 1} 








55-58. Absolute extrema on open and/or unbounded sets 


55 


. Find the point on the plane x + y + z = 4 nearest the point 
P(0, 3,6). 
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56. Find the point(s) on the cone z? = x” + y? nearest the point 
P(1, 4,0). 


2 


57. Find the point on the surface curve y = x^ nearest the line 


y = x — 1. Identify the point on the line. 


58. Rectangular boxes with a volume of 10 m°? are made of two mate- 
rials. The material for the top and bottom of the box costs $10/m/? 
and the material for the sides of the box costs $1/m?. What are 
the dimensions of the box that minimize the cost of the box? 


Further Explorations 

59. Explain why or why not Determine whether the following 
statements are true and give an explanation or counterexample. 
Assume that f is differentiable at the points in question. 


a. The fact that f,(2,2) = f,(2,2) = 0 implies that f has a local 
maximum, local minimum, or saddle point at (2, 2). 

b. The function f could have a local maximum at (a, b) where 
hab) 7# 0. 

c. The function f could have both an absolute maximum and an 
absolute minimum at two different points that are not critical 
points. 

d. The tangent plane is horizontal at a point on a surface corre- 
sponding to a critical point. 


60—61. Extreme points from contour plots Based on the level curves 
that are visible in the following graphs, identify the approximate loca- 
tions of the local maxima, local minima, and saddle points. 


= 


Ny 








61. 





62. Optimal box Find the dimensions of the rectangular box 
with maximum volume in the first octant with one ver- 
tex at the origin and the opposite vertex on the ellipsoid 
36x? + Ay? + 9z? = 36. 


63. Least distance What point on the plane x — y + z = 2 is closest 
to the point (1, 1, 1)? 


64. Maximum/minimum of linear functions Let R be a closed 
bounded set in R? and let f(x,y) = ax + by + c, where a, b, and 
c are real numbers, with a and b not both zero. Give a geometrical 
argument explaining why the absolute maximum and minimum 
values of f over R occur on the boundaries of R. 


65. Magic triples Let x, y, and z be nonnegative numbers with 
+y+ z= 200. 
. Find the values of x, y, and z that minimize x? + y? + 7%, 


x 
a 
b. Find the values of x, y, and z that minimize V x? + ye + 7%, 
c. Find the values of x, y, and z that maximize xyz. 

d. Find the values of x, y, and z that maximize x’y 272 


66. Powers and roots Assume that x + y + z = 1 with x = 0, 
y = ü adz = 0, 


a. Find the maximum and minimum values of 
(1 + x*)(1 + y7)(1 + 27). 
b. Find the maximum and minimum values of 


(1 + Vx)(1 + Vy)(1 + V2). 
(Source: Math Horizons (April 2004)) 


Applications 


67. Optimal locations Suppose n houses are located at the distinct 


points (x1, y1), (%, Y2), <- -> (Xm Yn). A power substation must be 
located at a point such that the sum of the squares of the distances 
between the houses and the substation is minimized. 


a. Find the optimal location of the substation in the case 
that n = 3 and the houses are located at (0, 0), (2,0), and 
(Ja ile). 

b. Find the optimal location of the substation in the case that 
n = 3 and the houses are located at distinct points (x, y1), 
(x2; y2), and (x3, y3). 

c. Find the optimal location of the substation in the general case 
of n houses located at distinct points (x), y1), (X2, Y2), -<-> 
(Xn Yn). 

d. You might argue that the locations found in parts (a), (b), and 
(c) are not optimal because they result from minimizing the 
sum of the squares of the distances, not the sum of the dis- 
tances themselves. Use the locations in part (a) and write the 
function that gives the sum of the distances. Note that mini- 
mizing this function is much more difficult than in part (a). 
Then use a graphing utility to determine whether the optimal 
location is the same in the two cases. (Also see Exercise 75 
about Steiner’s problem.) 


68—69. Least squares approximation /n its many guises, the least 
squares approximation arises in numerous areas of mathematics and 
statistics. Suppose you collect data for two variables (for example, 
height and shoe size) in the form of pairs (x1, y1), (Xo, Y2), + +++ (Xm Yn): 
The data may be plotted as a scatterplot in the xy-plane, as shown in the 
figure. The technique known as linear regression asks the question: What 
is the equation of the line that “best fits” the data? The least squares 


criterion for best fit requires that the sum of the squares of the vertical 
distances between the line and the data points is a minimum. 


68. 


69. 


y 

p- 1° Yn- D 
Regression 
line \ 






Let the equation of the best-fit line be y = mx + b, where the 
slope m and the y-intercept b must be determined using the least 
Squares condition. First assume that there are three data points 
(1,2), (3,5), and (4, 6). Show that the function of m and b that 
gives the sum of the squares of the vertical distances between the 
line and the three data points is 


E(m,b) = ((m + b) — 2)* + (Gm + b) — 5)? 
+ ((4m + b) — 6)’. 


Find the critical points of E and find the values of m and b that 
minimize E. Graph the three data points and the best-fit line. 


Generalize the procedure in Exercise 68 by assuming that n data 
points (x1, y1), (X2; ¥2),---> (Xn Yn) are given. Write the function 
E(m, b) (summation notation allows for a more compact calcula- 
tion). Show that the coefficients of the best-fit line are 


(Sx) (Sy) B n D Xi 


m = —— N and 


(Sx)? 7 n Dx 
— (Eon - mX, x), 


where all sums run from k = 1 tok =n. 


70-71. Least squares practice Use the results of Exercise 69 to find the 
best-fit line for the following data sets. Plot the points and the best-fit line. 


70. 


(0, 0), (2, 3), (4, 5) 71. (—1,0), (0,6), (3,8) 


Additional Exercises 


72. 


73. 


74. 


H75. 


Second Derivative Test Use the Second Derivative Test 

to prove that if (a, b) is a critical point of f at which 

hka b) = fab) = 0 and fala b) < 0 < fyab) or 
f(a, b) < 0 < fix(a, b), then f has a saddle point at (a, b). 


Maximum area triangle Among all triangles with a perim- 

eter of 9 units, find the dimensions of the triangle with the 
maximum area. It may be easiest to use Heron’s formula, which 
states that the area of a triangle with side length a, b, and c is 

A = Vs(s — a)(s — b)(s — c), where 2s is the perimeter of the 
triangle. 





Ellipsoid inside a tetrahedron (1946 Putnam Exam) Let P be 

a plane tangent to the ellipsoid x? /a? + y?/b? + z7/c? = 1 

at a point in the first octant. Let T be the tetrahedron in the first 
octant bounded by P and the coordinate planes x = 0, y = 0, and 
z = O. Find the minimum volume of T. (The volume of a tetrahe- 
dron is one-third the area of the base times the height.) 


Steiner’s problem for three points Given three distinct noncol- 
linear points A, B, and C in the plane, find the point P in the 
plane such that the sum of the distances |AP| + |BP| + |CP] is a 


76. 


H 77. 


i 78. 
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minimum. Here is how to proceed with three points, assuming that 

the triangle formed by the three points has no angle greater than 

2a /3 (120°). 

a. Assume the coordinates of the three given points are A(x), y1), 
B(x, y2), and C(x3, y3). Let d(x, y) be the distance between 
A(x}, y1) and a variable point P(x, y). Compute the gradient 
of d, and show that it is a unit vector pointing along the line 
between the two points. 

b. Define d, and d; in a similar way and show that Vd, and Vd, 
are also unit vectors in the direction of the line between the 
two points. 

c. The goal is to minimize f(x,y) = dy + d + d}. 

Show that the condition fy = fy = 0 implies that 
Vd, + Vd, + Vd; = 0. 

d. Explain why part (c) implies that the optimal point P has the 
property that the three line segments AP, BP, and CP all inter- 
sect symmetrically in angles of 27/3. 

e. What is the optimal solution if one of the angles in the triangle 
is greater than 27/3 (just draw a picture)? 

f. Estimate the Steiner point for the three points (0, 0), (0, 1), 
and (2,0). 


Slicing plane Find an equation of the plane passing through the 
point (3, 2, 1) that slices off the region in the first octant with the 
least volume. 


Two mountains without a saddle Show that the following two 
functions have two local maxima but no other extreme points 
(thus no saddle or basin between the mountains). 

We a a ieee Sila as 

b. f(x,y) = 4x7e” — 2x4 — e? 

(Source: Proposed by Ira Rosenholtz, Mathematics Magazine 
(February, 1987)) 


Solitary critical points A function of one variable has the prop- 
erty that a local maximum (or minimum) occurring at the only 
critical point is also the absolute maximum (or minimum) (for 
example, f(x) = x°). Does the same result hold for a function 

of two variables? Show that the following functions have the 
property that they have a single local maximum (or minimum), 
occurring at the only critical point, but that the local maximum (or 
minimum) is not an absolute maximum (or minimum) on RŽ. 


a. f(x,y) = 3xe” — x? — e?” 


b. f(x,y) = (2y? - vie + 








1 ) 1 
1+ x 1+ x? 
This property has the following interpretation. Suppose that a 
surface has a single local minimum that is not the absolute mini- 
mum. Then water can be poured into the basin around the local 
minimum and the surface never overflows, even though there are 
points on the surface below the local minimum. 


(Source: See three articles in Mathematics Magazine (May 1985) 
and Calculus and Analytical Geometry, 2nd ed., Philip Gillett.) 


1. f,(2,-1) =f(2,-1) =0 2. Vertically, in the directions 
(0,0, +1) 


3. D(x, y) = —12x’y* 4, It has neither an 


absolute maximum nor absolute minimum value on this set.<« 
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Find the maximum and minimum 
values of z as (x, y) varies over C. 






z= fwy) 





Constraint 
x curve 


FIGURE 13.94 


Level curves of f 


Vf (a, b) y 









Constraint xX 


Tangent curve 
wt C: g(x, y) = 0 


at (a, b) ( We(a, b) is parallel 
to Vg(a, b) at P(a, b). 


FIGURE 13.96 


One of many challenges in economics and marketing is predicting the behavior of 
consumers. Basic models of consumer behavior often involve a utility function that 
expresses consumers’ combined preference for several different amenities. For example, 
a simple utility function might have the form U = f(€, g), where € represents the amount 
of leisure time and g represents the number of consumable goods. The model assumes that 
consumers try to maximize their utility function, but they do so under certain constraints 
on the variables of the problem. For example, increasing leisure time may increase utility, 
but leisure time produces no income for consumable goods. Similarly, consumable goods 
may also increase utility, but they require income, which reduces leisure time. We first 
develop a general method for solving such constrained optimization problems and then 
return to economics problems later in the section. 


The Basic Idea 


We start with a typical constrained optimization problem with two independent variables 
and give its method of solution; a generalization to more variables then follows. We seek 
maximum and/or minimum values of a differentiable function f (the objective function) 
with the restriction that x and y must lie on a constraint curve C in the xy-plane given by 
g(x, y) = 0 (Figure 13.94). 

The problem and a method of solution are easy to visualize if we return to Example 6 
of Section 13.8. Part of that problem was to find the maximum value of f(x,y) = 
x? + y? — 2x + 2y + 5 on the circle C: { (x,y): x° + y? = 4} (Figure 13.95a). In 
Figure 13.95b we see the level curves of f and the point P(— V2, V2) on C at which f 
has a maximum value. Imagine moving along C toward P; as we approach P, the values 
of f increase and reach a maximum value at P. Moving past P, the values of f decrease. 


Level curves of f 








ih 


j fixy) =x2 +y- 2x+2y+5 


Maximum value of f on 


C occurs at P(— ya V2). 





|_—— Constraint curve 
CIG fy =4) 





X 
C: {(x, y):27 + y? = 4} 


(a) (b) 
FIGURE 13.95 


Figure 13.96 shows what is special about the point P. We already know that at any 
point P(a, b), the line tangent to the level curve of f at P is orthogonal to the gradient 
V f(a, b) (Theorem 13.12). We also see that the line tangent to the level curve at P is tan- 
gent to the constraint curve C at P. We prove this fact shortly. 

Furthermore, if we think of the constraint curve C as just one level curve of the func- 
tion z = g(x, y), then it follows that the gradient Vg(a, b) is also orthogonal to C at 
(a,b), where we assume that Vg(a,b) # 0 (Theorem 13.12). Therefore, the gradients 
Vf(a, b) and Vg(a, b) are parallel. These properties characterize the point P at which 
f has an extreme value on the constraint curve. They are the basis for the method of 
Lagrange multipliers that we now formalize. 


> The Greek lowercase € is A; it is read 
lambda. 





Z Fence 
(constraint 
curve) 


Home plate 


Distance is maximized at P. 
£ is orthogonal to tangent to the fence. 


FIGURE 13.97 
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Lagrange Multipliers with Two Independent Variables 
The major step in establishing the method of Lagrange multipliers is to prove that 


Figure 13.96 is drawn correctly; that is, at the point on the constraint curve C where f has 
an extreme value, the line tangent to C is orthogonal to V f(a, b) and Vg(a, b). 


THEOREM 13.15 Parallel Gradients (Ball Park Theorem) 
Let f be a differentiable function in a region of R? that contains the smooth curve 
C given by g(x, y) = 0. Assume that f has a local extreme value (relative to 


values of f on C) at a point P(a, b) on C. Then Vf(a, b) is orthogonal to the line 
tangent to C at P. Assuming Vg(a, b) # 0, it follows that there is a real number 
à (called a Lagrange multiplier) such that Vf(a, b) = AVg(a, b). 





Proof: Because C is smooth it can be expressed parametrically in the form 
C:r(t) = (x(t), y(t)), where x and y are differentiable functions on an interval in ¢ that 
contains tọ with P(a, b) = (x(to), y(to)). AS we vary t and follow C, the rate of change of 
f is given by the Chain Rule: 

df _afde , afdy 


= ee Ve ie 
dt oxdt oydt Pe 


At the point (x(tọ), y(to)) = (a, b) at which f has a local maximum or minimum value, 


we have at = 0, which implies that Vf(a, b)+ r'(tọ) = 0. Because r'(t) is tangent 
i=] 
to C, the gradient Vf(a, b) is orthogonal to the line tangent to C at P. 

To prove the second assertion, note that the constraint curve C given by g(x,y) = 0 
is also a level curve of the surface z = g(x, y). Recall that gradients are orthogonal to 
level curves. Therefore, at the point P(a, b), Vg(a, b) is orthogonal to C at (a, b). Because 
both Vf(a, b) and Vg(a, b) are orthogonal to C, the two gradients are parallel, so there is 
a real number A such that Vf(a,b) = AVg(a, b). < 


Theorem 13.15 has a nice geometric interpretation that makes it easy to remember. 
Suppose you walk along the outfield fence at a ballpark, which represents the constraint 
curve C, and record the distance d(x, y) between you and home plate (which is the objec- 
tive function). At some instant you reach a point P that maximizes the distance; it is the 
point on the fence farthest from home plate. The point P has the property that the line € 
from P to home plate is orthogonal to the (line tangent to the) fence at P (Figure 13.97). 





HECK 1 Explain in terms of functions and gradients why the ballpark analogy for 


Theorem 13.15 is true.< 


PROCEDURE Method of Lagrange Multipliers in Two Variables 


Let the objective function f and the constraint function g be differentiable on a 
region of R* with Vg(x, y) # 0 on the curve g(x, y) = 0. To locate the maxi- 
mum and minimum values of f subject to the constraint g(x, y) = 0, carry out 
the following steps. 


1. Find the values of x, y, and A (if they exist) that satisfy the equations 
Vy) = AVe(x,y) and g(x,y) = 0. 


2. Among the values (x, y) found in Step 1, select the largest and smallest 
corresponding function values, which are the maximum and minimum 
values of f subject to the constraint. 
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» In principle, it is possible to solve a 
constrained optimization problem by 
solving the constraint equation for one 
of the variables and eliminating that 
variable in the objective function. In 


practice, this method is often prohibitive, 


particularly with three or more variables 
or two or more constraints. 






Notice that Vf = AVg is a vector equation: Je = A(g,, gy). It is satisfied 
provided f, = Ag, and f, = Ag,. Therefore, the crux of the method is solving the three 
equations 


Te = Nes 


for the three variables x, y, and À. 


T= Nes and g(x,y) = 0 


EXAMPLE 1 Lagrange multipliers with two variables Find the maximum and 
minimum values of the objective function f(x, y) = 2x* + y% + 2, where x and y lie on 
the ellipse C given by g(x, y) = x° + 4y? — 4 = 0. 


SOLUTION Figure 13.98a shows the elliptic paraboloid z = f(x, y) above the ellipse 

C in the xy-plane. As the ellipse is traversed, the corresponding function values on the 
surface vary. The goal is to find the minimum and maximum of these function values. 
An alternative view is given in Figure 13.98b, where we see the level curves of f and the 
constraint curve C. As the ellipse is traversed, the values of f vary, reaching maximum 
and minimum values along the way. 






Level curves of 
Rx, y) = 2x7 +y +2 


Constraint curve 
L- Function values C: g(x, y) = x2 + 4y7 -4=0 
corresponding to 


constraint curve C. 









At maximum and 
minimum points, 
the level curve is i 
tangent to the ) jl — 

constraint curve. ý 

Level curve Constraint curve 


f(x, y) = 3 


FIGURE 13.98 


C: g(x, y) = 37+ Ay? —4 






Maximum and minimum 
values of f occur at 
points of C where the 
level curve is tangent 

to the constraint curve. 


Level curve 
f(, y) = 10 


(b) 


Noting that V f(x, y) = (4x, 2y) and Vg(x, y) = (2x, 8y), the equations that result 


from Vf = AVg and the constraint are 


4x = X(2x) 
—_— Aaa 


Je = 8x 
x(2 — A) = 0 (1) 


y — 4A) = 0 (2) 


2y = A(8y) x? + 4y?-4=0 
fy = Agy g(x y) = 0 


x? + 4y?-4=0. (3) 


The solutions of equation (1) are x = OorA = 2. If x = O, then equation (3) implies 
that y = +1 and (2) implies that A = L On the other hand, if A = 2, then equation (2) 
implies that y = 0; from (3), we get x = +2. Therefore, the candidates for locations of 
extreme values are (0, +1), with f(0, £1) = 3, and (+2, 0), with f( +2,0) = 10. 
We see that the maximum value of f on C is 10, which occurs at (2, 0) and (—2, 0); the 
minimum value of f on C is 3, which occurs at (0, 1) and (0,—1). 








SO 


Related Exercises 5—14< 


JICK CHECK 2 Choose any point on the constraint curve in Figure 13.98b other than a 
lution point. Draw Vf and Vg at that point and show that they are not parallel. «< 


» Some books formulate the Lagrange 
multiplier method by defining 
L = f — Xg. The conditions of the 
method then become VL = 0, where 
VE (Ly Lyn hy): 
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Lagrange Multipliers with Three Independent Variables 


The technique just outlined extends to three or more independent variables. With three 
variables, suppose an objective function w = f(x, y, z) is given; its level surfaces are sur- 
faces in R? (Figure 13.99a). The constraint equation takes the form g(x, y,z) = 0, which 
is another surface S in R? (Figure 13.99b). To find the maximum and minimum values of 
f on S (assuming they exist), we must find the points (a, b, c) on S at which Vf(a, b, c) is 
parallel to Vg(a, b,c), assuming Vg(a, b,c) # 0 (Figure 13.99c, d). The procedure for 
finding the maximum and minimum values of f(x, y, z), where the point (x, y, z) is con- 
strained to lie on S, is similar to the procedure for two variables. 


Level surfaces of Constraint surface S 
w = f(x, y, z) g(x, y, Z) = 0 










fhas a minimum fhas a maximum 

on S at points where on S at points where 
Vf (a, b, c) is parallel Vf(a, b, c) is parallel 
to Ve(a, b, c). to Vg(a, b, c). 


Vg(a, b, c) 






Level surface — 
f(a, b,c) =C 


(c) (d) 


Constraint surface 
S: g(x, y, Zz) = 0 


FIGURE 13.99 


PROCEDURE Method of Lagrange Multipliers in Three Variables 


Let fand g be differentiable on a region of R? with Vg(x, y,z) # 0 on the 
surface g(x, y,z) = 0. To locate the maximum and minimum values of f subject 
to the constraint g(x, y, z) = 0, carry out the following steps. 


1. Find the values of x, y, z, and A that satisfy the equations 


Vf(x, yz) = AVg(x,y,z) and g(x, y,z) = 0. 


2. Among the points (x, y, z) found in Step 1, select the largest and smallest 
corresponding values of the objective function. These values are the maxi- 
mum and minimum values of f subject to the constraint. 





Now, there are four equations to be solved for x, y, z, and À: 


fyz) = Ag yz) Jyzz) = Ag (x,y,z), 
f(x,y,z) = Ag.(x, y, Z), g(x, y,z) = 0. 
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» Problems similar to Example 2 were 
solved in Section 13.8 using ordinary 
optimization techniques. These methods 
may or may not be easier to apply than 
Lagrange multipliers. 






Find the points 
QO on the cone 
for which |PQ| 
is a minimum. 


FIGURE 13.100 


» With three independent variables, it is 
possible to impose two constraints. These 
problems are explored in Exercises 61—65. 


Allil LIFES DP 





Q C In Example 2, is there 
a point that maximizes the distance 
between (3, 4, 0) and the cone? If the 
point (3, 4, 0) were replaced by 

(3,4, 1), how many minimizing 
solutions would there be? < 






Level curves of 
utility function 


FIGURE 13.101 


EXAMPLE 2 A geometry problem Find the least distance between the point 
P(3, 4, 0) and the surface of the cone z= x7 4+ y”, 


SOLUTION Figure 13.100 shows both sheets of the cone and the point P(3, 4, 0). 
Because P is in the xy-plane, we anticipate two solutions, one for each sheet of the cone. 
The distance between P and any point Q(x, y, z) on the cone is 


d(x,y,z) = V(x- 3)* + (y — 4)* +z’. 


In many distance problems it is easier to work with the square of the distance to avoid 
dealing with square roots. This maneuver is allowable because if a point minimizes 
(d(x, y, Z) 1 it also minimizes d(x, y, z). Therefore, we define 


f(x y,z) = (d(x, y,2z))? = (x — 3)? + (y — 4)? +z’. 


The constraint is the condition that the point (x, y, z) must lie on the cone, which implies 
Z =x + y^ ore@y,z) =z- x°- y = 0. 
Now we proceed with Lagrange multipliers; the conditions are 


f(x,y,z) = Ag,(x%, y, Zz), or 2(x — 3) = A(—2x), or x(1 + A) = 3, (4) 
f(x,y,z) = Agy(x, y,z), or 2(y — 4) = A(—2y), or y(1 + A) = 4, (5) 
f(x,y,z) = Ag.(x, y, Zz), or 2z = A(2z), or z = Az, and (6) 
eye) Se ar Sy =O. (7) 


The solutions of equation (6) (the simplest of the four equations) are either z = O, or 
A = land z # Q. In the first case, if z = O, then by equation (7), x = y = 0; however, 
x = Oand y = Odo not satisfy (4) and (5). So no solution results from this case. 

On the other hand if A = 1, then by (4) and (5), we find that x = - and y = 2. 
Using (7), the corresponding values of z are + 5, Therefore, the two solutions and the 
values of f are 


RI» 
Se 
| 
N 
N 
Il 
Nin 


x= with f(5, 2, > | — and 


z=-3 with ¢(3,2,-3) = 2 


Ie 
< 

| 
N 


X= 


You can check that moving away from (5, peas > | in any direction on the cone has the 
effect of increasing the values of f. Therefore, the points correspond to local minima 

of f. Do these points also correspond to absolute minima? The domain of this problem is 
unbounded; however, one can argue geometrically that fincreases without bound moving 
away from (3, 2 > | with |x| —> œ and |y| — œ. Therefore, these points correspond to 
absolute minimum values and the points on the cone nearest to (3, 4, 0) are (5, 2,4 3), 


t a dist a : (Recall that f = d*.) 
at a G1iStance o = y eca a = : 
2 y2 


Related Exercises 15—34< 


Economic Models In the opening of this section, we briefly described how utility func- 
tions are used to model consumer behavior. We now look in more detail at some specific— 
admittedly simple—utility functions and the constraints that are imposed upon them. 

As described earlier, a prototype model for consumer behavior uses two indepen- 
dent variables: leisure time € and consumable goods g. A utility function U = f(£, g) 
measures consumer preferences for various combinations of leisure time and consumable 
goods. The following assumptions about utility functions are commonly made. 


1. Utility increases if any variable increases (essentially, more is better). 
2. Various combinations of leisure time and consumable goods have the same utility; that is, 
giving up some leisure time for additional consumable goods results in the same utility. 


The level curves of a typical utility function are shown in Figure 13.101. Assumption 1 
is reflected by the fact that the utility values on the level curves increase as either € or g 






Utility maximized 
here, subject 
to constraint. 


Constraint curve 


FIGURE 13.102 





QUICK CHECK 4 In Figure 13.102, 
EARN why, if you move away from 
the optimal point along the constraint 
line, the utility decreases. < 
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increases. Consistent with Assumption 2, a single level curve shows the combinations 
of € and g that have the same utility; for this reason, economists call the level curves 
indifference curves. Notice that if € increases, then g must decrease on a level curve to 
maintain the same utility, and vice versa. 

Economic models assert that consumers maximize utility subject to constraints on lei- 
sure time and consumable goods. One assumption that leads to a reasonable constraint is 
that an increase in leisure time implies a linear decrease in consumable goods. Therefore, 
the constraint curve is a line with negative slope (Figure 13.102). When such a constraint 
is Superimposed on the level curves of the utility function, the optimization problem 
becomes evident. Among all points on the constraint line, which one maximizes utility? 
A solution is marked in the figure; at this point the utility has a maximum value (between 
2.5 and 3.0). 


EXAMPLE 3 Constrained optimization of utility Find the maximum value of 
the utility function U = f(€, g) = €'g7/°, subject to the constraint G(¢, g) = 
3€ + 2g — 12 = 0, where € = Oand g = 0. 


SOLUTION The level curves of the utility function and the linear constraint are shown in 
Figure 13.102. The solution follows the Lagrange multiplier method with two variables. 
The gradient of the utility function is 


ole B (oe a 7 1((s)" (6^) 
a T aes ie F 


The gradient of the constraint function is VG(¢, g) = (3, 2) . Therefore, the equations 
that must be solved are 


e A 
Aw = 3A, -|= = 2A, and G(f,g) = 3€ + 2g — 12 = 0. 


Eliminating A from the first two equations leads to the condition g = 3€, which, when 
substituted into the constraint equation, gives the solution € = $ and g = 4. The actual 
value of the utility function at this point is U = f ( a 4) = 4/ V3 = 2.8. This solution is 
consistent with Figure 13.102. 

Related Exercises 35-38< 


Review Questions 6. f(x,y) = xy’ subject to x? + y? = 1 
1. Explain why, at a point that maximizes or minimizes f subject 7 bi Bia 4 
to a constraint g(x, y) = 0, the gradient of f is parallel to the - fey) = x + y subject to x — xy + y* = 
gradient of g. Use a diagram. 8. f(x,y) = x? + y? subject to 2x? + 3xy + 2y? = 7 
2. If f(x,y) = x? + y? and g(x,y) = 2x + 3y — 4 = 0, writethe 9, f(x, y) = xy subject to x? + y? — xy = 9 
Lagrange multiplier conditions that must be satisfied by a point l . 
that maximizes or minimizes f subject to g(x, y) = 0. 10. f(x,y) = x — y subject to x? + y* — 3xy = 20 
eck ; 2 2 a 
3. If f(x, y,z) = x? + y? + 27 and g(x, y,z) = 11. f(x,y) = e™ subject to x“ + y = 16 
2x + 3y — 5z + 4 = O, write the Lagrange multiplier 12. f(x,y) = x? + y? subject to xê + yf = 1 
conditions that must be satisfied by a point that maximizes ; 
or minimizes f subject to g(x, y, z) = 13. f(x,y) = y* — 4x? subject to x? + 2y” = 4 


4. Sketch several level curves of f(x, y) = x” + y?” and sketch the 14. f(x,y) = xy + x + y subject to x*y* = 4 


constraint line g(x, y) = 2x + 3y — 4 = 0. Describe the 
extrema (if any) that f attains on the constraint line. 


Basic Skills 


15-24. Lagrange multipliers in three variables Use Lagrange multi- 
pliers to find the maximum and minimum values of f (when they exist) 
subject to the given constraint. 


5-14. Lagrange multipliers in two variables Use Lagrange 15. f(x,y,z) =x + 3y — z subject to x? + y? + 727 =4 


multipliers to find the maximum and minimum values of f 
(when they exist) subject to the given constraint. 


16. f(x,y,z) = xyz subject to x? + 2y? + 4z? = 9 


5. f(x,y) = x + 2y subject to x+y? S=4 


H 27. 
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17. f(x,y,z) = x subject tox? + y? +z? -z= 1 
18. f(x,y, 
19. f(x,y, 
20. f(x,y, 


z) 
z) = x — z subject to x? + y? +z- y =2 
z) 
z) 
21. f(x,y,z) = 2x + z? subject to x? + y? + 2z? = 25 
z) 
z) 
z) 
A 


x? + y? + z? subject to x? + y? + z? — 4xy = 1 
= x + y + z subject to x? + y? + z? — 2x — 2y = 1 

EEE: D . eee 
22. f(x,y,z) =x +y z subject to z = 2x“y~ + 1 
23. JY. 


24. f(x,y, 
y=0 


2 + y? + z? subject to xyz = 4 


X 
= (xyz)! subject tox + y + z = 1 with x = 0, 
0 


IV 


25-34. Applications of Lagrange multipliers Use Lagrange 
multipliers in the following problems. When the domain of the objective 
function is unbounded or open, explain why you have found an abso- 
lute maximum or minimum value. 


37. U = f(t, g) = 8€*>g'/> subject to 10€ + 8g = 40 
38. U = f(€, g) = €'/%g°/® subject to 4€ + 5g = 20 


Further Explorations 
39. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. Suppose you are standing at the center of a sphere looking at a 
point P on the surface of the sphere. Your line of sight to P is 
orthogonal to the plane tangent to the sphere at P. 

b. At a point that maximizes f on the curve g(x, y) = 0, the dot 
product Vf: Vg is zero. 


40-45. Solve the following problems from Section 13.8 using Lagrange 
multipliers. 


40. Exercise 35 41. Exercise 36 42. Exercise 37 


43. Exercise 38 44. Exercise 62 45. Exercise 63 


25. Shipping regulations A shipping company requires that the sum of 46—49. Absolute maximum and minimum values Find the absolute 


length plus girth of rectangular boxes must not exceed 108 in. Find 
the dimensions of the box with maximum volume that meets this 
condition. (The girth is the perimeter of the smallest base of the box.) 


26. Box with minimum surface area Find the rectangular box with a 
volume of 16 ft? that has minimum surface area. 


Extreme distances to an ellipse Find the minimum and maxi- 
mum distances between the ellipse x? + xy + 2y? = 1 and the 
origin. 


28. Maximum area rectangle in an ellipse Find the dimensions of 
the rectangle of maximum area with sides parallel to the coordi- 
nate axes that can be inscribed in the ellipse 4x7 + 16y? = 16. 


29. Maximum perimeter rectangle in an ellipse Find the 
dimensions of the rectangle of maximum perimeter with sides 
parallel to the coordinate axes that can be inscribed in the ellipse 
2x? + Ay? = 3, 


30. Minimum distance to a plane Find the point on the plane 
2x + 3y + 6z — 10 = Oclosest to the point (—2, 5, 1). 


31. Minimum distance to a surface Find the point on the surface 
4x + y — 1 = Oclosest to the point (1, 2, —3). 


32. Minimum distance to a cone Find the points on the cone 
z? = x? + y? closest to the point (1, 2, 0). 


33. Extreme distances to a sphere Find the minimum and maximum 
distances between the sphere x? + y? + z? = 9 and the point 
(2, 3,4). 


34. Maximum volume cylinder in a sphere Find the dimensions of 
a right circular cylinder of maximum volume that can be inscribed 
in a sphere of radius 16. 


35-38. Maximizing utility functions Find the values of € and g with 
€ = Oand g = Q that maximize the following utility functions subject 
to the given constraints. Give the value of the utility function at the 
optimal point. 


35. U = f(€, g) = 10¢'/7g"/ subject to 3€ + 6g = 18 
36. U = f(£, g) = 32¢73g'/3 subject to 4€ + 2g = 12 


maximum and minimum values of the following functions over the 
given regions R. Use Lagrange multipliers to check for extreme points 
on the boundary. 


46. f(x,y) = x? + 4y? + 1; R= {(x,y): x? + 4y? = 1} 

47. f(x,y) = x? — 4y? + xy; R = {(x,y): 4x? + 9y? = 36} 
48. f(x,y) = 2x? + y? + 2x — 3y; R= {(x,y):x? + y? 1} 
49. f(xy) = (x - 1)? + (vt 1); R= aa + y? = 4} 


50-51. Graphical Lagrange multipliers The following figures show 
the level curves of f and the constraint curve g(x,y) = 0. Estimate the 
maximum and minimum values of f subject to the constraint. At each 
point where an extreme value occurs, indicate the direction of Vf and 
a possible direction of Vg. 


50. 


51. 





52. Extreme points on flattened spheres The equation 
x” + y” + z” = 1, where n is a positive integer, describes a 
flattened sphere. Define the extreme points to be the points on the 
flattened sphere with a maximum distance from the origin. 


a. Find all the extreme points on the flattened sphere with n = 2. 
What is the distance between the extreme points and the origin? 

b. Find all the extreme points on the flattened sphere for integers 
n > 2. What is the distance between the extreme points and 
the origin? 

c. Give the location of the extreme points in the limit as n > ~, 
What is the limiting distance between the extreme points and 
the origin as n — ©? 


Applications 

53-55. Production functions Economists model the output of manu- 
facturing systems using production functions that have many of the 
same properties as utility functions. The family of Cobb-Douglas 
production functions has the form P = f(K, L) = CK“ L'“, where 

K represents capital, L represents labor, and C and a are positive real 
numbers with 0 < a < 1. Ifthe cost of capital is p dollars per unit, 
the cost of labor is q dollars per unit, and the total available budget is 
B, then the constraint takes the form pK + qL = B. Find the values 
of K and L that maximize the following production functions subject to 
the given constraint, assuming K = O and L = Q. 


53. P = f(K,L) = KL’ for 20K + 30L = 300 
54. P = f(K,L) = 10K! L7? for 30K + 60L = 360 


55. Given the production function P = f(K,L) = K“L'“ and the 
budget constraint pK + gL = B, where a, p, q, and B are given, 
show that P is maximized when K = aB/p and L = (1 — a)B/q. 


56. Temperature of an elliptical plate The temperature of 
points on an elliptical plate x? + y? + xy = 1 is given by 
T(x, y) = 25(x? + y’). Find the hottest and coldest temperatures 
on the edge of the elliptical plate. 


Additional Exercises 
57-59. Maximizing a sum 


57. Find the maximum value of x; + x) + x3 + x4 subject to the con- 
dition that x,7 + x57 + x3? + x,? = 16. 


58. Generalize Exercise 57 and find the maximum value 


of x} + x» + ---+ + x, subject to the condition that 
x7 +x)? + +--+ x,? = c’, fora real number c and a positive 
integer n. 


59. Generalize Exercise 57 and find the maximum value of 
A,X; + a2X2 + +++ + a,x, Subject to the condition that 
x7 + x)? +e x,” = 1, for given positive real numbers 
a\,...,4, and a positive integer n. 


60. Geometric and arithmetic means Prove that the geometric mean 
of a set of positive numbers (x)x.---x,)!/" is no greater than the 
arithmetic mean (x, + -++ + x,)/n in the following cases. 


a. Find the maximum value of xyz, subject tox + y+ z= k, 
where k is areal number and x > 0, y > 0, and z > 0. Use 
the result to prove that 


x+y+tz 
d 





(xyz)? < 
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b. Generalize part (a) and show that 


+X 


n 


I rets 





R I/n — 
Kx x < 
(x12 ++) : 
61. Problems with two constraints Given a differentiable function 
w = f(x, y, z), the goal is to find its maximum and minimum 
values subject to the constraints g(x, y, z) = 0 and h(x, y, z) = 0, 
where g and h are also differentiable. 


a. Imagine a level surface of the function f and the constraint 
surfaces g(x, y,z) = 0 and h(x, y,z) = 0. Note that g and 
h intersect (in general) in a curve C on which maximum and 
minimum values of f must be found. Explain why Vg and Vh 
are orthogonal to their respective surfaces. 

b. Explain why Vf lies in the plane formed by Vg and Vh at a 
point of C where f has a maximum or minimum value. 

c. Explain why part (b) implies that Vf = AVg + uVh ata point 
of C where f has a maximum or minimum value, where A and 
u (the Lagrange multipliers) are real numbers. 

d. Conclude from part (c) that the equations that must be 
solved for maximum or minimum values of f subject to 
two constraints are Vf = AVg + uVh, g(x, y, z) = 0, and 
h(x, y,z) = 0. 


62-65. Two-constraint problems Use the result of Exercise 61 to 
solve the following problems. 


62. The planes x + 2z = 12 and x + y = 6 intersect in a line L. 
Find the point on L nearest the origin. 


63. Find the maximum and minimum values of f(x, y, z) = xyz 
subject to the conditions that x? + y? = 4andx + y +z = 1. 


64. The paraboloid z = x? + 2y° + 1 and the plane x — y + 2z = 4 
intersect in a curve C. Find the points on C that have maximum and 
minimum distance from the origin. 


65. Find the maximum and minimum values of 
f(x,y,z) = x? + y? + z% on the curve on which the cone 
z? = 4x? + 4y? and the plane 2x + 4z = 5 intersect. 


CHECK ANSWERS 





1. Let d(x, y) be the distance between any point P(x, y) on 
the fence and home plate O. The key fact is that Vd always 
points along the line OP. As P moves along the fence (the 
constraint curve), d(x, y) increases until a point is reached at 
which Vd is orthogonal to the fence. At such a point, d has a 
maximum value. 3. The distance between (3, 4, 0) and the 
cone can be arbitrarily large, so there is no maximizing solu- 
tion. If the point of interest is not in the xy-plane, there is one 
minimizing solution. 4. If you move along the constraint 
line away from the optimal solution in either direction, you 
cross level curves of the utility function with decreasing 
values. <« 


980 CHAPTER 13 © FUNCTIONS OF SEVERAL VARIABLES 


€A: ic) REVIEW EXERCISES 


1. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 





a. The equation 4x — 3y = 12 describes a line in R°. 

b. The equation z? = 2x? — 6y? determines z as a single func- 
tion of x and y. 

c. If f has continuous partial derivatives of all orders, then 
Joy = fyw 

d. Given the surface z = f(x, y), the gradient Vf(a, b) lies in the 
plane tangent to the surface at (a, b, f(a, b)). 

e. There is always a plane orthogonal to both of two distinct 
intersecting planes. 


2. Equations of planes Consider the plane that passes through the 
point (6, 0, 1) with a normal vector n = (3, 4,-6). 


a. Find an equation of the plane. 
b. Find the intercepts of the plane with the three coordinate axes. 
c. Make a sketch of the plane. 


3. Equations of planes Consider the plane passing through the 
points (0, 0, 3), (1, 0,6), and (1, 2, 3). 


a. Find an equation of the plane. 
b. Find the intercepts of the plane with the three coordinate axes. 
c. Make a sketch of the plane. 


4-5. Intersecting planes Find an equation of the line that forms the 
intersection of the following planes Q and R. 


4. Q:2x+y-z=0, Ri-x+y+z=1 
5. QO:-3x + y + 2z = 0, R:3x + 3y + 4z- 12 =0 
6-7. Equations of planes Find an equation of the following planes. 


6. The plane passing through (2, —3, 1) normal to the line 
(x,y,z) = (2 4 £,3t,2 — 3t) 


7. The plane passing through (—2, 3, 1), (1, 1,0), and (—1, 0, 1) 


8-22. Identifying surfaces Consider the surfaces defined by the fol- 
lowing equations. 


Identify and briefly describe the surface. 

b. Find the xy-, xz-, and yz-traces, if they exist. 

c. Find the intercepts with the three coordinate axes, if they exist. 
d. Make a sketch of the surface. 


R 








x2 y? 
8. z- =0 9, 3z => - — 
z— Vx pHa ae 
x? 2 A 7 2 2 
ii =a ey il: y2 = 4x2 + 72/25 
100. «+16 ee S| 
4x? Oz" x2 y? 
9 4° o> A g 
2 fi 2 
x Z a 2 2 2 _ 
U =j is, y ti Hoy Ei 
16 36 100 P, 
2 2 2 2 2 
eeo a e 7, ee 
6 36 25 4 1 


2 2 2 2 
y he X y 2 
=- -2 19. +> +24 
* 64. 9 4°16. * 
2 2 2 
20. y-—e*=0 I an e 
49 9 64 


z? 
22. y = 4x? + > 


23-26. Domains Find the domain of the following functions. Make a 
sketch of the domain in the xy-plane. 


1 
23. f(x,y) = F + y? 


25. f(x, y) = Vx - y 26. f(x y) = tan (x F y) 


27. Matching surfaces Match functions a—d with surfaces A-D. 
a. z= V2x2 + 3y?+1-1 
b. z = —3y” 
ec. z = 2x* — 3y? + 1 
d 


. z = V2x? + 3y? - 1 





24. f(x,y) = Inxy 








28-29. Level curves Make a sketch of several level curves of the fol- 
lowing functions. Label at least two level curves with their z-values. 


28. f(x,y) =x? -y 29. f(x,y) = 2x7 + 4y? 


30. Matching level curves with surfaces Match level curve plots a-d 
with surfaces A-D. 





yY yY 








(C) (D) 


31-38. Limits Evaluate the following limits or determine that they do 




















not exist. 
l : XY 
31. lim (10x — 5y + 6xy) 32. lim 
(x,y) > (4,-2) (xy) (1) x + y 
Xt sinx 
33. lim 4 34. lim —— 
(xy)—>(0,0) xy o E 
2 2 
pa 
35. lim ——— 
(xy)>(-1,1) x^ — xy — 2y 
2 
x 
36. lim —* 
(ey) 12). ae Zy. 
aT. lim _ 4 cos y sinVxz 
(x,y,z) > (3.0.3) 
x+y? 
38. lim tan ( ) 
(x,y,z) >(5,2,-3) Z 
39—46. Partial derivatives Find the first partial derivatives of the 
following functions. 
— 4205 = 2 _ 3x 
39. f(x,y) = 3x°y 40. g(x,y, z) = hayz? = 
a. fly) = 42. g(x yz) = 
: Xs = : X, Y, zZ) = 
á x? + y ai x+y 
43. f(x,y) = xye” 44. g(u,v) = ucosv — vsinu 
a. fay. =e 46. H(p,q, r) = pp Vq +r 
47—48. Laplace’s equation Verify that the following functions satisfy 
Pecan e 
aplace’s equation —; + —> = 0. 
j i ax? dy? 


47. u(x,y) = y(3x? — y’) 48. u(x,y) = ln (x? + y’) 
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49. Region between spheres Two spheres have the same center and 
radii r and R, where O0 < r < R. The volume of the region 


between the spheres is V(7, R) = HR —r°), 

a. First, use your intuition. If r is held fixed, how does V change 
as R increases? What is the sign of Vp? If R is held fixed, how 
does V change as r increases (up to the value of R)? What is 
the sign of V,? 

b. Compute V, and Vp. Are the results consistent with part (a)? 

c. Consider spheres with R = 3 andr = 1. Does the volume 
change more if R is increased by AR = 0.1 (with r fixed) or if 
r is decreased by Ar = 0.1 (with R fixed)? 


50-53. Chain Rule Use the Chain Rule to evaluate the following 
derivatives. 


50. w'(t), where w = xy sin z, x = t?,y = 40, andz=t+1 





51. w'(t), where w Vx? + y? + z? x = sint,y = cost, and 
Z=cost 


52. w, and w, where w = xyz,x = 2st,y = st”, and z = s*t 


53. w,,W,, and w, where w = In (xy), x=rst,andy=rts 


54-55. Implicit differentiation Find dy/dx for the following implicit 
relations. 


54, 2x? + 3xy — 3y* = 55. yln (x? +y?) =4 


56-57. Walking on a surface Consider the following surfaces and 
parameterized curves C in the xy-plane. 


a. In each case find z' (t) on C. 
b. Imagine that you are walking on the surface directly above C. Find 
the values of t for which you are walking uphill. 


56. z = 4x? +y? — 2; C:x = cost, y = sint, for 0 StS 27 
57. z = x? — 2y? + 4; Cix = 2cost,y = 2 sint, for0 = t = 2r 


58. Constant volume cones Suppose the radius of a right circular cone 
increases as r(t) = t“ and the height decreases as h(t) = t”, for 
t = 1, where a and b are positive constants. What is the relation- 
ship between a and b such that the volume of the cone remains 
constant (that is, V'(t) = 0, where V = (m /3)r°h)? 


59. Directional derivatives Consider the function f(x, y) = 
2x? — 4y? + 10, whose graph is shown in the figure. 


Z a 
> 


a. Fill in the table showing the value of the directional derivative 
at points (a, b) in the direction 6. 


| | (a,b) = (0,0) | (a,b) = (2,0) (a,b) = (1,1) 
osn) P Tooo o 


72 E 
2 rr ee 


b. Indicate in a sketch of the xy-plane the point and direction for 
each of the table entries in part (a). 
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60-65. Computing gradients Compute the gradient of the following 











78-79. Linear approximation 


functions, evaluate it at the given point, and evaluate the directional a. Find the linear approximation (the equation of the tangent plane) at 
derivative at that point in the given direction. the point (a, b). 
P 1 1 b. Use part (a) to estimate the given function value. 
60. f(x,y) = x^; (1,2); u = = 
fy) ee) ( V2 a) m T , 
78. f(x,y) = 4cos (2x — y); (a,b) = rors ; estimate f(0.8, 0.8). 
5 12 
61. g(x,y) = xy (-1,1); u = (> =) l 
13 1 79. f(x,y) = (x + y)e®; (a,b) = (2,0); estimate f(1.95, 0.05). 
i. Ao) = x (0,3); u= va 4 80. Changes in a function Estimate the change in the function 
Eai yo ee 22 f(x,y) = —2y? + 3x? + xy when (x, y) changes from (1, —2) to 
(1.05,—1.9). 
63. h( j= ys 2 + 2y°; (2,1); u = 2 
ee, A Voa Ae i 5°5 81. Volume of a cylinder The volume of a cylinder with radius r and 
height h is V = ar7h. Find the approximate percent change in the 
1 1 volume when the radius decreases by 3% and the height increases 
64. x,y,Z) =axv t+ yz t2xz4+ 4: 2-2,1); u = (0-4) ; 
f(x,y, Z) = ay ty ( ) a by 2% 
82. Volume of an ellipsoid The volume of an ellipsoid with axes of 
65. f(x,y,z) = 1 + sin(x + 2y — z); (z A -2) length 2a, 2b, and 2c is V = mabc. Find the percent change in 


3) 


66—67. Direction of steepest ascent and descent 


83. 


a. Find the unit vectors that give the direction of steepest ascent and 
steepest descent at P. 
b. Find a unit vector that points in a direction of no change. 


66. f(x,y) = ln (1 + xy); P(2,3) 

67. f(x,y) = V4- x? — y?; PL1) 

68-69. Level curves Let f(x, y) = 8 — 2x” — y’. For the following 
level curves f(x,y) = C and points (a, b), compute the slope of the 


line tangent to the level curve at (a, b) and verify that the tangent line is 
orthogonal to the gradient at that point. 


68. f(x,y) = 5; (a,b) = (1,1) 69. f(x,y) = 0; (a,b) = (2,0) 


70. Directions of zero change Find the directions in which the func- 
tion f(x,y) = 4x? — y” has zero change at the point (1, 1, 3). 


the volume when a increases by 2%, b increases by 1.5%, and c 
decreases by 2.5%. 


Water-level changes A hemispherical tank with a radius of 

1.50 m is filled with water to a depth of 1.00 m. Water is released 
from the tank and the water level drops by 0.05 m (from 1.00 m to 
0.95 m). 


a. Approximate the change in the volume of water in the tank. 
The volume of a spherical cap is V = ah?(3r — h)/3, where 
r is the radius of the sphere and A is the thickness of the cap 
(in this case, the depth of the water). 

. Approximate the change in the surface area of the water in 


the tank. 





Express the directions in terms of unit vectors. 84-87. Analyzing critical points Identify the critical points of the 


following functions. Then determine whether each critical point cor- 
responds to a local maximum, local minimum, or saddle point. State 
when your analysis is inconclusive. Confirm your results using a 
graphing utility. 


84. f(x,y) = xt + yf — lOxy 

85. f(x,y) = x°/3 — y?/3 + 2xy 

86. f(x,y) = xy(2 + x)(y — 3) 

87. f(x,y) = 10 — x? — y? — 3x? + 3y? 


71. Electric potential due to a charged cylinder. An infinitely long 
charged cylinder of radius R with its axis along the z-axis has an 
electric potential V = k In (R/r), where r is the distance between a 
variable point P(x, y) and the axis of the cylinder (r° = x? + y°) 
and k is a physical constant. The electric field at a point (x, y) in the 
xy-plane is given by E = —VV, where VV is the two-dimensional 


gradient. Compute the electric field at a point (x, y) with r > R. 


72-77. Tangent planes Find an equation of the plane tangent to the 
following surfaces at the given points. 


— ua 2, 
72. z= 2x“ + y^ (1, 1,3) and (0, 2, 4) 88-91. Absolute maxima and minima Find the absolute maximum 


ma es y z 1: (0,2,0) and (1 l 2 and minimum values of the following functions on the specified set. 
e X ee i 9 9 n 3 2 = 
+ 2 2 88. f(x,y) = x°/3 — y?/3 + 2xy on the rectangle 
n Sar {(x,y):0=x=3,-ley=l1} 
74. xysinz — 1 = 0; (1.2, ) and (-2,-1,) r F 
6 6 89. f(x,y) =x" + yf — 4xy + 1 on the square 
2S ys 2,-22722 
75. yze — 8 = 0; (0,2,4) and (0, —8,—1) Ly) CSS 722) 
— 90. f(x,y) = x’y — y? on the triangle 
76. z = x’e* 9; (2,2,4) and (—1,—1, 1) Loa ne eye 7 =a) 
77. z= aU + xy); (1, 2,103) and (—2,—1, 1n 3) 


91. 


92. 


f(x,y) = xy on the semicircular disk 


{ (x, y):-1 sxa 1027 = V1 — x7} 


Least distance What point on the plane x + y + 4z = 8 is clos- 
est to the origin? Give an argument showing you have found an 
absolute minimum of the distance function. 


93-96. Lagrange multipliers Use Lagrange multipliers to find the 
maximum and minimum values of f (if they exist) subject to the given 
constraint. 


93. 
94. 
95. 
96. 
97. 


f(x,y) = 2x + y + 10 subject to 2(x — 1)? + 4(y - 1)? = 1 
f(x,y) = x’y? subject to 2x? + y? = 1 
f(x,y, Zz) = x + 2y — z subject tox? + y? +727 =1 


f(x,y,z) = x’y*z subject to 2x? + y? + z? = 25 


Maximum perimeter rectangle Use Lagrange multipliers to find 


the dimensions of the rectangle with the maximum perimeter that 
can be inscribed with sides parallel to the coordinate axes in the 
ellipse x?/a? + y?/b? = 1. 


Chapter 13 Guided Projects 


Applications of the material in this chapter and related topics can be found in the following Guided Projects. For additional informa- 
tion, see the Preface. 


e Traveling waves 


e Ecological diversity 


98. 


99. 


100. 
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Minimum surface area cylinder Use Lagrange multipliers to 
find the dimensions of the right circular cylinder of minimum sur- 
face area (including the circular ends) with a volume of 3277 in’. 


Minimum distance to a cone Find the point(s) on the cone 
z? — x? — y* = 0 that are closest to the point (1,3, 1). Give an 
argument showing you have found an absolute minimum of the 


distance function. 


Gradient of a distance function Let Po(a, b, c) be a fixed point 
in R? and let d (x, y, z) be the distance between P) and a variable 
point P(x, y, Z). 
a. Compute Vd(x, y, z). 
b. Show that Vd(x, y, z) points in the direction from Pp to P and 
has magnitude 1 for all (x, y, z). 
c. Describe the level surfaces of d and give the direction of 
Vd(x, y, z) relative to the level surfaces of d. 
. Discuss lim Vd(x, y, z). 
PP, 


a 


e Economic production functions 
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Double Integrals over 
Rectangular Regions 


Double Integrals over General 
Regions 


Double Integrals in Polar 
Coordinates 


Triple Integrals 


Triple Integrals in Cylindrical 
and Spherical Coordinates 


Integrals for Mass 
Calculations 


Change of Variables 
in Multiple Integrals 


Multiple Integration 


Chapter Preview we have now generalized limits and derivatives 
to functions of several variables. The next step is to carry out a similar process with 
respect to integration. As you know, single (one-variable) integrals are developed from 
Riemann sums and are used to compute areas of regions in R°. In an analogous way, we 
use Riemann sums to develop double (two-variable) and triple (three-variable) integrals, 
which are used to compute volumes of solid regions in R?. These multiple integrals have 
many applications in statistics, science, and engineering, including calculating the mass, 
the center of mass, and moments of inertia of solids with a variable density. Another sig- 
nificant development in this chapter is the appearance of cylindrical and spherical coor- 
dinates. These alternative coordinate systems often simplify the evaluation of integrals in 
three-dimensional space. The chapter closes with the two- and three-dimensional versions 
of the substitution (change of variables) rule. The overall lesson of the chapter is that 
we can integrate functions over most geometrical objects, from intervals on the x-axis 
to regions in the plane bounded by curves to complicated three-dimensional solids. 


14.1 Double Integrals over Rectangular Regions 


In Chapter 13 the concept of differentiation was extended to functions of several variables. 
In this chapter we extend integration to multivariable functions. By the close of the chap- 
ter, we will have completed Table 14.1, which is a basic road map for calculus. 


Table 14.1 
Derivatives Integrals 
b 
Single variable: f(x) T f(x) dx 
Several variables: f(x, y) and f(x, y, z) z 1 a i] f(x, y) dA, J f(x,y,z) dV 
x dy OZ 
R D 


Volumes of Solids 


The problem of finding the net area of a region bounded by a curve led to the definite 
integral in Chapter 5. Recall that we began that discussion by approximating the region 
with a collection of rectangles and then formed a Riemann sum of the areas of the rect- 
angles. Under appropriate conditions, as the number of rectangles increases, the sum 
approaches the value of the definite integral, which is the net area of the region. 


» We adopt the convention that Ax, and 
Ay; are the side lengths of the kth 
rectangle, fork = 1,...,n, even though 
there are generally fewer than n different 
values of Ax, and Ay,. This convention 
is used throughout the chapter. 






z=) 











(xč, yč) is a point in the kth | 
rectangle, which has area 
AA, = Ax, Ay,. 


FIGURE 14.2 
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We now carry out an analogous procedure with surfaces defined by functions of 
the form z = f(x, y), where, for the moment, we assume that f(x, y) = 0 ona region R in 
the xy-plane (Figure |4.1a). The goal is to determine the volume of the solid bounded by the 
surface and R. In general terms, the solid is first approximated by boxes (Figure 14.1b). The 
sum of the volumes of these boxes, which is a Riemann sum, approximates the volume of 
the solid. Under appropriate conditions, as the number of boxes increases, the approxima- 
tions converge to the value of a double integral, which is the volume of the solid. 


A three-dimensional solid bounded by z = f(x, y) and a region R 
| in the xy-plane is approximated by a collection of boxes. 





z= fy) 





(a) (b) 
FIGURE 14.1 


We assume that z = f(x, y) is a nonnegative function defined on a rectangular region 
R = {(x,y)a Sx S b,c S y = d}. A partition of R is formed by dividing R into n 
rectangular subregions using lines parallel to the x- and y-axes (not necessarily uniformly 
spaced). The subregions may be numbered in any systematic way; for example, left to 
right, and then bottom to top. The side lengths of the kth rectangle are denoted Ax, and 
Ayy, so the area of the kth subregion is AA, = Ax, Ay;,. We also let (x;, y% ) be any point 
in the kth subregion, for 1 = k = n (Figure 14.2). 

To approximate the volume of the solid bounded by the surface z = f(x, y) and 
the region R, we construct boxes on each of the n subregions; each box has a height of 
f (xp y,) and a base with area AA, for 1 < k < n (Figure 14.3). Therefore, the volume 
of the kth box is 


flx y4) AA; E Jao yk) Ax Ay. 


The sum of the volumes of the n boxes gives an approximation to the volume of the solid: 


V= DS te Ye) AA,. 
=] 


QUICK CHECK 1 Explain why the preceding sum for the volume is an approximation. How 
can the approximation be improved? < 


We now let A be the maximum length of the diagonals of the rectangular subregions 
in the partition. As A — 0, the areas of all the subregions approach zero (AA; — 0) 
and the number of subregions increases (n — ©). If the approximations given by these 
Riemann sums have a limit as A — 0, then we define the volume of the solid to be that 
limit (Figure 14.4). 
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FIGURE 14.4 


» If f is negative on parts of R, the value 


of the double integral may be zero or 
negative, and the result is interpreted as a 
net volume (in analogy with net area for 
single variable integrals). See Example 5 
of this section. 









Z= f(y) 






Height of 
kth box 


Volume of kth box 
= fixe, II AA, 


FIGURE 14.3 





n = 8 x 8 = 64 n = 16 X 16 = 256 


noo 


A>0 


n 
Volume = lim > fxg, yë) AA, 


DEFINITION Volumes and Double Integrals 
A function f defined on a rectangular region R in the xy-plane is integrable on R if 


n 


jim X f(x% Y4) AA; exists for all partitions of R and for all choices of (xj, yg) 
0 f= 1 


within those partitions. The limit is the double integral of f over R, which we write 


J| es aa = fim Spee vA, 
k=1 


R 


If fis nonnegative on R, then the double integral equals the volume of the solid 
bounded by z = f(x, y) and the xy-plane over R. 


» Recall the General Slicing Method. If a 
solid is sliced parallel to the y-axis and 
perpendicular to the xy-plane, and the 
cross-sectional area of the slice at the 
point x is A(x), then the volume of 


the solid region is 


V= J KO dx. 








A slice at a fixed value of x 
has area A(x), whereO =x = 1. 


FIGURE 14.5 
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The functions that we encounter in this book are integrable. Advanced methods are 
needed to prove that continuous functions and many functions with finite discontinuities 
are also integrable. 


Iterated Integrals 


Evaluating double integrals using limits of Riemann sums is tedious and rarely done. For- 
tunately, there is a practical method that reduces a double integral to two single (one- 
variable) integrals. An example illustrates the technique. 

Suppose we wish to compute the volume of the solid region bounded by the plane 
z = f(x,y) = 6 — 2x — y over the rectangular region R= {(x,y):0 =x <1, 
0 =< y < 2} (Figure 14.5). By definition, the volume is given by the double integral 


p= J| rana- J| 6-2- yaa 


According to the General Slicing Method (Section 6.3), we can compute this volume by 
taking slices through the solid parallel to the y-axis and perpendicular to the xy-plane (Fig- 
ure 14.5). The slice at the point x has a cross-sectional area denoted A(x). In general, 
as x varies, the area A(x) also changes, so we integrate these cross-sectional areas from 
x = Oto x = | to obtain the volume 


V = J AC) dx. 


The important observation is that for a fixed value of x, A(x) is the area of the plane 
region under the curve z = 6 — 2x — y. This area is computed by integrating f with re- 
spect to y from y = Oto y = 2, holding x fixed; that is, 


E J C-n: 


where 0 = x < 1, and x is treated as a constant in the integration. Substituting for A(x), 


we have 
1 ip p2 
v= [awas ||| 6-2-3) dx. 
0 ol Jo 


A(x) 


The expression that appears on the right side of this equation is called an iterated 
integral (meaning repeated integral). We first evaluate the inner integral with respect to y 
holding x fixed; the result is a function of x. Then the outer integral is evaluated with re- 
spect to x; the result is a real number, which is the volume of the solid in Figure 14.5. Both 
these integrals are ordinary one-variable integrals. 


EXAM PLE 1 Evaluating an iterated integral Evaluate V = J, 5 A(x) dx, where 
A(x) = i (oJ yy. 


SOLUTION Using the Fundamental Theorem of Calculus, holding x constant, we have 


[-x-ne 


2\ (2 
(5 = 2h) = z) 


= (12 — 4x — 2) — 0 Simplify; limits are in y. 
= 10 — 4x. Simplify. 


A(x) 


Fundamental Theorem of Calculus 





0 


988 CHAPTER 14 © MULTIPLE INTEGRATION 


Substituting A(x) = 10 — 4x into the volume integral, we have 


V = J ‘AG dx 


1 
= J (10 — 4x)dx Substitute for A(x). 
0 


1 
= (10x — 2x7) 


Fundamental Theorem 





0 


= 8. Simplify. 
Related Exercises 5—25< 


EXAMPLE 2 Same double integral, different order Example 1 used slices through 
the solid parallel to the y-axis. Compute the volume of the same solid using slices 
through the solid parallel to the x-axis and perpendicular to the xy-plane, for 0 = y S 2 
(Figure 14.6). 


SOLUTION In this case, A(y) is the area of a slice through the solid for a fixed value of 
y in the interval 0 < y S 2. This area is computed by integrating z = 6 — 2x — y from 
x = Oto x = 1, holding y fixed; that is, 


AQ) = f (6- 2 y) ax 


where 0 = y S 2. 
Using the General Slicing Method again, the volume is 














2 
Y= J A(y) dy General Slicing Method 
0 
2 1 
— / pi (6G=2 = y) ax| dy Substitute for A(y). 
0 0 
y= p) x=1 
, . A(y) 
A slice at a fixed value of y has | j 
area AQ), where 0 5y S2. | 2 i Fundamental Theorem of Calculus; 
: s = (6x — x^ = yx)| | dy ; 
FIGURE 14.6 7 0 y 1s constant. 
2 
= J (5 — y) dy Simplify; limits are in x. 
0 
y? 2 
= ( 5y = Z) Evaluate outer integral. 
0 





= y; Simplify. 
Related Exercises 5—25< 


Several important comments are in order. First, the two iterated integrals give the 
same value for the double integral. Second, the notation of the iterated integral must be 
used carefully. When we write STEFI, y) dxdy, it means JI SKa, y) dx| dy. The 

ICK CHECK 2 Consider the integral inner integral with respect to x is evaluated first, holding y fixed, and the variable runs 
i PA "F(x, oy) dx dy. Give the limits of from x =a to x = b. The result of that integration is a constant ora enon of y, wel) 
is then integrated in the outer integral, with the variable running from y = c to y = d. 

The order of integration is signified by the order of dx and dy. 





integration and the variable of 

integration for the first (inner) integral 
and the second (outer) integral. Sketch Similarly, f o f “F(x, y) dy dx means f Ki f “F(x, y) dy | dx. The inner integral with 
the region of integration. < respect to y is evaluated first, holding x fixed. The result is then integrated with respect to x. 
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Examples 1 and 2 illustrate one version of Fubini’s theorem, a deep result that relates 
double integrals to iterated integrals. The first version of the theorem applies to double 
integrals over rectangular regions. 


» The area of the kth rectangular subregion 


THEOREM 14.1 (Fubini) Double Integrals on Rectangular Regions 

Ae atid ey, ate the lengihs OF the aides Let f be continuous on the rectangular region R = { (x, yas x =D,.ca] yaa } . 
of that rectangle. Accordingly, the The double integral of f over R may be evaluated by either of two iterated 

element of area in the double integral dA integrals: 

becomes dx dy or dy dx in the iterated 


integral e Ea 
| J[nonaq | [rena | | Ky) dyar 
R C a a C 


The importance of Fubini’s Theorem is twofold: It says that double integrals may be eval- 
uated by iterated integrals. It also says that the order of integration in the iterated integrals does 
not matter (although in practice, one order of integration is often easier to use than the other). 


in the partition is AA, = Ax,Ay,, where 





EXAMPLE 3 A double integral Find the volume of the solid bounded by the surface 
z = 4 + 9x’y? over the region R = { (x, y):-1 <x <= 1,0 = y< 2}. Use both pos- 
sible orders of integration. 


SOLUTION The volume of the region is given by the double integral J f p(4 + 9x *y) dA. 
By Fubini’s Theorem, the double integral is evaluated as an iterated integral. If we first 
integrate with respect to x, the area of a cross section of the solid for a fixed value of y is 
given by A(y) (Figure 14.7a). The volume of the region is 


oad 

i (4 + 9x°y*) dA = / l (4 + 9x*y*) dx dy Convert to an iterated integral. 
0 J-1 

R O E 


A(y) 








: i Evaluate the inner integral 
= a 
E J (4x + 3x°y") Eo with respect to x. 

2 
= J (8 + 6y*) dy Simplify. 

0 
aig 3,3 Evaluate the outer integral 
= (8y + 2y“) with respect to y. 
= 32. Simplify. 


Alternatively, if we integrate first with respect to y, the area of a cross section of the 
solid for a fixed value of x is given by A(x) (Figure 14.7b). The volume of the region is 


fu + 9x*y*) dA 


t 72 
J / (4 + 9x ya) dy dx Convert to an iterated integral. 
i975 


A(x) 





1 2 l i 
Evaluate the inner integral 
= 2,,3 
E J (4y + 3x°y")} dx with respect to y. 
-1 0 
1 
= / (8 + 24x7) dx Simplify. 
-1 
-— (8 9,3 } — 39 Evaluate the outer integral 
= (8x + 8x”) m —— with respect to x. 
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= 1 


1 2.1 2 L 2 
AO) = | 4 + 9x°y)av v= f [4+ 9°) de dy A(x) = [ 4 + 9x°y?)dy v= f [U+ ayas 
ie 0 —1°0 














FIGURE 14.7 


As guaranteed by Fubini’s Theorem, the iterated integrals agree, both giving the value of 
the double integral and the volume of the solid. 
Related Exercises 5—25< 


QUICK CHECK 3 Write the iterated integral T WA Jf 5 (xy + 2xy°) dydx with the order of 
integration reversed. < 


The following example shows that sometimes the order of integration must be chosen 
carefully either to save work or to make the integration possible. 


EXAMPLE 4 Choosing a convenient order of integration Evaluate J j eles. 
where R = {(x,y):0 Sx < 1,0 <y =< ln2}. 


, . In 2 l PE l . 
SOLUTION The iterated integral I i I = ye dy dx requires first integrating ye” with 
respect to y, which entails integration by parts. An easier approach is to integrate first 
with respect to x: 


In2 pl ln 2 
/ J ye’ dx dy = J (e®) 
o Jo 0 


In 2 
= / (e — 1) dy Simplify. 
0 


1 
dy 
0 


Evaluate the inner integral 
with respect to x. 








— (oy _ me Evaluate the outer integral 
=e y) 0 with respect to y. 
= 1-In2. Simplify. 


Related Exercises 26—3]1< 
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Average Value 


The concept of the average value of a function (Section 5.4) extends naturally to functions 
of two variables. Recall that the average value of the integrable function f over the inter- 


val |a, b] is 
1 b 
— ert | f(x) dx. 


To find the average value of an integrable function f over a region R, we integrate f over 


R and divide the result by the “size” of R, which is the area of R in the two-variable case. 
» The same definition of average value 


applies to more general regions in 
the plane. DEFINITION Average Value of a Function over a Plane Region 


The average value of an integrable function f over a region R 1s 


Average value of 
: f,y)=2—x-y l (xy) 
over R is zero. SA T X, dA. 
2 area of R fwy 
R 


L 2-2 29 
A 





EXAMPLE 5 Average value Find the average value of the quantity 2 — x — y over 
the square R = ‘Geena Va7=2,0S y= 2} (Figure 14.8). 


SOLUTION The area of the region R is 4. Letting f(x, y) = 2 — x — y, the average 


value of f is 
= (2 =J= 9 ).dA 
4 aE 
R 


1 
— , y) dA 
area of R i fy) 
R 
Iere 
= i / J (2 — x — y)dxdy Convert to an iterated integral. 
0/0 








2 2 2 
FIGURE 14.8 = aJ (2 = - = w) ; dy Evaluate the inner integral. 
2 
» An average value of 0 means that over = 1 ; i 
the region R, the volume of the solid E 4 J (2 = 2y ) dy Simplify. 
above the xy-plane and below the surface 
equals the volume of the solid below the = 0. Evaluate the outer integral. 
xy-plane and above the surface. Related Exercises 32—36< 


SECTION 14.1 EXERCISES 


Review Questions Basic Skills 
1. Write an iterated integral that gives the volume of the 5-16. Iterated integrals Evaluate the following iterated integrals. 
solid bounded by the surface f(x, y) = xy over the square 


a: pl 
R= {(G,y):0=x=2,1<ys3}. 5. | | yaray s f| [oe + 4y?) dy dx 
0 Jo 


2. Write an iterated integral that gives the volume of a box with 


, 3 p2 
height 10 and base {(x,y):0 =x =5,-2 <y $4}. a | |ia s S (2x + 3y) dx dy 
3. Write two iterated integrals that equal J f pt (x,y) dA, where 


o ae oa 9, [ft x sin y dy dx 10. [ | o+ 
4. Consider the integral f? ['', (2y? + xy) dy dx. Give the variable 1J1 
of integration in the first (inner) integral and the limits of integra- m/2 pl 
tion. Give the variable of integration in the second (outer) integral 11. J 1 Vuv du dv 12. J J x cos xy dy dx 
0 


and the limits of integration. 
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In2 pl 1 pl 
13. / J 6xe? dx dy 14. / J 4 5 dx dy 
0 Jo o Jo l+x 
In5 pln3 7/4 p3 
15. J J e**Y dx dy 16. / J r sec 0 dr dé 
1 JO 0 J0 


17-25. Iterated integrals Evaluate the following double integrals over 
the region R. 


CHAPTER 14 œ 





17. || + 24a: R= {æo S315 y 54} 
R 

18. || +o) R= (ays sx 52-15 y5 1} 
R 


19. || 4x cos yaa: R= {zyk =x2=2.027= 7/2} 





20. | dA; R={(xy):}sx=¥1<y<2} 
1 — x? 

21. i “dA; R ={(x,y):0<x<1,1<y<4} 
J y 

22: || xsinx? as: R = { (x, y): 0 Sra V7/2,0e y= 1} 
R 

23. [fora R={(x%y):0 =x =In2,1 = y= iIn3} 
R 

24. Je —y’*)dA;R={(x%y):-lsx=2,0sy=1} 
R 

25. Je =y F dA; R={(x,y):0=x=1,-lsy=1} 
R 

26-31. Choose a convenient order When converted to an iterated 


integral, the following double integrals are easier to evaluate in one 
order than the other. Find the best order and evaluate the integral. 


26. || voos xy das R = {5:0 = x = 1,0 = y = 2/3} 
R 

27, J| 0+ nec aa: R= {G90 S45 1-1 sy 1} 
R 

28. || see ads R= {(uy):0 = x = 7/305) 51) 
R 


29. || seas R = { (x, y): 0 S72 207) = 2} 


30. || sinay? a R= { (x, y): 0 == 2,02 y= Vx /2 } 
R 





31. i 5 5dA;R={(x%y):05x541 sy =2} 
J (1 + xy) 


32-34. Average value Compute the average value of the following 
functions over the region R. 


32. f(x,y) =4-x- y; R={(x%y)0Sx=2,0Sy=2} 
33. ar =e" R= ey) 0S x =6,0= y= 2} 
34. f(x,y) = sinxsiny; R={(x,y):05x<s7,0Sys7} 
35-36. Average value 


35. Find the average squared distance between the points of 
R={(x,y):-2 Sx < 2,0 < y < 2} and the origin. 


36. Find the average squared distance between the points of 
R ={(x,y):0 < x = 3,0 < y <3} and the point (3, 3). 


Further Explorations 

37. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 
a. The region of integration for f i f “4 dx dy is a square. 
b. If f is continuous on R?, then 


6 £3 6 r3 
ha Ji f(x, y) dx dy = Ja I ER 
c. If f is continuous on RŽ, then 


SÉT? fey) de dy = f? fÉ Na, y) dy dx. 


38. Symmetry Evaluate the following integrals using symmetry argu- 
ments. Let R = ean) “Sate a Ss y= b}, where a 
and b are positive real numbers. 


a. V E dA 
R 
sin (x — 
b. i 5 l 5 y) dA 
try Fil 
R 
39. Computing populations The population densities in nine districts 
of a rectangular county are shown in the figure. 





Population densities have 
units of people/mi?. 


y (mi) 





a. Use the fact that population = (population density) X (area) 
to estimate the population of the county. 

b. Explain how the calculation of part (a) is related to Riemann 
sums and double integrals. 
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40. Approximating water volume The varying depth of an 49. The solid beneath the plane f(x, y) = 24 — 3x — 4y and above 
18m X 25 m swimming pool is measured in 15 different rectan- the region R = {(x,y):-l<x<=3,0<y<2} 
gles of equal area (see figure). Approximate the volume of water 


in the pool. Le ee ay 


y (m) 
Depth readings have units of m. 


18 
: ge 
pe nl = 
25 x(m) x l m 


41-42. Pictures of solids Draw the solid region whose volume is given 


; ; — EEE 2 
by the following double integrals. Then find the volume of the solid. 50. The solid beneath the paraboloid f(x, y) = 12 — x° — 2y° and 
above the region R = {(x,y):1<x<=2,0<y<1} 


6 p2 1 pl 
41. J] 10 dy dx 42. J] (4 — x? — y°) dx dy f(x, y) = 12- x7 — 2y? 
O71 Oa =] Z 


43—46. More integration practice Evaluate the following iterated 
integrals. 


2 p2 a pi 
3.3 
43. J] dy dx 44. [ | ye dy dx 
pd 1 ery 0 J0 


1 pd 4 j 
45 J J E dx dy 46 J / ers dy dx 
oJ1 Vx ty? 1 Jo 


47-51. Volumes of solids Find the volume of the following solids. 





—] E 


- 


L 
! 
I 
l 
! 
N, 
an 





47. The solid between the cylinder f(x, y) = e ~ and the region 
R= {(x,y):0s5x=n4,-2sy=s2} 





Xx 


Sal g 51. Net volume Let R = { (x, y): 0 ssm 0] y= a}. For what 
| values of a, withO = a S 7, is ihe sin (x + y) dA equal to 1? 


52-53. Zero average value Let R = {(x,y):0<x<Sa,0sy<ab}. 
Find the value of a > Q such that the average value of the following 
functions over R is zero. 


52. f(x,y) =xty-8 53. f(x,y) =4- x? -— y? 





54. Maximum integral Consider the plane x + 3y + z = 6 over 
the rectangle R with vertices at (0, 0), (a, 0), (0, b), and (a, b), 


48. The solid beneath the plane f(x,y) = 6 — x — 2y and above the where the vertex (a, b) lies on the line where the plane intersects 
region R = {(x,y):0<x<2,0<y<1} the xy-plane (so a + 3b = 6). Find the point (a, b) for which the 
f(x, y) = 6 — x — 2y volume of the solid between the plane and R is a maximum. 
z 


Applications 

55. Density and mass Suppose a thin rectangular plate, rep- 
resented by a region R in the xy-plane, has a density given 
by the function p(x, y); this function gives the area den- 
sity in units such as grams per square centimeter (g /cm?). 
The mass of the plate is i f p P(x, y) dA. Assume that 
R = {(x,y):0 =x = 7T/2,0 <y S r} and find the mass of 
the plates with the following density functions. 
a. p(x, y) = 1 + sinx 
b. p(x, y) = 1 + siny 
c. p(x, y) = 1 + sin xsin y 
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56. Approximating volume Propose a method based on Riemann 
sums to approximate the volume of the shed shown in the figure 
(the peak of the roof is directly above the rear corner of the shed). 
Carry out the method and provide an estimate of the volume. 


























Additional Exercises 

57. Cylinders Let S be the solid in R? between the cylinder z = f(x) 
and the region R = {(x,y):a = x= b,c <= y = d}, where 
f(x) = 0 on R. Explain why I f? f(x) dx dy equals the area of 
the constant cross section of S multiplied by (d — c), which is the 
volume of S. 


58. Product of integrals Suppose f(x, y) = g(x)h(y), where g and h 
are continuous functions for all real values. 
a. Show that SETER) y) dx dy = (S e) dx) ( S no) dy). 
Interpret this result geometrically. 
b. Write ( o g(x) ) dx)? as an iterated integral. 
c. Use the result of part (a) to evaluate 


2m r30 —4y2 
y 
o tie cosxe ” dy dx. 


59. An identity Suppose the second partial derivatives of f are con- 
oR on R = {(x,y):0 <x <a,0 = y = b}. Simplify 


fis” 


60. Two integrals Let R = { (x, y): 0 < 
a. Evaluate ff g COs (xVy) dA 
b. Evaluate E cos (x°y?) dA 


61. A generalization Let R be as in Exercise 60, let F be an antide- 
rivative of f with F(0) = 0, and let G be an antiderivative of F. 
Show that if f and F are integrable, and r = 1 and s = 1 are real 
numbers, then 


_ G1) 


OS es ys 1 E 
[eena 2 
R 





G(0) 





1. The sum gives the volume of a collection of rectangular 
boxes and these boxes do not exactly fill the solid region 
under the surface. The approximation is improved by using 
more boxes. 2. Inner integral: x runs from x = 1 tox = 2; 
outer integral: y runs from y = 3 to y = 4. The region is the 
rectangle {(x, es =f=2.3=7=4}. 

3. for fay (y + 2xy3) dx dy< 


14.2 Double Integrals over General Regions 


Evaluating double integrals over rectangular regions is a useful place to begin our study 
of multiple integrals. Problems of practical interest, however, usually involve nonrectan- 
gular regions of integration. The goal of this section is to extend the methods presented in 
Section 14.1 so that they apply to more general regions of integration. 


General Regions of Integration 


Consider a function f defined over a closed bounded nonrectangular region R in the 
xy-plane. As with rectangular regions, we use a partition consisting of rectangles, but now, 











FIGURE 14.9 


such a partition does not cover R exactly. In this case, only the n rectangles that lie entirely 
within R are considered to be in the partition (Figure 14.9). When f is nonnegative on R, 
the volume of the solid bounded by the surface z = f(x, y) and the xy-plane over R is ap- 
proximated by the Riemann sum 


y == p> f(x Yk) AAR 
=] 


where AA, = Ax;,Ay, is the area of the kth rectangle and (x;, y;) is any point in the kth 
rectangle, for 1 = k = n. As before, we define A to be the maximum length of the diago- 
nals of the rectangles in the partition. 





Volume of solid = | i f(x, y) dA 


FIGURE 14.10 


FIGURE 14.11 


Integrate 
the cross- 
sectional 
areas A(x) 






x Y= 8x) 


FIGURE 14.12 


= lim > fey Ly) AA, 







y = ha) 
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Under the assumptions that f is continuous on R and that the boundary of R consists 
of a finite number of smooth curves, two things occur as A — 0 and the number of subre- 
gions increases (n — ©), 


e The rectangles in the partition fill R more and more completely; that is, the union of the 
rectangles approaches R. 


e Over all partitions and all choices of (x;, y,) within a partition, the Riemann sums 
approach a (unique) limit. 


The limit approached by the Riemann sums is the double integral of f over R; that is, 


Jf tes aa im Seid aA, 


When this limit exists, f is integrable over R. If f is nonnegative on R, then the dou- 
ble integral equals the volume of the solid bounded by the surface z = f(x, y) and the 
xy-plane over R (Figure 14.10). 

The double integral J f pj (x, y) dA has another common interpretation. Suppose R 
represents a thin plate whose density at the point (x, y) is f(x, y). The units of density are 
mass per unit area, so the product f(x;, y,) AA; approximates the mass of the kth rect- 
angle in R. Summing the masses of the rectangles gives an approximation to the total mass 
of R. In the limit as n —> œ and A — 0, the double integral equals the mass of the plate. 


Iterated Integrals 


Double integrals over nonrectangular regions are also evaluated using iterated integrals. 
However, in this more general setting the order of integration is critical. Most of the dou- 
ble integrals we encounter fall into one of two categories determined by the shape of the 
region R. 

The first type of region has the property that its lower and upper boundaries are the 
graphs of continuous functions y = g(x) and y = h(x), respectively, fora = x S b. 
Such regions have any of the forms shown in Figure 14.11. 

Once again, we appeal to the general slicing method. Assume for the moment that 
f is nonnegative on R and consider the solid bounded by the surface z = f(x, y) and R 
(Figure 14.12). Imagine taking vertical slices through the solid parallel to the y-axis. The 
cross section through the solid at a fixed value of x extends from the lower curve y = g(x) 
to the upper curve y = h(x). The area of that cross section is 


h(x) 
A(x) = J f(x, y)dy, fora Sx S b. 
g(x) 


The volume of the region is given by a double integral; it is evaluated by integrating the 
cross-sectional areas A(x) from x = a to x = b: 


frena- [faten f(x, y) dy dx. 


A(x) 


EXAMPLE 1 Evaluating a double integral Express the integral J iz 2x*y dA 
as an iterated nead; where R is the region bounded by the parabolas y = 3x7 and 
y = 16 — x°. Then evaluate the integral. 


SOLUTION The region R is bounded below and above by the graphs of g(x) = 3x? 
and h(x) = 16 — x’, respectively. Solving 3x7 = 16 — x7, we find that these curves 
intersect at x = —2 and x = 2, which are the limits of integration in the x-direction 
(Figure 14.13). 
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The bounding curves ` Figure 14.14 shows the solid bounded by the surface z = 2x7y and the region R. A 
determine the limits typical vertical cross section through the solid parallel to the y-axis at a fixed value of x 
of integration in y. Peas 
16—x° 
A(x) = J 2x°y dy. 
3x? 
Integrating these cross-sectional areas between x = —2 and x = 2, the iterated integral 
becomes 
2 16-x 
i 2x“ ydA = / f 2x°y dy dx Convert to an iterated integral. 
—2 J 3x° 
R a 
(x) 
| | | ° ad Evaluate the inner integral 
The projection of R _ (x2y?) ae va uate the inner integra 
on the x-axis g 32 with respect to y. 
determines the limits 
_ of integration in x 2 
| | = | x?((16 — x??? — (3x7)?) dx Simplif 
FIGURE 14.13 r pay 


Il 


(—8x° — 32x* + 256x7) dx Simplify. 
2 


l 


663.2. Evaluate the outer integral 
with respect to x. 





QUICK CHECK 1 A region R is bounded by the x- and y-axes and the line x + y = 2. Sup- 
pose you integrate first with respect to y. Give the limits of the iterated integral over R.<«< 


Change of Perspective Suppose that the region of integration R is bounded on the 
left and right by the graphs of continuous functions x = g(y) and x = h(y), respectively, 





16—x° 
A(x) = | 2x2y dy 
| Bx 





FIGURE 14.14 





FIGURE 14.15 


To find the volume of the solid bounded by the surface z = f(x, y) and R, we now 


Related Exercises 7-30 


on the interval c = y S d. Such regions may take any of the forms shown in Figure 14.15. 


take slices parallel to the x-axis and perpendicular to the xy-plane. In so doing, the double 


integral J f pj (x, y) dA is converted to an iterated integral in which the inner integration 
is with respect to x over the interval g(y) S x < h(y) and the outer integration is with 


respect to y over the interval c = y S d. The evaluation of double integrals in these two 


cases is summarized in the following theorem. 
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» Theorem 14.2 is another version of 


THEOREM 14.2 Double Integrals over Nonrectangular Regions 
nonrectangular regions, the order of Let R be a region bounded below and above by the graphs of the continuous 
integration cannot be simply switched: functions y = g(x) and y = h(x), respectively, and by the lines x = a and 
that is, x = b (Figure 14.11). If f is continuous on R, then 


b ph(x) 
a J g(x) J eC. 


z J aa J í Hay) dxd Let R be a region bounded on the left and right by the graphs of the continuous 
Aada i á functions x = g(y) and x = h(y), respectively, and the lines y = c and y = d 


Fubini’s Theorem. With integrals over 


(Figure 14.15). If f is continuous on R, then 


d ph(y) 
Jie» dA = J] f(x, y) dx dy. 
A c J g(y) 


ere aT Ooo uals EXAMPLE 2 Computing a volume Find the volume of the solid below the surface 


The term dA, called an element of 

area, corresponds to the area of a small 
rectangle in the partition. Comparing the 
double integral to the iterated integral, we 





see that the element of area is dA = dy dx 
or dA = dx dy, which is consistent with 


The bounding curves 
determine the limits 
of integration in x. 


1 
f(x,y) = 2+ and above the region R in the xy-plane bounded by the lines y = x, 
y = 8 — x, and y = 1. Notice that f(x, y) > OonR. 


SOLUTION The region R is bounded on the left by x = y and bounded on the right 

by y = 8 — x,orx = 8 — y (Figure 14.16). These lines intersect at the point (4, 4). 

We take vertical slices through the solid parallel to the x-axis from y = 1 to y = 4. 

(To visualize these slices, it helps to draw lines through R parallel to the x-axis.) 
Integrating the cross-sectional areas of slices from y = 1 to y = 4, the volume of 

the solid beneath the graph of f and above R (Figure 14.17) is given by 








X 
4 8—y 
1 1 
The projection of R on the i (2 F ~ dA = J / (2 T ~ dx dy Convert to an iterated integral. 
y-axis determines the limits 5 y 1 Jy J 
A esau 4 1 8—y Evaluate the inner integral; 
FIGURE 14.16 = = 1 
J (2 t ~ dy 2 + —is constant. 
1 y y 
$ 1 
1 = J (2 T Lis — 2y) dy Simplify. 
fœ, y)=2+ 5 1 7 
h 3 g 
N = J (14 — 4y + £) dy Simplify. 
1 





= (14y — 2y° + 81n ly|) 


x —y 
“—- = 12+ 81n4 ~ 23.09. Simplify. 
y= 1~<@ y 
/ X Related Exercises 31—52 < 


Evaluate the outer integral. 





4 
1 


x=8-y 





(2 Could the integral in Example 2 be evaluated by integrating first (inner 
FIGURE 14.17 integral) with respect to y?< 


X 
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R is bounded above and below, 
and on the right and left by curves. 


FIGURE 14.18 


» In this case, it is just as easy to view R as 
being bounded on the left and the right 
by the lines x = 0 and x = c/a — by/a, 
respectively, and integrating first with 
respect to x. 





FIGURE 14.19 


» The volume of any tetrahedron is 
i ; 
a (area of base) (height), where any 


of the faces may be chosen as the base 
(Exercise 98). 





FIGURE 14.20 


Choosing and Changing the Order of Integration 


Occasionally a region of integration is bounded above and below, and on the right and 
the left, by curves (Figure 14.18). In these cases, we can choose either of two orders of 
integration; however, one order of integration may be preferable. The following examples 
illustrate the valuable techniques of choosing and changing the order of integration. 


EXAMPLE 3 Volume of a tetrahedron Find the volume of the tetrahedron (pyramid 
with four triangular faces) in the first octant bounded by the plane z = c — ax — by and 
the coordinate planes (x = 0, y = 0,z = 0). Assume a, b, and c are positive real num- 
bers (Figure 14.19). 


SOLUTION Let R be the triangular base of the tetrahedron in the xy-plane; it is formed 
by the x- and y-axes and the line ax + by = c (found by setting z = O in the equation of 
the plane; Figure 14.20). We can view R as being bounded below and above by the lines 
y = Oand y = c/b — ax/b, respectively. The boundaries on the left and right are then 
x = 0 and x = c/a, respectively. Therefore, the volume of the solid region between the 
plane and R is 


|| c-a- oaa 


b—ax/b 
cja pe/b—ax/ 7 hides Convert to an iterated 
» Jo (c — ax y) dy dx integral. 
c/a 








B py oma Evaluate the inner 
o i aa ae integral 

0 0 

c/a ( ae c)? 

= dx Simplify and factor. 

0 2b 
B o Evaluate the outer 
“bab integral. 


This result illustrates the volume formula for a tetrahedron. The lengths of the legs of 
the triangular base are c/a and c/b, which means the area of the base is c°/(2ab). The 
height of the tetrahedron is c. The general volume formula is 


3 2 
i l 
= oS = oe R 3 (area of base) (height). 
“— height 
area of 
base 


Related Exercises 53—S6< 


EXAMPLE 4 Changing the order of integration Sketch the region of integration 
and evaluate J ni f ~ sin x” dx dy. 


SOLUTION The region of integration is R = { (x, y): yexevr,0s ys Vo}, 
which is a triangle (Figure 14.21a). Evaluating the iterated integral as given (integrating 
first with respect to x) requires integrating sin x7, a function whose antiderivative is not 
expressible in terms of elementary functions. Therefore, this order of integration is not 
feasible. 






f* z g(x, y) 


z=] 


Shadow of the solid 
in the xy-plane 


Volume = | | (g(x, y) — f(y) dA 
R 


FIGURE 14.22 
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y Vr Nr 


i [ sinx? dx dy 
0 y 





Integrating first 
with respect to x 
does not work. Instead... 


(a) (b) 


... We integrate first 
with respect to y. 


FIGURE 14.21 


Instead, we change our perspective (Figure 14.21b) and integrate first with respect to 
y. With this order of integration, y runs from y = O to y = x in the inner integral and x 
runs from x = 0 tox = V7 in the outer integral: 


Vr px 
|| sow dA = J J sinx dy dx 
0 0 
R 
Var x 
J (y sin x*) 
0 0 


Va 
= / x sin x7 dx Simplify. 
0 


Evaluate the inner integral; 
sin x” is constant. 


dx 





Vir 
Evaluate the outer integral. 





|| 
= sy 
| 
Nl Re 
O 
O 
N 
be 
NO 
ae 


Simplify. 


This example shows that the order of integration can make a practical difference. 
Related Exercises 57-68< 


:CK 3 Change the order of integration of the integral Í i J i (x, y) dx dy.< 





Regions Between Two Surfaces 


An extension of the preceding ideas allows us to solve more general volume problems. Let 
z = g(x,y) and z = f(x, y) be continuous functions with g(x, y) = f(x, y) on a region 
R in the xy-plane. Suppose we wish to compute the volume of the solid between the two 
surfaces over the region R (Figure 14.22). Forming a Riemann sum for the volume, the 
height of a typical box within the solid is the vertical distance g(x, y) — f(x, y) between 
the upper and lower surfaces. Therefore, the volume of the solid between the surfaces is 


v= ff ey) Ay) a 
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=8- x-y 






Intersection 
curve C 


= 
7~ 


—ra/4 _ +2 
Projection of C aaa 
on xy-plane 
FIGURE 14.23 


» To use symmetry to simplify a double 
integral, you must check that both the 
region of integration and the integrand 
have the same symmetry. 


R=R_ UR, 





FIGURE 14.24 





height = 1 


Volume of solid = 


= Area of R = [| 1 dA 
R 


(Area of R) X (height) 


FIGURE 14.25 
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EXAMPLE 5 Region bounded by two surfaces Find the volume of the solid region 
bounded by the paraboloids z = x? + y* and z = 8 — x” — y? (Figure 14.23). 


SOLUTION The upper surface bounding the solid is z = 8 — x? — y” and the 

lower surface is z = x* + y*. The two surfaces intersect along a curve C. Solving 

8 — x? — y? = x? + y*, we find that x? + y? = 4. This circle of radius 2 is the pro- 
jection of C onto the xy-plane (Figure 14.23); it is also the boundary of the region of 
integration 


R= { (x,y -V4 -x Sy 5S V4—-4x7,-2 =x = 2}. 


Notice that R and the solid are symmetric about the x- and y-axes. Therefore, the volume 
of the entire solid is four times the volume over that part of R in the first quadrant. The 
volume of the solid is 


fp ((8 = x° re 


i m a 
Ji (u —x*)y — | a 


x? + y*)) dy dx 
fœ y) 


(4 — x° — y*)dydx Simplify the integrand. 


Fundamental Theorem of Calculus 


16 
= “u — x7)3/? dx Simplify. 
3 0 
seJ | a | 
= 7 cos’ 0 dé Trigonometric substitution: x = 2 sin 0 
0 
= 167. Evaluate the outer integral. 


We return to this calculation in Section 14.3 and show how it is simplified in polar 
coordinates. 
Related Exercises 69—74< 


Decomposition of Regions 


We occasionally encounter regions that are more complicated than those considered so 
far. A technique called decomposition allows us to subdivide a region of integration into 
two (or more) subregions. If the integrals over the subregions can be evaluated separately, 
the results are added to obtain the value of the original integral. For example, the region R 
in Figure 14.24 is divided into two nonoverlapping subregions R, and R>. By partitioning 
these regions and using Riemann sums, it can be shown that 


[fr dA = [fr dA + [fr dA. 


This method is illustrated in Example 6. The analogue of decomposition with single 
variable integrals is the property f? f(x) dx = I Iade + S K Jx) ax. 


Finding Area by Double Integrals 


An interesting application of double integrals arises when the integrand is f(x, y) = 1 
The integral J f p 1 dA gives the volume of the solid between the horizontal plane z = 1 
and the region R. Because the height of this solid is 1, its volume equals (numerically) 
the area of R (Figure 14.25). Therefore, we have a way to compute areas of regions in the 
xy-plane using double integrals. 
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» Weare solving a familiar area problem 


Areas of Regions by Double Integrals 


first encountered in Section 6.2. Suppose 


R is bounded above by y = h(x) and Let R be a region in the xy-plane. Then 
below by y = g(x), fora =x Xb. 
Using a double integral, the area of R is area of R = i dA. 


R 





b ph(x) 
J dA = J J ira 
3 a J g(x) 

b 


z J UONE EXAMPLE 6 Area of a plane region Find the area of the region R bounded by 
a l y = x,y = —x + 12, and y = 4x + 12 (Figure 14.26). 


which is a result obtained in Section 6.2. SOLUTION The region R in its entirety is bounded neither above and below by two 
curves, nor on the left and right by two curves. However, when decomposed along the 
y-axis, R may be viewed as two regions R, and R, each of which is bounded above and 
below by a pair of curves. Notice that the parabola y = x?” and the line y = —x + 12 
intersect in the first quadrant at the point (3, 9), while the parabola and the line 
y = 4x + 12 intersect in the second quadrant at the point (—2, 4). 

To find the area of R, we integrate the function f(x,y) = 1 over R, and R,; the area is 


i l dA + i l] dA Decompose region. 
R R 











2 
0 4x+12 3 —x+ 12 
— / J 1 dy dx + / J 1 dy dx Convert to iterated integrals. 
2) x OJ a 
0 3 
— / (4x + 12 — x°) dx + / (—x + 12 — x”) dx Evaluate the inner integrals. 
y = 4x + 12 =, 0 
FIGURE 14.26 3\ |0 y y 
= z + 12x — =) F (5 a 12h a =) Evaluate the outer integrals. 
3 Jl 2 3 Jlo 
40 45 215 i 
= — 4+ = Simplify. 
3 2 6 


Related Exercises 75—80 < 


QUICK CHECK 4 Consider the triangle R with vertices (—1, 0), (1, 0), and (0, 1) as a re- 
gion of integration. If we integrate first with respect to x, does R need to be subdivided? 
If we integrate first with respect to y, does R need to be subdivided? < 





SECTION 14.2 EXERCISES 


Review Questions Basic Skills 
1. Describe and sketch a region that is bounded above and below by 7-8. Regions of integration Consider the regions R shown in the 

two curves. figures and write an iterated integral of a continuous function f over R. 
2. Describe and a sketch a region that is bounded on the left and on Ti 8. y = 2x + 24 





the right by two curves. 


3. Which order of integration is preferable to integrate f(x, y) = xy 
over R = {(xy)y-1lsxs1-y,0sy=1}? 


4. Which order of integration would you use to find the area of 
the region bounded by the x-axis and the lines y = 2x + 3 and 
y = 3x — 4 using a double integral? 





5. Change the order of integration in the integral I i f i (x, y) dx dy. 


6. Sketch the region of integration for f i J EH AVUN: 
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9-16. Regions of integration Sketch the following regions and write 
an iterated integral of a continuous function f over the region. Use the 
order dy dx. 


9. R= {(x,y): 
10. R= { (x,y): 
11. R= {(x,y): 1 Sx52x+1 Sy 52x44} 


<x S mj/4, sinx S ys cos x } 


<x < 2,3x? < y = —6x + 24} 


12. R= {(x y0 ars 4r sy = 8vx} 
13. R is the triangular region with vertices (0, 0), (0, 2), and (1, 0). 
14. R is the triangular region with vertices (0, 0), (0, 2), and (1, 1). 


15. R is the region in the first quadrant bounded by a circle of radius 
1 centered at the origin. 


16. R is the region in the first quadrant bounded by the y-axis and the 


parabolas y = x? and y = 1 — x°. 


17-26. Evaluating integrals Evaluate the following integrals as they 


are written. 
1 p2x 
18. J] 15 xy? dy dx 
0J0 


1 pl 
17. I J 6y dy dx 
OJx 
2 p2x 3 pxt+6 
19. J J xy dy dx 20. J J (x — 1) dy dx 
Ovx 0 J x 
7/4 pcosx 1 pV1-# 
21. J dy dx 2: J J 2x°y dy dx 
—1/4/ sin x 0 /-V1-# 
2 p-r In2 p2 
23: J J x dy dx 24. J J dy dx 
-2J x 0 e” 
1 x ; V 1/2 X 
25. J J 2e* dy dx 26. 1 J y cos x° dy dx 
0 J0 0 0 


27-30. Evaluating integrals Evaluate the following integrals. 


27. Jfk xy dA; R is bounded by x = 0, y = 2x + 1, and 
Vy = 1h SD. 


28. J f r (x + y) dA; R is the region in the first quadrant bounded by 
x=0O0,y = x7, andy = 8 — x’, 

29. Jf y? dA; R is bounded by x = 1, y = 2x + 2, and 
y=-x- l. 


30. f f r X'y dA; R is the region in quadrants 1 and 4 bounded by the 
semicircle of radius 4 centered at (0, 0). 


31-32. Regions of integration Write an iterated integral of a continu- 
ous function f over the region R shown in the figure. 


31. 





33-38. Regions of integration Write an iterated integral of a continu- 
ous function f over the following regions. 


33. The region bounded by y = 2x + 3, y = 3x — 7, and y = 0 
34. R= (ey e0 zya yI- y)} 
35. The region bounded by y = 4 — x, y = 1, andx = 0 


36. The region in quadrants 2 and 3 bounded by the semicircle with 
radius 3 centered at (0, 0) 


37. The region bounded by the triangle with vertices (0, 0), (2, 0), and 
(1, 1) 


38. The region in the first quadrant bounded by the x-axis, the line 
x = 6 — y, and the curve y = Vx 


39-46. Evaluating integrals Sketch the region of integration and 
evaluate the following integrals as they are written. 


2 p4-y 2 p4-y’ 
39. J / dx dy 40. J J y dx dy 
—lvy 0/0 
4 pV 16-y" 1 p2V1-y* 
41. | / 2xy dx dy 42. J / 2x dx dy 
0 J -V16-y 0 J-2V1-¥ 
In2 p2 y 4 p2y 
43. J —dx dy 44. J J xy dx dy 
0 Oyy 


e X 
T2 pr/2 
45. J J 6 sin (2x — 3y) dx dy 
0 y 


T/2 peosy 
46. J J e™! dx dy 
0 0 


47-52. Evaluating integrals Sketch the regions of integration and 
evaluate the following integrals. 


47. Jf; 12y dA; Ris bounded by y = 2 — x,y = Vx, and y = 0. 
48. Jf y? dA; Ris bounded by y = 1,y = 1 — x, andy = x — 1. 


49. [/,,3xy dA; R is bounded by y = 2 — x,y = 0, and x = 4 — y? 
in the first quadrant. 


50. Lp (x + y) dA; R is bounded by y = |x| and y = 4. 
51. []/,,3x° dA; R is bounded by y = 0,y = 2x + 4, and y = x°. 
52. Jfk x? ydA; R is bounded by y = 0, y = Vx, andy = x — 2. 


53-56. Volumes Use double integrals to calculate the volume of the 
following regions. 


53. The tetrahedron bounded by the coordinate planes 
(x = 0, y = 0,z = 0) and the plane z = 8 — 2x — 4y 


54. The solid in the first octant bounded by the coordinate planes and 
the surface z = 1 — y — x? 


55. The segment of the cylinder x? + y? = 1 bounded above by the 
plane z = 12 + x + y and below by z = 0 


56. The solid beneath the cylinder z = y? and above the region 
R={(%y):0SySlysx=1} 


57-62. Changing order of integration Reverse the order of integra- 
tion in the following integrals. 


2 p2x 3 p6—2x 
Si: J f(x, y) dy dx 58. J f(x, y) dy dx 
0J 0/0 





—In y 1 re 
59, [ J f(x, y) dx dy 60. J J f(x, y) dx dy 
1/2 0/1 


cos ly e plnx 
61. [ / f(x, y) dx dy 62. J f(x, y) dy dx 
E 


63-68. Changing order of integration The following integrals can 
be evaluated only by reversing the order of integration. Sketch the re- 
gion of integration, reverse the order of integration, and evaluate the 
integral. 


1 pl T PT 
63. / / e” dx dy 64. J J sin y? dy dx 
OJy 0 vyx 
1/2 pij 
65. J J y cos (167x?) dx dy 
0 y? 
4 p2 " 
66. | f dy dx 
oJve yr +1 
Va par 
67. | J x* cos (x°y) dx dy 
0 y 
2 p4-x oy 
68. / / E 
0/0 a 


69-74. Regions between surfaces Find the volume of the following 
solid regions. 








69. The solid above the region 
R= {(x,y):0 sx <1, 
O=<y=1-x} 
bounded by the parabo- 
loids z = x? + y? and 
z = 2 — x? — y? and the 
coordinate planes in the 
first octant 








70. 


71. 


72; 


73. 
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The solid above the 
parabolic region 

R= 179) 0 saa, 
O=<y=1-—- x°} and 
between the planes z = 1 
andz = 2 — y 








The solid bounded by the parabo- 
loid z = x? + y? and the plane 
z7z=9 





The solid bounded by the pa- 
raboloids z = x* + y* and 
z= 50 — x? -— y? 


The solid above the region 
Rsd(sy Uaza 

0 = y = 2 — x} and between 
the planes —4x — 4y + z = 0 
and—-2x —-y+z= 8 
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74. The solid S between the surfaces 
z = e% Yandz = —e” ”, where 
S intersects the xy-plane in the 
region R = {(x,y):0 S x <S y, 
Osys 1} 








Z= —e* T» 


75-80. Area of plane regions Use a double integral to compute the 
area of the following regions. Make a sketch of the region. 


75. The region bounded by the parabola y = x? and the line y = 4 


76. The region bounded by the parabola y = x? and the line 
y=xt+2 


77. The region in the first quadrant bounded by y = e* and x = In2 


78. The region bounded by y = 1 + sin xand y = 1 — sin x on the 
interval [0, zr | 


79. The region in the first quadrant bounded by y = x°, y = 5x + 6, 
andy =6-x 
80. The region bounded by the lines x = 0, x = 4, y = x, and 


y=2x+4+1 


Further Explorations 
81. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. In the iterated integral f“ f’ f(x, y) dx dy, the limits a and b 
must be constants or functions of x. 


b. In the iterated integral f“ f’ f(x, y) dx dy, the limits c and d 
must be functions of y. 
c. Changing the order of integration gives 


RI Kay) dxdy = [?[? fy) dy dx. 


82-85. Miscellaneous integrals Evaluate the following integrals. 


82. || vas: R= {(x, y): 0 = y= secx,0 =x = a /3 } 
R 


83. i] (x + y) dA; R is the region bounded by y = 1/x and 
y= 5/2 — x, 
84. | ere lay 0 syan 0= eS 2} 
1+x +y? 
R 


85. || sora R= (ayk 0s ysr 0Sa Va/2} 
R 


86. Paraboloid sliced by plane Find the volume of the solid between 
the paraboloid z = x? + y? and the plane z = 1 — 2y. 


87. Two integrals to one Draw the regions of integration and write 
the following integrals as a single iterated integral: 


1 pe O pe 
J | 1rd + Jj f(x, y) dx dy. 
e —lJe>° 


88. Diamond region Consider the region 
R = {(x,y): |x| + |y| = 1} shown in the figure. 


a. Use a double integral to show that the area of R is 2. 

b. Find the volume of the square column whose base is R and 
whose upper surface is z = 12 — 3x — 4y. 

c. Find the volume of the solid above R and beneath the cylinder 

3 oa 

xl +z = 1. 

d. Find the volume of the pyramid whose base is R and whose 
vertex is on the z-axis at (0, 0, 6). 





89-90. Average value Use the definition for the oe value of a 


J f(x,y) dA. 


function over a region R (Section 14.1), f = 
area of R 


89. Find the average value ofa — x — y over the region 
R = {(x,y):x + y = a,x = 0,y = 0}, where a > 0. 


90. Find the average value of z = a? — x? — y? over the region 


R = {(x,y): x? + y? = a°}, where a > 0. 


91-92. Area integrals Consider the following regions R. 
a. Sketch the region R. 
b. Evaluate Í f g dA to determine the area of the region. 


c. Evaluate Sfk xy dA. 


91. R is the region between both branches of y = 1/x and the lines 
y =x + 3/2andy = x — 3/2. 


92. R is the region bounded by the ellipse x?/18 + y?/36 = 1 with 
y = 47/3. 


93—96. Improper integrals Many improper double integrals may be 
handled using the techniques for improper integrals in one variable 
(Section 7.8). For example, under suitable conditions on f, 


h(x) h(x) 
J | f(x, y) dy dx = jim ff f(x, y) dy dx. 
g(x) g(x) 


Use or extend the one-variable methods for improper integrals to 


evaluate the following integrals. 
o0 1/x? 2y 
94. J J — dy dx 
jody 2 


Jj xy dy dx 
1 JO 


95. | | da 
0 0 


00 (0.0) 1 
96. J a GR a a d 
adze 1G = 1) 


97-101. Volumes Compute the volume of the following solids. 
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Additional Exercises 
102. Existence of improper double integral For what values of m and 
oo Í /x m 
n does the integral J J a dy dx have a finite value? 
ivy A 


103. Existence of improper double integral Let 
R= Lia ySs 2) and 


97. Sliced block The solid bounded by the planes x = 0,x = 5, Ry = { (x,y): 1 Sx S 2,y = 1}. Forn > 1, which integral(s) 


z=y-1l1,z=-2y —1,z = 0,andz = 2 


have finite values: J p R, X "dA or f f RX "dA? 


98. Tetrahedron A tetrahedron with vertices (0, 0, 0), (a, 0, 0), 


(b,c, 0), and (0, 0, d), where a, b, c, and d are positive real 


numbers 


99. Square column The column with a square base 


HECK ANSWERS 





1. Inner integral: 0 = y = 2 — x; outer integral: 0 = x = 2 
2. Yes; however, two separate iterated integrals would be 


R= { (x, y): |x| = 1, ly| = 1} cut by the plane z =4—-x- y required. 2. ASIO, y) dy dx 4. No; yes< 
X 
100. Wedge The wedge sliced from the cylinder x? + y? = 1 by the 
planes z = 1 — xandz=x- 1 


101. Wedge The wedge sliced from the cylinder x? + y? = 1 by the 
planes z = a(2 — x) and z = a(x — 2), where a > 0 


» Recall the conversions from Cartesian to 
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polar coordinates (Section 11.2): 


x = rcos@,y = rsin 8, or 


r? = x? + y*,tan@ = y/x. 


Z Surface 
z=9-x-Yy 
an orz=9-Pr 


FIGURE 14.27 


Region of integration 
{(x, y):x7 ty = 9} 
or {r, 6) 0=7=] 3} 


2 





y 


In Chapter 11 we explored polar coordinates and saw that in certain situations they 
simplify problems considerably. The same is true when it comes to integration over 
plane regions. In this section, we learn how to formulate double integrals in polar 
coordinates and how to change double integrals from Cartesian coordinates to polar 
coordinates. 


Polar Rectangular Regions 


Suppose we want to find the volume of the solid bounded by the paraboloid 
z = 9 — x° — y* and the xy-plane (Figure 14.27). The intersection of the paraboloid 
and the xy-plane (z = 0) is the curve 9 — x* — y? = 0, or x? + y* = 9. Therefore, the 
region of integration is the disk of radius 3 centered at the origin in the xy-plane. If we use 
the relationship r° = x” + y? for converting Cartesian to polar coordinates, the region of 
integration is simply { (r, 0a ra 3 }. Furthermore, the paraboloid is expressed in 
polar coordinates as z = 9 — r°. This problem (which is solved in Example 1) illustrates 
how both the integrand and the region of integration in a double integral can be simplified 
by working in polar coordinates. 

The region of integration in this problem is an example of a polar rectangle. It 
has the form R = {(r,0):0 SaSr<b,a <0 < B}, where B — a S 27 anda, 
b, a, and 6 are constants (Figure 14.28). Polar rectangles are the analogs of rectangles 
in Cartesian coordinates. For this reason, the methods used in Section 14.1 for evalu- 
ating double integrals over rectangles can be extended to polar rectangles. The goal is 
to evaluate integrals of the form fi f k f(r, 0) dA, where f is a continuous function of r 
and 0, and R is a polar rectangle. If f is nonnegative on R, this integral equals the vol- 
ume of the solid bounded by the surface z = f(r, 0) and the region R in the xy-plane. 
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R={7,0:asrsbaz0<B} 


(0 
k? k AA 


FIGURE 14.30 
» Recall that the area of a sector of a circle 


of radius r subtended by an angle 0 is 
ae 
ar 0. 


P A 
A 





Examples of 
polar rectangles 





0 
0 


FIGURE 14.28 


Our approach is to divide | a, b | into M subintervals of equal length Ar = (b — a)/M. 
We similarly divide | a, B] into m subintervals of equal length A0 = (B — a)/m. Now 
look at the arcs of the circles centered at the origin with radii 


ranr —~ @ Arr = @ + 2A cn. ab 
and the rays 
d=a,0=at A0,0 = a + 2A0,...,0 = B 


emanating from the origin (Figure 14.29). These arcs and rays divide the region R into 
n = Mm polar rectangles that we number in a convenient way from k = 1 tok = n. The 
area of the kth rectangle is denoted AA,, and we let (rý, 0;) be an arbitrary point in that 
rectangle. 

Consider the “box” whose base is the kth polar rectangle and whose height is f(r}, 0%); 
its volume 1s frp 0;) AA; fork = 1,....,n. Therefore, the volume of the solid region be- 
neath the surface z = f(r, 0) with a base R is approximately 


y = 2 f(r 0%) AA; 
=| 


This approximation to the volume is another Riemann sum. We let A be the maximum 
value of Ar and A@. If f is continuous on R, then as A — 0, the sum approaches a double 
integral; that is, 


|| 1o a = jim S 0%) AAg. 
A0 {= 
R 


The next step is to write the double integral as an iterated integral. In order to do so, 
we must express AA; in terms of Ar and A9. 

Figure 14.30 shows the kth polar rectangle, with an area AA,. The point (r;, 0%) is 
chosen so that the outer arc of the polar rectangle has radius rų + Ar/2 and the inner arc 
has radius r, — Ar/2. The area of the polar rectangle is 


AA, = (area of outer sector) — (area of inner sector) 


Ifa Ary Lym oe i 
= (r + =) A=- (r = =) A0 Area of sector = —A@ 
2 2 2 2 2 
= r, Ar A0. Expand and simplify. 


Substituting this expression for AA; into the Riemann sum, we have 


Pe 0;,) AA, = > frig, 0X) ri Ar AO. 
=| =| 


» The most common error in evaluating 
integrals in polar coordinates is to 
omit the factor of r that appears in the 
integrand. In Cartesian coordinates 
the element of area is dx dy; in polar 
coordinates, the element of area is 
r dr d0, and without the factor of r, 
area 1s not measured correctly. 


R= ({(r,0):0<r<3,0<0 52m) 
FIGURE 14.31 
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This observation leads to another version of Fubini’s Theorem, which is needed to write the 
double integral as an iterated integral; the proof is found in advanced texts. 


THEOREM 14.3 Double Integrals over Polar Rectangular Regions 
Let f be continuous on the region in the xy-plane R = {(r,0):0 <a = r= hb, 
a = 6 = B}, where B — a = 2r. Then 


VEGO dA = [ [re r dr dO. 


YUICK CHECK 1 Describe in polar coordinates the region in the first quadrant between the 
circles of radius 1 and 2.<« 








Frequently, an integral fi [| pJ(x y) dA is given in Cartesian coordinates, but the re- 
gion of integration is easier to handle in polar coordinates. By using the relations 
x = rcos6,y = r sin 0, and x? + y? = r’, the function f(x, y) can be expressed in polar 
form as f(r cos 0, r sin 0). This procedure is a change of variables in two variables. 


EXAMPLE 1 Volume of a paraboloid cap Find the volume of the solid bounded by 
the paraboloid z = 9 — x? — y? and the xy-plane. 


SOLUTION Using x? + y? = r°, the surface is described in polar coordinates by 

z = 9 — r°. The paraboloid intersects the xy-plane (z = 0) when z = 9 — r° = 0, or 
r = 3. Therefore, the intersection curve is the circle of radius 3 centered at the origin. 
The resulting region of integration is the disk R = {(r,0):0 <r < 3,050 27} 
(Figure 14.31). Integrating over R in polar coordinates, the volume is 


V 


27 r3 
J / (9 — r*)rdrd6 Iterated integral for volume 
rn 
/ ces E) i 
0 2 4 


dé Evaluate the inner integral. 
0 





Evaluate the outer integral. 


| 
z 
= 
TTN 
|2 
Bena 

S 

| 
É 
NO | = 

y 


Related Exercises 7-18< 





QUICK CHECK 2 Express the functions f(x, y) = (x? + y’)>/? and h(x, y) = x? — y? in 
polar coordinates. < 


EXAMPLE 2 Region bounded by two surfaces Find the volume of the region 
bounded by the paraboloids z = x? + yand z = 8 — x? — y”. This problem was 
solved in rectangular coordinates in Example 5 of Section 14.2. 


SOLUTION As shown in Figure 14.32, the two surfaces intersect in a curve C whose 
projection onto the xy-plane is the circle x? + y* = 4. This circle is the boundary of the 
region of integration R, which is written in polar coordinates as 


R= {(r,0)::05r52,0508 27}. 
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In polar coordinates, the upper bounding surface of the solid isz = 8 — r°, and the 
me 25 8-H -y lower bounding surface is z = r°. The volume of the solid is 


27 p2 
v= j [ (8-A -r)rara 
D oo E 


upper lower 


| Intersection 
curve C 





2r 2 
— / J (8r — 2r?) dr dé Simplify integrand. 
0 0 
27 a 2 
— / (47 — ) d0 Evaluate inner integral. 
== x? + y 0 2 0 
2T 
— / 8 dé Simplify. 
0 
CEE of a = 167. Evaluate outer integral. 


Related Exercises 19—22< 


_ on xy-plane | 


FIGURE 14.32 
EXAMPLE 3 Annular region Find the volume of the region beneath the surface 


z = xy + 10 and above the annular region R = {(r,0):2 <r <4,0 5052r}. 
(An annulus is the region between two concentric circles.) 


SOLUTION The region of integration suggests working in polar coordinates 
(Figure 14.33). Substituting x = r cos 0 and y = r sin 0, the integrand becomes 


xy + 10 = (rcos@)(rsin@) + 10 Substitute for x and y. 
= r?° sin ð cos + 10 Simplify. 
= sr? sin 20 + 10. sin 20 = 2 sin @ cos 0 


Substituting the integrand into the volume integral, we have 


2m p4 
V / J ( Ly? sin 20 + 10) rdrd@ Iterated integral for volume 
0 J2 





27 p4 
= / J (57? sin26 + 10r) drdð Simplify. 
0 J3 
di +4 4 
— J (= sin 20 + sr?) dé Evaluate the inner integral. 
0 2 
27 
= J (30 sin 20 + 60) dé Simplify. 
0 
27 


(15(—cos 20) + 600) 


= 1207. Evaluate the outer integral. 





0 
Related Exercises 23—32< 


More General Polar Regions 

In Section 14.2 we generalized double integrals over rectangular regions to double inte- 
grals over nonrectangular regions. In an analogous way, the method for integrating over a 
polar rectangle may be extended to more general regions. Consider a region bounded by 
two rays 0 = a and 0 = B, where B — œa S 27, and two curves r = g(0) andr = h(0) 
(R= {(r,0):2 =r = 4,0 = 0 = 27} | (Figure 14.34): 


FIGURE 14.33 R= {(r,0):0 < g(0) =r = h(0)a =0 =B}. 
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The double integral J f rJ(r, 0) dA is expressed as an iterated integral in which the inner in- 
tegral has limits r = g(0) andr = h(0), and the outer integral runs from 0 = a to 0 = B. 

If f is nonnegative on R, the double integral gives the volume of the solid bounded by 
the surface z = f(r, 0) and R. 


$ 


; _ Outer interval 
Inner interval 0=6 i A 
. À / of integration: 
of integration: / 
az=@é<= B 


20)srshe)| / 





R = ((7, 0): 0 = 30) =r 5 h0), a 5 0 = B} 
FIGURE 14.34 


» For the type of region described in 


THEOREM 14.4 Double Integrals over More General Polar Regions 
Let f be continuous on the region in the xy-plane 


Theorem 14.4, with the boundaries in the 
radial direction expressed as functions 


of 0, the inner integral is always with R= { (r, 0): Ox 2(0) <r= h(0), a <@< B}, 
respect to r. 
where 0 < B — a S 277. Then 


B ph) 
J| 10a = J) f(r, 0) r dr dé. 
iA a J g(0) 


EXAMPLE 4 Specifying regions Write an iterated integral for fi f pf(r, 0) dA for the 
following regions R in the xy-plane. 





» Recall from Section 11.2 that the polar 
equation r = 2a sin 0 describes a circle 
of radius a with center (0, a). The polar 
equation r = 2a cos 0 describes a circle 
of radius a with center (a, 0). 


a. The region outside the circle r = 2 (with radius 2 centered at (0, 0)) and inside the 


circle r = 4 cos 0 (with radius 2 centered at (2, 0)) 


Radial lines enter the region R at r = 2 . ae f 
and exit the region at r 2 4 cos 8. b. The region inside both circles of part (a) 


SOLUTION 


y r=4cos@ 


a. Equating the two expressions for r, we have 4 cos 0 = 2 or cos 0 = L, so the circles 
intersect when 0 = + m /3 (Figure 14.35). The inner boundary of R is the circle r = 2, 
and the outer boundary is the circle r = 4 cos 0. Therefore, the region of integration is 
R= {(r,0):2 < r S 4cos 0,—7/3 <0 S w/3} and the iterated integral is 


T/3 p4cosé 
J| ioa = / J f(r,0) rdr dé. 
iA =T/3J 2 


b. From part (a) we know that the circles intersect when 0 = + m /3. The region R con- 
sists of three subregions Rj, R2, and R, (Figure 14.30). 
e For —77/2 = 0 = —7/3, R, is bounded by r = 0 (inner curve) and r = 4 cos 0 
(outer curve). 





The inner and outer boundaries of R are e For —7/3 < 0 S m/3, R, is bounded by r = 0 (inner curve) and r = 2 (outer curve). 
traversed, for -7< 0 < Z. . : 
: : e For 7/3 = 0 < 7/2, R, is bounded by r = 0 (inner curve) and r 


FIGURE 14.35 curve). 


4 cos 0 (outer 


1010 CHAPTER 14 © MULTIPLE INTEGRATION 


> Do not forget the factor of r in the area 
integral! 


Therefore, the double integral is expressed in three parts: 


—/3 p4cosé mT p2 
EGO dA = / J f(r, 0) rdr dé + J [ Hee) rar ao 
A —7/2 J0 —7/3J 0 


7/2 p4cosé 
+ J / f(r, 6) rdr dé. 
7/3 JO 





r=4cos@ 


In R} radial lines begin at the In R, radial lines begin at the In R, radial lines begin at the 
origin and exit at r = 4 cos 0. origin and exit at r = 2. origin and exit at r = 4 cos 0. 


\ 
@=—-——= 
(a) 


r=4cos0 





FIGURE 14.36 
Related Exercises 33—38< 


Areas of Regions 


In Cartesian coordinates, the area of a region R in the xy-plane is computed by integrat- 
ing the function f(x,y) = 1 over R; that is, A = Lp dA. This fact extends to polar 
coordinates. 


Area of Polar Regions 


The area of the region R = {(r,0):0 < g(0) = r = h(0),a = 0 
where 0 < B — a S 27, is 


B ph(@) 
sa ffm fo fram 
a a J g(0) 










r=2V cos 20 


T 


P o 


FIGURE 14.37 


QUICK CHECK 3 Express the area of 
the disk R = {(r, 0):0 Sra, 
0 <= 6 = 27} in terms of a double 
integral in polar coordinates. « 
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EXAMPLE 5 Area within a lemniscate Compute the area of the region in the first 
and fourth quadrants outside the circle r = V2 and inside the lemniscate r” = 4 cos 20 
(Figure 14.37). 


SOLUTION The equation of the circle can be written as r” = 2. Equating the two 
expressions for r°, the circle and the lemniscate intersect when 2 = 4 cos 26, or 

cos 20 = L The angles in the first and fourth quadrants that satisfy this equation are 

0 = +77/6 (Figure 14.37). The region between the two curves is bounded by the inner 
curve r = g(0) = V2 and the outer curve r = h(@) = 2Vcos 20. Therefore, the area 


of the region is 
7/6 p2Vcos 20 
/ f r dr dé 
=r /6 J V2 


7 PO 2Vcos 20 
He 2 


dé Evaluate the inner integral. 
(2 cos20 — 1) d@ Simplify. 


> 
Il 





ya 


| 
— 
S ae 
OO -O 


Evaluate the outer integral. 





TT 
= V3-—, Simplify. 


Related Exercises 39-44< 


Average Value over a Planar Polar Region 


We have encountered the average value of a function in several different settings. To find 
the average value of a function over a region in polar coordinates, we again integrate the 
function over the region and divide by the area of the region. 


EXAMPLE 6 Average y-coordinate Find the average value of the y-coordinates of the 
points in the semicircular disk of radius a given by R = {(r7,0):0 S=r<a0S0<7}-. 


SOLUTION Because the y-coordinates of points in the disk are given by y = r sin 0, the 
function whose average value we seek is f(7, 0) = r sin 0. We use the fact that the area 
of R is wa’ /2. Evaluating the average value integral we find that 


3 T a 
y= ti} r sin 0 r dr dé 
TA 0 0 
af ne(5) 
= a sin 0 | — 
Ta 0 3 
2 a J” 


a 
d0 Evaluate the inner integral. 
0 








= — — | sindo Simplify. 
ta” 3 Jo 
2a < l 
= — (—cos 0) Evaluate the outer integral. 
377 0 
4a ERE 
= TE Simplify. 
TT 


Note that 4/ (3m) ~ 0.42, so the average value of the y-coordinates is less than half the 
radius of the disk. 
Related Exercises 45-48< 
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SECTION 14.3 EXERCISES 

Review Questions 15. R= {(7,0):05rs2,0508 27} 

1. Draw the region {(r,9):1 <r < 2,0 <0 S 7/2}. Whyisit 
called a polar rectangle? 


2. Write the double integral J f f(x, y) dA as an iterated integral in 
polar coordinates when R = {(r,0):a=r=b,a<6< B}. 


3. Sketch the region of integration for the integral 


1/6 cos 20 
1/2 f(r, 8) rdr do. 


4. Explain why the element of area in Cartesian coordinates dx dy 
becomes r dr d0 in polar coordinates. 


5. How do you find the area of a region 
R= {(r,0): (0) <r <h(0),a <0 =B}? 





6. How do you find the average value of a function over a region 


that is expressed in polar coordinates? 16. R= {(7,0):0=r=10=0=7} 
eee 17. R= {(r,0): V3 =r 52V2,0 50 <20} 
7-10. Polar rectangles Sketch the following polar rectangles. 18. R= {(r,6): V3 =< r= V15, -r J2sosr} 
7T. R=1@0)0S7=50=02=7/2} 19-22. Volume between surfaces Find the volume of the following 
solids. 


8. R= {(r,0):2 =r<3,7/4 50 = 57/4} 
9 R= {(r0):1sr=4,-7/4 = 0 = 27/3} 
10. R= {(r,0):4 


11-14. Solids bounded by paraboloids Find the volume of the solid 
below the paraboloid z = 4 — x? — y? and above the following 
regions. 


11. R= {(7,0):0Sr<1,0506< 27} 


19. The solid bounded between the paraboloids z = x? + y? and 
z=2-x7- y 


IA 


r<=5,-7/3 <6 7/2} 





20. The solid bounded between the paraboloids z = 2x? + y? and 
z= 27 — x? — 2y’ 





12. R= 16,00 =7r=2,0 26 = 27} 
13. R = {(r,0):1 
14. R= {(r,0):1 Sr < 2,—-r/2 <0 < r/2} 


IA 


r=2,0=60<27} ee 


15-18. Solids bounded by hyperboloids Find the volume of the solid 
below the hyperboloid z = 5 — V1 + x? + y? and above the follow- 
ing regions. 
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21. The solid bounded by the paraboloid z = 2 — x? — y? and the 31. 2=25-Vxr+y? 
plane z = 1 


22. The solid bounded by the paraboloid z = 8 — x” — 3y? and the 
hyperbolic paraboloid z = x? — y’ 


23-28. Cartesian to polar coordinates Sketch the given region of 
integration R and evaluate the integral over R using polar coordinates. 


23. Je + y*)dA; R= {(7,6):057r<=4,0=06 = 2r} 
R 


24. || vas: R= {r0 27230202 7/2} 
R 





25. [foxes R= {(x, y): x? +y? = 9,y = 0} 
R 





aji 1 
26. a R= A.) 1 57 52,0505 7} 32. 
J It y 


27 


1 
i | -=u 
y 16. = z Sy 


R= {(xy)ix? + y? z4x 0y] 


28. fer dA; R= {(xy):x7 +y <9} 
R 


29-32. Island problems The surface of an island is defined by the fol- 
lowing functions over the region on which the function is nonnegative. 
Find the volume of the island. 


29, z = e TY) — e? 





33-38. Describing general regions Sketch the following regions R. 
Then express J f Rf(r, 0) dA as an iterated integral over R. 





33. The region inside the limaçon r = 1 + + cos 0 
30. z = 100 — 4(x? + y?) 34. The region inside the leaf of the rose r = 2 sin 26 in the first quadrant 


35. The region inside the lobe of the lemniscate r? = 2 sin 26 in the 
first quadrant 


36. The region outside the circle r = 2 and inside the circle r = 4 sin 0 


37. The region outside the circle r = 1 and inside the rose 
r = 2 sin 30 in the first quadrant 





38. The region outside the circle r = + and inside the cardioid 
r= | + cos 
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39-44. Computing areas Sketch each region and use integration to 
find its area. 


39. The annular region {(r7,0):1=r<=2,0<60< 7} 
40. The region bounded by the cardioid r = 2(1 — sin 0) 
41. The region bounded by all leaves of the rose r = 2 cos 30 


42. The region inside both the cardioid r = 1 — cos 0 and the circle 
r= 1 


43. The region inside both the cardioid r = 1 + sin 0 and the 
cardioid r = 1 + cos@ 

44. The region bounded by the spiral r = 20, forO <= 0 S 7, and the 
x-axis 

45—48. Average values Find the following average values. 


45. The average distance between points of the disk 
{(r,0):0 = r = a} and the origin 


46. The average distance between points within the cardioid 
r = | + cos @ and the origin 


47. The average distance squared between points on the unit disk 
{(r,0):0 =r = 1} and the point (1, 1) 


48. The average value of 1/r? over the annulus {(r, 0):2 <r < 4} 


Further Explorations 
49. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. Let R be the unit disk centered at (0, 0). Then 


ie (x? + y*)dA = KR r° dr do. 
b. The average distance between the points of the hemisphere 





T= V4 — x? — y? and the origin is 2 (no integral needed). 


i 1 fAsi—a2 24.42 : : ; 
c. The integral J i a i 1y e* +Y dx dy is easier to evaluate in 
polar coordinates than in Cartesian coordinates. 


50-57. Miscellaneous integrals Sketch the region of integration and 
evaluate the following integrals, using the method of your choice. 


3 ¢V9-x* 
50. J Vx? + y? dydx 


0 


0 
L pV1=2 ; 
51. JJ (x? + y’? dy dx 
-1 J -V1 -x 


4 fvi6-y 
52. / J (16 — x? — y*) dx dy 
4/0 


7/4 psecé 
53. J 1 r° dr d0 
0 0 


54. || NEFF as R = {(x,y):0 


IA 


ysx=s1} 


IA 


x+y s4} 


55. || NEFF as R= {(x,y):1 


X=Y 
56. | 
I Fy ae 
R 


centered at the origin. 


dA; R is the region bounded by the unit circle 


57 





R= 41(70)0= r= 2, 


1 
; dA; 
I, + Vx? + y 
m2 = 0 < 3r/2} 


58. Areas of circles Use integration to show that the circles 
r = 2a cos 0 and r = 2a sin 0 have the same area, which is 7a”. 


59. Filling bowls with water Which bowl holds more water if it is 
filled to a depth of four units? 
e The paraboloid z = x? + y’, for0 =z = 4 
¢ The cone z = Vx? + y% fr0 sz = 4 


e The hyperboloid z = V1 +x? + y*,forl=z=5 





60. Equal volumes To what height (above the bottom of the bowl) 
must the cone and paraboloid bowls of Exercise 59 be filled to 
hold the same volume of water as the hyperboloid bowl filled to a 
depth of 4 units (1 = z = 5)? 


61. Volume of a hyperbolic paraboloid Consider the surface 
z=x*—y’, 
a. Find the region in the xy-plane in polar coordinates for which 
z= 0. 
b. Let R = {(7,0):0 Sr Sa,—-7/4 = 0 S 7/4}, which is 
a sector of a circle of radius a. Find the volume of the region 
below the hyperbolic paraboloid and above the region R. 


62. Slicing a hemispherical cake A cake is shaped like a hemisphere 
of radius 4 with its base on the xy-plane. A wedge of the cake is 
removed by making two slices from the center of the cake outward, 
perpendicular to the xy-plane and separated by an angle of ¢. 


a. Use a double integral to find the volume of the slice for 
gy = 7/4. Use geometry to check your answer. 

b. Now suppose the cake is sliced by a plane perpendicular to the 
xy-plane at x = a > 0. Let D be the smaller of the two pieces 
produced. For what value of a is the volume of D equal to the 
volume in part (a)? 


63-66. Improper integrals Improper integrals arise in polar coordi- 
nates when the radial coordinate r becomes arbitrarily large. Under 
certain conditions, these integrals are treated in the usual way: 


B pe B b 
J | se.eyrarao = jim f f 80-0 rarao 


Use this technique to evaluate the following integrals. 


7/2 po 
9 
63. J J er dr dO 
0 I f 


dA 
64. || pe R= Ms sr < 0 = 0 = 20) 
R 





65. f| = as R= {(r,0):0<r<©,0<6<7/2} 
R 





1 
66. i (+ 24 22 dA; R is the first quadrant. 
x y 
R 


67. Limacon loops The limaçon r = 
b < a and no inner loop if b > a. 


b + a cos @ has an inner loop if 


P= 2 + cos 9 
r= 14 2cos 8 





a. Find the area of the region bounded by the limaçon 
r=2+cosé. 

b. Find the area of the region outside the inner loop and inside the 
outer loop of the limaçon r = 1 + 2cos 8. 

c. Find the area of the region inside the inner loop of the limaçon 
r= 1+ 2cos@. 


Applications 

68. Mass from density data The following table gives the density (in 
units of g/ cm”) at selected points of a thin semicircular plate of 
radius 3. Estimate the mass of the plate and explain your method. 





69. A mass calculation Suppose the density of a thin plate repre- 
sented by the region R is p(r, 0) (in units of mass per area). The 
mass of the plate is f IP p(r, 0) dA. Find the mass of the thin half 
annulus R = {(r,0):1 <r <= 4,0 < 6 < r} witha density 
p(r,0) =4+4 rsin : 


Additional Exercises 

70. Area formula In Section 11.3 it was shown that the area of a re- 
gion enclosed by the polar curve r = g(@) and the rays 0 = 
and 0 = B, where B — a S 27,is A = 1f’ r° d0. Prove this 
result using the area formula with double integrals. 
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71. Normal distribution An important integral in statistics associated 
‘ , P ` ; =y ; š 
with the normal distribution is J = f =_e” dx. Itis evaluated in 
the following steps. 


a. Assume that Hir = F- ae ' dx) (Si ey dy) = 
m o JT, Pek HY" dy dy, where we have chosen the variables 
of integration to be x and y and then written the product as an 
iterated integral. Evaluate this integral in polar coordinates and 
show that J = Var - ; 
b. Evaluate f j e~“ dx, f ĝ xe * 
part (a) if needed). 


dx, and f x? e™ dx (using 


72. Existence of integrals For what values of p does the integral 


I ey 


a. R= {(r,0): 1 
b. R = {(r,6):0 





dA exist in the following cases? 


r<0,0=60<= 27} 
r<=1,0<60<27} 


= 
= 


73. Integrals in strips Consider the integral 


1 
i= = c dA, 
J (+x +y F 


where R = { (x, y): 0 sra 1a y= a}. 


a. Evaluate / fora = 1. (Hint: Use polar coordinates.) 

b. Evaluate / for arbitrary a > 0. 

c. Let a— œ in part (b) to find J over the infinite strip 
R= 4105) 0 ara 10] 97 = 2}, 


. Area of an ellipse In polar coordinates an equation of an ellipse 
with eccentricity 0 < e < 1 and semimajor axis a is 
a(l — e°) 
1 + ecos ` 


a. Write the integral that gives the area of the ellipse. 
b. Show that the area of an ellipse is mab, where 
b =a (1 -—e?). 





CHECK ANSWERS 


r6)s1srs2,0s6s 7/2} 
os’ 6 — sin? 0) = r° cos 20 


2T a 
3. / rdrd@ = tra*< 





>) 
| 
~ a 
O An~ 


© 
© 


14.4 Triple Integrals 


At this point, you may be able to see the pattern that is developing with respect to in- 
tegration. In Chapter 5 we introduced integrals of single-variable functions. In the first 
three sections of this chapter, we moved up one dimension to double integrals of two- 
variable functions. In this section we take one more step and investigate triple integrals 
of three-variable functions. There is no end to the progression of multiple integrals. It 
is possible to define integrals with respect to any number of variables. For example, 
problems in statistics and statistical mechanics involve integration over regions of many 


dimensions. 
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» Notice the analogy between double and 
triple integrals: 


area (R) = i dA and 
volume (D) = I dV. 


The use of triple integrals to compute the 
mass of an object is discussed in detail in 
Section 14.6. 


Triple Integrals in Rectangular Coordinates 


Consider a function w = f(x, y, z) that is defined on a closed and bounded region D of 
R°. The graph of f is the set of points (x, y, Z, f(x, y, Z)), where (x, y, z) is in D, for which 
there is no complete three-dimensional representation. Despite the difficulties in represent- 
ing f in R?, we may still define the integral of f over D. We first create a partition of D 
by slicing the region with three sets of planes that run parallel to the xz-, yz-, and xy-planes 
(Figure 14.38). This partition subdivides D into small boxes that are ordered in a conve- 
nient way from k = 1 tok = n. The partition includes all boxes that are wholly contained 
in D. The kth box has side lengths Ax;,, Ay,;, and Az,, and volume AV, = Ax, Ay; Az;. 
We let (Xi. Yr Zk) be an arbitrary point in the kth box, fork = 1,...,n. 

A Riemann sum is now formed, in which the kth term is the function value 
F(x% Y% Ze) Multiplied by the volume of the kth box: 


Di Se Vis zk) AVe 
k=1 


We let A denote the maximum length of the diagonals of the boxes. As the number of 
boxes n increases, while A approaches zero, two things happen. 


e For commonly encountered regions, the region formed by the collection of boxes 
approaches the region D. 


e If f 1s continuous, the Riemann sum approaches a limit. 


Z 


ok ok x 
(Ay ky) 





Ax 
Ay 


k 


AV, = Ax, Ay, Az, 


ee 


y 


Pa K YE Z) 


X 


FIGURE 14.38 


The limit of the Riemann sum is the triple integral of f over D, and we write 
Jf ford av = im Esoiyezian 
>U k=1 
D 


We have two immediate interpretations of a triple integral. First, if f(x, y,z) = 1, then 
the Riemann sum simply adds up the volumes of the boxes in the partition. In the limit as 
A — 0, the triple integral f f f pdV gives the volume of the region D. 

Second, suppose that D is a solid three-dimensional object and its density varies 
from point to point according to the function f(x, y, z). The units of density are mass per 
unit volume, so the product f(x;, y}, Z,) AY, approximates the mass of the kth box in D. 
Summing the masses of the boxes gives an approximation to the total mass of D. In the 
limit as A — 0, the triple integral gives the mass of the object. 


Lines parallel 
to z-axis exit 
the region D 
at z = H(x, y) 







z = G(x, y) 


Lines parallel 
to z-axis enter 
the region D 

atz = G(x, y) 
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As with double integrals, a version of Fubini’s Theorem expresses a triple integral in 
terms of an iterated integral in x, y, and z. The situation becomes interesting because with 
three variables, there are six possible orders of integration. 

The kth box in the partition has volume AY, = Ax,Ay,Az,, where Ax,, Ay;, and Az; 
are the side lengths of the box. Accordingly, the element of volume in the triple integral, 
which we denote dV, becomes dx dy dz (or some rearrangement of dx, dy, and dz) in an 
iterated integral. 





List the six orders in which the three differentials dx, dy, and dz may be 
written. < 


Finding Limits of Integration We discuss one of the six orders of integration in 
detail; the others are examined in the examples. Suppose a region D in R? is bounded above 
by a surface z = H(x, y) and below by a surface z = G(x, y) (Figure 14.39). These two 





x y = h(x) surfaces determine the limits of integration in the z-direction. 
AGS) Once we know the upper and lower boundaries of D, the next step is to project the 
| | | fay, z) dV = f | | fx, y, z) d dA region D onto the xy-plane to form a region that we call R (Figure 14.40). You can think 
D R ~ Gy) of R as the shadow of D in the xy-plane. Assume R is bounded above and below by the 
FIGURE 14.39 curves y = h(x) and y = g(x), respectively, and bounded on the right and left by the 
lines x = a and x = b, respectively (Figure 14.40). The remaining integration over R is 
carried out as a double integral (Section 14.2). 
y Lines parallel to y-axis 
exit R at y = h(x) 
y = A(x) 
x varies 
fomatob Lines parallel to y-axis 
b hœ .H(x, y) enter R at y = g(x) 
[f ræsaav=|| [FE yd dzdy dx 
D a g(x) G(x, y) 
FIGURE 14.40 
Table 14.2 The intervals that describe D are summarized in Table 14.2, which can then be 
used to formulate the limits of integration. To integrate over all points of D we 
Integral Variable Interval 
janes 7 G(x.y)<z=H(x,y) ° first integrate with respect to z from z = G(x, y) toz = H(x, y), 
Middle y g(x) Sy S h(x) e then integrate with respect to y from y = g(x) to y = h(x), and 
Outer x ==.) 


» Theorem 14.5 is a version of Fubini’s 
Theorem. Five other versions could be 
written for the other orders of integration. 


e finally integrate with respect to x from x = a to x = b. 
THEOREM 14.5 Triple Integrals 
Let f be continuous over the region 
D = {(%,y,z):4 =x = b, g(x) Sy = A(x), G(x, y) Sz = W(x y)}, 


where g, h, G, and H are continuous functions. Then fis integrable over D and 


the triple integral is evaluated as the iterated integral 


b ph(x) pH(xy) 
D a J g(x) J G(x,y) 
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ae z varies 


from 0 to 1. | 









x varies 
from 0 to 3. | 





m=[[[@-adedra 


FIGURE 14.41 

Table 14.3 

Integral Variable Interval 
Inner Z V=az= 1 
Middle y vaya 2 
Outer x Osxs3 





FIGURE 14.42 





y varies 


Notice that the first (inner) integral is with respect to z, and the result is a function of 
x and y; the second (middle) integral is with respect to y, and the result is a function of x; 
and the last (outer) integral is with respect to x, and the result is a real number. 


EXAMPLE 1 Mass of a box A solid box D is bounded by the planes x = 0, x = 3, 
y = 0, y = 2, z = O, and z = 1. The density of the box decreases linearly in the 
z-direction and is given by f(x, y, z) = 2 — z. Find the mass of the box. 


SOLUTION The mass of the box is found by integrating the density f(x, y,z) = 2 — z 
over the box. Because the limits of integration for all three variables are constant, the 
iterated integral may be written in any order (Figure 14.41). Using the order of 
integration dz dy dx, the limits of integration are shown in Table 14.3. 

The mass of the box is 


m= je-aw 


a Aol 
= J / J (2 — z)dzdydx Convert to an iterated integral. 
0JoJo 
3 p2 2 
=f f -3) 
0 J0 2 
S 2 3 
= / J (=) dy dx Simplify. 
o Jo \2 
-f 
0 2 


3 
= J 3 dx = 9. Evaluate the outer integral and simplify. 
0 





l 
dy dx Evaluate the inner integral with respect to z. 
0 


dx Evaluate the middle integral with respect to y. 





The result makes sense: The density of the box varies linearly from 1 to 2; if the box had 
a constant density of 1, its mass would be (volume) • (density) = 6; if the box had a con- 
stant density of 2, its mass would be 12. The actual mass is the average of 6 and 12, as you 
might expect. 

Any other order of integration produces the same result. For example with the order 
dy dx dz, the iterated integral is 


n= fffe-aa- [[ [e-saae=9 


Related Exercises 7—14< 


ECK 2 Write the integral in Example 1 in the orders dx dy dz and dx dz dy. « 





EXAMPLE 2 Volume of a prism Find the volume of the prism D in the first octant 
bounded by the planes y = 4 — 2x and z = 6 (Figure 14.42). 


SOLUTION The prism may be viewed in several different ways. If the base of the 
prism is in the xz-plane, then the upper surface of the prism is the plane y = 4 — 2x, 
and the lower surface is y = 0. The projection of the prism onto the xz-plane is the 
rectangle R = {(x,z):0 < x S 2,0 <z < 6}. One possible order of integration in 
this case 1s dy dx dz. 


» The volume of the prism could also 
be found using geometry: The area 
of the triangular base in the xy-plane 
is 4 and the height of the prism is 6. 
Therefore, the volume is 6° 4 = 24. 
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Inner integral with respect to y: A line through the prism parallel to the y-axis enters 
the prism through the rectangle R at y = 0 and exits the prism at the plane y = 4 — 2x. 
Therefore, we first integrate with respect to y over the interval 0 = y S 4 — 2x 
(Figure 14.43a). 


Middle integral with respect to x: The limits of integration for the middle and outer 
integrals must cover the region R in the xz-plane. A line parallel to the x-axis enters 
Rat x = 0 and exits R at x = 2. So we integrate with respect to x over the interval 

0 =x = 2 (Figure 14.43b). 


Outer integral with respect to z: To cover all of R, the line segments from x = 0 to 
x = 2 must run from z = 0 toz = 6. So we integrate with respect to z over the interval 
0 < z < 6 (Figure 14.43b). 

Integrating f(x, y,z) = 1, the volume of the prism is 


6 p2 p4—2x 
v= fifav- JJ] dy dx dz 
jJ 0 Jo Jo 


6 p2 
J / (4 — 2x) dx dz Evaluate the inner integral 
0/0 
6 


with respect to y. 


i Evaluate the middle integral 





— B 
J (4x = x“) 0 dz with respect to x. 
6 
— / 4 dz Simplify. 
0 
= 24. Evaluate the outer integral 


with respect to z. 


Middle integral: 

x varies from 0 to 2. 
Outer integral: 

z varies from 0 to 6. 


Inner integral: 
y varies from 
0 to 4 — 2x. 





FIGURE 14.43 
Related Exercises 15—24< 


QUICK CHECK 3 Write the integral in Example 2 in the orders dz dy dx and dx dy dz. < 


EXAMPLE 3 A volume integral Find the volume of the region D bounded by the 
paraboloids y = x? + z? and y = 16 — 3x? — z? (Figure 14.44). 
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SOLUTION We identify the right boundary of D as the surface y = 16 — 3x* — z7; the 
left boundary is y = x? + z*. These surfaces are functions of x and z, so they determine 
the limits of integration for the inner integral in the y-direction. 

A key step in the calculation is finding the curve of intersection between the two 
surfaces and projecting it onto the xz-plane to form the boundary of the region R. Equat- 
ing the y-coordinates of the two surfaces, we have x? + z? = 16 — 3x? — 27, which 
becomes the equation of an ellipse: 


4x? + 2z? = 16, or z= £V8 — 2x’. 


The projection of the solid region D onto the xz-plane is the region R bounded by this 
ellipse (centered at the origin with axes of length 4 and 4V2). Here are the observations 
that lead to the limits of integration with the ordering dy dz dx. 


» Note that the problem is symmetric about 
the x- and z-axes. Therefore, the integral 
over R could be evaluated over one- 
quarter of R, 


in which case the final result must be 





multiplied by 4. 





Inner integral 
with respect to y 





16—3x°-22 2 g—2x2 16- 3x z 
I, ola || föda 
ytz —2 =V 8—2x? “324? 





(a) (b) 
FIGURE 14.44 


Inner integral with respect to y: A line through the solid parallel to the y-axis enters 
the solid at y = x? + z? and exits at y = 16 — 3x” — z”. Therefore, for fixed values of 
x and z, we integrate over the interval x7 + z* = y < 16 — 3x? — z^ (Figure 14.44a). 


Middle integral with respect to z: Now we must cover the region R. A line parallel to the 
z-axis enters R atz = — V 8 — 2x? and exits R atz = V8 — 2x°. Therefore, for a fixed 
value of x, we integrate over the interval — V 8 — 2x7 = z = V8 — 2x? (Figure 14.44b). 
Outer integral with respect to x: To cover all of R, x must run from x = —2 tox = 2 


(Figure 14.44b). 
Integrating f(x, y, z) = 1, the iterated integral for the volume is 


V8-22 16-3x°-2 
va ff [aca 
V8—2x2 2x? 


V8-22 
J Jara (16 — Ax? — 2z) dz dx Evaluate the inner integral and simplify. 
V8—2x2 2x 


273 gr 
) dx Evaluate the middle integral. 
8-27 


Il 
o 
N 
aw 

pom 
Or 
NX 

| 
K 
Se 

NO 
N 

| 
| 


16V2 [° 
= Ea / (4 — ne 2 dx = 3272. Evaluate the outer integral. 
=) 


The last (outer) integral in this calculation requires the trigonometric substitution x = 2 sin 0. 
Related Exercises 25—34< 
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Changing the Order of Integration 


As with double integrals, choosing an appropriate order of integration may simplify the 
evaluation of a triple integral. Therefore, it is important to become proficient at changing 
the order of integration. 


EXAMPLE 4 Changing the order of integration Consider the integral 


Vir pz pz 
/ J / 12y? z’ sin x* dx dy dz. 
0 O vy 


a. Sketch the region of integration D. 


b. Evaluate the integral by changing the order of integration. 
SOLUTION 


a. We begin by finding the projection of the region of integration D on the appropriate 
coordinate plane; call the projection R. Because the inner integration is with respect 
to x, R lies in the yz-plane, and it is determined by the limits on the middle and outer 
integrals. We see that 


R= {(y,z)0=ysz08=z= Wirt, 


which is a triangular region in the yz-plane bounded by the z-axis and the lines y = z 
andz = Wr. Using the limits on the inner integral, for each point in R we let x vary 
from the plane x = y to the plane x = z. In so doing, the points fill an inverted tetra- 
hedron in the first octant with its vertex at the origin, which is D (Figure 14.45). 
















The plane R is a triangular 
region in the yz-plane 


The line y = z 
in the yz-plane 


Inner integral: 
x varies from 
y to z. 


Middle integral: 

y varies from 0 to z. 
Outer integral: 

z varies from 


The plane 0 to ar. 


XZ 


» How do we know to switch the order of FIGURE 14.45 


integration so the inner integral is with 


respect to y? Often we do not know ; oen : ; : i 
J á b. It is difficult to evaluate the integral in the given order (dx dy dz) because the antide- 


in advance whether a new order of oe Abs 
rivative of sin x” is not expressible in terms of elementary functions. If we integrate 


integration will work, and some trial and 


error is needed. In this case, either y“ or 
z’ is easier to integrate than sin x4, so 
either y or z is a likely variable for the 
inner integral. However, we are given 
that z varies between two constants, so z 
is the best choice for the variable in the 


outer integral. 


first with respect to y, we introduce a factor in the integrand that enables us to use 

a substitution to integrate sin x*. With the order of integration dy dx dz, the bounds 

of integration for the inner integral extend from the plane y = O to the plane y = x 
(Figure 14.46a). Furthermore, the projection of D onto the xz-plane is the region R, 
which must be covered by the middle and outer integrals (Figure 14.46b). In this case, 
we draw a line segment parallel to the x-axis to see that the limits of the middle inte- 
gral run from x = 0 to x = z. Then we include all these segments from z = 0 to 
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z= Wr to obtain the outer limits of integration in z. The integration proceeds as 














follows: 
Wr fz px Va fz x 
Evaluate th 
J / J 12y°z? sin xí dy dx dz = / [oe sinx*)| dx dz es 
r a ; n ‘ inner integral. 
Wr fz 
— / J 4x°z? sin x* dx dz Simplify. 
0 0 
Yr z Evaluate the 
= / z’ (—cos xí) dz middle integral; 
0 0 u=" 
“ 3 4 
= / gz (1 — cos z") dz Simplify. 
0 
1 
< en 3 ve Evaluate the 
— outer integral; 
2 Simplif 
= —, IMpHTy. 
j pity 
c= Ma z Vr 










l Projection D Pa, 


of D on the 


| xz-plane. 





R is a triangular | am 


region in the 
| xz-plane 





X Yr aaa 7 x Wa 
nner integral: 
ami . . 4 
y varies from 0 to x. Outer integral: z varies from 0 to Yr. 


(a) (b) 


Middle integral: x varies from 0 to z. 


FIGURE 14.46 
Related Exercises 35-38< 


Average Value of a Function of Three Variables 


The idea of the average value of a function extends naturally from the one- and 
two-variable cases. The average value of a function of three variables is found by integrat- 
ing the function over the region of interest and dividing by the volume of the region. 


DEFINITION Average Value of a Function of Three Variables 


If f is continuous on a region D of R?, then the average value of f over D is 


= 1 
f = volume (D) [If 10 y, z) dV. 
D 
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EXAMPLE 5 Average temperature Consider a block of a conducting material 
occupying the region 


D= (eyz 0=2=7,0= 97 =] 27.0=7= 1}. 


Due to heat sources on its boundaries, the temperature in the block is given by 
T(x, y, Z) = 250xy sin mz. Find the average temperature over the block. 


SOLUTION We must integrate the temperature function over the block and divide by the 
volume of the block, which is 4. One way to evaluate the temperature integral is as follows: 


2. 42: A 
Ii 250xy sin mz dV = 250 J / | xy sin 7z dz dy dx Convert to an iterated integral. 
0/0 Jo 
D 


1 


3 p9 
1 

250 | f xy (cos z) 

o/Jo 7 0 


dydx Evaluate the inner integral. 








2 p2 
500 
= —_ / J xy dy dx Simplify. 
“~ Jo Jü 
500 [ ( =) i oea 
= — | x| = || dx Evaluate the middle integral. 
TT 0 2 0 
= 1000 f? F oe 
ER l xdx implify. 
1000 (=) 2 2000 l 
= ——| — = Evaluate the outer integral. 
TT Z 0 TT 





Dividing by the volume of the region, the average temperature is (2000/77) /4 = 
500/a = 159.2. 
Related Exercises 39-44< 





QUICK CHECK 4 Without integrating, what is the average value of f(x, y,z) = 
sin x sin y sin z on the cube 
{(x,y,z):-l SxS 1-l1sys1-1sz<1}? 


Use symmetry arguments. < 


SECTION 14.4 EXERCISES 


Review Questions Basic Skills 
1. Sketch the region D = { (x,y,z): x? +y? $4,057 <4}. 7-14. Integrals over boxes Evaluate the following integrals. A sketch 
th j integrati b L 
2. Write an iterated integral for f f i pfx, y, z) dV, where D is the box Op Taso EE nme 
{(x,y,z:0Sx53,05y=6,082z= 4}. on ae ke 
ve dx dy dz 
3. Write an iterated integral for J f i pJ(x, y, z) dV, where D is a 2/3 JO 
sphere of radius 9 centered at (0, 0, 0). Use the order dz dy dx. i-p. pi 
8. 6xyz dy dx d 
4. Sketch the region of integration for the integral J i / i J sales ellie 
i N 1-2 A I-y'-2" F(x, y, z) dx dy dz. E E 
XY 
o PPS Zeno 
5. Write the integral in Exercise 4 in the order dy dx dz. -—2J1 J1 Z 
6. Write an integral for the average value of f(x, y, z) = xyz over 10 cae ae ade —xty+2 dy dy d 
the region bounded by the paraboloid z = 9 — x? — y? and the "i a a ee ae 


xy-plane (assuming the volume of the region is known). 
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m/2 pl pa/2 18. The prism in the first octant bounded by z = 2 — 4x and y = 8 
11. | J / sin 7x cos y sin 2z dy dx dz 
0 JoJo 


2 y2 pi 
12. J / | yze” dx dz dy 
0/1 J/0 


13. |i (xy + xz + yz) dV; D = {(x%y,z):-l =x = 1, 
D 


—2<y<=2,-3=7z=3} 





14. V E dV D= (ay 0s Ving, 
4 19. The wedge above the xy-plane formed when the cylinder 


O<y=< Vn40<z<=1} x? + y? = 4 is cut by the planes z = 0 and y = —z 
15-24. Volumes of solids Find the volume of the following solids 
using triple integrals. 


15. The region in the first octant bounded by the plane 
2x + 3y + 6z = 12 and the coordinate planes 





X 


(0, 4, 0) 20. The region bounded by the parabolic cylinder y = x? and the 
planes z = 3 — yand z = 0 





Z 





(6, 0, 0) 2x + 3y + 6z = 12 


16. The region in the first octant formed when the cylinder z = sin y, 
for0 = y = 7, is sliced by the planes y = x and x = 0 


Z 






yY 


21. The region between the sphere x? + y* + z? = 19 and the 
hyperboloid z? — x? — y? = 1, forz > 0 





17. The region bounded below by the cone z = Vx? + y? and 
bounded above by the sphere x” + y? + z? = 8 





22. The region bounded by the surfaces z = e” and z = 1 over the 
rectangle { (x,y): 0 <x <=1,0<y<In2} 





23. The wedge of the cylinder x? + 4y? = 4 created by the planes 
z=3-xandz=x-3 





24. The region in the first octant bounded by the cone 
= 1 — Vx? + y* andthe plane x + y + z= 1 


Z 





25—34. Triple integrals Evaluate the following integrals. 


1 pV1-x pV- 
25, J J J dz dy dx 

0 JO 0 

1 pV1-x pV 1-x?-y 
26. / J J 

0 JO 0 

16—(x7/4)—y? 
ff PO tease 
2V 16-y" 

6 p4—2y/3 p12—2y—3z 1 
28. J] J — dx dz dy 

1J0 0 i 

3 p9- pVi++z 
29. | J | dy dx dz 

0 JO 0 
30. J J J sin y dz dx dy 

0/0 JO 

ln 8 In 2y > 
af [If e arava 

l 

1 pVi-x2 p2-x 
32, J J J 4yz dz dy dx 

0 JO 0 

2 4 p4 lL p2—y p2—x—y 
33. | J J Vx dz dx dy 34. / J J xy dz dx dy 

0/0 Jy 0Jy 0 


2xz dz dy dx 
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35-38. Changing the order of integration Rewrite the following in- 
tegrals using the indicated order of integration and then evaluate the 
resulting integral. 


5 0 4x+4 
35. J J J dy dx dz in the order dz dx dy 
0 J-1J0 
1 p2 pV4-y? 
36. J J J dz dy dx in the order dy dz dx 
0 J-2/0 


2 


1 l=x Di 
37. J / J dy dz dx in the order dz dy dx 
V16—-2-2 
38. [ ro | dy dz dx in the order dx dy dz 


39-44. Average value Find the following average values. 


39. The average temperature in the box D = {(x,y,z):0 = x < In2, 
0=<y<=1n4,0 <z <= In8} witha temperature distribution of 
T(x, y,z) = 128e* > 


40. The average value of f(x, y, z) = 6xyz over the points inside the hemi- 
sphere of radius 4 centered at the origin with its base in the xy-plane 


41. The average of the squared distance between the origin and points 
in the solid cylinder D = Ween irae +y*?<40<z< 2} 


42. The average of the squared distance between the origin and points 
in the solid paraboloid D = {(x,y,z):0 = z= 4 — <x? — y*} 


43. The average z-coordinate of points in a hemisphere of radius 4 
centered at the origin with its base in the xy-plane 


44. The average of the squared distance between the z-axis and points 
in the conical region D = { (ag) 2 Vx? +t yss 8 } 


Further Explorations 
45. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 
a. An iterated integral of a function over the box 
D= { (x, y, z): 0 =x=a0sys),087z8s c} can be 
expressed in eight different ways. 
b. One possible iterated integral of f over the prism 
Mt 08%x*2108y23x-3,05z=5} 
- ie y, z) dz dx dy. 
Ü: ie ee = 1720 = 2210252 


0=z< V1 — x’} isa sphere. 


46. Changing the order of integration Use another order of 


k sin ar 
integration to evaluate =, ay ards, 


47-51. Miscellaneous volumes Use a triple integral to compute the 
volume of the following regions. 


47. The parallelepiped (slanted box) with vertices (0,0, 0), (1, 0, 0), 
(0,1,0), (1,1,0), (0,1,1), (1,1, 1), (0,2, 1), and (1,2,1). 
(Use integration and find the best order of integration.) 


1 — x’, 


48. The larger of two solids formed when the parallelepiped (slanted 
box) with vertices (0, 0, 0), (2, 0,0), (0, 2,0), (2, 2,0), (0, 1, 1), 
(2, 1,1), (0, 3, 1), and (2, 3, 1) is sliced by the plane y = 2. 
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49. 


50. The solid common to the cylinders z = sin x and z = sin y over 


51. 


52; 
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The pyramid with vertices (0, 0, 0), (2, 0, 0), (2, 2, 0), (0, 2, 0), 
and (0, 0, 4) 


the square R = (gy): OsSxs7,05 ys a } (The figure 
shows the cylinders, but not the common region.) 





The wedge of the square column |x| + |y| = 1 created by the 
planes z = Oandx +y+z=1 





Partitioning a cube Consider the region 
Dy S42) Uz sey S727): 


a. Find the volume of D}. 


b. Let Do, ..., De be the “cousins” of D; formed by rearranging 


x, y, and z in the inequalityO S x S y S z = 1. Show that 
the volumes of D,,..., De are equal. 
c. Show that the union of D,,..., De is a unit cube. 


Applications 


53. Comparing two masses Two different tetrahedrons fill the region 
in the first octant bounded by the coordinate planes and the plane 


54. 


x + y + z = 4. Both solids have densities that vary in the 


z-direction between p = 4 and p = 8, according to the functions 


pı = 8 — zand p) = 4 + z. Find the mass of each solid. 


Dividing the cheese Suppose a wedge of cheese fills the region in 


the first octant bounded by the planes y = z, y = 4, and x = 4. 


You could divide the wedge into two equal pieces (by volume) if 


you sliced the wedge with the plane x = 2. Instead find a with 
O < a < 4 such that slicing the wedge with the plane y = a 
divides the wedge into two equal pieces. 


55-59. General volume formulas Find equations for the bounding 


surfaces, set up a volume integral, and evaluate the integral to obtain 
a volume formula for each region. Assume that a, b, c, r, R, and h are 


posit 
55: 


56. 


ive constants. 


Cone Find the volume of a right circular cone with height h and 
base radius r. 


Tetrahedron Find the volume of a tetrahedron whose vertices are 


located at (0, 0, 0), (a, 0,0), (0, b, 0), and (0,0, c). 


57. Spherical cap Find the volume of the cap of a sphere of radius R 
with height h. 





58. Frustum of a cone Find the volume of a truncated cone of height 
h whose ends have radii r and R. 


59. Ellipsoid Find the volume of an ellipsoid with axes of length 2a, 
2b, and 2c. 





60. Exponential distribution The occurrence of random events (such 
as phone calls or e-mail messages) is often idealized using an 
exponential distribution. If A is the average rate of occurrence of 
such an event, assumed to be constant over time, then the average 
time between occurrences is A™! (for example, if phone calls ar- 
rive at arate of A = 2/min, then the mean time between phone 
calls is A`! = + min). The exponential distribution is given by 
H= Aem for 0a T= &, 


a. Suppose you work at a customer service desk and phone 
calls arrive at an average rate of A; = 0.8/min (meaning the 
average time between phone calls is 1 /0.8 = 1.25 min). The 
probability that a phone call arrives during the interval | 0, T| 
is p(T) = I ae dt. Find the probability that a phone call 
arrives during the first 45 s (0.75 min) that you work at the desk. 

b. Now suppose that walk-in customers also arrive at your desk 
at an average rate of A, = 0.1 /min. The probability that a 
phone call and a customer arrive during the interval [0, T] is 
p(T) = J, fo Ae Age* dt ds. Find the probability that a 
phone call and a customer arrive during the first 45 s that you 
work at the desk. 

c. E-mail messages also arrive at your desk at an average rate of 
A3 = 0.05/min. The probability that a phone call and a cus- 
tomer and an e-mail message arrive during the interval | 0, T] 
is p(T) = fo So Sy me tt Ane Age dt ds du. Find the 
probability that a phone call and a customer and an e-mail 
message arrive during the first 45 s that you work at the desk. 


Additional Exercises 


61. Hypervolume Find the volume of the four-dimensional pyramid 
bounded by w + x + y + z + 1 = 0 and the coordinate planes 


w = 0,x = 0, y = 0, and z = 0. 


62. An identity (Putnam Exam 1941) Let f be a continuous function 


on [0, 1]. Prove that 


J [rere dz dy dx = WES ix). 
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QUICK CHECK ANSWERS 


1. dx dy dz, dx dz dy, dy dx dz, dy dz dx, dz dx dy, dz dy dx 


1 p2 3 2 pl p3 
2: [ff (2-2)avayde, | | | (2-2 drdedy 
0/0 J0 0/0 Jo 
2 p4—2x p6 6 p4 p2—y/2 
3. / J / dz dy dx, / / J dx dy dz 
0 J0 0 0/0 J0 


4. 0 (sin x, sin y, and sin z are odd functions.) «< 


Triple Integrals in Cylindrical 


14.5 and Spherical Coordinates 


> Incylindrical coordinates, r and 6 are 
the usual polar coordinates, with the 
additional restriction that r = 0. 





X 


FIGURE 14.47 


When evaluating triple integrals, you may have noticed that some regions (such as spheres, 
cones, and cylinders) have awkward descriptions in Cartesian coordinates. In this section 
we examine two other coordinate systems in R? that are easier to use when working with 
certain types of regions. These coordinate systems are helpful not only for integration, but 
also for general problem solving. 


Cylindrical Coordinates 


When we extend polar coordinates from R? to R°, the result is cylindrical coordinates. In 
this coordinate system, a point P in R? has coordinates (r,0,z), where r is the distance 
between P and the z-axis and 0 is the usual polar angle measured counterclockwise from 
the positive x-axis. As in Cartesian coordinates, the z-coordinate is the signed vertical dis- 
tance between P and the xy-plane (Figure 14.47). Any point in R? can be represented by 
cylindrical coordinates using the intervals 0 S r < œ, 0 = 0 S 2m, and—~% <z < œ. 

Many sets of points have simple representations in cylindrical coordinates. For exam- 
ple, the set { (r, 0, z): r = a} is the set of points whose distance from the z-axis is a, which 
is a right circular cylinder of radius a. The set { (r, 0,z): 0 = 09} is the set of points with 
a constant 0 coordinate; it is a vertical half plane emanating from the z-axis in the direction 
0 = 0o. Table 14.4 summarizes these and other sets that are ideal for integration in cylindri- 
cal coordinates. 





Table 14.4 
Name Description Example 
Cylinder {(r,0,z):r = a},a >0 
| 
Cylindrical shell {(r,0,z):0<asrzb} 4 





(Continued) 
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(b) 
FIGURE 14.48 





FIGURE 14.49 
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Table 14.4 (Continued) 


Name Description Example 
Vertical half plane { (r, 0,z): 8 = 0o} z 


Horizontal plane { (7, 0,z):z = a} 


Cone {(r,6,z):z =ar},a #0 





EXAMPLE 1 Sets in cylindrical coordinates Identify and sketch the following sets 
in cylindrical coordinates. 


a. Q = {(7,6,z):lsrs3,z20} 
b. S = Haiza = 1-r0<rz<t1} 
SOLUTION 


a. The set Q is a cylindrical shell with inner radius | and outer radius 3 that extends 
indefinitely along the positive z-axis (Figure 14.48a). Because 6 is unspecified, it 
takes on all values. 


b. To identify this solid, it helps to work in steps. The set S; = { (r,0,z): z = r} 
is a cone that opens upward with its vertex at the origin. Similarly, the set 
So = { (7,0, Z):z = —r} is acone that opens downward with its vertex at the origin. 
Therefore, S is S, shifted vertically upward by one unit; it is a cone that opens down- 
ward with its vertex at (0, 0, 1). Because 0 = r = 1, the base of the cone is on the 
xy-plane (Figure 14.48b). 
Related Exercises 11—l4< 


Equations for transforming Cartesian coordinates to cylindrical coordinates, and vice 
versa, are often needed for integration. We simply use the rules for polar coordinates (Sec- 
tion 11.2) with no change in the z-coordinate (Figure 14.49). 


Base area ~ re Ar ^0 


— eo 


Approximate volume AV, = r,* Ar A0 Az 
FIGURE 14.50 





FIGURE 14.51 
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Transformations Between Cylindrical and Rectangular Coordinates 


Rectangular — Cylindrical Cylindrical — Rectangular 


r? =x? +y? = rcos0 


= rsin @ 


ks 








CK CHECK 1 Find the cylindrical coordinates of the point with rectangular coordinates 


(1, —1,5). Find the rectangular coordinates of the point with cylindrical coordinates 
(2, 7/3,5).< 


Integration in Cylindrical Coordinates 


Among the uses of cylindrical coordinates is the evaluation of triple integrals. We begin 
with a region D in R? and partition it into cylindrical wedges formed by changes of Ar, 
A90, and Az in the coordinate directions (Figure 14.50). Those wedges that lie entirely 
within D are labeled from k = 1 tok = nin some convenient order. We let (rj, 0%, z4) be 
an arbitrary point in the kth wedge. 

As shown in Figure 14.50, the base of the kth wedge is a polar rectangle with an ap- 
proximate area of r; Ar A@ (Section 14.3). The height of the wedge is Az. Multiplying 
these dimensions together, the approximate volume of the wedge is AV, = r,Ar A@ Az, 
fork = 1,...,n. 

We now assume that f is continuous on D and form a Riemann sum over the region 
by adding function values multiplied by the corresponding approximate volumes: 


D f(r Ok zAV = Df 0;, Zh) r.Ar A@ Az. 
=| = 


Let A be the maximum value of Ar, A@, and Az, for k = 1,2,...,n. As n—> œ and 
A — 0, the Riemann sums approach a limit called the triple integral of f over D in cylin- 
drical coordinates: 


J f(r,0,z)dV = lim X fri 0%, Zh) r Ar A@ Az. 
D 


Finding Limits of Integration We show how to find the limits of integration in one 
common situation involving cylindrical coordinates. Suppose D is a region in R? consisting 
of points between the surfaces z = G(x, y) and z = H(x, y), where x and y belong to a re- 
gion R in the xy-plane and G(x, y) = H(x, y) on R (Figure 14.51). Assuming f is continu- 
ous on D, the triple integral of f over D may be expressed as the iterated integral 


Jijie y,z)dV = i J r y, Z) ae dA. 


The inner integral with respect to z runs from the lower surface z = G(x, y) to the upper 
surface z = H(x, y), leaving an outer double integral over R. 
If the region R is described in polar coordinates by 


{(r,0):9(8) <r <h(8),a = 0 = Bh, 


then it makes sense to evaluate the double integral over R in polar coordinates (Sec- 
tion 14.3). The effect is a change of variables from rectangular to cylindrical coor- 
dinates. Letting x = rcos@ and y = r sin 0, we have the following result, which is 
another version of Fubini’s Theorem. 
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THEOREM 14.6 Triple Integrals in Cylindrical Coordinates 
Let f be continuous over the region 


» The order of the differentials specifies D = { (7, 0,z):8(0) 5 r = h(0),a = 0 = B, G(x, y) S z 5 H(x, y) }. 


the order in which the integrals are Then f is integrable over D and the triple integral of f over D in cylindrical coor- 
evaluated, so we write the volume dinates is 


element as dz r dr d0. Do not lose sight 

of the factor of r in the integrand! It (rcos 0, r sin 8) 

plays the same role as it does in the Jr (Aoza > [ I J f(r, 9, z) dz rdr do. 
. (r cos 0, r sin 0) 

area element dA = r dr d0 in polar 





coordinates. 


Notice that the integrand and the limits of integration are converted from Cartesian 
to cylindrical coordinates. As with triple integrals in Cartesian coordinates, there are two 
immediate interpretations of this integral. If f = 1, then the triple integral f f i p dV equals 
the volume of the region D. Also, if f describes the density of an object occupying the 
region D, the triple integral equals the mass of the object. 


EXAMPLE 2 Switching a systems Evaluate the integral 


2V2 
i= | T [N ewa 


SOLUTION Evaluating this integral as it is given in Cartesian coordinates requires 
a tricky trigonometric substitution in the middle integral, followed by an even more 
difficult integral. Notice that z varies between the planes z = —1 and z = 2, while x and 
y vary over half of a disk in the xy-plane. Therefore, D is half of a solid cylinder 
(Figure 14.52a), which suggests a change to cylindrical coordinates. 

The limits of integration in cylindrical coordinates are determined as follows: 


Inner integral with respect toz A line through the half cylinder parallel to the z-axis enters at 
z = —] and leaves atz = 2, so we integrate over the interval—1 = z = 2 (Figure 14.52b). 


Middle integral with respect tor The projection of the half cylinder onto the xy-plane 
is the half disk R of radius 2\V2 centered at the origin, so r varies over the interval 


O=r=2v2. 


Outer integral with respect to 0 The half disk R is swept out by letting 0 vary over the 
interval —7/2 = 0 = 7/2 (Figure 14.52c). 





2 Z 2V22 
[J| [MF aa [0 [VIF P arara 
Zij -7 ={ 
R 2 
(a) ' 
In cylindrical coordinates, ... then integrate over R with 
integrate in z with — 1 S z S 2;... 0=r=2V2, Spe 5: 


(b) (c) 
FIGURE 14.52 


QUICK CHECK 2 Find the limits of inte- 


gration for a triple integral in cylindri- 
cal coordinates that gives the volume 
of a cylinder with height 20 and a cir- 
cular base centered at the origin in the 
xy-plane of radius 10. <« 
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We also convert the integrand to cylindrical coordinates: 
fluyz) = V1 +x +y = V1 +r. 
— 
r? 
The evaluation of the integral in cylindrical coordinates now follows: 


mJ p22 
= / J J V1 + r?dzrdrdð Convert to cylindrical coordinates. 


T/2 


— 


ar [2 
=3f j eer 1 + r?rdrdo Evaluate the inner integral. 





a /2 
2V2 
= L (1 + rye) 2 do Evaluate the middle integral. 
=m /2 
T/2 
= / 26 d0 = 267. Evaluate the outer integral. 
2 


Related Exercises 15—22< 


As illustrated in Example 2, triple integrals given in rectangular coordinates may be 
more easily evaluated after converting to cylindrical coordinates. The following questions 
may help you choose the best coordinate system for a particular integral. 

e In which coordinate system is the region of integration most easily described? 
e In which coordinate system is the integrand most easily expressed? 
e In which coordinate system is the triple integral most easily evaluated? 


In general, if an integral in one coordinate system looks difficult, consider using a differ- 
ent coordinate system. 


EXAMPLE 3 Mass of a solid paraboloid Find the mass of the solid D bounded by 
the paraboloid z = 4 — r? and the plane z = 0 (Figure 14.53a) when the density of the 
region is f(r, 6, z) = 5 — z (heavy near the base and light near the vertex). 


SOLUTION The z-coordinate runs from the base (z = 0) to the surface z = 4 — r? 
(Figure 14.53b). The projection R of the region D onto the xy-plane is found by setting 





FIGURE 14.53 


Wn .2 4-r* 


[fff oaa | | [6-2 derarag 









Integrate first in z ... then integrate over R 
withO<z=4-?r’.... withO<r<2,0<6 S27. 


(b) (c) 


1032 CHAPTER 14 © MULTIPLE INTEGRATION 


z = 0 in the equation of the surface, z = 4 — r°. Solving 4 — r? = 0 (and discarding 
the negative root), we have r = 2, so R = { (r, 0): Q= f= 2,0=02 2a } is a disk 
of radius 2 (Figure 14.53c). 


> In Example 3, the integrand is The mass is computed by integrating the density function over D: 

independent of 0, so the integral with Im AD wae 

respect to 0 could have been done first, |i fi r, 0, z) dV = J / J ( = z) dz r dr d0 Integrate density. 
producing a factor of 277. 0 0 J0 

D 
2m p2 z2 4—/° 
= J / (sz = =) rdr do Evaluate the inner integral. 
0 0 0 





27 p2 
1 
= | J (24r — 2r? — r’) dr d0 Simplify. 
2Jo Jo 


2T 44 
= / = dé Evaluate the middle integral. 
0 
SST i 
= 3 Evaluate the outer integral. 


Related Exercises 23—28< 


» Recall that to find the volume of a region EXAMPLE 4 Volume between two surfaces Find the volume of the solid D between 


D using a triple integral, we set f = 1 the cone z = Vx? + y? and the inverted paraboloid z = 12 — x? — y? (Figure 14.54a). 
and evaluate 


SOLUTION Because x? + y = r°, the equation of the cone becomes z = r, and the 

V = I dV. equation of the paraboloid becomes z = 12 — r°. The inner integral in z runs from the 
cone z = r (the lower surface) to the paraboloid z = 12 — r° (the upper surface) (Fig- 
ure 14.54b). We project D onto the xy-plane to produce the region R, whose boundary 
is determined by the intersection of the two surfaces. Equating the z-coordinates in the 
equations of the two surfaces, we have 12 — r° = r, or (r — 3)(r + 4) = 0. Because 
r = 0, the relevant root is r = 3. Therefore, the projection of D on the xy-plane is 
R= {(r,0):0 =r = 3,0 <0 S 2m}, which is a disk of radius 3 centered at (0, 0) 
(Figure 14.54c). 











Integrate first in z ... then integrate over R 
wih = 2129, withO<r<3,0560<2z7. 


(a) (b) (c) 
FIGURE 14.54 


> The coordinate p (pronounced “rho’’) 
in spherical coordinates should not be 


confused with r in cylindrical coordinates, 


which is the distance from P to the z-axis. 


» The coordinate ¢ is called the colatitude 
because it is 77/2 minus the latitude 
of points in the northern hemisphere. 
Physicists may reverse the roles of 0 and 
gy; that is, 0 is the colatitude and ¢ is the 
polar angle. Use caution! 


Z 








P(p, p, 0) 


X 


FIGURE 14.55 


P(p, ọ, 0) 
Á 


z = p COs 


r=psing 


X y = psin ọsin 0 
— 
r 


FIGURE 14.56 
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The volume of the region is 


2m p3 pl2-r 
Maw- SS erna 
0 0 r 


3 
= J / (12 — p= r)rdrd@ Evaluate the inner integral. 


2T 
99 
- f — dé 
4 


997r l 
= —. Evaluate the outer integral. 


2 


Evaluate the middle integral. 


Related Exercises 29-34< 


Spherical Coordinates 

In spherical coordinates, a point P in R? is represented by three coordinates (p, p, 0) 
(Figure 14.55). 

e p is the distance from the origin to P. 

e o is the angle between the positive z-axis and the line OP. 

e 0 is the same angle as in cylindrical coordinates; it measures rotation about the z-axis 


relative to the positive x-axis. 


All points in R? can be represented by spherical coordinates using the intervals 
O=p<%,05Q9 = mT, and0 = @ & 27. 

Figure 14.56 allows us to find the relationships among rectangular and spherical co- 
ordinates. Given the spherical coordinates (p, ¢, 0) of a point P, the distance from P to 
the z-axis is r = p sing. We also see from Figure 14.56 that x = r cos 0 = p sin ọ cos 0, 
y = rsin = p sin ọsin 0, and z = pcos o. 


Transformations Between Spherical and Rectangular Coordinates 
Rectangular — Spherical Spherical —> Rectangular 


= p sin ọ cos 0 


pD =x? +y Hz? 


Use trigonometry to find = p sin ọ sin 0 


= pcos o 








CK 3 Find the spherical coordinates of the point with rectangular coordinates 


(1, Vi. 2). Find the rectangular coordinates of the point with spherical coordinates 
(2, 7/4, T/4).< 


In spherical coordinates, some sets of points have simple representations. For instance, 
the set { (p, ¢, 0): p = a} is the set of points whose p coordinate is constant, which is a 
sphere of radius a centered at the origin. The set { (p, 0,0): 0 = Po } is the set of points 
with a constant g-coordinate; it is a cone with its vertex at the origin and whose sides make 
an angle pọ with the positive z-axis. 
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p = 2acos p 


(a) 


X 


á 


T 
p = 4 sec o 


X 
(b) 
FIGURE 14.57 


» Notice that the set (p, ¢, 0) with 
gy = 77/2 is the xy-plane, and if 
7/2 < po < T, the set p = pogisa 
cone that opens downward. 


EXAMPLE 5 Sets in spherical coordinates Express the following sets in rectangular 
coordinates and identify the set. Assume that a is a positive real number. 


a. {(p,¢,0):p = 2acosg,0 = ¢ = 7/2,0 < 6 < 27} 
b. {(p,¢,9):p = 4secg,0 = p < 7/2,0 <= 6 <= 27} 
SOLUTION 


a. To avoid working with square roots, we multiply both sides of p = 2a cos @ 
by p to obtain p? = 2a pcos ọ. Substituting rectangular coordinates we have 
x? + y? + z* = 2az. Completing the square results in the equation 


x? + y? + (z-a =a’. 


This is the equation of a sphere centered at (0, 0, a) with radius a (Figure 14.57a). 
With the limits 0 = g = 77/2 and0 < 0 S 27, the set describes a full sphere. 


b. The equation p = 4 sec ¢ is first written p cos g = 4. Noting that z = pcos g, the 
set consists of all points with z = 4, which is a horizontal plane (Figure 14.57b). 
Related Exercises 35—38< 


Table 14.5 summarizes some sets that have simple descriptions in spherical coordinates. 


Table 14.5 
Name Description 
Sphere, radius a, {(p,¢,9):p =a},a>0 


center (0, 0, 0) 


Cone {(p,,9):@ = Go}. £o Z 0, 7/2, 7 





Vertical half plane {(p, , 0):0 = 0o} 





(Continued) 
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Table 14.5 (Continued) 


Name Description Example 
Horizontal plane, {(p, 0, 0):p = asec, 0 = ¢ < 7/2} 
z= 
Cylinder, radius {(p, 0, 0):p =acsco, 0 < <r} 
a>0O 


Sphere, radius a > 0, {(p, p, 0): p = 2acos¢,0 = ¢ = 7/2} 
center (0, 0, a) 


=p} sin př A0 


(Př č 0%) 





Integration in Spherical Coordinates 


We now investigate triple integrals in spherical coordinates over a region D in R?. The 
region D is partitioned into “spherical boxes” that are formed by changes of Ap, Ag, and 
A9 in the coordinate directions (Figure 14.58). Those boxes that lie entirely within D are 
labeled from k = 1 tok = n. We let (p;, Px, 0%) be an arbitrary point in the kth box. 

To approximate the volume of a typical box, note that the length of the box in 
the p-direction is Ap (Figure 14.58). The approximate length of the kth box in the 
-direction is the length of an arc of a circle of radius p,sin g% subtended by an angle 


x A9; this length is p% sin g, A@. The approximate length of the box in the -direction is 
Approximate volume = the length of an arc of radius p% subtended by an angle Ag; this length is p, Ag. Multi- 
AV, ~ pg” sin gë Ap Ag A0 plying these dimensions together, the approximate volume of the kth spherical box is 

FIGURE 14.58 AV, = p} sing, Ap Ag A9, fork = 1,...,n. 


We now assume that f is continuous on D and form a Riemann sum over the region 
by adding function values multiplied by the corresponding approximate volumes: 
» Recall that the length s of a circular arc if m 

of radius r subtended by an angle 0 is X fee Pi 0A V, = X fee P, 0;.) pe sin yp, Ap Ag A0. 

s = rO. k=1 k=1 
We let A denote the maximum value of Ap, Ag, and A0. As n— œ and A — 0, the 
Riemann sums approach a limit called the triple integral of f over D in spherical 
coordinates: 


Ijro p, 0) dV = ne Dd f (Pk Pr 9%) pe sin ge Ap Ag Ad. 
=U k=l 
D 
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Finding Limits of Integration We consider a common situation in which the region 
of integration has the form 


D = ((p,9,8): 8(9,0) =p =h(y,0)a=p=ba=0= 8B}. 


In other words, D is bounded in the p-direction by two surfaces given by g and h. In the 
angular directions, the region lies between two cones (a = g S b) and two half planes 
(a = 0 = B) (Figure 14.59). 





glp. 0) =p = h(g, 8) 
FIGURE 14.59 


For this type of region, the inner integral is with respect to p, which varies from 
p = 2(9,0) to p = h(g, 6). As p varies between these limits, imagine letting 0 and @ 
vary over the intervals a = g = banda < 0 < B. The effect is to sweep out all points 
of D. Notice that the middle and outer integrals, with respect to 0 and g~, may be done in 
either order (Figure 14.60). 




















( Integrate first in p x ... then integrate in g and 0 | 


_ with g(g, 0) = p S hlo, 8),... witha s ọ=sbas0s=8B. 








FIGURE 14.60 


In summary, to integrate over D we 


e first integrate with respect to p from p = g(¢, 0) top = h(ọ,0), 
e then integrate with respect to g from ¢ = a to g = b, and 


e finally integrate with respect to 0 from 0 = ato 0 = B. 


Another version of Fubini’s Theorem expresses the triple integral as an iterated integral. 
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THEOREM 14.7 Triple Integrals in Spherical Coordinates 
» The element of volume in spherical Let T be continuous over the region 


coordinates is dV = p° sin g dp dọ do. 
D= {(p,¢9,9): 8(9,0) =p =h(¢,0)a=p=ba=0= BZ}. 


Then f is integrable over D, and the triple integral of f over D in spherical coor- 


dinates is 


B pb ph(g,8) 
Ijro p, 0) dV = / J J F(p, @, 0) p° sin ẹ dp do dé. 
5 a Ja J g(p,0) 


If the integrand is given in terms of Cartesian coordinates x, y, and z, it must be 
expressed in spherical coordinates before integrating. As with other triple integrals, if 
f = 1, then the triple integral equals the volume of D. If f is a density function for an 
object occupying the region D, then the triple integral equals the mass of the object. 





EXAMPLE 6 A triple integral Evaluate fff sa ty t z?) ° dV, where D is the 
region in the first octant between two spheres of radius 1 and 2 centered at the origin. 


SOLUTION Both the integrand f and region D are greatly simplified when expressed in 
spherical coordinates. The integrand becomes 


(x2 + y? + 22) 3/2 = (p2)-3/2 = p”, 
while the region of integration is (Figure 14.61) 


D = {(p,¢,0):1Sp<=2,05 9 <7/2,0560< 7/2}. 








p varies from 
inner sphere (p = 1) 
to outer sphere (p = 2). 











x x 
0 varies from 
T 
0 = 0to0 = 7 


(a) (b) 
FIGURE 14.61 


The integral is evaluated as follows: 


T2 pm/2 p2 
|i f(x, y, z) dV = J / / p> p° sin œ dp dọ dð Convert to spherical coordinates. 
B 0 0 1 
m/2 pr/2 p2 
/ J J p`! sing dp dọ dé Simplify. 
0 0 1 
m/2 pr/2 
f f mie 
0 0 





2 
sin ¢ dọ d0 Evaluate the inner integral. 
1 
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egion of 
tegration 


FIGURE 14.62 


MULTIPLE INTEGRATION 








T2 pr/2 
= In2 / / sin ¢ dọ dé Simplify. 
0 0 
1/2 a /2 
= In2 J (—cos¢)| dé Evaluate the middle integral. 
0 0 
ae m ln 2 , 
= ]n2 dé = 3 ` Evaluate the outer integral. 
0 


Related Exercises 39-45< 


EXAMPLE 7 Icecream cone Find the volume of the solid region D that lies inside 
the cone g = 77/6 and inside the sphere p = 4 (Figure 14.62a). 












y varies from 
T 


p=O0tog=-. 














0 varies from 
6 = Oto 8 = 27. 


(b) (c) 








SOLUTION To find the volume, we evaluate a triple integral with f(p, ¢,0) = 1. In the 
radial direction, the region extends from the origin p = 0 to the sphere p = 4. To sweep 
out all points of D, œ varies from 0 to 77/6 and 0 varies from 0 to 27 (Figure 14.62b, c). 
Integrating the function f = 1, the volume of the region is 


27 prj6 p4 
Ij dV = / J / p° sing dp do dð Convert to an iterated integral. 
0 0 0 
D 











2a 7/6 3 4 
= J / —] sin g dg dé Evaluate the inner integral. 
o Jo 3 Io 
64 27 pró 
= — J sin ¢ dg dé Simplify. 
3 0 0 
64 [7 a 
= a (—cos œ) dé Evaluate the middle integral. 
0 0 
i= 3/2 
32 oa o 
= A (2 = V3) d8 Simplify. 
0 
64 
— = ( Fa ). Evaluate the outer integral. 


Related Exercises 46-—52< 
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SECTION 14.5 EXERCISES 


Review Questions 3 pV9-y f9-3V +y? 
1. Explain how cylindrical coordinates are used to describe a point 16. J J J dz dx dy 
0J gY 0 


in R?. 








2. Explain how spherical coordinates are used to describe a point 
in R. 
3. Describe the set { (7,0, z):r = 4z } in cylindrical coordinates. 
4. Describe the set { (p, œ, 0): ¢ = 7/4} in spherical coordinates. 
5. Explain why dzr dr dé is the volume of a small “box” in cylindri- 
cal coordinates. 
6. Explain why p° sin ¢ dp dọ dé is the volume of a small “box” in 
spherical coordinates. 
7. Write the integral fff f(r, 0, z) dV as an iterated integral where 
D 
D = {(r,6,z): G(r,0) = z = H(r, 6), g(0) = r = h(0), 
ass B} ' 
8. Write the integral f f f f(p, ¢,0) dV as an iterated integral, [ | vey [ : nee 
D 17. x +y dz dx dy 
where D = {(p,¢,0):g(¢,0) = p = h(¢,0),a=o = b, TE E K ) 
a=60<= 8}. 
Z 
9. What coordinate system is suggested if the integrand of a triple 
integral involves x? + y’? 
10. What coordinate system is suggested if the integrand of a triple 
integral involves x? + y? + z”? 
Basic Skills y 
11-14. Sets in cylindrical coordinates /dentify and sketch the follow- X 


ing sets in cylindrical coordinates. 


11 
12 
13 
14 


15-18. Integrals in cylindrical coordinates Evaluate the following 
integrals in cylindrical coordinates. 


15 





. {(,6,z7):0Srs3,0S0S7/3,1 57225 4} ye i 
. {(7,0,z):0 = 0 = w/2,z = 1} 18. N, [vey peow 
«< {(7,9,z):2r = z= 4} 

. {(r,8,z):0 = z= 8 —- 2r} 





27 pl pl 
. J J J dzr dr d0 
0 0y -1 





X 


19-22. Integrals in cylindrical coordinates Evaluate the following 
integrals in cylindrical coordinates. 


A pV2/2 pV1-# 
19. ; J J e™ = dy dx dz 
0/0 x 
4 pV 16-x* p4 
y 20. J I J dz dy dx 
—4 J -V 16x J Vx +y? 


3 pV9-% pV +y 
a f| f| t+ yt aidas 
0/0 0 


\ 


\ 


> 
7 / 
I 
1 
v“ 
T -----y------- 
\ 
— 


l- 
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1 pl/2 pV1-y’ 
22. J / J (x? + y?)!? dx dy dz 
-1v 0 V3y 


23-26. Mass from density Find the mass of the following objects with 
the given density functions. 


CHAPTER 14 œ 


23. The solid cylinder D = {(r,0,z):0 = r = 4,0 =z < 10} 
with density p(r,0,z) = 1 + z/2 


24. The solid cylinder D = Hr 0z) 0=rs 30272 2} 
with density p(r, 0, z) = 5e” 

25. The solid cone D = {(r,0,z): 0 = z=6-7r,05r<6} 
with density p(r,0,z) =7 -z 

26. The solid paraboloid D = { (r, 2.0222 9— r’, 
0 < r < 3} with density p(r,0,z) = 1 + 2/9 


27. Which weighs more? For 0 = r < 1, the solid bounded by 
the cone z = 4 — 4r and the solid bounded by the paraboloid 
z = 4 — 4r’ have the same base in the xy-plane and the same 
height. Which object has the greater mass if the density of both 
objects is p(7, 0, z) = 10 — 2z? 


28. Which weighs more? Which of the objects in Exercise 27 weighs 
8 
more if the density of both objects is p(r, 6, z) = 7 gn 
29-34. Volumes in cylindrical coordinates Use cylindrical coordi- 
nates to find the volume of the following solid regions. 


29. The region bounded by the plane z = 0 and the hyperboloid 


z= V17- VI +x? + y? 





z=V17- V1 +x +y? 


30. The region bounded by the plane z = 25 and the paraboloid 
z=x + y? 





ee: 2 
=x" + 
5 Ls y y 


31. The region bounded by the plane z = V29 and the hyperboloid 
z= V4tx +y? 





32. The solid cylinder whose height is 4 and whose base is the disk 
{(r,0):0 =r = 2cos0} 


33. The region in the first octant bounded by the cylinder r = 1, and 
the planes z = x and z = 0. 


34. The region bounded by the cylinders r = 1 and r = 2, and the 
planes z = 4 — x — yand z = 0 


35-38. Sets in spherical coordinates /dentify and sketch the following 
sets in spherical coordinates. 


35. {(p,0,0):1 <p =3} 

36. {(p,¢,9):p =2cscg,0<o<7} 
37. {(p,¢,0):p =4cosg,0 = ¢ = w/2} 
38. {(p,¢,0):p = 2secg,0 = o < a/2} 


39-45. Integrals in spherical coordinates Evaluate the following inte- 
grals in spherical coordinates. 


39. I (x? + y? + 27)? dV; D is the unit ball. 
D 


40. I ee +t +2)? AV: D is the unit ball. 
D 


1 
41. |i @+y?4 ppp dV; D is the region between the spheres 
D 


of radius | and 2 centered at the origin. 


27 pir/3 p4sece 
42. J J J p° sin ẹ dp dg d0 
0 0 0 





p° sin ¢ dp dg d0 


TmT pT7/6 p4 
43. J J J 
0/0 2 sec o 
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2m pm/4 p2sec y oe 49. The region outside the cone g = 7/4 and inside the sphere 
44. J J J (P~) p“ sin dp dẹ dé p = 4 cos o 
o Jo Jı 
y 
50. The region bounded by the cylinders r = 1 and r = 2, and the 
2m pr/3 p2esco E de= 3 
45. J J J p? sin ọ dp dọ do sk a A al 
0 Jr/6J0 z 





51. That part of the ball p = 4 that lies between the planes z = 2 and 
46-52. Volumes in spherical coordinates Use spherical coordinates z= 2V3 


to find the volume of the following regions. 
46. A ball of radius a > 0 


47. The region bounded by the sphere p = 2 cos ọ and the hemi- 
sphere p = 1,z = 0 





1/2 


52. The region inside the cone z = (x* + y°)"? that lies between the 


planes z = l andz = 2 





48. The cardioid of revolution 
D = {(p,9,0)::0S p=1+cosg,0=¢<=7,050< 27} 





Further Explorations 
53. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 
a. Any point on the z-axis has more than one representation in 
both cylindrical and spherical coordinates. 
b. The sets {(r,0,z):r = z} and { (p, ¢,0): ¢ = 7/4} are the 
same. 
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54. Spherical to rectangular Convert the equation p°? = sec 2g, 
where 0 = œ < 77/4, to rectangular coordinates and identify the 
surface. 


55. Spherical to rectangular Convert the equation p? = —sec 29, 
where 7/4 < g < 7/2, to rectangular coordinates and identify 
the surface. 


56-59. Mass from density Find the mass of the following objects with 
the given density functions. 


56. The ball of radius 4 centered at the origin with a density 
f(p,¢,0) =1+ p 


57. The ball of radius 8 centered at the origin with a density 
f(p, p, 0) = 2e? 


58. The solid cone {(p,¢,0):9 = 7/3,0 <z = 4} witha density 
f(p, ¢, 8) =) =z 

59. The solid cylinder {(r,0,z):0 = r = 2,0 < 0 S 27, 
—1 =z <1} witha density of p(r,z) = (2 — |z|)(4 — r) 


60-61. Changing order of integration /[f possible, write iterated inte- 
grals in cylindrical coordinates for the following regions in the speci- 
fied orders. Sketch the region of integration. 


60. The region outside the cylinder r = 1 and inside the sphere 
p = 5, for z = 0, in the orders dz dr d0, dr dz d0, and d0 dz dr 


61. The region above the cone z = r and below the sphere p = 2, for 
z = 0, in the orders dz dr d0, dr dz d0, and d dz dr 


62-63. Changing order of integration /[f possible, write iterated inte- 
grals in spherical coordinates for the following regions in the specified 
orders. Sketch the region of integration. Assume that f is continuous 
on the region. 


2m prj/4 pasece 
62. J J J f(p, $, 9) p° sin ¢ dp dg do in the orders 
0 0 


0 
dp dé dg and dé dp de 


2T pa /2 
63. J LI f(p, ẹ, 0) p” sin ¢ dp dg dé in the orders 
T/ CSC o 
dp dé dp and dé dp dọ 


64-72. Miscellaneous volumes Choose the best coordinate system and 
find the volume of the following solid regions. Surfaces are specified 
using the coordinates that give the simplest description, but the sim- 
plest integration may be with respect to different variables. 


64. The region inside the sphere p = 1 and below the cone g = 7/4, 
forz = 0 


65. That part of the solid cylinder r = 2 that lies between the cones 
yg = 7/3 and o = 27/3 


66. That part of the ball p = 2 that lies between the cones g = 77/3 
and œ = 27/3 


67. The region bounded by the cylinder r = 1,forO Sz Sx + y 
68. The region inside the cylinder r = 2 cos 6,forO = zS4-x 


69. The wedge cut from the cardioid cylinder r = 1 + cos 0 by the 
planes z = 2 — xandz = x — 2 


70. Volume of a drilled hemisphere Find the volume of material 
remaining in a hemisphere of radius 2 after a cylindrical hole of 
radius 1 is drilled through the center of the hemisphere perpen- 
dicular to its base. 


71. Two cylinders The x- and y-axes form the axes of two right cir- 
cular cylinders with radius 1 (see figure). Find the volume of the 
solid that is common to the two cylinders. 





72. Three cylinders The coordinate axes form the axes of three right 
circular cylinders with radius 1 (see figure). Find the volume of 
the solid that is common to the three cylinders. 


hi 





Applications 

73. Density distribution A right circular cylinder with height 8 cm 
and radius 2 cm is filled with water. A heated filament running 
along its axis produces a variable density in the water given by 
p(r) =1- 0.05¢e 0-01" g/cm? (p stands for density here, not the 
radial spherical coordinate). Find the mass of the water in the cyl- 
inder. Neglect the volume of the filament. 


74. Charge distribution A spherical cloud of electric charge has a 
known charge density Q(p), where p is the spherical coordinate. Find 
the total charge in the interior of the cloud in the following cases. 


ax Io 
a. O(p) = a 


b. O(p) = (2 X 10 *)e "0 = p < œ% 


75. Gravitational field due to spherical shell A point mass m is a 
distance d from the center of a thin spherical shell of mass M and 
radius R. The magnitude of the gravitational force on the point 
mass is given by the = 


GMm (d — R cos ¢) sing 
F(d) = 2 2 3/2 
o (R? + d? — 2Rd cos ọ)” 


where G is the gravitational constant. 


dapan 


—— ~ — do do, 


a. Use the change of variable x = cos ¢ to evaluate the integral 





m . 
P which means the 


and show that if d > R, then F (d) = 
force is the same as 1f the mass of the shell were concentrated 
at its center. 

b. Show that if d < R (the point mass is inside the shell), then 


F= 0. 


76. Water in a gas tank Before a gasoline-powered engine is started, 
water must be drained from the bottom of the fuel tank. Suppose the 
tank is a right circular cylinder on its side with a length of 2 ft and 
a radius of 1 ft. If the water level is 6 in above the lowest part of the 
tank, determine how much water must be drained from the tank. 





Additional Exercises 

77-80. General volume formulas Use integration to find the volume of 
the following solids. In each case, choose a convenient coordinate system, 
find equations for the bounding surfaces, set up a triple integral, and eval- 
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79. Frustum of a cone Find the volume of a truncated solid cone of 
height h whose ends have radii r and R. 





80. Ellipsoid Find the volume of a solid ellipsoid with axes of length 
2a, 2b, and 2c. 





81. Intersecting spheres One sphere is centered at the origin and 
has a radius of R. Another sphere is centered at (0, 0, 7) and has 
a radius of r, where r > R/2. What is the volume of the region 


common to the two spheres? 


uate the integral. Assume that a, b, c, r, R, and h are positive constants. 


77. Cone Find the volume of a solid right circular cone with height h 


and base radius r. 


78. Spherical cap Find the volume 
of the cap of a sphere of 
radius R with thickness h. 








HECK ANSWERS 


1. ) V2, 77 /4,5), (1, V3, 5) 
2. feck a N miana 
3. 


= 2 = 20 
2V2, 1/4, 7/3), (1,1, V2) < 
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Center of mass | Center of mass ?? 


= = — 


Circular disk | Irregular shape ) 


FIGURE 14.63 


— e a 


mi / \ mM, 


FIGURE 14.64 


Intuition says that a thin circular disk (like a DVD without a hole) should balance on a 
pencil placed at the center of the disk (Figure 14.63). If, however, you were given a thin 
plate with an irregular shape, then at what point does it balance? This question asks about 
the center of mass of a thin object (thin enough that it can be treated as a two-dimensional 
region). Similarly, given a solid object with an irregular shape and variable density, where 
is the point at which all of the mass of the object would be located if it were treated as 
a point mass? In this section we use integration to compute the center of mass of one-, 
two-, and three-dimensional objects. 


Sets of Individual Objects 


Methods for finding the center of mass of an object are ultimately based on a well-known 
playground principle: If two people with masses m, and m, sit at distances dı and d, 
from the pivot point of a seesaw (with no mass), then the seesaw balances provided 
md, = md; (Figure 14.64). 
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FIGURE 14.65 


» The center of mass may be viewed as the 
weighted average of the x-coordinates 
with the masses serving as the weights. 
Notice how the units work out: If x; and 
xX, have units of meters and m, and m, 
have units of kilograms, then x has units 
of meters. 


80 kg 


Balance point 


FIGURE 14.66 








YUICK CHECK 1 A 90-kg person sits 2 m from the balance point of a seesaw. How far 
To that point must a 60-kg person sit to balance the seesaw? Assume the seesaw 
has no mass. < 


To generalize the problem we introduce a coordinate system with the origin at x = 0 
(Figure 14.65). Suppose the location of the balance point x is unknown. The coordinates of 
the two masses m, and m, are denoted x, and x, respectively, with x, > x2. The mass m; 
is a distance x, — x from the balance point (because distance is positive and x, > x). The 
mass m, is a distance x — x, from the balance point (because x > x2). The playground prin- 
ciple becomes 


m,(x; — x) = m(x — x), 


ARES ea eel 

distance from distance from 

balance point balance point 
to mı to m 


or m(x = x) T m( X2 — X) = Q0. 
Solving this equation for x, the balance point or center of mass of the two-mass sys- 
tem is located at 


MX] + MX2 


X = 





m; + m 


The quantities mıxı and mx are called moments about the origin (or just moments). The 
location of the center of mass is the sum of the moments divided by the sum of the masses. 





C CHECK 2 Solve the equation m,(x, — x) + m (x2 — x) = 0 for x to verify the 
preceding expression for the center of mass. < 


For example, an 80-kg man sitting 2 m to the right of the origin will balance a 160-kg 
gorilla sitting 4 m to the left of the origin provided the pivot on their seesaw is placed at 
_ 80:2 + 160(-4) 
x = —2_,— = -2, 
80 + 160 
or 2 m to the left of the origin (Figure 14.66). 
Several Objects on a Line Generalizing the preceding argument to n objects having 


masses 11, Mz, . . . , Mm, With coordinates x1, X2, . . . , Xp, respectively, the balance condition 
becomes 


mil = ax) tma m a) PO, SX) S mo — x) = 0. 


Solving this equation for the location of the center of mass, we find that 


MYX, + mX, Tt E MAn El 
X o ġġ 
mi T Mi t =e F My n 
>m 
k=1 
Again, the location of the center of mass is the sum of the moments 11x), MX, «© © , MpXn 


divided by the sum of the masses. 





m, 3 m, = 8 m, = 1 m,=6 
(ack / \ x,= 11 
Xy = —0.4 \ X= 0.5 


Center of mass 
A 
60 


X= 


FIGURE 14.67 


» Density is usually measured in units of 
mass per volume. However, for thin, 
narrow objects such as rods or wires, 
linear density with units of mass per 
length is used. For thin, flat objects, such 
as plates and sheets, area density with 
units of mass per area is used. 


Density (mass per unit length) 
varies with x. 


FIGURE 14.68 


Ax 


Mass = m, ~ p(x,) Ax 
FIGURE 14.69 


» An object consisting of two different 
materials that meet at an interface has a 
discontinuous density function. Physical 
density functions are either continuous or 
have a finite number of discontinuities. 


» We assume that the rod has nonzero 
mass and the limits in the numerator and 
denominator exist, so the limit of the 
quotient is the quotient of the limits. 





14.6 Integrals for Mass Calculations 1045 


EXAMPLE 1 Center of mass for four objects Find the point at which the system 
shown in Figure 14.67 balances. 


SOLUTION The center of mass is 
NX, + MX2 + 3X3 + M4x4 
Mı + M4 + M3 + M4 
S( 1.2) B( 04) + 10035) + GCL.) 
34+8+1+6 


1 
— = 0.017. 
60 


The balancing point is slightly to the right of the origin. 
Related Exercises 7-8 < 


Continuous Objects in One Dimension 


Now consider a thin rod or wire with density p that varies along the length of the rod 
(Figure 14.68). The density in this case has units of mass per length (for example, g/cm). 
As before, we want to determine the location x at which the rod balances on a pivot. 





QUICK CHECK 3 In Figure 14.68, suppose a = 0, b = 3, and the density of the rod in 


g/cm is p(x) = 4 — x. Where is the rod lightest? Heaviest? < 


Using the slice-and-sum strategy, we divide the rod, which corresponds to the interval 
a =x S b, into n subintervals, each with a width of Ax = an (Figure 14.69). The 
corresponding grid points are 
X = a,x, = a + Ax,..., Xx, =atkAx,...,x, = b. 


The mass of the Ath segment of the rod is approximately the density at x, multiplied by the 
length of the interval, or mą = p(x,) Ax. 

We now use the center-of-mass formula for several distinct objects to write the ap- 
proximate center of mass of the rod as 


n 


Sm S' (0(x,) Ax) x; 


A= A 


ym > P(x) Ax 


k=1 
To model a rod with a continuous density, we let Ax — 0 and n — ©; the center of mass 
of the rod is 
[ b 
odau dim Sxpludde f xp(a)ay 
TEE = a E = Ae ___ 


n 


l n b . 
Deodar fim, Deodar | paas 


n 


a~ 


. . . . . i , b 
As discussed in Section 6.6, we identify the denominator of the last fraction, I P(x) ax, 
as the mass of the rod. The numerator is the “sum” of the moments of each piece of the 
rod, which is called the total moment. 
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» The units of a moment are mass X length. 
The center of mass is a moment divided 
by a mass, which has units of length. 
Notice that if the density is constant, then 
p effectively does not enter the calculation 
of x. 


» Notice that the density of the bar 
increases with x. As a consistency 
check, our calculation must result in 
a center of mass to the right of the 
midpoint of the bar. 


x = —: M, involves 
m y 


yA | distances from y-axis | 





= My, o we 
Density = p(x, y) y= wk Mvolves 


(mass per unit area) 


FIGURE 14.70 


distance from x-axis 
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DEFINITION Center of Mass in One Dimension 


Let p be an integrable density function on the interval | a, b | (which represents a thin 
M 
rod or wire). The center of mass is located at the point x = m’ where the total 


moment M and mass m are 


b b 
M = [ xa and m = J o) dx. 





Observe the parallels between the discrete and continuous cases: 


n individual masses: x = : continuous mass: x = 


EXAMPLE 2 Center of mass of a one-dimensional object Suppose a thin 2-m bar is 
made of an alloy whose density in kg/m is p(x) = 1 + x7, where 0 < x < 2. Find the 
center of mass of the bar. 


SOLUTION The total mass of the bar in kilograms is 


m= foa fa + x") dx = (+5) 


The total moment of the bar, with units kg * m, is 


b 2 x2 yí 
n= faa faaan (EE) 
P 0 2 = 


M 
Therefore, the center of mass is located at x = PA = — = 1.29m. 








Related Exercises 9-14< 


Two-Dimensional Objects 


In two dimensions, we start with an integrable density function p(x, y) defined over a 
closed bounded region R in the xy-plane. The density is now an area density with units of 
mass per area (for example, kg /m7). The region represents a thin plate (or lamina). The 
center of mass is the point at which a pivot must be located to balance the plate. If the den- 
sity is constant, the location of the center of mass depends only on the shape of the plate, 
in which case the center of mass is called the centroid. 

For a two- or three-dimensional object, the coordinates for the center of mass are 
computed independently by applying the one-dimensional argument in each coordinate di- 
rection (Figure 14.70). The mass of the plate is the integral of the density function over R: 


m = i p(x, y) dA. 


In analogy with the moment calculation in the one-dimensional case, we now define two 
moments. 
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DEFINITION Center of Mass in Two Dimensions 


Let p be an integrable area density function defined over a closed bounded region 


» The moment with respect to the y-axis R in R’. The coordinates of the center of mass of the object represented by R are 
M, is a weighted average of distances 
a the y-axis, so it has x in the = M, l = M, I 
x = — = — || xp(x,y)dA and y= — =— J| yp(x,y) dA, 
integrand (the distance between a point m m m m 
R R 


and the y-axis). Similarly, the moment 


with respect to the x-axis M, is a where m = fi 1 r P(x, y) dA is the mass, and M, and M, are the moments with respect 


to the y-axis and x-axis, respectively. If p is constant, the center of mass is called the 
centroid and is independent of the density. 


weighted average of distances from the 


x-axis, so it has y in the integrand. 





As before, the center of mass coordinates are weighted averages of the distances from 
the coordinate axes. For two- and three-dimensional objects, the center of mass need not 
lie within the object (Exercises 51, 61, and 62). 





HECK 4 Explain why the integral for M, has x in the integrand. Explain why the 
density drops out of the center of mass calculation if it is constant. < 


EXAMPLE 3 Centroid calculation Find the centroid (center of mass) of the unit 
density, dart-shaped region bounded by the y-axis and the curves y = e * — $ and 
y= 5 — e * (Figure 14.71). 


SOLUTION Because the region is symmetric about the x-axis and the density is constant, 
the y-coordinate of the center of mass is y = 0. This leaves the integrals for m and M, to 





evaluate. 
The first task is to find the point at which the curves intersect. Solving e* — 5 = 
FIGURE 14.71 $ — e *, we find that x = In 2, from which it follows that y = 0. Therefore, the 


intersection point is (In 2, 0). The moment M, (with p = 1) is given by 
» The density does not enter the center 


of mass calculation when the density is n2 pe*—1/2 
constant. So, it is easiest to set p = 1. M y = / X dy dx 
0 1/2—e™* 
» If possible, try to arrange the 
coordinate system so that at least one m a 1 1 - 
of the integrations in the center of mass = J A (e 7 >) 7 (G TE ) | dx 


calculation can be avoided by using 


symmetry. Often the mass (or area) can lIn 2 
be found using geometry if the density is = / x(2e * — 1) dx. 
0 


constant. 


Using integration by parts for this integral, we find that 


In 2 
M, = J (20 = 1) dy 
0 — Aam 


u 
dv 


In 2 


In 2 
= 22° Fa) + J (2e ™ + x) dx Integration by parts 
0 





0 


l 
Len- 5 in 2 = 0.067. Evaluate and simplify. 


1048 CHAPTER 14 © MULTIPLE INTEGRATION 





(—1, 0) (1,0) ~* 
FIGURE 14.72 
» To verify that x = 0, notice that to find 


M,, we integrate an odd function in x 
over —1 = x < 1; the result is zero. 


With p = 1, the mass of the region is given by 


In2 pe *-1/2 
m = / dy dx 
0 Lj2=e" 


In 2 
— / (Je = A) ay 
0 


In 2 


e I 


Fundamental Theorem 





0 
1 — In2 = 0.307. Evaluate and simplify. 


M 
Therefore, the x-coordinate of the center of mass is x = — ~ 0.217. The center of 


mass is located approximately at (0.217, 0). 
Related Exercises 15—-20< 


EXAMPLE 4 Variable-density plate Find the center of mass of the rectangular plate 
R= {(x,y):-1 <x <= 1,0 < y = 1} witha density of p(x, y) = 2 — y (heavy at 
the lower edge and light at the top edge; Figure 14.72). 


SOLUTION Because the plate is symmetric with respect to the y-axis and because the 
density is independent of x, we have x = 0. We must still compute m and M,. 


1 pl 1 
3 
m = p(x, y) dA = 2 -y)dvdx = Ff =s 
-1J0 2J- 
R 
1 pl 1 

2 = 
M, = Ji yp(x,y)dA = (2 yod | a 
I -1/0 3 J 3 


Therefore, the center of mass coordinates are 


_ My, _ M 4B 4 
x=—=0 and y= — 
m m 


Related Exercises 21—26< 


Three-Dimensional Objects 


We now extend the preceding arguments to compute the center of mass of three- 
dimensional solids. Assume that D is a closed bounded region in R?, on which an inte- 
grable density function p is defined. The units of the density are now mass per volume 
(for example, g/cm). The coordinates of the center of mass depend on the mass of 
the region, which by Section 14.4 is the integral of the density function over D. Three 
moments now enter the picture: M, involves distances from the yz-plane; therefore, it 
has an x in the integrand. Similarly, M, involves distances from the xz-plane, so it has a 
y in the integrand, and M,, involves distances from the xy-plane, so it has a z in the inte- 
grand. As before, the coordinates of the center of mass are the total moments divided by 
the total mass (Figure 14.73). 






(9.2) = 10, 0,1) 


x y 
R={7,0:05rs4,0508 27} 
FIGURE 14.74 
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M 
X . s 
= —:M_ involves distances 
m AY 


| from xy-plane 


Mz , , 
x = —~: M _inyolves distances | 
m yz | 


| from yz-plane 







— XZ . . 
y= : M,, involves distances from xz-plane 


FIGURE 14.73 





HECK 5 Explain why the integral for the moment M, has z in the integrand. < 


DEFINITION Center of Mass in Three Dimensions 


Let p be an integrable density function on a closed bounded region D in R?. The 
coordinates of the center of mass of the region are 


= lfm (x,y,z)dV, y= un m J| poe 2)4¥ a 


- Ij zp(x, y, z) dV, 


where m = [J], p(x, y, z) dV is the mass, and M,,, M,,, and M are the moments 


ye 
with respect to the coordinate planes. 





EXAMPLE 5 Center of mass with constant density Find the center of mass of the 


constant-density solid cone D bounded by the surface z = 4 — Vx? + y* andz = 0 
(Figure 14.74). 


SOLUTION Because the cone is symmetric about the z-axis and has uniform density, the 
center of mass lies on the z-axis; that is, x = 0 and y = O. Setting z = 0, the base of the 
cone in the xy-plane is the disk of radius 4 centered at the origin. Therefore, the cone has 
height 4 and radius 4; by the volume formula, its volume is 7r*h/3 = 6472/3. The cone 
has a constant density, so we assume that p = 1 and its mass is m = 6477/3. 

To obtain the value of z , only M, needs to be calculated, which is most easily done 


in cylindrical coordinates. The cone is described by the equation z = 4 — Vx? + y? = 
4 — r. The projection of the cone on the xy-plane, which is the region of integration in 
the xy-plane, is R = {(r,0):0 <r <= 4,0 < 0 < 2r }. The integration for My now 


follows: 
My = II zdV Definition of M,, with p = 1 


= [ J f zdzrdrd@ Convert to an iterated integral. 
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4—r 
r dr do Evaluate the inner integral. 
0 


[Ts 
0 0 2 


27 p4 
1 2 l À 
= / J r(4 — r) dr d0 Simplify. 
2 0 0 
2T 





1 64 
= — / —d0 Evaluate the middle integral. 
2Jo 3 
64T i 
= z Evaluate the outer integral. 
 . My 64r/3 
The z-coordinate of the center of mass is z = —— = = 1, and the center of mass 
m 647 /3 


is located at (0, 0, 1). It can be shown (Exercise 55) that the center of mass of a constant- 
density cone height of h is located /4 units from the base on the axis of the cone, inde- 
pendent of the radius. 

Related Exercises 27-32 << 


EXAMPLE 6 Center of mass with variable density Find the center of mass of the 
interior of the hemisphere D of radius a with its base on the xy-plane. The density of the 
object is f(p, y, 8) = 2 — p/a (heavy near the center and light near the outer surface; 
Figure 14.75). 


SOLUTION The center of mass lies on the z-axis because of the symmetry of the solid 
and the density function; therefore, x = y = 0. Only the integrals for m and M,,, need to 
be evaluated, and they should be done in spherical coordinates. 

The integral for the mass is 


FIGURE 14.75 |i F(p, @,0) dV Definition of m 
D 


27 pr/2 pa p 
/ J / (2 = 2) p° sing dp dọ d@ Convert to an iterated integral. 
0 Jo Jo 





= 
| 








= J / (22 = æ) sin p dp dé Evaluate the inner integral. 
27 po/2 Bae | . . 
— — sin ọ dọ dé Simplify. 
0 0 12 
5a? [7 ne 
ae (—cos ọ) dé Evaluate the middle integral. 
0 
————————— 
1 
sa) 27 
— de Simplify. 
12 Jo 
Sara? 





= Evaluate the outer integral. 
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In spherical coordinates, z = p cos g, so the integral for the moment M, is 


My = III: flp., 0) dV Definition of M,, 
D 


LLG 








[ f T p Cos ~ (2 = 2 p° sing dp dg dð Convert to an iterated integral. 
0 — 


a 


sin g cos ¢ dg dé Evaluate the inner integral. 
0 


= 





[ Fx — sin sin ọ COS ¢ cos ¢ dọ dé Simplify. 





(sin taney /2 
3a* [°"/ cos 2o\ |72 . . 
= = do Evaluate the middle integral. 
10 Jo 4 0 
_ 
1/2 
aa" ff" 
= dée Simplify. 
0 J, plify 
37ra* 
— TE Evaluate the outer integral. 
= _ Mọ 3mat/10 9a 
The z-coordinate of the center of mass is z = = —,.— = — = 0.36a. It 





m 5ma?/6 25 


can be shown (Exercise 56) that the center of mass of a uniform-density hemispherical 
solid of radius a is 3a/8 = 0.375a units above the base. In this particular case, the vari- 


able density shifts the 


SECTION 14.6 EXERCISES 


Review Questions 


1. Explain how to find the balance point for two people on opposite 
ends of a (massless) plank that rests on a pivot. 

2. Ifa thin l-m cylindrical rod has a density of p = 1 g/cm for its 
left half and a density of p = 2 g/cm for its right half, what is its 
mass and where is its center of mass? 

3. Explain how to find the center of mass of a thin plate with a 
variable density. 

4. Inthe integral for the moment M, of a thin plate, why does 
y appear in the integrand? 

5. Explain how to find the center of mass of a three-dimensional 
object with a variable density. 

6. In the integral for the moment M,, with respect to the xz-plane 
of a solid, why does y appear in the integrand? 

Basic Skills 


7-8. Individual masses on a line Sketch the following systems on a 
number line and find the location of the center of mass. 


Ti 


mı = 10 kg located at x = 3 m; m) = 3 kg located at x = —1 m 


center of mass. 
Related Exercises 33—38< 


8. m = 8 kg located atx = 2 m; m, = 4kg located at x = —4 m; 
m3 = | kg located atx = Om 


9-14. One-dimensional objects Find the mass and center of mass of 
the thin rods with the following density functions. 


9 p(x) =1+sinx,forr0OSxs7 
10. p(x) = 1 +x, fr0 sxs 1 
11. p(x) = 2 — x°/16,fr0 =x = 4 
12. p(x) = 


i #o<x=9 
13. = 
eo) bhi foe xed 


2 Š 
x Lo] 7 > 1 
14. = 
p(x) a ifl<x<2 


2 + cosx,forO SxS r 


A 


IA 


15-20. Centroid calculations Find the mass and centroid (center of 
mass) of the following thin plates, assuming constant density. Sketch 
the region corresponding to the plate and indicate the location of the 
center of mass. Use symmetry when possible to simplify your work. 


15. The region bounded by y = sin x and y = 1 — sin x between 
x = 7/4and x = 37/4 
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16. The region in the first quadrant bounded by x? + y* = 16 
17. The region bounded by y = 1 — |x| and the x-axis 
18. The region bounded by y = e*,y = e *,x = O, and x = In2 


19. The region bounded by y = Inx, the x-axis, and x = e 


20. The region bounded by x? + y? = land x? + y? 
y=0 


9, for 


21-26. Variable-density plates Find the coordinates of the center of 
mass of the following plane regions with variable density. Describe the 
distribution of mass in the region. 


21. R= {(%y)0=x 54,05 y <2}; p(x, y) = 1 + x/2 
2. R= 1o97)0H=2=102y=5)* ps) — 9-9/2 


23. The triangular plate in the first quadrant bounded by x + y = 4 
with p(x,y) =1+x+y 


24. The upper half (y = 0) of the disk bounded by the circle 
x? + y? = 4 with p(x, y) = 1 + y/2 

25. The upper half (y = 0) of the plate bounded by the ellipse 
x? + Oy? = 9 with p(x,y) = 1 + y 

26. The quarter disk in the first quadrant bounded by x? + y? = 4 
with p(x,y) = 1 + x° + y? 


27—32. Center of mass of constant-density solids Find the center of 
mass of the following solids, assuming a constant density of 1. Sketch 
the region and indicate the location of the centroid. Use symmetry 
when possible and choose a convenient coordinate system. 


27. The upper half of the ball x? + y? + z? < 16 (forz = 0) 


28. The region bounded by the paraboloid z = x? + y? and the plane 
z= 25 


29. The tetrahedron in the first octant bounded by z = 1 — x — y and 
the coordinate planes 


30. The region bounded by the cone z = 16 — rand the plane z = 0 


31. The sliced solid cylinder bounded by x? + a = 1,z = 0, and 
ytz=1 

32. The region bounded by the upper half (z = 0) of the ellipsoid 
4x? + 4y? + 27 = 16 


33-38. Variable-density solids Find the coordinates of the center of 
mass of the following solids with variable density. 
33. R= {yz 05245405 y510=7= 1}; 

p(x, y,z) = 1 + x/2 


34. The region bounded by the paraboloid z = 4 — x* — y? and 
z = 0 with p(x, y,z) =5-z 


35. The region bounded by the upper half of the sphere p = 6 and 
z = 0 with density f(p, ¢,0) = 1 + p/4 


36. The interior of the cube in the first octant formed by the planes 
x = 1,y = 1,andz = 1 withp(x,y,z) =2+x+y+z 


37. The interior of the prism formed by z = x,x = 1, y = 4, and the 
coordinate planes with p(x, y,z) = 2 + y 


38. The region bounded by the cone by z = 9 — rand z = 0 with 
p(r,9,z) =1+z 


Further Explorations 
39. Explain why or why not Determine whether the following 
statements are true and give an explanation or counterexample. 


a. A thin plate of constant density that is symmetric about the 
x-axis has a center of mass with an x-coordinate of zero. 

b. A thin plate of constant density that is symmetric about both 
the x-axis and the y-axis has its center of mass at the origin. 

c. The center of mass of a thin plate must lie on the plate. 

d. The center of mass of a connected solid region (all in one 
piece) must lie within the region. 


40. Limiting center of mass A thin rod of length L has a linear 
density given by p(x) = 2e~*/? on the interval 0 = x = L. Find 
the mass and center of mass of the rod. How does the center of 
mass change as L — œ? 


41. Limiting center of mass A thin rod of length L has a linear 





10 
density given by p(x) = T on the interval 0 = x < L. 


2 
x 

Find the mass and center of mass of the rod. How does the center 
of mass change as L —> œ? 


42. Limiting center of mass A thin plate is bounded by the graphs of 
y=e*,y =-—e*,x = 0, and x = L. Find its center of mass. 
How does the center of mass change as L — œ? 


43-44. Two-dimensional plates Find the mass and center of mass of 
the thin constant-density plates shown in the figure. 





43. 44. 
(—4, 2) (4, 2) 
(—2,0) (2, 0) 
(—2,-—1) (2, —1) 
(—4, —4) (4, —4) 





45-50. Centroids Use polar coordinates to find the centroid of the 
following constant-density plane regions. 


45. The semicircular disk R = {(r,0):0Sr<2,0<60<7} 


46. The quarter-circular disk R = {(r,0):0 < r S 2, 
0<6<7/2} 


47. The region bounded by the cardioid r = 1 + cos 0 
48. The region bounded by the cardioid r = 3 — 3 cos 0 


49. The region bounded by one leaf of the rose r = sin 20, for 
C= 02 72 


50. The region bounded by the limaçon r = 2 + cos 0 


51. Semicircular wire A thin (one-dimensional) wire of constant 
density is bent into the shape of a semicircle of radius a. Find the 
location of its center of mass. 


52. Parabolic region A thin plate of unit density occupies the region 
between the parabola y = ax? and the horizontal line y = b, 
where a > O and b > 0. Show that the center of mass is 


3b\ . 
0, z , independent of a. 


53. Circular crescent Find the center of mass of the region in the 
first quadrant bounded by the circle x? + y? = a? and the lines 
x = aand y = a, wherea > 0. 


54-59. Centers of mass for general objects Consider the following 
two- and three-dimensional regions. Specify the surfaces and curves 
that bound the region, choose a convenient coordinate system, and 
compute the center of mass assuming constant density. All parameters 
are positive real numbers. 


54. A solid rectangular box has sides of length a, b, and c. Where is 
the center of mass relative to the faces of the box? 


55. A solid cone has a base with a radius of a and a height of h. How 
far from the base is the center of mass? 


56. A solid is enclosed by a hemisphere of radius a. How far from the 
base is the center of mass? 


57. A region is enclosed by an isosceles triangle with two sides of 
length s and a base of length b. How far from the base is the cen- 
ter of mass? 


58. A tetrahedron is bounded by the coordinate planes and the plane 
x/a + y/a + z/a = 1. What are the coordinates of the center of 
mass? 


59. A solid is enclosed by the upper half of an ellipsoid with a circular 
base of radius r and a height of a. How far from the base is the 
center of mass? 


Applications 

60. Geographic vs. population center Geographers measure the geo- 
graphical center of a country (which is the centroid) and the pop- 
ulation center of a country (which is the center of mass computed 
with the population density). A hypothetical country is shown in 
the figure with the location and population of five towns. Assum- 
ing no one lives outside the towns, find the geographical center of 
the country and the population center of the country. 









(—2, 2) 


Pop. = 10,000 
(2, 3) 


Pop. = 15,000 


x 
(2, 0) 
Pop. = 20,000 






(3, = 2) 
Pop. = 15,000 
Ò (4, —4) 

Pop. = 5,000 


61. Center of mass on the edge Consider the thin constant-density 
plate { (r,0):0 <<a<r<1,0 <0 = r} bounded by two 
semicircles and the x-axis. 

a. Find and graph the y-coordinate of the center of mass of the 


plate as a function of a. 
b. For what value of a is the center of mass on the edge of the plate? 


62. Center of mass on the edge Consider the constant-density solid 
{(p,ẹ,0):0 —Ceape]I0=¢0=27/2,0=0= 2a } 
bounded by two hemispheres and the xy-plane. 
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a. Find and graph the z-coordinate of the center of mass of the 
plate as a function of a. 
b. For what value of a is the center of mass on the edge of the solid? 


63. Draining a soda can A cylindrical soda can has a radius of 4 cm 
and a height of 12 cm. When the can is full of soda, the center 
of mass of the contents of the can is 6 cm above the base on the 
axis of the can (halfway along the axis of the can). As the can is 
drained, the center of mass descends for a while. However, when 
the can is empty (filled only with air), the center of mass is once 
again 6 cm above the base on the axis of the can. Find the depth of 
soda in the can for which the center of mass is at its lowest point. 
Neglect the mass of the can, and assume the density of the soda is 
1 g/cm? and the density of air is 0.001 g/cm’. 


Additional Exercises 

64. Triangle medians A triangular region has a base that connects 
the vertices (0, 0) and (b, 0), and a third vertex at (a, h), where 
a>0,b>0O,andh > 0. 


l . {atbh 

a. Show that the centroid of the triangle is (= s o) 

b. Recall that the three medians of a triangle extend from each 
vertex to the midpoint of the opposite side. Knowing that 
the medians of a triangle intersect in a point M and that each 
median bisects the triangle, conclude that the centroid of the 
triangle is M. 


65. The golden earring A disk of radius r is removed from a larger 
disk of radius R to form an earring (see figure). Assume the 
earring is a thin plate of uniform density. 


a. Find the center of mass of the earring in terms of r and R. 
(Hint: Place the origin of a coordinate system either at the 
center of the large disk or at Q; either way, the earring is 
symmetric about the x-axis.) 

b. Show that the ratio R/r such that the center of mass lies at 
the point P (on the edge of the inner disk) is the golden mean 
(1 + V5)/2 = 1.618. 


(Source: P. Glaister, “Golden Earrings,” Mathematical Gazette 
80 (1996): 224—225) 








HECK ANSWERS 


1.3m_ 3. Itisheaviest atx = Oandlightestatx = 3. 4. The 
distance from the point (x, y) to the y-axis is x. The constant 
density appears in the integral for the moment, and it appears in 
the integral for the mass. Therefore, the density cancels when we 
divide the two integrals. 5. The distance from the xy-plane to a 
point (x, y, Z) is z.<« 
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14.7 Change of Variables in Multiple Integrals 


Converting double integrals from rectangular coordinates to polar coordinates (Sec- 
tion 14.3) and converting triple integrals from rectangular coordinates to cylindrical or 
spherical coordinates (Section 14.5) are examples of a general procedure known as a 
change of variables. The idea is not new: The Substitution Rule introduced in Chapter 5 
with single-variable integrals is also an example of a change of variables. The aim of 
this section is to show how to change variables in double and triple integrals. 


Recap of Change of Variables 

Recall how a change of variables is used to simplify a single-variable integral. For example, 
to simplify the integral I 92V 2x + 1 dx, we choose a new variable u = 2x + 1, which 
means that du = 2 dx. Therefore, 


1 3 
[overt tac= | Vadu 
0 1 


This equality means that the area under the curve y = 2V2x + 1 from x = Otox = 1 
equals the area under the curve y = Vu from u = 1 to u = 3 (Figure 14.76). The rela- 
tion du = 2 dx relates the length of a small interval on the w-axis to the length of the cor- 
responding interval on the x-axis. 





1 3 
Area = | 2V2x + Idx = | Vu du = Area 
0 1 


FIGURE 14.76 


Similarly, some double and triple integrals can be simplified through a change of 
variables. For example, the region of integration for 


L gVisx m 
/ / ea dy dx 
0 Jo 


is the quarter disk R = {(x,y):x = 0,y = 0,x* + y* < 1}. Changing variables to po- 
lar coordinates with x = r cos 0, y = r sin 0, and dy dx = r dr d0, we have 


x = rcos@ 2 pl 
1 pV1-x% n y=rsind ʻ TE 
If e!-*-Y dy dx = e ' rdrdoé. 
0 0 
0 0 


In this case, the original region of integration R is transformed into a new region 
S= {(r,0):0 Sr = 1,0 <60 S 7/2}, whichis a rectangle in the r6-plane. 






| nf 


FIGURE 14.77 


» In Example 1, we have replaced the 
coordinates u and v by the familiar polar 


coordinates r and 0. 





FIGURE 14.78 





of S$ change in Example 1 if S = 


{(7,0):0=r<e10s0=7}?%<« 


QUICK CHECK 1 How would the image 
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Transformations in the Plane 
A change of variables in a double integral is a transformation that relates two sets of vari- 
ables, (u, v) and (x, y). Itis written compactly as (x, y) = T(u, v). Because it relates pairs 
of variables, T has two components, 

T:x = g(u,v) and y= h(u,v). 


Geometrically, T takes a region S in the uv-plane and “maps” it point by point to a region 
R in the xy-plane (Figure 14.77). We write the outcome of this process as R = T(S) and 
call R the image of S under T. 


EXAMPLE 1 Image of a transformation Consider the transformation from polar to 
rectangular coordinates given by 


T: x = g(r,0) =rcos@ and y= h(r,0) = rsinð. 
Find the image under this transformation of the rectangle 
S= {(7,6):0srs10s6<7/2}. 


SOLUTION If we apply T to every point of S (Figure 14.78), what is the resulting set R in 
the xy-plane? One way to answer this question is to walk around the boundary of S, let’ s 
say counterclockwise, and determine the corresponding path in the xy-plane. In the 
rĝ-plane, we let the horizontal axis be the r-axis and the vertical axis be the 0-axis. 
Starting at the origin, we denote the edges of the rectangle S as follows. 


A= {(r,6):0=r=1,6=0} Lower boundary 


B feo) r=1,0s0= z) Right boundary 


A 


T 
C= {(7.0):0 <=r=1,0= z) Upper boundary 


i 
0,0 s0 < z) Left boundary 


p= {tors 


Table 14.6 shows the effect of the transformation on the four boundaries of S; the corre- 
sponding boundaries of R in the xy-plane are denoted A’, B’, C’, and D’ (Figure 14.78). 


Table 14.6 
Boundary of S in Transformation Boundary of R in 
r@-plane equations xy-plane 
A: O0OSr=1,0=0 x = rcosé =r, A’: OS x=1y=0 
y =rsiné = 0 
B: r=1,05087/2 x = rcos@ = cos ®@, B’: quarter unit circle 
y = rsin@ = sin@ 
C: OS r=1,0=7/2 x =rcosé = 0, C: x=0,0Sye1 
y=rsnd=r 
D: r=0,05=05 7/2 x = rcosé = 0, D’: single point (0, 0) 
y = rsind = 0 


The image of the rectangular boundary of S$ is the boundary of R. Furthermore, it can 

be shown that every point in the interior of R is the image of one point in the interior of S. 
Therefore, the image of S$ is the quarter disk R in the xy-plane. 

Related Exercises 5—l6< 


1056 CHAPTER 14 © MULTIPLE INTEGRATION 


» The Jacobian is named after the German 
mathematician Carl Gustav Jacob 
Jacobi (1804—1851). In some books, 
the Jacobian is the matrix of partial 
derivatives. In others, as here, the 
Jacobian is the determinant of the matrix 
of partial derivatives. Both J(u, v) and 
a(x, y 


d(u, v) 





are used to refer to the Jacobian. 





2 Find J(u, v) if 


QUICK CHECK 2 


x=utyvy = 2v.< 


» The condition that g and h have 
continuous first partial derivatives 
ensures that the new integrand is 
integrable. 


» In the integral over R, dA corresponds 
to dx dy. In the integral over S, dA 
corresponds to du dv. The relation 
dx dy = |J| du dv is the analog of 
du = g'(x) dx ina change of variables 
with one variable. 


Recall that a function f is one-to-one on an interval I if f(x,;) = f(x.) only when 
xı = X2, where x, and x, are points of 7. We need an analogous property for transforma- 
tions when changing variables. 


DEFINITION One-to-One Transformation 


A transformation T from a region S to a region R is one-to-one on S if T(P) = T(Q) 


only when P = Q, where P and Q are points in S. 





Notice that the polar coordinate transformation in Example 1 is not one-to-one on the 
rectangle S = {(r,0):0 <r <1,0 <60 S w/2} (because all points with r = 0 map 
to the point (0, 0)). However, this transformation is one-to-one on the interior of S. 

We can now anticipate how a transformation (change of variables) is used to simplify 
a double integral. Suppose we have the integral [pfx y) dA. The goal is to find a 
transformation to a new set of coordinates (u, v) such that the new equivalent integral 
J j sf(x(u, v), y(u, v)) dA involves a simple region S (such as a rectangle), a simple inte- 
grand, or both. The next theorem allows us to do exactly that, but it first requires a new 
concept. 


DEFINITION Jacobian Determinant of a Transformation of Two Variables 


Given a transformation T: x = g(u, v), y = h(u, v), where g and / are differentiable 
on a region of the uv-plane, the Jacobian determinant (or Jacobian) of T is 


a A 
a(x, y) _ ðu ð| dx dy — dx dy 


afu, v) dy əy du dv av ou 
ðu ðv 


J(u, v) = 





The Jacobian is easiest to remember as the determinant of a 2 X 2 matrix of partial 
derivatives. With the Jacobian in hand, we can state the change-of-variables rule for 
double integrals. 


THEOREM 14.8 Change of Variables for Double Integrals 

Let T: x = g(u, v), y = h(u, v) be a transformation that maps a closed bounded 
region S in the uv-plane onto a region R in the xy-plane. Assume that T is one-to- 
one on the interior of S and that g and h have continuous first partial derivatives 


there. If f is continuous on R, then 


f| ræsa = | Ketv) nu) yu va 





The proof of this result is technical and is found in advanced texts. The factor | J(u, v) | 
that appears in the second integral is the absolute value of the Jacobian. Matching the area 
elements in the two integrals of Theorem 14.8, we see that dx dy = | J(u, v) | du dv. This 
expression shows that the Jacobian is a magnification (or reduction) factor: It relates the 
area of a small region dx dy in the xy-plane to the area of the corresponding region du dv 
in the uv-plane. If the transformation equations are linear, then this relationship is exact 
in the sense that area(7(S)) = |J(u, v) | area(S) (see Exercise 60). The way in which the 
Jacobian arises is explored in Exercise 61. 
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EXAMPLE 2 Jacobian of the polar-to-rectangular transformation Compute the 
Jacobian of the transformation 


T: x = g(r,0) = r cos ð, y = h(r,0) = rsin ð. 


SOLUTION The necessary partial derivatives are 





ox ax dy dy 

— = cos 8, — = —r sin 0, — = sin, — = rcosð. 

or 00 or 00 

Therefore, 
ax ax 
O( x, dr 00 cos@ —rsiné 
J(r, 0) = 9) = =|. = r(cos’ 0 + sin? 0) = r. 

(r, 0) dy oy sinô  rcosé 





or 0 


This determinant calculation confirms the change-of-variables formula for polar coordi- 
nates: dx dy becomes r dr dé. 
Related Exercises 17—26< 


We are now ready for a change of variables. To transform the integral fi f Rf(x, y) dA 
into [f f(x(u, v), y(u, v))| J(u, v) | dA, we must find the transformation x = g(u, v) and 
y = h(u, v), and then use it to find the new region of integration S. The next example 
illustrates how the region S is found, assuming the transformation is given. 


EXAMPLE 3 Double integral with a change of variables given Evaluate the 
integral J f p V2x(y — 2x) dA, where R is the parallelogram in the xy-plane with vertices 





FIGURE 14.79 (0, 0), (0, 1), (2, 4), and (2, 5) (Figure 14.79). Use the transformation 
T:x = 2u,y = 4u + v. 
» The relations that “go the other direction” SOLUTION To what region S in the uv-plane is R mapped? Because T takes points in the 
comprise the inverse transformation, uv-plane and assigns them to points in the xy-plane, we must reverse the process by solv- 
usually denoted T '. ing x = 2u,y = 4u + v for u and v. 


: 7 x 
First equation: x = 2u => u = > 


Second equation: y = 4u + v > v = y — 4u = y— 2x 


Table 14.7 Rather than walk around the boundary of R in the xy-plane to determine the resulting 
(x,y) (u,v) region S in the uv-plane, it suffices to find the images of the vertices of R. You should 
(0,0) (0, 0) confirm that the vertices map as shown in Table 14.7. | 
(0, 1) (0, 1) Connecting the points in the uv-plane in order, we see that S is the unit square 
(0,5) (1,1) {(u,v):0 <u <= 1,0 <v <1} (Figure 14.79). These inequalities determine the 
(2, 4) (1, 0) limits of integration in the uv-plane. 


Replacing 2x by 4u and y — 2x by v, the original integrand becomes 


V2x(y — 2x) = V4uv. The Jacobian is 


ax ax 
i) ðu OV] ; g 5 
aad dy oy 4 1 l 


ou OV 
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> T is an example of a shearing 
transformation. The greater the 
u-coordinate of a point, the more that 
point is displaced in the v-direction. It 
also involves a uniform stretch in the 
u-direction. 





FIGURE 14.81 


The integration now follows: 


—— 


I ATE E i V4uv |J(u,v)|dA Change variables. 
- S 


i ai 
= / J V4uv 2 du dv Convert to an iterated integral. 
0 J0 


i5 
VERTES 
» 3 
2 y3/2 
2 (x32) 


The effect of the change of variables is illustrated in Figure 14.80, where we see the 
surface z = V2x(y — 2x) over the region R and the surface w = 2V4uv over the 
region S. The volumes of the solids beneath the two surfaces are equal, but the integral 
over S is easier to evaluate. 


dv Evaluate the inner integral. 





16 


= —, Evaluate the outer integral. 
0 





Il 
w | o0 


= V 2x(y — 2x) 





[| VIO d = | | 2V Faw du dv 
F 0%0 


FIGURE 14.80 
Related Exercises 27—-30< 





K 3 Solve the equations u = x + y,v = —x + 2y for x and y.< 


In Example 3, the required transformation was given. More practically, we must 
deduce an appropriate transformation from the form of either the integrand or the region 
of integration. 


EXAMPLE 4 Change of variables determined by the integrand Evaluate 


a 
J T E E dA, where R is the square with vertices (0, 0), (1,—1), (2, 0), and 
5; el 


(1, 1) (Figure 14.81). 


SOLUTION Evaluating the integral as it stands requires splitting the region R into two 
subregions; furthermore, the integrand presents difficulties. The terms x + y and x — y 
in the integrand suggest the new variables 


u=x—y and v=xty. 


» The transformation in Example 4 is a 
rotation. It rotates the points of R about 
the origin 45° in the counterclockwise 
direction (it also increases lengths by 
a factor of V2). In this example, the 
change of variables u = x + y and 
v = x — y would work just as well. 


» An appropriate change of variables for 
a double integral is not always obvious. 
Some trial and error is often needed 
to come up with a transformation that 
simplifies the integrand and/or the 
region of integration. Strategies are 
discussed at the end of this section. 





QUICK CHECK 4 In Example 4, what is 
the ratio of the area of S to the area of 
R? How is this ratio related to J? < 





u=x-y x = (u + v)/2 
| p VO — u)/2 





FIGURE 14.82 
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To determine the region S in the uv-plane that corresponds to R under this transforma- 
tion, we find the images of the vertices of R in the uv-plane and connect them in order. 
The result is the square S = { oy Cate Zoe ys 2 }. Before computing the 
Jacobian, we express x and y in terms of u and v. Adding the two equations and solving 
for x, we have x = (u + v)/2. Subtracting the two equations and solving for y gives 

y = (v — u)/2. The Jacobian now follows: 





oe + = 
jae ðu ov} fF 2 2) 1 
eee fay a aaf 2 
ðu OV Zz 2 
' ' ' ae X— Yy u 
With the choice of new variables, the original integrand ./-———— becomes . 
x+y+1 v+1 


The integration in the uv-plane may now be done: 


X= y 
f (=e 
xP ye 
R 





i . |J(u, v)| dA Change of variables 
S 











v+ 1 
2 22 > 4 
= J / a) 4 z“ dv Convert to an iterated integral. 
ovo VY 
If“ 2 f 
= / (v + 1)? = (u?) dv Evaluate the inner integral. 
93/2 2 
= 3 2i + 1)" : Evaluate the outer integral. 
0 
4V2 
= =| (v3 -— 1). Simplify. 


Related Exercises 31—36 < 


EXAMPLE 5 Change of variables determined by the region Let R be the region 
in the first quadrant bounded by the parabolas x = y?, x = y* — 4,x = 9 — y’, and 
x = 16 — y’ (Figure 14.82). Evaluate i. y” dA. 


SOLUTION Notice that the bounding curves may be written as x — y? = 0, 

x—y? = —4, x + y? = 9, and x + y? = 16. The first two parabolas have the form 
= y C, where C is a constant, which suggests the new variable u = x — ae 
The last two parabolas have the form x + y% = C, which suggests the new variable 
v=x+ y. Therefore, the new variables are 


u=x-y’, v=x+ y? 


The boundary curves of S are u = —4,u = 0,v = 9, and v = 16. Therefore, the new 
regionis S = { (u, v):—4 <u < 0,9 < v < 16} (Figure 14.82). To compute the 
Jacobian, we must find the transformation T by writing x and y in terms of u and v. 
Solving for x and y, and observing that y = 0 for all points in R, we find that 


u +v v—u 
y = 


T: x= ; 
2 2 








The points of S satisfy v > u, so Vv — wis defined. Now the Jacobian may be computed: 


ôx x 1 l 
n ) ðu OV 2 2 1 
u,v) = = = —_——., 
dy oy 1 1 22 =a) 








ðu av 2V2 =u) 2V2(v =u) 
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» Recall that by expanding about the first 
row, 


Qi; 412) 413 


a9; An 433 








a3; 432 433 
T a11(422433 E a23432) 
= 12( 471433 E 7331) 


+ 13( 21432 — 422431). 


The change of variables proceeds as follows: 


16 0 
> v—u 1 l l 
dA = —————— dudv Convert to an iterated integral. 
l í J J, 2 AVV =) E 
pi 


R a ee 6, HM 
y (wu, v)| 


16 0 
1 
-i Vv — u du dv Simplify. 
a] a aiti 








0 
dv Evaluate the inner integral. 
—4 


16 
= zas |, Ce- 





16 

1 
= ai ((v + 4)??? — v3?) dv Simplify. 

9 

1 2 s/o _ .5/r,| 

= aes (P F4 =p] Evaluate the outer integral. 
9 

2 
= Y2 (32.557 — 135/2 — 781) Simplify. 
~ 18.79 


Related Exercises 31—36< 


Change of Variables in Triple Integrals 


With triple integrals, we work with a transformation T of the form 
T. x = g(u,v,w), y = h(u,v,w), z= p(u,v,w). 


In this case, T maps a region S in uvw-space to a region D in xyz-space. As before, the 
goal is to transform the integral f f f p f(x, y, z) dV into a new integral over the region S that 
is easier to evaluate. First, we need a Jacobian. 


DEFINITION Jacobian Determinant of a Transformation of Three Variables 


Given a transformation T: x = g(u, v, w), y = h(u, v,w), and z = p(u, v, w), where 
g, h, and p are differentiable on a region of uvw-space, the Jacobian determinant 
(or Jacobian) of T is 


xe 


ðu ðv ðw 
dy Əy oy 
ðu av w| 
ðZ OZ &z 
ðu ðv ðw 





The Jacobian is evaluated as a 3 X 3 determinant and is a function of u, v, and w. 
A change of variables with respect to three variables proceeds in analogy to the two- 
variable case. 


» If we match the elements of 
volume in both integrals, then 
dx dy dz = |J(u, v, w)| du dv dw. As 
before, the Jacobian is a magnification 
(or reduction) factor, now relating the 
volume of a small region in xyz-space to 
the volume of the corresponding region 
in uvw-space. 


» To see that triple integrals in cylindrical 
and spherical coordinates as derived 
in Section 14.5 are consistent with this 


change of variable formulation, see 
Exercises 46 and 47. 








(b) 
FIGURE 14.83 


» Itis easiest to expand this determinant 
about the third row. 
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THEOREM 14.9 Change of Variables for Triple Integrals 

Let T:x = g(u,v,w),y = h(u,v,w), and z = p(u, v, w) be a transformation 
that maps a closed bounded region S in uvw-space to a region D = T(S) in 
xyz-space. Assume that T is one-to-one on the interior of S and that g, h, and 
p have continuous first partial derivatives there. If f 1s continuous on D, then 


Jiji y, z) dV 


— [If Ae v, w), h(u, v, w), p(u, v, w)) | J(u, v, w) | dV. 





EXAMPLE 6 A triple integral Use a change of variables to evaluate f f f aoe. 
where D is a parallelepiped bounded by the planes 


y= x, y=x- 2, Zz = x, z=x+3, z=0, and z= 4 
(Figure 14.83a). 
SOLUTION The key is to note that D is bounded by three pairs of parallel planes. 
e y— x= Oandy-x=2 
ez—x=Q0andz-x=3 
e z = O andz = 4 
These combinations of variables suggest the new variables 
u = y-—x, v=z-—x, and w =z. 
With this choice, the new region of integration (Figure 14.83b) is the rectangular box 
5 = { (u,v, w): 0 S72 0S 7 = 3,02 "= 4}. 


To compute the Jacobian, we must express x, y, and z in terms of u, v, and w. A few steps 
of algebra lead to the transformation 


T: x=w-yy=u-vt+w, and z = w. 


The resulting Jacobian is 


Ou ðv ow 
3 ; 3 O0 —1 1 
J(u, v, w) = 7 - =j -1 1/=1. 
u v w 
0 QO 1 
Zz z OK 
Ou ðv ðw 


Noting that the integrand is xz = (w — v)w = w? 


evaluated: 


E dV = [foe — vw) | J(u, v, w) | dV Change variables. 
L 5 


4. 48. y2 
= f / J (w? — vw) 1 dudvdw Convert to an iterated integral. 
0/0 JH oe 
|J(u, v, w)| 


— vw, the integral may now be 
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» Inverting the transformation means 
solving for x and y in terms of u and v, or 
vice versa. 


4 p3 
J / 2(w* — vw) dv dw Evaluate the inner integral. 
0 Jo 


dw Evaluate the middle integral. 


(wr 
4 
9 
=?) / (sw? — =) dw Simplify. 
0 








2 
= (w = x) i = 56. Evaluate the outer integral. 
0 
Related Exercises 37-44< 
QUICK CHECK 5 Interpret a Jacobian with a value of 1 (as in Example 6). < 





Strategies for Choosing New Variables 


Sometimes a change of variables simplifies the integrand but leads to an awkward region 
of integration. Conversely, the new region of integration may be simplified at the expense 
of additional complications in the integrand. Here are a few suggestions for finding new 
variables of integration. The observations are made with respect to double integrals, but 
they also apply to triple integrals. As before, R is the original region of integration in the 
xy-plane and S is the new region in the uv-plane. 


1. Aim for simple regions of integration in the uv-plane The new region of integration 
in the uv-plane should be as simple as possible. Double integrals are easiest to evaluate 
over rectangular regions with sides parallel to the coordinate axes. 


2. Is (x,y) — (u,v) or (u,v) — (x,y) better? For some problems it is easiest to write 
(x, y) as functions of (u, v); in other cases the opposite is true. Depending on the prob- 
lem, inverting the transformation (finding relations that go in the opposite direction) 
may be easy, difficult, or impossible. 


e If you know (x, y) in terms of (u, v) (that is, x = g(u, v) and y = h(u, v)), then 
computing the Jacobian is straightforward, as is sketching the region R given the 
region S. However, the transformation must be inverted to determine the shape of S. 

e If you know (u, v) in terms of (x, y) (that is, u = G(x, y) and v = A(x, y)), then 
sketching the region S is straightforward. However, the transformation must be 
inverted to compute the Jacobian. 


3. Let the integrand suggest new variables New variables are often chosen to simplify 


ed 
the integrand. For example, the integrand , | ri > calls for new variables u = x — y 
XTY 





and v = x + y (oru =x + y,v =x — y). There is, however, no guarantee that this 
change of variables will simplify the region of integration. In cases in which only one 
combination of variables appears, let one new variable be that combination and let the 
other new variable be unchanged. For example, if the integrand is (x + 4y)?/ ? try let- 
ting u = x + 4y and v = y. 


4. Let the region suggest new variables Example 5 illustrates an ideal situation. It oc- 
curs when the region R is bounded by two pairs of “parallel” curves in the families 
g(x,y) = C, and h(x, y) = C, (Figure 14.84). In this case the new region of integra- 
tion is a rectangle S = {(u,v):a, S u S a,b, = v S bo}, where u = g(x,y) and 
v = h(x,y). 








FIGURE 14.84 


A(x, y) = b} 


h(x, y) = b, 
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B(x, y) = ay g(x,y) =a, 
h(x, y) = b, 


poy =A g(x,y) = a, 


h(x, y) = b, 





Parallelograms and regions 
v between “parallel”? curves 
map to rectangles in uv-plane. 


As another example, suppose the region is bounded by the lines y = x (or y/x = 1) 
and y = 2x (or y/x = 2) and by the hyperbolas xy = 1 and xy = 3. Then the new vari- 
ables should be u = xy and v = y/x (or vice versa). The new region of integration is the 
rectangle S = { (u,v): 1 suz 3 lisy Dt. 


SECTION 14.7 EXERCISES 


Review Questions 
1. Suppose S is the unit square in the first quadrant of the uv-plane. 
Describe the image of the transformation T: x = 2u, y = 2v. 


2. Explain how to compute the Jacobian of the transformation 
T: x = g(u,v),y = h(u, v). 


3. Using the transformation 7: x = u + v,y = u — v, the image 
of the unit square S$ = { (u,v): 0 =<y=1.0=yv= 1} isa 
region R in the xy-plane. Explain how to change variables in the 
integral I f pt (x, y) dA to find a new integral over S. 


4. Suppose S is the unit cube in the first octant of uvw-space with 
one vertex at the origin. Describe the image of the transformation 
T:x = u/2,y = v/2,z = w/2. 


Basic Skills 

5-12. Transforming a square Let S = {(u,v):0 <u <1, 

0 <v < 1} beaunit square in the uv-plane. Find the image of S in 
the xy-plane under the following transformations. 


5. T:x = 2u,y = v/2 


T:x =-u,y = —v 


T: x 


6 

7. T:x= (u + v)/2,y = (u — v)/2 
8 2u+v,y = 2u 

9 


2 


T:x = ue — v, y = 2uv 


10. T:x = 2uv,y = u? — vy? 


11. T:x = ucos (mv), y = usin (mv) 
12. T:x = vsin (mu), y = v cos (mu) 


13-16. Images of regions Find the image R in the xy-plane of the 
region S using the given transformation T. Sketch both R and S. 


13. S= {(u,v):v < 1 —u,u=0,v= 0}; (ke oe 
14. S= { (u,v): u? + a i}; T:x = 2u, y = 4v 


15. 5 = { (u,v): 1 4 = 32=v=e4}: T:x =u/v,y =v 
16. S= {(u,v):2 


IA 


u=3,3<=v=6}; T:x=uy=v/u 


17-22. Computing Jacobians Compute the Jacobian J(u, v) for the 
following transformations. 


17. T:x = 3u,y = —3v 
18. T:x = 4&,y = —2u 
19. T:x = 2uv,y = u? — y? 
20. T:x 
21. T:x 


22; 1% 


u cos (mv), y = usin (mv) 
(u + v)/V2,y = (u — v)/V2 


ujv, y =v 
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23-26. Solve and compute Jacobians Solve the following relations for 
x and y, and compute the Jacobian J(u, v). 


23. u=xt+yv=2x-y 24. u=xy,v=x 
25. u = 2x —-3yv=y-x 26. u = x + 4y, v = 3x + 2y 


27-30. Double integrals—transformation given To evaluate the fol- 
lowing integrals carry out these steps. 


a. Sketch the original region of integration R in the xy-plane and the 
new region S in the uv-plane using the given change of variables. 

b. Find the limits of integration for the new integral with respect to u 
and v. 

c. Compute the Jacobian. 

d. Change variables and evaluate the new integral. 


27. i xy dA, where R is the square with vertices (0, 0), (1, 1), 
(2,0), and (1,—1); use x = u + v, y = u — v. 

28. || va. where R= {(x,y):0SxS2,x5ysx+4}; 
use x = 2u,y = 4v + 2u. 

29. | x°Vx + 2y dA, where 


R 
R= {(x%,y):0 = x = 2,-x/2 = y = 1 — x }; use 
x=2u,y=v-u. 


30. | xy dA, where R is bounded by the ellipse 9x? + Aye = 36; 
R 


use x = 2u,y = 3v. 


31-36. Double integrals—your choice of transformation Evaluate 
the following integrals using a change of variables of your choice. 
Sketch the original and new regions of integration, R and S. 


1 pyt2 
31. J J Wx = ydrdy 
0 vy 


32. i Vy? — x° dA, where R is the diamond bounded by 
R 


y-x=0O0,y-x=2,y+x=O0,andy+x=2 
yox V | 
33. ————— ] dA, where R is the parallelogram bounded 
y+2x+ 1 

R 

byy-x=1ly-—x=2,y + 2x =0,andy + 2x = 4 
34. i e° dA, where R is the region bounded by the hyperbolas 

R 

xy = l and xy = 4, and the lines y/x = 1 and y/x = 3 
35. i xy dA, where R is the region bounded by the hyperbolas 

xy = l and xy = 4, and the lines y = 1 and y = 3 


36. | (x — y) Vx — 2y dA, where R is the triangular region 
R 


bounded by y = 0,x — 2y = 0, andx — y= 1 


37-40. Jacobians in three variables Evaluate the Jacobians J(u, v, w) 
for the following transformations. 


37. x=vtwy=utwez=uty 

38. x =utv-wey=u-vt+w,z=-ut+vt+w 
39. x =w,y = uw,z = u? — v? 
40. u=x-yv=x-zw=yrtz (Solve for x, y, and z first.) 


41-44. Triple integrals Use a change of variables to evaluate the 
following integrals. 


41. I xy dV; D is bounded by the planes y — x = O, 


D 
y-x=2,z-y=0,z-y=1,z = 0,andz = 3. 


42. Jj a D is bounded by the planes y — 2x = 0, y — 2x = 1, 
z — 3y = 0,z — 3y = 1,z — 4x = 0,andz — 4x = 3. 

43. mi z dV; D is bounded by the paraboloid z = 16 — x? — 4y? 
and the xy-plane. Use x = 4u cos v, y = 2u sin v, z = w. 

44. Ij dV; D is bounded by the upper half of the ellipsoid 


D 
x?/9 + y?/4 + z? = 1 and the xy-plane. Use x = 3u, 
y = 2v,z = w. 


Further Explorations 
45. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. If the transformation T: x = g(u, v), y = h(u, v) is linear in u 
and v, then the Jacobian is a constant. 

b. The transformation x = au + bv,y = cu + dv generally 
maps triangular regions to triangular regions. 

c. The transformation x = 2v, y = —2u maps circles to circles. 


46. Cylindrical coordinates Evaluate the Jacobian for the trans- 
formation from cylindrical coordinates (r, 0, Z) to rectangular 
coordinates (x, y, z): x = r cos 0, y = r sin 0,z = Z. Show that 
J(r,0,Z) =r. 


47. Spherical coordinates Evaluate the Jacobian for the trans- 
formation from spherical to rectangular coordinates: 
x = psin ọ cos, y = p sin ọ sin 0,z = p cos g. Show that 
J(p, p,0) = p* sing. 
48-52. Ellipse problems Let R be the region bounded by the ellipse 
x?/a* + y?/b? = 1, where a > O and b > 0 are real numbers. Let T 
be the transformation x = au, y = bv. 


48. Find the area of R. 


49. Evaluate i |xy| dA. 
R 


50. Find the center of mass of the upper half of R (y = 0) assuming it 
has a constant density. 


51. Find the average square of the distance between points of R and 
the origin. 


52. Find the average distance between points in the upper half of 


R and the x-axis. 


53-56. Ellipsoid problems Let D be the region bounded by the 
ellipsoid x” /a? + y*/b* + z*/c? = 1, where a > 0,b > 0, 
and c > O are real numbers. Let T be the transformation 


xX = 


53. 


54. 


SD. 


56. 


S7: 


au, y = bv,z = cw. 


Find the volume of D. 


Evaluate Ij |xyz| dA. 
D 


Find the center of mass of the upper half of D (z = 0) assuming 
it has a constant density. 


Find the average square of the distance between points of D and 
the origin. 


Parabolic coordinates Let T be the transformation x = u? — v? 


y = 2uv. 
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a. Show that the lines u = a in the uv-plane map to parabolas in 
the xy-plane that open in the negative x-direction with vertices 
on the positive x-axis. 

b. Show that the lines v = b in the uv-plane map to parabolas in 
the xy-plane that open in the positive x-direction with vertices 
on the negative x-axis. 

c. Evaluate J(u, v). 

d. Use a change of variables to find the area of the region 
bounded by x = 4 — y?/16 and x = y*/4 — 1. 

e. Use a change of variables to find the area of the curved 
rectangle above the x-axis bounded by x = 4 — y?/16, 

x = 9 — y?/36,x = y*/4 — 1, and x = y?/64 — 16. 

f. Describe the effect of the transformation x = 2uv, 

y = u? — v? on horizontal and vertical lines in the wv-plane. 


Applications 


58. 


59. 


Shear transformations in R° The transformation T in R? given 
by x = au + bv, y = cv, where a, b, and c are positive real 
numbers, is a shear transformation. Let S be the unit square 
{(u,v):0 <u <=1,0 =v <1}. LetR = T(S) be the image 
of S. 


a. Explain with pictures the effect of T on S. 

b. Compute the Jacobian of T. 

c. Find the area of R and compare it to the area of S (which is 1). 

d. Assuming a constant density, find the center of mass of R (in 
terms of a, b, and c) and compare it to the center of mass of S 
(which is (5, 4)). 

e. Find an analogous transformation that gives a shear in the 
y-direction. 


Shear transformations in R? The transformation T in R? given by 


x = au + bv + cw, y = dv + ew, Z = wW, 


where a, b, c, d, and e are positive real numbers, is one of 
many possible shear transformations in R°. Let S be the unit 
cube { (u,v, w): 0 S72 10= 72 1,027 = 1}. Let 
D = T(S) be the image of S. 

a. Explain with pictures and words the effect of T on S. 

b. Compute the Jacobian of T. 


c. Find the volume of D and compare it to the volume of S 
(which is 1). 
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d. Assuming a constant density, find the center of mass of D and 


compare it to the center of mass of S (which is o L 5)). 


Additional Exercises 
60. Linear transformations Consider the linear transformation T in 


6l. 


R? given by x = au + bv,y = cu + dv, where a, b, c, and d are 
real numbers, with ad # bc. 


a. Find the Jacobian of T. 

b. Let S be the square in the uv-plane with vertices (0, 0), 
(1,0), (0, 1), and (1, 1), and let R = T(S). Show that 
area(R) = |J(u, v)|. 

c. Let £ be the line segment joining the points P and Q in the 
uv-plane. Show that T(€) (the image of € under T) is the line 
segment joining T(P) and T(Q) in the xy-plane. (Hint: Use 
vectors.) 

d. Show that if S is a parallelogram in the uv-plane and 
R = T(S), then area(R) = |J(u, v)| area( S). (Hint: Without 
loss of generality, assume the vertices of S are (0, 0), (A, 0), 
(B, C), and (A + B,C), where A, B, and C are positive, and 
use vectors.) 


Meaning of the Jacobian The Jacobian is a magnification 

(or reduction) factor that relates the area of a small region near 

the point (u, v) to the area of the image of that region near the 

point (x, y). 

a. Suppose S is a rectangle in the wv-plane with vertices O(0, 0), 
P(Au, 0), (Au, Av), and Q(0, Av) (see figure). The image 
of S under the transformation x = g(u,v),y = h(u,v) isa 
region R in the xy-plane. Let O’, P’, and Q’ be the images of 
O, P, and Q, respectively, in the xy-plane, where O’, 

P’, and Q? do not all lie on the same line. Explain why 
the coordinates of O’, P’, and Q’ are (g(0, 0), A(0, 0)), 
(g( Au, 0), h( Au, 0)), and (g(0, Av), A(0, Av)), respectively. 

b. Use a Taylor series in both variables to show that 


g(Au,0) = g(0,0) + g,(0,0)Au 
g(0, Av) = g(0,0) + g,(0,0)Av 
h(Au,0) = h(0,0) + h,(0, 0)Au 
h(0, Av) = h(0,0) + h,(0, 0) Av 


d. 
where g,,(0, 0) is evaluated at (0, 0), with similar 
u 


meanings for g,, A, and h,. 

c. Consider the vectors O'P’ and 00’ and the parallelogram, 
two of whose sides are O’P’and O'Q’. Use the cross product 
to show that the area of the parallelogram is approximately 
J(u, v)| Au Av. 

d. Explain why the ratio of the area of R to the area of S is 
approximately | J(u, v) |. 





62. Open and closed boxes Consider the region R bounded by three 


pairs of parallel planes: ax + by = 0, ax + by = 1, cx + dz = 0, 
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cx + dz = l,ey + fz = 0, and ey + fz = 1, where a, b, c, d, e, 
and f are real numbers. For the purposes of evaluating triple inte- 
grals, when do these six planes bound a finite region? Carry out the 
following steps. 


a. Find three vectors n,, n), and n, each of which is normal to 
one of the three pairs of planes. 

b. Show that the three normal vectors lie in a plane if their triple 
scalar product n; * (n, X n3) is zero. 

c. Show that the three normal vectors lie in a plane if 
ade + bcf = 0. 

d. Assuming n,, N5, and n; lie in a plane P, find a vector N that is 
normal to P. Explain why a line in the direction of N does not 
intersect any of the six planes, and thus the six planes do not 
form a bounded region. 





Gs \ags v5 REVIEW EXERCISES 


1. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. Assuming g is integrable and a, b, c, and d are constants, 


[ [es dx dy = (Jea a)( f st) iv). 


b. {(p,9,8):9 = 7/2} = {(7,6,z):z = OF = 
1 ze = OF 

c. The transformation T: x = v, y = —u maps a square in the uv- 
plane into a triangle in the xy-plane. 


2—4. Evaluating integrals Evaluate the following integrals as they are 


written. 
2 p4 o 3 P 

PA || maa 3. JJ — dy dx 
1 1 oe ey) iit F 


2 plnx 
4. J J xe dy dx 
1J0 


5-7. Changing the order of integration Assuming f is integrable, 
change the order of integration in the following integrals. 


1 pl 2 pi 
5, / [fo dy dx 6. JJ f(x, y) dx dy 
-1J x OJ y-1 
i pV1-y 
n || Idd 
0/0 


8-10. Area of plane regions Use double integrals to compute the area 
of the following regions. Make a sketch of the region. 


8. The region bounded by the lines y = —x — 4, y = x, and 
y=2x-4 
9. The region bounded by y = |x| and y = 20 — x? 


10. The region between the curves y = x? and y = 1 + x — x? 


e. Consider the change of variables u = ax + by, v = cx + dz, 
w = ey + fz. Show that 
O(u, v, w) 
J(x,y,z) = ——— = -ade — bef. 
(x, y, Z) 


What is the value of the Jacobian if R is unbounded? 





1. The image is a semicircular disk of radius 1. 

2. J(u,v) =2 3. x = 2u/3 — v/3,y = u/3 + v/3 

4. The ratio is 2, whichis 1/J(u, v). 5. It means that the 
volume of a small region in xyz-space is unchanged when it 
is transformed by T to a small region in uvw-space. «< 


11-16. Miscellaneous double integrals Choose a convenient method 
for evaluating the following integrals. 


P g 
11. J ——— dA, R is the region bounded by x = 1,x = 2, 
i: xt +1 
y= x), and y = 0. 
12. | x |e) dA; R is the region bounded by x = 1, x = 4, 
y = Vx, and y = 0. 


13. i (x + y) dA; R is the disk bounded by the circle r = 4 sin 0. 
R 


14. Je + y*) dA; Ris the region { (x, y):0 < x S 2, 
R 


O=y=x}. 
1 pl 2 p4 
15. Jj x! cos (mxty) dx dy 16. Jj xõy V1 + x4y? dx dy 
0 Jy! 0 Jy 


17-18. Cartesian to polar coordinates Evaluate the following inte- 
grals over the specified region. 


17. || eva. R= {(r,0):0Sr<1050¢ 7/2} 
R 
18. | 4 R= {(,0):1srs4,0s6<7} 
j} (1 + x? + yy 
19-21. Computing areas Sketch the following regions and use inte- 
gration to find their areas. 


19. The region bounded by all leaves of the rose r = 3 cos 20 
20. The region inside both the circles r = 2 and r = 4 cos 0 


21. The region that lies inside both the cardioids r = 2 — 2 cos 0 and 
r=2+2cos0 


22-23. Average values 34. 


22. Find the average value of z = V16 — x? — y? over the disk in 
the xy-plane centered at the origin with radius 4. 


23. Find the average distance from the points in the solid cone 
bounded by z = 2V x? + y? to the z-axis, forO = z = 8. 


24—26. Changing order of integration Rewrite the following 
integrals using the indicated order of integration. 


L eviz pvi- 
24. / J J f(x, y, z) dy dz dx in the order dz dy dx 
0 Jo 0 


4 p16- pV16-x2-z2 35 
25. J J / f(x, y, z) dy dz dx in the order dx dy dz : 


9—x 
26. J J J f(x, y, z) dy dz dx in the order dz dx dy 
o JO 0 


27-31. Triple integrals Evaluate the following integrals, changing the 


order of integration if needed. 
T py sin x 
28. J J J dz dx dy 
0 Jo Jo 


lL pz pV1-x 
2]; JJJ dy dx dz 
—zd — Vi-x 





dx dy dz 


4 sin x? 
mf ff 
5 36. 


2— Vi-r j 8=x -y 
7 dz dy dx 


30. po a 
26 V2-2/2 24.32 
31. IT TETE + 2°)? dx dz dy 


32-36. Volumes of solids Find the volume of the following solids. 


32. The prism in the first octant bounded by the planes y = 3 — 3x 
and z = 2 





y 


33. One of the wedges formed when the cylinder x? + y? = 4 is cut 
by the planes z = 0 and y = z 





39. 


41. 
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The region inside the parabolic cylinder y = x? between the 


planes z = 3 — yandz = 0 





The solid common to the two cylinders x? + y* = 4 and 


Itr sá 





The tetrahedron with vertices (0, 0, 0), (1, 0,0), (1, 1,0), and (1, 1, 1) 


” 
(1,1,1) 





. Single to double integral Evaluate f ~ *(sin | (2x) — sin! x) dx 


by converting it to a double integral. 


. Tetrahedron limits Let D be the tetrahedron with vertices at 


(0, 0,0), (1, 0, 0), (0, 2, 0), and (0, 0, 3). Suppose the volume of 
D is to be found using a triple integral. Give the limits of integra- 
tion for the six possible orderings of the variables. 


A “polynomial cube” Let D = { (x,y,z): 0 =x = y’, 

ayaz Gaza 

a. Use a triple integral to find the volume of D. 

b. In theory, how many other possible orderings of the variables 
(besides the one used in part (a)) can be used to find the volume of 
D? Verify the result of part (a) using one of these other orderings. 

c. What is the volume of the region D = { (x, y,z):0 <x < y’, 
0=y< 24,0 <z < 2}, where p and q are positive real 
numbers? 


40—41. Average value 
40. 


Find the average of the square of the distance between the 
origin and the points in the solid paraboloid D = { (x, y, z): 
O0=72=4-x*-y’}. 


Find the average x-coordinate of the points in the prism 
D= {(my,z2:0Sx*510Sy53-34,087z=2}. 
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42-43. Integrals in cylindrical coordinates Evaluate the following 
integrals in cylindrical coordinates. 


3 pV9-X p3 
42. Jj pereat 
a [ff 
= 


44—45. Volumes in cylindrical coordinates Use integration in cylin- 
drical coordinates to find the volume of the following regions. 





dx dz d 
eee ae a 


44. The region bounded by the plane z = V29 and the hyperboloid 


z= V44+ x74 y? 





X 


45. The solid cylinder whose height is 4 and whose base is the disk 
{(r,0):0 <r = 2coso} 





46-47. Integrals in spherical coordinates Evaluate the following inte- 
grals in spherical coordinates. 


27 pw/2 p2cose 
46. J / J p° sin ¢ dp dọ d0 
7/4 p4sec go 
off | 
2 sec o 
48-50. Volumes in spherical coordinates Use integration in spherical 
coordinates to find the volume of the following regions. 


p° sin p dp dọ d0 


48. The cardioid of revolution D = { (p, o, 0): 
0 = p = (1 — cos o)/2,0 = g = mT,0 =0 = 2r} 





49. The rose petal of revolution D = {(p,¢,0):0 = p = 4 sin 2ọ, 


0< = r/2,0 02r} 





50. The region above the cone œ = 77/4 and inside the sphere 
p = 4 cos o 





51-54. Constant-density plates Find the center of mass (centroid) 

of the following thin constant-density plates. Sketch the region cor- 
responding to the plate and indicate the location of the center of mass. 
Use symmetry whenever possible to simplify your work. 


51. The region bounded by y = sin x and y = 0 between x = 0 and 
x=T7 


52. The region bounded by y = x° and y = x? between x = 0 and 


x= 1 
53. The half-annulus { (r, 0):2 <=r=4,0<60<7} 


2 


54. The region bounded by y = x? and y = a? — x’, where a > 0 


55—56. Center of mass of constant-density solids Find the center of mass 
of the following solids, assuming a constant density. Use symmetry when- 
ever possible and choose a convenient coordinate system. 


55. The paraboloid bowl bounded by z = x? + y* and z = 36 


56. The tetrahedron bounded by z = 4 — x — 2y and the coordinate 
planes 


57-58. Variable-density solids Find the coordinates of the center of 
mass of the following solids with the given density. 


57. The upper half of a ball { (p, ¢, 0):0 = p = 16,0 = ọ = 
0 < 6 < 27 } with density f(p, 9,0) = 1 + p/4 


SEE) 
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58. The cube in the first octant bounded by the planes 
x = 2,y = 2,andz = 2, with p(x,y,z) =1t+xt+ytz 


59-62. Centers of mass for general objects Consider the follow- 
ing two- and three-dimensional regions. Compute the center of mass 
assuming constant density. All parameters are positive real numbers. 


59. A region is bounded by a paraboloid with a circular base of radius 
R and height h. How far from the base is the center of mass? 


60. Let R be the region enclosed by an equilateral triangle with sides 
of length s. What is the perpendicular distance between the center 
of mass of R and the edges of R? 


61. An isosceles triangle has two sides of length s and a base of 
length b. How far from the base is the center of mass of the 
region enclosed by the triangle? 


62. A tetrahedron is bounded by the coordinate planes and the plane 
x + y/2 + z/3 = 1. What are the coordinates of the center of 
mass? 


63. Slicing a conical cake A cake is shaped like a solid cone with 
radius 4 and height 2, with its base on the xy-plane. A wedge 
of the cake is removed by making two slices from the axis of 
the cone outward, perpendicular to the xy-plane separated by an 
angle of Q radians, where 0 < Q < 27. 


a. Use a double integral to find the volume of the slice for 
Q = 7/4. Use geometry to check your answer. 

b. Use a double integral to find the volume of the slice for any 
0 < Q < 27. Use geometry to check your answer. 


64. Volume and weight of a fish tank A spherical fish tank with a radius 
of 1 ft is filled with water to a level 6 in below the top of the tank. 
a. Determine the volume and weight of the water in the fish 
tank. (The weight density of water is about 62.5 lb/ft.) 
b. How much additional water must be added to completely fill 
the tank? 


65-68. Transforming a square Let S = {(u,v):0 <u <1, 

0 =v < 1} beaunit square in the uv-plane. Find the image of 
S in the xy-plane under the following transformations. 

65. T:x =v,y =u 66. T:x = —v,y =u 
(u + v)/2,y = (u — v)/2 


68. T:x=u,y = 2v4+ 2 


67. T:x 


69-72. Computing Jacobians Compute the Jacobian J(u, v) of the fol- 
lowing transformations. 

69. T:x = 4u-—v,y = —2u + 3v 70. T:x =ut+vy=u-v 
71. T:x = 3u,y = 2v +2 72. T:x =u? — v?,y = 2uw 
73-76. Double integrals—transformation given To evaluate the fol- 
lowing integrals carry out the following steps. 


a. Sketch the original region of integration R and the new region S 
using the given change of variables. 
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b. Find the limits of integration for the new integral with respect to u 
and v. 

c. Compute the Jacobian. 

d. Change variables and evaluate the new integral. 


73. || as R= { (x,y): y/3 = x = (y + 6)/3,0 =y = 3}; 
use x = u + v/3,y = v. 

74. || >o? aa: r= {(x,y):0SxS2x5ysxt+ 4}; use 
(=n = tpt Du. 

75. [ovata R= { (x, y):0 = 4 = 2. 
Teye 1 — x}; use x = 2u, y = v — u. 

76. i xy” dA; R is the region between the hyperbolas xy = 1 and 


xy = 4 and the lines y = 1 and y = 4; use x = u/v,y = v. 


77-78. Double integrals Evaluate the following integrals using 
a change of variables of your choice. Sketch the original and new 
regions of integration, R and S. 


77. i yf dA; R is the region bounded by the hyperbolas xy = 1 and 


xy = 4 and the lines y/x = 1 and y/x = 3. 
78. i (y? + xy — 2x?) dA; R is the region bounded by the lines 
R 


y=xy=x-3,y = —-2x + 3, and y = —2x — 3. 


79-80. Triple integrals Use a change of variables to evaluate the 
following integrals. 


79. VE dV; D is bounded by the planes x + 2y = 1,x + 2y = 2, 
D 


x-z=0,x -—z=2,2y — z = 0, and 2y — z = 3. 


80. Jij» dV; D is bounded by the planes y — 2x = 0, y — 2x = 1, 


D 
z — 3y = 0,z — 3y = 1,z — 4x = 0, and z — 4x = 3. 


Applications of the material in this chapter and related topics can be found in the following Guided Projects. 


For additional information, see the Preface. 


e How big are n-balls? 
e Electrical field integrals 


e The tilted cylinder problem 


e The exponential Eiffel Tower 
e Moments of inertia 


e Gravitational fields 





15.1 Vector Fields 


15.2 Line Integrals 

15.3 Conservative Vector Fields 
15.4 Green's Theorem 

15.5 Divergence and Curl 

15.6 Surface Integrals 

15.7 Stokes’ Theorem 


15.8 Divergence Theorem 


Vector Calculus 


Chapter Preview This culminating chapter of the book provides a beau- 
tiful, unifying conclusion to our study of calculus. Many ideas and themes that have 
appeared throughout the book come together in these final pages. First, we combine vec- 
tor-valued functions (Chapter 12) and functions of several variables (Chapter 13) to form 
vector fields. Once vector fields have been introduced and illustrated through their many 
applications, we begin exploring the calculus of vector fields. Concepts such as limits and 
continuity carry over directly. The extension of derivatives to vector fields leads to two 
new operations that underlie this chapter: the curl and the divergence. When integration 
is extended to vector fields, we discover new versions of the Fundamental Theorem of 
Calculus. The chapter ends with a final look at the Fundamental Theorem of Calculus and 
the several related forms in which it has appeared throughout the book. 


15.1 Vector Fields 


It is not difficult to find everyday examples of vector fields. Imagine sitting on a beach 
in a breeze: Focus on a point in space and consider the motion of the air at that point at 
a single instant of time. The motion is described by a velocity vector with three com- 
ponents (east-west, north-south, up-down). At another point in space at the same time, 


A velocity vector field models the motion of 

air particles in a breeze at a single moment in 
time. Individual vectors indicate direction of 

motion, and their lengths indicate speed. 


Í the air is moving with a different direction and speed, and a different velocity vector is 

a associated with that point. In general, at one instant in time, every point in space has 

——— Cea a velocity vector associated with it (Figure 15.1). This collection of velocity vectors is a 
ae ~n vector field. 


Other examples of vector fields include the wind patterns in a hurricane (Figure 15.2a), 
the flow of air around an airplane wing, and the circulation of water in a heat exchanger 


Uia (Figure 15.2b). Gravitational, magnetic, and electric force fields are represented by vector 
— fields (Figure 15.2c), as are the stresses and strains in buildings and bridges. Beyond phys- 
y ics and engineering, the transport of a chemical pollutant in a lake or human migration 
x patterns can be modeled by vector fields. 
FIGURE 15.1 


Vector Fields in Two Dimensions 


To solidify the idea of a vector field, we begin by exploring vector fields in R*. From 
there, it is a short step to vector fields in R°. 
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FIGURE 15.2 


Lengths of vectors increase 
with distance from the origin. 
| 
Radial vector field 


OJ 


Tail of the vector 
F(x, y) is at P(x, y). 
Length of the vector 
is 2|OP]. 


FIGURE 15.3 
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DEFINITION Vector Fields in Two Dimensions 
Let f and g be defined on a region R of R°. A vector field in R? is a function F that 
assigns to each point in R a vector ( f(x, y), g(x, y) ). The vector field is written as 
F(x,y) = (f(x,y), g(x, y)) or 
F(x,y) = f(x,y) i + g(x, y) j. 


A vector field F = (f, g) is continuous or differentiable on a region R of R? if f 
and g are continuous or differentiable on R, respectively. 





A vector field cannot be represented by a single curve or surface. Instead, we plot a 
representative sample of vectors that illustrate the general appearance of the vector field. 
Consider the vector field defined by 


F(x,y) = (2x, 2y) = 2xi + 2yj. 


At selected points P(x, y), we plot a vector with its tail at P equal to the value of F (x, y). 
For example, F(1, 1) = (2, 2 ), so we draw a vector equal to (2, 2) with its tail at the 
point (1, 1). Similarly, F (—2, —3) = (—4, —6 ) , so at the point (—2, —3), we draw a vec- 
tor equal to (—4, -6). We can make the following general observations about the vector 
field F(x, y) = (2x, 2y). 


e For every (x, y) except (0, 0), the vector F(x, y) points in the direction of (2x, 2y), 
which is directly outward from the origin. 


° The length of F(x, y) is |F| = | (2x, 2y)| = 2V x? + y?, which increases with distance 
from the origin. 


The vector field F = (2x, 2y) is an example of a radial vector field (because its vec- 
tors point radially away from the origin; Figure 15.3). If F represents the velocity of a 
fluid moving in two dimensions, the graph of the vector field gives a vivid image of how 
a small object, such as a cork, moves through the fluid. In this case, at every point of the 
field, a particle moves in the direction of the arrow at that point with a speed equal to 
the length of the arrow. For this reason, vector fields are sometimes called flows. When 
sketching vector fields, it is often useful to draw continuous curves that are aligned with 
the vector field. Such curves are called streamlines or flow curves. 
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se ee field , EXAMPLE 1 Vector fields Sketch representative vectors of the following vector 
= (0, x 


A fields. 

a. F(x, y) = (0, x) = xj (a shear field) 

b. F(x,y) = (1 — y’,0) = (1 — y’)i, for |y| < 1 (channel flow) 
c. F(x,y) = (-y,x) =—yi + xj (a rotation field) 

SOLUTION 


a. This vector field is independent of y. Furthermore, because the x-component of F is 
zero, all vectors in the field (for x # 0) point in the y-direction: upward for x > 0 
and downward for x < 0. The magnitudes of the vectors in the field increase with dis- 
tance from the y-axis (Figure 15.4). The flow curves for this field are vertical lines. If 
F represents a velocity field, a particle right of the y-axis moves upward, a particle left 
of the y-axis moves downward, and a particle on the y-axis is stationary. 


b. In this case, the vector field is independent of x and the y-component of F is zero. 
Because 1 — y* > 0 for |y| < 1, vectors in this region point in the positive 
x-direction. The x-component of the vector field is zero at the boundaries y = +1 
and increases to | along the center of the strip, y = 0. The vector field might model 

FIGURE 15.4 the flow of water in a straight shallow channel (Figure 15.5); its flow curves are hori- 

zontal lines, indicating motion in the direction of the positive x-axis. 


| 
| 
| 
| 
| 





» Drawing vectors with their actual length c. It often helps to determine the vector field along the coordinate axes. 
often leads to cluttered pictures of vector 


e When y = 0 (along the x-axis), we have F(x, 0) = (0, x) . With x > 0, this vector 


fields. For this reason, most of the vector 


fields in this chapter are illustrated with field consists of vectors pointing upward, increasing in length as x increases. With 
proportional scaling: All vectors are x < 0, the vectors point downward, increasing in length as |x| increases. 
multiplied by a scalar chosen to make e When x = 0 (along the y-axis), we have F(0, y) = (—y, 0) . If y > 0, the vectors 


the vector field as understandable as point in the negative x-direction, increasing in length as y increases. If y < 0, the 


poe vectors point in the positive x-direction, increasing in length as |y| increases. 

> A useful observation for two-dimensional A few more representative vectors show that the vector field has a counterclockwise 
vector fields F = (f, g) is that the slope rotation about the origin; the magnitudes of the vectors increase with distance from the 
of the vector at (x, y) is g(x, y)/f(x, y). origin (Figure 15.6). 


In Example la, the slopes are everywhere 
undefined; in part (b), the slopes are 
everywhere 0, and in part (c), the slopes 


Rotation vector field 


are =H. 


Channel flow 





F = (1 — y, 0) 
— — —> 
— — =j 
—<— mr — 
— es Lets, 
—=> —— — 
— > ie 
FIGURE 15.5 FIGURE 15.6 


Related Exercises 6—16< 





QUICK CHECK 1 If the vector field in Example 1c describes the velocity of a fluid and you 
pine a mall cork in the plane at (2, 0), what path will it follow? < 
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Radial Vector Fields in R? Radial vector fields in R? have the property that their vec- 
tors point directly toward or away from the origin at all points (except the origin), parallel 
to the position vectors r = (x, y). We will work with radial vector fields of the form 


r (xy) r 1 


F 9 — aie. = 9 
9 = Te ke eee 








NT SY 
unit magnitude 
vector 


where p is areal number. Figure 15.7 illustrates radial fields with p = 1 and p = 3. 
These vector fields (and their three-dimensional counterparts) play an important role 
in many applications. For example, central forces, such as gravitational or electrostatic 
forces between point masses or charges, are described by radial vector fields with p = 3. 
These forces obey an inverse square law in which the magnitude of the force is propor- 
tional to 1/|r|?. 


y 


S vector field 


f 
t pi 


7 ii sua vector field 


NI 


—a ~<___— — H 


Vectors have unit length. Lengths of vectors decrease 


with distance from the origin. 


FIGURE 15.7 


DEFINITION Radial Vector Fields in R? 


Letr = (x, y). A vector field of the form F = f(x, y) r, where f is a scalar-valued 
function, is a radial vector field. Of specific interest are the radial vector fields 


r o (x,y) 


F(x, y) = Jr = P 


where p is a real number. At every point (except the origin), the vectors of this field 


are directed outward from the origin with a magnitude of |F| = 





EXAMPLE 2 Normal and tangent vectors Let C be the circle x? + y? = a’, 
where a > 0. 


X, 
a. Show that at each point of C, the radial vector field F (x, y) = F — 1% 9) is 


r| Vx? + y? 


J- iya) 
Vx? + y? 





orthogonal to the line tangent to C at that point. 
b. Show that at each point of C, the rotation vector field G(x 


parallel to the line tangent to C at that point. 
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Ve(x, y) parallel to F SOLUTION The circle C described by the equation g(x, y) = x” + y* = a’ may be 

Vg(x, y)*G=0 viewed as a level curve of a surface. As shown in Theorem 13.12 (Section 13.6), the 
Vetx, y) = (ey) gradient Ve(x, y) = (2x, 2y) is orthogonal to the line tangent to C at (x, y) 

7 (Figure 15.8). 






a. Notice that Vg(x, y) is parallel to F = (x, y) /|r| at the point (x, y). It follows that F 
is also orthogonal the line tangent to C at (x, y). 


b. Notice that 


er 


Va(x,y) G(x y) = (2x, 2y) + = 0. 


Therefore, V g(x, y) is orthogonal to the vector field G at (x, y), which implies that G 
GG y) is parallel to the tangent line at (x, y). 
"s Related Exercises 17-20 





Va(x, y) = (x, y) 











Radial field F = ae K CHECK 2 In Example 2 verify that t-n = O. In parts (a) and (b) of Example 2, 
aie reat that |F| = 1 and |G| = 1 at all points excluding the origin. < 
Rotation field G = J2 
ae Vector Fields in Three Dimensions 
FIGURE 15.8 


Vector fields in three dimensions are conceptually the same as vector fields in two 
dimensions. The vector F now has three components, each of which depends on three 
variables. 


DEFINITION Vector Fields and Radial Vector Fields in R? 


Let f, g, and h be defined on a region D of R?. A vector field in R? is a function F 
that assigns to each point in D a vector ( f(x y, z), g(x, y, z), h(x, y, z) ) . The vector 
field is written as 


F(x, y,z) = (f(x, y, z), g(x, y, z), h(x, y,z)) or 
Aee S + ey, a A i. 


A vector field F = ( f, g, h) is continuous or differentiable on a region D of R? if 
f, g, and h are continuous or differentiable on D, respectively. Of particular impor- 
tance are the radial vector fields 


(x,y, Z) 
F(x, y,z) = iP = re 


where p is areal number. 





EXAMPLE 3 Vector fields in R? Sketch and discuss the following vector fields. 
a. F(x, y,z) = (x, y, e*), for z == {) 

b. F(x, y, z) = (0,0, 1 — x? — y”),forx* + y? <1 

SOLUTION 


a. First consider the x- and y-components of F in the xy-plane (z = 0), where 
F = (x, y, 1). This vector field looks like a radial field in the first two components, 
increasing in magnitude with distance from the z-axis. However, each vector also has 


F = (0,0, 1 — x2 — y*), 
i frx? +y < 1 


E 


| 
| 
l 


y 


LiH 


Cylinder x? + y? = 
FIGURE 15.10 


» Physicists often use the convention that a 
gradient field and its potential are related 
by F = —V¢@. 


The vector field F = V@ is orthogonal 
to the level curves of @ at (x, y). 





Level curves 
ofz = (x, y) 


FIGURE 15.11 
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a constant vertical component of 1. In horizontal planes z = zọ > O, the radial pat- 
tern remains the same, but the vertical component decreases as z increases. As z — %, 


e *— 0 and the vector field becomes a horizontal radial field (Figure 15.9). 


F = (x, y, e *), forz = 0 


NMI 





wM 
AU LA 


X 


SANS 


View from above 


View from the side 


FIGURE 15.9 


b. Regarding F as a velocity field, for points in and on the cylinder x” + y? = 1, there is 
no motion in the x- or y-directions. The z-component of the vector field may be writ- 
ten 1 — r*, where r° = x° + y” is the square of the distance from the z-axis. We see 
that the z-component increases from 0 on the boundary of the cylinder (r = 1) toa 
maximum value of | along the centerline of the cylinder (r = 0) (Figure 15.10). This 
vector field models the flow of a fluid inside a tube (such as a blood vessel). 

Related Exercises 2]—24< 


Gradient Fields and Potential Functions One way to generate a vector field is to 
start with a differentiable scalar-valued function ọ, take its gradient, and let F = Vo. A 
vector field defined as the gradient of a scalar-valued function ¢ is called a gradient field 
and the function @¢ is called a potential function. 

Suppose ¢ is a differentiable function on a region R of R? and consider the sur- 
face z = g(x,y). Recall from Chapter 13 that this function may also be represented 
by level curves in the xy-plane. At each point (a, b) on a level curve, the gradient 
Ve(a, b) = (@,(a, b), ¢,(a, b) ) is orthogonal to the level curve at (a, b) (Figure 15.11). 
Therefore, the vectors of F = Vg point in a direction orthogonal to the level curves of ¢. 

The idea extends to gradients of functions of three variables. If ¢ is differentiable on 
a region D of R, then F = Vo = (¢, Py» p) is a vector field that points in a direction 
orthogonal to the level surfaces of ọ. 

Gradient fields are useful because of the physical meaning of the gradient. For 
example, if @ represents the temperature in a conducting material, then the gradient V¢ at 
a point indicates the direction in which the temperature increases most rapidly. According 
to a basic physical law, heat diffuses in the direction of the vector field — V ọ, the direction 
in which the temperature decreases most rapidly; that is, heat flows “down the gradient” 
from relatively hot regions to cooler regions. Similarly, water on a smooth surface tends to 
flow down the elevation gradient. 





HECK 3 Find the gradient field associated with the function g(x, y, z) = xyz. << 
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» A potential function plays the role 
of an antiderivative of a vector field: 
Derivatives of the potential function 
produce the vector field. If ọ is a 
potential function for a gradient field, 
then g + C is also a potential function 


for that gradient field, for any constant C. 


Gradient vectors VT 
(not drawn to scale) 
are orthogonal to 
the level curves. 





Level curves of T(x, y) = 200 — x y 
FIGURE 15.12 


F = Vọ is orthogonal to 
level curves and gives 
a rotation field. 


X 


Level curves of 
g(x, y) = tan`! (~ 


FIGURE 15.13 


DEFINITION Gradient Fields and Potential Functions 
Letz = g(x, y) and w = (x, y, z) be differentiable functions on regions of R? and 


R°, respectively. The vector field F = V¢ is a gradient field, and the function ¢ is a 
potential function for F. 





EXAMPLE 4 Gradient fields 


a. Sketch and interpret the gradient field associated with the temperature function 
T = 200 — x° — y’ onthe circular plate R = { (x, y): x? + y? < 25}. 
b. Sketch and interpret the gradient field associated with the velocity potential 
ọ = tan” (y/x). 
SOLUTION 
a. The gradient field associated with T is 
F = VT = (-2x,-2y) = —2 (x, y). 


This vector field points inward toward the origin at all points of R except (0, 0). The 
magnitudes of the vectors, 


|F| = V(-2x)? + (-2y)? = 2Vx7 + y?, 


are greatest on the edge of the disk, where x? + y% = 25 and |F| = 10. The mag- 
nitudes of the vectors in the field decrease toward the center of the plate with 

|F (0, 0)| = 0. Figure 15.12 shows the level curves of the temperature function with 
several gradient vectors, all orthogonal to the level curves. Note that the plate is hot- 
test at the center and coolest on the edge, so heat diffuses outward, in the direction 
opposite to that of the gradient. 


b. The gradient of a velocity potential gives the velocity components of a two- 
dimensional flow; that is, F = (u, v) = Vo, where u and v are the velocities in the 
x- and y-directions, respectively. Computing the gradient, we find that 


F=( =- (— = . 4 => l 1) = (2 
LL 1 + (y/x)? 1 + 1+ (y/x)?? x x7 ty? x? + y?/ 


L 


Notice that the level curves of ¢ are the lines aa C or y = Cx. At all points off the 


y-axis, the vector field is orthogonal to the level curves, which gives a rotation field 
(Figure 15.13). 


Related Exercises 25—36< 


Equipotential Curves and Surfaces The preceding example illustrates a beautiful 
geometric connection between a gradient field and its associated potential function. Let @ 
be a potential function for the vector field F in R?; that is, F = Vo. The level curves of a 
potential function are called equipotential curves (curves on which the potential function 


is constant). 


Because the equipotential curves are level curves of ọ, the vector field F = Vo is 
everywhere orthogonal to the equipotential curves (Figure 15.14). Therefore, the vector 
field is visualized by drawing continuous flow curves or streamlines that are everywhere 
orthogonal to the equipotential curves. These ideas also apply to vector fields in R? in 


which case the vector field is orthogonal to the equipotential surfaces. 


Level curves of 
1 
p(x, y) = a(x? — y?) 


Flow curve Flow curve 
of F = Vo YA of = Vọ 
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(F= Vois orthogonal | 
to the level curves 
_ of o. 


| Flow curves are 
aligned with F 

| and orthogonal 

| to level curves. | 










Equipotential 
(level) curves 
of o 


FIGURE 15.14 


EXAMPLE 5 Equipotential curves The equipotential curves for the potential func- 
tion p(x, y) = (x? — y*)/2 are shown in Figure 15.15. 


a. Find the gradient field associated with ¢ and verify that the gradient field is orthogo- 


nal to the equipotential curve at (2, 1). 


” b. Verify that the vector field F = Vg is orthogonal to the equipotential curves at all 
PARN points (x, y). 
e SOLUTION 
a. The level (or equipotential) curves are the hyperbolas (x? — y*)/2 = C, where C isa 
Flow curve Flow curve : a : . 
of F = Vo of F = Vo constant. The slope at any point on a level curve g(x, y) = C (Section 13.5) is 
Vo is orthogonal to level | dy as, a 
_ curves of œ everywhere. J cs P, y 
FIGURE 15.1 . : 
mE mane At the point (2, 1), the slope of the level curve is dy/dx = 2, so the vector tangent to the 
> We use the fact that a line with slope curve points in the direction (1, 2). The gradient field is given by F = Vo = (x,—y), 
a/b points in the direction of the vectors so F(2, 1) = Vo(2, 1) = (2,—1). The dot product of the tangent vector (1,2) and 
(1,a/b) or (b,a). the gradient is (1,2) + (2,—1) = 0; therefore, the two vectors are orthogonal. 
. In general, the line tangent to the equipotential curve at (x, y) is parallel to the vector 
(y, x), while the vector field at that point is F = (x,—y). The vector field and the 
tangent vectors are orthogonal because (y, x) + (x, —y) = 0. 
Related Exercises 37-40< 
SECTION 15.1 EXERCISES 
Review Questions 4. Given a function ¢, how does the gradient of œ produce a 
1. Explain how a vector field F = (f, g, h} is used to describe the vector field? 


motion of the air in a room at one instant in time. 


2. Sketch the vector field F = (x, y). 


5. Interpret the gradient field of the temperature function 


T= f(x,y): 


3. How do you graph the vector field F = (f(x, y), g(x, y))? 
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Basic Skills 

6-15. Two-dimensional vector fields Sketch the following vector 
fields. 

6. F= (Ly) 7. F=(x,0) 8. = (—x,-y) 
9, F= (x,-y) 10. F = (2x,3y) 11. F= (y,-x) 
12. F= (x+y,y) 13. F= (x,y — x) 


14. 


X y 
een 
x2 alle y x2 ali y 


16. Matching vector fields with graphs Match vector fields a—d with 
graphs A-D. 











>> >>>>>>>>>>> >>> > 





>>> rrr rrr rrr rrr >> 





(C) (D) 


17-20. Normal and tangential components Determine the points (if 
any) on the curve C at which the vector field F is tangent to C and nor- 
mal to C. Sketch C and a few representative vectors of F. 


17. F = (x,y), where C = {(x,y):x7 + y? = 4} 
18. F = (y,—x), where C = {(x,y):x7 + y? = 1} 
19. F = (x,y), where C = {(x,y):x = 1} 

20. F = (y,x), where C = {(x,y):x? + y? = 1} 


21-24. Three-dimensional vector fields Sketch a few representative 
vectors of the following vector fields. 


21. F = (1,0,z) 22. F = (x,y,z) 


(x,y, Z) 


Vx? + y? + 2? 


24. F= 





23. F = (y,—x,0) 


25-28. Gradient fields Find the gradient field F = Vọ for the poten- 


tial function œ. Sketch a few level curves of g and a few vectors of E. 
25. (x,y) = x? + y’,forx? + y? = 16 

26. g(x,y) = V x2 + y?, for x? + y? = 9, (x,y) # (0,0) 

27. (x,y) =x + y, for |x| = 2,|y| = 2 





28. (x,y) = 2xy, for |x| = 2, |y| = 2 


29-36. Gradient fields Find the gradient field F = V¢ for the follow- 
ing potential functions Q. 


29. g(x,y) = x°*y — y*x 


30. (x,y) = Vxy 

31. g(x,y) = x/y 

32. (x,y) = tan“! (y/x) 

33. (x,y,z) = (x? + y? + z*)/2 


z) 
34. (x,y,z) = ln (1 + x+y 4+ z’) 
z) 


35. (x,y,z) = (x? + y? + zj” 


36. (x,y,z) = e” sin (x + y) 


37—40. Equipotential curves Consider the following potential func- 
tions and graphs of their equipotential curves. 


a. Find the associated gradient field F = Vg. 
b. Show that the vector field is orthogonal to the equipotential curve 
at the point (1, 1). Illustrate this result on the figure. 
c. Show that the vector field is orthogonal to the equipotential curve 
at all points (x, y). 
. Sketch two flow curves representing F that are everywhere orthogo- 
nal to the equipotential curves. 


Aa 


38. g(x,y) = rty 


37. g(x,y) = 2x + 3y 


ee 
X | 





40. (x,y) = x? + 2y? 


> 





Further Explorations 
41. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 
a. The vector field F = (3x7, 1) is a gradient field for both 
g(x,y) = x? + y and (x,y) = y + x? + 100. 
(y, x) 
Vx? + y 
magnitude on the unit circle. 
(y, x 


b. The vector field F = is constant in direction and 


c. The vector field E = is neither a radial field nor a 


rotation field. 


42-43. Vector fields on regions Let S = { (x, y): |x| = 1, |y| = 1} 
(a square centered at the origin), D = { (x,y): |x| + |y| = 1} 

(a diamond centered at the origin), and C = {4 (x,y): x? + y? = 1} 
(a disk centered at the origin). For each vector field F, draw pictures 
and analyze the vector field to answer the following questions. 





a. At what points of S, D, and C does the vector field have its maxi- 
mum magnitude ? 
b. At what points on the boundary of each region is the vector field 


directed out of the region? 
42. F = (x,y) 43. F = (-y,x) 


44—47. Design your own vector field Specify the component functions of a 
vector field F in R? with the following properties. Solutions are not unique. 


44. F is everywhere normal to the line x = 2. 

45. F is everywhere normal to the line x = y. 

46. The flow of F is counterclockwise around the origin, increasing in 
magnitude with distance from the origin. 

47. At all points except (0, 0), F has unit magnitude and points away 
from the origin along radial lines. 

Applications 


48. Electric field due to a point charge The electric field in the 
xy-plane due to a point charge at (0, 0) is a gradient field with 


k 
V x? i y 





a potential function V(x, y) = , where k > Oisa 


physical constant. 


a. Find the components of the electric field in the x- and 
y-directions, where E(x, y) = —V V(x, y). 

b. Show that the vectors of the electric field point in the radial 
direction (outward from the origin) and the radial component 


of E can be expressed as E, = k/r°, where r = Vx’ + y’. 
c. Show that the vector field is orthogonal to the equipotential 
curves at all points in the domain of V. 


49. Electric field due to a line of charge The electric field in the 


xy-plane due to an infinite line of charge along the z-axis is a gra- 





dient field with a potential function V(x, y) = c ln 


ro ) 
Vx? T y l 


50. 
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where c > Q0 is a constant and rọ is a reference distance at which 
the potential is assumed to be O (see figure). 


a. Find the components of the electric field in the x- and 
y-directions, where E(x, y) = —V V(x, y). 

b. Show that the electric field at a point in the xy-plane is directed 
outward from the origin and has magnitude |E| = c/r, where 
r= Vx + y^, 

c. Show that the vector field is orthogonal to the equipotential 
curves at all points in the domain of V. 


Line of charge 


a 


ae y 
(x, y) 





Gravitational force due to a mass The gravitational force on a 
point mass m due to a point mass M at the origin is a gradient field 


GMm : eee 
with potential U(r) = , where G is the gravitational constant 
r 


andr = Vx? + y? + z’ is the distance between the masses. 


a. Find the components of the gravitational force in the x-, y-, and 
z-directions, where F(x, y, z) = —V U(x, y, z). 
b. Show that the gravitational force points in the radial direction 
(outward from point mass M) and the radial component is 
GMm 


F(r) = 2 





c. Show that the vector field is orthogonal to the equipotential 
surfaces at all points in the domain of U. 


Additional Exercises 
51-55. Streamlines in the plane Let F(x, y) = (f(x, y), g(x, y)) be 
defined on R?. 


51. 


52. 
53. 
54. 


JD: 


Explain why the flow curves or streamlines of F satisfy 
y” = g(x, y)/f(x, y) and are everywhere tangent to the vector 
field. 


Find and graph the streamlines for the vector field F = (1, x). 
Find and graph the streamlines for the vector field F = (x, x). 


Find and graph the streamlines for the vector field F = (y, x). 
Note that d/dx(y*) = 2yy'(x). 


Find and graph the streamlines for the vector field F = (—y, x). 


56-57. Unit vectors in polar coordinates 


56. 


Vectors in R? may also be expressed in terms of polar coordinates. 
The standard coordinate unit vectors in polar coordinates are de- 
noted u, and uy (see figure). Unlike the coordinate unit vectors in 
Cartesian coordinates, u, and uy change their direction depending 
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on the point (r, 0). Use the figure to show that for r > 0, the 57. Verify that the relationships in Exercise 56 are consistent when 
following relationships between the unit vectors in Cartesian and 0 = 0, 7/2, 7, and 37/2. 
polar coordinates hold: 


u, 


Ug 


cos @i+ sinj 


—sin Âi + cos j 





= u,„sin 0 + uş cos 0. 


58-60. Vector fields in polar coordinates A vector field in polar co- 


= u,cos 0 — uy sind ordinates has the form F(r, 0) = f(r, 0) u, + g(r, 0) Ug, where the 


unit vectors are defined in Exercise 56. Sketch the following vector 
fields and express them in Cartesian coordinates. 


58. F = u, 59. F = u 60. F = rug 


61. Cartesian-to-polar vector field Write the vector field 
F = (—y, x) in polar coordinates and sketch the field. 





1. The particle follows a circular path around the origin. 
3. Vo = (yz, ae, xy) < 


15.2 Line Integrals 


With integrals of a single variable, we integrate over intervals in R! (the real line). With 
double and triple integrals, we integrate over regions in R? or R?. Line integrals (which 
really should be called curve integrals) are another class of integrals that play an impor- 
tant role in vector calculus. They are used to integrate either scalar-valued functions or 
vector fields along curves. 

Suppose a thin, circular plate has a known temperature distribution and you must com- 
pute the average temperature along the edge of the plate. The required calculation involves 
integrating the temperature function over the curved boundary of the plate. Similarly, to cal- 
culate the amount of work needed to put a satellite into orbit, we integrate the gravitational 
force (a vector field) along the curved path of the satellite. Both these calculations require 
line integrals. As you will see, line integrals take several different forms. It is the goal of this 
section to distinguish these various forms and show how and when each form should be used. 


Scalar Line Integrals in the Plane 


We first consider line integrals of scalar-valued functions over curves in the plane. 
Figure 15.16 shows a surface z = f(x, y) and a parameterized curve C in the xy-plane; for 
the moment we assume that f(x, y) = 0, for (x, y) on C. Now visualize the curtain-like 
surface formed by the vertical line segments joining the surface z = f(x, y) and C. The 
goal is to find the area of one side of this curtain in terms of a line integral. As with other 
integrals we have studied, we begin with Riemann sums. 


Portion of surface 
z = f(x, y) over C 





Area of curtain 


= I fds 


C: x = x(s), y = y(s), z = 0 
Casa) 


FIGURE 15.16 x 


» The parameter s resides on the s-axis. 
As s varies from a to b on the s-axis, 
the curve C in the xy-plane is generated 
from the point (x(a), y(a)) to the point 


(x(b), y(b)). 


s=a S] s=b 
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Assume that C is a smooth curve of finite length, parameterized in terms of arc length 
asr(s) = (x(s), y(s)), fora = s = b, and let f be defined on C. We subdivide C into n 
small arcs by forming a partition of | a, b|: 


a = So < S <te <5, 1, <5, = D. 


Let s; be a point in the kth subinterval | s,_ ,, S], which corresponds to a point (x(s;), y(s%)) 
on the kth arc of C, fork = 1,2,...,n. The length of the kth arc is denoted As,. This par- 
tition also divides the curtain into n panels. The kth panel has an approximate height of 
f(x(s;), y(s;)) and a base of length Asy; therefore, the approximate area of the kth panel 
is f(x(s;), y(s;)) As, (Figure 15.17). Summing the areas of the panels, the approximate 
area of the curtain is given by the Riemann sum 


area ~ > fee (sx), y (sk) )ASx 





(Cso); ¥(Sq)) 
(x(s,), y(s,)) 








/ As, Noes cae \ 


(x(s,_1)s W(S,_1)) (x(s_,), y(S_,)) 


FIGURE 15.17 


We now let A be the maximum value of As,,..., As,,. If the limit of the Riemann 
sums as n — © and A — 0 exists over all partitions, the limit is called a line integral, and 
it gives the area of the curtain. 


DEFINITION Scalar Line Integral in the Plane, Arc Length Parameter 
Suppose the scalar-valued function f is defined on the smooth curve 

r(s) = (x(s), y(s) ), parameterized by the arc length s. The line integral of 
f over C is 


JAE) ds = fim Dfa(oi)-¥(51)) su 
7 k=1 


provided this limit exists over all partitions of C. When the limit exists, f is said to be 
integrable on C. 





The more compact notation f cf(r(s)) ds, f ad y) ds OF f cf ds is often used for 
the line integral of f over C. It can be shown that if f is continuous on a region contain- 
ing C, then the line integral of f over C exists. If f(x, y) = 1, the line integral f gas 
gives the length of the curve, just as the ordinary integral f? dx gives the length of the 


interval |a, b], which is b — a. 
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» When we compute the average value 
by an ordinary integral, we divide by 
the length of the interval of integration. 
Analogously, when we compute the 
average value by a line integral, we 
divide by the length of the curve L: 


T= | fas 
C 


» The line integral in Example | also gives 
the area of the vertical cylindrical curtain 
that hangs between the surface and C in 
Figure 15.18. 


Temperature T(x, y) = 100(x2 + 2y?) 
| on edge of plate | r 


A ag 









Pa 


Edge of plate x? + y* = 1 | 
r = (x, y) = (cos s, sin s), 
for 0 = s = 27 


\ 


FIGURE 15.18 








» Ift represents time, then the relationship 
ds = |r'(t)| dt is a generalization of the 
familiar formula 


distance = speed + time. 


EXAMPLE 1 Average temperature on a circle The temperature of the circular plate 
R = {(x,y):x? + y? < 1} is T(x, y) = 100(x* + 2y’). Find the average temperature 
along the edge of the plate. 


SOLUTION Calculating the average value requires integrating the temperature func- 
tion over the boundary circle C = { (x, y):x* + y% = 1} and dividing by the length 
(circumference) of C. The first step is to find a parametric description for C. Recall 
from Section 12.8 that a parametric description of a unit circle using arc length as the 
parameter isr = (x,y) = (cos s, sins), forO = s =< 27. We substitute x = cos s 
and y = sin s into the temperature function and express the line integral as an ordinary 
integral: 


[rea 


C 


2T 
/ 100[x(s)* + 2y(s)?]ds Write the line integral with respect to s. 
0 S— AM 
T(s) 


277 
100 J (cos? s + 2 sin? s) ds Substitute for x and y. 
0 


217 
= 100 | (1 + sin? s) ds cos? s + sin? s = 1 
0 
————— 
397 
I: = Gos Z 
= 3007. Use sin? s = — and integrate. 


The geometry of this line integral is shown in Figure 15.18. The temperature func- 
tion on the boundary of C is a function of s. The line integral is an ordinary integral with 
respect to s over the interval |0, 27r |. To find the average value we divide the line integral 
of the temperature by the length of the curve, which is 277. Therefore, the average tem- 
perature on the boundary of the plate is 3007 / (2m) = 150. 

Related Exercises 11-14< 


Parameters Other Than Arc Length The line integral in Example 1 is straightfor- 
ward because a circle is easily parameterized in terms of the arc length. Suppose we have 
a parameterized curve with a parameter t that is not the arc length. The key is a change of 
variables. Assume the curve C is described by r(t) = (x(t), y(t)), fora = t = b. Recall 


from Section 12.8 that the length of C over the interval | a, t] is 


t 
s(t) = J jr’ (u)| du. 
Differentiating both sides of this equation and using the Fundamental Theorem of Calculus 
yields s’(t) = |r’(t)|. We now make a standard change of variables using the relationship 
ds = s'(t) dt = |r'(t)| dt. 


The original line integral with respect to s is now converted into an ordinary integral with 
respect to f: 


J Te / fol), VA) lE' (A) at 


C ds 





» The value of a line integral of a scalar- 
valued function is independent of the 
parameterization of C and independent 
of the direction in which C is traversed 
(Exercises 54-55). 
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THEOREM 15.1 Evaluating Scalar Line Integrals in R? 
Let f be continuous on a region containing a smooth curve C: r(t) = (x(t), y(t)), 
fora = t = b. Then 


J oo J EOR ONO. 


b 
: / FA, y(t) Ve? + y GF di 





If t represents time and C is the path of a moving object, then |r'(t)| is the speed of 
the object. The speed factor |r'(t)| that appears in the integral relates distance traveled 
along the curve as measured by s to the elapsed time as measured by the parameter t. 

Notice that if t is the arc length s, then |r’(t)| = 1 and we recover the line integral 
with respect to the arc length s: 


fras- J AaS). Is) ds. 


If f(x,y) = 1, then the line integral is f° Vx'(t)* + y'(t)? dt, which is the arc length 
formula for C. Theorem 15.1 leads to the following procedure for evaluating line integrals. 


PROCEDURE Evaluating the Line Integral J fds 
C 


1. Find a parametric description of C in the form r(t) = (x(t), y(t) ), for 
a= T= 0, 


2. Compute |r’(t)| = Vx'(t)? + y’(t)?. 


3. Make substitutions for x and y in the integrand and evaluate an ordinary 
integral: 


J T / A(t), Vlr (E) dt 





EXAMPLE 2 Average temperature on a circle The temperature of the circular 
plate R = { (x, y): x?” + y? < 1} is T(x, y) = 100(x? + 2y?) as in Example 1. Con- 
firm the average temperature computed in Example 1 when the circle has the parametric 
description 

C= SNA = cosi y= sn 0ra Vam y 
SOLUTION The speed factor on C (using sin? t? + cos? t? = 1) is 


(O| = Vx (O + y (A = V (—2¢ sin t)? + (2t cos #7)? = 2t. 
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» Recall that a parametric equation of 
a line is 


r(t) = (x0, Yo Zo) + Ha b,c), 


where (xo, Yo, Zo) is a position vector 
associated with a fixed point on the line 
and (a, b,c) is a vector parallel to the 
line. 


Making the appropriate substitutions, the value of the line integral is 


VaT 
J Tds = / 100(x(t)° + 2y(t)*) |r (t) |dt Write the line integral with respect to t. 
0 


Vor 
J 100(cos? t? + 2sin’t 3 2tdt Substitute for x and y 
0 


|e”(2)] 


2T 
= 100 / (cos? u + 2 sin? u) du Simplify and let u = t°, du = 2t dt. 
0 
—————— SS 
m t 27 
= 3007. Evaluate the integral. 


Dividing by the length of C, the average temperature on the boundary of the plate is 
3007 /(277) = 150, as found in Example 1. 
Related Exercises 15—24< 


Line Integrals in R° 


The argument that leads to line integrals on plane curves extends immediately to three or 
more dimensions. Here is the corresponding evaluation theorem for line integrals in R°. 


THEOREM 15.2 Evaluating Scalar Line Integrals in R? 
Let f be ie on a region containing a smooth curve 
r(t) = (x(t), y(t), z(t)), fora = t = b. Then 


fs- [re (1), y(t), 2(2)) 1r (£) | 





= [ FID: 2(1)) Vx" OP + yO? E zC dt 





As before, if t is the arc length s, then |r’(t)| = 1 and 


fras- J T E 


If f(x, y, z) = 1, then the line integral gives the length of C. 
EXAMPLE 3 Line integrals in R? Evaluate f c (xy + 2z) ds on the following line 
segments. 


a. The line segment from P(1, 0, 0) to Q(0, 1, 1) 
b. The line segment from Q(0, 1, 1) to P(1, 0, 0) 


SOLUTION 
a. A parametric description of the line segment from P(1, 0, 0) to Q(0, 1, 1) is 
r(t) = (1,0,0) +¢(-1,1,1) = (1-44), forO=t=1. 
The speed factor is 


rO = Vx? + OP + 2 = VIP +P +P = V3 


» Because we are finding the length of a 
curve, the integrand in this line integral is 


f(x,y,z) = 1. 





QUICK CHECK 2 What is the speed of 
i TEN in rExaiiple 4) << 
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Substituting x = 1 — t, y = t, and z = t, the value of the line integral is 


Jo + 2z) ds = J =a 2()) V3 dt Substitute for x, y, z. 


U 





C x y z 
1 
= V3 J (3t — t) dt Simplify. 
0 
32 BNI 
= V3 (= E =) ; Integrate. 
7V3 
= Ea Evaluate. 


b. The line segment from Q(0, 1, 1) to P(1, 0, 0) may be described parametrically by 
r(t) = (0,1,1) +¢(1,-1,-1) = (41 -¢£1-t)}, forO0=t=1. 
The speed factor is 
(Ol = Vx (O + y (A + z (A = VE + (17 + (1° = v3. 
We substitute x = t, y = 1 — t, and z = 1 — t and do a calculation similar to that in 
71V3 
part (a). The value of the line integral is again Ee emphasizing the fact that a scalar 
line integral is independent of the orientation and parameterization of the curve. 
Related Exercises 25-30 
EXAMPLE 4 Flight of an eagle An eagle soars on the ascending spiral path 
C:r(t) = (x(t), y(t), z(t) } = (2400 cos 7 2400 sin 5, $00") 
where x, y, and z are measured in feet and f is measured in minutes. How far does the 
eagle fly over the time interval 0 = t = 10? 


SOLUTION The distance traveled is found by integrating the element of arc length ds 
along C, thatis, L = i ds. We now make a change of variables to the parameter t using 


r(A] = Vx + y + z e 
Dy Au 
= (—1200 sin E) + (1200 COs E) + 500? Substitute derivatives. 


— \/12002 + 5002 = 1300. sin? 5 eee, 


2 
It follows that the distance traveled is 


10 10 
LE Ja=] rolas | 1300 dt = 13,000 ft. 
0 0 
C 


Related Exercises 31—32< 


Line Integrals of Vector Fields 


Line integrals along curves in R? or R? may also have integrands that involve vector 
fields. Such line integrals are different from scalar line integrals in two respects. 


e Recall that an oriented curve is a parameterized curve for which a direction is speci- 
fied. The positive, or forward, orientation is the direction in which the curve is gen- 
erated as the parameter increases. For example, the positive direction of the circle 
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F-T>0 


z positive contribution 


to line integral 





T points in the forward or 
positive direction of C. 


F-T<0 
negative contribution 
to line integral 


FIGURE 15.19 


» The component of F in the direction of 
T is the scalar component of F in the 
direction of T, scaly F, as defined in 
Section 12.3. Note that |T| = 1. 


» Some books let ds stand for T ds. Then 
the line integral T c E:T ds is written 


JF ds. 


r(t) = (cos t, sin t), forO < t S 27, is counterclockwise. As we will see, vector line 
integrals must be evaluated on oriented curves, and the value of a line integral depends 
on the orientation. 


e The line integral of a vector field F along an oriented curve involves a specific 
component of F relative to the curve. We begin by defining vector line integrals for 
the tangential component of F, a situation that has many physical applications. 


Let C: r(s) = (x(s), y(s), z(s) ) be a smooth oriented curve in R? parameterized by 
arc length and let F be a vector field that is continuous on a region containing C. At each 
point of C, the unit tangent vector T points in the positive direction on C (Figure 15.19). 
The component of F in the direction of T at a point of C is |F| cos 0, where @ is the angle 
between F and T. Because T is a unit vector, 


[F| cos 6 = |F||T| cos 0 = F- T. 


The first line integral of a vector field F that we introduce is the line integral of the scalar 
F - T along the curve C. When we integrate F > T along C, the effect is to add up the com- 
ponents of F in the direction of C at each point of C. 


DEFINITION Line Integral of a Vector Field 


Let F be a vector field that is continuous on a region containing a smooth oriented 


curve C parameterized by arc length. Let T be the unit tangent vector at each point of 
C consistent with the orientation. The line integral of F over C is f c¥-T ds. 





We need a method for evaluating vector line integrals, particularly when the parameter 
is not the arc length. Suppose that C has a parameterization r(t) = (x(t), y(t), z(t)), for 
a St S b. Recall from Section 12.6 that the unit tangent vector at a point on the curve is 


1 


r'(7) 





T= ror Using the fact that ds = |r’(t)| dt, the line integral becomes 
b r'(t) b 
F-Tds= | F-—|r'()|a@ = | FE-r'(t)dt. 
a |r (t)| y a 
C x ds 
T 


This integral may be written in several different forms. If F = ( f, g, h), then the line in- 
tegral may be evaluated in component form as 


b b 
[rete — / F-r’(t) dt = J (fx'(t) + gy’(t) + hz'(t)) dt, 


where f stands for f(x(t), y(t), z(t)), with analogous expressions for g and hA. 
Another useful form is obtained by noting that 


dx = x'(t) dt, dy = y'(t) dt, 


Making these replacements in the previous integral results in the form 


dz = z'(t) dt. 


[vere = [re + ody a haz. 


C C 


Finally, if we let dr = (dx, dy, dz), then fdx + g dy + h dz = F -dr, and we have 


[vere = [eae 


C C 
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It is helpful to become familiar with these various forms of the line integral. 


Different Forms of Line Integrals of Vector Fields 

The line integral f c E; T ds may be expressed in the following forms, where 
= (f, g, h) and C has a parameterization r(t) = (x(t), y(t), z(t) }, for 

C=] 


b b 
f F-r'(t)dt = / (fx (4) tay i) Fhad 


[re + ady + haz 
C 


I 


C 


For line integrals in the plane, we let F = ( f, g) and assume C is parameterized 
in the form r(t) = (x(t), y(t)), fora = t = b. Then 


b 
[eeta= frei tera frac + gay = [Rede 
C j č C 


> We use the convention that —C is the EXAMPLE 5 Different paths Evaluate /„F -T ds with F = (y — x, x) on the 
curve C with the opposite orientation. following oriented paths in R? (Figure 15.20). 
C Q a. The quarter circle C, from P(0, 1) to Q(1, 0) 
-C b. The quarter circle —C, from Q(1, 0) to P(O, 1) 
c. The path C, from P to Q via two line segments through O(0, 0) 





SOLUTION 


P a. Working in R?, a parametric description of the curve C, with the required (clockwise) 
orientation is r(t) = (sin t, cost), for O < t < 7/2. Along C; the vector field is 


F = (y —x,x) = (cost — sin f, sin t). 


y Vector field F = (y — x, x) 


The velocity vector is r'(t) = (cos t, —sin t), so the integrand of the line integral is 
F-r’(t) = (cost — sin t, sin t} + (cos t, —sin t) = cos? t — sin? t — sin t cost. 
M_M Vm Ý 


cos 2t 1 sin 2t 


The value of the line integral of F over C4 is 


mr /2 ar /2 
] 
J F-r'(t)dt = / (co A= A sin 2) dt Substitute for F-r’(r). 
0 0 








1 1 mA 
= (G sin 2t + — cos 2) Evaluate the integral. 
2 4 0 
l Simplif 
— N Imply. 
5 pity 
FIGURE 15.20 b. A parameterization of the curve —C, from Q to P is r(t) = (cos t, sin t), for 


0 < t < 7/2. The vector field along the curve is 


F = (y —x,x) = (sint — cost, cos t), 
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Constant force: 
W = (|F| cos 6) d 





F r=—— 
| 
I 
I 
a i 
d 
Variable force: 


W = Í FO dx, 


where 
F (x) = |F@œ@)| cos 0 





FIGURE 15.21 


Component of F in the 
direction of motion: 
F - T = |F| cos 0 





Work = | F-T ds 
C 


FIGURE 15.22 





and the velocity vector is r'(t) = (—sin t, cos t}. A calculation very similar to that in 


part (a) results in 
7/2 1 
Jera- | F-r’ (t) dt = =. 
0 2 


=C] 
The results of parts (a) and (b) illustrate the important fact that reversing the orienta- 
tion of a curve reverses the sign of the line integral of a vector field. 


c. The path C, consists of two line segments. 


e The segment from P to O is parameterized by r(t) = (0,1 — t),for0 <t < 1 
Therefore, r'(t) = (0,—1} and F = (y — x, x} = (1 — £, 0). 
¢ The line segment from O to Q is parameterized by r(t) = (1,0), fr0 < t< 1 


Therefore, r'(t) = (1,0) and F = (y — x, x) = (—t, t). 


The line integral is split into two parts and evaluated as follows: 


[vere = [vere + [vere 
PO OO 


C 


1 1 
7 7 l 7 B , Substitute 
— J (1 t, 0) (0, 1) dt + J ( t,t) (1,0) dt for x, y, r’. 


1 1 
= / Odt + ijt a Simplify. 
0 0 
— d Evaluate 
2 the integrals. 


The line integrals in parts (a) and (c) have the same value and run from P to Q, but 
along different paths. We might ask: For what vector fields are the values of a line 
integral independent of path? We return to this question in Section 15.3. 

Related Exercises 33-38< 


Work Integrals A common application of line integrals of vector fields is computing 
the work done in moving an object in a force field (for example, a gravitational or electric 
field). First recall (Section 6.7) that if F is a constant force field, the work done in moving 
an object a distance d along the x-axis is W = F, d, where F, = |F| cos 0 is the component 
of the force along the x-axis (Figure 15.21). Only the component of F in the direction of 
motion contributes to the work. More generally, if F is a variable force field, the work done 
in moving an object from x = atox = bisW = [ q Fx (x) dx, where again F, is the com- 
ponent of the force in the direction of motion (parallel to the x-axis, Figure 15.21). 








QUICK CHECK 3 Suppose a two-dimensional force field is everywhere directed outward 


from the origin and C is a circle centered at the origin. What is the angle between the 
field and the unit vectors tangent to C?< 


We now take this progression one step further. Let F be a variable force field defined 
in a region D of R?, and suppose C is a smooth, oriented curve in D, along which an ob- 
ject moves. The direction of motion at each point of C is given by the unit tangent vector 
T. Therefore, the component of F in the direction of motion is F + T, which is the tangen- 
tial component of F along C. Summing the contributions to the work at each point of C, 
the work done in moving an object along C in the presence of the force is the line integral 
of F- T (Figure 15.22). 


» Just to be clear, a work integral is nothing 
more than a line integral of the tangential 
component of a force field. 


15.2 Line Integrals 1089 


DEFINITION Work Done in a Force Field 


Let F be a continuous force field in a region D of R? and let 
C:r(t) = (x(t),y(t), z(t) ), fora = t < b, be a smooth curve in D with a unit 
tangent vector T consistent with the orientation. The work done in moving an object 


along C in the positive direction is 


b 
w= [revas= | For’) dt 
č a 


EXAMPLE 6 An inverse square force Gravitational and electrical forces between 
point masses and point charges obey inverse square laws: They act along the line joining 
the centers and they vary as 1/r*, where r is the distance between the centers. The force 
of attraction (or repulsion) of an inverse square force field is given by the vector field 


B k(x, y, z) l l E | 
= g : 2 Pe >» ie where k is a physical constant. Because r = ‘ea y, z), this 








kr 
force may also be written F = ir Find the work done in moving an object along the 
r 


following paths. 


a. C, is the line segment from (1, 1, 1) to (a, a, a), where a > 1. 


b. C, is the extension of C, produced by letting a— ~. 
SOLUTION 


a. A parametric description of C; consistent with the orientation is r(t) = (t, A t) , for 
1<=t<a,withr'(t) = (1, 1,1 la In terms of the parameter t, the force field is 
k(x, y, z) k(t, re 


(x? 4 y? A z2)3/2 E (312)3/2 


The dot product that appears in the work integral is 
k(t, t, t) 


F-r'(t) = Gap (1,1,1) = 


3kt ik 
BAP VABBE 








Therefore, the work done is 


= frac |e - +( -+) 
w= [Prd i a= (1-3). 


b. The path C, is obtained by letting a — © in part (a). The required work is 


W = lim (1 1 ) k 
= lim — = — — | = —. 
a>% V3 a V3 
If F is a gravitational field, this result implies that the work required to escape Earth’s 


gravitational field is finite (which makes space flight possible). 
Related Exercises 39-46 < 


Circulation and Flux of a Vector Field 


Line integrals are useful for investigating two important properties of vector fields: cir- 
culation and flux. These properties apply to any vector field, but they are particularly rel- 
evant and easy to visualize if you think of F as the velocity field for a moving fluid. 
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» In the definition of circulation, a closed 
curve is acurve whose initial and 
terminal points are the same, as defined 


formally in Section 15.3. 





On the unit circle, F = (x, y) 
is orthogonal to C and has 
zero circulation on C. 


(a) 





On the unit circle, F = (—y, x) 
is tangent to C and has 
positive circulation on C. 


(b) 
FIGURE 15.23 


Circulation We assume that F = (f, g, h) is a continuous vector field on a region D of 
R°, and we take C to be a closed smooth oriented curve in D. The circulation of F along C 
is a measure of how much of the vector field points in the direction of C. More simply, as 
you travel along C in the forward direction, how often is the vector field at your back and 
how often is it in your face? To determine the circulation, we simply “add up” the compo- 
nents of F in the direction of the unit tangent vector T at each point. Therefore, circulation 
integrals are another example of line integrals of vector fields. 


DEFINITION Circulation 


Let F be a continuous vector field on a region D of R? and let C be a closed smooth 


oriented curve in D. The circulation of F on C is f c E: T ds, where T is the unit 
vector tangent to C consistent with the orientation. 





EXAMPLE 7 Circulation of two-dimensional flows Let C be the unit circle with 
counterclockwise orientation. Find the circulation on C for the following vector fields. 


a. The radial flow field F = (x, y) 
b. The rotation flow field F = (—y, x) 
SOLUTION 


a. The unit circle with the specified orientation is described parametrically by 
r(t) = (cos t, sin t), for0 < t S 2m. Therefore, r'(t) = (—sin t, COS t) and the 
circulation of the radial field F = (x, y) is 


[vere 


C 


27 
J F-r’(t) dt Evaluation of a line integral 
0 


2T 
= / (cos t, sin t} + (—sin t, cost) dt Substitute for F and r”. 
0 — MM 


— Aa 
F = (x,y) r'(t) 
2T 
= / O dt = 0. Simplify. 
0 


The tangential component of the radial vector field is zero everywhere on C, so the 
circulation is zero (Figure 15.23a). 


b. The circulation for the rotation field F = (—y, x) is 


[vera 


C 


2T 
/ F-r’(t) dt Evaluation of a line integral 
0 


21 
= J (—sin t, cost) + (—sin t, cost) dt Substitute for F andr’. 
0 <_< amam —— amam 

F = (—y, x) r'(t) 


27 
= J (sin? t + co? t) dt Simplify. 
0 ——_—_—_—— —— 
1 


= 27. 
In this case, at every point of C, the vector field is in the direction of the tangent vec- 


tor; the result is a positive circulation (Figure 15.23b). 
Related Exercises 47-48 


» In the definition of flux, the non- 
self-intersecting property of C means 
that C is a simple curve, as defined 
formally in Section 15.3. 


» Recall that a X b is orthogonal to 
a and b. 
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EXAMPLE 8 Circulation of a three-dimensional flow Find the circulation of 
the vector field F = (z, x,—y) on the tilted ellipse C: r(t) = (cos t, sin t, cos t), for 
0 = t S 2r (Figure 15.24a). 


SOLUTION We first determine that 


r’(t) = (x'(t), y(t), z'(t)) = (—sint, cos t, —sin t}. 


PS (7%, >) 
on C 


Projection of F on 
unit tangent vectors 
of C 





mA 
K 


(a) (b) 
FIGURE 15.24 


Substituting x = cos t, y = sin t, and z = cos ź into F = (z, X, —y), the circulation 1s 


oe Evaluation of a 
[vere = J F-r'(t) dt line integral 
C 
2T d 
À . , Substitute for 
— (cos t, COS t, —sin t) : (—sin f, COS t, —sin t) dt F } 
ò and r'. 
2T 
l Simplify; 
E J (—sintcost + 1) dt sin? t + cos? t = 1. 
= 277. Evaluate the integral. 


Figure 15.24b shows the projection of the vector field on the unit tangent vectors at 
various points on C. The circulation is the “sum” of the magnitudes of these projections, 
which, in this case, is positive. 

Related Exercises 47-48< 


Flux of Two-Dimensional Vector Fields Assume that F = (f, g) is a continuous 
vector field on a region R of R?. We let C be a smooth oriented curve in R that does not 
intersect itself; C may or may not be closed. To compute the flux of the vector field across 
C, we “add up” the components of F orthogonal or normal to C at each point of C. Notice 
that every point on C has two unit vectors normal to C. Therefore, we let n denote the unit 
vector in the xy-plane normal to C in a direction to be defined momentarily. Once the direc- 
tion of n is defined, the component of F normal to C is F » n, and the flux is the line integral 
of F +n along C, which we denote I- F-nds. 

The first step is to define the unit normal vector at a point P of C. Because C lies 
in the xy-plane, the unit vector T tangent at P also lies in the xy-plane. Therefore, its 
z-component is 0, and we let T = (T, Ty; 0). As always, k = (0, 0, 1) is the unit vec- 
tor in the z-direction. Because a unit vector n in the xy-plane normal to C is orthogonal to 
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both T and k, we determine the direction of n by letting n = T X k. This choice has two 
implications (Figure 15.25a). 


e If C is a closed curve oriented counterclockwise (when viewed from above), the unit 
normal vector points outward along the curve (Figure 15.25b). 


e If C is not a closed curve, the unit normal vector points to the right (when viewed from 
above) as the curve is traversed in the forward direction. 


F points outward on C. 
F -n > 0 gives a positive 
contribution to flux. 












n 
F points inward on C. 

F -n< 0 gives a negative 
contribution to flux. 


(a) (b) 
FIGURE 15.25 





QUICK CHECK 4 Draw a closed curve on a sheet of paper and draw a unit tangent vector T 
on the curve pointing in the counterclockwise direction. Explain why n = T X kis an 
outward unit normal vector. «< 


Calculating the cross product for the unit normal vector, we find that 


i j k 
n=TXk=(|7, T, 0 =Fi- fj. 
0 0 1 


r'(t) 
Ir’(t) 





Because T = , the components of T are 





(x(t), y’(t), 0) 
Ir’(t)| 
We now have an expression for the unit normal vector: 
aari rj- 0 FO, 'O-'0) 
T eO o| Ir’(1)| 


To evaluate the flux integral I c F:n ds, we make a familiar change of variables by 
letting ds = |r'(t)| dt. The flux of F = (f, g) across C is then 


b i t b 
[F-nas = [rA DEO voas [ovo -eroa 


T= (7, T, 0} = 








Ir’(t)| 
=e ds 
n 





This is one useful form of the flux integral. Alternatively, we can note that dx = x'(t) dt 


and dy = y'(t) dt and write 
[nas = [ta = OX. 
C C 
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DEFINITION Flux 


Let F = (f, g ) bea continuous vector field on a region R of R°. Let 
C:r(t) = (x(t), y(t)), fora = t = b, be a smooth oriented curve in R that does 
not intersect itself. The flux of the vector field across C is 


[F-nas = [ww -groja 


where n = T X k is the unit normal vector and T is the unit tangent vector consis- 
tent with the orientation. If C is a closed curve with counterclockwise orientation, n is 
the outward normal vector and the flux integral gives the outward flux across C. 





EXAMPLE 9 Flux of two-dimensional flows Find the outward flux across the unit 
circle with counterclockwise orientation for the following vector fields. 


a. The radial vector field F = (x, y) 
b. The rotation flow field F = (—y, x) 


SOLUTION 


a. The unit circle with counterclockwise orientation has a description 
r(t) = (x(t), y(t)) = (cost, sin t}, forO < t = 27. Therefore, x'(t) = —sin t and 
y'(t) = cos t. The components of F are f = x(t) = cos t and g = y(t) = sint. It 
follows that the outward flux 1s 


b 
J yt) a 


2T 
/ (cos tcos tf — sin t (—sin t)) dt 
0 Coo” 
T y'(t) €  x'(t) 


2T 
/ 1 dt = 27. cos i + sin t= 1 
0 


Because the radial vector field points outward and is aligned with the unit normal vec- 
tors on C, the outward flux is positive (Figure 15.26a). 





On the unit circle, F = (x, y) On the unit circle, F = (—y, x) 
is orthogonal to C and has is tangent to C and has 
positive outward flux on C. zero outward flux on C. 


(a) (b) 
FIGURE 15.26 
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b. For the rotation field, f = —y(t) = —sint and g = x(t) = cos t. The outward flux is 


b 
J OR at = 


27 
i (—sin t cos t — cos t (—sin fr) ) dt 
0 


f Fi g x’ (t) 


2T 
/ O dt = 0. 
0 


Because the rotation field is orthogonal to n at all points of C, the outward flux across 
C is zero (Figure 15.26b). The results of Examples 7 and 9 are worth remembering: 
On a unit circle centered at the origin, the radial vector field (x, y) has outward flux 
27 and zero circulation. The rotation vector field (—y, x) has zero outward flux and 


circulation 277. 


SECTION 15.2 EXERCISES 


Review Questions 
1. Explain how a line integral differs from the single-variable integral 


f f(x) dx. 


2. How do you evaluate the line integral I cf ds, where C is param- 
eterized by a parameter other than arc length? 


3. Ifa curve C is given by r(t) = (t, t°), what is |r’(t)|? 


4. Given a vector field F and a parameterized curve C, explain how 
to evaluate the line integral J. cE- Tds. 


5. How can | aF - T ds be written in the alternate form 
[°F x'(t) + gy'(t) + hz’ (t)) dt? 


6. Given a vector field F and a closed smooth oriented curve C, what 
is the meaning of the circulation of F on C? 


7. Explain how to calculate the circulation of a vector field on a 
closed smooth oriented curve. 


8. Given a two-dimensional vector field F and a smooth oriented 
curve C, what is the meaning of the flux of F across C? 


9. How do you calculate the flux of a two-dimensional vector field 
across a smooth oriented curve C? 


10. Sketch the oriented quarter circle from (1, 0) to (0, 1) and supply 
a parameterization for the curve. Draw the unit normal vector (as 
defined in the text) at several points on the curve. 


Basic Skills 
11-14. Scalar line integrals with arc length as parameter Evaluate 
the following line integrals. 


11. J» ds; C is the unit circle r(s) = (cos s, sins), for 


C 
0a rar. 


12. Í (x + y) ds; C is the circle of radius 1 centered at (0, 0). 
C 


13. [oe — 2y) ds; C is the line r(s) = (s/ V2, s/ V2), for 
C 


=" = 4, 


Related Exercises 49-S50< 


14. [ova C is the line r(s) = (s/V2,1 — s/V2), for 
C 
Oss 4. 


15-20. Scalar line integrals in the plane 


a. Find a parametric description for C in the form 
r(t) = (x(t), y(t)), if it is not given. 

b. Evaluate |r'(t)|. 

c. Convert the line integral to an ordinary integral with respect to the 
parameter and evaluate it. 


15. J (x? + y°) ds; C is the circle of radius 4 centered at (0, 0). 
C 


16. fo + y?) ds; C is the line segment from (0, 0) to (5, 5). 
Č 


te j 
ë * 7 


18. fo ds; C is the curve y = x’, for0 = x = 1. 
C 





z ds; C is the line segment from (1, 1) to (10, 10). 


2 2 
19. J xy ds; C is the portion of the ellipse a F z = ] in the first 


C 
quadrant, oriented counterclockwise. 


20. fo — 3y) ds; C is the line segment from (—1, 0) to (0, 1) 
C 


followed by the line segment from (0, 1) to (1, 0). 


21-24. Average values Find the average value of the following 
functions on the given curves. 


21. f(x,y) =x + 2y on the line segment from (1, 1) to (2, 5) 

22. f(x,y) = x? + 4y% on the circle of radius 9 centered at the origin 

23. f(x, y) V4 + 9y?/3 on the curve y = x9”, ford < x <5 
) 


24. f(x,y) = xe’ on the unit circle centered at the origin 


25-30. Scalar line integrals in R? Convert the line integral to an ordi- 
nary integral with respect to the parameter and evaluate it. 


25. fo + y + z) ds; C is the circle r(t) = (2 cos t, 0, 2 sin t}, 
C 
for 0 =¢t S 27. 

26. fo — y + 2z) ds; C is the circle r(t) = (1,3 cos t, 3 sin t), 
C 
for 0 sts 27. 


DNs [x ds; C is the line segment from (0, 0, 0) to (1, 2, 3). 
C 


X 
28. [eas C is the line segment from (1, 4, 1) to (3, 6, 3). 
va 


29. fo — z) ds; C is the helix r(t) = (3 cos t, 3 sin t, t), for 
C 
Q=a f= 27: 

30. fras Cisr(t) = (t, 2t,-4¢), for 1 = t = 2. 
C 


31-32. Length of curves Use a scalar line integral to find the length 
of the following curves. 


31. r(t) = (20 sin t/4, 20 cos t/4,t/2),for0 = t= 2 
32. r(t) = (30 sin t, 40 sin t, 50 cos t), for 0 < t S 27 


33-38. Line integrals of vector fields in the plane Given the follow- 
ing vector fields and oriented curves C, evaluate J eF- Fas 


33. E = (F) on the parabola r(t) = (4t, t”), for 0 =7= | 


34, F = (—y, x) onthe semicircle r(t) = (4 cos t, 4 sin t}, for 
Garan 


35. F = (y, x) on the line segment from (1, 1) to (5, 10) 











X, 
36. F = S 7) 3/2 on the line segment from (2, 2) to (10, 10) 
(x + y*) 
_ (xy) ee 
37. F= ; nap ON the curve r(t) = (1°, 3¢°), forl <4 = 2 
(x + y*) 
(x,y) | 
38. F = ~~ 3 0n the line r(r) = (1,4), for 1 < + < 10 
iy 


39-42. Work integrals Given the force field F, find the work required 
to move an object on the given oriented curve. 


39. F = (y,—x) on the path consisting of the line segment from 
(1, 2) to (0, 0) followed by the line segment from (0, 0) to (0, 4) 


40. F = (x,y) on the path consisting of the line segment 
from (—1, 0) to (0, 8) followed by the line segment from 
(0, 8) to (2, 8) 


41. F = (y,x) onthe parabola y = 2x? from (0, 0) to (2, 8) 
42. F = (y,—x) onthe line y = 10 — 2x from (1, 8) to (3, 4) 
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43-46. Work integrals in R? Given the force field F, find the work 
required to move an object on the given oriented curve. 


43. F = (x,y,z) on the tilted ellipse r(t) = (4 cos t, 4 sin t, 4 cos t }, 
forr 0 < t < 27 


44. F = (—y, x, z) on the helix r(t) = (2 cos t, 2 sin t, t/277), for 
C= f=] 27 


EFR] 
45. F= (eae ee on the line segment from (1, 1, 1) to 
x y z 
(10, 10, 10) 
(xyz) | 
46. F = on the line segment from (1, 1, 1) to (8, 4, 2) 


x? + y +z? 
47—48. Circulation Consider the following vector fields F and closed 
oriented curves C in the plane (see figures). 


a. Based on the picture, make a conjecture about whether the circula- 
tion of F on C is positive, negative, or zero. 
b. Compute the circulation and interpret the result. 


47. F= (y — x, x); C: r(t) = (2 cost, 2 sin t), for 0 = t = 2m 





C: r(f) = (2. cos t, 2 sin t) 

(x,y) 
Ce J yya 
(+2, +2), traversed counterclockwise. 


48. F= C is the boundary of the square with vertices 


_ __ &y) 
l (2 + y2)1/2 
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49-50. Flux Consider the vector fields and curves in Exercises 47-48. 


a. Based on the picture, make a conjecture about whether the outward 
flux of F across C is positive, negative, or zero. 
b. Compute the flux for the vector fields and curves. 


49. 
50. 


F and C given in Exercise 47 


F and C given in Exercise 48 


Further Explorations 


51. 


52. 


53. 


54. 


S9: 


Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. Ifa curve has a parametric description r(t) = (x(t), y(t), z(t) }), 
where t is the arc length, then |r'(t)| = 1. 

b. The vector field F = (y, x) has both zero circulation along 
and zero flux across the unit circle centered at the origin. 

c. If at all points of a path, a force acts in a direction orthogonal to 
the path, then no work is done in moving an object along the path. 

d. The flux of a vector field across a curve in R can be computed 
using a line integral. 


Flying into a headwind An airplane flies in the xz-plane, where x 
increases in the eastward direction and z = 0 represents vertical 
distance above the ground. A wind blows horizontally out of the 
west, producing a force F = (150, 0). On which path between 
the points (100, 50) and (—100, 50) is the most work done over- 
coming the wind: 


a. The straight line r(t) = (x(t), z(t)) = (—t, 50), for 
—100 <= t < 100or 

b. The arc of a circle r(t) = (100 cos t, 50 + 100 sin t), for 
Ostar? 


Flying into a headwind 


a. How does the result of Exercise 52 change if the force due to 
the wind is F = (141, 50) (approximately the same magni- 
tude, but different direction)? 

b. How does the result of Exercise 52 change if the force due to 
the wind is F = (141, —50) (approximately the same magni- 
tude, but different direction)? 


Changing orientation Let f(x, y) = x + 2y and let C be the unit 
circle. 


a. Find a parameterization of C with counterclockwise orienta- 
tion and evaluate f cfds. 

b. Find a parameterization of C with clockwise orientation and 
evaluate I ci ds. 

c. Compare the results of (a) and (b). 


Changing orientation Let f(x, y) = x and let C be the segment 

of the parabola y = x? joining O(0, 0) and P(1, 1). 

a. Find a parameterization of C in the direction from O to P. 
Evaluate f cfds. 

b. Find a parameterization of C in the direction from P to O. 
Evaluate f as ds: 

c. Compare the results of (a) and (b). 


56-57. Zero circulation fields 


56. 


For what values of b and c does the vector field F = (by, cx) 
have zero circulation on the unit circle centered at the origin and 
oriented counterclockwise? 


Sa 


Consider the vector field F = (ax + by, cx + dy). Show that F 
has zero circulation on any oriented circle centered at the origin, 
for any a, b, c, and d, provided b = c. 


58-59. Zero flux fields 


58. 


59. 


60. 


61. 


For what values of a and d does the vector field F = (ax, dy) 
have zero flux across the unit circle centered at the origin and 
oriented counterclockwise? 


Consider the vector field F = (ax + by, cx + dy). Show that F 
has zero flux across any oriented circle centered at the origin, for 
any a, b, c, and d, provided a = —d. 


Work in a rotation field Consider the rotation field F = (—y, x) 
and the three paths shown in the figure. Compute the work done 
on each of the three paths. Does it appear that the line integral 

J cE: T ds is independent of the path, where C is a path from 
(1,0) to (0, 1)? 





Work in a hyperbolic field Consider the hyperbolic force field 

F = (y, x) (the streamlines are hyperbolas) and the three paths 
shown in the figure for Exercise 60. Compute the work done on each 
of the three paths. Does it appear that the line integral 1 cE: T adsis 
independent of the path, where C is a path from (1, 0) to (0, 1)? 


Applications 
62—63. Mass and density A thin wire represented by the smooth curve 


C with a density p (units of mass per length) has amass M = 


fepds. 


Find the mass of the following wires with the given density. 


62. 
M63. C: {(x, y): y = 2x7,0 =x = 3}; p(x,y) = 1+ xy 
64. 


65. 


C: r(0) = (cos 6, sin@),for0 < 6 < m; p(0) = 20/7 + 1 


Heat flux in a plate A square plate R = {(x,y):0 =x <1, 
0 < y < 1} has a temperature distribution T(x, y) = 
100 — 50x — 25y. 
a. Sketch two level curves of the temperature in the plate. 
b. Find the gradient of the temperature V T(x, y). 
c. Assume that the flow of heat is determined by the vector field 
F = —V T(x, y). Compute F. 
d. Find the outward heat flux across the boundary 
eska = 1.0272 1}, 
e. Find the outward heat flux across the boundary 
1 (i 7)20 =x=ly= 1}. 


Inverse force fields Consider the radial field 
r (x,y, Z) 
= —— = ———., where p > | (the inverse square law 
Ir |? r|? 





corresponds to p = 3). Let C be the line from (1, 1, 1) to 
(a,a, a), where a > 1, given by r(t) = (t, (4) orl == a 


66. 
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a. Find the work done in moving an object along C with p = 2. Additional Exercises 
b. If a— œ in part (a), is the work finite? 67-68. Looking ahead: Area from line integrals The area of a region 
c. Find the work done in moving an object moving along C with R in the plane, whose boundary is the curve C, may be computed using 


p=4. line integrals with the formula 

d. If a— œ in part (c), is the work finite? 

e. Find the work done in moving an object moving along C for area of R = J xdy = — J yd. 
any p > 1. 7 2 


f. Ifa— œ in part (e), for what values of p is the work finite? 


Flux across curves in a flow field Consider the flow field 


F = (y, x) shown in the figure. 


a. Compute the outward flux across the quarter circle 
C: r(t) = (2 cos ¢, 2 sin t), for 0 < t < T2. 


These ideas reappear later in the chapter. 


67. Let R be the rectangle with vertices (0, 0), (a, 0), (0, b), and 
(a, b) and let C be the boundary of R oriented counterclockwise. 
Compute the area of R using the formula A = f cx dy. 


b. Compute the outward flux across the quarter circle 68. LetR = {(r,0):0 Sr <a,0 SO S 27} be the disk of 


C:r(t) = (2cost,2sint),fora/2 <t< qT. 
c. Explain why the flux across the quarter circle in the third 
quadrant equals the flux computed in part (a). 


radius a centered at the origin and let C be the boundary of R ori- 
ented counterclockwise. Compute the area of R using the formula 
A=- | cy dx: 


d. Explain why the flux across the quarter circle in the fourth 
quadrant equals the flux computed in part (b). 


e. What is the outward flux across the full circle? 








CHECK ANSWERS 
1. The Fundamental Theorem of Calculus says that 
d t 
a / f(u) du = f(t), which applies to differentiating the arc 


length integral. 2. 1300 ft/min 3. 7/2 4. Tandk are 
unit vectors, so n is a unit vector. By the right-hand rule for 
cross products, n points outward from the curve. « 


15.3 Conservative Vector Fields 


This is an action-packed section in which several fundamental ideas come together. At the 
heart of the matter are two questions. 


e When can a vector field be expressed as the gradient of a potential function? A vector 
field with this property will be defined as a conservative vector field. 

e What special properties do conservative vector fields have? 

After some preliminary definitions, we present a test to determine whether a vector field 

in R? or R? is conservative. This test is followed by a procedure to find a potential func- 


tion for a conservative field. We then develop several equivalent properties shared by all 
conservative vector fields. 


Types of Curves and Regions 


Many of the results in the remainder of the book rely on special properties of regions and 
curves. It’s best to collect these definitions in one place for easy reference. 
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CO) A 


Closed, simple Not closed, simple 
C 
OO xO* 
Closed, not simple Not closed, not simple 
FIGURE 15.27 


» Recall that all points of an open set are 
interior points. An open set does not 
contain its boundary points. 


» Roughly speaking, connected means 
that R is all in one piece and simply 
connected in R? means that R has 
no holes. R? and R? are themselves 
connected and simply connected. 


This curve cannot be contracted 
to a point and remain in R. 


SS 


Connected, Connected, 

simply connected not simply connected 

Not connected, Not connected, 

simply connected not simply connected 
FIGURE 15.28 


» The term conservative refers to 
conservation of energy. See Exercise 52 
for an example of conservation of energy 
in a conservative force field. 


» Depending on the context and the 
interpretation of the vector field, the 
potential may be defined such that 
F = —V¢ (with a negative sign). 


DEFINITION Simple and Closed Curves 


Suppose a curve C (in R? or R?) is described parametrically by r(t), where 
a = t < b. Then Cis a simple curve if r(t,) # r(t) for all t; and f, with 


a <t < t < b; that is, C never intersects itself between its endpoints. The 
curve C is closed if r(a) = r(b); that is, the initial and terminal points of C are 
the same (Figure 15.27). 





In all that follows, we generally assume that R in R? (or D in R°) is an open region. 
Open regions are further classified according to whether they are connected and whether 
they are simply connected. 


DEFINITION Connected and Simply Connected Regions 


An open region R in R? (or D in R°) is connected if it is possible to connect any two 
points of R by a continuous curve lying in R. An open region R is simply connected 
if every closed simple curve in R can be deformed and contracted to a point in R 
(Figure 15.28). 








1ECK 1 Is a figure-8 curve simple? Closed? Is a torus connected? Simply 
connected? < 


QUICK Cr 


Test for Conservative Vector Fields 


We begin with the central definition of this section. 


DEFINITION Conservative Vector Field 


A vector field F is said to be conservative on a region (in R? or R°) if there exists a 


scalar function œ such that F = Vg on that region. 





Suppose that the components of F = (f, g, h) have continuous first partial deriva- 
tives on a region D in RÌ. Also assume that F is conservative, which means by defini- 
tion that there is a potential function œ such that F = Vø. Matching the components of 
F and Vọ, we see that f = 9,, g = Py, and h = g,. Recall from Theorem 13.4 that if 
a function has continuous second partial derivatives, the order of differentiation in the 
second partial derivatives does not matter. Under these conditions on ¢, we conclude 
the following: 

° Pay = yx, which implies that f, = 8, 

©, = Px which implies that f, = h,, and 

° Py, = Py, which implies that g, = hy. 
These observations comprise half of the proof of the following theorem. The remainder of 
the proof is given in Section 15.4. 
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THEOREM 15.3 Test for Conservative Vector Fields 
Let F = (f, g, h) bea vector field defined on a connected and simply connected 
region D of R°, where f, g, and h have continuous first partial derivatives on D. 
Then F is a conservative vector field on D (there is a potential function g such 
that F = Vo) if and only if 

of ög of ðh dg ðh 


= : = ; an = . 
Oy ox OZ Ox Oz oy 


ð 
For vector fields in R?, we have the single condition a = 
y 





EXAMPLE 1 Testing for conservative fields Determine whether the following vec- 
tor fields are conservative on R? and R?, respectively. 


a. F = (e*cos y,—e* sin y) 
b. F = (2xy = z*, x7 22) = 2xz ) 


SOLUTION 

a. Letting f = e* cos y and g = —e’ sin y, we see that 
of dg 
— = —e* sin y = —. 
oy Ox 


The conditions of Theorem 15.3 are met and F is conservative. 
b. Letting f = 2xy — z*,g = x° + 2z,andh = 2y — 2xz, we have 


of dg of ah dg ah 
— = 2 x= =~ — Z= — 2 zZz = -i — == 2 = —, 
oy Ox OZ Ox Oz oy 
By Theorem 15.3, F is conservative. 


Related Exercises 9-14< 


Finding Potential Functions 


Like antiderivatives, potential functions, for most practical purposes, are determined up to 
an arbitrary additive constant. Unless an additive constant in a potential function has some 
physical meaning, it is usually omitted. Given a conservative vector field, there are several 
methods for finding a potential function. One method is shown in the following example. 
Another approach is illustrated in Exercise 57. 


QUICK CHECK 2 Explain why a potential function for a conservative vector field is deter- 
mined up to an additive constant. < 





EXAMPLE 2 Finding potential functions Find a potential function for the conserva- 
tive vector fields in Example 1. 


a. F = (e* cos y, —e” sin y) 
b. F = (2xy — z’, x + 2z, 2) = 2xz ) 
SOLUTION 


a. A potential function g for F = (f, g) has the property that F = V¢ and satisfies the 
conditions 


Px = f(x,y) =e* cosy and , = g(x,y) = —e* siny. 
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» This procedure may begin with either of 
the two conditions, p, = f or p, = g. 


» This procedure may begin with any of the 
three conditions. 


The first equation is integrated with respect to x (holding y fixed) to obtain 
fod = [evcosyat 


p(x, y) = e” cosy + c(y). 


which implies that 


In this case, the “constant of integration” c(y) is an arbitrary function of y. You 
can check the preceding calculation by noting that 


op ð 
z gg (č cosy + ely) = e* cosy = f(x, y). 


To find the arbitrary function c(y), we differentiate p(x, y) = e* cos y + c(y) with 
respect to y and equate the result to g (recall that p, = g): 
p, =—e*siny+c'(y) and g = —e* siny. 


We conclude that c'(y) = 0, which implies that c(y) is any real number, which we 
typically take to be zero. So a potential function is g(x, y) = e* cos y, a result that 
may be checked by differentiation. 


b. The method of part (a) is more elaborate with three variables. A potential function @ 
must now satisfy these conditions: 


O,=f=Im-2 g=gex2+22 9, = h=2y- 2z. 


Integrating the first condition with respect to x (holding y and z fixed), we have 


ọ = Jw — z’) dx = x*y — xz’ + c(y, z). 


Because the integration is with respect to x, the arbitrary “constant” is a function of y 
and z. To find c(y, z), we differentiate œ with respect to y, which results in 


OA x + Cy, Z): 


Equating p, and g = x” + 2z, we see that c(y, z) = 2z. To obtain c(y, z), 

we integrate c,(y, z) = 2z with respect to y (holding z fixed), which results in 

c(y, z) = 2yz + d(z). The “constant” of integration is now a function of z, which we 
call d(z). At this point, a potential function looks like 


p(x, y, z) = x*y — xz? + 2yz + d(z). 
To determine d(z), we differentiate œ with respect to z: 
g, = —2xz + 2y + d'(z). 
Equating p, and h = 2y — 2xz, we see that d'(z) = 0, or d(z) is a real number, 
which we generally take to be zero. Putting it all together, a potential function is 
o = x*y — xz? + 2yz. 
Related Exercises 15—26< 





¢3 Verify by differentiation that the potential functions found in Example 2 
produce the corresponding vector fields. «< 
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PROCEDURE Finding Potential Functions in R° 


Suppose F = (f, g, h) is a conservative vector field. To find @ such that 
F = Vọ, take the following steps: 


. Integrate œ, = f with respect to x to obtain g, which includes an arbitrary 
function c(y, z). 


. Compute ¢, and equate it to g to obtain an expression for c,(y, z). 


. Integrate c,(y, z) with respect to y to obtain c(y, z), including an arbitrary 
function d(z). 


. Compute ¢, and equate it to h to get d(z). 


Beginning the procedure with g, = g or g, = h may be easier in some cases. 





Fundamental Theorem for Line Integrals and Path Independence 


Knowing how to find potential functions, we now investigate their properties. The first 
property is one of several beautiful parallels to the Fundamental Theorem of Calculus. 


THEOREM 15.4 Fundamental Theorem for Line Integrals 
> Compare the two versions of the Let F be a continuous vector field on an open connected region R in R? (or D 
Fundamental Theorem. in R°). There exists a potential function ¢ with F = V@ (which means that F is 
conservative) if and only if 


J F'(x) dx = F(b) — F(a) 


[vera = [var = (B) — (A), 


j for all points A and B in R and all smooth oriented curves C from A to B. 





Here is the meaning of this theorem: If F is a conservative vector field, then the value 
of a line integral of F depends only on the endpoints of the path. More simply, the line 
integral is independent of path, which means a parameterization of the path is not needed 
to evaluate line integrals of conservative fields. 

If we think of ọ as an antiderivative of the vector field F, then the parallel to the 
Fundamental Theorem of Calculus is clear. The line integral of F is the difference of the 
values of ọ evaluated at the endpoints. 


Proof: We prove the theorem in one direction: If F is conservative, then the line integral 
is path-independent. The technical proof in the other direction is omitted. 

Let the curve C in R? be given by r(t) = (x(t), y(t), z(t)), fora = t = b, where r(a) 
and r(b) are the position vectors for the points A and B, respectively. By the Chain Rule, 
the rate of change of œ with respect to t along C 1s 

dp opdx ð dy dg dz 


= + T Chain Rule 
dt ox dt ðy dt oz dt —_— 


dp dp Ly (4 dy =) 
= (—,2>,.727>)°4 —,—, = ) Identify the dot product. 
(2 dy a dt dt dt ——— 
= Vo-r'(t) r= {Anr 
F-r'(t). F = Vọ 
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Evaluating the line integral and using the Fundamental Theorem of Calculus, it follows 
that 


b 
d d 
= [ea F-r'(t) = — 
a dt dt 


= ¢ (B) — @(A). Fundamental Theorem of Calculus; t = b corresponds 
to B and t = a corresponds to A. < 


EXAMPLE 3 Verifying path independence Consider the potential function 

p(x, y) = (x? — y?°)/2 and its gradient field F = (x,—y). Let C, be the quarter circle 
r(t) = (cost, sint), forO < t < 7/2, from A(1, 0) to B(0, 1). Let C, be the line 
r(t) = ( | =, ae for 0 S t < 1, also from A to B. Evaluate the line integrals of F on 
C, and C,, and show that both are equal to g(B) — (A). 


SOLUTION On C; we have r'(t) = (—sin t, cost) and F = (x,—y) = (cost,—sint). 
The line integral on C4 is 


[rea — [ero dt 


Ci Ci 


ar [2 
J (cos t, —sin t} + (—sin t, cos t} dt Substitute for F and r’. 
0 


F r'(t)dt 
a /2 
= J (—sin 2t) dt 2 sint cos t = sin 2t 
0 
1 T/2 
= (G COS 2) = -1. Evaluate the integral. 
0 





On C, we have r'(t) = (—1,1) and F = (x,—y})} = (1 — t,—t); therefore, 


1 
[rea = / (1 — t,—t) + (—1,1) dt Substitute for F and dr. 
0 — yM 


i— lM 


Cy F dr 


1 
= / (—1) dt = —-1. Simplify. 
0 
The two line integrals have the same value, which is 
p(B) — g(A) = (0, 1) — ẹ(1,0) = - 
Related Exercises 27-32< 


EXAMPLE 4 Line integral of a conservative vector field Evaluate 


[ten — zji ++ (x° + 2z)j t (2y — 2xz)k)-dr, 
C 
where C is a simple curve from A(—3, —2, —1) to B(1, 2, 3). 





QUICK CHECK 4 Explain why the vec- 


or field V(xy + xz — yz) is a conser- 
vative field. «< 


» Notice the analogy with [ f(x) dx = 0, 
which is true of all integrable functions. 


» Line integrals of vector fields satisfy 
properties similar to those of ordinary 
integrals. If C is a smooth curve from A 
to B and P is a point on C between A and 
B then 


and 





rr CoC UC, 


PF-dr=|F-dr+ |F- dr 
C G ‘en 


FIGURE 15.29 
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SOLUTION This vector field is conservative and has a potential function 
¢ = x°y — xz” + 2yz (Example 2). By the Fundamental Theorem for line integrals, 


[en — z*)i + (x° + 2z)j + (2y — 2xz)k)-ar 


Jv (x*y — xz? + 2yz)-ar 
- P 
a(l, 2:3) = g3; -2-1 = 16. 


Related Exercises 27—32< 


Line Integrals on Closed Curves 


It is a short step to another characterization of conservative vector fields. Suppose C is a 
simple closed smooth oriented curve in R? or R°. To distinguish line integrals on closed 
curves, we adopt the notation g ë F - dr, where the small circle on the integral sign indi- 
cates that C is a closed curve. Let A be any point on C and think of A as both the initial 
point and the final point of C. Assuming that F is a conservative vector field on an open 
connected region R containing C, it follows by Theorem 15.4 that 


Fede = (A) — g(A) = 0. 


Because A is an arbitrary point on C, we see that the line integral of a conservative vector 
field on a closed curve 1s zero. 

An argument can be made in the opposite direction as well: Suppose $o F-dr = 0 
on all simple closed smooth oriented curves in a region R and let A and B be distinct 
points in R. Let C, denote any curve from A to B, let C, be any curve from B to A (distinct 
from and not intersecting C,), and let C be the closed curve consisting of C4 followed by 


C, (Figure 15.29). Then 
$ F -dr = [reat + [rea = 0. 
C 


I Cy 
Therefore, f c, F-dr = — | cF edr = f 7 cF - dr, where — C; is the curve C, traversed in 
the opposite direction (from A to B). We see that the line integral has the same value on 
two arbitrary paths between A and B. It follows that the value of the line integral is inde- 


pendent of path, and by Theorem 15.4, F is conservative. This argument is a proof of the 
following theorem. 


THEOREM 15.5 Line Integrals on Closed Curves 
Let R in R° (or D in R?) be an open region. Then F is a conservative vector field on 


R if and only if g cF:dr = 0 on all simple closed smooth oriented curves C in R. 





EXAMPLE 5 A closed curve line integral in R? Evaluate 
dan (—xy + xz + yz)+dr on the curve C: r(t) = (sin t, cos t, sin t) ,for0 = t = 27, 
without using Theorems 15.4 or 15.5. 


SOLUTION The components of the vector field are 
F = V(-xy + xz + yz) = (-ytz-xtaxty). 
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Note that r'(t) = (cos t, —sin t, cos t) and dr = r’(t) dt. Substituting values of x, y, 
and z, the value of the line integral is 


Fede = P(o + ont ax ty) ode Substitute for F. 
C 


C 
2T 
= / sin 2t dt Substitute for x, y, z, dr. 
0 
1 QT 
= E cos 2t = 0. Evaluate the integral. 
0 





The line integral of this conservative vector field on the closed curve C 1s zero. In fact, by 
Theorem 15.5, the line integral vanishes on any simple closed curve. 
Related Exercises 33-38 <« 


Summary of the Properties of Conservative Vector Fields 

We have established three equivalent properties of conservative vector fields F defined on 
an open connected region R in R° (or D in R°). 

e There exists a potential function g such that F = Vo (definition). 


e f cF:dr = ọ(B) — ¢(A) for all points A and B in R and all smooth oriented curves C 
from A to B (path independence). 


° $o F -dr = 0 on all simple smooth closed oriented curves C in R. 


The connections between these properties were established by Theorems 15.4 and 15.5 in 


the following way: 


Theorem 15.4 


Theorem 15.5 


Path-independence = Fis conservative (Vo =F) © F-dr = 0. 


SECTION 15.3 EXERCISES 


Review Questions 
1. Explain with pictures what is meant by a simple curve and a 
closed curve. 


2. Explain with pictures what is meant by a connected region and a 
simply connected region. 


3. How do you determine whether a vector field in R? is conserva- 
tive (has a potential function g such that F = Vo)? 


4. How do you determine whether a vector field in R? is 
conservative? 


5. Briefly describe how to find a potential function @ for a conserva- 
tive vector field F = (f, g). 


6. If F is a conservative vector field on a region R, how do you 
evaluate Í c E: dr, where C is a path between two points A and B 
in R? 


7. If Fis a conservative vector field on a region R, what is the value of 
g c E: dr, where C is a simple closed smooth oriented curve in R? 


8. Give three equivalent properties of conservative vector fields. 


Basic Skills 
9-14. Testing for conservative vector fields Determine whether the 
following vector fields are conservative on R°. 


9, F= (1,1) 10. F = (x,y) 
11. F = (-y,-x) 12. F = (—y,x + y) 
13. F = e cos y, e * sin y) 

14. F = (2x? + xy?, 2y? + x?y) 


15-26. Finding potential functions Determine whether the following 
vector fields are conservative on the specified region. If so, determine 
a potential function. Let R* and D* be open regions of R? and R$, 
respectively, that do not include the origin. 


15. F = (x,y) on R? 16. F = (—y, —x) on R? 


(x,y) . 
ae x on R 





2 
17. F= (x = 9,5 y on R? 18. F = 





x l 
19. F = - on R 20. F = (y, x, 1) on R? 


21. F= ( z, 1,x) on R? 

22. F = (yz, xz, xy} onR? 

23. F= (y+z,x +z,x +y) on R? 

24. pe ae 
ey rI 

25. F = ayz on D* 


Vx? + y + z? 
26. F = (x9, 2y, —z>) on R? 


27-32. Evaluating line integrals Evaluate the line integral T cVe'dr 
for the following functions @~ and oriented curves C in two ways. 


a. Use a parametric description of C and evaluate the integral 
directly. 
b. Use the Fundamental Theorem for line integrals. 


27. (x,y) = xy; C: r(t) = (cos t,sint),for0 S t= r 
28. olx, y) = (x* + y*)/2; C:r(t) = (sint, cos t), for0 = t = m 
29. (x,y) = x + 3y; C: r(t) = (2 — t,t), fr0 =t = 2 


30. g(x, y,z) =x +y+z; Cr(t) = (sin t, cos t, t/a), for 
OStST 


31. (x,y,z) = (x? + y? + 27)/2; C: r(t) = (cost, sin t, t/m), 
for 0 = t = 2r 


32. g(x, y,z) = xy + xz +yz C:r(t) = (t, ot) tortera 


33-38. Line integrals of vector fields on closed curves Evaluate 
$o F : dr for the following vector fields and closed oriented curves C 
by parameterizing C. If the integral is not zero, give an explanation. 


33. F = (x,y); C is the circle of radius 4 centered at the origin 
oriented counterclockwise. 


34. F = (y, x); Cis the circle of radius 8 centered at the origin 
oriented counterclockwise. 


35. F = (x,y); C is the triangle with vertices (0, +1) and (1, 0) 
oriented counterclockwise. 


36. F = (y,—x); C is the circle of radius 3 centered at the origin 
oriented counterclockwise. 


37. F= (x,y,z); C:r(t) = (cost, sint,2),for0 = ¢ = 27 


38. F = (y —zz7-x,x-y)3C: r(t) = (cos t, sin t, cos t), for 


O=t=27 


Further Explorations 
39. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. If F = (—y, x) and C is the circle of radius 4 centered at 
(1, 0) oriented counterclockwise, then $, F + dr = 0. 

b. If F = (x,—y) and C is the circle of radius 4 centered at 
(1, 0) oriented counterclockwise, then $, F+ dr = 0. 

c. A constant vector field is conservative on R°. 

d. The vector field F = (f(x), g(y) ) is conservative on R°. 
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40-43. Line integrals Evaluate the following line integrals using a 
method of your choice. 


40. J V(1 + x°yz) dr, where C is the helix 


C 
r(t) = (cos 2t, sin 2t, t), for 0 < t < 4r 


41. [re cos y) + dr, where C is the line segment from (0, 0) to 


C 
(1n 2, 27) 


42. $ e “(cos y dx + sin y dy), where C is the square with vertices 
C 
(+1, +1) oriented counterclockwise 


43. $ F- dr, where F = (2xy + 7%, x’, 2xz) and C is the circle 


€ 
r(t) = (3 cos t, 4 cos t, 5 sin t), for 0 zia Ir. 


44. Closed curve integrals Evaluate g a ds, g a dx, and g g dy, where 
C is the unit circle oriented counterclockwise. 


45—48. Work in force fields Find the work required to move an object 
in the following force fields along a line segment between the given 
points. Check to see if the force is conservative. 


45. F = (x,2) from A(0, 0) to B(2, 4) 

46. F = (x,y) from A(1, 1) to B(3, —6) 

47. F = (x,y,z) from A(1, 2, 1) to B(2, 4, 6) 

48. F = e**’ (1, 1,z) from A(0, 0, 0) to B(—1, 2, —4) 


49-50. Work from graphs Determine whether T c F: dr along the 
paths C, and C, shown in the following vector fields is positive or 
negative. Explain your reasoning. 


49. 
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50. 





Applications 

51. Work by a constant force Evaluate a line integral to show that 
the work done in moving an object from point A to point B in 
the presence of a constant force F = (a, b, c) is F-AB. 


52. Conservation of energy Suppose an object with mass m moves 
in a region R in a conservative force field given by F = —Vg, 
where ¢ is a potential function in a region R. The motion of the 
object is governed by Newton’s Second Law of Motion, F = ma, 
where a is the acceleration. Suppose the object moves from point 
A to point B in R. 


dv 
a. Show that the equation of motion is m an VQ. 


d l d 
b. Show that = -v = - V-v). 
dt 2 dt 


c. Take the dot product of both sides of the equation in part (a) 
with v(t) = r’(t) and integrate along a curve between A and 
B. Use part (b) and the fact that F is conservative to show that 
the total energy (kinetic plus potential) 5 m|v|* + ¢ is the 
same at A and B. Conclude that because A and B are arbitrary, 
energy is conserved in R. 


53. Gravitational potential The gravitational force between two 
point masses M and m is 


PeR (x,y, Z) 
Ir]? ta i y A ge 


where G is the gravitational constant. 


a. Verify that this force field is conservative on any region ex- 
cluding the origin. 

b. Find a potential function ¢ for this force field such that 
F = —V¢@. 

c. Suppose the object with mass m is moved from a point A to a 
point B, where A is a distance r, from M and B is a distance r 
from M. Show that the work done in moving the object is 


a) 
GMm\|—-—- — |}, 
Lp) i 


d. Does the work depend on the path between A and B? Explain. 


Additional Exercises 
54. Radial fields in R? are conservative Prove that the radial field 


r . . 
F = Pata where r = (x, y, z) and p is areal number, is 
r 





conservative on any region not containing the origin. For what 
values of p is F conservative on a region that contains the origin? 


55. Rotation fields are usually not conservative 
; : ( =y, xX 
a. Prove that the rotation field F = r|? 
r 
is not conservative for p # 2. 
b. For p = 2, show that F is conservative on any region not con- 
taining the origin. 
c. Find a potential function for F when p = 2. 


, Where r = (ayr) 





56. Linear and quadratic vector fields 


a. For what values of a, b, c, and d is the field 
F = (ax + by, cx + dy) conservative? 
b. For what values of a, b, and c is the field 
F = (ax? — by’, cxy ) conservative? 


57. Alternative construction of potential functions in R? Assume 
that the vector field F is conservative in R?, so that the line 
integral f c E: dr is independent of path. Use the following 
procedure to construct a potential function ¢ for the vector field 
Pag = aana y) 

a. Let A be (0, 0) and let B be an arbitrary point (x, y). Define 
(x, y) to be the work required to move an object from A to B, 
where y(A) = 0. Let C} be the path from A to (x, 0) to B and 
let C, be the path from A to (0, y) to B. Draw a picture. 

b. Evaluate | c F-dr = f c fdx + g dy and conclude that 


(A) A= = yy 
c. Verify that the same potential function is obtained by evaluat- 
ing the line integral over C}. 


58-61. Alternative construction of potential functions Use the pro- 
cedure in Exercise 57 to construct potential functions for the following 


fields. 

58. F = (-y,—-x) 
59. F = (x,y) 
60. F=r/|r 
61. F = (2x? + xy’, 2y? + x’y) 


, where r = (x, y) 








1. A figure-8 is closed but not simple; a torus is con- 
nected, but not simply connected. 2. The vector field is 
obtained by differentiating the potential function. So addi- 
tive constants in the potential give the same vector field: 
V(g + C) = Vg, when C is a constant. 3. Show that 
V(e* cosy) = (e* cos y, —e* sin y}, which is the original 
vector field. A similar calculation may be done for part (b). 
4. The vector field V(xy + xz — yz) is the gradient of 

xy + xz — yz, so the vector field is conservative. «< 


15.4 Green’s Theorem 1107 


15.4 Green’s Theorem 


Paddle wheel at one 
point of vector field. 


[<> 


" y 
F = (—y, x) has positive 
(counterclockwise) 
circulation on C. 

FIGURE 15.30 


The preceding section gave a version of the Fundamental Theorem of Calculus that applies 
to line integrals. In this and the remaining sections of the book, you will see additional 
extensions of the Fundamental Theorem that apply to regions in R? and R°. All these fun- 
damental theorems share a common feature. 

Part 2 of the Fundamental Theorem of Calculus (Chapter 5) says 


b af E 
| Za = n) - fa 
d 


which relates the integral of £ on an interval |a, b] to the values of f on the boundary of 
bs 


| a, b|. The Fundamental Theorem for line integrals says 


[vera = 9(B) — (A), 


which relates the integral of Vg on a smooth oriented curve C to the boundary values of o. 
(The boundary consists of the two endpoints A and B.) 

The subject of this section is Green’s Theorem, which is another step in this pro- 
gression. It relates the double integral of derivatives of a function over a region in R? to 
function values on the boundary of that region. 


Circulation Form of Green’s Theorem 


Throughout this section, unless otherwise stated, we assume that curves in the plane are 
simple closed oriented curves that have a continuous nonzero tangent vector at all points. 
By a result called the Jordan Curve Theorem, such curves have a well-defined interior 
such that when the curve is traversed in the counterclockwise direction (viewed from 
above), the interior is on the left. With this orientation, there is a unique outward unit nor- 
mal vector that points to the right. We also assume that curves in the plane lie in regions 
that are both connected and simply connected. 

Suppose the vector field F is defined on a region R enclosed by a closed curve C. 
As we have seen, the circulation $o F- dr (Section 15.2) measures the net component 
of F in the direction tangent to C. It is easiest to visualize the circulation 1f F represents 
the velocity of a fluid moving in two dimensions. For example, let C be the unit circle 
with a counterclockwise orientation. The vector field F = (—y, x) has a positive circu- 
lation of 277 on C (Section 15.2) because the vector field is everywhere tangent to C 
(Figure 15.30). A nonzero circulation on a closed curve says that the vector field must 
have some property inside the curve that produces the circulation. You can think of this 
property as a net rotation. 

To visualize the rotation of a vector field, imagine a small paddle wheel, fixed at a 
point in the vector field, with its axis perpendicular to the xy-plane (Figure 15.30). The 
strength of the rotation at that point is seen in the speed at which the paddle wheel spins, 
while the direction of the rotation is the direction in which the paddle wheel spins. At a 
different point in the vector field, the paddle wheel will, in general, have a different speed 
and direction of rotation. 

The first form of Green’s Theorem relates the circulation on C to the double integral, 
over the region R, of a quantity that measures rotation at each point of R. 
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» The circulation form of Green’s Theorem 
is also called the tangential, or curl, form. 





ð ð 
QUICK CHECK 1 Compute 2% — for 
ox oy 


the radial vector field F = (x, y). 
What does this tell you about the cir- 
culation on a simple closed curve? «< 


THEOREM 15.6 Green’s Theorem—Circulation Form 

Let C be a simple closed smooth curve, oriented counterclockwise, that encloses 
a connected and simply connected region R in the plane. Assume F = (f, g), 
where f and g have continuous first partial derivatives in R. Then 


reat = pre ee IK 


C 
Ce ee e———_ amama 
circulation circulation 





The proof of a special case of the theorem is given at the end of this section. Notice that 
the two line integrals on the left side of Green’s Theorem give the circulation of the 


vector field on C. The double integral on the right side involves the factor £ = E which 
describes the rotation of the vector field within C that produces the circulation on C. This 
factor is called the two-dimensional curl of the vector field. 

Figure 15.31 illustrates how the curl measures the rotation of one particular vector 
field at a point P. If the horizontal component of the field decreases in the y-direction at 
P (f, < 0) and the vertical component increases in the x-direction at P (g, > 0), then 


ð ð 

s — z > 0, and the field has a counterclockwise rotation at P. The double integral in 
x y 

Green’s Theorem computes the net rotation of the field throughout R. The theorem says 


that the net rotation throughout R equals the circulation on the boundary of R. 


F = (fg) 
8, —f, > Vat P= 


counterclockwise 
rotation at P. 








y-components of F (green segments) 
increase with respect to x: g, > 0 


x-components of F (blue segments) 
decrease with respect to y: is <0 





FIGURE 15.31 | | 


Green’s Theorem has an important consequence when applied to a conservative vec- 
tor field. Recall from Theorem 15.3 that if F = (f, g) is conservative, then its compo- 
nents satisfy the condition f, = g,. If R is a region of R? on which the conditions of 
Green’s Theorem are satisfied, then for a conservative field we have 


Fede = J(= = A aa = 
ox oy 
R 
0 


C SA 


» In some cases, the rotation of a 
vector field may not be obvious. For 
example, the parallel flow in a channel 
F = (0,1 — x7), for |x| = 1, has a 
nonzero curl for x # 0. See Exercise 66. 
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Green’s Theorem confirms the fact (Theorem 15.5) that if F is a conservative vector 
field in a region, then the circulation $o F - dr is zero on any simple closed curve in the 


of 


ð 
region. A two-dimensional vector field F = (f, g) for which - E = Q at all points 
X Y 


of a region is said to be irrotational, because it produces zero circulation on closed 
curves in the region. Irrotational vector fields on simply connected regions in R? are 
conservative. 


DEFINITION Two-Dimensional Curl 
ôg 


ð 
The two-dimensional curl of the vector field F = (f, g} is w a If the curl is 
X y 


zero throughout a region, the vector field is said to be irrotational on that region. 





Evaluating circulation integrals of conservative vector fields on closed curves is easy. 
The integral is always zero. Green’s Theorem provides a way to evaluate such integrals 
for nonconservative vector fields. 


EXAMPLE 1 Circulation of a rotation field Consider the rotation vector field 

F = (—y, x) on the unit disk R = { (x, y): x° + y* < 1} (Figure 15.30). In Example 7 
of Section 15.2, we showed that g r F -dr = 27, where C is the boundary of R oriented 
counterclockwise. Confirm this result using Green’ s Theorem. 


SOLUTION Note that f(x, y) = —y and g(x, y) = x; therefore, the curl of F is 


ð ð 
2a of = 2. By Green’s Theorem, 


ox oy 
ð ð 
fr-æ= f| (2-2) = ff2a4 = 2x (aeaotR) = 2: 
ox oy 
R R 
2 


C b 


ð ð 

The curl - E N is nonzero on R, which results in a nonzero circulation on the 
X y 

boundary of R. 


Related Exercises 11—16< 
Calculating Area by Green's Theorem A useful consequence of Green’s Theorem 


arises with the vector fields F = (0, x) and F = (y, 0). In the first case, we have g, = 1 
and f, = 0; therefore, by Green’s Theorem, 


Fede = rds = fja = area of R. 
C C R 


F-dr og of 


In the second case, g, = 0 and f, = 1, and Green’s Theorem says 


Rede = prar = - fas = —area of R. 
C C R 


These two results may be combined in one statement. 
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Area of a Plane Region by Line Integrals 


Under the conditions of Green’s Theorem, the area of a region R enclosed by a 
curve C is 


1 
pray = — pyar = TI — ydx). 
C C C 


A remarkably simple calculation of the area of an ellipse follows from this result. 





2 2 
EXAMPLE 2 Area of an ellipse Find the area of the ellipse L = | 
a 


SOLUTION An ellipse with counterclockwise orientation is described parametrically by 
r(t) = (x,y) = (acost,bsint), forO < t < 2r. Noting that dx = —a sin t dt and 
dy = bcos t dt, we have 

x dy — ydx = (a cos t)(b cos t) dt — (b sin t)(—a sin t) dt 
ab (cos* t + sin? t) dt 
= ab dt. 


Expressing the line integral as an ordinary integral with respect to t, the area of the 


ellipse is 
21 
1 b 
>$ (xdy — y dx) = ral dt = arab. 
ay | Od 


C ab dt 
Related Exercises 17—22< 


Flux Form of Green’s Theorem 


> The flux form of Green’s Theorem is also Let C be a closed curve enclosing a region R in R? and let F be a vector field defined 
called the normal, or divergence, form. on R. We assume that C and R have the previously stated properties; specifically, C is 
oriented counterclockwise with an outward normal vector n. Recall that the outward 
flux of F across C is fo F ends (Section 15.2). The second form of Green’s Theo- 
rem relates the flux across C to a property of the vector field within R that produces 

the flux. 


THEOREM 15.7 Green’s Theorem, Flux Form 

Let C be a simple closed smooth curve, oriented counterclockwise, that encloses 
a connected and simply connected region R in the plane. Assume F = (f, g), 
where f and g have continuous first partial derivatives in R. Then 


of ôg 
F-nds = Ọfdy — g dx = t dA, 
ox oy 
C R 
N 


C 
E— 
outward flux outward flux 


where n is the outward unit normal vector on the curve. 





» The two forms of Green’s Theorem are 
related in the following way: Applying 
the circulation form of the theorem to 
F = (~g,f) results in the flux form, and 
applying the flux form of the theorem to 
F = (g,-—f) results in the circulation 
form. 





LF nm 2 on R =>> 
|| outward flux across C. 


FIGURE 15.33 
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The two line integrals on the left side of Theorem 15.7 give the outward flux of the 


vector field across C. The double integral on the right side involves the quantity d F = 
which is the property of the vector field that produces the flux across C. This quantity is 
called the two-dimensional divergence. 

Figure 15.32 illustrates how the divergence measures the flux of one particular vec- 
tor field at a point P. If f, > O at P, it indicates an expansion of the vector field in the 
x-direction (if f, is negative, it indicates a contraction). Similarly, if g, > O at P, it 
indicates an expansion of the vector field in the y-direction. The combined effect of 
fx + 8, > O at a point is a net outward flux across a small circle enclosing P. 


F = (f, g) 


cy 8, > Oat P => 
outward expansion 
at P. 


x-components of F (green segments) 


— increase with respect to x: f, > 0 





y-components of F (blue segments) 
increase with respect to y: A >0 


/ | 
| 
FIGURE 15.32 : 


If the divergence of F is zero throughout a region on which F satisfies the conditions 
of Theorem 15.7, then the outward flux across the boundary is zero. Vector fields with a 
zero divergence are said to be source free. If the divergence is positive throughout R, the 
outward flux across C is positive, meaning that the vector field acts as a source in R. If the 
divergence is negative throughout R, the outward flux across C is negative, meaning that 
the vector field acts as a sink in R. 


DEFINITION Two-Dimensional Divergence 
of 


The two-dimensional divergence of the vector field F = (f, g) is om 

x 
divergence is zero throughout a region, the vector field is said to be source free on that 
region. 


0 
+ 2 If the 
dy 








ð ð 

HECK 2 Compute K + for the rotation field F = (—y, x). What does this tell 
x Y 

you about the outward flux of F across a simple closed curve? < 


EXAMPLE 3 Outward flux of a radial field Use Green’s Theorem to 
compute the outward flux of the radial field F = (x, y) across the unit circle 
C= {(x,y): x? + y? = 1} (Figure 15.33). Interpret the result. 


SOLUTION We have already calculated the outward flux of the radial field across C as a 
line integral and found it to be 27r (Section 15.2). Computing the outward flux using 
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Circulation on boundary of R is negative. 


FIGURE 15.34 


Green’s -o note that f(x, y) = x and g(x, y) = y; therefore, the divergence of F 


ð 
iS of 2 —— = 2. By Green’s Theorem, we have 
Ox - 


yr a= Plo) p) A5 ff 244 = 2 x (aote) = 2m 


The positive divergence on R results in an outward flux of the vector field across the 
boundary of R. 
Related Exercises 23-28 


As with the circulation form, the flux form of Green’s Theorem can be used in either 
direction: to simplify line integrals or to simplify double integrals. 


EXAMPLE 4 Line integral as a double integral Evaluate 
fol 4x? + sin y”) dy — (4y? + cos x°) dx, where C is the boundary of the disk 
R = {(x,y):x? + y* < 4} oriented counterclockwise. 


SOLUTION Letting f(x, y) = 4x? + sin y” and g(x, y) = 4y? + cos x’, Green’s 
Theorem takes the form 


bar + sin y”) dy — (4y? + cos x*) dx 





i —— M 
§ 
= i GPa + 12y?) dA Green’s Theorem, flux form 
— — 
2 
= 12 / J r? r dr d8 Polar coordinates; x? + y? = r? 
2r r4|2 
= 12 / =| d0 Evaluate the inner integral. 
0 4 0 
2T 
= 48 J dé = 967. Evaluate the outer integral. 
0 


Related Exercises 29-34< 


Circulation and Flux on More General Regions 


Some ingenuity is required to extend both forms of Green’s Theorem to more complicated 
regions. The next two examples illustrate Green’s Theorem on two such regions: a half 
annulus and a full annulus. 


EXAMPLE 5 Circulation on a half annulus Consider the vector field F = (y^, x?) 
on the half annulus R = { (x, y: 1s x +y s9, y= 0}, whose boundary is C. 
Find the circulation on C, assuming it has the orientation shown in Figure 15.34. 


SOLUTION The circulation on C is 


pra + gdy = Par + x? dy. 
C C 


With the given orientation, the curve runs counterclockwise on the outer semicircle 
and clockwise on the inner semicircle. Identifying f(x, y) = y* and g(x, y) = x’, the 





Net flux across boundary of R is positive. 


FIGURE 15.35 


» Another way to deal with the flux across 
the annulus is to apply Green’s Theorem 
to the entire disk |r| < 2 and compute 
the flux across the outer circle. Then 
apply Green’s Theorem to the disk 
|r| = 1 and compute the flux across 
the inner circle. Note that the flux 
out of the inner disk is a flux into the 
annulus. Therefore, the difference of 
the two fluxes gives the net flux for the 
annulus. 
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circulation form of Green’s Theorem converts the line integral into a double integral. 
The double integral is most easily evaluated in polar coordinates using x = r cos 0 and 
y = rsin: 


pyr ae dy = Jie — 2y) dA Green’s Theorem 
C R Ë; hy 


T p3 
2 J J (r cos 0 — rsin@)rdrd@ Convert to polar coordinates. 
0 /1 





T 3\ 13 
r 
=2 J (cos 0 — sin a(5) dé Evaluate the inner integral. 
0 1 
52 f" . i 

a7 (cos 0 — sin 0) d0 Simplify. 

0 

104 

= EEE Evaluate the outer integral. 


The vector field (Figure 15.34) suggests why the circulation is negative. The field is 
roughly opposed to the direction of C on the outer semicircle but roughly aligned with the 
direction of C on the inner semicircle. Because the outer semicircle is longer and the field 
has greater magnitudes on the outer curve than the inner curve, the greater contribution to 
the circulation is negative. 

Related Exercises 35—38<« 


EXAMPLE 6 Flux across the boundary of an annulus Find the outward 
flux of the vector field F = (xy, xy) across the boundary of the annulus 
R={(yy):lsx?+y*? = 4} = {(r,0):1 =r = 2,0 = 0 = 27} (Figure 15.35). 


SOLUTION Because the annulus R is not simply connected, Green’s Theorem does not apply 
as stated in Theorem 15.7. This difficulty is overcome by defining the curve C shown in 
Figure 15.35, which is simple, closed, and piecewise smooth. The connecting links L, and L» 
along the x-axis are parallel and are traversed in opposite directions. Therefore, the contribu- 
tions to the line integral cancel on L} and L). Because of this cancellation, we take C to be the 
curve that runs counterclockwise on the outer boundary and clockwise on the inner boundary. 
Using the flux form of Green’s Theorem and converting to polar coordinates, we have 


PF-nas = pio — g dx = gay’ dy — x*ydx Substitute for f and g. 
C 


C 
= I ( y + F. dA Green’s Theorem 
Jz B, 


2m p2 
= / J (r°) rdrdO Polar coordinates; x? + y? = r? 
0 Ji 





di 74 |2 
= J —| dé Evaluate the inner integral. 
0 4h 
b F o 
= — do Simplify. 
4 Jo 
15r 


= l Evaluate the outer integral. 
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» Notice that the divergence of the vector 
field in Example 6 is x? + y*, which 
is positive on R, also explaining the 
outward flux across C. 


> Potential function for F = (f, g): 


p=] aid gg 


Stream function for F = (f, g): 


Py =E and Py =f 


Figure 15.35 shows the vector field and explains why the flux across C is positive. Be- 
cause the field increases in magnitude at greater distances from the origin, the outward 
flux across the outer boundary is greater than the inward flux across the inner boundary. 
Hence, the net outward flux across C is positive. 

Related Exercises 35-38< 


Stream Functions 


We can now see a wonderful parallel between circulation properties (and conservative 
vector fields) and flux properties (and source free fields). We need one more piece to com- 
plete the picture; it is the stream function, which plays the same role for source free fields 
that the potential function plays for conservative fields. 

Consider a two-dimensional vector field F = (f, g) that is differentiable on a region R. 
A stream function for the vector field—if it exists—is a function w (pronounced psigh or 
psee) that satisfies 


If we compute the divergence of a vector field F = (f, g) that has a stream function and 
use the fact that Yy = y,,, then 


af, w 2(m) , 2) o 
ox oy ox \ dy oy \ ox 
Se Naa 
Wy = Wy 

We see that the existence of a stream function guarantees that the vector field has zero 
divergence or, equivalently, is source free. The converse is also true on simply connected 
regions of R°. 

The level curves of a stream function are called streamlines—and for good reason. 
It can be shown (Exercise 64) that the vector field F is everywhere tangent to the stream- 
lines, which means that a graph of the streamlines shows the flow of the vector field. Fi- 
nally, just as circulation integrals of a conservative vector field are path-independent, flux 
integrals of a source free field are also path-independent (Exercise 63). 





1 
3 Show that y = À (y? — x°) is a stream function for the vector field 


F = (y, x). Show that F has zero divergence. < 


Table 15.1 shows the parallel properties of conservative and source free vector fields 
in two dimensions. We assume that C is a simple smooth oriented curve and is either 
closed or has endpoints A and B. 


Table 15.1 


Conservative Fields F = (f, g) Source Free Fields F = (f, g) 


ð 0 ð 0 
eto E, ieee ES E, 
ox oy ox oy 
Potential function œ with Stream function w& with 
ð 0 ð 0 
F= Vo or =f fg o — 
Ox oy oy Ox 
Circulation = ¢.F+dr = 0 on all closed Flux = $ F-n ds = 0 on all closed 
curves C. curves C. 


Path independence Path independence 


E-a = (8) = 018) J E-nas = yB) ~ Wa) 


C C 


» In fluid dynamics, velocity fields that 
are both conservative and source free are 
called ideal flows. They model fluids that 
are irrotational and incompressible. 


» Methods for finding solutions of 
Laplace’s equation are discussed in 
advanced mathematics courses. 


» This restriction on R means that lines 
parallel to the coordinate axes intersect 
the boundary of R at most twice. 
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Vector fields that are both conservative and source free are quite interesting math- 
ematically. They have both a potential function and a stream function whose level curves 
form orthogonal families. Such vector fields have zero curl (g, — f, = 0) and zero diver- 
gence (f, + g, = 0). If we write the zero divergence condition in terms of the potential 
function ¢, we find that 


C= Jet y= Pa Cy 


Writing the zero curl condition in terms of the stream function w, we find that 


= Sx =f = Wx a Wy. 
We see that the potential function and the stream function both satisfy an important 
equation known as Laplace’s equation: 
Prxx + Pyy = Wx + Wry, =), 


Any function satisfying Laplace’s equation can be used as a potential function or stream 
function for a conservative, source free vector field. These vector fields are used in fluid 
dynamics, electrostatics, and other modeling applications. 


Proof of Green’s Theorem on Special Regions 


The proof of Green’s Theorem is straightforward when restricted to special regions. We 
consider regions R enclosed by a simple closed piecewise smooth curve C oriented in the 
counterclockwise direction. Furthermore, we require that there are functions G4, G2, HA}, 
and H, such that the region can be expressed in two ways (Figure 15.36): 


‘R= {mykas r= 6G) = y= G(x) } or 
“R= {(x%y): Mi(y) = x = Ayly),¢ Sy = dy}. 





(b) 


FIGURE 15.36 


Under these conditions, we prove the circulation form of Green’s Theorem: 
ð ð 
pra ey ee J(= 7 A aa 
ox oy 
C R 


ð 
Beginning with the term i Laa, we write this double integral as an iterated integral, 
y 
R 


where G\(x) S y S G(x) in the inner integral and a S x S b in the outer integral 
(Figure 15.36a). The upper curve is labeled C,, and the lower curve is labeled C,. Notice 
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ð 
that the inner integral of “i with respect to y gives f(x, y). Therefore, the first step of the 
y 


double integration is 


G(x 
Is 44 = [ [Mi — Tay dx Convert to an iterated integral. 


-f Lf(x, Ga(x)) — f(x, Gi(x))] dx 
É on C, E 


Over the interval a S x 5 b, the points (x, G2(x)) trace out the upper part of C (labeled 
C,) in the negative (clockwise) direction. Similarly, over the interval a S x S b, the 
points (x, G;(x)) trace out the lower part of C (labeled C,) in the positive (counterclock- 
wise) direction. 

Therefore, 


I : 
Oy 
R 


J E E fl, Gy(x))] de 


—C) Ci 
=~ fie- fre J= 


| 
| 
To 
> 
— 
| 
— 
+ 
— 


C C rae 


ð 
A similar argument applies to the double integral of = except we use the bounding 
x 


curves x = H;(y) and x = H)(y), where C4 is the left curve and C; is the right curve 
(Figure 15.36b). We have 


Is — dA = J [M — ~ di dy Convert to an iterated integral. 


= | leno», y= ey. ay [Eas 


— amam e 
C2 
= [sa — [sa 
C -C, 
fewrfen L 
C> Ci —C\ Cy 





Theor nis proves that if g, = 
the vector field F = (f, g) is Ox 
conservative. « 
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Combining these two calculations results in 


I Sa = = pres g dy. 


As mentioned earlier, with a change of notation (replace g by f and f by —g), the 
flux form of Green’s Theorem is obtained. This proof also completes the list of equivalent 


HECK 4 Explain why Green’s 


ð 
fy then that if È = 


conservative on R. 


SECTION 15.4 EXERCISES 


Review Questions 


1. 


Explain why the two forms of Green’s Theorem are analogs of the 
Fundamental Theorem of Calculus. 


Referring to both forms of Green’s Theorem, match each idea in 
Column | to an idea in Column 2: 


Line integral for flux Double integral of the curl 


Double integral of the divergence 


Compute the two-dimensional curl of F = (4x°y, xy? + x4 l; 


Line integral for circulation 


Compute the two-dimensional divergence of 
F = (4x3y, xy? + xÍ). 


How do you use a line integral to compute the area of a plane 
region? 


Why does a two-dimensional vector field with zero curl on a 
region have zero circulation on a closed curve that bounds the 
region? 


Why does a two-dimensional vector field with zero divergence on 
a region have zero outward flux across a closed curve that bounds 
the region? 


Sketch a two-dimensional vector field that has zero curl every- 
where in the plane. 


Sketch a two-dimensional vector field that has zero divergence 
everywhere in the plane. 


10. Discuss one of the parallels between a conservative vector field 


and a source free vector field. 


Basic Skills 
11-16. Green’s Theorem, circulation form Consider the following 
regions R and vector fields F. 


a. 
b. 


C. 


Compute the two-dimensional curl of the vector field. 
Evaluate both integrals in Green’s Theorem and check for 
consistency. 

State whether the vector field is conservative. 


11. F = (Eye R= Iaa +y s at 


12. F = (y, 


x); R is the square with vertices (0, 0), (1,0), (1, 1), 
and (0, 1). 


13. 


14. 


16. 


properties of conservative fields given in Section 15.3: From Green’s Theorem it follows 


ð 
a on a simply connected region R, then the vector field F = (f, g) is 
y 


F = (2y,—2x); R is the region bounded by y = sin x and 
y=0,forO0 Sx <7. 

F = (—3y, 3x); R is the triangle with vertices (0, 0), (1,0), and 
(0, 2). 

F = (2xy, x? — y”); R is the region bounded by y = x(2 — x) 
and y = 0. 

F = (0,x7 + y*); R= {(x,y):x?7 + y? = 1} 


17-22. Area of regions Use a line integral on the boundary to find the 
area of the following regions. 


17. 
18. 


22. 


. The region bounded by the parabolas r(t) = 


A disk of radius 5 


A region bounded by an ellipse with semimajor and semiminor 
axes of length 6 and 4, respectively. 


{(x,y):x7 + y* = 16} 
Lays oy = 1) 


(t, 2) and 


r(t) = (4,12 — t), for-2 =t = 2 


The region bounded by the curve r(t) = 
—] < ¢ = 1 (Hint: Plot the curve.) 


(1 — £t), 1 — £), for 


23-28. Green’s Theorem, flux form Consider the following regions R 
and vector fields F. 


a. Compute the two-dimensional divergence of the vector field. 
b. Evaluate both integrals in Green’s Theorem and check for consistency. 
c. State whether the vector field is source free. 


23. 
24. 


25. 


26. 


27. 


28. 


F = (x,y); R= {(xy)ix? + y = 4} 


F = (y,—x); R is the square with vertices (0, 0), (1,0), (1, 1), 
and (0, 1). 
F = (y,—3x); R is the region bounded by y = 4 — x? and 


y= 0. 


F = (—3y, 3x); R is the triangle with vertices (0, 0), (3, 0), and 
(0, 1). 


F = (2xy, x 
and y = 0. 


E ae R is the region bounded by y = x(2 — x) 


P= ee R= S Fy = 1} 
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29-34. Line integrals Use Green’s Theorem to evaluate the following 
line integrals. Unless stated otherwise, assume all curves are oriented 
counterclockwise. 


29. $ (2x + e”) dy — (4y2 + eX) dx, where C is the boundary of 
C 
the square with vertices (0, 0), (1,0), (1, 1), and (0, 1) 


30. / (2x — 3y) dy — (3x + 4y) dx, where C is the unit circle 
C 


31. J fdy — g dx, where (f,g) = (0, xy) and C is the triangle 
C 


with vertices (0, 0), (2, 0), and (0, 4) 


32. pro — g dx, where (f, g) = (x?, 2y?) and C is the upper 
C 
half of the unit circle and the line segment —1 S x = 1 oriented 
clockwise 


33. The circulation line integral of F = (x° + y?,4x + y?), where 
C is the boundary of { (x, y): 0S y< sinx,0 Sx =< m } 


34. The flux line integral of F = (e , e” E , where C is the bound- 
ary of { (x,y): 0 Sy Sx, 05x1} 


35-38. General regions For the following vector fields, compute (a) 
the circulation on and (b) the outward flux across the boundary of the 
given region. Assume boundary curves are oriented counterclockwise. 


35. F = (x,y); R is the half-annulus { (r, 0): 1srs=2, 
0=<60<7} 

36. F = (—y, x); R is the annulus { (1, 0): l=r7 = 3. 
O=0227 

37. FE = (2x ae oe ee Ay); R is the quarter-annulus 
{(r,0):1<r<4,0<6<7/2}. 

38. F = (x — y,—x + 2y); Ris the parallelogram 
{(xy:l-xsyS3-~%08x2=1}-. 


Further Explorations 
39. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. The work required to move an object around a closed curve C 
in the presence of a vector force field is the circulation of the 
vector field on the curve. 

b. If a vector field has zero divergence throughout a region (on 
which the conditions of Green’s Theorem are met), then the 
circulation on the boundary of that region is zero. 

c. If the two-dimensional curl of a vector field is positive 
throughout a region (on which the conditions of Green’s 
Theorem are met), then the circulation on the boundary of that 
region is positive (assuming counterclockwise orientation). 


40-43. Circulation and flux For the following vector fields, compute 
(a) the circulation on and (b) the outward flux across the boundary of the 
given region. Assume boundary curves have counterclockwise orientation. 
40. F= (in Ce + y’), tan! zN, where R is the annulus 
x 
{(r7,60):l1srs2,0s6s 27} 


41. F= V( Vx + yh where R is the half annulus 
{(7,6):1sr<3,0sé0<7} 

42. F= (y cos x, —sin x), where R is the square 
zy tszs n2 0y n2} 


43. F = (x + y°, x? — y), where 
R = {(x,y): 3y? = x = 36 — y°} 


44-45. Special line integrals Prove the following identities, where C 
is a simple closed smooth oriented curve. 


44. f a= $ dy=0 
C C 


45. $ f(x) dx + g(y) dy = 0, where f and g have continuous 
C 


derivatives on the region enclosed by C 


46. Double integral to line integral Use the flux form of Green’ s 
Theorem to evaluate i f r (2xy + 4y?) dA, where R is the triangle 
with vertices (0, 0), (1, 0), and (0, 1). 


47. Area line integral Show that the value of 
$o xy? dx + (x*y + 2x) dy 
depends only on the area of the region enclosed by C. 


48. Area line integral In terms of the parameters a and b, how is the 
value of g cay dx + bx dy related to the area of the region en- 
closed by C, assuming counterclockwise orientation of C? 


49-52. Stream function Recall that if the vector field F = (f, g) is 
source free (zero divergence), then a stream function Ws exists such that 


f= Wy and g = Wy: 


a. Verify that the given vector field has zero divergence. 


b. Integrate the relations f = y, and g = —W, to find a stream func- 
tion for the field. 
49. F = (4,2) 50. F = (y’, x?) 


51. F = (-e“siny,e*cosy) 52. F = (x?,—-2xy) 


Applications 

53-56. Ideal flow A two-dimensional vector field describes ideal flow 
if it has both zero curl and zero divergence on a simply connected 
region (excluding the origin if necessary). 


a. Verify that the curl and divergence of the given field is zero. 
b. Find a potential function g and a stream function w for the field. 
c. Verify that ọ and if satisfy Laplace’s equation Eyy + Pyy = 

Wax F Pyy =. 


53. F = (e* cos y, —e* sin y) 
54. F = (x? — 3xy7,y? — 3x’y) 


55. F= (an! (y/x), sin Cae )) 


(x,y) 


56. F = 
x? + y? 





57. Flow in an ocean basin An idealized two-dimensional ocean is 
modeled by the square region R = [—7/2, 7/2] X |-a/2, m/2] 


with boundary C. Consider the stream function 
w(x, y) = 4 cos x cos y defined on R (see figure). 





a. The horizontal (east-west) component of the velocity is 
u = wW, and the vertical (north-south) component of the veloc- 
ity is v = —w,. Sketch a few representative velocity vectors 
and show that the flow is counterclockwise around the region. 

b. Is the velocity field source free? Explain. 

Is the velocity field irrotational? Explain. 

d. Let C be the boundary of R. Find the total outward flux 
across C. 

e. Find the circulation on C assuming counterclockwise 
orientation. 


T 


Additional Exercises 


58. 


59. 


60. 


6l. 


Green’s Theorem as a Fundamental Theorem of Calculus 
Show that if the circulation form of Green’s Theorem is applied 


F(x) E 
to the vector field ( 0, —— ) and R = {(x,y):a =£ x = b, 
c 
0 < y < c}, then the result is the Fundamental Theorem of 
Calculus, 


f Za =f - 10) 


Green’s Theorem as a Fundamental Theorem of Calculus 
Show that if the flux form of Green’s Theorem is applied to 


aa f(x) 7 
the vector field ( ——, 0 ) and R = { (x, yasr 
Cc 


0 < y < c}, then the result is the Fundamental Theorem of 


Calculus, 
[ Tu=- fa). 


What’s wrong? Consider the rotation field F = 


ee, 

x? + ya 

a. Verify that the two-dimensional curl of F is zero, which sug- 
gests that the double integral in the circulation form of Green’ s 
Theorem is zero. 

b. Use a line integral to verify that the circulation on the unit 
circle of the vector field is 277. 

c. Explain why the results of parts (a) and (b) do not agree. 


(x, y) 


x7 ty 





What’s wrong? Consider the radial field F = 


a. Verify that the divergence of F is zero, which suggests that the 
double integral in the flux form of Green’s Theorem is zero. 


62. 


63. 


64. 


65. 


66. 
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b. Use a line integral to verify that the outward flux across the 
unit circle of the vector field is 277. 
c. Explain why the results of parts (a) and (b) do not agree. 


Conditions for Green’s Theorem Consider the radial field 


es y ) r 
f= a 
Va Ey |r 
a. Explain why the conditions of Green’s Theorem do not apply 
to F on a region that includes the origin. 
b. Let R be the unit disk centered at the origin and compute 


ie + z) dA 
j ox oy 


c. Evaluate the line integral in the flux form of Green’s Theorem 
on the boundary of R. 
d. Do the results of parts (b) and (c) agree? Explain. 


Flux integrals Assume the vector field F = (f, g} is source 
free (zero divergence) with stream function yw. Let C be any 
smooth simple curve from A to the distinct point B. Show that 
the flux integral I c F:n ds is independent of path; that is, 


Jf Fends = w(B) — (A). 


Streamlines are tangent to the vector field Assume that the vec- 
tor field F = (f, g) is related to the stream function y by y, = f 
and y, = —g on a region R. Prove that at all points of R, the 
vector field is tangent to the streamlines (the level curves of the 
stream function). 


Streamlines and equipotential lines Assume that on R° the vec- 
tor field F = (f, g) has a potential function g such that f = 9, 
and g = @,, and it has a stream function y such that f = y, and 
g = —w,. Show that the equipotential curves (level curves of o) 
and the streamlines (level curves of ys) are everywhere orthogonal. 


Channel flow The flow in a long shallow channel is modeled by 
the velocity field F = (0,1 — x*), where R = { (x, y): |x| = 1 
and |y| < œ}. 


a. Sketch R and several streamlines of F. 

b. Evaluate the curl of F on the lines x = 0, x = i, x= L and 
x= 1. 

c. Compute the circulation on the boundary of the region 
R= Gyk = 10=7= 1). 

d. How do you explain the fact that the curl of F is nonzero at 
points of R, but the circulation is zero? 





UICK CHECK ANSWERS 


Ls 2 — fy = 


curve. 
closed curve. 


0, which implies zero circulation on a closed 
2. y l gy = 0, which implies zero flux across a 
3. wy, = y is the x-component of F = (y, x) 


and —wW, = x is the y-component of F. Also the divergence 
of Fis y, +x, = 0. 4. Ifthe curl is zero on a region, then 


y 


all closed-path integrals are zero, which is a condition 
(Section 15.3) for a conservative field.< 


1120 CHAPTER 15 © VECTOR CALCULUS 


15.5 Divergence and Curl 


» Review: The divergence measures the 


expansion or contraction of the 

field at each point. The flux form of 
Green’s Theorem implies that if the two- 
dimensional divergence of a vector field 
is zero throughout a simply connected 
plane region, then the outward flux 


across the boundary of the region is zero. 


If the divergence is nonzero, Green’s 
Theorem gives the outward flux across 
the boundary. 


In evaluating V - F as a dot product, 
each component of V is applied to 
the corresponding component of F, 
producing fy + gy + h, 


Green’s Theorem sets the stage for the final act in our exploration of calculus. The last 
four sections of the book have the following goal: to lift both forms of Green’s Theorem 
out of the plane (IR’) and into space (R°). It is done as follows. 


e The circulation form of Green’s Theorem relates a line integral over a simple closed 
oriented curve in the plane to a double integral over the enclosed region. In an analo- 
gous manner, we will see that Stokes’ Theorem (Section 15.7) relates a line integral 
over a simple closed oriented curve in R? to a double integral over a surface bounded 
by that curve. 


e The flux form of Green’s Theorem relates a line integral over a simple closed oriented 
curve in the plane to a double integral over the enclosed region. Similarly, the Diver- 
gence Theorem (Section 15.8) relates an integral over a closed oriented surface in R? to 
a triple integral over the region enclosed by that surface. 


In order to make these extensions, we need a few more tools. 


e The two-dimensional divergence and two-dimensional curl must be extended to three 
dimensions (this section). 


e The idea of a surface integral must be introduced (Section 15.6). 
The Divergence 


Recall that in two dimensions the divergence of the vector field F = (f, g) is os = 
x 


The extension to three dimensions is straightforward. If F = (f, g, h) is a differentiable 


l . . . Of | 0g ðh 
vector field defined on a region of R?, the divergence is os T = F PE The interpretation 
x y 4 
of the three-dimensional divergence is much the same as it is in two dimensions. It mea- 
sures the expansion or contraction of the vector field at each point. If the divergence is 
zero at all points of a region, the vector field is source free on that region. 


Recall the del operator V that was introduced in Section 13.6 to define the gradient: 


ð ð ( ð ð ð ) 
+ k> = ({—,—,—) 
Oz ox dy az 
This object is not really a vector; it is an operation that is applied to a function or a vector 
field. Applying it directly to a scalar function f results in the gradient of f: 


of. of, of 
ee ee Cae: 


However, if we form the dot product of V and a vector field F = ( f, g, h), the result is 
ð ð ð ð 0 oh 
vera (22 2) Een) oot s 2 
ax doy dz ox oy 0 


which is the divergence of F, also denoted div F. Like all dot products, the divergence is a 
scalar; in this case, it is a scalar-valued function. 





/ Radial field 
F = (x, y, z) 


V+ F = 3atall points => | 
vector field expands outward 
at all points. 


(a) 


Spiral flow 
F = (—y, X, z) 











FIGURE 15.37 
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DEFINITION Divergence of a Vector Field 


The divergence of a vector field F = (f, g, h) that is differentiable on a region of 
R? is 


ð ð oh 
Fe ae eee 
ox oy &z 


If V -F = O, the vector field is source free. 





EXAMPLE 1 Computing the divergence Compute the divergence of the following 
vector fields. 


a. F = (x,y,z) (aradial field) 
b. F = (-y,x — zy) (arotation field) 
c. F = (-y,x,z) (a spiral flow) 


SOLUTION 


. . Ox 0 OZ 
a. The divergence is V-F = V- (x,y,z) =— + = +—-=1+141=3. 
ox oy az 
Because the divergence is positive, the flow expands outward at all points 


(Figure 15.37a). 


b. The divergence is 


o(— Oy = Z ð 
227 oe EO 


see ee T 7 


so the field is source free. 


c. This field is a combination of the two-dimensional rotation field F = (—y, x) and a 
vertical flow in the z-direction; the net effect is a field that spirals upward for z > 0 
and spirals downward for z < 0. The divergence is 


a(-y) ax ð 
L y ea 
Ox oy OZ 


The rotational part of the field in x and y does not contribute to the divergence. How- 
ever, the z-component of the field produces a nonzero divergence (Figure 15.37b). 
Related Exercises 9-16< 


VF =V-(-y,x,2) = 


Divergence of a Radial Vector Field The vector field considered in Example 1a 
is just one of many radial fields that have important applications (for example, the inverse 
square laws of gravitation and electrostatics). The following example leads to a general 
result for the divergence of radial vector fields. 


QUICK CHECK 1 Show that if a vector field has the form F = (f(y, z), g(x, z), h(x, y)), 
then div F = 0.< 


EXAMPLE 2 Divergence of a radial field Compute the divergence of the radial 
vector field 


r (x,y, Z) 
jr Vx? + y? + z2 


SOLUTION This radial field has the property that is it directed outward from the origin 
and all vectors have unit length (|F| = 1). Let’s compute one piece of the divergence; 
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the others follow the same pattern. Using the Quotient Rule, the derivative with respect to 
x of the first component of F is 
( 


= Quotient Rule 
ax \ (x? + y? + eae x? + y? + 2? 











r| — x?|r 
|r| = Vx? + y? +z? = Jr] 
r 
r? -= x? PO 
= | E Simplify. 
r 
=y [ele — 2? 
A similar calculation of the y- and z-derivatives yields rp and ie respectively. 
r r 
Adding the three terms, we find that 
op a ea? a P= 2 
Ir]? jel? jel? 


a e e Collect terms. 
TE x? ty? + 2% = |r? 
Related Exercises 17—20< 


Examples la and 2 give two special cases of the following theorem about the diver- 
gence of radial vector fields (Exercise 71). 


At QL, D), THEOREM 15.8 Divergence of Radial Vector Fields 
J, > 9, 8, > 9, l . 
and V.: - 0. For a real number p, the divergence of the radial vector field 





(x, ys Z) serp 
——————— js V-°F= 


ii 77 





EXAMPLE 3 Divergence from a graph To gain some intuition about the 
divergence, consider the two-dimensional vector field F = (f,g) = (x,y) anda 
circle C of radius 2 centered at the origin (Figure 15.38). 


a. Without computing it, determine whether the two-dimensional divergence is positive 
or negative at the point Q(1, 1). Why? 
b. Confirm your conjecture in part (a) by computing the two-dimensional divergence at Q. 


c. Based on part (b), over what regions within the circle is the divergence positive and 
over what regions within the circle is the divergence negative? 


V-F<0 V-F>0 
for x < -4 for x > -4 d. By inspection of the figure, on what part of the circle is the flux across the boundary 
FIGURE 15.38 outward? Is the net flux out of the circle positive or negative? 
SOLUTION 
> To be more specific, as you move a. At Q(1, 1) the x-component and the y-component of the field are increasing (f, > 0 
through the point Q from left to right, and g, > 0), so the field is expanding at that point and the two-dimensional diver- 
the horizontal components of the vectors gence is positive. 
increase in length (f, > 0). As you 
move through the point Q in the upward b. Calculating the two-dimensional divergence, we find that 
direction, the vertical components of the J J 
vectors also increase in length (g, > 0). V-F= zen + p = 2x + 1. 


At Q(1, 1) the divergence is 3, confirming part (a). 








QUICK CHECK 2 Verify the claim made 
in part (d) of Example 3 by showing 
that the net outward flux of F across C 
is positive. (Hint: If you use Green’s 
Theorem to evaluate the integral 

I cf dy — g dx, convert to polar 
coordinates.) « 


» Review: The two-dimensional curl 
8x — fy measures the rotation of a vector 
field at a point. The circulation form of 
Green’s theorem implies that if the two- 
dimensional curl of a vector field is zero 
throughout a simply connected region, 
then the circulation on the boundary 
of the region is also zero. If the curl is 
nonzero, Green’s Theorem gives the 
circulation along the curve. 
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c. From part (b) we see that V-F = 2x + 1 > 0, for x > —4, and V -F < 0, for 
x < —}. To the left of the line x = —ż the field is contracting and to the right of the 
line the field is expanding. 


oF 


. Using Figure 15.38, it appears that the field is tangent to the circle at two points with 
x ~ —]. For points on the circle with x < —1, the flow is into the circle; for points 
on the circle with x > —1, the flow is out of the circle. It appears that the net outward 
flux across C is positive. The points where the field changes from inward to outward 
may be determined exactly (Exercise 44). Related Exercises 2]—22< 


The Curl 


Just as the divergence V °F is the dot product of the del operator and F, the three- 
dimensional curl is the cross product V X F. If we formally use the notation for the cross 
product in terms of a3 X 3 determinant, we obtain the definition of the curl: 


j KI < Unit vectors 
ð ð ð 
VX F= {—- = =} < Components of V 
ox oy az 


f g h| <— Components of F 


oh ð ð oh ð ð 
-(5- oe a a 
oy a OZ Ox ox oy 


The curl of a vector field, also denoted curl F, is a vector with three components. 
Notice that the k-component of the curl (g, — f,) is the two-dimensional curl, which 
gives the rotation in the xy-plane at a point. The i- and j-components of the curl corre- 
spond to the rotation of the vector field in planes parallel to the yz-plane (orthogonal to 1) 
and in planes parallel to the xz-plane (orthogonal to j) (Figure 15.39). 


k-component of V X F gives rotation 
at P about axis parallel to k. 


j-component of V X F gives rotation 
at P about axis parallel to j. 
—, 


rA 


/ i-component of V X F gives rotation 
at P about axis parallel to i. 





Streamlines of vector 
field F = (f, g, h} 


pa iin 


X 


FIGURE 15.39 


DEFINITION Curl of a Vector Field 
The curl of a vector field F = (f, g, h) that is differentiable on a region of R° is 


V x F 


)k 
dy 


If V X F = 0, the vector field is irrotational. 
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General 
rotation field 


a=(i,=1,1) 
F=axr 
VxF=2a 


FIGURE 15.40 


» Justas Vf- n is the directional derivative 
in the direction n, (V X F) -n is the 
directional spin in the direction n. 


Z 


VXF 





Paddle wheel at P with axis n measures 
rotation about n. Rotation is a 
maximum when V X F is parallel to n. 


FIGURE 15.41 


VECTOR CALCULUS 


Curl of a General Rotation Vector Field We can clarify the physical meaning of 
the curl by considering the vector field F = a X r, where a = (aj, az, a3) is a nonzero 
constant vector andr = (x, y, z). Writing out its components, we see that 

ij k 
a3| = (a2z — azy)i + (a3x — ayz)j + (aiy — axx)k. 
< y z 


F=axXr= ja dov 


This vector field is a general rotation field in three dimensions. With a} = a = O, and 
a; = 1, we have the familiar two-dimensional rotation field (—y, x) with its axis in the 
k-direction. More generally, F is the superposition of three rotation fields with axes in the 
i-, j-, and k-directions. The result is a single rotation field with an axis in the direction of a 
(Figure 15.40). 

Two calculations tell us a lot about the general rotation field. The first calculation 
confirms that V -F = 0 (Exercise 42). Just as with rotation fields in two dimensions, the 
divergence of a general rotation field is zero. 

The second calculation (Exercise 43) says that V X F = 2a. Therefore, the curl of 
the general rotation field is in the direction of the axis of rotation a (Figure 15.40). The 
magnitude of the curl is |V x F| = 2|al. It can be shown (Exercise 50) that |a| is the con- 
stant angular speed of rotation of the vector field, denoted w. The angular speed is the rate 
(radians per unit time) at which a small particle in the vector field rotates about the axis of 
the field. Therefore, the angular speed is half the magnitude of the curl, or 


1 
o = la] = 51V x Fl 


The rotation field F = a X r suggests a related question. Suppose a paddle wheel is 
placed in the vector field F at a point P with the axis of the wheel in the direction of a unit 
vector n (Figure 15.41). How should n be chosen so the paddle wheel spins fastest? The 
scalar component of curl F in the direction of n is 


(V xX F)-n = |V X Flcos@, ({n| = 1) 


where 0 is the angle between V X F and n. The scalar component is greatest in magnitude 
and the paddle wheel spins fastest when 0 = 0 or 0 = 7; that is, when n and V X F are 
parallel. If the axis of the paddle wheel is orthogonal to V X F (0 = +77/2), the wheel 
doesn’t spin. 


General Rotation Vector Field 


The general rotation vector field is F = a X r, where the nonzero constant 
vector a = (a L 42, ga) is the axis of rotation and r = (x, y, z) . For all nonzero 
choices of a, |V x F| = 2\a| and V-F = 0. The constant angular speed of the 


vector field is 


1 
lal = —|V x F|. 
2 





QUICK CHECK 3 Show that if a vector field has the form F = ( f(x), g(y), A(z) ), then 





Vx F=0.< 


EXAMPLE 4 Curl of a rotation field Compute the curl of the rotational field 
F = a X r, wherea = (1,—1, 1) andr = (x, y, z) (Figure 15.40). What is the direc- 
tion and the magnitude of the curl? 


SOLUTION A quick calculation shows that 
F=axXr=(-y-z)it+ («-z)j+ (aty)k. 


> First note that V X F is a vector, so it 
makes sense to take the divergence of 
the curl. 
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The curl of the field is 
i j k 
ð 0 ð , . 
VxF= — — — |=2i—2j+2k=2a. 
Ox oy OZ 


=y =z £2 Loy 


We have confirmed that curl F = 2a and that the direction of the curl is the direction of 
a, which is the axis of rotation. The magnitude of curl F is [2a] = 2V3, which is twice 
the angular speed of rotation. Related Exercises 23-34< 


Working with Divergence and Curl 


The divergence and curl satisfy many of the same properties that ordinary derivatives sat- 
isfy. For example, given a real number c and differentiable vector fields F and G, we have 
the following properties. 


Divergence Properties Curl Properties 
V:-(F+G)=V:F+V°:G VX (F+G)=(V XF)+(V XG) 
V-(cF) = c(V°-F) V x (cF) = c(V xF) 


These and other properties are explored in Exercises 63—70. 
Additional properties that have importance in theory and applications are presented in 
the following theorems and examples. 


THEOREM 15.9 Curl of a Conservative Vector Field 
Suppose that F is a conservative vector field on an open region D of RÌ. Let 
F = Vọ, where ¢ is a potential function with continuous second partial deriva- 


tives on D. Then V X F = V X Vo = 0; that is, the curl of the gradient is the 
zero vector and F 1s irrotational. 





Proof: We must calculate V X Vg: 


J 
0 0 . . 
V X Ve a ee ee (Pz, E Pyz)i oF (Px: B Pzx)j J (Pyx _ Pry) K = 0. 
ox oO Oz , , i i 
Pr Py P . s , 


The mixed partial derivatives are equal by Clairaut’s Theorem (Theorem 13.4). 
The converse of this theorem (if V X F = 0, then F is a conservative field) is han- 
dled in Section 15.7 by means of Stokes’ Theorem. < 


THEOREM 15.10 Divergence of the Curl 
Suppose that F = (f, g, h), where f, g, and h have continuous second partial de- 


rivatives. Then V + (V X F) = 0: The divergence of the curl is zero. 





Proof: Again, a calculation is needed: 


V:(V X F) 


-2(@_%), Ta am) 
ax \ dy Oz dy \ AZ Ox oz \ox oy 
= (hy a higy) T (x: = es) T en >e) =Q. 


See oN TC 


0 0 0 








Clairaut’s Theorem assures that the mixed partial derivatives are equal. < 
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QUICK CHECK 4 Is V- (uF) a vector 
function or a scalar function? « 


The gradient, the divergence, and the curl may be combined in many ways—some of 
which are undefined. For example, the gradient of the curl (V(V X F)) and the curl of 
the divergence (V X (V-+F)) are undefined. However, a combination that is defined and 
is important is the divergence of the gradient V - Vu, where u is a scalar-valued function. 
This combination is denoted V7u and is called the Laplacian of u; it arises in many physi- 
cal situations (Exercises 54—56, 60). Carrying out the calculation, we find that 


er ð ðu oo ððu Fu u u 
eee 
ax dx dydy dzdz ax? dy* az’ 


We close with a result that is useful in its own right but also intriguing because it par- 
allels the Product Rule from single-variable calculus. 


THEOREM 15.11 Product Rule for the Divergence 
Let u be a scalar-valued function that is differentiable on a region D and let F be 


a vector field that is differentiable on D. Then 
V: (uF) = Vu-F + u(V-F). 





The rule says that the “derivative” of the product is the “derivative” of the first 
function multiplied by the second function plus the first function multiplied by the 
“derivative” of the second function. However, in each instance “derivative” must be 
interpreted correctly for the operations to make sense. The proof of the theorem requires 
a direct calculation (Exercise 65). Other similar vector calculus identities are presented 
in Exercises 66-70. 


EXAMPLE 5 More properties of radial fields Let r = (x, y, z) and let 


1 
pg = Ir] = (x? +y” + A A be a potential function. 
r 


1 
a. Find the associated gradient field F = V (5) 
r 


b. Compute V - F. 

SOLUTION 

a. The gradient has three components. Computing the first component reveals a pattern: 
ð ð 1 
ai L(x? + y? + z = (a? H y? + zO Oe = A, 
ôx ox 2 Ir] 


Making a similar calculation for the y- and z-derivatives, the gradient is 


m (2) o z) O r 


rl 





This result reveals that F is an inverse square vector field (for example, a gravitational 


or electric field), and its potential function is g¢ = mi 
r 


r \. . 
a) involves a product of the vector function 
r 


r = (x,y,z) and the scalar function |r|. Applying Theorem 15.11, we find that 


r 1 1 
V-F = V.|-— | = -V — r - — V> 
T re rp 


b. The divergence V-F = V. ( 
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3r 
A calculation similar to part (a) shows that V—,; = (Exercise 35). Therefore, 


Irs f 


l l 
V-F= v (5) = -V— r- — Ver 
P E P 





TEA 
-3r/ |r|? 

3r 3 , 1 

= — r- -5 Substitute for Vz. 
Ir|° Ir Ir 
3\r|? 3 

ie iki 

= 0. 


The result is consistent with Theorem 15.8 (with p = 3): The divergence of an inverse 
square vector field in R? is zero. It does not happen for any other radial fields of this form. 
Related Exercises 35—38< 


Summary of Properties of Conservative Vector Fields 


We can now extend the list of equivalent properties of conservative vector fields F 
defined on an open connected region. Theorem 15.9 is added to the list given at the end 
of Section 15.3. 


Properties of a Conservative Vector Field 


Let F be a conservative vector field whose components have continuous second 
partial derivatives on an open connected region D in R°. Then F has the follow- 
ing equivalent properties. 


1. There exists a potential function g such that F = Vg (definition). 


2. f cF'dr = ọ(B) — (A) for all points A and B in D and all smooth ori- 
ented curves C from A to B. 


3. g c+ dr = 0 on all simple smooth closed oriented curves C in D. 


4. V xX F = Oat all points of D. 





SECTION 15.5 EXERCISES 


Review Questions Basic Skills 

1. Explain how to compute the divergence of the vector field 9-16. Divergence of vector fields Find the divergence of the following 
F= (f,g,h). vector fields. 

2. Interpret the divergence of a vector field. 9. F = (2x, 4y, -3z) 10. F = (—2y, 3x, z) 

3. What does it mean if the divergence of a vector field is zero 11. F = (12x, —6y, —6z) 12. F = (x*yz, —xy*z, —xyz"} 


throughout a region? 


( 
13. F = (x? _ y2, y? _ 22, 2? _ x?) 
4. Explain how to compute the curl of the vector field F = (f, g, h). 


14, RS je" 27.2") 
5. Interpret the curl of a general rotation vector field. / \ 
X, Y, Z 
6. What does it mean if the curl of a vector field is zero throughout a 15. F= 1 +x? +y? 


region? 


16. F = (yz sin x, xz cos y, xy COS Z 
7. What is the value of V-(V x F)? O Y, XY COS Z) 


8. What is the value of V X Vu? 
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17-20. Divergence of radial fields Calculate the divergence 
of the following radial fields. Express the result in terms of the 
position vector r and its length |r|. Check for agreement with 
Theorem 15.8. 


(x, y, z) r 
17. F= 
x? + ye + z? |r|? 
(x,y,z) r 
18. F=—— 2l = 
19. F = (yz) or 





(x? ty? taz rf 


20. F = (x,y,z) (x7 + y? + 27) = ele? 


21-22. Divergence and flux from graphs Consider the following 


vector fields, the circle C, and two points P and Q. 


a. Without computing the divergence, does the graph suggest that 
the divergence is positive or negative at P and Q? Justify your 


answer. 

b. Compute the divergence and confirm your conjecture in 
part (a). 

c. On what part of C is the flux outward? Inward? 

d. Is the net outward flux across C positive or negative? 


21. F= (x,x + y) 





23-26. Curl of a rotational field Consider the following vector fields, 
where r = (x,y,z). 


a. Compute the curl of the field and verify that it has the same direc- 
tion as the axis of rotation. 

b. Compute the magnitude of the curl of the field. 

23. F = (1,0,0) xr 24. F = (1,-1,0) xr 

25. F = (1,-1,1) Xr 26. F = (1,-2,-3) xr 


27—34. Curl of a vector field Compute the curl of the following vector 
fields. 


27. F= (x? — y?, xy, z) 28. F = (0, 2° y?, —yz) 
29. F = (x? — z?, 1, 2xz) 30. F=r = (x,y,z) 
(x,y,z) r 
31. F = ———_——_—__. = —~ 
Co + y? + al irl? 
32 p= Sr) =— 


— (x? 4 y? 4 a Ir] 

33. F = (z? sin y, xz’ cos y, 2xz sin y) 

34. F= (3xz3e”, 2xz30), 3xz2e” ) 

35-38. Derivative rules Prove the following identities. Use Theorem 15.11 
(Product Rule) whenever possible. 


1 =3 
35. (=) = — (used in Example 5) 
Ir Ir 


1 = 27 
36. Vi — | = — 
ae r| 


1 2 
37. V: v(==) =z (use Exercise 36) 
r Ir] 
38. V(I |r|) = = 
r 


Further Explorations 
39. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. For a function f of a single variable, if f'(x) = 0 for all x in 
the domain, then f is a constant function. If V -F = 0 for all 
points in the domain, then F is constant. 

. If V X F = 0, then F is constant. 

A vector field consisting of parallel vectors has zero curl. 

. A vector field consisting of parallel vectors has zero divergence. 

curl F is orthogonal to F. 


ean s 


40. Another derivative combination Let F = (f, g, h) and let u be 
a differentiable scalar-valued function. 


a. Take the dot product of F and the del operator; then apply the 
result to u to show that 


(F-V)u = (12 + ree + hou 


oy Oz 
Ou Ou Ou 
=f iiia h— 
0 oy ð 


b. Evaluate (F - V)(xy?z?) at (1, 1, 1), where F = (1,1,1). 


41. Does it make sense? Are the following expressions defined? If 
so, State whether the result is a scalar or a vector. Assume F is a 
sufficiently differentiable vector field and ¢ is a sufficiently dif- 
ferentiable scalar-valued function. 


a. V-o b. VF c V:-Vo 
d. V(V-¢) e V(V X ¢) f. V- (V-E) 
g. V X Vo h. V x (V-F) i V x(V xF) 


42. Zero divergence of the rotation field Show that the general rota- 
tion field F = a X r, where a is a nonzero constant vector and 
r = (x, y, Zz ) , has zero divergence. 


43. Curl of the rotation field For the general rotation field F = a X r, 
where a is a nonzero constant vector andr = (x, y, z), show that 
curl F = 2a. 


44. Inward to outward Find the exact points on the circle 
x? + y? = 2 at which the field F = (f,g) = (x7, y) switches 
from pointing inward to outward on the circle, or vice versa. 


45. Maximum divergence Within the cube { (x, y, z): |x| = 1, 
ly| = 1, |z| = 1}, where does div F have the greatest magnitude 
when F = (ae = y2, xyz, 2xz)? 


46. Maximum curl Let F = (z, 0, —y hs 


a. What is the component of curl F in the direction 
n = (1,0,0)? 

b. What is the component of curl F in the direction 
n = (1,—1,1)? 

c. In what direction n is (curl F) +n a maximum? 


47. Zero component of the curl For what vectors n is 
(curl F) -n = 0 when F = (y, —2z, —x) ? 


48-49. Find a vector field Find a vector field F with the given curl. 
In each case, is the vector field you found unique ? 


48. curl F = (0,1,0). 49. curl F = (0,z,-y) 


50. Curl and angular speed Consider the rotational velocity 
field v = a X r, where a is a nonzero constant vector and 

r = (x,y,z). Use the fact that an object moving in a circu- 

lar path of radius R with speed |v| has an angular speed of 

w = |v|/R. 

a. Sketch a position vector a, which is the axis of rotation 
for the vector field, and a position vector r of a point P in 
R°. Let 0 be the angle between the two vectors. Show that 
the perpendicular distance from P to the axis of rotation is 
R = |r| sin 8. 

b. Show that the speed of a particle in the velocity field is 
|a X r| and that the angular speed of the object is |al. 


c. Conclude that œ = }|V x vl. 


51. Paddle wheel in a vector field Let F = (z, 0, 0) and let n be a 
unit vector aligned with the axis of a paddle wheel located on the 
x-axis (see figure). 

a. If the paddle wheel is oriented with n = (1,0, 0}, in what 
direction (if any) does the wheel spin? 

b. If the paddle wheel is oriented with n = (0, 1,0), in what 
direction (if any) does the wheel spin? 
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c. If the paddle wheel is oriented with n = (0,0, 1), in what 
direction (if any) does the wheel spin? 


F = (z, 0, 0) 





X 


52. Angular speed Consider the rotational velocity field 

v = (—2y, 2z, 0). 

a. Ifa paddle wheel is placed in the xy-plane with its axis normal 
to this plane, what is its angular speed? 

b. If a paddle wheel is placed in the xz-plane with its axis normal 
to this plane, what is its angular speed? 

c. Ifa paddle wheel is placed in the yz-plane with its axis normal 
to this plane, what is its angular speed? 


53. Angular speed Consider the rotational velocity field 
v = (0, 10z, —10y). If a paddle wheel is placed in the plane 
x + y + z = 1 with its axis normal to this plane, how fast does 
the paddle wheel spin (revolutions per unit time)? 


Applications 

54-56. Heat flux Suppose a solid object in R? has a temperature 
distribution given by T(x, y, z). The heat-flow vector field in the 
object is F = —kVT, where the conductivity k > O is a property 

of the material. Note that the heat-flow vector points in the direc- 

tion opposite to that of the gradient, which is the direction of great- 
est temperature decrease. The divergence of the heat-flow vector is 
V- F = —-kV-VT = —-kV’T (the Laplacian of T). Compute the 
heat-flow vector field and its divergence for the following temperature 
distributions. 


54. T(x, y,z) = 100e V= +” t+? 


55. T(x, y, z) = 100e ty” t= 
56. T(x, y,z) = 100(1 + Vx? + y? + 27) 


57. Gravitational potential The potential function for the gravita- 
tional force field due to a mass M at the origin acting on a mass 
mis ¢ = GMm/ |r|, where r = (x, y, z) is the position vector of 
the mass m and G is the gravitational constant. 





a. Compute the gravitational force field F = -V ọ. 
b. Show that the field is irrotational; that is V X F = 0. 


58. Electric potential The potential function for the force field due to 


a l q 
a charge q at the origin is e = —— —, where r = (x,y,z) is 
Arey |r 
the position vector of a point in the field and & is the permittivity 
of free space. 





a. Compute the force field F = — V ọ. 
b. Show that the field is irrotational; that is V X F = 0. 
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59. Navier-Stokes equation The Navier-Stokes equation is the 
fundamental equation of fluid dynamics that models the flow in 
everything from bathtubs to oceans. In one of its many forms 
(incompressible, viscous flow), the equation is 


»( + v-v)V) = —Vp + pw(V:-V)V. 


In this notation V = (u, v, w) is the three-dimensional velocity 
field, p is the (scalar) pressure, p is the constant density of the 
fluid, and u is the constant viscosity. Write out the three com- 
ponent equations of this vector equation. (See Exercise 40 for an 
interpretation of the operations.) 


60. Stream function and vorticity The rotation of a three-dimensional 
velocity field V = (u, V, w) is measured by the vorticity 
w = V X V.If w = 0 at all points in the domain, the flow is 


irrotational. 


a. Which of the following velocity fields is irrotational: 
V = (2,—3y, 5z) or V = (y,x — z,-y)? 

b. Recall that for a two-dimensional source free flow 
V = (u,v, 0), a stream function w(x, y) may be defined such 
that u = p, and v = —y,. For such a two-dimensional flow, 
let € = k- V x V be the k-component of the vorticity. Show 
that Vy = V-Vw = —¢. 

c. Consider the stream function w(x, y) = sin x sin y on the 
square region R = { (x,y 0 <x<7,05y<7}. 
Find the velocity components u and v; then sketch the 
velocity field. 

d. For the stream function in part (c) find the vorticity function ¢ 
as defined in part (b). Plot several level curves of the vorticity 
function. Where on R is it a maximum? A minimum? 


61. Maxwell’s equation One of Maxwell’s equations for electro- 
oE 
magnetic waves (also called Ampere’s Law) is V X B = C ar 
where E is the electric field, B is the magnetic field, and C is a 
constant. 


a. Show that the fields 


E(z, t) = A sin (kz — ot)i B(z, t) = A sin (kz — wt)j 


satisfy the equation for constants A, k, and w, provided 
w = k/C. 
b. Make a rough sketch showing the directions of E and B. 


Additional Exercises 
62. Splitting a vector field Express the vector field F = (xy, 0, 0) 
in the form V + W, where V -V = Oand V X W = 0. 


63. Properties of div and curl Prove the following properties of the 
divergence and curl. Assume F and G are differentiable vector 
fields and c is a real number. 

a V-(F+G)=V:F+V°-G 

b. V X (F + G) = (V X F) + (V xG) 
ce. V-(cF) = c(V°F) 

d. V x (cF) = c(V x F) 


64. Equal curls If two functions of one variable, f and g, have the 
property that f’ = g’, then f and g differ by a constant. Prove or 
disprove: If F and G are nonconstant vector fields in R? with curl 
F = curl G and div F = div G at all points of R°, then F and G 
differ by a constant vector. 


65-70. Identities Prove the following identities. Assume that ¢ is a dif- 
ferentiable scalar-valued function and F and G are differentiable vec- 
tor fields, all defined on a region of RÌ. 


65. V: (F) = Vo-F + gV-F (Product Rule) 
66. V x (F) = (Ve X F) + (V x F) 
67. V:(F xX G) =G-:(V X F) — F:(V X G) 

68. V X (F X G) = (G:V)F — G(V:F) — (F-V)G + F(V:-G) 


69. V(F-G) = (G:V)F + (F:-V)G+ GX (V X F) + 
F x (V xG) 


70. V X (V X F) = V(V:F) — (V:V)F 


(Product Rule) 


71. Divergence of radial fields Prove that for a real number p, with 
ee Yy, z) _ = P 
r|” ep 





r= (x,y,z), Ve 





72. Gradients and radial fields Prove that for a real number p, with 
—pr 


1 
r= (x,y,z), Vi—- ] = 
( y z) bag) |r|? 
73. Divergence of gradient fields Prove that for a real number p, 


ae 1 \ pip - 1) 
with r = OPERIE = p 








1. The x-derivative of the divergence is applied to f(y, z), 
which gives zero. Similarly, the y- and z-derivatives are zero. 
2. Net outward flux is 477 3. In the curl, the first compo- 
nent of F is differentiated only with respect to y and z, so the 
contribution from the first component is zero. Similarly, the 
second and third components of F make no contribution to 
the curl. 4. The divergence is a scalar-valued function. < 


15.0 Surface Integrals 


We have studied integrals on intervals, on regions in the plane, on solid regions in space, 
and along curves in space. One situation is still unexplored. Suppose a sphere has a known 
temperature distribution; perhaps it is cold near the poles and warm near the equator. How 
do you find the average temperature over the entire sphere? In analogy with other average 
value calculations, we should expect to “add up” the temperature values over the sphere 


Parallel Concepts 


Curves Surfaces 

Arc length Surface area 

Line integrals Surface integrals 

One-parameter Two-parameter 
description description 






CK CHECK 1 Describe the surface 
2 cos u, 2 sin u, Vs for 


( 
O=u=r7rand0=vel1l1< 
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and divide by the surface area of the sphere. Because the temperature varies continuously 
over the sphere, adding up means integrating. How do you integrate a function over a sur- 
face? This question leads to surface integrals. 

It helps to keep curves, arc length, and line integrals in mind as we discuss surfaces, 
surface area, and surface integrals. What we discover about surfaces parallels what we 
already know about curves—all “lifted” up one dimension. 


Parameterized Surfaces 


A curve in R? is defined parametrically by r(t) = (x(t), y(t)), fora = t = b; it requires 
one parameter and two dependent variables. Stepping up one dimension, to define a sur- 
face in R? we need two parameters and three dependent variables. Letting u and v be pa- 
rameters, the general parametric description of a surface has the form 


r(u,v) = (x(u, v), y(u, v), z(u, v)). 


We make the assumption that the parameters vary over a rectangle R = { (u, v): 
axu<b,c <v < d} (Figure 15.42). As the parameters (u, v) vary over R, the vector 
r(u,v) = (x(u, v), y(u, v), z(u, v) } sweeps out a surface S in R°. 


r(u, v) = (x(u, v), y(u, v), z(u, V)) 





X 


A rectangle in the uv-plane is mapped to a surface in xyz-space. 


FIGURE 15.42 


We work extensively with three surfaces that are easily described in parametric form. 
As with parameterized curves, a parametric description of a surface is not unique. 
Cylinders In Cartesian coordinates, the set 
{ (%, 9, Z)ix = acos , y = asin 0,0 < 0 =< 2m,0 Sz S h} 


is a cylindrical surface of radius a and height h with its axis along the z-axis. Using the 
parameters u = 0 and v = z, a parametric description of the cylinder is 


r(u,v) = (x(u, v), y(u, v), z(u, v)) = (acos u,a sin u,v}, 


where 0 = u S 27 and0 = v S h (Figure 15.43). 


r(u, v) = la cos u, a sin u, vY 





FIGURE 15.43 
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Cones The surface of a cone of height h and radius a with its vertex at the origin is de- 
scribed in cylindrical coordinates by 


> Note that when r = 0, z = 0 and when { (r, 0, z): Os=rsea,050605 27,z7= rhja}. 
r=a,z=h. . 
For a fixed value of z, we have r = az/h; therefore, on the surface of the cone 


» Recall the relationships among polar and äz iz 
rectangular coordinates: x = rcos = g” 0 and y=rsiné = ra sin 0. 


x = rcos 0, y = rsin 0, and l l o. l ! 
2 Using the parameters u = 0 and v = z, the parametric description of the conical surface is 


Coy Hr. 


r(u,v) = (x(u, v), y(u, v), 2(u,v)) = (Z oos u, > sin wy) 


where 0 = u = 27 and0 = v S h (Figure 15.44). 


av av . 
r(u, v) = (7 cos u, — Sin u, V 





QUICK CHECK 2 Describe the surface s 
r(u, v) = (v COS u, V SiN u, v), for 
O0Sus mand svs 10.< FIGURE 15.44 
» The complete cylinder, cone, and sphere Spheres The parametric description of a sphere of radius a centered at the origin comes 
are generated as the angle variable directly from spherical coordinates: 


0 varies over the half-open interval 
[0, 27). As in previous chapters, we will 


use the closed interval | (0, 27]. Recall the following relationships among spherical and rectangular coordinates (Section 14.5): 


{(p,9,0):p=a0S09=7,0<06< 27}. 


x = asin ọ cos 0, y = asin ọ sin 0, Z = a cos Q. 
When we define the parameters u = g and v = 0, a parametric description of the sphere is 
r(u,v) = (a sin u cos v, a sin u sin v, a cos u }, 


where 0 = u = m and0 = v S 2r (Figure 15.45). 


r(u, v) = (a sin u cos v, a sin u sin v, a COS u) 





FIGURE 15.45 
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3 Describe the surface r(u, v) = (4 sin u cos v, 4 sin u sin v, 4 cos uw), for 
OsSus7/2and05vs7.< 





EXAMPLE 1 Parametric surfaces Find parametric descriptions for the following 
surfaces. 


a. The plane 3x = 2y + z= 2 
b. The paraboloid z = x7 + y% for0 = z = 9 
SOLUTION 
a. Defining the parameters u = x and v = y, we find that 
= 2— 3% > 2y = 2 — 30 a 2y, 
Therefore, a parametric description of the plane is 
r(u,v) = (u,v,2 — 3u + 2v), 
for—e <u < ©and-~ <y< œ, 


b. Thinking in terms of polar coordinates, we let u = 0 and v = Vz, which means that 
z = v’. The equation of the paraboloid is x* + y* = z = v^, so v plays the role of 
the polar coordinate r. Therefore, x = v cos 0 and y = v sin 0. A parametric descrip- 
tion for the paraboloid is 


r(u,v) = (vcosu, vsinu, v), 
where 0 = u S 27 and0 = v S 3. 
Alternatively, we could choose u = 0 and v = z. The resulting description is 
r(u,v) = (Vvcosu, Vv sin u, v}, 


where 0 < u < 27 and0 =v < 9. 
Related Exercises 11—20 < 


Surface Integrals of Scalar-Valued Functions 


We now develop the surface integral of a scalar-valued function f defined on a smooth 
parameterized surface S described by the equation 


r(u, v) = (x(u, v), y(u, v), z(u, v)), 


where the parameters vary over a rectangle R = { (u, pasnya bc Sy =d }. The 
functions x, y, and z are assumed to have continuous partial derivatives with respect to u and v. 
The rectangular region R in the uv-plane is partitioned into rectangles, with sides of length Au 
and Av, that are ordered in some convenient way, for k = 1,...,n. The kth rectangle R+, 
which has area AA = AuAry, corresponds to a curved patch S+ on the surface S (Figure 15.46), 








Pps Vu Z;) 


r(u, v) = (x(u, v), y(u, v), z(u, v) 






R, maps to Sy; 
(u,, V,) maps to P. 


uv-parameter plane 


FIGURE 15.46 
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» Amore general approach allows (up, vg) 
to be an arbitrary point in the kth 
rectangle. The outcome of the two 


approaches is the same. 





kth patch S$, 





Y 


Parallelogram in tangent 


x plane has area 
|t Aw x t Av]. 
FIGURE 15.47 


» In general, the vectors t, and t, are 
different for each patch, so they 
should carry a subscript k. To keep 
the notation as simple as possible, we 
have suppressed the subscripts on these 
vectors with the understanding that they 
change with k. These tangent vectors are 
given by partial derivatives because in 
each case, either u or v is held constant, 
while the other variable changes. 


> The factor |t, X t,| dA plays an 
analogous role in surface integrals as the 
factor |r'(t)| dt in line integrals. 


which has area AS}. We let (up, vg) be the lower-left corner point of R. The parameterization 
then assigns (ug, v,) to a point P(x(uj;, Vk), Y(Uk Vg), Z(Uk, Vg) ), or more simply, P(X% Yy Zk)» 
on S. To construct the surface integral we define a Riemann sum, which adds up function val- 
ues multiplied by areas of the respective patches: 


PR Vk), Y(Uk Vk), Z(Up, Vk) AS, 


The crucial step is computing AS, the area of the kth patch S}. 
Figure 15.47 shows the patch S, and the point P(x% Yp, Zk). Two special vectors are 
tangent to the surface at P. 


e t, is a vector tangent to the surface corresponding to a change in u with v constant in the 
uv-plane. 


e t, is a vector tangent to the surface corresponding to a change in v with u constant in the 
uv-plane. 


Because the surface S may be written r(u, v) = (x(u, v), y(u, v), z(u, v) ), a tangent vec- 
tor corresponding to a change in u with v fixed is 


L-2- (2,2,2) 
“ ðu ou’ ðu’ ðu f 


Similarly, a tangent vector corresponding to a change in v with u fixed is 


== (22 2) 
"ay dv’ ðv’ ðv/ 

Now consider an increment Au in u with v fixed. The tangent vector t, Au forms one 
side of a parallelogram (Figure 15.47). Similarly, with an increment Av in v with u fixed, 
the tangent vector t,Av forms the other side of that parallelogram. The area of this paral- 


lelogram is an approximation to the area of the patch S}, which is AS}. 
Appealing to the cross product (Section 12.4), the area of the parallelogram is 


jt, Au X t,Av| = |t, X t,| Au Av = AS, 


Note that t, X t, is evaluated at (uz, v,) and is a vector normal to the surface at P, which 
we assume to be nonzero at all points of S. 

We write the Riemann sum with the observation that the areas of the parallelograms 
approximate the areas of the patches S;: 


2 Sx(ue Vk), Y(Uk Vk), Z(Ur Ve) JASE 


= DS aCe Vk), Y(Ugs Vk), Z(Ugs vk) )|t, X t,[ Au Av. 


eS 

= AS, 
We now assume that f is continuous on S. As Au and Av approach zero, the areas of the 
parallelograms approach the areas of the corresponding patches on S. In this limit, the 
Riemann sum approaches the surface integral of f over the surface S, which we write 


I], flay. z) as: 


n 
lim >) f(x(Wes Vk), Y(Ur Ve), Z(Ues Ve) ty X t,|Au Av 
Ay Ay—0 72] 


oc v), y(u, v), z(u, v))|t, X t,| dA 


|[ 1 y, z) dS. 
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The integral over S is evaluated as an ordinary double integral over the region R in the 
uv-plane. If R is a rectangular region, as we have assumed, the double integral becomes 
an iterated integral with respect to u and v with constant limits. In the special case that 
f(x,y,z) = 1, the integral gives the surface area of S. 


DEFINITION Surface Integral of Scalar- Valued Functions 
on Parameterized Surfaces 


> The condition that t, X t, be nonzero Let f be a continuous function on a smooth surface S$ given parametrically by 
means t, and t, are nonzero and not r(u, v) = (x(u, v), y(u, v), z(u, v) ) , Where R = { (u, v): asucb, 
parallel. If t, X t, # 0 at all points, or ox Oy a 
hente surie it imoorh ihe vane v = d}. Assume also that the tangent vectors t, = PA = PR and 
of the integral is independent of the 
PDN ər /ax ay æ l 
parameterization of S. y = — = ( —,=,— )are continuous on R and the normal vector n = t, X t, 1s 
ðv ðv ðv ðv 


nonzero on R. Then the surface integral of the scalar-valued function f over S is 


ie y, z) dS = oc v), y(u, v), z(u, v))|ty X t,| dA. 


If f(x, y, z) = 1, the integral equals the surface area of S. 





EXAMPLE 2 Surface area of a cylinder and sphere Find the surface area of the 
following surfaces. 


a. A cylinder with radius a > 0 and height h (excluding the circular ends) 
b. A sphere of radius a 


SOLUTION The critical step is evaluating the normal vector t, X t,. It needs to be done 
only once for any given surface. 


a. As shown before, a parametric description of the cylinder 1s 
r(u,v) = (x(u, v), y(u, v), z(u, v)) = (acos u, asin u,v), 


where 0 < u S 27 and0 < v < h. A normal vector is 


i j k 
dy ð bes 
n=t,xt,= ox an Definition of cross product 
ax Ð a 
Normal vector ð ð ð 
n = (a cos u, a sin u, 0 g ` 
; L ) i j n 
In| = a 
= |-asinu acosu Q| _ Evaluate the derivatives. 
0 0 l 
= (a COS u, A SiN u, 0) : Compute the cross product. 


Notice that the normal vector points outward from the cylinder, away from the z-axis 
(Figure 15.48). It now follows that 


It, X t| = Va? cos u + a* sin’ u = a. 





Setting f(x, y, z) = 1, the surface area of the cylinder is 
Cylinder: r(u, v) = (a cos u, a sin u, v}, 


21 h 
f[ras= fuxia f | advdu = zrah 
— l 0 0 
S R a 
Osus27rand0svsh 


FIGURE 15.48 confirming the formula for the surface area of a cylinder (excluding the ends). 
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» Recall that for the sphere, u = g and 
v = 0, where @ and 0 are spherical 
coordinates. The element of surface 
area in spherical coordinates is 
dS = a’ sing dg dé. 


Sphere: 
r(u, v) = (a sin u cos v, a sin u Sin v, a COS uY, 
Osus7mand0sSsvs527 


Z 







KX 
Normal vector n 


_ with In| = a? sin u 


FIGURE 15.49 


z=16—-2x 


Cylinder r = 4 


Sliced cylinder is generated by 
r(u, v) = (4 cos u, 4 sin u, v}, where 
Q=v=297,0= v= 16 — 8 cos u. 


FIGURE 15.50 


v = 16 — 8 cos u 





| Region of integration in the uv-plane is 
R= {tu, v):0 Su S 27, 
Osv 16 — 8 cos ut 


FIGURE 15.51 


b. A parametric description of the sphere is 
r(u,v) = (asin u cos v, asin u sin v, a cos u), 


where 0 < u < m and0 S v S 27r. A normal vector is 


i j k 
n = t, X t, = |acosucosv acosusinyvy —a sinu 
—asmusinv asin u cos v 0 


2 2 


= (a* sin? u cos v, a° sin? 


u sin v, a° sin u cos u). 


Computing |t, X t,| requires several steps (Exercise 70). However, the needed result 
is quite simple: |t, X t,| = a* sin u and the normal vector n = t, X t, points out- 
ward from the surface of the sphere (Figure 15.49). With f(x, y, z) = 1, the surface 
area of the sphere is 


27 PT 
f[ras= fuxa- f f sin udu dv = 47a? 
S R 2 


a^ sin u 


confirming the formula for the surface area of a sphere. 
Related Exercises 21-26< 


EXAMPLE 3 Surface area of a partial cylinder Find the surface area of the cylin- 
der { (r, 0):r=4,0508 2r } between the planes z = 0 and z = 16 — 2x. 


SOLUTION Figure 15.50 shows the cylinder bounded by the two planes. With u = 0 and 
v = z, a parametric description of the cylinder is 


r(u,v) = (x(u, v), y(u, v), z(u, v)} = (4 cos u, 4 sin u, v). 


The challenge is finding the limits on v, which is the z-coordinate. The plane z = 16 — 2x 
intersects the cylinder in an ellipse; along this ellipse, as u varies between O and 277, the 
parameter v also changes. To find the relationship between u and v along this intersec- 
tion curve, notice that at any point on the cylinder, we have x = 4 cos u (remember that 

u = 0). Making this substitution in the equation of the plane, we have 


z = 16 — 2x = 16 — 2(4 cos u) = 16 — 8 cos u. 


Substituting v = z, the relationship between u and vis v = 16 — 8 cos u (Figure 15.51). 
Therefore, the region of integration in the uv-plane is 


R = { (u,v): 0 = u = 27,0 = v = 16 — 8 cosu}. 





Recall from Example 2a that for the cylinder, |t, X t,| = a = 4. Setting f(x, y,z) = 1, 


the surface integral for the area is 


Juas Jux t,| dA 
5 4 


R 


2T 16—8 cos u 
= / J 4 dv du 
0 0 


2r 
= 4 / (16 — 8cosu) du Evaluate the inner integral. 
0 


2T 
= 4(16u — 8 sin u) 


Evaluate the outer integral. 





0 


= 1287. Simplify. 
Related Exercises 21—26< 


This is a familiar result: A normal to 
the surface z = g(x, y) at a point is 

a constant multiple of the gradient of 

z — g(x, y), which is (—g,,—gy, 1) = 
(—z,, =pl ) . The factor 

Vz, + zy” + 1 is analogous to the 
factor Yi f'(x))? + 1 that appears in 
arc length integrals. 








If the surface S in Theorem 15.12 is 
generated by revolving a curve in the 
xy-plane about the x-axis, the theorem 
gives the surface area formula derived in 
Section 6.6 (Exercise 75). 
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EXAMPLE 4 Average temperature on a sphere The temperature on the surface of a 
sphere of radius a varies with latitude according to the function T(g, 0) = 10 + 50 sin ọ, 
forO = g s wandO S 0 S 27 (¢ and 0 are spherical coordinates, so the temperature 
is 10° at the poles, increasing to 60° at the equator). Find the average temperature over 

the sphere. 


SOLUTION We use the parametric description of a sphere. With u = g and v = 90, the 
temperature function becomes f(u, v) = 10 + 50 sin u. Integrating the temperature over 
the sphere using the fact that |t, X t,| = a? sin u (Example 2b), we have 


ic + 50 sin u) dS J| uo + 50 sin u)|t, X t,| dA 
S R 2 


a^ sin u 


T PT 
-/ | (10 + 50 sin u)a? sin u dv du 
0/0 


= 2ra’ J (10 + 50 sin u) sin u du Evaluate the inner integral. 
0 


= 10ra (4 + 5r). Evaluate the outer integral. 


The average temperature is the integrated temperature 10ra” (4 + 57) divided by the 
surface area of the sphere 47ra’; so the average temperature is (20 + 25a)/2 = 49.3°. 
Notice that the equatorial region has both higher temperatures and greater surface area, so 
the average temperature is weighted toward the maximum temperature. 

Related Exercises 27-30 


Surface Integrals on Explicitly Defined Surfaces Suppose a smooth surface S 
is defined not parametrically, but explicitly, in the form z = g(x, y) over a region R in the 
xy-plane. Such a surface may be treated as a parameterized surface. We simply define the 
parameters to be u = x and v = y. Making these substitutions into the expression for t, 
and t,, a short calculation (Exercise 71) reveals that t, = ( 1, 0, z,) t, = (0, l, Zy) , anda 
normal vector is a scalar multiple of 


i= nA o 1). 
It follows that 
E ee E 


With these observations, the surface integral over S can be expressed as a double integral 
over a region R in the xy-plane. 


THEOREM 15.12 Evaluation of Surface Integrals of Scalar- Valued 
Functions on Explicitly Defined Surfaces 

Let f be a continuous function on a smooth surface S given by z = g(x, y), for 
(x, y) ina region R. The surface integral of f over S is 


J| 1e y, z) dS = Jre y, g(x Y)) Vz + zy + 1dA. 


If f(x, y, z) = 1, the surface integral equals the area of the surface. 
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EXAMPLE 5 Area of a roof over an ellipse Find the area of the surface S that 
on eas a lies in the plane z = 12 — 4x — 3y directly above the region R bounded by the ellipse 
x?/4 + y* = 1 (Figure 15.52). 


S is directly above R. i 
aaa SA SOLUTION Because we are computing the area of the surface, we take f(x, y, z) = 1. 


Note that zy = —4 and z, = —3, so the factor V z, + a + 1 has the value 


V (—4)? + (3y + 1 = V26 (a constant because the surface is a plane). The relevant 


surface integral is 


m J| ias= || V+: iaa = v3 ff aa. 

T nr ae i 

R is bounded by the ellipse y The double integral that remains is simply the area of the region R bounded by the 

ellipse. Because the ellipse has semiaxes of length a = 2 and b = 1, its area is 

mab = 2r. Therefore, the area of S is 2r V26. 

This result has a useful interpretation. The plane surface S is not horizontal, so it has 

a greater area than the horizontal region R beneath it. The factor that converts the area of 

FIGURE 15.52 R to the area of S is V26. Notice that if the roof were horizontal, then the surface would 
be z = c, the area conversion factor would be 1, and the area of the roof would equal the 
area of the floor beneath it. 





2 
X J — 
A +y tl; 


Area of S = V 26 « area of R. 


Related Exercises 3]—34< 





QUICK CHECK 4 The plane z = y forms a 45° angle with the xy-plane. pas the plane 
1S Ethie TSE of a room and the xy-plane is the floor of the room. Then 1 ft” on the floor 
becomes how many square feet when projected on the roof? «< 


EXAMPLE 6 Mass of a conical sheet A thin conical sheet is described by the surface 
z = (x? + y*)'*, for 0 = z = 4. The density of the sheet in g/cm? is p = f(x, y, z) = 
(8 — z) (decreasing from 8 g/cm? at the tip to 4 g/cm? at the top; Figure 15.53). What is 
the mass of the cone? 


SOLUTION We find the mass by integrating the density function over the surface of the 
cone. The projection of the cone on the xy-plane y found by setting z = 4 (the top of the 
cone) in the equation of the cone. We find that (x? + yr = * = 4; therefore, the region of 
integration is = disk R = { (x, y): x? + y? = i . We first find z, and z, in order to 
e Vz + o + 1. Differentiating z7 = x7 + y ~ implicitly gives 2zz, = 2x, or 

= x/z. Sinilatiy. zy = y/z. Using the fact that z = x* + y*, we have 

‘ ; 2 

eee. Vi tg l= Vo Fo tis z : y +1 = V2. 


FIGURE 15.53 — 








To integrate the density over the conical surface, we set f(x, y, z) = 8 — z. Replacing 
z in the integrand by r = ie T yoy * and using polar coordinates, the mass in grams is 


given by 
J| 1 y,z) dS = J| re na Va +2, + 1dA 
S R aal 


V2 


= V2 | (8 — z) dA Substitute. 
R 


= v2 || (8 - VF FP) aa z= Vx +y? 
R 


Table 15.2 


Surface 


Cylinder 


Cone 


Sphere 


Paraboloid 





FIGURE 15.54 
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27 p4 
= v2 / J (8 — r)rdr d0 Polar coordinates 
0 J0 


27 pe \ (4 
=? (47 = z) 
0 3 / lo 


128 V2 [ 
3 


dé Evaluate the inner integral. 





Simplify. 


2567 V2 
= —_—— = 379. Evaluate the outer integral. 


3 
As a check, note that the surface area of the cone is mrV r? + h? ~ 71 cm’. If the entire 
cone had the maximum density p = 8 g/cm’, its mass would be approximately 568 g. If 
the entire cone had the minimum density p = 4 g/cm”, its mass would be approximately 
284 g. The actual mass is between these extremes and closer to the low value because the 
cone is lighter at the top, where the surface area is greater. 
Related Exercises 35-42 < 


Table 15.2 summarizes the essential relationships for the explicit and parametric 
descriptions of cylinders, cones, spheres, and paraboloids. The listed normal vectors are 
chosen to point away from the z-axis. 











Explicit Description z = g(x,y) Parametric Description 
Equation Normal Equation Normal 
n= Ze l) n=t, xt, 
x7 + y* =a’, n = (x,y,0), |n| = a r = (acosu,asinu, v), n = (acosu,asinu,0), |n| =a 
VS 2h Ver] 27:07 Sh 
g =x" +", n= (x/z, y/z,-1}), r= (v cos u, v sin u, v), n= (v cos u, v sin u, —v), 
O=z=h In| = V2 O<u<27,05v<sh In| = V2v 
x+y +z n= (x/z,y/z, 1), r = (asinu cos v, n = (a° sin? u cos v, a’ sin? u sin v, 
In| = a/z a sin u sin v, a cos u }, a’ sin u cos u ), =a’ sinu 
OSu snr, 0 Sv <r 
z=x? + y?, = (2x, 2y,—1), = (v cos u, V Sin u, v“), n = (2v cos u, 2v° sin u,—v), 
OSzSh h| = V1 4+ 4x? +y) | OS uS=27,0S0veS VA |n| =vV1 + 4y 
-K 5 Explain why the explicit description for a cylinder x7 + y? = a° cannot 





be eed for a surface integral over a cylinder and a parametric description must be used. «< 


Surface Integrals of Vector Fields 


Before beginning a discussion of surface integrals of vector fields, two technical issues 
about surfaces and normal vectors must be addressed. 

The surfaces we consider in this book are called two-sided, or orientable, surfaces. 
To be orientable, a surface must have the property that the normal vectors vary continu- 
ously over the surface. In other words, when you walk on any closed path on an orientable 
surface and return to your starting point, your head must point in the same direction it did 
when you started. The most famous example of a nonorientable surface is the Möbius 
strip (Figure 15.54). Suppose you start walking the length of the Mobius strip at a point P 
with your head pointing upward. When you return to P, your head points in the opposite 
direction, or downward. Therefore, the Mobius strip is not orientable. 
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Closed surfaces are oriented | 
so normal vectors point in the 


outward direction. | 








For other surfaces, the orientation 
of the surface must be specified. 


FIGURE 15.55 





Unit normal n 






F-n= |F| cos 0 


(a) 
FIGURE 15.56 





At any point of a parameterized orientable surface, there are two unit normal vec- 
tors. Therefore, the second point concerns the orientation of the surface or, equivalently, 
the choice of the direction of the normal vectors. Once the orientation is determined, the 
surface becomes oriented. 

We make the common assumption that—unless specified otherwise—a closed orient- 
able surface that fully encloses a region (such as a sphere) is oriented so that the normal 
vectors point in the outward direction. For a surface that is not closed, the orientation must 
be specified in some way. For example, we might specify that the normal vectors for a 
particular surface point in the positive z-direction (Figure 15.55). 

Now recall that the parameterization of a surface defines a normal vector t, X t, at 
each point. In many cases, the normal vectors are consistent with the specified orientation, 
in which case no adjustments need to be made. If the direction of t, X t, is not consistent 
with the specified orientation, then the sign of t, X t, must be reversed before doing cal- 
culations. This process is demonstrated in the following examples. 


Flux Integrals It turns out that the most common surface integral of a vector field is a 
flux integral. Consider a vector field F = (f, g, h), continuous on a region in R°, that rep- 
resents the flow of a fluid or the transport of a substance. Given a smooth oriented surface 
S, we aim to compute the net flux of the vector field across the surface. In a small region 
containing a point P, the flux across the surface is proportional to the component of F in the 
direction of the unit normal vector n at P. If 0 is the angle between F and n, then this com- 
ponent is F -n = |F| |n| cos 0 = |F| cos 0 (because |n| = 1; Figure 15.56a). We have 
the following special cases. 


e If F and the unit normal vector are aligned at P (0 = 0), then the component of F in the 
direction nis F-n = | F|; that is, all of F flows across the surface in the direction of n 
(Figure 15.56b). 


e If F and the unit normal vector point in opposite directions at P (0 = 77), then the com- 
ponent of F in the direction n is F +n = — |F|; that is, all of F flows across the surface 
in the direction opposite to that of n (Figure 15.56c). 








e If F and the unit normal vector are orthogonal at P (0 = 77/2), then the component of 
F in the direction n is F +n = 0; that is, none of F flows across the surface at that point 
(Figure 15.56d). 






Unit normal n 


Unit normal n Unit normal n 






No flow 
through S 
at P. 





(b) 


The flux integral, denoted J j 5 F-nds or J j sF + dS, simply adds up the components 
of F normal to the surface at all points of the surface. Notice that F-n is a scalar-valued 
function. Here is how the flux integral is computed. 

Suppose the smooth oriented surface S is parameterized in the form 


r(u,v) = (x(u, v), y(u, v), z(u, v)}, 


> Ift, X t, is not consistent with the 
specified orientation, its sign must be 
reversed. 


» The value of the surface integral is 
independent of the parameterization. 
However, in contrast to a surface integral 
of a scalar-valued function, the value 
of a surface integral of a vector field 
depends on the orientation of the surface. 
Changing the orientation changes the 
sign of the result. 







n = (—2, —1, -1) 
points in the 
negative 
z-direction 

at all points 

of the plane. 


X 


[ | F -nds = area of R = 4 
S 


FIGURE 15.57 
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where u and v vary over a region R in the uv-plane. A normal to the surface at a point is 
t, X t,, which we assume to be consistent with the orientation of S. Therefore, the unit 
„Xt, 
t, xX t| 
of the surface integral for parameterized surfaces, the flux integral is 


[fens J| Enit x sla 
R 


S 
LA 
— | F--——_—__t, x t, dA Substitute for n. 
It, X t,l 


A 


[ro 1 X t,) dA. 


The remarkable occurrence in the flux integral is the cancellation of the factor |t, X t,]. 
The flux integral turns out to be a double integral with respect to u and v. 

The special case in which the surface S is specified in the form z = g(x, y) follows di- 
rectly by recalling that a vector normal to the surface ist, X t, = (—z, =d ). Inthis case, 
with F = (f, g, h), the integrand of the surface integral is F- (t,  t,) = —f, — gz +h. 


normal vector consistent with the orientation isn = . Appealing to the definition 


Definition of surface integral 


Convenient cancellation 


DEFINITION Surface Integral of a Vector Field 


Suppose F = (f, g, h) is a continuous vector field on a region of R? containing 
a smooth oriented surface S. If S is defined parametrically as r(u, v) = 
(x(u, v), y(u, v), z(u, v) ), for (u, v) in a region R, then 


fenas- J" 


t, X t,) dA, 


or ox dy az or ox Oy oz 
where t, = = -(2 L =) and t, = = - (2 2 EN are continuous on R, 


ðu du du’ ðu ðv dv’ dv’ ðv 
the normal vector n = t, X t, 1s nonzero on R, and the direction of n is consistent 
with the orientation of S. If S is defined in the form z = g(x, y), for (x, y) ina region 
R, then 


+ h)dA. 


J| Enas = J| — gz 


EXAMPLE 7 Rain ona roof Consider the vertical vector field F = (0, 0,—1), 
corresponding to a constant downward flow. Find the flux in the downward (negative z) 
direction across the surface S, which is the plane z = 4 — 2x — y in the first octant. 


SOLUTION In this case, the surface is given explicitly. With z = 4 — 2x — y, we have 
Z, = —2 and eee Therefore, a vector normal to the plane is (—z,, E 1) = (2, l, 1), 
which points upward (Figure 15.57). Because we are interested in the downward flux 
of F across S, the surface must be oriented so the normal vectors point in the negative 
a So, we F D the vector to ben = (—2,—1,—1). Noting that 

=A fen) = 40, , the flux integral is 


J= n dS = J 0, 0, — 1) + (-2,—-1,—1) dA = J] dA = area(R). 
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The base R is a triangle in the xy-plane with vertices (0, 0), (2, 0), and (0, 4), so its 
area is 4. Therefore, the downward flux across S is 4. 

This flux integral has an interesting interpretation. If the vector field F represents 
the rate of rainfall with units of, say, g/m? per unit time, then the flux integral gives the 
mass of rain (in grams) that falls on the surface in a unit of time. This result says that 
(because the vector field is vertical) the mass of rain that falls on the roof equals the mass 
that would fall on the floor beneath the roof if the roof were not there. This property is 
explored further in Exercise 73. 

Related Exercises 43-45< 


EXAMPLE 8 Flux of the radial field Consider the radial vector field 

F = (f.g,h) = (x,y,z). Is the upward flux of the field greater across the hemisphere 
x? + y% + z* = 1, forz = 0, or across the paraboloid z = 1 — x? — y’, forz = 0? 
Note that the two surfaces have the same base in the xy-plane and the same high point 
(0, 0, 1). Use the explicit description for the hemisphere and a parametric description for 
the paraboloid. 


SOLUTION The base of both surfaces in the xy-plane is the unit disk 

R= {(xXy):x7 +y <1} = {(7,6):0 Sr = 1,0 <0 S 27}. To use the 

explicit description for the hemisphere, we must compute z, and z,. Differentiating 

x? + y? + 27 = 1 implicitly, we find that z, = —x/z and Zy = —y/z. Theretore, a 

explicitly defined surface z = g(x, y) normal vector is (x/z, y/z, 1), which points upward on the surface. The flux integral is 

is (=z =Z, 1). evaluated by substituting for f, g, A, z,, and are eliminating z from the integrand; and con- 
verting the integral in x and y to an integral in polar coordinates: 


J| Enas = J| = poy h) aA 
S R 
X y 
= i x7 -+ a =F z) dA Substitute. 
R 


> Recall that a normal vector for an 


2 2 2 
xo + T 
= i 2 ) dA Simplify. 
R 
1 
= j] Las x+y? +z =l 


ji 
Jas z= Vl-=-x -y 


2T 1 
1 
— J / (=) rdr d0 Polar coordinates 
0 Jo L= 





2 
_ 7 B VI- z : do Evaluate the inner integral 
E A ( r“) é as an improper integral. 
27 
= J do = 27. Evaluate the outer integral. 
0 


For the paraboloid z = 1 — x* — y7, we use the parametric description (Example 1b 
or Table 15.2) 


r(u, v) = (x,y,z) = (v cos u, v sin u, | — h 


for 0 < u S 2m and0 S v < 1. A vector normal to the surface is 





upward flux for the radial field in 


QUICK CHECK € 
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i j k 
—vysinu vcosu 0 


=D) 


= (—2y? cos u, —2v” sin u, —y), 


COS u sin u 


Notice that the normal vectors point downward on the surface (because the z-component 
is negative for 0 S v < 1). In order to find the upward flux, we negate the normal vector 
and use the upward normal vector 


n = 


—(t, X t,) = (2v? cos u, 2v? sin u, v}. 
u vV 


The flux integral is evaluated by substituting for F = (x, y, z) and n, and then evaluat- 
ing an iterated integral in u and v: 


[fen 


.6 Explain why the 


Example 8 is greater for the hemi- 


sphere than for the paraboloid. < 


SECTION 15.6 EXERCISES 


Review Questions 


1. 


10. 


Give a parametric description for a cylinder with radius a and 
height h, including the intervals for the parameters. 


Give a parametric description for a cone with radius a and height 
h, including the intervals for the parameters. 


Give a parametric description for a sphere with radius a, including 
the intervals for the parameters. 


Explain how to compute the surface integral of a scalar-valued 
function f over a cone using an explicit description of the cone. 


Explain how to compute the surface integral of a scalar-valued 
function f over a sphere using a parametric description of the 
sphere. 


Explain how to compute a surface integral J f sF +n d5 over a cone 
using an explicit description and a given orientation of the cone. 


Explain how to compute a surface integral i f çF -n dS over a 
sphere using a parametric description of the sphere and a given 
orientation. 


Explain what it means for a surface to be orientable. 
Describe the usual orientation of a closed surface such as a sphere. 


Why is the upward flux of a vertical vector field F = (0, 0, 1) 
across a surface equal to the area of the projection of the surface 
in the xy-plane? 


v 
= 2n( 
4 


We see that the upward flux is greater for the hemisphere than for the paraboloid. 


1 p27 
[| (v cos u, v sin u, 1 = v?) + (2v? cos u, 2v° sin u, v) du dv 
0/0 


I 


Substitute for F and n. 


2T 
(v? + v)dudv Simplify. 
4 y? : oT ; 
— + — = —_. Evaluate integrals. 
afl 2 





Related Exercises 43-48< 


Basic Skills 


11-16. Parametric descriptions Give a parametric description of the 


form r(u, v) = 


(x(u, v), y(u, v), z(u, v)) for the following surfaces. 


The descriptions are not unique. 


11. 
12. 
13. 
14. 
15. 


16. 


The plane 2x — 4y + 3z = 16 

The cap of the sphere x? + y? + z* = 16, for 4/ V2 =z = 4 
The frustum of the cone z? = x? + y fr2 = z= § 

The cone z? = A(x? + ye) forO=7z=4 


The portion of the cylinder x? + y? = 9 in the first octant, for 
a2 =.5 


The cylinder y? + z* = 36, for0 <x < 9 


17-20. Identify the surface Describe the surface with the given para- 
metric representation. 


17; 
18. 
19. 
20. 


r(u, v) = (u, v, 2u + 3v — 1), frl Su 3,2 Sv=4 


r(u, v) = (u,u + v,2 — u — v), fr0Ssu=2,05sv=2 
r(u, v) = (v cos u, v sin u, 4v), for 0 < ux7,0Sv 53 
r(u,v) = (v,6 cos u, 6 sin u), for 0 = u=x=27,0S=v=2 


21-26. Surface area using a parametric description Find the area of 
the following surfaces using a parametric description of the surface. 


21. 


The half-cylinder { (r, 0, z): r =4,0<0<7,05z<=7} 
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22. The plane z = 3 — x — 3y in the first octant 
23. The plane z = 10 — x — y above the square |x| = 2, |y| = 2 
24. The hemisphere x? + y? + z? = 100, forz = 0 


25. A cone with base radius r and height h, where r and h are positive 
constants 


26. The cap of the sphere x? + y? + z? = 4,forl £z < 2 


27-30. Surface integrals using a parametric description Evaluate 
the surface integral J f 4 f(x, y, z) dS using a parametric description of 
the surface. 


27. f(x,y,z) = x? + y?, where S is the hemisphere 

x? + y? +z? = 36, forz = 0 
28. f(x,y,z) = y, where S is the cylinder x? + y? = 9,0 <z < 3 
29. f(x,y,z) 


30. f(p, ¢,0) = cos œ, where S is the part of the unit sphere in the 
first octant 


= x, where S is the cylinder x? + z? = 1,0 <y = 3 


31-34. Surface area using an explicit description Find the area of 
the following surfaces using an explicit description of the surface. 


31. The cone z? = 4(x? + y”), forO =z <4 


A 


32. The paraboloid z = 2(x° + y”),for0O <z < 8 
33. The trough z = x°, for—2 =< x=2,0<y=4 


34. The part of the hyperbolic paraboloid z = x? — y? above the sec- 
tor R = {(7,0):0 =r<=4,-7/4 <6 7/4} 


35-38. Surface integrals using an explicit description Evaluate the 
surface integral i f P f(x, y, z) dS using an explicit representation of the 


surface. 
35. f(x,y,z) = xy; Sis the plane z = 2 — x — yin the first octant. 
36. f(x,y,z) = x? + yf; Sis the paraboloid z = x? + y’, for 

Qa z= 4, 


37. f(x,y,z) = 25 — x? — y’; S$ is the hemisphere centered at the 
origin with radius 5, for z = 0. 


38. f(x,y,z) 
39—42. Average values 


= e*; Sis the plane z = 8 — x — 2y in the first octant. 


39. Find the average temperature on that part of the plane 
3x + 4y + z = 6 over the square |x| = 1, |y| = 1, where the 
temperature is given by T(x, y, z) = e7. 


40. Find the average squared distance between the origin and the 
points on the paraboloid z = 4 — x? — y?, for z = 0. 


41. Find the average value of the function f(x, y, z) = xyz on the unit 
sphere in the first octant. 


42. Find the average value of the temperature function T(x, y, z) = 
100 — 25z on the cone z° = x? + y°,for0 = z = 2. 


43—48. Surface integrals of vector fields Find the flux of the follow- 
ing vector fields across the given surface with the specified orienta- 
tion. You may use either an explicit or parametric description of the 
surface. 


9: 


43. F = (0,0,—1) across the slanted face of the tetrahedron 
z = 4 — x — yin the first octant; normal vectors point in the 
positive z-direction. 


44. F = (x,y,z) across the slanted face of the tetrahedron 
= 10 — 2x — 5y in the first octant; normal vectors point in the 
positive z-direction. 
45. F = (x,y,z) across the slanted surface of the cone 
zZ =x t+ y. for 0 = z < 1; normal vectors point in the 
positive z-direction. 


46. F = (e”?, 2z, 


S= {(% yz) z = cosy, 
vectors point upward. 


xy) across the curved sides of the surface 
y| = 7,0 < x <4}, where normal 





47. F = r/|r|° across the sphere of radius a centered at the origin, 
where r = (x, y, z); the normal vectors point outward. 


48. F = (—y, x, 1) across the cylinder y = x°, forO = x = 1, 
0 <= z = 4; normal vectors point in the positive y-direction. 


Further Explorations 

49. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 
a. If the surface S is given by { (x, 47 Cae = 10S y= 1, 


= 10}, then [f f(x, y,z) dS = J, f F(x, y, 10) dx dy. 
b. If the surface S is given by { (x, yal Vaca Loa y= 1, 
1 fil 
z = x}, then IG: y, z) dS = i LI; y, x) dx dy. 
c. The surface r = (v COS u, V SIN U, a? fr susr, 
0 = v < 2, is the same as the surface r = ( Vv cos 2u, 
Vv sin 2u,v),for0 <u = 7/2,0Sv <4. 
d. Given the standard parameterization of a sphere, the normal 
vectors t, X t, are outward normal vectors. 


50-53. Miscellaneous surface integrals Evaluate the following inte- 
grals using the method of your choice. Assume normal vectors point 
either outward or in the positive z-direction. 


50. HV In|r| +n dS, where S is the hemisphere x? + y? + z? = a’, 
for z = 0, and where r = (x, y, z) 


51. Lr! dS, where S is the cylinder x? + y? = 4, for0 = z = 8, 
and where r = (x, y, Z 


52; fi f s xyz dS, we S is that part of the plane z = 6 — y that lies in 
the a x +y?=4 





(x, 0, z) 5 5 5 
53. -n dS, where S is the cylinder x“ + z^ = a’, 
Vx? F z? 
bi a2 


54. Cone and sphere The cone zZ =x + oe for z = O, cuts the 
sphere x? + y? + z? = 16 along a curve C. 


a. Find the surface area of the sphere below C, for z = Q. 
b. Find the surface area of the sphere above C. 
c. Find the surface area of the cone below C, for z = 0. 


Cylinder and sphere Consider the sphere x? + y? + z? = 4 and 
the cylinder (x — 1)? + y? = 1, forz = 0. 


a. Find the surface area of the cylinder inside the sphere. 
b. Find the surface area of the sphere inside the cylinder. 


56. Flux on a tetrahedron Find the upward flux of the field 
F = (x,y,z) across the plane x/a + y/b + z/c = 1 in the first 
octant. Show that the flux equals c times the area of the base of 
the region. Interpret the result physically. 


57. Flux across a cone Consider the field F = (x, y, z) and the cone 
= G6? + y*)/a’,for0 = z= 1, 
a. Show that when a = 1, the outward flux across the cone is 
zero. Interpret the result. 
b. Find the outward flux (away from the z-axis), for any a > 0. 
Interpret the result. 


58. Surface area formula for cones Find the general formula for the 
surface area of a cone with height h and base radius a (excluding 
the base). 


59. Surface area formula for spherical cap A sphere of radius a is 
sliced parallel to the equatorial plane at a distance a — h from the 
equatorial plane (see figure). Find the general formula for the sur- 
face area of the resulting spherical cap (excluding the base) with 


thickness h. 
f N 4 
E] 


60. Radial fields and spheres Consider the radial field F = r/|r 
where r = (x,y,z) and p is a real number. Let S be the sphere 
of radius a centered at the origin. Show that the outward flux of F 
across the sphere is 47r /a?~°. It is instructive to do the calculation 
using both an explicit and parametric description of the sphere. 





P 
>, 


Applications 

61-63. Heat flux The heat flow vector field for conducting objects 

is F = —kVT, where T(x, y, z) is the temperature in the object and 
k > 0 is a constant that depends on the material. Compute the out- 
ward flux of F across the following surfaces S for the given tempera- 
ture distributions. Assume k = 1. 


61. T(x, y,z) = 100e~ ”; S consists of the faces of the cube 
| Lely SS dye) 


62. T(x, y,z) = 100e* ~~: S is the sphere x? + y? + z? = a’. 


63. T(x, y,z) = —In (x? + y? + 27); S is the sphere 
La yo go a 


64. Flux across a cylinder Let S be the cylinder x? + y? = a’, for 
=L L27 a a, 


a. Find the outward flux of the field F = ‘ee y, 0) across S. 
(x,y,0) _ r 
(x? j yy’ |r|? 
across S, where |r| is the distance from the z-axis and p is a 
real number. 

c. In part (b), for what values of p is the outward flux finite as 
a — œ (with L fixed)? 


b. Find the outward flux of the field F = 
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d. In part (b), for what values of p is the outward flux finite as 
L— œ (with a fixed)? 


65. Flux across concentric spheres Consider the radial fields 


Coorg 





r 

, where p is areal number. Let 
S consist of the spheres A and B centered at the origin with radii 
0 < a < b, respectively. The total outward flux across S consists 
of the flux out of S across the outer sphere B minus the flux into S$ 
across the inner sphere A. 





a. Find the total flux across S with p = O. Interpret the result. 
b. Show that for p = 3 (an inverse square law), the flux across S$ 
is independent of a and b. 


66-69. Mass and center of mass Let S be a surface that represents a 
thin shell with density p. The moments about the coordinate planes (see 
Section 14.6) are My, = LH xp(x. y, z) dS, M,, = Il yp(x, y, z) dS, 











and My, = J s zp(x, y, z) dS. The coordinates of the center of mass 
= My, = M = M; 
of the shell are x = ,y = ,L= , Where m is the mass of 
m m 


the shell. Find the mass and center of mass of the following shells. Use 
symmetry whenever possible. 


66. The constant-density hemispherical shell 
x tyt z =ar =O 


67. The constant-density cone with radius a, height h, and base in the 
xy-plane 


68. The constant-density half cylinder 
x74+77= a’, —h/2 aya] |v 


69. The cylinder x? + y? = a’,0 = z < 2, with density 
p(%,y,zZ) =1+z 


Additional Exercises 

70. Outward normal to a sphere Show that |t, X t,| = a^ sin u 
for a sphere of radius a defined parametrically by r(u, v) = 
(a sin u COS v, a sin u sin v, a COS np where 0 < u < m and 
0 = v= 2r. 


2 


71. Special case of surface integrals of scalar-valued functions 
Suppose that a surface S is defined as z = g(x, y) 
on a region R. Show that t, X t, = (—z,, =z] ) and that 


Sofy z) dS = [fp flay. 2) Vz + 4? + 1 dA. 


72. Surfaces of revolution Let y = f(x) be a curve in the xy-plane 
with f continuous and f(x) > 0, fora = x = b. Let S be the sur- 
face generated when the graph of f on |a, b| is revolved about the 
x-axis. 





a. Show that S is described parametrically by r(u, v) = 
(u, f(u) cos v, f(u) sin v), fora <u = b,0 Sv S 27. 

b. Find an integral that gives the surface area of S. 

c. Apply the result of part (b) to find the area of the surface 
generated with f(x) = x?, for 1 < x < 2. 

d. Apply the result of part (b) to find the area of the surface 
generated with f(x) = (25 — x*)'?, for3 = x = 4. 


73. Rain on roofs Let z = s(x, y) define a surface over a region R in 
the xy-plane, where z = 0 on R. Show that the downward flux of 
the vertical vector field F = (0, 0,—1 ) across § equals the area 
of R. Interpret the result physically. 
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74. Surface area of a torus 


75. Surfaces of revolution—single variable Let f be differentiable and 


a. Show that a torus with radii R > r (see positive on the interval | a, b |. Let S be the surface generated when 
figure) may be described parametrically by the graph of fon |a, b] is revolved about the x-axis. Use Theorem 
r(u, v) = ( (R + r cos u) cos v, (R + r cos u) sin v, r sin u) 15.12 to show that the area of S (as given in Section 6.6) is 
forO =u =27,0 Sv S27. b 5 

b. Show that the surface area of the torus is 47r7Rr. 21 J Jx) V1 + fi (ay dx. 








1. A half cylinder with height 1 and radius 2 with its axis 
along the z-axis 2. A half-cone with height 10 and radius 10 
3. A quarter-sphere with radius 4 4. V2 5. The cylinder 
x* + y? = a’ does not represent a function, so z, and Zy 
cannot be computed. 6. The vector field is everywhere 
orthogonal to the hemisphere, so the hemisphere has maxi- 
mum flux at every point. < 


15./ Stokes’ Theorem 


» Born in Ireland, George Gabriel 
Stokes (1819-1903) led a long and 
distinguished life as one of the prominent 
mathematicians and physicists of his day. 
He entered Cambridge University as a 
student and remained there as a professor 
for most of his life, taking the Lucasian 
chair of mathematics, once held by Sir 
Isaac Newton. The first statement of 
Stokes’ Theorem was given by William 
Thomson (Lord Kelvin). 


With the divergence, the curl, and surface integrals in hand, we are ready to present two of the 
crowning results of calculus. Fortunately, all of the heavy lifting has been done. In this section, 
you will see Stokes’ Theorem, and in the next section we present the Divergence Theorem. 


Stokes’ Theorem 


Stokes’ Theorem is the three-dimensional version of the circulation form of Green’s The- 
orem. Recall that if C is a closed simple smooth oriented curve in the xy-plane enclosing 
a simply connected region R and F = (f, g} is a differentiable vector field on R, Green’s 


Theorem says that 
Fede — E = fy) dA: 
R 


' PREE curl or rotation 

circulation 
The line integral on the left gives the circulation along the boundary of R. The double 
integral on the right sums the curl of the vector field over all points of R. If F represents 
a fluid flow, the theorem says that the cumulative rotation of the flow within R equals the 
circulation along the boundary. 

In Stokes’ Theorem, the plane region R in Green’s Theorem becomes an oriented sur- 
face S in RÌ. The circulation integral in Green’s Theorem remains a circulation integral, 
but now over the closed simple smooth oriented curve C that forms the boundary of S. The 
double integral of the curl in Green’s Theorem becomes a surface integral of the three- 
dimensional curl (Figure 15.58). 


C 








| Circulation form o 
of Green's Theorem: Stokes' Theorem: 


$F + ar= || V x F)-kdA $F-dr={/(V x F)-nds 
C x c s 


FIGURE 15.58 





n 
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en 
A 


p 


FIGURE 15.59 


» The right-hand rule tells you which of 
two normal vectors at a point of S to use. 
Remember that the direction of normal 
vectors changes continuously on an 
oriented surface. 





QUICK CHECK 1 Suppose that S is a 
region in the xy-plane with a boundary 
oriented counterclockwise. What is the 
normal to S? Explain why Stokes’ 
Theorem becomes the circulation form 
of Green’s Theorem. < 


» Recall that for a constant nonzero vector 
a and the position vector r = (x,y,z), 
the field F = a X r is a rotational field. 
In Example 1, 


F= (01,1) (yz): 


Axis of rotation 
of F is (0, 1, 1). 






F = (z — y, x, —x) 


X 


FIGURE 15.60 
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Stokes’ Theorem involves an oriented curve C and an oriented surface $ on which 
there are two unit normal vectors at every point. These orientations must be consistent and 
the normal vectors must be chosen correctly. Here is the right-hand rule that relates the 
orientations of S and C, and determines the choice of the normal vectors: 


If the fingers of your right hand curl in the positive direction around C, then your right 
thumb points in the (general) direction of the vectors normal to S (Figure 15.59). 


A common situation occurs when C has a counterclockwise orientation when viewed from 
above; then, the vectors normal to S$ point upward. 


THEOREM 15.13 Stokes’ Theorem 

Let S be a smooth oriented surface in R? with a smooth closed boundary C whose 
orientation is consistent with that of S. Assume that F = (f, g, h) is a vector 
field whose components have continuous first partial derivatives on S. Then 


fra- [foo xena 


where n is the unit vector normal to S determined by the orientation of S. 





The meaning of Stokes’ Theorem is much the same as for the circulation form of 
Green’s Theorem: Under the proper conditions, the accumulated rotation of the vector 
field over the surface S (as given by the normal component of the curl) equals the net cir- 
culation on the boundary of S. An outline of the proof of Stokes’ Theorem is given at the 
end of this section. First, we look at some special cases that give further insight into the 
theorem. 

If F is a conservative vector field on a domain D, then it has a potential function @ 
such that F = Vo. Because V X Vo = 0, it follows that V X F = 0 (Theorem 15.9); 
therefore, the circulation integral is zero on all closed curves in D. Recall that the circula- 
tion integral is also a work integral for the force field F, which emphasizes the fact that no 
work is done in moving an object on a closed path in a conservative force field. Among 
the important conservative vector fields are the radial fields F = r/|r|?, which generally 
have zero curl and zero circulation on closed curves. 





EXAMPLE 1 Verifying Stokes’ Theorem Confirm that Stokes’ Theorem holds for 
the vector field F = (z = VX, —x), where S is the hemisphere x? + y + z? = 4, for 
z = 0, and C is the circle x? + y? = 4 oriented counterclockwise. 


SOLUTION The orientation of C says that the vectors normal to S point in the out- 
ward direction. The vector field is a rotation field a X r, where a = (0, 1,1) and 
r= (x, y, z) ; so the axis of rotation points in the direction of the vector (0, 1,1 ) 
(Figure 15.60). We first compute the circulation integral in Stokes’ Theorem. The 
curve C with the given orientation is parameterized as r(t) = (2 cos t,2sint,0), 
for 0 < t < 2r; therefore, r’(t) = (—2 sin ź, 2 cos t, 0). The circulation integral is 


277 
Fede / F-r'(t) dt 
0 


C 
2T 
= J (z= y, ue —x)+(—2sint,2cost,0) dt Substitute. 
0 


2 cos t 


Definition of line integral 


—— aa 
—2 sin t 


2T 
/ 4(sin? t + cos? t) dt Simplify. 
0 
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> In eliminating the first term of this 
double integral, we note that the 


improper integral 


2 
r 
—— dr 
J V4- r? 


has a finite value. 


(2, 0, 0) TO, 4,0) y 





“ R={(,y:0<x<2,0<y<4-2r} 


FIGURE 15.61 


277 
=4 f dt sin? t + cos? t = 1 
0 


= 87. Evaluate the integral. 


The surface integral requires computing the curl of the vector field: 


i j k 
0 0 0 

V XF= VX (z-y,x,-x) = a By az = 022) 
Ly X = 


Recall from Section 15.6 (Table 15.2) that an outward normal to the hemisphere is 
(x/z, y/z, 1). The region of integration is the base of the hemisphere in the xy-plane, 
which is 


R= {(@y):x* +y = 4} = {(7,6):057=2,056< 27}. 


Combining these results, the surface integral in Stokes’ Theorem is 
Substitute and convert 
fox V x F)-nds J 0, 2, 2) (2, z 1) as to a double integral over R. 
(0, 2, 3) 
J S 2y P 2) JA Simplify and use 
js V4- x7 — y? z= V4- x- y’. 


 2rsinĝ 
We 2 }rdrd@. Convert to polar coordinates. 
V4 — r? — r’ 


We integrate first with respect to 0 because the integral of sin 6 from O to 27r is zero and 
the first term in the integral is eliminated. Therefore, the surface integral reduces to 


2r? 
[osema ff == a = + 2r) dO dr 
i V4 — r? 
2 2T 2T 
J) 2r dé dr f sinodo = 0 
0 0 0 


At J rdr Evaluate the inner integral. 
0 


= 8r. Evaluate the outer integral. 


Computed either as a line integral or a surface integral, the vector field has a positive 
circulation along the boundary of S, which is produced by the net rotation of the field 


over the surface S. 
Related Exercises 5—l10<« 


In Example 1, it was possible to evaluate both the line integral and the surface integral 
that appear in Stokes’ Theorem. Often the theorem provides an easier way to evaluate dif- 
ficult line integrals. 


EXAMPLE 2 Using Stokes’ Theorem to evaluate a line integral Evaluate the line 
integral $o F dr, where F = zi — zj + (x? — y°)k and C consists of the three line 
segments that bound the plane z = 8 — 4x — 2y in the first octant, oriented as shown in 
Figure 15.61. 


» Recall that for an explicitly defined 
surface S given by z = g(x, y) overa 
region R with F = (f, g,h) 


J| Enas = | (a oa + RdA, 
a R 


In Example 2, F is replaced by V x F. 





X 


FIGURE 15.62 





QUICK CHECK 2 In Example 3, the 
z-component of the vector field did 
not enter the calculation; it could have 
been anything. Explain why. < 
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SOLUTION Evaluating the line integral directly involves parameterizing the three line 
segments. Instead, we use Stokes’ Theorem to convert the line integral to a surface 
integral, where S is that portion of the plane z = 8 — 4x — 2y that lies in the first 
octant. The curl of the vector field is 


i j k 
ð ð ð 
V XxXF=VXx (z7x -y*?) =|— — — |= (1 -— 2y,1 — 2x,0). 
ox ody OZ 
Z z x2 — y? 


The appropriate vector normal to the plane z = 8 — 4x — 2yis (—z,, ae ) = (4.9.1). 
which points upward, consistent with the orientation of C. The triangular region R in the 
xy-plane beneath the plane is found by setting z = O in the equation of the plane; we find 

that R = { Cy. 0S 222,02 724> 2x } . The surface integral in Stokes’ 
Theorem may now be evaluated: 


fox V X F)-ndS i (1 = 2y T= 2y; 0) . (4, of 1) gA Substitute and convert to a 


double integral over R. 
(1 — 2y,1 — 2x, 0) 


2 p4—2x 
= J / (6 — 4x — 8y) dy dx Simplify. 
0 Jo 


= ——— Evaluate the integrals. 


3 


The circulation around the boundary of R is negative, indicating a net circulation in the 
clockwise direction on C (looking from above). Related Exercises 11-16< 


In other situations, Stokes’ Theorem may be used to convert a difficult surface inte- 
gral into a relatively easy line integral, as illustrated in the next example. 


EXAMPLE 3 Using Stokes’ Theorem to evaluate a surface integral Evaluate the 
integral Te V X F)-nds, ar F = —xzi + yzj + xye*k and S is the cap of the 
paraboloid z = 5 — x” — y? above the plane z = 3 (Figure 15.62). Assume n points in 
the positive z-direction on S. 


SOLUTION We use Stokes’ Theorem to convert the surface integral to a line integral 
along the curve C that bounds S. That curve is the intersection between the paraboloid 

z = 5 — x* — y? and the plane z = 3. Eliminating z from these equations, we find that 
C is the circle x? + y? = 2, with z = 3. By the orientation of S, we see that C is oriented 
counterclockwise, so a parametric description of C is r(t) = ( V2 cos t, V2 sint, 3 ) f 
which implies that r'(t) = (— V2 sin t, V2 cos t, 0). The value of the surface integral is 


| (V x F) -ndS = gr -dr Stokes’ Theorem 
S C 
2T 
— J F-r’ (t) dt Definition of line integral 
= fi he Ve, xye* ) . (= 7v2 sin t, V2 cos t, 0) dt Substitute. 
0 
= 5 12 sint cos t dt Substitute for x, y, and z, and simplify. 
0 
= 6 sin 2t dt = 0. sin 2t = 2 sin t cost 
0 


Related Exercises 17—20< 
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P Average circulation 
5 = 2Ial cos 0 
=(VXF):-n 


FIGURE 15.63 


» Recall that n is a unit normal vector with 
|n| = 1. By definition, the dot product 
gives a-n = |a| cos 0. 


Interpreting the Curl 


Stokes’ Theorem leads to another interpretation of the curl at a point in a vector field. We 
need the idea of the average circulation. If C is the boundary of an oriented surface S, we 
define the average circulation of F over S as 


l l 
F:dr = J| © xPnas, 
area( S) area( S) 
c S 


where Stokes’ Theorem is used to convert the circulation integral to a surface integral. 

First consider a general rotation field F = a X r, where a = (ay, A, da) is a con- 
stant nonzero vector and r = (x, y, z) . Recall that F describes the rotation about an axis 
in the direction of a with angular speed w = |a|. We also showed that F has a constant 
curl, V X F = V X (a X r) = 2a. We now take S to be a small circular disk centered 
at a point P, whose normal vector n makes an angle 0 with the axis a (Figure 15.63). Let C 
be the boundary of S with a counterclockwise orientation. 

The average circulation of this vector field on S is 








1 
ae ae i (V X F)-nds Definition 
area (S) i i 
S constant 
1 
an x F)+n> area (S) fs- 
= (V XF)-n Simplify. 
————— 
2a 
= 2Ia| cos 0. In| = 1,|V x F| = 2lal 





If the normal vector n is aligned with V X F (which is parallel to a), then 0 = O and the 
average circulation on S has its maximum value of 2|a|. However, if the vector normal to 
the surface S is orthogonal to the axis of rotation (0 = 7/2), the average circulation is 
zero. 

We see that for a general rotation field F = a X r, the curl of F has the following 
interpretations, where S is a small disk centered at a point P with a normal vector n. 


e The scalar component of V X F at P in the direction of n, which is 
(V X F)-n = 2 |al cos 0, is the average circulation of F on S. 


e The direction of V X F at P is the direction that maximizes the average circulation of 


F on S. Equivalently, it is the direction in which you should orient the axis of a paddle 
wheel to obtain the maximum angular speed. 


A similar argument may be applied to a general vector field (with a variable curl) to give 
an analogous interpretation of the curl at a point (Exercise 44). 


EXAMPLE 4 Horizontal channel flow Consider the velocity field 
v = (0,1 — x*,0), for |x| = 1 and |z| = 1, which represents a horizontal flow in 
the y-direction (Figure 15.64a). 


a. Suppose you place a paddle wheel at the point P (5, 0, 0). Using physical arguments, 
in which of the coordinate directions should the axis of the wheel point in order for the 
wheel to spin? In which direction does it spin? 


b. Compute and graph the curl of v and provide an interpretation. 
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V x v = (0, 0, —2x) 


É Horizontal channel flow i 
= me. 
forx <0 
(counterclockwise 
rotation) 





xX gD y 


Paddle wheel with vertical axis 
spins clockwise, for x > 0, and 


counterclockwise, for x < 0. (V Xv) k=-2x<0,forx>0 


(clockwise rotation) 


(a) (b) 
FIGURE 15.64 


SOLUTION 


a. If the axis of the wheel is aligned with the x-axis at P, the flow strikes the upper and 
lower halves of the wheel symmetrically and the wheel does not spin. If the axis of the 
wheel is aligned with the y-axis, the flow strikes the face of the wheel and it does not 
spin. If the axis of the wheel is aligned with the z-axis at P, the flow in the y-direction 
is greater for x < 4 than it is for x > 5. Therefore, a wheel located at (5, 0, 0) spins in 
the clockwise direction, looking from above. 


b. A short calculation shows that 





i j k 
ð ð ð 
Vxv=]|— = —| = —2x k. 
Ox oy OZ 
0 1-x* 0 
As shown in Figure |15.64b, the curl points in the z-direction, which is the direction of 
QUICK CHECK 3 In Example 4, explain the paddle wheel axis that gives the maximum angular speed of the wheel. Consider 
ae a TITE wheel with its axis the z-component of the curl, which is (V X v)+k = —2x. At x = 0, this component 
aligned with the z-axis does not spin is zero, meaning the wheel does not spin at any point along the y-axis when its axis is 
when placed on the y-axis. < aligned with the z-axis. For x > 0, we see that (V X v)+k < 0, which corresponds 


to clockwise rotation of the vector field. For x < 0, we have (V X v)+k > 0, corre- 
sponding to counterclockwise rotation. 
S: z = s(x, y) Related Exercises 21—24< 


/ 
tion, let R be the projection of S in the xy-plane, and let C’ be the projection of C in the xy- 


LRO 
plane (Figure 15.65). 


C! is the projection of Letting F = ( f, 2, h), the line integral in Stokes’ Theorem is 
C in the xy-plane. 


FIGURE 15.65 § Fede = P fa + gay Fhdz. 
C C 





Proof of Stokes’ Theorem 


The proof of the most general case of Stokes’ Theorem is intricate. However, a proof of a 
special case is instructive and it relies on several previous results. 

Consider the case in which the surface S is the graph of the function z = s(x, y), defined 
on a region in the xy-plane. Let C be the curve that bounds S with a counterclockwise orienta- 
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[[ov xn as= [f(x -nas 


S a 


(a) 





[[ovxF)-nas=0 
S 


(b) 
FIGURE 15.66 


The key observation for this integral is that along C, dz = z, dx + z, dy. Making this sub- 
stitution, we convert the line integral on C to a line integral on C’ in the xy-plane: 
f fax + gdy + h(z,dx + z, dy) 


$ F» dr 
C Cc dz 


= pire hz,) dx + (g + hz,) dy. 


a ——————— — l 
M(x, y) N(x, y) 


We now apply the circulation form of Green’s Theorem to this line integral with 
M(x,y) =f + hz, and N(x, y) = g + hzy; the result is 


pears way= f|- M,) dA. 


A careful application of the Chain Rule (remembering that z is a function of x and y, 
Exercise 45) reveals that 


M = fe tha tiro Fahy tha) and 
Ne= Be tarze F liza ee F hz). 


Making these substitutions in the line integral and simplifying (note that z,, = Zyy 1S 
needed), we have 


Rede = ff (alge M) + alle) + (Be A) AA 0) 


Now let’s look at the surface integral in Stokes’ Theorem. The upward vector normal to 
the surface is (—z,, aac ). Substituting the components of V X F, the surface integral 
takes the form 


[fev x Pnas= ff (iy -82 + (= nda) + (Be — 6) 4A 


which upon rearrangement becomes the integral in (1). < 


Two Final Notes on Stokes’ Theorem 


1. Stokes’ Theorem allows a surface integral J j s (V X F)-nds5 to be evaluated using 
only the values of the vector field on the boundary C. This means that if a closed curve 
C is the boundary of two different smooth oriented surfaces S$, and S2, which both have 
an orientation consistent with that of C, then the integrals of (V X F)-+n on the two 
surfaces are equal; that is, 


Jo x F)-n, dS = Jo x F) + ny dS, 


where n, and n, are the respective unit normal vectors consistent with the orientation 
of the surfaces (Figure 15.66a). 

Now let’s take a different perspective. Suppose S is a closed surface consisting 
of S$; and S, with a common boundary curve C (Figure 15.66b). Let n be the out- 
ward normal vectors for the entire surface S. Either the vectors normal to $, point 
out of the enclosed region (in the direction of n) and the vectors normal to S» point 
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into that region (opposite n), or vice versa. In either case, fi f s, (V x F)-n, dS and 
J f s, (V x F)':n, dS are equal in magnitude and of opposite sign; therefore, 


Jo x F)-ndS = Jo x F)-n, dS + Jo x F)-n, dS = 0. 


This argument can be adapted to show that J j s (V X F):ndS = 0 over any closed 
oriented surface S (Exercise 46). 


2. We can now resolve an assertion made in Section 15.5. There we proved (Theorem 15.9) 
that if F is a conservative vector field, then V X F = 0; we claimed, but did not prove, 
that the converse is true. The converse follows directly from Stokes’ Theorem. 


THEOREM 15.14 Curl F = 0 Implies F Is Conservative 
Suppose that V X F = 0 throughout an open simply connected region D of R?. 


Then g cF:dr = 0 on all closed simple smooth curves C in D and F is a conser- 
vative vector field on D. 





Proof: Given a closed simple smooth curve C, an advanced result states that C is the 
boundary of at least one smooth oriented surface S in D. By Stokes’ Theorem 


Fede = J| Ox Pnas = 0. 
k i 0 


Because the line integral equals zero over all such curves in D, the vector field is conser- 


vative on D by Theorem 15.5. < 
SECTION 15.7 EXERCISES 
Review Questions 9. F= (y—z,z—x,x— y); Sis the cap of the sphere 
1. Explain the meaning of the integral $o F - dr in Stokes’ Theorem. x? + y? + z? = 16 above the plane z = V7 and C is the 
boundary of S. 


2. Explain the meaning of the integral J f s (V X F)-nds5 in Stokes’ 
Theorem. 10. F = (—y, == 7 y= x); S is the part of the plane z = 6 — y 


hat lies in the cyli 2? + y? = 16 and C is the boundary of S. 
3. Explain the meaning of Stokes’ Theorem. that lies in the cylinder x" + y and C 1s the boundary o 


11-16. Stokes’ Theorem for evaluating line integrals Evaluate the 

line integral fo F - dr by evaluating the surface integral in Stokes’ 

Theorem with an appropriate choice of S. Assume that C has a coun- 
. . terclockwise orientation. 

Basic Skills 


4. Why does a conservative vector field produce zero circulation 
around a closed curve? 


5-10. Verifying Stokes’ Theorem Verify that the line integral and the 11. F = ( 2y, =z, x) - Cis the circle x? + y? = 12 in the plane 
surface integral of Stokes? Theorem are equal for the following vector z=0. 
fields, surfaces S, and closed curves C. Assume that C has counter- 


— _ : ‘ ‘ 2 2 = ‘ 
clockwise orientation and S has a consistent orientation. 12. F = (y, XZ, y) ; C is the ellipse x^ + y / A 1 in the plane 


z= 1. 
5. F = (y,—x, 10); Sis the upper half of the sphere 


ose 2 we . C; 
x? + y? + z? = Land Cis the circle x? + y? = 1 in the xy-plane. 13. F= (x z*, y, 2xz); C is the boundary of the plane 


z = 4 — x — yin the first octant. 
6. F = (0,—x,y); Sis the upper half of the sphere 


at fo OD 8 
x? + y? + z? = 4and Cis the circle x? + y? = 4 in the xy-plane. 14. F= (x Yaz sag z”); C is the boundary of the 


square |x| < 1, |y| = 1 in the plane z = 0. 
7. E (x, yz): S is the paraboloid z = 8 — x? o y, for 


a a fi E AS Ge 
0 = z = 8,and C is the circle x? + y* = 8 in the xy-plane. 15. F = (y*,-z’,x); Cis the circle 


r(t) = (3 cos t,4 cos t, 5 sin t), forO = t = 27. 
8 F= (2z, —4x, 3y) ; S is the cap of the sphere 
x? + y? + z? = 169 above the plane z = 12 and C is the 
boundary of S. 


16. F = (2xy sin z, x? sin z, x” y cos z}; C is the boundary of the 
plane z = 8 — 2x — 4y in the first octant. 
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17-20. Stokes’ Theorem for evaluating surface integrals Evaluate 
the line integral in Stokes’ Theorem to evaluate the surface integral 
J f s (V X F)-:n dS. Assume that n points in the positive z-direction. 


17. F = (x,y,z); Sis the upper half of the ellipsoid 
x’ /4 + y/9t27= 1, 


18. F = r/|r|; Sis the paraboloid x = 9 — y? — z? fr0 <x < 9 
(excluding its base), where r = z y, Z ) f 





19. F = (2y,—z,x — y — z); Sis the cap of the sphere (excluding 
its base) x? + y? + z? = 25, for 3 <x <5. 


20. F = (x + y,y +z,z + x); Sis the tilted disk enclosed by 
r(t) = (cos t, 2 sin t, V3 cos ae 


21-24. Interpreting and graphing the curl For the following velocity 
fields, compute the curl, make a sketch of the curl, and interpret the curl. 


21. v = (0,0,y) 22. v = (1 — z’,0,0) 
23. v = (—2z,0,1) 24. v = (0,-z y) 


Further Explorations 
25. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. A paddle wheel with its axis in the direction 
(0, 1, -1) would not spin when put in the vector field 
F = (1,1,2) x (x,y,z). 

b. Stokes’ Theorem relates the flux of a vector field F across a 
surface to the values of F on the boundary of the surface. 

c. A vector field of the form F = (a + f(x),b + g(y), 
c + h(z)), where a, b, and c are constants, has zero circula- 
tion on a closed curve. 

d. If a vector field has zero circulation on all simple closed 
smooth curves C in a region D, then F is conservative on D. 


26-29. Conservative fields Use Stokes’ Theorem to find the circula- 
tion of the following vector fields around any simple closed smooth 
curve C. 


26. F = (2x, —2y, 2z) 
28. F = (3x7y, x? + 2yz?, 2y2z) 


27. F = V (xsiny e?) 
29. F = (yz 2xyz?, on) 


30-34. Tilted disks Let S be the disk enclosed by the curve 
C:r(t) = (cos y cos t, sin t, sin g cost), forO = t = 2r, where 
0 = g < w/2 isa fixed angle. 


30. What is the area of S? Find a vector normal to S. 
31. What is the length of C? 


32. Use Stokes’ Theorem and a surface integral to find the circulation 
on C of the vector field F = (—y, X, 0) as a function of œ. For 
what value of ¢ is the circulation a maximum? 


33. What is the circulation on C of the vector field F = (—y, —z, x) as 
a function of œ? For what value of ¢ is the circulation a maximum? 


34. Consider the vector field F = a X r, wherea = (a I do, Ga) isa 
constant nonzero vector andr = (x, PVZ ) . Show that the circulation 
is a maximum when a points in the direction of the normal to S. 


35. Circulation in a plane A circle C in the plane x + y + z = 8 
has a radius of 4 and center (2, 3, 3). Evaluate g oF: dr for 


F = (0, =z, 2y) where C has a counterclockwise orientation when 
viewed from above. Does the circulation depend on the radius of 
the circle? Does it depend on the location of the center of the circle? 


36. No integrals Let F = (2z, Z 2y t x) and let S be the hemi- 
sphere of radius a with its base in the xy-plane and center at the 
origin. 

a. Evaluate J f s (V X F) -ndS by computing V X F and 
appealing to symmetry. 
b. Evaluate the line integral using Stokes’ Theorem to check part (a). 


37. Compound surface and boundary Begin with the parabo- 
loid z = x? + y?, for0 <= z = 4, and slice it with the plane 
y = 0. Let S be the surface that remains for y = O (includ- 
ing the planar surface in the xz-plane) (see figure). Let C 
be the semicircle and line segment that bound the cap of S 
in the plane z = 4 with counterclockwise orientation. Let 
F = (2z + y, 2x + z, 2y +x). 


a. Describe the direction of the vectors normal to the surface. 
b. Evaluate JI (V X F)-nds. 


c. Evaluate g c E: dr and check for agreement with part (b). 





Applications 

38. Ampére’s Law The French physicist André-Marie Ampère 
(1775—1836) discovered that an electrical current J in a wire 
produces a magnetic field B. A special case of Ampere’s Law 
relates the current to the magnetic field through the equation 
g cB: dr = pl, where C is any closed curve through which the 
wire passes and u is a physical constant. Assume that the current 7 
is given in terms of the current density J as J = fi f ç J'n dS, where 
S is an oriented surface with C as a boundary. Use Stokes’ Theorem 
to show that an equivalent form of Ampére’s Law is V X B = uJ. 


39. Maximum surface integral Let S be the paraboloid 
z=a(l — x7 — Ih for z = 0, where a > 0 is areal number. 
Let F = (x = FAI =a ). For what value(s) of a (if any) 
does J f s (V X F) -ndS have its maximum value? 


40. Area of a region in a plane Let R be a region in a plane that 
has a unit normal vector n = (a; b, c) and boundary C. Let 
F = (bz, cx, ay). 


a. Show that V X F = n. 
b. Use Stokes’ Theorem to show that 


area of R = Fede. 
C 
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c. Consider the curve C given by r = (5 sin t, 13 cos ¢, 12 sint), 44. Average circulation Let S be a small circular disk of radius R 


for0 < t S 27. Prove that C lies in a plane by showing that centered at the point P with a unit normal vector n. Let C be the 
r X r’ is constant for all t. boundary of S. 

d. Use part (b) to find the area of the region enclosed by C in a. Express the average circulation of the vector field F on S as a 
part (c) (Hint: Find the unit normal vector that is consistent surface integral of V X F. 


with the orientation of C.) 


41. Choosing a more convenient surface The goal is to evalu- 


b. Argue that for small R, the average circulation approaches 
(V X F)|p-n (the component of V X F in the direction of n 


aed = ie (V x F)-ndS, where F = (yz, —xz, xy) evaluated at P) with the approximation improving as R — 0. 

and S is the surface of the upper half of the ellipsoid 45. Proof of Stokes’ Theorem Confirm the following step in the 

ey Be 10), proof of Stokes’ Theorem. If z = s(x, y) and f, g, and h are func- 

a. Evaluate a surface integral over a more convenient surface to tions of x, y, and z, with M = f + hz, and N = g + hz,, then 
find the value of A. 


b. Evaluate A using a line integral. 


Additional Exercises 


Mo fo fc PN, i Bye ey) aid 
Ne = 8 Foe ee Gh, Tg, 


46. Stokes’ Theorem on closed surfaces Prove that if F satisfies the 


42. Radial fields and zero circulation Consider the radial vector ebnd onset Stokes Theorem then I, (V x F)-nds = 0, 


fields F = r/|r 





P, where p is areal number andr = x y, z) 


where S is a smooth surface that encloses a region. 


Let C be any circle in the xy-plane centered at the origin. 


a. Evaluate a line integral to show that the field has zero circula- 


tion on C. 


47. Rotated Green’s Theorem Use Stokes’ Theorem to write the cir- 
culation form of Green’s Theorem in the yz-plane. 


b. For what values of p does Stokes’ Theorem apply? For those 


values of p, use the surface integral in Stokes’ Theorem to 


T: ‘CK ANSWERS 





show that the field has zero circulation on C. 


43. Zero curl Consider the vector field 


= 


X 
Eo a 


x? T y? x? + 
a. Show that V X F = 0. 


1. If S is a region in the xy-plane,n = k, and (V x F)-n 
becomes gy — fy 2. The tangent vector r’ lies in the 
xy-plane and is orthogonal to the z-component of F. This 
component does not contribute to the circulation along C. 
3. The vector field is symmetric about the y-axis. « 


b. Show that $o F - dr is not zero on a circle C in the xy-plane 


enclosing the origin. 


c. Explain why Theorem 15.13 does not apply in this case. 


15.8 Divergence Theorem 


» Circulation form of 
Green’s Theorem — Stokes’ Theorem 


Flux form of Green’s 
Theorem — Divergence Theorem 


Vector fields can represent electric or magnetic fields, air velocities in hurricanes, or blood 
flow in an artery. These and other vector phenomena suggest movement of a “substance.” 
A frequent question concerns the amount of a substance that flows across a surface—for 
example, the amount of water that passes across the membrane of a cell per unit time. 
Such flux calculations may be done using flux integrals as in Section 15.6. The Diver- 
gence Theorem offers an alternative method. In effect, it says that instead of integrating 
the flow in and out of a region across its boundary, you may also add up all the sources (or 
sinks) of the flow throughout the region. 


Divergence Theorem 


The Divergence Theorem is the three-dimensional version of the flux form of Green’s 
Theorem. Recall that if R is a region in the xy-plane, C is the simple closed oriented 
boundary of R, and F = (f, g) isa vector field, Green’s Theorem says that 


C divergence 
A“ 
flux across C 
The line integral on the left gives the flux across the boundary of R. The double integral 
on the right measures the net expansion or contraction of the vector field within R. If F 
represents a fluid flow or the transport of a material, the theorem says that the cumulative 
effect of the sources (or sinks) of the flow within R equals the net flow across its boundary. 
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The Divergence Theorem is a direct extension of Green’s Theorem. The plane region 
in Green’s Theorem becomes a solid region D in R°?, and the closed curve in Green’s 
Theorem becomes the oriented surface S that encloses D. The flux integral in Green’s 
Theorem becomes a surface integral over S, and the double integral in Green’s Theorem 
becomes a triple integral over D of the three-dimensional divergence (Figure 15.67). 





Flux form of 


Green's Theorem Divergence Theorem: 
$F -nds= || div F dA [] nas = [ff aiv £ av 
Cc R S D 

FIGURE 15.67 


THEOREM 15.15 Divergence Theorem 

Let F be a vector field whose components have continuous first partial deriva- 
tives in a connected and simply connected region D in R? enclosed by a smooth 
oriented surface S. Then 


ff nas f| vrav 


where n is the unit outward normal vector on S. 





The surface integral on the left gives the flux of the vector field across the boundary; 
a positive flux integral means there is a net flow of the field out of the region. The triple 
integral on the right is the cumulative expansion or contraction of the field over the region 
D. The proof of a special case of the theorem is given later in this section. 





QUICK CHECK 1 Interpret the Divergence Theorem in the case that F = (a, b,c) is a con- 
stant vector field and D is a ball. < 


EXAMPLE 1 Verifying the Divergence Theorem Consider the radial field 

F = (x,y,z) and let S be the sphere x? + y? + z? = a° that encloses the region D. 
Assume n is the outward normal vector on the sphere. Evaluate both integrals of the 
Divergence Theorem. 


SOLUTION The divergence of F is 


ð ð 


V°-F=—(x%) += 
Ox oy 


0) + Š) =3 


Integrating over D, we have 


J| 5 £a = Jj: dV = 3 X volume(D) = 4ra’. 


To evaluate the surface integral, we parameterize the sphere (Section 15.6, Table 15.2) in 
the form 


r= (x,y,z) = (asinu cos v,a sin u sin v,a cos u), 


» See Exercise 32 for an alternative 
evaluation of the surface integral. 
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where R = { (u, vOs ee ee 2a } (u and v are the spherical coordinates @ 
and 0, respectively). The surface integral is 


|| -nas = J| Taxta 


where a vector normal to the surface is 
t, X t, = (a° sin? u cos v, a° sin? u sin v, a° sin u cos u). 


Substituting for F = (x, y, z) and t, X t,, we find after simplifying that 
F- (t, X t,) = a? sin u. Therefore, the surface integral becomes 


[rs frusa 


g” sin u 


T 
= / J a? sin udu dv Substitute for F and t a 
0 


3 


= 4ra’. Evaluate integrals. 


The two integrals of the Divergence Theorem are equal. 
Related Exercises 9-12< 


EXAMPLE 2 Divergence Theorem with a rotation field Consider the rotation field 


F=axXr= (1,0,1) xX (x,y,z) = (=y,x— z, y). 


Let S be the hemisphere x? + y“ + z? =a’, for z = 0, together with its base in the 
xy-plane. Find the net outward flux across S. 


SOLUTION To find the flux using surface integrals, two surfaces must be considered 
(the hemisphere and its base). The Divergence Theorem gives a simpler solution. 
Note that 


We see that the flux across the hemisphere is zero. 
Related Exercises 13—l6< 


With Stokes’ Theorem, rotation fields are noteworthy because they have a nonzero 
curl. With the Divergence Theorem, the situation is reversed. As suggested by Example 2, 
pure rotation fields of the form F = a X r have zero divergence (Exercise 16). How- 
ever, with the Divergence Theorem, radial fields are interesting and have many physical 
applications. 


EXAMPLE 3 Computing flux with the Divergence Theorem Find the net 
outward flux of the field F = xyz ( 1,1, 1 ) across the boundaries of the cube 
D= 75,2) 0= 9 = 102721022 = 1}. 


SOLUTION Computing a surface integral involves the six faces of the cube. The Diver- 
gence Theorem gives the outward flux with a single integral over D. The divergence of 
the field is 


D 4 5 
V.F = — + x + x = +xz +x 
y (xyz) ay | yz) aA yz) = yz + xz + xy. 
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F = xyz(1, 1, 1) 








QUICK CHECK 2 In Example 3, does the 
vector field have negative components 
anywhere in the cube D? Is the diver- 
gence negative anywhere in D?< 


» The mass transport is also called the flux 
density; when multiplied by an area, it 
gives the flux. We use the convention 
that flux has units of mass per unit time. 


» Check the units: if F has units of 
mass / (area * time), then the flux has 
units of mass /time (n has no units). 


n = (1, 0, 0) 


(0, 0, Az) 






7 
0.00, 
l L’ 0) 
Area = Ay Az 7 


Flux = F(Ax, y, z) © n Ay Az 


Flux = F(0, y, z) © n Ay Az 
FIGURE 15.69 


The integral over D is a standard triple integral: 


J| 5ra Ifo + xz + xy) dV 


1 pl pl 
J / J (yz + xz + xy) dxdydz Convert to a triple integral. 
0 Jo Jo 


3 
= Evaluate integrals. 


4 


On three faces of the cube (those that lie in the coordinate planes), we see that 
F(0, y,z) = F(x, 0, z) = E(x, y, 0) = 0, so there is no contribution to the flux on these 
faces (Figure 15.68). On the other three faces, the vector field has components out of the 
cube. Therefore, the net outward flux is positive, as calculated. 

Related Exercises 17-24< 


Interpretation of the Divergence Using Mass Transport Suppose that v is the 
velocity field of a material, such as water or molasses, and p is its constant density. The 
vector field F = pv = (f, g, h) describes the mass transport of the material, with units 
of (mass/vol.) X (length/time) = mass/(area > time); typical units of mass transport are 
g/m*/s. This means that F gives the mass of material flowing past a point (in each of the 
three coordinate directions) per unit of surface area per unit of time. When F is multiplied 
by an area, the result is the flux, with units of mass /unit time. 

Now consider a small cube located in the vector field with its faces parallel to the co- 
ordinate planes. One vertex is located at (0, 0, 0), the opposite vertex is at (Ax, Ay, Az), 
and (x, y, z) is an arbitrary point in the cube (Figure 15.69). The goal is to compute the 
approximate flux of material across the faces of the cube. We begin with the flux across 
the two parallel faces x = 0 and x = Ax. 

The outward unit vectors normal to the faces x = 0 and x = Ax are (—1,0,0) and 
( 1, 0, 0) , respectively. Each face has area Ay Az, so the approximate net flux across these 
faces 1s 


F(Ax, y,z) © n Ay Az + F(0,y,z) + n Ay Az 
x = Ax face (1,0, 0) x = 0 face (-1,0, 0) 
= (f(Ax, y, z) — f(0, y, z)) Ay Az. 


Note that if f( Ax, y, z) > f(0, y, z), the net flux across these two faces of the cube is posi- 
tive, which means the net flow is out of the cube. Letting AV = Ax Ay Az be the volume 
of the cube, we rewrite the net flux as 


(f(Ax, y, z) — f(0, y, z)) Ay Az 
f( Ax, y, z) — f(0, y, z) 


Ax 
= —____—1_————— Ax Ay Az Multipl — 
ia x Ay Az MURY By y 


f( Ax, y,z) — f(0, y, z) re 
AX 


AV = Ax Ay Az 


A similar argument can be applied to the other two pairs of faces. The approximate net 
flux across the faces y = 0 and y = Ay is 


ANZ) = 6402 
g(x, Ay, z) — g(x, 0, z) AV. 
Ay 
and the approximate net flux across the faces z = 0 and z = Az is 


h > , A =h > „0 
(XV, Az) = AX wer 
Az 


» In making this argument, notice that 
for two adjacent cubes the flux into one 
cube equals the flux out of the other cube 
across the common face. Thus, there is 
a cancellation of fluxes throughout the 
interior of D. 





S532 = qQ, y) 


FIGURE 15.70 
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Adding these three individual fluxes gives the approximate net flux out of the cube: 


f( Ax, y,z) — f(O, y, z) : g(x Ay) = g0) 


Ax Ay 
——— _ 


ð ð 
S Foo, 0, 0) = = (0, 0, 0) 
Ox oy 


h(x, y, Az) — h(x, y, 0 
P wy Az) |= AY L) av 


Az 
_ _ [ 


oh 
~ a (0, 0, 0) 
0 0 oh 
~ (2 EO 2) AV 
Ox oy OZ (0, 0,0) 


(V+ F)(0,0,0) AV. 


net flux out of cube = ( 





Notice how the three quotients approximate partial derivatives when Ax, Ay, and Az are 
small. A similar argument may be made at any point in the region. 

Taking one more step, we show informally how the Divergence Theorem arises. Sup- 
pose the small cube we just analyzed is one of many small cubes of volume AV that fill 
a region D. We label the cubes k = 1,...,n and apply the preceding argument to each 
cube, letting (V + F); be the divergence evaluated at a point in the kth cube. Adding the 
individual contributions to the net flux from each cube, we obtain the approximate net flux 
across the boundary of D: 


n 


net flux out of D ~ X, (V F) AV. 
k=1 
Letting the volume of the cubes AV approach 0 and letting the number of cubes n in- 
crease, we obtain an integral over D: 


net flux out of D = lim D(V-F) AV = fff Y-F av. 
D 


De =| 
The net flux across the boundary of D is also given by fi f 5 F + n dS. Equating the surface 


integral and the volume integral gives the Divergence Theorem. Now we look at a for- 
mal proof. 


ECK3 Draw the unit cube D = { (x,y,z: 0 S<x<=10<y<10<z<1} 
and sketch the vector field F = (x, —y, 2z) on the six faces of the cube. Compute and 
interpret div F.< 





Proof of the Divergence Theorem 


We prove the Divergence Theorem under special conditions on the region D. Let R be the 
projection of D in the xy-plane (Figure 15.70); that is, 


R = {(x,y): (x,y,z) isinD}. 


Assume that the boundary of D is S and let n be the unit vector normal to § that points 
outward. 
Letting F = (f.g,h) = fi + gj + hk, the surface integral in the Divergence 


Theorem is 
|| rnas = J| rit si + nw -nas 
S S 
= |j finas + || sinas + || nx-nas. 
S S S 
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The volume integral in the Divergence Theorem is 


forw- [E 2) 


D 
Matching terms of the surface and volume integrals, the theorem is proved by showing 


that 
m TT af 
|| F-nas = |] — dv, (1) 
Ox 
D 


S 


0g 
gj:nds = —dV, and (2) 
dy 
S D 
ðh 
hk-ndS = iy, (3) 
Oz 
S D 


We work on equation (3) assuming special properties for D. Suppose D is bounded 
by two surfaces S,:z = p(x, y) and $>:z = q(x, y), where p(x, y) = q(x, y) on R 
(Figure 15.70). The Fundamental Theorem of Calculus is used in the triple integral to 
show that 


ah WY) op 
Wew- [ff Baca 
x oz JJ J plx, y) 9z 
= [fc y, q(x, y)) — h(x, y, p(x, y))) dx dy. Evaluate the inner integral. 
R 


Now let’s turn to the surface integral in equation (3), J f F hk-nds5S, and note that 
S consists of three pieces: the lower surface S4, the upper surface S, and the vertical 
sides S, of the surface (if they exist). The normal to S3 is everywhere orthogonal to k, so 
k-n = 0 and the $} integral makes no contribution. What remains is to compute the sur- 
face integrals over S4 and S>. 

An outward normal to S, (which is the graph of z = q(x, y)) is (—q, =i; 1). An 
outward normal to $; (which is the graph of z = p(x, y)) points downward, so it is given 
by (py Py! ). The surface integral of (3) becomes 


|| nx-nas = || næ» knas J || næ» knas 
S S2 S| 


= J| ra y, q(x, y)) K* (—qx —qy, 1) dx dy 
i 1 
Convert to an 


T J| ra ys P(x, y)) S (Px ” -1) dx dy area integral. 
— amm 
i 1 


7 I h(x, y, q(x, y)) dx dy — i h(x, y, p(x, y)) dx dy. Simplify. 
= R 





n) is the outward normal 


to S, and points into D. 
The outward normal to S 


on S, is =n}. 


FIGURE 15.71 


» It’s important to point out again that n; 
is the normal that we would use for S4 
alone, independent of S. It is the outward 
normal to S4, but it points into D. 


» Recall that an inverse square force is 
proportional to 1 /|r|? multiplied by a 
unit vector in the radial direction, which 
is r/|r|. Combining these two factors 
gives F = r/|r|°. 
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Observe that both the volume integral and the surface integral of (3) reduce to the same 


integral over R. Therefore, I, hk-ndS = LL, ay. 


Equations (1) and (2) are handled in a similar way. 


e To prove (1), we make the special assumption that D is also bounded by two surfaces, 
Si: x = s(y, z) and S2: x = t(y, z), where s(x, y) S t(x, y). 

e To prove (2), we assume that D is bounded by two surfaces, $4: y = u(x, z) and 
S2: y = v(x, z), where u(x, y) S v(x, y). 


When combined, the three equations—(1), (2), and (3)—-yield the Divergence Theorem. < 


Divergence Theorem for Hollow Regions 


The Divergence Theorem may be extended to more general solid regions. Here we con- 
sider the important case of hollow regions. Suppose that D is a region consisting of all 
points inside a closed oriented surface S, and outside a closed oriented surface $4, where 
S; lies within S, (Figure 15.71). Therefore, the boundary of D consists of S} and $4. (Note 
that D is simply connected.) 

We let n; and n, be the outward unit normal vectors for S; and S,, respectively. Note 
that nı points into D, so the outward normal to S on S; is —n,. With that observation, the 
Divergence Theorem takes the following form. 


THEOREM 15.16 Divergence Theorem for Hollow Regions 

Suppose the vector field F satisfies the conditions of the Divergence Theorem 
on a region D bounded by two smooth oriented surfaces S$, and $5, where S4 lies 
within S,. Let S be the entire boundary of D (S = S, U S2) and let n; and n; be 


the outward unit normal vectors for S$, and S5, respectively. Then 


[frre fenas- fPrmas— f Emas 


So S| 





This form of the Divergence Theorem is applicable to vector fields that are not differ- 
entiable at the origin, as is the case with some important radial vector fields. 


EXAMPLE 4 Flux for an inverse square field Consider the inverse square vector field 
r (X,Y, Z) 

FP Pty? + 279 

a. Find the net outward flux of F across the surface of the region 


D = { (x,y,z): a” = x” + y? +z” < b°} that lies between concentric 
spheres with radii a and b. 


b. Find the outward flux of F across any sphere that encloses the origin. 
SOLUTION 


a. Although the vector field is undefined at the origin, it is defined and differentiable in 
D, which excludes the origin. In Section 15.5 (Exercise 71) it was shown that the 


divergence of the radial field F = ac with p = 3 is 0. We let S be the union 
r 
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of S», the larger sphere of radius b, and S4, the smaller sphere of radius a. Because 
f f i BY F dV = 0, the Divergence Theorem implies that 


J[e-nas= ff e-mas— J| F-m as =o, 
S S2 Si 


Therefore, the next flux across S is zero. 


S> Sy 
-_—__—__" -____—_—_" 
out of D into D 


b. Part (a) implies that 


We see that the flux out of D across S, equals the flux into D across S4. To find that 
flux, we evaluate the surface integral over S$; on which |r| = a. (Because the fluxes 
are equal, S could also be used.) 

The easiest way to evaluate the surface integral is to note that on the sphere Sj, 
the unit outward normal vector is n; = r/|r|. Therefore, the surface integral is 


|| Emas = ew Substitute for F and nj. 
r 
S Si 


1 
2 
r 
= | ee per = p 
$ 





= Surface area = 4ra? 


= 47. 


The same result is obtained using S, or any smooth surface enclosing the origin. 
The flux of the inverse square field across any surface enclosing the origin 1s 477. 
As shown in Exercise 46, among radial fields, this property holds only for the 
inverse square field (p = 3). 
Related Exercises 25—30< 


Gauss’ Law 


Applying the Divergence Theorem to electric fields leads to one of the fundamental laws 
of physics. The electric field due to a point charge Q located at the origin is given by the 
inverse square law, 








where r = (x,y,z) and €o is a physical constant called the permittivity of free space. 
r 
According to the calculation of Example 4, the flux of the field PE across any surface 
r 


that encloses the origin is 477. Therefore, the flux of the electric field across any surface 





enclosing the origin is Q 47 = Q (Figure 15.72). This is one statement of 
Ate, E0 
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Charge distribution 


























density q 
N ( N 
Gauss' Law: Gauss' Law: 
Flux of electric field across § Flux of electric field across § 
due to point charge Q due to charge distribution q 
-{[e-nas= © = {[e-nas= + fff aav 
E0 &o 
\ S J XN S D ; 


























FIGURE 15.72 


Gauss’ Law: If S is a surface that encloses a point charge Q, then the flux of the electric 


field across S is 
Jj -ndS = Q 
Eo 
S 


In fact, Gauss’ Law applies to more general charge distributions (Exercise 39). If q(x, y, z) 
is a charge density (charge per unit volume) defined on a region D enclosed by S, then 
the total charge within D is Q = f f i p 4(x, y, z) dV. Replacing Q by this triple integral, 


Gauss’ Law takes the form 
1 
|| Enas — = JJa» dV. 
0 
D 
a mamam 


S 
Q 


Gauss’ Law applies to other inverse square fields. In a slightly different form, it also 
governs heat transfer. If T is the temperature distribution in a solid body D, then the heat 
flow vector field is F = —kVT. (Heat flows down the temperature gradient.) If q(x, y, z) 
represents the sources of heat within D, Gauss’ Law says 


[fF nas =k J| vr-nas = [foxoav 


We see that, in general, the flux of material (fluid, heat, electric field lines) across the 
boundary of a region is the cumulative effect of the sources within the region. 


A Final Perspective 


We now stand back and look at the progression of fundamental theorems of calculus that 
have appeared throughout this book. Each theorem builds on its predecessors, extending 
the same basic idea to a different situation or to higher dimensions. 

In all cases, the statement is effectively the same: The cumulative (integrated) effect 
of the derivatives of a function throughout a region is determined by the values of the 
function on the boundary of that region. This principle underlies much of our understand- 
ing of the world around us. 
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Fundamental Theorem 
of Calculus 


Fundamental Theorem 
of Line Integrals 


Green’s Theorem 
(Circulation form) 


Stokes’ Theorem 


Divergence Theorem 


SECTION 15.8 EXERCISES 


Review Questions 
1. Explain the meaning of the surface integral in the Divergence 
Theorem. 


2. Interpret the volume integral in the Divergence Theorem. 
3. Explain the meaning of the Divergence Theorem. 


4. What is the net outward flux of the rotation field F = (2z + y, 
—x,—2x) across the surface that encloses any region? 


5. What is the net outward flux of the radial field F = (x, y, z) 
across the sphere of radius 2 centered at the origin? 


6. What is the divergence of an inverse square vector field? 


7. Suppose div F = 0 ina region enclosed by two concentric 
spheres. What is the relationship between the outward fluxes 
across the two spheres? 


8. If div F > 0 ina region enclosed by a small cube, is the net flux 
of the field into or out of the cube? 


Basic Skills 

9-12. Verifying the Divergence Theorem Evaluate both integrals of 
the Divergence Theorem for the following vector fields and regions. 
Check for agreement. 


9. F= (2x, 3y,4z); D = {(xy, z): x? +y? +z? <4} 


10. F = (—x,-y,-z); D = { (x,y,z): |x| = 1, z| = 1} 





i) ead. 





b 


f'(x) dx = f(b) — fla) a b x 


a 


Vf- dr = f(B) — f(A) 


C 
J e-ta = $ far + ed 
C 


R 


Jo x F) -ndS = Fede 





D 





11. F = (z — y,x,—x); 
D = {(x,y,z): x?/4 + y?/8 + 27/12 = 1} 


12. F= ay a A ol = 1, z| = 3} 





y| = 2, 





13-16. Rotation fields 


13. Find the net outward flux of the field F = (2z = yA —2x) 
across the sphere of radius | centered at the origin. 


14. Find the net outward flux of the field F = (z — y,x — z,y — x) 
across the boundary of the cube { (x, y, z): |x| = 1, |y| = 1, 
jz| = 1}. 


15. Find the net outward flux of the field F = (bz — cy, cx — az, 
ao bx) across any smooth closed surface in R?, where a, b, and 
c are constants. 





16. Find the net outward flux of F = a X r across any smooth 
closed surface in RÌ, where a is a constant nonzero vector and 


r= (x,y,z). 


17-24. Computing flux Use the Divergence Theorem to compute the 
net outward flux of the following fields across the given surfaces S. 


17. F = (x,—2y, 3z); Sis the sphere { (x, y, z): x? + y? + z* = 6}. 


18. F = (x?,2xz, y”); Sis the surface of the cube cut from the first 
octant by the planes x = 1, y = 1, andz = 1. 


19. F = (x, 2y,z); Sis the boundary of the tetrahedron in the first 
octant formed by the plane x + y + z= 1. 


20. 
21. 


22. 


23. 


24. 


F = (xe, y’, z”); Sis the sphere wee y, 


F = (y — 2x, x? — y,y” — z); Sis the sphere 
{ (x,y,z) ar ty oa), 


F = (y+zx+zx + y); S consists of the faces of the cube 
1059, 2)8 s 





FS (x Wz gj; > is the surface of the paraboloid 
z = 4 — x? — y’, for z = 0, plus its base in the xy-plane. 


F 
0 


(x,y,z); Sis the surface of the cone z? = x? + y?, for 
z S 4, plus its top surface in the plane z = 4. 


IA 


25-30. Divergence Theorem for more general regions Use the 
Divergence Theorem to compute the net outward flux of the following 
vector fields across the boundary of the given regions D. 


25. F = (z—x,x — y,2y — z); Dis the region between the 
spheres of radius 2 and 4 centered at the origin. 
26. F = r|r| = (x,y,z) Vx? + y? + 27; Dis the region between 
the spheres of radius 1 and 2 centered at the origin. 
r (x,y,z) 
27. E = — = —— ; D is the region between the 
[e] Vx? +y + 2? 
spheres of radius 1 and 2 centered at the origin. 
28. F = (z = Ve =p rae D is the region between two 
cubes: { (x,y,z): 1 = |x| = 3,1 = |y| = 3,1 = |z| = 3}. 
29. F= Cm —y*, z’) ; D is the region in the first octant between the 
planes z = 4 — x — yandz = 2 —- x — y. 
30. F = (x, 2y, 3z); D is the region between the cylinders 


x? + y? = l andx? + y? = 4, for 0 =z = 8. 


Further Explorations 


31. 


32. 


Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. If V-F = 0 at all points of a region D, then F-n = 0 at all 
points of the boundary of D. 

b. If [/,F+ndS = 0 on all closed surfaces in Rô, then F is 
constant. 

c. If |F| < 1, then pi V -F d V| is less than the area of the sur- 
face of D. 


Flux across a sphere Consider the radial field F = (x, y, z) 
and let S be the sphere of radius a centered at the origin. Com- 
pute the outward flux of F across S using the representation 
z= Ł Va? — x? — y? for the sphere (either symmetry or two 
surfaces must be used). 





33-35. Flux integrals Compute the outward flux of the following vec- 
tor fields across the given surfaces S. You should decide which integral 
of the Divergence Theorem to use. 


33. 


34. 


35. 


F = (x? e” cos z, —4xe” cos z, 2xe” sin z): S is the boundary of 
the ellipsoid x?/4 + y? + z? = 1. 


F = (—yz, xz, 1); S is the boundary of the ellipsoid 
x?/4 + y?/4 +z =1. 


F = (x sin y, —cos y, z sin y) ; Sis the boundary of the region 
bounded by the planes x = 1, y = 0, y = 7 /2,z = 0, andz = x. 


z): x? + y? +z? = 25}. 
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36. Radial fields Consider the radial vector field 


37. 


38. 


r IZ) 

= — = SF: Let S be the sphere of radius a 

|r|? (x? $ y? 4 ee 

centered at the origin. 

a. Use a surface integral to show that the outward flux of F 
across S is 47ra* ”. Recall that the unit normal to the sphere 
is r/|r]. 

b. For what values of p does F satisfy the conditions of the 
Divergence Theorem? For these values of p, use the fact 





P 
to compute the flux 


(Theorem 15.8) that V -F = ir? 
r 


across S using the Divergence Theorem. 


Singular radial field Consider the radial field 
ro (x,y,z) 


Irl (x? E y ra oe ` 

a. Evaluate a surface integral to show that f f çsF:ndS = 4ra E 
where S is the surface of a sphere of radius a centered at the 
origin. 

b. Note that the first partial derivatives of the components of F 
are undefined at the origin, so the Divergence Theorem does 
not apply directly. Nevertheless the flux across the sphere as 
computed in part (a) is finite. Evaluate the triple integral of the 
Divergence Theorem as an improper integral as follows. In- 
tegrate div F over the region between two spheres of radius a 
and0 < s < a. Then let e — 0* to obtain the flux computed 
in part (a). 


Logarithmic potential Consider the potential function 

Ao E (x? + y? + 2’) = = (x,y,z). 

a. Show that the gradient field associated with ¢ is 
ee 


|r|? x? + y + 77 
b. Show that ff, F-n dS = 4ra, where S is the surface of a 
sphere of radius a centered at the origin. 
c. Compute div F. 
d. Note that F is undefined at the origin, so the Divergence Theo- 
rem does not apply directly. Evaluate the volume integral as 
described in Exercise 37. 








Applications 


39. 


Gauss’ Law for electric fields The electric field due to a point 


r 
charge Q is E = A z» Where r = (x,y,z), and & isa 
TT EQ 





constant. 


a. Show that the flux of the field across a sphere of radius a 

centered at the origin is J f sE'ndsS = g ; 
€0 

b. Let S be the boundary of the region between two spheres 
centered at the origin of radius a and b witha < b. Use the 
Divergence Theorem to show that the net outward flux across 
S is zero. 

c. Suppose there is a distribution of charge within a region D. Let 
q(x, y, z) be the charge density (charge per unit volume). Inter- 
pret the statement that 


|| Enas = © Jazo a 


45. 
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d. Assuming E satisfies the conditions of the Divergence Theo- 


rem, conclude from part (c) that V-E = 1 l 


€0 
e. Because the electric force is conservative, it has a potential 


function o. From part (d) conclude that V? g = V: Vo = = 
Eo 
40. Gauss’ Law for gravitation The gravitational force due to a 
point mass M at the origin is proportional to F = GMr/ |r - 
where r = (x, y, z) and Gis the gravitational constant. 





a. Show that the flux of the force field across a sphere of radius a 
centered at the origin is J f sF'ndS = 47GM. 

b. Let S be the boundary of the region between two spheres 
centered at the origin of radius a and b witha < b. Use the 
Divergence Theorem to show that the net outward flux across 
S is zero. 

c. Suppose there is a distribution of mass within a region D. Let 
p(x, y, z) be the mass density (mass per unit volume). Interpret 
the statement that 


[fe nas = an J| oy) av 


S 


d. Assuming F satisfies the conditions of the Divergence Theo- 
rem, conclude from part (c) that V -F = 47Gp. 

e. Because the gravitational force is conservative, it has 
a potential function œ. From part (d) conclude that 
V? e = 4aGp. 


41-45. Heat transfer Fourier’s Law of heat transfer (or heat conduc- 
tion) states that the heat flow vector F at a point is proportional to the 
negative gradient of the temperature; that is, F = —kVT, which means 
that heat energy flows from hot regions to cold regions. The constant 

k > 0 is called the conductivity, which has metric units of J/m+s+K 
or W/m: K. A temperature function for a region D is given. Find 

the net outward heat flux rie F-ndS = =k ff, VT- n dS across the 
boundary S of D. In some cases it may be easier to use the Divergence 
Theorem and evaluate a triple integral. Assume that k = 1. 


41. T(x, y,z) = 100 + x + 2y + z; 
D= {(x,y,z):0=xs l0Osy=#10<z=1} 


42. T(x, y,z) = 100 + x7 + y* + 27: 
D= {e770 =7= LOS a= 10a = 1} 


43. T(x, y,z) = 100 + e5; 
D= leyr Uers L0s yal 0era 1} 


44. T(x, y,z) = 100 + x? + y? + z^; Dis the unit sphere centered 
at the origin. 


T(x, y, z) = 100e* ©; D is the sphere of radius a centered at 
the origin. 


Additional Exercises 

46. Inverse square fields are special Let F be a radial field 
F = r/|r|’, where p is areal number andr = (x, y, z). With 
p = 3, F is an inverse square field. 





a. Show that the net flux across a sphere centered at the 
origin is independent of the radius of the sphere only for 


p = 3. 


b. Explain the observation in part (a) by finding the flux 
of F = r/|r|? across the boundaries of a spherical box 
{(p, 9, 0): a 5 pP = b, 91 = p = P2, 01 = O2} for 
various values of p. 


47. A beautiful flux integral Consider the potential function 
(x,y,z) = G(p), where G is any twice differentiable function 


and p = Vx? + y? + z?; therefore, G depends only on the dis- 
tance from the origin. 


a. Show that the gradient vector field associated with ¢ is 
r 
F = Vo = G'(p) —, wherer = (x,y,z) andp = |r|. 
p 


b. Let S be the sphere of radius a centered at the origin and let D 
be the region enclosed by S. Show that the flux of F across S is 


J| F -ndS = 42a’G'(a). 
2G'(p) 
p 





c. Show that V-F = V: Vo = + G"(p): 


d. Use part (c) to show that the flux across S (as given in part (b)) 
is also obtained by the volume integral f f f pV °F dV. (Hint: 
use spherical coordinates and integrate by parts.) 


48. Integration by parts (Gauss’ Formula) Recall the Product Rule 
of Theorem 15.11: V+ (uF) = Vu-F + u( VF). 


a. Integrate both sides of this identity over a solid region D with 
a closed boundary S and use the Divergence Theorem to prove 
an integration by parts rule: 


[fucnar= ffuenas- ffiura 


S 

b. Explain the correspondence between this rule and the integra- 
tion by parts rule for single-variable functions. 

c. Use integration by parts to evaluate J f i n 2y + yz + z’x) dV, 
where D is the cube in the first octant cut by the planes x = 1, 
y = l,andz= 1. 


49. Green’s Formula Write Gauss’ Formula of Exercise 48 in two 
dimensions—that is, where F = (f, g}, D is a plane region R and 
C is the boundary of R. Show that the result is Green’s Formula: 


Jus + g,)dA = uF -n) ds = J| ie + guy) dA. 


C 
Show that with u = 1, one form of Green’ s Theorem appears. 
Which form of Green’s Theorem is it? 


50. Green’s First Identity Prove Green’s First Identity for twice dif- 
ferentiable scalar-valued functions u and v defined on a region D: 


[feo + Vu- Vv) dv = [[uve-nas 


S 


where V°v = V- Vv. You may apply Gauss’ Formula in Exercise 48 
to F = Vv or apply the Divergence Theorem to F = uVv. 


51. Green’s Second Identity Prove Green’s Second Identity for 
scalar-valued functions u and v defined on a region D: 


|i (uV7v — vV7u) dV = os — vVu)-nds. 


(Hint: Reverse the roles of u and v in Green’s First Identity.) 


52-54. Harmonic functions A scalar-valued function ¢ is harmonic 
on a region D if V*¢ = V+ Vo = 0 at all points of D. 


52. Show that the potential function g(x, y, z) = |r|? is harmonic 


provided p = Oor p = 1, where r = (x, y, z). To what vector 
fields do these potentials correspond? 


53. Show that if g is harmonic on a region D enclosed by a surface S, 
then [Ve -ndS = 0. 


54. Show that if u is harmonic on a region D enclosed by a surface S, 
then I uVu:ndsS = Te | Vul? dV. 


55. Miscellaneous integral identities Prove the following identities. 
a. fff, V x Fav = J], (m X F) dS (Hint: Apply the Diver- 
gence Theorem to each component of the identity.) 


b. J f s(n X Ve) dS = fo gy dr (Hint: Apply Stokes’ Theorem 
to each component of the identity.) 


€A: REVIEW EXERCISES 


1. Explain why or why not Determine whether the following state- 
ments are true and give an explanation or counterexample. 


a. The rotational field F = (—y, x) has zero curl and zero 
divergence. 

b. V X Vo = 0 

c. Two vector fields with the same curl differ by a constant vec- 
tor field. 

d. Two vector fields with the same divergence differ by a con- 
stant vector field. 


e. If F = (x, y, z) and S encloses a region D, then Ji F-ndsS is 


three times the volume of D. 


2. Matching vector fields Match vector fields a-f with the graphs 
A-F. Letr = (x,y). 





a. F = (x,y) b. F = (—2y, 2x) 
c. F=r/|r| d. F= (y —x,x) 
e F= (e7, e™) f. F = (sin 7x, sin 7y) 


NN ELL BTN NNAAY EY 
y EN NX be 


annan 






EEEE ww we 
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HECK ANSWERS 





1. If F is constant, then div(F) = 0, so Io V-FdV = 

fi f 5 F-ndS = 0. This means that all the “material” that flows 
into one side of D flows out of the other side of D. 2. The 
vector field and the divergence are positive throughout D. 

3. The vector field has no flow into or out of the cube on the 
faces x = 0, y = 0, and z = 0 because the vectors of F on 
these faces are parallel to the faces. The vector field points 
out of the cube on the x = 1 and z = 1 faces and into the 
cube on the y = 1 face. div(F) = 2, so there is a net flow 
out of the cube. « 







= Sos * PRK 4% 
yra? 
NE END 
eR 
Weis ao 
—4 








3-4. Gradient fields in R° Find the vector field F = V¢ for the fol- 
lowing potential functions. Sketch a few level curves of œ and sketch 
the general appearance of F in relation to the level curves. 


3. o(x,y) = x? + 4y’, for |x| = 5, 





yl =5 
4. o(x,y) = (x? — y*)/2, for |x| = 2, 





y a2 
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5-6. Gradient fields in R? Find the vector field F = V¢ for the fol- 


lowing potential functions. 


5. (x,y,z) = 1/|r|, where rr = (x,y,z) 





a a ae 
6. p(x, y, z) = zE x —y £ 


7. Normal component Let C be the circle of radius 2 centered at the 
origin with counterclockwise orientation. 


a. Give the unit outward normal vector at any point (x, y) on C. 
b. Find the normal component of the vector field F = 2 (y, —x) 
at any point on C. (x,y) 


c. Find the normal component of the vector field F = 
x? + y? 





at 


any point on C. 


8-10. Line integrals Evaluate the following line integrals. 


8. J (x* — 2xy + y?) ds; C is the upper half of the circle 


C 
r(t) = (5 cos t, 5 sin t), for 0 = t = 7, with counterclockwise 
orientation. 


9, [retas C is the path r(t) = (t, 3t,-6t), forO < ¢t = In8. 
C 


10. [oe — y?) ds; C is the line segment from (0, 1, 2) to 
C 
(=3; 7; =I): 


11. Two parameterizations Verify that $o (x — 2y + 3z) ds has 
the same value when C is given by r(t) = (2 cos t, 2 sin t, 0}, 
for0 < t < 2a, and by r(t) = (2 cos t°, 2 sint?, 0), for 


=f = V2. 


12. Work integral Find the work done in moving an object 
from P(1, 0,0) to Q(0, 1, 0) in the presence of the force 
F = (1, 2y,—4z) along the following paths. 
a. The line segment from P to Q 
b. The line segment from P to O(0, 0, 0) followed by the line 
segment from O to Q 
c. The arc of the quarter circle from P to Q 
d. Is the work independent of the path? 


13-14. Work integrals in R? Given the following force fields, find the 
work required to move an object on the given curve. 


13. F = (—y, z,x) on the path consisting of the line segment from 
(0, 0, 0) to (0, 1, 0) followed by the line segment from (0, 1, 0) 
to (0, 1, 4) 


(x, ¥,Z) 
t= 72 


14. F= on the path r(t) = om 317, -17), for 


1 


IA 


15-18. Circulation and flux Find the circulation and the outward flux 
of the following vector fields for the curve r(t) = (2 cos t, 2 sint), 
Torts t= 27. 


15. F = (y — x,y) 
17. F=r/|r 


16. F = (x,y) 


2 where r = (x,y) 18. F = (x — y,x) 





19. Flux in channel flow Consider the flow of water in a channel 
whose boundaries are the planes y = =Landz = + b. The 
velocity field in the channel is v = (vọ(L? — y7), 0, 0). Find the 
flux across the cross section of the channel at x = O in terms of vo 
and L. 


20-23. Conservative vector fields and potentials Determine whether 
the following vector fields are conservative on their domains. If so, find 
a potential function. 
20. F = (y2, 2xy) 21. F = (y,x + z’, 2yz) 
22. F = (e*cosy,—e* sin y) 23. Fec y,3, 07) 

24-27. Evaluating line integrals Evaluate the line integral f eF-dr 
for the following vector fields F and curves C in two ways. 


a. By parameterizing C 
b. By using the Fundamental Theorem for line integrals, if possible 


24. F = V(x’y); C:r(t) = (9 — r,t), forO = t= 3 
25. F = V(xyz); C:r(t) = (cost,sint,t/7),forO = t = 7 


26. F = (x,—y); Cis the square with vertices (+1, +1) with 
counterclockwise orientation. 


27. F= (y, z —x); C: r(t) = (cos t, sin t, 4), for 0 =< {f & Ir 
28. Radial fields in R? are conservative Prove that the radial field 

F = mo where r = (x,y) and p is areal number, is conserva- 
tive on R? with the origin removed. For what value of p is F con- 
servative on R? (including the origin)? 





29-32. Green’s Theorem for line integrals Use either form of 
Green’s Theorem to evaluate the following line integrals. 


29. $ xy? dx + x’y dy; C is the triangle with vertices 
6 
(0, 0), (2, 0), and (0, 2) with counterclockwise orientation. 


30. $ (—3y + x7/*) dx + (x — y7/3) dy; C is the boundary of the 


G 
half disk { (x, y): x? + y* < 2, y = 0} with counterclockwise 
orientation. 


31. po + xy) dy + (2y? — 2xy) dx; C is the square with 
C 
vertices (+1, £ 1) with counterclockwise orientation. 


32. $ 3x? dy — 3y? dx; C is the circle of radius 4 centered at the 


C 
origin with clockwise orientation. 


33-34. Areas of plane regions Find the area of the following regions 
using a line integral. 


33. The region enclosed by the ellipse x? + 4y? = 16 


34. The region bounded by the hypocycloid r(t) = (cos t, sin? t), 
ior) == 2r 


35-36. Circulation and flux Consider the following vector fields. 


a. Compute the circulation on the boundary of the region R (with 
counterclockwise orientation). 
b. Compute the outward flux across the boundary of R. 


35. F =r/|r|, where r = (x, y) and R is the half-annulus 
{(r,0):1<r<3,0<60<7} 





36. F = (-sin y, x cos y), where R is the square 
{(x,y:0Sx<7/2,00Sysa/2} 

37. Parameters Let F = (ax + by, cx + dy ) , where a, b, c, and d 
are constants. 


a. For what values of a, b, c, and d is F conservative? 

b. For what values of a, b, c, and d is F source free? 

c. For what values of a, b, c, and d is F conservative and 
source free? 


38—41. Divergence and curl Compute the divergence and curl of 
the following vector fields. State whether the field is source free or 
irrotational. 


38. F = (yz, XZ, xy) 
39. F =rlr| = (x,y,z) Wx? + y? + 2? 
40. F= (sin xy, COS yz, sin xz) 


41. F= (2xy + zí x’, 4xz? ) 


1 4 
42. Identities Prove that V (z) == and use the result to 





rt) rl 
1 12 
rove that V - V| — | = —. 
i i rlé 


43. Maximum curl Let F = (z, va —y) . 
a. What are the components of curl F in the directions 
n = (1,0,0) andn = (0,—1/V2,1/V2)? 
b. In what direction is the scalar component of curl F a 
maximum? 


44. Paddle wheel in a vector field Let F = (0, 2X, 0) and let n be a 
unit vector aligned with the axis of a paddle wheel located on the 
y-axis. 


(1,0,0), 


a. Ifthe axis of the paddle wheel is aligned with n 
how fast does it spin? 

b. If the axis of the paddle wheel is aligned with n = (0, 0, 1 ) : 
how fast does it spin? 

c. For what direction n does the paddle wheel spin fastest? 


45-48. Surface areas Use a surface integral to find the area of the 
following surfaces. 


45. The hemisphere x? + y? + z? = 9, for z = 0 (excluding 
the base) 


46. The frustum of the cone z? = x? + y’, for2 <= z S 4 (excluding 
the bases) 





47. The plane z = 6 — x — y above the square |x| < 1, |y| < 1 


48. The surface f(x, y) = V2 xy above the region 
{(7,0):0=rs2,056 27} 
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49-51. Surface integrals Evaluate the following surface integrals. 


49. | (1 + yz) dS; Sis the plane x + y + z = 2 in the first octant. 
s 


50. i (0, y, z) +n dS; S is the curved surface of the cylinder 
S 


y? + 2? = a’, |x| < 8 with outward normal vectors. 


Si. i (x — y + z) dS; S is the entire surface including the base of 
S 


the hemisphere x? + y? + z? = 4, for z = 0. 


52-53. Flux integrals Find the flux of the following vector fields 
across the given surface. Assume the vectors normal to the surface 
point outward. 


52. F = (x,y,z) across the curved surface of the cylinder 
x? + y? = 1, for |z| = 8 


53. F = r/|r| across the sphere of radius a centered at the origin, 
where r = (x y, z) 


54. Three methods Find the surface area of the paraboloid 
z=x + y for0 = z S 4, in three ways. 
a. Use an explicit description of the surface. 
b. Use the parametric description r = (v COS u, V SIN U, v?) f 
c. Use the parametric description r = (Vv cos u, Vv sin u, v}. 


55. Flux across hemispheres and paraboloids Let S be the hemi- 
sphere x? + y“ + z? = a°, for z = O, and let T be the parabo- 
loid z = a — Com + yi a, for z = 0, where a > 0. Assume the 
surfaces have outward normal vectors. 

a. Verify that S and T have the same base (x? + y? < a”) and 
the same high point (0, 0, a). 

b. Which surface has the greater area? 

c. Show that the flux of the radial field F = (x, y, z) across S is 
2ra’. 

d. Show that the flux of the radial field F = (x, y, z} across T is 
32a? /2. 


56. Surface area of an ellipsoid Consider the ellipsoid 
xa: + yb? + gle = 1, where a, b, and c are positive 
real numbers. 


a. Show that the surface is described by the parametric equations 
r(u,v) = (a cos u sin v, b sin u sin v, c cos v ) 


forO Su Ss 2m, 0 SvT. 
b. Write an integral for the surface area of the ellipsoid. 


57—58. Stokes’ Theorem for line integrals Evaluate the line integral 
$o F : dr using Stokes’ Theorem. Assume C has counterclockwise 
orientation. 


57. F = (xz, yz, Xy; C is the circle x? + y? = 4 in the xy-plane. 


58. F = (x? — y’,x, 2yz); C is the boundary of the plane 
z = 6 — 2x — y in the first octant. 
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59-60. Stokes’ Theorem for surface integrals Use Stokes’ Theorem 
to evaluate the surface integral f f s (V X F) -n dS. Assume that n is 


the outward normal. 


59. F = (-—z, x, y), where S is the hyperboloid 
z= 10 — V1 +x? + y?, forz = 0 





60. F = (x — 7% y xz), where S is the hemisphere 
x +y*?4+77=4 fory = 0 


61. Conservative fields Use Stokes’ Theorem to find the circula- 
tion of the vector field F = V(10 — x? + y? + z?) around any 
smooth closed curve C with counterclockwise orientation. 


62—64. Computing fluxes Use the Divergence Theorem to compute 
the outward flux of the following vector fields across the given sur- 
faces S. 


62. F = (—x,x — y,x — z); Sis the surface of the cube cut from 
the first octant by the planes x = 1, y = 1, andz = 1. 

63. F = (x, y3, z7) /3; S is the sphere 
Voy a se oe 

64. F = (x°, y?, z”); Sis the cylinder 
{(x,y,z):x7+y?=4,0S7z= 8}. 

65—66. General regions Use the Divergence Theorem to compute the 


outward flux of the following vector fields across the boundary of the 
given regions D. 


65. F = (x°, y?, 10); D is the region between the hemispheres of 
radius | and 2 centered at the origin with bases in the xy-plane. 
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66. F = — = ————__;;: D is the region between two 


67. 


68. 


P (x2 + y2 + 2293/2” 
spheres with radii 1 and 2 centered at (5, 5, 5). 


Flux integrals Compute the outward flux of the field 

F = (x? + xsiny, y* + 2cosy,z* +z sin y) across the sur- 
face S that is the boundary of the prism bounded by the planes 
y=1-xx=0,y = 0,z = 0, and z = 4. 


Stokes’ Theorem on a compound surface Consider the sur- 
face S consisting of the quarter-sphere x? + y? + z? = a’, for 
z = Oandx = 0, and the half-disk in the yz-plane y? + z? < a’, 
for z = 0. The boundary of S in the xy-plane is C, which consists 
of the semicircle x? + y = a’, for x = 0, and the line segment 
|—a, a] on the y-axis, with a counterclockwise orientation. Let 
F = (2z — y,x — z, y — 2x). 
a. Describe the direction in which the normal vectors point 

on S. 
b. Evaluate $- F- dr. 


c. Evaluate f f s (V X F) -ndS and check for agreement with 
part (b). 


Applications of the material in this chapter and related topics can be found in the following Guided Projects. For additional informa- 


tion, see the Preface. 


e [deal fluid flow 


e Maxwell’s equations 


Planimeters and vector fields 


e Vector calculus in other coordinate systems 


Appendix 





The goal of this appendix is to establish the essential notation, terminology, and algebraic 
skills that are used throughout the book. 


EXAMPLE 1 Algebra review 
a. Evaluate (—32)?/. 





l l 
E 
ee ee. ec 


iia a ae 
x— | 


c. Solve the equation 0. 


SOLUTION 


a. Recall that (—32)?/> = ((—32)!/°)?. Because (—32)!5 = W—32 = —2, we have 
(—32)7/5 = (—2} = 4. 
Another option is to write (—32)7/> = ((—32)?)'/5 = 1024!5 = 4. 


b. Finding a common denominator and simplifying leads to 


it o d Qtje- 4 
x-2 x+2 (x-2)(x+2) x-4 











c. Notice that x = 1 cannot be a solution of the equation because the left side of the 
equation is undefined at x = 1. Because x — 1 # 0, both sides of the equation can 
be multiplied by x — 1 to produce xf — 5x? + 4 = 0. After factoring, this equation 
becomes (x° — 4)(x? — 1) = 0, which implies x? — 4 = (x — 2)(x + 2) = Oor 
x? — 1 = (x — 1)(x + 1) = 0. The roots of x* — 4 = Oare x = +2 and the roots 
of x? — 1 = Oarex = +1. Excluding x = 1, the roots of the original equation are 
x =—landx = +2. 

Related Exercises 15-26 


Sets of Real Numbers 


Figure A.l shows the notation for open intervals, closed intervals, and various bounded 
and unbounded intervals. Notice that either interval notation or set notation may be used. 
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> The set of numbers { x: x is in (—~, 2) 
or (3, ©) } may also be expressed using 
the union symbol: 


(— 2%, 2)U(3, œ). 


_—— a,b) =4.noes c= b} Closed, bounded interval 
E (abl = eae = ht Bounded interval 
_— la, b) = fxasx<b} Bounded interval 

—_ (a,b) = eo a, Open, bounded interval 
= as) = lexsa} Unbounded interval 
o (a,~) = {xx >a} Unbounded interval 
E (=, b= xxr b} Unbounded interval 
s (—œ%,b)= {xx< b} Unbounded interval 
ap TA ESEE, Unbounded interval 
FIGURE A.1 


EXAMPLE 2 Solving inequalities Solve the following inequalities. 


2 

ee, 
ME ee ee ee k e 

x—3 


SOLUTION 
a. We multiply by —1, reverse the inequality, and then factor: 


x? —5x+6>0 = Multiply by-1. 
(x= 2x = 3) > 0- Factor. 


The roots of the corresponding equation (x — 2)(x — 3) = 0O are x = 2 and x = 3. 
These roots partition the number line (Figure A.2) into three intervals: (— ©, 2), (2,3), 
and (3, ©). On each interval, the product (x — 2)(x — 3) does not change sign. To 
determine the sign of the product on a given interval, a test value x is selected and the 
sign of (x — 2)(x — 3) is determined at x. 


Sign of i 
(x — 2)(x — 3) + L= + 
| | 
op $f 
FIGURE A.2 0 l 2 3 4 5 


A convenient choice for x in (— ©, 2) is x = 0. At this test value, 
(x= 22 3). = (2) (3) S 0. 
Using a test value of x = 2.5 in the interval (2,3), we have 
(eo 2x 3) = (05)(-05) = 0 
A test value of x = 4 in (3, ©) gives 
(x= 23s) = (270) 0. 


Therefore, (x — 2)(x — 3) > 0 on (—%œ, 2) and (3, ©). We conclude that the 
inequality —x* + 5x — 6 < 0 is satisfied for all x in either (—%, 2) or (3, ©) 
(Figure A.2). 


Test Value 
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ee x ; l 
b. The expression e can change sign only at points where the numerator or 
x 


2 


, x x 
denominator of a equals 0. Because 
X 


r=y=2. tee Lie?) 

x — 3 x —3 
the numerator is 0 when x = —1 or x = 2, and the denominator is 0 at x = 3. 
(a dae 


on the intervals (—, —1), 
T= 


Therefore, we examine the sign of 


(—1,2), (2,3), and (3, ©). 
ea ie = 2) 


x+1 x—2 x -3 Result Using test values on these intervals, we see that —————————_ < 0 on 


++ + 


c= 2 
(—%, —1) and (2, 3). Furthermore, the expression is 0 when x = —1 and x = 2. 
ee 
Te = = Therefore, -— < 0 for all values of x in either (—%,—1] or [2, 3) 
po 
(Figure A.3). 


Sign of i | 


(x + D(x — 2) = | + i + 
po l 


FIGURE A.3 —2 —] 0 1 2 3 4 
Related Exercises 27-30 


Absolute Value 


The absolute value of a real number x, denoted |x , is the distance between x and the origin 
on the number line (Figure A.4). More generally, |x — y| is the distance between the points 
x and y on the number line. The absolute value has the following definition and properties. 








4 units 5 units 


> The absolute value is useful in | | | 


simplifying square roots. Because Va 


<— HH 
—4 0 5 


is nonnegative, we have V'a? = |al. |-4| = 4 5] = 5 
For example, V32 = 3 and 
V (—3)? = V9 = 3. Note that the 


solutions of x? = 9 are |x| = 3 or | 


oS": 


» Property 6 is called the triangle 


inequality. 


x units x units | For x = 0 
— 


=< 0 x 


FIGURE A.4 |—x| = x h =x 


Definition and Properties of the Absolute Value 


The absolute value of a real number x is defined as 


ifx =0 
x| = 


ifx < 0. 
Let a be a positive real number. 
1. |x] =aex= ta 2. h RaSa =x <a 
3: lk > asr > Gore = =a 4. x| Sa@m-asxsa 
5. |x| = > 


a&xz=aorx =—-a 6. |x + y| = |x| + |yl 
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EXAMPLE 3 Inequalities with absolute values Solve the following inequalities. 
Then sketch the solution on the number line and express it in interval notation. 





a. x- 2) 3 b. |2x — 6| = 10 
SOLUTION 
< = =< 3 | a. Using Property 2 of the absolute value, |x — 2| < 3 is written as 
<—_—____ ea eS St = — 
-A10 2 5 cE T 
fx: |x — 2| < 3} Adding 2 to each term of these inequalities results in —1 < x < 5 (Figure A.5). This 
set of numbers is written as (—1, 5) in interval notation. 

FIGURE A.5 
b. Using Property 5, the inequality |2x — 6| = 10 implies that 

ee 2x—6= 10 or 2x—6 = —10. 


= 8 


fx: [2x — 6| = 10} We add 6 to both sides of the first inequality to obtain 2x = 16, which implies x = 8. 
X: |LX Z = 


Similarly, the second inequality yields x = —2 (Figure A.6). In interval notation, the 
FIGURE A.6 solution is (— %,—2] or [8, œ). 
Related Exercises 3]—34<« 


Cartesian Coordinate System 


The conventions of the Cartesian coordinate system or xy-coordinate system are illus- 





trated in Figure A.7. 
» The familiar (x, y) coordinate system y 
is named after René Descatis Owadan Gudai 
(1596-1650). However, it was introduced x<0,y>0 x>0,y>0 
independently and simultaneously by 
Pierre de Fermat (1601-1665). --- (x, y) 
Quadrant III Quadrant IV 
x<0,y<0 x>0,y<0 
FIGURE A.7 
For any right triangle, , , 
+b =e Distance Formula and Circles 
By the Pythagorean theorem (Figure A.8), we have the following formula for the distance 
; between two points P; (x1, y,) and P(x, y2). 
7 Distance Formula 
TEN The distance between the points P; (x1, y1) and P(x, y2) is 
D 


|PIP] = V (x2 — x) + (v2 — y). 





A circle is the set of points in the plane whose distance from a fixed point (the center) 
is constant (the radius). This definition leads to the following equations that describe a 
FIGURE A.8 circle. 


P œp yy) (X5, Y1) 
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Equation of a Circle 


Gag ee RP ds = = A 
E a a The equation of a circle centered at (a, b) with radius r is 
(x — a)? + (y- by =r’. 

Solving for y, the equations of the upper and lower halves of the circle (Figure A.9) are 


y=b+yv r? — (x = a)? Upper half of the circle 


radius: r 


y =b — Vr? — (x — a)”. Lower half of the circle 





center: (a, b) 





EXAMPLE 4 Sets involving circles 


Muti b= We =e | Find the equation of the circle with center (2, 4) passing through (—2, 1). 
b. Describe the set of points satisfying x? + y* — 4x — 6y < 12. 


FIGURE A.9 
SOLUTION 
a. The radius of the circle equals the length of the line segment between the center (2, 4) 
and the point on the circle (—2, 1), which is 
V(2 — (-2))? + (4-17 =5. 
Therefore, the equation of the circle is 
(x — 2)? + (y — 4)* = 25. 
b. To put this inequality in a recognizable form, we complete the square on the left side 
of the inequality: 
» Recall that the procedure shown here x? + y? — 4x —-6y =x* -— 44 +4-4+4+y?-6y+9-9 
for completing the square works when 
P ~ 8 q i Add and subtract the square Add and subtract the square 
the coefficient on the quadratic term is 1. of half the coefficient of x. of half the coefficient of y. 
When the coefficient is not 1, it must =. gD: 2 _ 7 SNE 
be factored out before completing the E et + ens) tase a á 
square. C Cae) 


= (x — 2)? + (y — 3)? — 13. 
Therefore, the original inequality becomes 


(PH 2" to 3) 13 = 1, oF (2) ye = 3)? = OS, 


> A circle is the set of all points whose This inequality describes those points that lie within the circle centered at (2, 3) with 
distance from a fixed point is a constant. radius 5 (Figure A.10). Note that a dashed curve is used to indicate that the circle itself 
A disk is the set of all points within and 1S not part of the solution. 


possibly on a circle. 


The solution to 
(x — 2} + (y — 3)* < 25 
is the interior of a circle. 





FIGURE A.10 
Related Exercises 35—36< 
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Equations of Lines 





FIGURE A.11 


» Given a particular line, we often talk 
about the equation of a line. But the 
equation of a specific line is not unique. 
Having found one equation, we can 
multiply it by any nonzero constant 
to produce another equation of the 
same line. 


> Because both points (1, —2) and (—4, 5) 
lie on the line and must satisfy the 
equation of the line, either point can be 
used to determine an equation of the line. 


The slope m of the line passing through the points P; (x1, y,) and P(x, y2) is the rise over 
run (Figure A.11), computed as 


change in vertical coordinate Yo — Yı 





change in horizontal coordinate x — x, 


Equations of a Line 


Point-slope form The equation of the line with slope m passing through the point 
(x1 y1) is y — yı = m(x — x). 

Slope-intercept form The equation of the line with slope m and y-intercept (0, b) 
is y = mx + b (Figure A.12a). 


General linear equation The equation Ax + By + C = 0 describes a line in the 
plane, provided A and B are not both zero. 


Vertical and horizontal lines The vertical line that passes through (a, 0) has an 
equation x = a; its slope is undefined. The horizontal line through (0, b) has an 
equation y = b, with slope equal to O (Figure A.12b). 





x=a 
(m undefined) 





FIGURE A.12 (a) (b) 

EXAMPLE 5 Working with linear equations Find an equation of the line passing 
through the points (1, —2) and (—4, 5). 

SOLUTION The slope of the line through the points (1, —2) and (—4, 5) is 


5- (-2) 7 7 
m z= ———— Z ——— Z =e 
—4 - 1 =) 5 


Using the point (1, —2), the point-slope form of the equation is 
7 
y- (2) = -$ (x = 1). 


Solving for y yields the slope-intercept form of the equation: 


Related Exercises 37-40<« 





Parallel 
lines 





» The slopes of perpendicular lines are 
negative reciprocals of each other. 


slope m 





Perpendicular 
lines 


slope M 


APPENDIX A EXERCISES 


Review Questions 


1. State the meaning of {x:—4 < x = 10}. Express the set 
{x:-4 < x < 10} using interval notation and draw it on a 


number line. 


2. Write the interval (— œ, 2) in set notation and draw it on a 


number line. 


3. Give the definition of |x|. 
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Parallel and Perpendicular Lines 


Two lines in the plane may have either of two special relationships to each other: They 
may be parallel or perpendicular. 


Parallel Lines 


Two distinct nonvertical lines are parallel if they have the same slope; that is, the lines 


with equations y = mx + band y = Mx + Bare parallel if and only ifm = M. 
Two distinct vertical lines are parallel. 





EXAMPLE 6 Parallel lines Find an equation of the line parallel to 
3x — 6y + 12 = 0 that intersects the x-axis at (4, 0). 


SOLUTION Solving the equation 3x — 6y + 12 = O for y, we have 


1 
= x + 2. 
y= 


This line has a slope of } and any line parallel to it has a slope of L, Therefore, the line that 
passes through (4, 0) with slope 4+ has the point-slope equation y — 0 = +(x — 4). After 
simplifying, an equation of the line is 

1 


= -x — 2., 
m= 


Notice that the slopes of the two lines are the same; only the y-intercepts differ. 
Related Exercises 41—42 < 


Perpendicular Lines 
Two lines with slopes m # 0O and M #¥ O are perpendicular if and only if mM = —1, 


or equivalently, m = —1/M. 





EXAMPLE 7 Perpendicular lines Find an equation of the line passing through the 
point (—2, 5) perpendicular to the line €: 4x — 2y + 7 = 0. 


SOLUTION The equation of € can be written y = 2x + L, which reveals that its slope 


is 2. Therefore, the slope of any line perpendicular to € is -1 The line with slope —; 
passing through the point (—2, 5) is 


1 
y= 5 =—5(% +2), or yi +4 


Related Exercises 43—44< 


4. Write the inequality |x — 2| = 3 without absolute value 
symbols. 


5. Write the inequality |2x — 4| = 3 without absolute value 
symbols. 


6. Write an equation of the set of all points that are a distance 5 units 
from the point (2, 3). 
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7. Explain how to find the distance between two points whose 
coordinates are known. 


8. Sketch the set of points { (x, y): x? + (y — 2)? > 16}. 


9. Give an equation of the upper half of the circle centered at the ori- 
gin with radius 6? 


10. What are the possible solution sets of the equation 
x+y + Cr+ Dy+E=0? 


11. Give an equation of the line with slope m that passes through the 
point (4, —2). 


12. Give an equation of the line with slope m and y-intercept (0, 6). 
13. What is the relationship between the slopes of two parallel lines? 


14. What is the relationship between the slopes of two perpendicular 
lines? 


Basic Skills 
15-20. Algebra review Simplify or evaluate the following expressions 
without a calculator. 














15. (1/8) 7? 16. VW—125 + V1/25 
ath) — a’ 
17. (u + v) — (u — v? 18. l ? 
1 1 2 2 
19. = 20. = 
thA X ITS JSI 


21-26. Algebra review 


21. Factor y* — y”. 22. Solve x? — 9x = 0. 
23. Solve uf — 1lu? + 18 =0. 24. Solve 4° — 6(2*) = -8. 
— hy’ — x 
25. Simplify i ,forh # 0. 
Vir h= 
26. Rewrite aTa where h # 0, without square roots in 


the numerator. 


27-30. Solving inequalities Solve the following inequalities and draw 
the solution on a number line. 





+] 
YW. 6 = be #5 20 28. Ž 2% 
x+2 
2 
024.00 
29, | ZTA 30. xvx- 1>0 


r= 6 


31-34. Inequalities with absolute values Solve the following inequali- 
ties. Then draw the solution on a number line and express it using 
interval notation. 


31. |3x — 4| > 8 
33. 3°27 =I <5 


32. 1 < |x| = 10 
34. 2< š -—5| <6 


35-36. Circle calculations Solve the following problems. 


35. Find the equation of the lower half of the circle with center 
(—1, 2) and radius 3. 


36. Describe the set of points that satisfy x? + y? + 6x + 8y = 25. 


37—40. Working with linear equations Find an equation of the line € 
that satisfies the given condition. Then draw the graph of €. 


37. £ has slope 5/3 and y-intercept (0, 4). 

38. £ has undefined slope and passes through (0, 5). 

39. £ has y-intercept (0, —4) and x-intercept (5, 0). 

40. £ is parallel to the x-axis and passes through the point (2, 3). 


41-42. Parallel lines Find an equation of the following lines and draw 
their graphs. 


41. the line with y-intercept (0, 12) parallel to the line x + 2y = 8 
42. the line with x-intercept (—6, 0) parallel to the line 2x — 5 = 0 
43—44. Perpendicular lines Find an equation of the following lines. 


43. the line passing through (3, —6) perpendicular to the line 
y=-3x + 2 


44. the perpendicular bisector of the line joining the points (—9, 2) 
and (3, —5) 


Further Explorations 
45. Explain why or why not State whether the following statements 
are true and give an explanation or counterexample. 


a. V16 = +4. 
b. VE = V(-4). 


c. There are two real numbers that satisfy the condition 


e. The point (1, 1) is inside the circle of radius 1 centered at the 
origin. 

f£. Vx* = x? for all real numbers x. 

g. Va? < Vb? implies a < b for all real numbers a and b. 


46—48. Intervals to sets Express the following intervals in set notation. 
Use absolute value notation when possible. 


46. (—~, 12) 47. (—%,—2] or [4, ©) 
48. (2,3] or [4, 5) 

49-50. Sets in the plane Graph each set in the xy-plane. 

49. {(x,y): |x -y| = Of 

50. { (x,y): lel = iyl} 


Appendix 





Proofs of Selected Theorems 


THEOREM 2.3 Limit Laws 
Assume lim f(x) and lim g(x) exist. The following properties hold, where c is a 
x—>a x—>a 


real number, and m > 0 andn > O are integers. 
. Sum lim | f(x) + g(x)| = lim f(x) + lim g(x) 
xa xa xa 
. Difference lim | f(x) — g(x)| = lim f(x) — lim g(x) 
xa xa xa 
. Constant multiple lim |cf(x)| = clim f(x) 
xa xa 


. Product lim [/(x)g(x)] = [lim f(x) ][lim g(x)] 


fe) a 


. Quotient lim , provided lim g(x) # 0 
x—>a xa 


g(x) J lim g(x) 


. Power lim | f(x) |" = [lim f(x) |" 
a 70 xa 
. Fractional power lim [ f(x) |" = [lim f(x) ]””, provided f(x) = 0, for x 
xa xa 


near a, if m is even and n/m is reduced to lowest terms 





Proof: The proof of Law 1 is given in Example 5 of Section 2.7. The proof of Law 2 is 
analogous to that of Law 1; the triangle inequality in the form |x — y| = |x| + [y] is 
used. The proof of Law 3 is outlined in Exercise 26 of Section 2.7. The proofs of Laws 4 
and 5 are given below. The proof of Law 6 involves the repeated use of Law 4. The proof 
of Law 7 is given in advanced texts. < 


Proof of Product Law: Let L = lim f(x) and M = lim g(x). Using the definition of a 
xa xa 


limit, the goal is to show that given any € > Q, it is possible to specify a ô > O such that 
| f(x)g(x) — LM| < s whenever 0 < |x — a| < 6. Notice that 


|f(x)g(x) — LM| = |f(x)g(x) — Lg(x) + Lg(x) — LM| Add and subtract Lg(x). 
» Real numbers x and y obey the triangle = (f(x) = La a (2x) = M)L| Group terms. 
inequality |x + y| = |x| + |y]. = |(f(x) — L)g(x)| + |(g(x) — M)L| Triangle inequality 
= |f(x) — Lle) + le) — MILI. lay! = Ill 
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> |g(x) — M| < 1 implies that g(x) is less 
than 1 unit from M. Therefore, whether 
g(x) and M are positive or negative, 
Ig(x)| < |M] + 1. 


> Note that if |g(x)| > |M|/2, then 
1/|g(x)| < 2/|MI. 


We now use the definition of the limits of f and g, and note that L and M are fixed real 
numbers. Given € > 0, there exist 6, > 0 and 6, > 0 such that 
and |g(x) — M| < 


f(x) — L| < 


2(|M| + 1) 2(|L| + 1) 


whenever 0 < |x — a| < 6, and 0 < |x — a| < ô, respectively. Furthermore, by the 
definition of the limit of g, there exits a 6; > 0 such that |g(x) — M| < 1 whenever 
0 < |x — al < 53. It follows that |g(x)| < |M| + 1 whenever 0 < |x — a| < 63. Now 
take ô to be the minimum of 6,, ô», and 6;. Then for 0 < |x — a| < ô, we have 


f(x)g(~) — LM] = | f(x) = Li|g@)| + |g@) — MIIL 








—S ees ee? 
J ss ee): 8 
2(|M| + 1) 2(|L| + 1) 
€ e |L E 
eo op ee SRSA 
a | a a) 
<1 
It follows that lim [f(x)g(x)| = LM. < 
A770 


Proof of Quotient Law: We first prove that if lim g(x) = M exists, where M # 0, then 
xa 


1 1 

lim Ay = T The Quotient Law then follows by replacing g by 1/g in the Product Law. 
Xa Q\X 

Therefore, the goal is to show that given any € > Q, it is possible to specify a ô > O such 
1 


d€ _ 1 
g(x) M 
can be made arbitrarily close to M. For this reason, there exists a 6, > O such that 
le(x)| > |M|/2 whenever 0 < |x — a| < ô. Furthermore, using the definition of 

e|M|* 
the limit of g, given any e > 0, there exists a 6 > O such that |g(x) — M| < sid 


that < e whenever 0 < |x — a| < 6. First note that M ¥ 0 and g(x) 








whenever 0 < |x — a| < ô. Now take ô to be the minimum of 6, and ô. Then for 
0 < |x — a| < ô, we have 











1 1 M = g(x) | 
(x) p M 7 = Me(x) Common denominator 
g 
1 1 | 
— Tul Toy) |g(x) = M| Rewrite. 
L a 
ET 2 
|M] 
1 2 eM E 
|M] IM] z TE Simplify. 





1 
By the definition of a limit, we have lim = “M The proof can be completed by 


x>a g (x 
applying the Product Law with g replaced by 1 /g. < 


» The Least Upper Bound Property for real 
numbers states that if a nonempty set $ 
is bounded (that is, there exists a number 
M, called an upper bound, such that 
x = M for all x in S), then S has a least 
upper bound L, which is the smallest of 
the upper bounds. 
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THEOREM 10.3 Convergence of Power Series 


CO 


A power series X cx = a)* centered at a converges in one of three ways. 
k=0 


1. The series converges absolutely for all x, in which case the interval of 
convergence is (— ©, ©) and the radius of convergence is R = œ. 


. There is areal number R > O such that the series converges absolutely for 
|x — a| < Rand diverges for |x — a| > R, in which case the radius of 
convergence is R. 


. The series converges only at a, in which case the radius of convergence is 
R= 0. 





Proof: Without loss of generality, we take a = 0. Ufa # O, the following argument may 
be shifted so it is centered at x = a.) The proof hinges on a preliminary result: 


If dcx x* converges for x = b # 0, then it converges absolutely, for 
k=0 
|x| < |b|. If Sc, x* diverges for x = d, then it diverges, for |x| > |a|. 
k=0 


To prove these facts, assume that » c, b* converges, which implies that m cbf = 0. 














k=0 
Then there exists a real number M > 0 such that |c, b“| < M, fork = O, 1,2,3,.... It 
follows that 
00 00 k 00 k 
x x 
Slax] = Slab |=] < MXZ. 
k=0 (=o —~ |b (=0|5 
<M 


k 


If |x| < |b is a convergent geometric series. Therefore, 











, then |x/b| < 1 and X . 
(=| 


Ss |c,x“| converges by the comparison test, which implies that > cx" converges absolutely 
k=0 k=0 


for |x| < |b|. The second half of the preliminary result is proved by supposing the series 
diverges at x = d. The series cannot converge at a point x9 with |xọ| > |d| because by the 
preceding argument, it would converge for |x| < |x|, which includes x = d. Therefore, 
the series diverges for |x| > |d|. 

Now we may deal with the three cases in the theorem. Let S be the set of real num- 
bers for which the series converges, which always includes 0. If S = {0}, then we have 
Case 3. If S consists of all real numbers, then we have Case 1. For Case 2, assume that 
d # Q0 is a point at which the series diverges. By the preliminary result, the series diverges 
for |x| > |d|. Therefore, if x is in S, then |x| < |d|, which implies that S is bounded. By 
the Least Upper Bound Property for real numbers, S has a least upper bound R, such that 
x <= R, forall x in S. If |x| > R, then x is not in S and the series diverges. If |x| < R, then 
x is not the least upper bound of S and there exists a number b in S with |x| < b S R. 








CO 


Because the series converges at x = b, by the preliminary result, ` |c,x*| converges for 


|x| < |b|. Therefore, the series X c,x* converges absolutely for |x| < R and diverges for 
|x| > R. = < 
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FIGURE B.1 
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THEOREM 11.3 Eccentricity-Directrix Theorem 
Let € be a line, F a point not on £, and e > 0 areal number. Let C be the 


PF 


set of points P in a plane with the property that at = e, where |PL| is the 


perpendicular distance from P to £. 


1. Ife = 1, Cis a parabola. 
2. If0 < e < 1, C is an ellipse. 


3. Ife > 1, C is a hyperbola. 








Proof: If e = 1, then the defining property becomes |PF| = |PL|, which is the standard 
definition of a parabola (Section 11.4). We prove the result for ellipses (0 < e < 1);a 
small modification handles the case of hyperbolas (e > 1). 

Let E be the curve whose points satisfy |PF| = e |PL|; the goal is to show that E is 
an ellipse. We locate the point F (a focus) at (c, 0) and label the line € (a directrix) x = d, 
where c > 0 and d > Q. It can be shown that E intersects the x-axis at the symmetric 
points (the vertices) V(a, 0) and V’(—a, 0) (Figure B.1). These choices place the center of 
E at the origin. Notice that we have four parameters (a, c, d, and e) that must be related. 

Because the vertex V(a, 0) is on E, it satisfies the defining property |PF| = e |PLI, 
with P = V. This condition implies thata — c = e(d — a). Because the vertex V’ (—a, 0) 
is on the curve E, it also satisfies the defining property |PF| = e |PL|, with P = V’. This 
condition implies that a + c = e(d + a). Solving these two equations for c and d, we 
find that c = ae and d = a/e. To summarize, the parameters a, c, d, and e are related by 
the equations 











c=ae and a= de. 


Because e < 1, it follows thatc < a < d. 

We now use the property |PF| = e |PL| with an arbitrary point P(x, y) on the curve E. 
Figure B.1 shows the geometry with the focus (c, 0) = (ae, 0) and the directrix x = d = a/e. 
The condition |PF| = e |PL| becomes 


Veza ty = et-a) 


The goal is to find the simplest possible relationship between x and y. Squaring both sides 
and collecting terms, we have 
T= ty =a l= 
Dividing through by a*(1 — e°) gives the equation of the standard ellipse: 
y y? x2 y? 


+ = H+H 


— — = 1, where b? = a*(1 — e°’). 
a a*(l1—e*) a? b l ) 


This is the equation of an ellipse centered at the origin with vertices and foci on the x-axis. 
The preceding proof is now applied with e > 1. The argument for ellipses with 
O < e < 1 led to the equation 


2 2 
x 
ae i ~~! 
a a(l = 2") 
With e > 1, we have 1 — e? < 0, so we write (1 — e?) = —(e* — 1). The resulting 
equation describes a hyperbola centered at the origin with the foci on the x-axis: 
x2 y 


—_—-+_= 1], where b* = a*(e* — 1). < 
a? b? ( ) 





FIGURE B.2 
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THEOREM 13.3 Continuity of Composite Functions 
If u = g(x, y) is continuous at (a, b) and z = f(u) is continuous at g(a, b), then 


the composite function z = f(g(x, y)) is continuous at (a, b). 





Proof: Let P and P) represent the points (x, y) and (a, b), respectively. Let u = g(P) and 
Uy = g(Po). The continuity of f at uw) means that lim f(u) = f(ug). This limit implies that 
u— Ug 


given any € > 0, there exists a 6* > 0 such that 
|f(u) — f(uo)| < © whenever 0 < |u — uo| < 6*. 
The continuity of g at Py means that lim 2(P) = g(P)). Letting |P — Po| denote the 
Fo 


distance between P and Pp, this limit implies that given any 6* > 0, there exists a ô > 0 
such that 


|g(P) _ g(Po)| a |u = Uo| < 6* whenever 0 < |P = Po| < 6. 
We now combine these two statements. Given any € > 0, there exists a ô > O such that 
f(@(P)) — fl@(Po))| = IAC) — fluo)| < e whenever 0 < |P - Pl < ô. 


Therefore, Li p flats ¥)) = f(g(a, b)) and z = f(g(x, y)) is continuous at (a, b). 
LV) Fa, < 


THEOREM 13.5 Conditions for Differentiability 
Suppose the function f has partial derivatives f, and f, defined in a region 


containing (a, b), with f, and f, continuous at (a, b). Then f is differentiable 
at (a, b). 





Proof: Figure B.2 shows a region on which the conditions of the theorem are satisfied 
containing the points Po(a, b), O(a + Ax, b), and P(a + Ax,b + Ay). By the definition 
of differentiability of f at Po, we must show that 
Az =f(P) — flPo) = fla, b) Ax + f(a, b)Ay + e,Ax + e,Ay, 

where €, and s, depend only on a,b, Ax, and Ay, with (¢€),&))—(0,0) as 
(Ax, Ay) — (0, 0). We can view the change Az taking place in two stages: 
e Az, = f(a + Ax,b) — f(a, b) is the change in z as (x, y) moves from P} to Q. 
e Az = f(a + Ax,b + Ay) — f(a + Ax, b) is the change in z as (x, y) moves from 

Q to P. 


Applying the Mean Value Theorem to the first variable and noting that f is differentiable 
with respect to x, we have 


Azı = f(a + Ax, b) — f(a, b) = f(c, b) Ax, 


where c lies in the interval (a,a + Ax). Similarly, applying the Mean Value Theorem to 
the second variable and noting that f is differentiable with respect to y, we have 


Az, = f(a + Ax,b + Ay) — fla + Ax, b) = f(a + Ax, d) Ay, 
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where d lies in the interval (b, b + Ay). We now express Az as the sum of Az, and Az): 


Az = Az + Az 
[6.0 Ax +a + xd) Ay 
= (f(c, b) — f(a, b) + fr (a, b)) Ax Add and subtract f, (a, b). 


———— Aaa 
€] 


+ (f, (a + Ax, d) — f, (a,b) + f,(a,b))Ay Add and subtract f, (a, b). 
a 


= (f (a,b) + e1)Ax + (f (a,b) es) Ay. 


Note that as Ax > 0 and Ay —> 0, we have c —> a and d — b. Because f, and f, are con- 
tinuous at (a, b) it follows that as Ax > 0 and Ay > 0 


sr = fle,b) = fab) =>0 and e =f,(a + Ax,d) = abn. 
Therefore, the condition for differentiability of f at (a, b) has been proved. < 


THEOREM 13.7 Chain Rule (One Independent Variable) 
Let z = f(x, y) be a differentiable function of x and y on its domain, where x and 
y are differentiable functions of t on an interval J. Then 


dz _ ofdx _ of dy 
dt oxdt dy dt 





Proof: Assume (a,b) = (x(t), y(t)) is in the domain of f, where t is in J. Let Ax = 
x(t + At) — x(t) and Ay = y(t + At) — y(t). Because f is differentiable at (a, b), we 
know (Section 13.4) that 

of 


of 
Az = ay (eB) Ax + ay 6 PIAY + Ax + e Ay, 


where (€), €2) — (0, 0) as (Ax, Ay) — (0, 0). Dividing this equation by At gives 


Az _ of Ax , af Ay | Ax, Ay 
At ax At At lAa PAF 


As At— 0, several things occur. First, because x = g(t) and y = h(t) are differentiable 


on J, = and = approach a and 2. respectively. Similarly, = approaches = as 
At— 0. The fact that x and y are continuous on J (because they are differentiable 
there) means that Ax > 0 and Ay > 0 as At— 0. Therefore, because (£4, €2) — (0, 0) 
as (Ax, Ay) > (0,0), it follows that (¢),&.) > (0,0) as At—0. Letting At—0, 
we have 


Az of Ax of y Ax y 
= — jim — + — lm —— + lim s,— + lim s, — 
Aro At  ðxAro At  ðyAro At Aaro At Aro At 


dt dt dt dt dt 


or 


d ð of d 
dt x dt ðy dt 





FIGURE B.3 
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THEOREM 13.14 Second Derivative Test 

Suppose that the second partial derivatives of f are continuous throughout 
an open disk centered at the point (a, b) where f(a, b) = f,(a,b) = 0. Let 
Dixy) = fol ¥) fy ¥) — Posy)’. 


1. If D(a, b) > Oand f(a, b) < 0, then f has a local maximum value at (a, b). 


2. If D(a, b) > Oand f(a, b) > 0, then f has a local minimum value at (a, b). 
3. If D(a, b) < 0, then f has a saddle point at (a, b). 


4. If D(a, b) = 0, then the test is inconclusive. 





Proof: The proof relies on a two-variable version of Taylor’s Theorem, which we prove 
first. Figure B.3 shows the open disk R on which the conditions of the theorem are satis- 
fied; it contains the points Po(a, b) and P(a + Ax,b + Ay). The line € through Pp P has 
a parametric description 


(x(t), y(t) ) = (a + tAx,b + tAy), 


where t = 0 corresponds to Py and t = 1 corresponds to P. 
We now let F(t) = f(a + tAx, b + tAy) be the value of f along that part of € that 
lies in R. By the Chain Rule we have 
F'(t) =f,.x'(t) + fy'(t) =f, Ax + fy Ay. 


— y AM 


Ax Ay 


Differentiating again with respect to t (f, and f, are differentiable), we use fiy = fp to obtain 





OF' OF’ 
FM) = x(t) + ye) 
Ax Ay 
A d 
= oy Ue Ax + fy Ay) Aa + 5 (Ax + f Ay)Ay 


= f Ax? + 2 ig AAY F Jy Ay’. 


Noting that F meets the conditions of Taylor’s Theorem for one variable with n = 1, we write 
F(t) = F(0) + F'(0)(t = 0) + SF"c)(t = 0), 
where c is between 0 and ¢. Setting t = 1, it follows that 
F(1) = F(O) + F'(0) + 5F"e), (1) 


where 0 < c < 1. Recalling that F(t) = f(a + tAx, b + tAy) and invoking the condi- 
tion f,(a,b) = f(a, b) = 0, we have 
F(1) = f(a + Ax, b + Ay) 
= f(a, b) + f(a, b)Ax + f(a, b) Ay 
_ 
F'(0) =0 


sewn Wo Ax? + 2 AAV F J Ay’) 


W]e 





(a+cAx, b+cAy) 


1 
= f(a,b) + 5 Sex Ax? + 2) pA yy Ay’) 





(a+cAx, b+cAy) 


H(c) 


= f(a,b) + = H(c). 
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The existence and type of extreme point at (a,b) is determined by the sign of 
f(a + Ax,b + Ay) — f(a,b) (for example, if f(a + Ax,b + Ay) — f(a,b) = 0 
for all Ax and Ay near 0, then f has a local minimum at (a,b)). Note that 
f(a + Ax,b + Ay) — f(a, b) has the same sign as the quantity we have denoted H(c). 
Assuming H(0) # 0, for Ax and Ay sufficiently small and nonzero, the sign of H(c) is 
the same as the sign of 


H(0) = f(a, b)Ax? + 2f,(a,b)AxAy + f(a, b) Ay” 


(because the second partial derivatives are continuous at (a, b) and (a + cAx, b + cAy) 
can be made arbitrarily close to (a, b)). Multiplying both sides of the previous expression 
by f and rearranging terms leads to 


fax H(O) = fy Ax? + 2 fiy foe AxAy + fy for Ay? 
= (feaAx + fydy)? + (foshy — fy) Ay’, 


Se 
=0 


where all derivatives are evaluated at (a,b). Recall that the signs of H(0) and 
f(a + Ax,b + Ay) — f(a, b) are the same. Letting D(a, b) = (ffy — fo lla, b) We 
reach the following conclusions: 


e If D(a, b) > Oand fla, b) < 0, then H(0) < 0 (for Ax and Ay sufficiently close 
to 0)and f(a + Ax,b + Ay) — f(a, b) < 0. Therefore, f has a local maximum value 
at (a, b). 

° If D(a, b) > Oand f(a, b) > 0, then H(0) > 0 (for Ax and Ay sufficiently close to 
0) and f(a + Ax,b + Ay) — f(a,b) > 0. Therefore, f has a local minimum value 
at (a, b). 

e If D(a, b) < 0, then H(0) > 0 for some small nonzero values of Ax and Ay (imply- 
ing f(a + Ax,b + Ay) > f(a, b)), and H(0) < 0 for other small nonzero values 
of Ax and Ay (implying f(a + Ax,b + Ay) < f(a, b)). (The relative sizes of 
Jar Tia Ay)? and das“ ice Ay?’ can be adjusted by varying Ax and Ay.) 
Therefore, f has a saddle point at (a, b). 

e If D(a, b) = 0, then H(0) may be zero, in which case the sign of H(c) cannot be 
determined. Therefore, the test is inconclusive. < 


Answers 


CHAPTER 1 69. a. 
Section 1.1 Exercises, pp. 9-12 


b. Mec = —2 cm? /atmo- 
sphere; the volume de- 
creases at an average rate of 
2 cm? /atmosphere over the 
interval 0.5 S p S 2. 


1. A function is a rule that assigns to each value of the independent 
variable in the domain a unique value of the dependent variable in the 
range. 3. A graph is that of a function provided no vertical line inter- 
sects the graph at more than one point. 5. The first statement is true 
of a function, by definition. 7. 2;—2 


9. f(—x) = f(x) 





71. y-axis 73. Nosymmetry 75. x-axis, y-axis, origin 77. Origin 
79. Ais even, B is odd, C is even 81. a. True b. False c. True 
d. False e. False f. True g. True h. False i. True. 

x 83. 


11. B 13. D = R,R = |-10,%) 15. D = |-2,2], R = [0,2] 
17. D= R,R =R 19. D = [-3,3];R = [0,27] 21. The inde- 
pendent variable is t; the dependent variable is d. D = [0,8] 

23. The independent variable is h; the dependent variable is V. 

D = [0, 1i 25. 96 27. 1/z? 29. 1/(y? — 3) 31. (u? — 4) 
33. Ter 35. x 37. g(x) = x? — 5; f(x) = x; D = R 

39. g(x) = xt + 2, f(x) = Vx% D = R 

41. (fog)(x) = |x? — 4|; D = R 


43. (fe 0)G) = p 









85. f(x) = 3x- 2 87. f(x) =x? -6 





: DS {exe 2} 











J 1 1 

89, — —____ 

45. (Gogef\x) = a: D = {xx # V6,-V6} ane Vx + Va 3 

ao es 

91. ————— 

47. x* — 8x7 + 12 49. f(x) =x-3 51. f(x) =x? Valx + h) + xVx + h xVa + avx 

53. f(x) =x? 55.a.4 bo 1 «3 de 3 e7 f8 93. a. [0,3 + V14] 

57, 2x thxta 59. — 2 = 2 b. 20 At time f = 3, the maximum 

Mx eR) ax i hi) = —162 + 96+ 99 eight is 224 ft. 
l 1 200 


61. 





(x th+1)(x +1)’ (a+ I(x +1) 
63. 3x* + 3xh + hk? —2:x% + ax +a? -2 
4(2x + h) 4(x + a) 
65. 2? 2.9 
sath ag 
67. a. d 
400 95. None 97. Symmetry about the origin 99. y-axis 101. y-axis 


103.a.4 b.l & 3 d-2 e —1I f7 





Section 1.2 Exercises, pp. 21-26 


1. A formula, a graph, a table, words 3. Set of all real numbers except 
points at which the denominator is zero 
5: 





b. Mc = 112 ft/s; the object falls at an average rate of 112 ft/s. 


A-1 





A-2 ANSWERS 


7. Shift the graph to the left 2 units. 9. Compress the graph 
horizontally by a factor of 3. 11. y = — 3x = 1 
13. y= 2x + 1 








400 500 P 
17. p(t) = 24t + 500; 860 


19. y= x +3 ifx <0 
ea -ix +3 ifx = 0 


0.05t if0 =f = 60 
1:22- O03? 160 < f= 120 


y 


21. c(t) = 





29. a. y 


b. Polynomial function; D = R 

c. One peak near x = 0; one valley near x = 4/3; x-intercept approx 
(—1.34, 0), y-intercept (0, 6) 

31. a. y 





b. Absolute value of a rational function; D = {x:x # —3} 

c. Undefined at x = —3; a valley near x = —5.2; x-intercepts (and 
valleys) atx = —2 and x = 2; a peak near x = —0.8; y-intercept (0, $) 
33. a. 





b. D = (—~,%). e. One peak at x = 5. 
35. s(x) = 2 
1 tx=0 
ae i, ifx>0 
39. a. 12 b. 36 c. A(x) = 6x 4l. a. 12 b. 21 
bii Hose 3 
c. A(x) = , 
20-90. ra 
43. f(x) = |x — 2| + 3;g(x) = -|x + 2] - 1 
45. a. Shift 3 units to the right. 





ANSWERS 


b. Compress horizontally by a factor of 2, then shift 2 units to the right. 
y 





63. y = 3200/x; D = (0,5] 


y, miles 












c. Shift to the right 2 units, vertical scaling and flip by a factor of 3, oe 


shift up 4 units. 4800 


3200 


1600 


x, dollars 


65. y = |x] 





d. Horizontal scaling by a factor of i, horizontal shift right 2 units, 
vertical scaling by a factor of 6, vertical shift up 1 unit 





47. Shift the graph of y = x? right 2 units and up 1 unit. 





49. Stretch the graph of y = x? vertically by a factor of 3 and reflect 
across the x-axis. 51. Shift the graph of y = x? left 3 units and 71. a. R 
stretch vertically by a factor of 2. 53. Shift the graph of y = x? to l 
the left 1 unit, stretch vertically by a factor of 4, reflect through the 

x-axis, and then shift up 13 units to obtain the graph of h. 

55. a. True b. False c. True d. False 57. (0,0) and (4, 16) 


—10 10 0 


A-3 


A-4 ANSWERS 


b. 0 = 0; vision is sharpest when we look straight ahead. 5. 
c. |0| = 0.19° (less than Ł of a degree). 

73. a. p(t) = 328.3t + 1875 b. 4830 

75. a. f(m) = 350m + 1200 b. Buy 





TeS? 
7. The expression log; x represents the power to which b must be 
raised to obtain x. 9. D = (0, œ); R = R 
11. (—~%,—1],|—1,1], [1, œ) 
13. 
79. a. S(x) = x? + — b. ~6.30ft 





15. (—~, ©) 17. (—%,5)U(5,%) 19. (—œ,0), (0, %) 
21. a. f(x) = ix 23. a. f M(x) = (6 — x)/4 
25. aJ o= (x — 5)/3 27. a. f(x) = x? -2,x 20 


29. a. fi(x) = V1 —-x7) 0sx=1 








‘Ln |ifets{4{sio] 7s} 9 | io 





b. D = {n: nisa positive integer} c. 14 





y= fo) 


Section 1.3 Exercises, pp. 35-38 


1. D= R;R = {y:y>0} 3. Ifa function f is not one-to-one, 35. f'(x) = Vx- 4,x=4 
there are domain values, x, and x5, such that x, # x but 

F(x) = f(x). If f ' exists, by definition f-'(f(x,)) = xı 

and f '(f(x))) = x so that f! assigns two different range values 
to the single domain value of f(x; ). 








47. —0.2 49. 1.19 51. —0.096 


41. 1000 43.2 45. 1/e 
53. In21/In7 55. In5/(3In3) + 5/3 57. 451 years 

59, In 15/In2 = 3.9069 61. In40/In4 = 2.6610 63. e*™? 
65. logs |x|/log;e 67. e 69. a. False b. False c. False 


d. True e. False f. False g. True 
71. Ais y = log, x. Bis y = log x. Cis y = logjoXx. 
73. ? 


y = log, ra 









y = log, x +1 
y = log, x 


y= log, (x— 1) 


75. f (x) = Vx -1,D=R 
77. fii(x) = V2/x — 2, D, = (0,1); fo'(x) = -V2/x — 2, 








p(t + 12) 
D, = (0,1] 79. b. ———— = 2 cœ. 38,400 d. 19.0 hr 
p(t) 
64 —h 
e.72.7hr 81. a. No b. f '(h) =2—- ie 
64 —h 
c. f !(h)=2 + 16 dr 0.5423s e. 3.8371 s 


83. Let y = log, x. Then b” = x and (1/bY = 1/x. Hence, 
y = —logı; x. Thus, log, ;,x = —y = —log; x. 


87. a. f is one-to-one 


on the intervals 
(= -1/-V2], [-1/V2, 0], 
[0, 1/V2], [1/ V2, œ) 





1 £ vV4y+ 1 
b. x = -a oa 


Section 1.4 Exercises, pp. 47-51 


1. sin = opp/hyp; cos 0 = adj/hyp; tan 0 = opp/adj; 
cot = adj/opp; sec 0 = hyp/adj; csc 0 = hyp/opp 


ANSWERS A-5 


atx = 7/2andx =—a/2 15.—-5 17.1 
21. 1/V3 23. 1 25. —1 27. Undefined 
1 1 
29. sec 0 = am = 
x x/r cos? 

cos’ 0 + sin? @ = 1 by cos’ 0 gives 1 + tan? 0 = sec? 0. 
33. If œ and B are complementary angles, then cos a = sin 6. Thus 
1/(cosa) = 1/(sin B). Letting a = 7/2 — 0 
V24+ V3 V6+ V2 
eS Gee 

2 4 


19. —1/ V3 





31. Dividing both sides of 


and B = 0,sec (7/2 — 0) = csc 0. 35. 
37. m/4 + nT,n = 0, +1, +2,... 

39. a /6, 57/6, 77/6, 1117/6 

41. 7/4 + 2n7, 37/4 + 2nz,n = 0, +1, £2,... 

43. 1/12, 5m/12, 37/4, 1307/12, 170/12, 77/4 

45. 0,7 /2,7,37/2 47. 7/2 49. 7/4 51. 7/3 53. 27/3 


V4 — 2 
Sj 67. Vier E 61. avi cy 


63. cos 'x + cos! (—x) = 0 + (m —- 0) =r 





65. The functions are equal. 67. 7/3 69. 7/3 71. 7/4 


l a7 2 
ama Tl 1J 79. Vx 16 


i až = (Ee) oe) 
6 36 — x? 36 — x? 

83. a. False b. False ce. False d. False e. True f. False 

g. True h. False 85. sin0 = 3 tan 0 = 2. sec 0 = B, 


= b; s 
csc 0 = 75; coth = 5 


73. m/2 -2 75. 





87. sin 0 = =; cos 0 = >; tan 0 = 2. 
sec 9 = 22, cot = — 89. Amp = 3; period = 6r 

91. Amp = 3.6; period = 48 93. Stretch the graph of y = cos x 
horizontally by a factor of 3; stretch vertically by a factor of 2; and 


reflect through the x-axis. 





95. Stretch the graph of y = cos x horizontally by a factor of 24/7; 
then stretch it vertically by a factor of 3.6 and shift it up 2 units. 


3. The radian measure of an angle 0 is the length of an arc s on the unit 
circle associated with 9. 5. sin’? @ + cos*@ = 1,1 + cot? 6 = csc? 0, 
tan?6 + 1 = sec?0 7. {x:xisanodd multiple of 7/2} 9. Sine is 
not one-to-one on its domain. 11. Yes;no 13. Vertical asymptotes 





A-6 ANSWERS 


97. y = 3 sin (mx/12 — 37/4) + 13 99. About 6 ft 
101. d(t) = 10 cos (4mt/3) 103. Va? —h? +k 


TT 
105. s(t) = 117.5 — 87.5 sin ( —— (t — 95 
s(t) sin Í ) 


S(t) = 844.5 + 87.5 si ( T t- 67) ) 
: .> SIN 182.5 





y = SX) = s4) 





0 50 100 150 200 250 300 350 f 


107. Area of circle is mr?; 6/(27) represents the proportion of area 
swept out by a central angle 0. Thus, the area of such a sector is 


(0/2)ar* = r70/2. 


Chapter 1 Review Exercises, pp. 51-53 


1. a. True b. False c. False d. True e. False 
f. False g. True 
3. a. 





0 





5. f(x) = l n 











Q, D; = R, R; = R; D, = [0, ©), R = [0, ~) 
11. B = = +212 

500 
13. a. 








ifx = 0 
ifx <0 Cc. 







y = =/(3%) 


y = f(2@ — 3)) 


15. a. 1 b Vx? c sim Vx a R e. [-1,1] 
17. 2x +h—2:x+a—2 19. 3x? + 3xh + h”; x? + ax + a? 
21. a. y-axis b. y-axis c. x-axis, y-axis, origin 23. x = 2; base 
does not matter 25. (—~,0], [0,2], and [2, œ) 
27. f(x) =2+Vx-1 

y 





29. a. 37/4 b. 144° 
Tt 
b. f(t) = 5s — 
f(t) sin (=) 


c. 407/3 31. a. f(t) = 


t 
—2 cos (=) 
3 


+15 3.a F bE c&eDd B 


eC f A 35. (7m/6,—1/2);,(11rm/6,—1/2) 37. 7/6 

39. —7/2 41. x 43. cos0 = a tan 0 = 2, cot = — 23 
V4 = x? ) 

sec 0 = #;csc0 = 45. -= 47. m/2—0 49. 0 

51. 1 — 2x? 

CHAPTER 2 

Section 2.1 Exercises, pp. 59-60 

SD) — a Dy) = Fla 
1. ese) i fy) 5. The instantaneous velocity at 
= =d 


25. 


= ais the slope of the line tangent to the position curve at t = a. 
7.20 9. a. 48 b. 64 c. 80 d. 16(6— h) 11. a. 36 b. 44 
c. 52 d. 60 13. Mme = 60; the slope is the average velocity of the 
object over the interval | 0.5, 2]. 

2 


15. 


Average velocity 
ma fo o 








17. 
19. 


21. 


S 
136 
27. 
46 
0.5 t 


47.84, 47.984, 47.9984; instantaneous velocity appears to be 48. 





Time interval 


[0, 1] 





Average velocity 


| | 


[0, 0.001 | 80.000 


Slope of secant line 
nal [8 








Slope of secant line 


Interval 


[0, 1] 








A-8 ANSWERS 


b. (2,—1) 15. From the graph and table, the limit appears to be 0. 


0.0021715 | 0.00014476 | 0.000010857 | —0.000010857 | —0.00014476 | —0.0021715 


17. From the graph and table, the limit appears to be 2. 





y 





2 






a. y b. 


31. 


=1 0 1 2 x 
1.993342 1.999933 | 1.999999 | 1.999999 | 1.999933 | 1.993342 





2 4 6 8 10 t 
Slope of secant line 
as] | 8 





19. lim, f(x) = 10; lim f(x) = 10; lim f(x) = 10 
xX? x7 Bae 
4, 4.1] 21.a 0 b. 1 c. 0 d. Doesnotexist; lim f(x) # lim, f(x) 
i=? X=? 


23.a.3 b.2 «2 d.2 e2 £.4 g. 1 h. Doesnotexist. 
oe sarees 


The value alternates 
between 1 and —1. 





- 25. a. 
[4, 4.0001 | —0.0016 


d.0=r<4 e4<t=9 33. 0.6366, 0.9589, 0.9996, 1 


Section 2.2 Exercises, pp. 65-69 


1. As x approaches a from either side, the values of f(x) approach L. 
3. As x approaches a from the right, the values of f(x) approach L. 
5. L=M. 7.a. 5 b. 3 c. Doesnotexist d. 1 e. 2 

9a. —1 b.l «22 d. 2 


11. a. b. 4 b. The function alternates between 1 and —1 infinitely many 





times on the interval (0, h) no matter how small h > 0 becomes. 
c. lim sin (1/x) does not exist. 27. a. False b. False c. False 


1.999 3.999 2.001 4.001 
1.9999 | 3.9999 | 2.0001 | 4.0001 


13. a. . 6 
Cso | 5983257 6.016621 





5.998333 6.001666 
8.999 | 5.999833 | 9.001 | 6.000167 





ANSWERS A-9 


31. Approximately 403.4 33. 1 35. a. —2,—1,1,2 b. 2,2,2 


c. lim |x| =a -— land lim |x] = a, if ais an integer 55. a. Because 





1 
sin L < 1 forall x ¥ 0, we have that 
X 





X—7a X?7a 
d. lim |x| = |a] and lim |x| = | a], if ais not an integer 1 

t—a_ xa" |x| sin >| = |x|. 
e. lim|x| = |a] provided a is not an integer. 37. 0 39. 16 A 


b. $0.95 That is, 


forall x Æ 0. 
b. 








1 1 
xsin < |x|, so that —|x| = xsin— S |x| 
x x 





y = |x 


Saa 
y x 





c. lim, f(w) is the cost of a letter that weighs just over 1 oz; lim f(w) 
x—> pn 


is the cost of a letter that weighs just under 1 oz. d. No; y = —|xl 
lim, f(w) # lim f(w) 43.a. 8 b.5 45.a. 2:34 b.p 
K> y> 








47. 2 c. lim —|x| = 0 and lim |x| = 0; by part (a) and the Squeeze 

q = 

l 4 

Section 2.3 Exercises, pp. 77-80 queer, ne = a 
1. lim f(x) = f(a) 3. Those values of a for which the denominator 57. a 

xa 
| = ed 
is not zero. 5. eg A 7.20 9.4 

y= 

11.5 13. —45 15. 4 17. 32; Constant Multiple Law 19. 5; 
Difference Law 21. 12; Quotient and Product Laws 23. 32; Power 
Law 25.8 27.3 29.3 31.-5 33.a.2 b. 0 œe. Does not 
exist 35. a. 0 b. Vx — 21s not defined for x < 2. . sinx 
37. lim |x| = lim (—x) = 0 and lim, | = lim x=0 39 2 b. a -~ 1 59. a. False b. False c. False d. False 

o T o TE e. False 61.8 63.5 65.10 67.—3 69. a= —13; 
M T E a E E R a Pi, 8 lim g(x) =6 71.6 73. 5a* 75.5 77.2 79. —S4 

= Meca 

53. a. b. 





5 
x 81. f(x) =x — 1, g(x) 24 83. b = 2 and c = —8; yes 
ma 
85. im, r(S) = 0; the radius of the cylinder approaches 0 as the 
surface area of the cylinder approaches 0. 87. 0.0435 N/C 89. 6; 4 


Section 2.4 Exercises, pp. 86-89 


1. lim, f(x) = —% means that as x approaches a from the right, the 
xa 


values of f(x) are negative and become arbitrarily large in magnitude. 
3. A vertical line x = a that the graph of a function approaches as x 
approachesa 5. ~œ 72% 9 aœ bo co d. œ% 

e. —œ f. Does notexist 11. a. —œ b. —%œ e —œ d. œ% 
e. —œ f. Does not exist 13. a. œ b. —œ e. —œ d. © 

15. 








A-10 ANSWERS 


17. a. © b. —© œe. Does not exist 19. a. —œ b. —œ 

c. -œ 21. a. © b. —© e. Does notexist 23. —5 25, œ 
27.a.-© b.-% e. —œ 29.a. 1/10 b. -% œe. ©;vertical 
asymptote: x = —5 31. x= 3; dim, f(x) = 7%; lim f(x) = œ; 


lim f(x) does not exist. 33. x = 0 and x = 2; lim, f(x) = œ; 
x— Xx? 

lim f(x) = —~; lim f(x) does not exist; lim, f(x) = ~; 
x0" x—0 x—>2* 

lim f(x) = ™; lim f(x) = © 35. © 37.—œ 39, a. —% 
x7 x7 


b. © e. ~œ, d. © 41. a. False b. True c. False 





43. fix) = 45.x=0 47. x =—1 49. 6 = 10k + 5, 
we 
for any integerk 51. x =O 53. a.a=4ora=3 b. Either 41. lim f(x) = 3; lim f(x) = —2; y = 3;y = —2 
1 x— 0 x——00 
a>4ora<3 e3<a<4 55. a. —-=, regardless of the sign 1 1 
Wh 43. = 


1 l 
ofh b. ae T =o pa Fa = — œ; the tangent line 45. lim (—3e *) = 0; im (—3e*) = — œ 


at (0, 0) is vertical. 


Section 2.5 Exercises, pp. 98—100 


1. The values of f(x) approaches 10 as x increases without bound 
negatively. 3.0 5. lim f(x) =—®; lim f(x) = œ% 7. ~;0;0 
x2 oo xe 

93 11.0 13.0 15. © 17.0 19. © 21. —0 23. 0 
25. lim f(x) = lim f(x) =Hy =$ 
x— 00 x—— 00 
27. lim f(x) = 2; lim f(x) = 2;y = 2 
x— 00 xX—>—00 
29. lim f(x) = lim f(x) =0;y =0 
x0 (a) x—>— 00 @) 47. lim (1 — Inx) =—; lim (1 — lnx) = ~ 
31. lim f(x) = lim f(x) =0;y = 0 33. lim f(x) = ~; oe x0 
x— > 0 xXx—>— 0 xXx— >00 


lim f(x) =—®;none 35.a. y=x—6 b. x=-—6 
xX—>—00 








49. lim sin x does not exist; lim sin x does not exist 


x7 0 x—— 0 





51. a. False b. False c. True 
53. a. lim f(x) = 2; lim f(x) = 2;y = 2 
x7 oo xXx—>— 0 
b. x = 0; lim, f(x) = œ; lim f(x) =—~ 
x—0* x0 
55. a. lim f(x) = 3; lim f(x) = 3;y = 3 
x7 0 xXx—>— 0 





39. a. y = 4x + 4 b. No vertical asymptotes 


b. x =—3andx = 4; lim f(x) = œ; lim. f(x) = 
x-3 x——3* 


lim f(x) =—™; lim f(x) = œ 
x4 x—>4* 


IO) BIOS EV T g vV 


57. a. lim f(x) = 1; lim f(x) = 1;y=1 
x— 00 x—>—00 
b. x = 0; lim, f(x) = œ; lim f(x) =- 
x07 x—0- 
59. a. lim f(x) = 1; lim f(x) = —-l;sy = landy = -1 
x— 00 x—>—00 


b. No vertical asymptotes 61. a. lim f(x) = 0; lim f(x) = 0; 
x— 00 xX—>—00 


y= 0 b. No vertical asymptotes 63. a. _ b. 2 
65. a. lim sinhx = œ; lim sinhx = — æ 
x— 0 x—>—o 


b. sinh 0 = 0 y 





67. 





69. x = 0 is a vertical asymptote; y = 2 is a horizontal asymptote 
71. 3500 73. No steady state 75. 2 77. 1 79. 0 
81. a. No. f has a horizontal asymptote if m = n and it has a slant 
asymptote ifm = n + 1. b. Yes; f(x) = x4/Vx° + 1. 
83. lim f(x) = 0; lim f(x) = ~;y = 0 

xo x—>—0 








Section 2.6 Exercises, pp. 109-112 


1. a,c 3. A function is continuous on an interval if it is 
continuous at each point of the interval. If the interval con- 
tains endpoints, then the function must be continuous 
there. 5. a. lim f(x) = f(a) 

Xa 


b. lim, f(x) = f(a) 7. (ees 0}. ee sO} 9. a= 2. 


item 3; a = 3, item 2; a = lLitem1 11. a = 1, item 1; 
a = 2,item2;a = 3,item1 13. Yes; lim f(x) = f(5) 
xz 


15. No; f(1) is undefined. 17. No; lim f(x) = 2 but f(1) = 3 
>? 
19. No; f(4) is undefined. 21. (~œ, ~) 


ANSWERS A-11 
23. (—%,=3), (73, 3), (3, %)_ 25. (~~, =2), (2, 2), (2, 2 o 
29.16 31. (0, 1), (1, 2), (2, 3], (3,4] 33. [0, 1), (1,2), [2, 3), (3, 5] 
35. a. lim f(x) does not exist. b. From the right 


X 
c. (—%,1),[1, œ) 37. (—~,-2V2]; [2V2,0) 39. (—%, œ) 
41. (~%,%) 43.3 45.4 
47. (nm, (n + 1)7r), where n is an integer; V2,— œ 


NT n 
49. | — (>+ 
(FG 


51. (—%,0), (0, oo); co: — Oo 


Z). where n is an odd integer; ©, V3 — 2 


53. a. A is continuous on |0, 0.08] and 7000 is between A(0) = 5000 


and A(0.08) = 11,098.20. So, by the Intermediate Value Theorem, 
there is at least one c in (0, 0.08) such that A (c) = 7000. 
c =~ 0.034 or 3.4% 





0 0.02 0.04 0.06 0.08 0.10 x 


55. b. x = 0.835 57. De x =~ —0.285; x =~ 0.778: x =~ 4.507 
59. b. —0.567 

61. a. True b. True c. False d. True 63. (—~, ~) 

65. [0, 16), (16,%) 67.1 69.2 71. —+ 73. 0 75. — æ 
77. The vertical line segments should not appear. 





8l. a. 2 b. 8 c. No; lim g(x) = 2 and lim, g(x) = 8 
x—> x—> 
83. lim f(x) = 6, lim f(x) = 10, and lim f(x) = 2; no vertical 
x= x2 & x7 0 


asymptotes; and y = 2 and y = 10 are the horizontal asymptotes. 
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85. c) = 730) = $;c3 = = 87. a. A(r) is continuous on 

[0.01, 0.10] and A(0.01) = 2615.55, while A(0.10) = 3984.36. Thus, 
A(0.01) < 3500 < A(0.10). So, by the Intermediate Value Theorem, 
there exists c in (0.01, 0.10) such that A(c) = 3500. Therefore, c is the 
desired interest rate. b. r ~ 7.28% 89. Yes. Imagine there is a clone 
of the monk who walks down the path at the same time the monk walks 
up the path. The monk and his clone must cross paths with his clone at 
some time between dawn and dusk. 91. No; f cannot be made continu- 
ous at x = a by redefining f(a). 93. lim f(x) = —3; define f(2) to 
be—3. 95. a. Yes b. No 97. a = Uremovable discontinuity; 

a = | infinite discontinuity. 


Section 2.7 Exercises, pp. 121-124 


1.1 3. c 5. Given any € > 0, there exists ad > O such that 

| f(x) — L| < s whenever 0 < |x —al <6. 7.0<6<2 

9a 5=1 b. ô=} 11.a. b. ô=} 13.a. ô= 1 

b. 8 = 0.79 15.a.5=1 b. ô=} e =e 17.a. ô= 1 

b. ô = 1/2 e S=e/2 1.5=6/8 21. 8=8£ 23. 8= Ve 
27. a. Useany ô > 0 b. 6 =e 29. 8=1/VN 

31. ô= 1/VN — 1 33. a. False b. False c. True d. True 

35. 5 = min{1,6e} 37. 6 = min{1/20,¢e/200} 39. For 





x>a,|x-—al=x-—a 41.a,5=e/2 b. ô= 28/3 
c. Since lim f(x) = lim f(x) = —4, lim f(x) = —4. 
x>0" x>0 x—>0 
43. 5 = £? 45. a. For each N > 0, there is a corresponding 5 > 0 


such that f(x) > N whenevera < x < a + ô. b. For each N < 0, 
there is a corresponding 6 > 0 such that f(x) < N whenever 
a-6<x<a. c. ForeachN > 0, there is a corresponding 6 > 0 
such that f(x) > Nwhenevera — ô <x <a. 47.6 =1/N 
49.6 =(-1/M)'* 51.N=1/e 53. N=M-1 


Chapter 2 Review Exercises, pp. 124-126 


1. a. False b. False ce. False d. True e. False f. False 


g. False h. True 3. x = —1; lim f(x) does not exist; x = 1; 
Cae ae 

lim f(x) # f(1); x = 3;f(3) is undefined. 5. a. 1.414 b. V2 

X=? 

7. 





9, V11 11.2 13.4 15. —-y% 17. 108 19 yg 21. 0 

















b. lim cosx = lim = lim : 
x—0 x0 x x—0 COS xX 
-sinx 
1 <s lim = 1; 
x0 X 
-Sinx 
lim = 
x>0 xX 


25. —% 27. © 29,-c0 31.4 33. ~ 

35. 3m/2 +2 37. lim f(x) = —4; lim f(x) = —4 

39. lim f(x) = 1; i To = — 0 A escent asymptotes at 
y ae and y = ay, a vertical asymptote atx = 0 43. a. œ%;— œ 


5 
b. y = i F g” the slant asymptote. 45. a. —~; œ% 


4 
b. y = —x — 2 is the slant asymptote. 47. No; f(5) does not exist. 
49. Yes; lim h(x) = h(3.01) 51. (-2%,—-V5] and 
Ne 
[V5, oo); left-continuous at — V5 and right-continuous at V5 
53. (—»,—5), (-5, 0), (0,5), and (5, %) 55.a=3,b=0 
57: 





59. a. m(0) < 30 < m(5) and m(5) > 30 > m(15). b. m = 30 
when t ~ 2.4andt = 10.8. ce. No; the maximum amount is 


approximately m(5.5) ~ 38.5. 61.5=« 63.5 =1/WN. 


CHAPTER 3 
Section 3.1 Exercises, pp. 137-141 


1. Given the point (a, f(a) ) and any point (x, f(x)) near (a, f(a)), 
f(x) — fla) 
a — a 

limit of this quotient as x approaches a is the slope of the tangent line 
at the point. 3. The average rate of change over the interval | a, x] is 
f(x) = f(a) f(x) — fla) 

x= pe 
line; it is also the limit of average rates of change, which is the instan- 
taneous rate of change atx = a. 5. f'(a) is the slope of the tangent 





the slope of the secant line joining these points is . The 


. The limit lim 
xa 


is the slope of the tangent 


d 
line at (a, f(a) ) or the instantaneous rate of change of f ata. 7. is 
x 


A 
the limit of r and is the rate of change of y with respect to x. 9. No. 
x 


ll. a6 by=6x- 14 c y 
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13.a.-5 by=—Sx4+1 47. 
C. y 





49. a-D; b-C; c-B; d-A 51. 





53.a. xx= 1 b. x=1,x=2 e 


= 
be 











17.a.2 by=2x+1 19% a.4 b. y= 4x - 8 
21. a. 3 by=3x-2 2.a.4 by=Axrt+s 
25. a. $ b. y=fx+i 27. a. f'(-3) =8 b. y= 8x 
29. a. f'(—2) =-14 b. y=-14x- 16 31. a. f'(4) =-—4 
1 1 
b y==4 t3 Ba bhy Sat 3 35. a. -——— 
i i a 3 ye ae 3 a 100 55. a. True b. False c. True d. True 
x 3 3 
b y=- t 37. a. f'(x) = 6x +2 b. y = 8x — 13 57. a. f'(x) = b. y = 3x/10 + 13/5 
og a Varn = eae T / 
c. =0 
59. a. f'(x) = —— b y = -3x/2 -— 5/2 
61. a. C,D b. A,B,E ec. A,B,E,D,C 
63. Yes. 
39. a. f'(x) = 10x —6 b. y= 14x- 19 
c. y 
M 65. a. Approximately 10 kW; approximately -5 kWŴ b. t = 6 
andt= 18 ce. t= 12 67. b. f/(2) = 1,f{(2) =—-1 efis 


continuous but not differentiable at x = 2. 
69. a. Vertical tangent line x = 2 


41. a. 2ax+b b. 8-3 dal 45,1 
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b. Vertical tangent line x = —1 
c. Vertical tangent line x = 4 
d. Vertical tangent line x = 0 





1 
71. f'(x) = zx? and lim |f'(x)| = lim, |f"(x)| = & 
3 x0" x0" 
1 
=—— a=2;-— 75. =a 022 
73. f(x) +1 2 5 5. f(x) =x"; a 3 


77. No; f is not continuous atx = 2. 79. a= 4 


Section 3.2 Exercises, pp. 148-151 


1. Using the definition can be tedious. 3. f(x) = e* 5. Take the 
product of the constant and the derivative of the function. 7. 5x4 

9. 0 11. 1 13. 15x? 15. 8 17. 200¢ 19. 12x° + 7 

21. 40x? — 32 23. 6w° + 6w + 10 25. 18x* + 6x + 4 

27. 4x? + 4x 29. 2w forw #0 31.1 forx #1 


1 
33. — forx ~a 35.a y= -6x+5 
2Vx 


b. 





37. a. y = 3x +3 —31n3 b. 





Xx 


39.a.x=3 be x=4 41. a. (-1,11),(2,-16) b. (—3,—41), 
(4,36) 43. a. (4,4) b. (16,0) 45. f'(x) = 20x? + 30x? + 3; 
f'"(x) = 60x? + 60x; f%)(x) = 120x + 60 

47. f'(x) = 1;f"(x) = fO(x) = 0 forx 4-1 

49. a. False b. True c. False d. False e. False 

SL. a. y=7x-1 by=-2x+5 e y= 16x +4 53. —-10 


55.4 57.7.5 59 a. f(x) = Vx,a=9 b. f'(9) = ; 


61. a. f(x) =x; a=1 b. f’'(1) = 100 63.3 65. 1 
67. f(x) =e; a= 0; f'(0) = 1 69. a. d'(t) = 32t; ft/s; 
the velocity of the stone. b. 576 ft; approx. 131 mi/hr 


dD 
71. a. Te = 0.10g + 35; mi/gal; the rate of change of mi driven per 
§ 


gal of gas consumed b. 35 mi/gal, 35.5 mi/gal, 36 mi/gal; the gas 
mileage improves when driving longer distances. €c. Approx. 427 mi 


Section 3.3 Exercises, pp. 158-160 


1. ATORO) = f'(x) g(x) + f(x) g'(x) 3. L ar) = nx"! 





foranyintegern 5. y’ = ke™ foranyrealnumberk 7. 36x% — 12x? 
9. e'tt(t+ 5) 11. 4x? 13. e”(w? + 3w? -— 1) 15. a.6x+ 1 
a 
17. a. 18y% — 52y? + 8y 19. ——— 21. 
Be Oe 1? (e+ TP 
—] e*(x? — 2x — 1) 


23. e *(1 = x) 25, G-1}? e = 


29. a. 2w forw #0 31.1 33. a. y = —3x/2 + 17/2 
b. 





35. a. y =3x+1 b. 





37. —27x7!° 39. 6t — 42/t 41. —3/ — 2/8? 43. e™(Tx + 1) 


45. 45e°™ 47. e *(1 — 3x) 49. že” — e™ 


ay y 
51. a. p'(t) = (2) b. p'(5) = 8.16 e t=0 


d. lim p’(t) = 0; the population approaches a steady state. 


to 





53. a. O'(t) = —1.386e °° b, —1.386 mg/hr; — 1.207 mg/hr 
c. lim Q(t) = 0—eventually none of the drug remains in the 


too 
bloodstream; lim Q'(t) = O—the rate at which the body excretes the 
t— 00 


b. The line tangent to 
e*(x? — x — 5) 


a2) 
61. a. False b. False c. False d. True 


1 
drug goes to zero over time. 55. a. x = —7 


the graph of f(x) at x = —+is horizontal. 57. 
e*(x? +x +1) 


(x + 1)? 
63. f'(x) =xe™ Ga +2) 





f'(x) = e” (9x? + 12x + 2) 
fO(x) = oe (3x? + 6x + 2) 
65 r(x x7 +2x—-—7 
` (4 IF 
; 16 
X = 
Pe) CEJ 1)° 
—48 
(3) 
2 — 6 = 1 
67. 8x — ———._ 69. ee i 
(5x + 1) 2Vr(e+ 1) 
71. 300x? + 135x® + 105x + 120x? + 45x? + 15 
108 567 
73. a. y = —-—— x +t — 
T 169 





1.8 x 10! Qq 
3 


75. —ż 77.5 79% 81. a. F'(x) =- N/m 


b. —1.8 X 10° N/m ec. F(x) decreases as x increases. 
83. One possible pair: f(x) = e” and g(x) = e”, 


kų 87. f"g + 2f'g' + fe" 
91. a. f'gh + fg'h + feh! b. 2e™(x? + 3x — 2) 





where b = = a # l. 
pom 
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Section 3.4 Exercises, pp. 167-169 


sin x 
1. 





is undefined atx = 0. 3. The tangent and cotangent functions 


are defined as ratios of the sine and cosine functions. 5. —1 


7 
7.3 9% ILS 13.7 15. i 17. cosx — sinx 


1 


21. sinx + xcosx 23. ———— 
1 + sinx 


19, e "(cosx = sinx) 


25. cos? x — sin? x = cos 2x 27. —2 sin xcosx = —sin 2x 
csc x 





33. sec xtanx — cscxcotx 35. e*cscx(5 — cotx) 37. -— 
| + ese x 


39. cos?z — sin?z = cos2z 41. 2cosx — xsinx 43. 2e*cosx 
45. 2csc*xcotx 47. 2 (sec? xtanx + csc?xcotx) 49. a. False 
b. False c. True d. True 51. a/b 53. % 55. 0 

2 2 sin x 





57. xcos2x + 5sin2x 59, — 


` (1 + cos x)? 


1 + sinx 
63. a. y = V3x + 2 — 7V3/6 b. 


65. a. y = —2V3x + 2V3T/3+1 b. ” 





67. x = 77/6 + 2kr and x = 1177/6 + 2km, where k is any integer 


69.a. ? b. v(t) = 30 cos t 
Fr t 
—30 
an d. v(t) =0 for t= (2k + es 
30 where k is any nonnegative integer 


and the position is 


(x +i) a o) if k is even or 


(x +i > -60 ) if k is odd. 
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e. v(t) is at a maximum at t = 2k7r, where k is a nonnegative 13. a. 
integer; the position is (2k7, —30). 
f. a(t) = —30sint 





b. v(t) = 4t — 9; stationary at 
= 2, to the right on (3, 3], to the 

77.a=0 79. a. 2sinxcosx b. 3sin xcosx c. 4sin’xcosx left on[0, 7) 

d. nsin” 'xcosx The conjecture is true for n = 1. If it holds for 


d 
n = k, then whenn = k + 1, we have z sin’! x) = 
X 


d ek . ek . . k-1 
z sin x-sinx) = sin“ xcosx + sinx:ksin* xcosx = 
be 


(k + 1)sin‘xcosx. 81. a. f(x) = sinx,a = 7/6 b. V3/2 
83. a. f(x) = cotx;a = 7/4 b. —2 





Section 3.5 Exercises, pp. 177-181 c. v(1) = —5 ft/s; a(1) = 4 ft/s’ d. a(Z) = 4 ft/s’ 


15.a. 9? 
1. The average rate of change is flx + ~) fx) , whereas the 
instantaneous rate of change is the limit as Ax goes to zero in this 
quotient. 3. Small 5. If the position of the object at time f is s(t), 
then the acceleration at time t is a(t) = d? s/dt*. 7. Each of the first 
200 stoves costs, on average, $70 to produce. When 200 stoves have 
already been produced, the 201st stove costs $65 to produce. 
9. a. 40 mi/hr b. 40 mi/hr; yes e. —60 mi/hr; —60 mi/hr; south 
d. The police car drives away from the police station going north until 
about 10:08, when it turns around and heads south, toward the police 








station. It continues south until it passes the police station at about b. v(t) = 6t? — 42t + 60; stationary at t = 2 and t = 5, to the right 
11:02 and keeps going south until about 11:40, when it turns around on [0, 2) and (5, 6], to the left on (2, 5) 

and heads north. j 

Il. a. ? 60 





c. v(1) = 24 ft/s;a(1) = —30 ft/s? d. a(2) = —18 ft/s; 

a(5) = 18 ft/s? 17. a. v(t) = —32t + 64 b. Att=2 

c. 96ft d. At2 + V6 e. —32V6 ft/s 

19. a. 98,300 people/year b. 99,920 people /year in 1997; 
95,600 people /year in 2005 e. p'(t) = —0.54t + 101; population 
increased, growth rate is positive but decreasing. 

_ 1000 
© x 
b. C(2000) = $0.60/item; C’(2000) = $0.10/item 

c. The average cost per item when 2000 items are produced is 
$0.60 /item. The cost of producing the 2001st item is $0.10. 

23. a. C(x) = —0.01x + 40 + 100/x; C’(x) = —0.02x + 40 


b. v(t) = 2t — 4; stationary at 
t = 2, to the right on (2, 5], to the 
left on [0, 2) 


21. a. C(x) + 0.1; C’(x) = 0.1 





ec. v(1) = —2 ft/s; a(1) = 2ft/s* d. a(2) = 2 ft/s’ 
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b. C(1000) = $30.10/item; C’(1000) = $20/item c. The _ 125,000,000 











average cost per item is about $30.10 when 1000 items are produced. oe = x? he 

The cost of producing the 1001st item is $20. 25. a. False b. True — C(x) 5000 

c. False d. True 27. 240ft 29. 64 ft/s 31. a. ¢=1,2,3 Seg go Oe 

b. It is moving in the positive direction for ¢ in (0, 1) and (2, 3); it is 

moving in the negative direction for tin (1,2) and t > 3. 

A 

33. a. P(x) = 0.02x? + 50x — 100 b. C’(5000) = —3.5; C(5000) = 51.3 e. Marginal cost: If the 
P(x) 100 dP batch size is increased from 5000 to 5001, then the cost of producing 

b. 3 0.02x + 50 — x de 0.04x + 50 25,000 gadgets would decrease by about $3.50. Average cost: When 
P(500) dp batch size is 5000, it costs $51.30 per item to produce all 25,000 gadgets. 

z300 59.8; z (500) = 70 d. The profit, on average, for 43.a. ? 


each of the first 500 items produced is 59.8; the profit for the 501st 
item produced is 70. 35. a. P(x) = 0.04x* + 100x — 800 





P(x) 800 dp 
b. = 0.04x + 100 — —; —— = 0.08x + 100 
x x dx 
P(1000) 
C 139.2; p'(1000) = 180 d. The average profit per 


item for each of the first 1000 items produced is $139.20. The profit for 
the 1001st item produced is $180. 37. a. 1930, 1.1 million people/yr 
b. 1960, 2.9 million people/yr c. The population did not decrease. 

d. | 1905, 1915], [ 1930, 1960], | 1980, 1990] 100(1 — p°) 


100 b. R'(p) = 
b v=——_, (p + 1)? 
(t+ 1) 











The marble moves fastest at the beginning and slows considerably 

over the first 5 s. It continues to slow but never actually stops. b. dx/dt = 10cost + 10sint e. t = 3m/4 + ka, where k is any 

d. t=4s e t=-—1 + V2 =~ 0414s positive integer. d. The graph implies that the spring never stops 
oscillating. In reality, the weight would eventually come to rest. 
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47. a. Juan starts faster than Jean and opens up a big lead. Then, 

Juan slows down while Jean speeds up. Jean catches up, and the race 
finishes in a tie. b. Same average velocity c. Tie d. Att = 2, 
6'(2) = w/2rad/min; 6'(4) = m = Jean’s greatest velocity e. At 
t = 2,9'(2) = m/2rad/min; ¢'(0) = m = Juan’s greatest velocity 
V(0) = 4,000,000 m° 





d. The magnitude of the flow 
rate is greatest (most negative) at 






V(t) = 200(t — 200) 


—40,000 


51. a. v(t) = —15e ‘(sint + cost); v(1) =~ —7.6 m/s, 
v(3) = 0.63 m/s 
(8.6,10) e ~0.65 m/s 53. a. —T'(1) = -80,-7'(3) = 80 
b -T (x) <0 tor VSa2= 2-1) 0 for2=7=4 


c. Near x = 0, with x > 0,—T'(x) < 0, so heat flows toward the end 


of the rod. Similarly, near x = 4, with x < 4,—T'(x) > 0. 


Section 3.6 Exercises, pp. 187-190 


= SAE E = F800) e) 


5. Outer: f(x) = x”; inner: u = x? + 10 7. 30 (3x + 7)? 
9. 5sin¢xcosx 11. 5e™77 13, —=—— 15. 10x sec? 5x? 
Vx? +1 


17. e” sece*tane* 19. 10 (6x + 7)(3x7 + 7x)? 21. 


3. g(x), x 


5 
V10x + 1 


27. e* sec? e” 





oe 
"(7x3 + 1)4 
29. (12x? + 3) cos (4x? + 3x + 1) 31. 


25. 3sec (37 + 1) tan: (3% +1) 
cos (2V‘x) 


Vx 


33: DSeCx (SeCx t tan x)° 35. a. u = cosx,y =u’; 
dy 
dx 


d 
= —3 cos? xsinx b. u = x°, y = cos u; = —3x7 sin x? 
x 
. 100 b. —100 ec. —-16 d. 40 e. 40 


39. y' = 25(12x° — 9x*)(2x® — 3x? + 3)” 
t 2 
41. y’ = 30(1 + 2tanx)'*sec*x 43. y’ = T 


V1 + cot? x 
45. e* cos (sin (e*)) cos (e*) 
47. y!’ = —15 siní (cos 3x) (sin 3x) [cos (cos 3x) | 
V3x 1 


1 
sec? (eV) 51. y'= (1 + =) 
2V x + Vx 2Vx 





3e 


2V 3x 





49. y' = 


t = O and least (zero) at t = 200. 


b. Down (0, 2.4) and (5.5, 8.6); up (2.4, 5.5) and 


5 4 
53. y! =F" (g())8"(7)2x 55. a 


57. xe" *! (2 sinx? + 3 x cos x°) 
59, 50? sec 50 tan 50 + 20 sec 50 
2x? — sin 2x 


Vx* + cos 2x 


65. 2(p + 7)(sinp* + p(p + 7) cosp”) 67. a. True b. True 
2 


61. 4(x + 2)(x? + 1)?(3x7 + 4x + 1) 63. 


c. True d. False 69. ak = 2cosx* — 4x? sin x? 
xX 





dy 9,2 f' (x) 
71. > =4e° (4x*°- 1) 73. y'= 
ae EO iO) 





77. a. h(4) = 9,h'(4) = —6 b. y = —6x + 33 
79. y = 6x + 3 — 3In3 








d —yok [k 
$l. a. —37 b. —5mr 83. a. a = st COs (i =) 
dt m m 





67 . (2a(t + 10) 
87. a. 10.88 hr b. D'(t) = 365 0 365. 


c. 2.87 min/day; on March 1, the length of day is increasing at a rate 
of about 2.87 min/day. 
d. 





e. Most rapidly: Approximately March 22 and September 22; least 
rapidly: approximately December 21 and June 21 


t 
89. a. E’(t) = 400 + 200 cos (=) MW b. At noon; 
E'(0) = 600 MW c. At midnight; E'(12) = 200 MW 





y=E'O = PO) 


91. a. f'(x) = —2 cos xsinx + 2sinxcosx = 0 

b. f(0) = cos? 0 + sin? 0 = 1; f(x) = 1 for all x, by part (b); that 

is, cos? x + sintx = 1 95. a. h(x) = (x? — 3); a=2 b. 20 

97. a. h(x) = sin (x*); a = m/2 b. mcos (17/4) 

TO=) 
I= 





99, lim 


x5 


= 10 f'(25) 


Section 3.7 Exercises, pp. 196-198 


1. There may be more than one expression for y or y’. 3. When 
derived implicitly, dy/dx is usually given in terms of both x and y. 











d 3 d 2 d 20 3 
5a. = bl na SE bl Bae 
ae y dx y dx cosy 
d I d 1 — y cos 
00. ia ae i a a) 
dx sin y de  xcos(xwy)=]1 
1 d 1 
(Ss, a — 
I + siny dx 2y sin (y^) + e 
9, Daty 4 dy _ yo 18x 
` dx i dx 2197 a 13x 


2X 
dy _ 5Vxt + y? — 2x? 
ode y 6y? Vrt + y? 


2 
b. y = —5x/4 + 7/2 27. a. sin m + (=) =a 


25.a.274+2-14+ 127=7 








ml + 7) 5 
i2on t=O, 
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29. a. cos (7 T) + si = V2 by= 
ay 1 sin y dy Ae) 
31. 75 = 7G 3 a 2y\3 
dx 4 (cosy — 1) dx (1 = 27) 
d 5 d 10 
37. = = 1/4 39, a 
dx 4 dx 3(5x + 1)12 
dy 3 2 
41. — = 


ee es = a a 
dx 21/4 y ay — 3)5⁄4 9x341 m Wx 
45. —} 47.-3 49.-5 51. a. False b. True c. False 
d. False 53. a y=x— 1 and y=-x+2 














55. a ree aa = ly + 2, y = —ix + 2 
- a y x2 +4 e y 2 Pi 2 
16x 5 1 
e= >. Aha la>) D- No 
(x? 4 4)? C >) 
dy dy 
59. a. — = 0 onthe y = 1 branch; — = on the other two 
dx dx 2y+1 
branches. 
-1 + Vax —3 Vie 
b fi(x) = 1, f(x) = 5 A(x) = 7 
4 4 
a z h(x) EN = A 


1+ 27 (S252) 
—— a 5B 














dK _ -K b. —4 75. ie A 

dL- 2L dh h 

77. Note that for y = mx, dy/dx = m = y/x; for x? + y? = a’, 

dy/dx = —x/y. 79. For xy = a, dy/dx = —y/x. For x? — y? = b, 

dy/dx = x/y. Since (—y/x) + (x/y) = —1, the families of curves 

Ty? — 3x? — 4xy? — 4x° 
2y(2x? + 2y? — 7x) 


73. a. 





are orthogonal trajectories. 81. y’ = 


z dy  2y°(5 + 8xVy) 
E (1 + 2xVy)° 


Section 3.8 Exercises, pp. 206-209 

hx =e S>1 =e y'(x) => y'(x) = 1/# = 1/x. 
3 ag mea k+1 rac ) 
‘ae me ee ae nx 


1 1 
5. f'(x) = =g Ifb = e, then f'(x) == 7. f(x) = g") nela) 


9, — 11. 2/x 13. cotx 15. —2/(x* — 1) 
X 


17. (x? + 1)/x + 2xInx 19. 1/(xInx) 
21, — 

x(Inx + 1)? 
27. y! = 3%+x?(xln3 +3) 29. A’ = 1000(1.045)* In(1.045) 
31. a. About 28.7s b. —46.512s/1000 ft c. dT/da = 
ee eae 1) 


23. 8*In8 25. y’ =5-4*In4 


dT | 
Att = 8, 7> = —0.4156 min/1000 ft 
a 


= —24,938 s/1000 ft. 

If a plane is traveling at 30,000 feet and it increases its altitude by 
1,000 feet, the time of useful consciousness would decrease by about 
25 seconds. 
33. a. About 67.19 hr 
b. Q'(12) = —9.815 wCi/hr 

Q'(24) = —5.201 wCi/hr 

Q'(48) = —1.461 wCi/hr 
The rate at which iodine-123 leaves the body decreases with time. 
35. 2°In2 37. g'(y) = €y! (y +e) 39. r' = 2e” 

, Vx Fin? 

41. f'(x) 5 (10x —9) 43. (2° + 1) 
45. x°°*"! (cos x — xin x sin x); —In(7 /2) 


2+1 
47. a rE + In4) 











2Vx 
. lnx : 
sin x In (sin x) + x(Inx) cot x 
go, 0P Un (sinx) + xina) cot), | 
x 
51. y=xsinl + 1 — sin1 53. y=e7 and y= e? 
8x 
55. y! = —————— 57. y' = -sin x (In (cos? x) + 2 
y= 2) in y (In ( ) + 2) 
In 4 Ger 1)” | 10 8 | 
59, y' = — 61. f'(x) = ——— — 
d x In? x Pe) Ora AP Ler x-—2 





63. f'(x) = 2” Ing 

65. f'(x) Sane Cleak 

e X O° 
Gxt 3)" 


3 5 10 


EO an + es 

2(x+1) 2(x-4) 3(5x + 3) 
67. f'(x) = (sinx)*"*[1 + sec? x In (sin x) | 
69. a. False b. False ce. False d. False e. True 








ANSWERS A-21 


Section 3.9 Exercises, pp. 216-219 












































i=. to 2 Ts yy Sins: TI fa) = 123k = 1) 
x” ln 10 J 1 J 1 
2 3 8 1 —(sin | x) > — > ~ian x) a ge 
79. f'(x) = 1/(2x) 81. f'(x) = + + i ; 2? 
f' (x) / (2x) f' (x) a £42 1 — 4x dx Ay | qe ax 1 +x 
83. y =2 Dy = l 3151 7 2 
e 5 . 4 . 
dx |x| Vx? — 1 V1- 4x? 
4 i 10 
= fi, PE 
V1 — 4w? l-e™ 100x47 + 1 
4 1 1 
15. A I= —'_ M 
1 + (2y* — 4) 2Vz(1 + z) lx] Vx? — 1 
1 2y 
ec es Oe 
[2u + 1]Vu2 + u FEF 
x OF gre: 
85. 10x!°(1 + Inx) 25. l 27. — A. 
w cos x x|Inx| V (n x} — 1 Itan e*| V tan? e* — 1 
87. x“ — lnxsinx 
x 
e° mo l 4 T 2 
y I 1 29, — L y=xt—--= == h e 
s9 (1+1) |m(1 ++) - | Á ites > a ae oD Ve 3. WB 
5i . u 35. a. ~ —0.00055 rad/m 
° b. The magnitude of the change in 


93. 








angular size, |d0 /dx|, is greatest 
when the boat is at the skyscraper 
(i.e., atx = 0). 








1 at 1 a 1 5 
b. t = 21n (265) ~ 11.2 years; about 14.5 years A 3 i j an oe i eg eg 
c. P'(0) ~ 25 fish/year; P'(5) ~ 264 fish/year 3 ` rue b. False c. True d. True e. True 
d. ? The population is growing fastest Ea 
after about 10 years. 
800 
400 
0 4 t 

95. b. r(11) = 0.0133; r(21) ~ 0.0118; the relative growth rate is x27 - 1 


b. f'(x) = 2xsin!x + 
1 — x? 


decreasing. €c. lim r(t) = 0; as the population gets close to carrying 
capacity, the growth rate approaches zero. 
97. a. A(5) = $17,443 
A(15) = $72,705 
A(25) = $173,248 
A(35) = $356,178 
$5526.20/year, $10,054.30/year, $18,293 /year 
b. A(40) = $497,873 


dA 
c. — = 600,000 In (1.005)| (1.005 )!”/] 


dt 
=~ (2992.5)(1.005)!*" 

A increases at an increasing rate. 

99. p = e!/*:(e,e) 101. 1/e 103. 27(1 + In3) 





ANSWERS 








57. (fH) =3 59. (fY) = 1/(2Vx + 4) 
61. (f!) (x) = 2x 63. (f1) (x) = -2/x° 
65. a. sind = = implies 0 = sin! 2 
do 1 10 
Thus, — = -(-10¢°7) = -— 
eV — 100 


1 pan — 
€ 
b. d0/d€ = —0.0041, —0.0289, and —0.1984 
c. a d@/dt =—« d. The length € is decreasing. 


67. a. d0/dc = 1/V R? — c* b. 1/R 


71. Use the identity cot”! (x) + tan”! (x) = m /2. 


Section 3.10 Exercises, pp. 222-227 


1. As the side length s of a cube changes, the surface area 6s* changes 
as well. 3. The other two opposite sides decrease in length. 
5. a. 40m’/s_ b. 80 m?/s 


Cc y 


100 


0 30 S 
1 
7.a.4m?/s b. V2m7/s e. 2V2m/s 9. a. 4, m/s 
IT 
cae 1, nee an 13 — o 
e e — - —_. 1N./ mIn 
e S TT min 807 
17. At th nt (3 7 19 /min; 2000 mi 
, a . =~ m/min; min 
ee td 500 


5 
21. 10 tan 20° km/hr ~ 3.6km/hr 23. = ft/s 


8 32 8 
25. -> ft/s,- ft/s 27. 2592m cm?/s 29. —— ft/s 
3 3 Our 


2 
31. 9m ft/min 33, Z m/min 35. 57.89 ft/s 37. 4.66 in./s 


3V5 
39, SNS ft/s 41. ~720.3 mi/hr 43. 11.06 m/br 


dé 
45. a. 187.5 ft/s b. 0.938 rad/s 47. a 0.543 rad /hr 


dð 1 dð 1 dé 
49. a 5 rad/s, 7 — z rad/s 51. E Orad/s forallt = 0 


3 
55. a. se m/hr b. —1 m?/hr 


53. —0.0201 rad 
rad/s 10 


Review Exercises, pp. 227-230 


1. a. False b. False c. False d. False e. True 
3. a. 16 b. y = 16x — 10 





7. a. 2.70 million people/year b. The slope of the secant line 
through the two points is approximately equal to the slope of that tan- 


gent line att = 55. c. 2.217 million people/year 9. a. ~40 m/s 
b. ~7m/s ec. ~18m/s 
d. 





e. The skydiver deployed the parachute. 
13. 





15. 2x? + 27x +7 17. 5t? cost + 10fsint 
32u? + 8u + 1 


19. (80 + 12) sec? (0% + 30 + 2) 21. ; 
(8u + 1) 





23. sec? (sin@)-cos@ 25. 
( ) V3x— 1 


2 1 
27, 2 ny) line 29. (2x = 1)? "in? 3. = 
|x| Vx7— ] 











dy y cos x 
331 3 VI talo 37. == S 
va dx æ= l= sinx 
dy xy 4x 24 
39. — = —-— 7 41. y= 43. y= -—+— 
de ty CI A S 35 
45. x=4:x=6 47. e a a aa 
IVA 4x3/? 
pi SVa Vx (3 = x) cos Vx a 
y" = 32 49. x°f'(x) + 2xf(x) 
MNP (RY fle) — aflx)]e (x 
s1. EA A oe 53. a. 27 b. 3 c. 294 
g(x 


55. f(x) = tan(7V3x — 11), a = 5; f'(5) = 37/4 57. -1 
59, (f ')'(x) =—-3/x* 61. a. (f-')'(1/V2) = V2 

63. a. C(3000) = $341.67; C’(3000) = $280 b. The average 
cost of producing the first 3000 lawnmowers is $341.67 per mower. 
The cost of producing the 3001st lawnmower is $280. 65. a. 6550 
people/year b. p’(40) = 4800 people/year 67. 50 mi/hr 

69. —5 sin (65°) ft/s or ~—4.5 ft/s 71. —0.166 rad/s 


CHAPTER 4 


Section 4.1 Exercises, pp. 237-240 


1. f has an absolute maximum at c in (a, b] if f(x) < f(c) for all x in 
la, b]. f has an absolute minimum at c in |a, b] if f(x) = f(c) for all 
xin [a,b]. 3. The function must be continuous on a closed interval. 
5. T: 





9. Evaluate the function at the critical points and at the endpoints of the 
interval. 11. Abs. min at x = c,; abs. max atx = b 13. Abs. min at 
x = a; no abs. max 15. Local min at x = q, s; local max at x = p, r; 
abs. min at x = a; abs. max atx = b 17. Local max at x = p and 

x = r; local min at x = q; abs. max at x = p; abs. min at x = b 

19. 21. 





Ox sinx — 2sinx + 6x? cosx — 2xcosx 


ANSWERS A-23 
23. a. x =} b. Localmin 25. a. x = +3 b. x = —3 local max, 
x =3local min. 27. a. x = —4,} b. x = —$ local max, 
x = jlocalmin. 29. a. x = +1. b. x = —1 local min; x = 1 local 
max 31. a x=0 b. Localmin 33. a. No critical 
points 35. a. x = —Z, 0 bx= -4 local max, x = 0 local min. 


37. a. x = 0 b. Abs. max: —1 at x = 3; abs. min: -10 atx = 0 





39. a. x = 7/2 b. Abs. max: | at x = 0, 7; abs. min: 0 at x = 77/2 
c. 





T mT 
2 


41. a. x= Łr/6 b. Abs. max: l at x = 7/6; abs. min: —1 at 
x=-7/6 ¢ 





43. a. x = 1/(2e) b. 
2atx=1 c y 


Abs. min: (V1/e)!® atx = 1/(2e); abs. max: 


2 





4.ax= 1/V2 b. Abs. max: 1 + matx = —1; abs. min: 1 at 
x=] e y 
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47. a. 1,4 b. Abs max: 11 at x = 1; abs. min: —16 atx = 4 








51. ż=2s 53. a. 50 b. 45 55. a. False b. False c. False 
d. True e. False 57. a. x = —0.96, 2.18,5.32 b. Abs. max: 
3.72 at x = 2.18; abs. min: —32.80 at x = 5.32 





59. a. x=0 b. Abs. max: V2 atx = + 7/4; abs. min: 1 at x = 0 
Cc. 








T X 
4 


61. a. x = O and x = 3 
atx =-l1 c 


b. Abs. max: Die at x = 3; abs. min: —e 





63. a. x = 8 b. Abs. max: 3V2 at x = 6 and x = 12; abs. min: 4 
atx = 8 





65. If a = 0, there is no critical point. If a < 0, x = 2a/3 is the 
only critical point. 67. x = ta 69. a. x = tan !2 + ka, for 
k = —2,—1,0,1 b. x= tan!2 + ka, fork = —2,0 correspond 
to local max; x = tan !2 + ka, fork = —1, 1 correspond to local 
min. c. Abs. max: 2.24; abs. min: —2.24 71. a x = —\ and 
x=3 bx= —) corresponds to a local min; x = 3 is neither 

c. Abs. max: 51.23; abs. min: — 12.52 73. a. x =5 — 4V2 

b. x = 5 — 4V2 corresponds to a local max. c. No abs. max or 


min 75. Abs. max: 4 at x = —1; abs. min: —8 at x = 3 
V2500 +x? 50 - 
77. a. T(x) = + — b. x = 50/V3 
čs T(50/V3) = 34.15, d » 
T(0) = 37.50, T(50) = 35.36 38 

36 
34 
0 50 pi 


79. a. 1,3,0,1 b. Since g'(2) = 0, g could have a local extreme 
value at x = 2. Since h'(2) # 0, h does not have a local extreme 
value atx = 2. 81. a. A local min atx = —c b. A local max at 
x=-—c $83. a. f(x) — f(c) = 0 for all x near c 














be tim CLO o e mO O Sg 
x—>c A — € LC X —C 
d. Since f’(c) exists, lim 9 ae = lin [œ a . By parts 


(b) and (c), we must have that f’(c) = 0. 


Section 4.2 Exercises pp. 251-255 


1. f is increasing on I if f'(x) > 0 for all x in J; f is decreasing on J 
if f'(x) < O forall xin I. 3. 





5. Because f has a local maximum at c, f'(x) > 0, for x near c 

and x < c, and f'(x) < 0, for x near c and x > c. Therefore, f’ is 
decreasing near c and f”(c) < 0. 7. A point in the domain at which 
fchanges concavity. 9. Yes. Consider the graph of y = Vx on 

(0, œ). 


ANSWERS A-25 


11. x = 2 61. Concave down on (—, 1); concave up on (1, œ); 
inflection point atx = 1. 63. Concave up on (—1/ V3, 1/ V3); 
30 concave down on (— ©, — 1/3); (1/3, ©); inflection points 
atx = +1/V3 65. Concave up on (—%,—1) and (1, ©); con- 
20 cave down on (—1, 1); inflection points atx = +1 67. Concave 
up on (0, 1); concave down on (1, © ); inflection point at x = 1 
ji 69. Concave up on (0, 2) and (4, ©); concave down on (— œ, 0) 
and (2, 4); inflection points atx = 0,2,4 71. Critical pt. x = 0, 2; 
2 5 x local max at x = 0; local min atx = 2 73. Critical pt. at x = 0; local 
max atx = 0 75. Critical pt. atx = 6; local min at x = 6 
77. Critical pt. at x = O and x = 1; local max at x = 0; local min 
atx = 1 79. Critical pts. atx = 0 and x = 2; local min at x = 0; 
local max atx = 2 81. Critical pt. at x = e”; local min at x = e’ 
83. a. True b. False c. True d. False e. False 
87. a—f—g, b—e-i, c—d—h 





17. Increasing on (— œ, 0); decreasing on (0, ©) 19. Decreasing 
on (~œ, 1); increasing on (1, ©) 21. Increasing on (~œ, 1/2); 
decreasing on (1/2, ) 23. Increasing on (—~, 0), (1, 2); decreasing 


1 1 
on (0,1), (2,0) 25. Increasing on | ——~,0 J, | —~, œ |; 
(0, 1), (2, œ) aae e 
1 1 
decreasing on | —%, ——= ], | 0, —= 27. Increasing on the intervals 
= ( 3 ( a j 


(=m, —277/3), (—m/3,0), (T/3,2m/3);, decreasing on the intervals 
(—2m/3,—T/3), (0, 7/3), (2m/3,T) 29. Increasing on (0, ©); 
decreasing on (—™,0) 31. Increasing on (~%,%) 33. Decreasing 
on (—œ, 1), (4, ©); increasing on (1,4) 35. Increasing on (—o, —}), 
(0, +); decreasing on |—5, 0), (4, 00), 37. Increasing on (0, ©); 
decreasing on (—,0). 39. a. x =O b. Local min at x = 0 

c. Abs. min: 3 atx = 0; abs. max: 12atx = —3 4l. a. x = aye 
b. Local min at x = —3/V2; local max at x = 3/2 c. Abs. max: 
9/2 atx = 3/V2; abs. min: —9/2 atx = —3/ V2 43. a. x = +V3 
b. local min at x = — V3; local max atx = V3 cœ. Abs. max: 28 at 
x = —4; abs. min: —6 V3 atx = -V3 45. a. x = 8/5 andx = 0 
b. Local max at x = 0; local min atx = 8/5 ce. Abs. min: —26.32 
at x = —5; abs. max:2.92atx = 5 47. a. x =e” b. Local min 
atx = e° ec. Abs. min: —2/eatx = e*:no abs. max 49. Abs. 
max: 1/eatx = 1 51. Abs. min: 36V 7/6 atx = V6/r. 

53. 55. 


95. a. Increasing on (—2, 2); decreasing on (—3,—2) b. Critical 


pts. atx = —2 and x = 0; local min at x = —2; neither a local max or 
minatx = 0 ec. Inflection pts. atx = —l andx =O. d. Concave 
up on (—3, —1) and (0, 2); concave down on (—1, 0) 


f. y 





57. Concave up on (— œ, 0) and (1, ©); concave down on (0, 1); 
inflection points atx = 0 andx = 1 59. Concave up on (—~, 0) 
and (2, ©); concave down on (0, 2); inflection points at x = 0 and 





A-26 ANSWERS 







97. Critical pt. atx = —3 and x = 4; local min at x = —3; inconclusive 21. 
atx = 4 99. Nocritical pts. 101. a. E = = Base ee 
p= 50 
ab ee ae 
C. E'(p) = Tae < 0, for p = 0,p # ajb d. E(p) = —bþ, D pan com 
ee eG as 
forp = 0 103. a. 300 b. t= V10 c. t= Vb/3 v3 Le 
105. a. f"(x) = 6x + 2a = 0 when x = —a/3 | 
b. f(—a/3) — f(—a/3 + x) = (a?/3)x — bx — x°; also, alae 


f(-a/3 — x) — f(-a/3) = (a*/3)x — bx — x° 









Section 4.3 Exercises, pp. 262-265 25. y 


Local max 

Pra ie) 
1. We need to know over which interval(s) to graph f. 3. No; the 
domain of any polynomial is (— ©, œ% ); there are no vertical asymp- 


totes. Also, lim p(x) = +© where p is any polynomial; there are 
x> oe) 


Local min 


no horizontal asymptotes. 5. Evaluate the function at the critical 
points and at the endpoints. Then find the largest and smallest values 











, Local max 
among those candidates. (£, — — PET 
Te 9,. 2 
Local max (1, 4) 
3 A Local min Inflection points 
In _ da __37 _ m m 3m 
Fa A MD) 
Inflection point 
25; 27. 
Local max 


(i2 


x-intercept 


(—3V3, 0) 





Inflection point 
(T, =) 


11. 









x-intercept 


Local 
oo max (V6, 0) 


x-intercept 


(V6.0) 
X 


Local min 
(1; =2) 


x 29. Local max 





Inflection point 
(1, —5) 


Inflection point 
(1-3) 


Local min Local min 


(-V3, -9) (V3, 9) 
13. y 15. y 











Inflection point 


Local min 
(z =mi) 
gue 


(4, 8) 


x-intercept 
Local max 100 
(—6, 0) 


x-intercept 




















point 
(0, 0) | 


(3, 3) 


=—' 
- 
- 
—_ 
=_ 


Local min 
3a -V2 e37! | 
Inflection point a 2 
(—2, —128) =2005 
Local min | Inflection || 
(2, —256) | point | 
, Inflection (T, T) ' 
17. | | 19. y | point ! 
l l l 
l l m> 1 y-intercept | l 
| : 2 i {/ 0, 12) | 
l l l 
l l 10 xX 
| Inflection Local min = a 
| 
| 






1 Horizontal x = fF fF C ZL- 


Inflection 


SIS 


1 

l | asymptote ; 

i y=0 Local max ( sips =a 

: : (—4,-4) | 
I -5 | Vertical 

i asymptotes 

l 

l 


Ix=+1 







x-intercept 
(1, 0) 





2 
Local min 















Local max 


CE 








0.5 


Inflection point 


Inflection point mz V3 
x, y-intercepts ( aa, eV2e 


(0, 0) 


Inflection point 


(-v37, a 


Local min a 
1 
aa] 


37. 39. 


Local max 
(0, 0) 


x-intercept 
(—2.77, 0) 












Inflection 10 * 
point 
Local min Local min 
24) (—2, —32) 
3 
41. x= — 1 | |x = 1 43. a. False b. 
: | c. False d. True 
| | 
, | | ; 
y-intercept Local min 
(0, 5) p— (5 5) 
3°2 
Local max 


Inflection point 
(4.4, 0.45) 


45. y 


Local max Local max Local max 
Poe oe (5.5) 


Local max 
(FF 5) 






Local min Local min Local min 
(=T, —5) (0, —5) (m, —5) 
Local max 
y= =2 


=o 









x-intercept 
(1.44, 0) 








Local min 
(1, —5) 


Inflection point 
(0.55, —2.68) 


Inflection point 
(—1.21, — 18.36) 


False 


ANSWERS 


49. Critical pts. atx = 1,3; local max at x = 1; local min at x = 3; 


inflection pt. at x = 2; increasing on (0, 1), (3, 4); decreasing on 
(1, 3); concave up on (2, 4); concave down on (0, 2) 










Local max 
x=1 
Inflection point 
x=2 














Local min 
x=3 


51. 


Local max y 
(—5, 400) 


x-intercept 
(15, 0) 


y-intercept 
(0, 0) 


x-intercept 
(—9, 0) 








10 
Inflection point 
(2, —286) 


Local min 
(9, —972) 








53. 


Local max y 
(—6, 400) 


x-intercept 
(—1, 0) 


y-intercept 


(0, B 140) x-intercept 


(14, 0) 


x-intercept 
(—10, 0) 











10 


Inflection point 
(1, —286) 


Local min 
(8, —972) 


55. Local max at (e, e!/) 


59. 





x-intercept 
(—2, 0) 


Inflection point 
(—4, —2.31) 


2 

| 

| 

| 

| Local max 
| (3.236, — 6.660) 
| 

| 

| 

| 

| 

| 

| 
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63. a. 





x-intercept 
(13.15, 0) 


x-intercept 
(0, 0) 













x 
Inflection point 


_ (6.85, —4717) 


Local min 
(10, —8000) 


Local max 
(1, 19) 


Inflection point 
(0.5, 9.3) 


x, y-intercept 
(0, 0) x-intercept 


(1.5, 0) 







65. 





Local maximum 


Inflection point 
(—1, 511) 


(—1.61, 281) 







Local maximum 
(2, —272) 


Local minimum 















Inflection point (2.63, —415) 
(—0.13, 92) 
Local minimum 


(3, S213) 


—400 / \ 
Local minimum 


(1, —401) Inflection point 
(1.50, = 330) 


Local maximum 
(0.60, 0.42) 


Local maximum 
(1.37, 0.28) 


67. 










Inflection point 
(1.79, 0.24) 


Local maximum 
(=1, 0) 











Local minimum 


Inflection point N (1, 0) 


(—1.79, —0. 24) 
Local minimum 

(—1.37, —0.28) 

Local minimum 

(—0.60, —0.42) 


69. a. y 













Local maximum 
(T, 0) 


Inflection point 


(—0.89, 0.95) (0.89, 0.95) 


(—2.47, 0.24) 
(—3.48, 0.15) 


(2.47, 0.24) 


(—5.5, 0.02) 
(—2r, 0) 


Inflection point 
(3.48, 0.15) 
J (5.5, 0.02) 





Inflection point 


Inflection point 


Inflection point 


x-intercept 
(277, 0) 


71. (A) a. +» 
Ze 


(B) a. 


(C) a. 


(D) a. 


(Œ) a. 


(F) a. 


73. f'(0) does not exist. 


Symmetric 
points 
forx <0 


aa 
LZ 
J~ 
a 
x 










y Local max 


Inflection point 
(0.63, 1.65) 


Inflection point 

(2.62, 0.22) 

Inflection point 

(3.45, 0.15) 
Inflection point 

(4.96, 0.04) 










4 x 





6 


Inflection point 
(5.75, 0.016) 


Local max 
(2.83, 0.22) 


Local min 
(2.42, 0.21) 


b. Water is being added at all times 
c. No concavity d. h’ has an abs. 
max at all points of |0, 10]. 


c. Concave down 
d. h’ has abs. max att = 0. 


c. Concave up 


d. h’ has abs. max at t = 10. 


c. Concave up on (0, 5), then con- 

cave down on (5, 10); inflection pt. at 
t= 5 d. h’ has abs. max att = 0 and 
t = 10. 


c. First, no concavity; then, concave 

down, no concavity, concave up, and, 
finally, no concavity d. h’ has abs. 
max at all points of an interval [0, a] 

and [b, 10]. 


c. Concave down on (0, 5); concave 
up on (5, 10); inflection pt. at t = 5 
d. h’ has abs. max att = Oandt = 10. 








85. a. {xix <a} 


c. f'(x) = (a—xy' x 
[(a — x) In (a — x) — x] 

d. See part (c). 

e. zand f(z) increase as a 














increases. 
Local max 
0.5 (0.765, 0.412) 
Inflection point 
(1.33, 0.33) 
x/y-intercepts 
(0, 0) 
Inflection point 
(—1.33, —0.33) 
Local min 
(—0.765, —0.412) 
89. Local max Local max 


(—1.356, 0.467) _0.5 (1.356, 0.467) 













Inflection point 
(—0.494, 0.188) 


Inflection point 
(0.494, 0.188) 


Inflection point 
(—2.561, 0.186) 


Inflection point a 


(—5.961, —0.052) Local min 
(—4.514, —0.207) 


Inflection point 
(2.561, 0.186) 


x 


Inflection point 


Local min (5.961, —0.052) 


(4.514, —0.207) 


Section 4.4 Exercises, pp. 269-275 


7 Objective function, constraints 3. Q = x7(10 =x); 
= (10 — y)?y 5. Width = oe = 3m 
; Width = length = 10 9. Sand= 11. 5V2 and 5V2 
13. x = V6,y =2V6 15. Length — = width = height = W100 


b. f(a) = 0, lim f(x) = 0 


ANSWERS A-29 


—— ft by —=ftby 5°° ft 19. (5,15), distance ~ 47.4 


E 


21. a. A point 8/ V5 mi from the point on the shore nearest the 
woman in the direction of the restaurant b. 9/V13 mi/hr 


10 5 5 10 
23. 18.2 ft 25. ——cmby——cm 27. h= afer = 2, /— 
v2 7 Ya 3 


29. VI5mby2V15m 31. r/h = V2 33. r= h = V450/r m 
35. The point 12/ ( W2+1 ) ~ 5.3 m from the weaker source 

37. A point 7V3 /6 mi from the point on shore nearest the island, 

in the direction of the power station 39. a. P = 2/3 units 

from the midpoint of the base 41. r = V6,h = V3 

43. For L = 4r, max at 0 = O and 0 = 277; min at 

6 = cos | (—L/(4r)) and @ = 2m — cos! (—L/(4r)). 

For L > 4r, max at 0 = 0 and 0 = 27; min at 0 = 7 


W177/m = 3.83 cm; h = 2W177/7 ~ 7.67cm 


45. a. r = 
b. r = W177/27 ~ 3.04cm;h = 2W708/a = 12.17 cm. 


Part (b) is closer to the real can. 47. V30 ~ 5.5 ft 49. When the 
seat is at its lowest point 51. r = V2R/V3;h = 2R/ V3 

53. a. r = 2R/3;h =4H_ ber =R/2;h=H/2 55. 3:1 

57. (1 + V3) mi ~ 2.732mi 59. You can run 12 mi/hr if you run 
toward the point 3/16 mi ahead of the locomotive (when it passes the 
point nearest you). 61. a. (—6/5,2/5) b. Approx (0.59, 0.65) 

c ) (p- 5, Vp — 34) (ii) (0,0) 63. a. 0, 30, 25 

b. 42.5 mi/hr c. The units of p/g(v) are $/mi and so are the units 





w 
of w/v. Thus, L( ane gives the total cost of a trip of L miles. 
g v 


(v) 
d. ~62.9mi/hr e. Neither; the zeros of C’ (v) are independent of L. 
f. Decreased slightly, to 62.5 mi/hr g. Decreased to 60.8 mi/hr 
65. b. Because the speed of light is constant, travel time is minimized 
when distance is minimized. 67. Let the angle of the cuts be h; and 
p, where pı + >, = 0. The volume of the notch is proportional to 
tan fd, + tan d, = tan d, + tan (0 — pı), which is minimized when 


0 


bo, = h2 = z 69. x = 38.81, y =~ 55.03 


Section 4.5 Exercises, pp. 282-283 


1. 3s. Fs) 


~ fla) + f'(a)(x — a) 





5. dy = f'(x) dx 7. 61 mi/hr; 61.02 mi/hr 

9. L(x) = T(0) + T'(0)(x — 0) = D — (D/60)x = D(1 — x/60) 
11. 84 min; 84.21 min 

13. a. L(x) =—4x + 16 b. 
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c. 7.6 d. 0.13% error 15. a. L(x) = x 


c. 0.9 d. 40% error 17. a. L(x) = 


C. 


21. 





X 


1l x 
2 48 
c. 0.50 d. 0.003% error 


d. 0.005% error 19. a. y = 


y = l/xneara = 200; 553 ~ 0.004925 23. y = Vx 


neara = 144; V146 ~ 12$ 25. y = Inxnear 
a = 1;In (1.05) ~ 0.05 27. y = e*neara = 0; e°% = 1.06 


29. 


31. 


33: 


41. 
45. 


51. 





1 1 769 

y = —= near a = 512; = — = 0.125 
Wx 7510 6144 
AV = 107 ft? 33. AV = —407 cm? 


507 , 3 
— m^ 37. dy = 2 dx 39. dy = —— dx 
54/34 í Vo 


dy = asinxdx 43. dy = (9x? — 4) dx 
dy = sec*xdx 47. a. True b. False c. True 49. 2.7 





L(x) = 1 — x; a 





b. 1/1.1 ~ 0.9 c. 1% error 53. L(x) =1-x 








b. e 2 = 0.97 c. 0.05% error 





57. L(x) = 2 + (x — 8)/12 


59. a. f, the rate at which f’ is changing at | is smaller than the rate at 
which g’ is changing at 1. The graph of f bends away from the linear 
function more slowly than the graph of g. b. The larger the value of 

| f"(a)|, the greater the deviation of the curve y = f(x) from the tan- 
gent line at points near x = a. 








Section 4.6 Exercises, pp. 288-289 


1. If f is a continuous function on the closed interval | a, b] and is 
differentiable on (a, b) and the slope of the secant line that joins 

(a, f(a) ) to (b, f(b)) is zero, then there is at least one value c in (a, b) 
at which the slope of the line tangent to f at (c, f(c)) is also zero. 





3. f(x) = |x| is not differentiable at 0. 
5. T. x=} 9 x=rj4 





11. Does not apply 13. x = 2 15. Average lapse rate = 
—6.3°/km. You cannot conclude that the lapse rate at a point exceeds 
the critical value. 


ANSWERS A-31 


17. a. Yes bec =4 c Section 4.7 Exercises, pp. 300-302 


1. If lim f(x) = 0 and lim g(x) = 0, then we say lim f(x)/g(x) is 
xa xa xa 


of indeterminate form 0/0. 3. Take the limit of the quotient of the 
derivatives of the functions. 5. If lim f(x)g(x) has the indeterminate 
xa 
_ (f(x) , | 
form 0+ œ, then lim | ———— |] has the indeterminate form 0/0 or 
xa \ 1 i g (x ) 
œ/œ. 7. If lim f(x) = 1 and lim g(x) = ©, then 
xa xa 





f(x) — 1” as x > a, which is meaningless; so direct substitution 


x 
3 does not work. 9. lim g(x) = 0 11. Inx,x?,2%,x* 13. -1 
19. a. Yes b. c = In Ta c. x>% f(x) 


15. 1/2 17. 1/e 19.2 21.4 23. % 25.4 27. 1/24 


T 
29. 1 31.4 33. —4 35, l/r? 37.5 39. —} 41.1 
43.5 45.1 47.2 49.1 51.0 53.0 55.1 57. 1 
59. e 61. ef 63. e°! 65.1 67. e 69. e%°% 
71. Comparable growth rates 73. x* 75. 1.00001* 77. x* 
79. e* 81. a. False b. False c. False d. False e. True 
f. True 83. = 85. —7 87.0 89.2 91. œ% 93. (In3)/(In2) 
95. 5 97. a. Approx. 3.44 X 10° b. Approx. 3536 e. e! 
d. Approx. 163 99. 1 101. Ina — inb 


1 \n/r)r 
103. b. lim (1 + r/m)” = lim (1 + ) =e 














21. a. Yes b. c = V1- 9/r? c 





m—> 0 m—> 0 (m/r) 
fs, ae e a Si ee 
e Vere . lim — = lim ——— = = b*, se 
x0 bX too tin’ b 
log, x Inb 
Example 8) 109. Show lim =—— #90. 111. 1/3 
x log, x Ina 


115. a. b > e b. e™ grows faster than e* as x > ©, fora > 1; e™ 
g 
grows slower than e* as x > ©, forO <a < 1. 





Section 4.8 Exercises, pp. 309-311 


23. a. Does not apply 25. a. False b. True c. False 27. handp 1. Newton’s method generates a sequence of x-intercepts of lines 
29. y tangent to the graph of f to approximate the roots of f. 3. Generally, 
(4, 4) if two successive Newton approximations agree in their first p digits, 
then those approximations have p digits of accuracy. The method is 
terminated when the desired accuracy is reached. 
x7-6 x724+6 


5. Xn, =X, ox, — Oe xX, = 2.4,x, = 2.45 





Xn 
-xı = 0.564382, x, = 0.567142 





oo) ofe 
Co fow] o aso 


cco 
31. The car’s average velocity is (30 — 0)/(28/60) = 64.3 mi/hr. By 


BEA 


the MVT, the car’s instantaneous velocity was 64.3 mi /hr at some time. 


33. Average speed = 11.6 mi/hr. By MVT, the speed was exactly 
11.6 mi/hr at least once. By the Intermediate Value Theorem, all speeds 


between 0 and 11.6 mi/hr were reached. Because the initial and final 


speed was 0) mi/hr, the speed of 11 mi/hr was reached at least twice. 
ro) Ke 


T = A(a + b) + Band f'(x) = 2Ax + B; 6 | 3.162278 | 
+ D .1622 
2Ax + B = A(a + b) + B implies that x = ae the midpoint of 
| 8 | 3.162278 | 
la, b). 37. tan? x and sec? x differ by a constant; in fact, 

yee | DECA 

tan” x — secx = —1. 39. Bolt’s average speed was 37.58 km/hr, 
so he exceeded 37 km/hr during the race. 41. b.c = 4 


| 0.510973 | } 1.165592 
cree) Tele 
| 0.510973 | 1.165561 | 
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15. x ~ 0, 1.895494, — 1.895494 17. x = —2.114908, 0.254102, 
1.860806 19. x = 0.062997, 2.230120 21. x = 2.798386 

23. x ~ —0.666667, 1.5, 1.666667 25. The method converges more 
slowly for f, because of the double root at x = 1. 


2 





27. a. True. b. False. c. False 29. x = 1.153467, 2.423622, 
—3.57709 31. x = Oandx = 1.047198 33. x = —0.335408, 
1.333057 35. x = 0.179295 37. x = 0.620723, 3.03645 


Oo 


0.3645 


0.3645 
0.32805 
5 | 0.295245 


T 


P 


10 





ES 
E 
EJ 
2 
Ea 
E 
EZ 
E 
EA 


4l. a= e 43. x = 0.142857 is approximately L, 
45. a. t = 7/4 ~ 0.785398 b. t ~ 1.33897 c. t= 2.35619 
d. ¢ ~ 2.90977 47. A = 1.29011, 2.37305, 3.40918 


Section 4.9 Exercises, pp. 320-322 


1. the derivative, an antiderivative 3. x + C, where C is any real number 


p+1 





5 + C, where C is any real number and p ¥ —1 


“pt 
7. Injx} +C 90 11. x +C 13. —$c0s 2x + C 

15. 3tanx + C 17.y*+C 19% e4+C 21. tants + C 

23. 4x6 — ix + C 25. $ 3/2 — 8x2 + C 

2T: 2 3 + 15s? + 9s + C 29. 3x49 + 6x7 + 6x + C 

31. —x3 + Gx? + 4x + C 33. =x” + 2x + 3x! +C 

35. xt — 3x? + C 37. —+ cos 2y + L sin 3y FC 

39. tanx — x+ C 41. tand+secO+C 43. + 5tan2r+C 
45. sec 40 + C 47. Ł1n|y| + C 49. 6sin! (x/5) + C 

51. sec ™!|x/10| + C 53. $sec™! |š| + C 


55. t+ ln|t| +C 57. e? +C 
59, F(x) = x°/6 + 2/x + x — 19/6 61. F(v) = secv + 1 
63. 2x4 + 2x7! + 1 65. y? +5ln|y| + 2 
_ Ss te ab 
67. f(x) =x —3x+4 69. g(x) = ox DAR 


71. f(u) = 4sinu + 2cos2u — 3 73. 31n |z| + 6t + 2 


75. \/2sin0 + tan0 + 1 
77. f(x) =x? — 5x +4 





. —ġsin2t + 34 + 10 
95. Runner A overtakes runner B at t = 77/2. 

97. a. v(t) = —9.8t + 30 b. s(t) = —4.917 + 30t 
timet = 3.06 d. ż= 6.12 99. a. v(t) = —9.8t + 10 

b. s(t) = —4.917 + 10t + 400 c. 405.10 m at time t = 1.02 


89. —1677 + 20t 91. HP +1 9 


c. 45.92 m at 


d. ¢= 10.11 101. a. True b. False c. True d. False 

e. False 103. (e™ + e™)/4 + C 

105. —cot 6 + 20?/3 — 30°/2 + C 107. Injx| + 2Vx + C 

109. xb? — #x11/6 4 C 111. F(x) = —cosx + 3x + 3 — 3r 
113. F(x) = 2x8 + xt + 2x + 1 115. a. O(t) = 10t — ¢t°/30 gal 


b. 





x/2 — (sin 2x)/4 + C; 


117. J sin? x dx 
[eos xdx 


Review Exercises, pp. 322-325 


x/2 + (sin2x)/4 +C 








19. 
1. a. False b. False c. True d. True e. True f. False 
3. 
21. 
25, 
7. x = 3 and x = —2; no abs. max or min 29, 
9. x = 1/e; abs. min at (1/e, 10 — 2/e) 31. 
Critical pts.: x in the interval 35. 
[-3, 2 |: abs. max: (4, 9); abs. 43. 
and local min at (x, 5) for all 59, 
xin |-3, 2: local max. at (x, 5) 
for all x in (—3, 2) 69. 
73. 
79. 
83. 
85. 
87. 








y-intercept 
(0, 1) 


x-intercept 
(—2.92, 0) x-intercept 


(—0.22, 0) 


Inflection point 

(Ch353) 

Local and abs min 
(—2,=11) 


17; 
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Local max 
(d, 4) 


Inflection point 


Abs min 
(2, —4) 





Local max 
2) 215) 


Inflection point 
(5), 2.09) 


y-intercept 
(0, 2) 
x-intercept 


Z (23.77, 0) 


y 
3 
Local max 
Inflection point (—1.56, 2.11) 
(=2,;1.59) 
Local min 
y-intercept 
Abs min (0, 1.26) 
(=2.57; 1.05) 
Inflection point 
(—6.43, 1.82) 
—4 x 
P=476/3 bh =4V3/3 23.22.1479 =7 


p=q=5V2 27. a. L(x) =3x+3 b. Ẹ =~ 9.44 
4a) =r a= A142 = 9/160) = 0.05625 
Ah = —112ft 33. a. Œ cells/week b. t = 2 weeks 
—0.434259, 0.767592, 1 37. 0, +0.948683 39.0 41. 2V3 — F 
Z 45.0 47.0 491 51.0 53.1 55.1 57. 1/e? 

1 


61. x1? 63. Vx 65. 3* 67. Comparable growth rates 
1 4 
3x3 + 2x2? +x4+C 71 -— + ~ +C 
x 


0 + 4sin390+C 75. 4sec2x + C 77. 121n |x| + C 





tantx +C 81. sx 7/4 + 2x72 + C 
f(t) = —cost + t? +6 
ae 1 sin2 
h(x) = q sin 2x + (5+ 7 ) 
v(t) = —9.8t + 120; s(t) = —4.9t° + 120¢ + 125 


The rocket reaches a height of 859.69 m at time t = 12.24 s and then 
falls to the ground, hitting at time t = 25.49 s. 
93. 


89. 1;1 91.0 


lim f(x) = 1; lim g(x) = 0 
x0" 0" 
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CHAPTER 5 
Section 5.1 Exercises, pp. Xxx—XXx 


1. Displacement = 105 m 





3. Subdivide the interval | 0, 7/2] into several subintervals, which 

will be the bases of rectangles that fit under the curve. The heights of the 
rectangles can be computed by taking the value of cos x at the right- 
hand endpoint of each base. We can calculate the area of each rectangle 
and add them to get a lower bound on the area. 

5, L, Ls. 19, 2,209, LISA L22 a N25, 


7. Underestimate; the rectangles all fit under the curve. 9. a. 67 ft 
b. 67.75 ft 11. 40m 13. 2.78m 15. 148.96 mi 17. 20; 25 
19. a.c. 2 





Left Riemann sum underestimates. 


Right Riemann sum overestimates. 
b. Ax = 13x) = 0,x = 1, x2 = 2, x3 = 3,x4 = 4 d. 10, 14 
21. a.c. 





Left Riemann sum overestimates. Right Riemann sum underestimates. 


b. Ax = 77/8; 0, 7/8, m/4,3m/8,m/2 d. 1.18; 0.79 
23. ac. ? 


15 





0 J 3 


4 





Left Riemann sum underestimates. Right Riemann sum overestimates. 


b. Ax = L, 2,2.5,3,3.5,4 d. 13.75; 19.75 
25. a. €. y 









Left Riemann sum underestimates. 


Right Riemann sum overestimates. 

b. Ax = 0.5; xXx = 1,x, = 1.5,xX2 = 2, X3 = 2.5, x4 = 3, x5; = 3.5, 
xs = 4 d.10.11, 12.98 27. 670 

29. a.c. 


b. Ax 
31. a. 


33. a.c. b. Ax = 1; 1,2, 3,4,5,6 


d. 1.76 


5 6 
35. 5.5,3.5 37. b.110,1175 39. a. Sk b. S(k +3) 
k=1 k=1 
A 
l 
e Òk d. bAT 41. a. 55 b. 48 c. 30 d. 60 e6 f. 6 
k=1 k=1 
le hel Ley. ee 
. 85 h. 0 43. a. — a e — = 5,427, 
i TÈ 10 10 & 10 


40 


























1 2k — 1 1 ZT/k+29¥ 

0 = a b. £ s.a ED T )-1l= 
14,198 _ 105.17; 5 ( + aj E 1 _ 14,603 _ 108.17: 
135 5. 15 135 

LS (Ae?) — 1 Lae 106.66 b. 106.7 

65A 30 540 l l l 


47. on) Right Riemann sum 49. on) Right Riemann sum 






The sums approach 10 z 


51. on) Right Riemann sum 


The sums approach 277. 
53. a. True b. False 





c. True 

The sums approach 1. 

50 

4k 4 304 

55. — + Le = 12.16 

>(4 50 25 

= = A 1 
57. S(s + ) -— = 3639.1 

= 8 4 


59. Left; |2, 6|; 4 or Right; [1,5];4 61. Midpoint; [2, 6]; 4 
63. a. 


Left Riemann sum is 


23 
— = 5.75. 
4 





Midpoint Riemann sum 


8 
1S z = 0.025; 


Right Riemann sum is 


3! 395 
1 iN 





65. Left sum: 34; right sum: 24 67. a. The object is speeding up on 
the interval [0, 1], moving at a constant rate on [1, 3], slowing down 
on [3, 5], and maintaining a constant velocity on [5,6]. b. 30m 

c. 50m d. s(t) = 30 + 10t 69. a. 14.5g b. 295g c. 44g 
d. x = 63cm 
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30t if0<1<2 
71. s(t) = 4 50t—40 if2<1=2.5 
44t- 25 if2.5 <1 <3 


75. 
|» | Midpoint iemann sum 


73. 
| Midpoint Riemann sum 










0.500244 


The sums approach 0.5. 


The sums approach 4.75. 


Section 5.2 Exercises, pp. 351-354 


1. The area of the regions above the x-axis minus the area of the 
regions below the x-axis. 3. When the function is nonnegative on the 
entire interval; when the function has negative values on the interval 
5. Both integrals = 0. 7. The length of the interval (a, a] is 

2 


a — a = (0, so the net areais 0. 9. a 











ll. a b. —16, —24, —20 

13. a. 

15. a b. 4,—4,0 ec. Positive con- 
tributions on [0, 2); negative 
contributions on (2, 4]. 

17. a b. ~ 0.735, = 0.146, ~ 0.530 


c. Positive contribution on 
(0, 7/2); negative contribution 
on (7/2, 37/4). 
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19.a. ? b. 0.0823315; 0.555468; 59. a. 
1.0 0.325932 20 k- 1 2 1 
Left: X (>) + 1|- = 1.30875; 
P = 20 20 
20 k 2 1 
ight: —] +1 |°— = 1.35875 
0.0 : i 2 (+) 20 
3 50 2 
k—- 1 1 
me Left: (=) EIs 13034: 
>> 50 50 
—1.0 50 k 2 1 
. Daa 1 . paa right: X (5) + 1 |-— = 1.3434 
c. Positive contributions on | 7, 1 |; negative contributions on (<1 L \ 50 50 
(0 1) 21 [oes 1) dx 23 [vinxas Left >|(4 1 T f 1 TT 
a3 ye : : eft: = ‚— = 1. x 
0 1 5 100 100 
25. 16 DT 5 y 100 / g N2 1 
ight: — } + 1]}+—— = 1.33835 b. 1.33 
= 2 (5) | 100 


> ES 1). J 
61. a. Left: X; cos | —— } — = 1.03619; 
= 20 / 20 


20 I k 1 
right: > cos- (*) = = 0.95765; 
pa 20 / 2 


0 
50 
k= 1\ 1 
Left: X cos! (=) — = 1.01491; 


k=1 
50 i k 1 
ight: ~ | — ]— = 0.983494; 
right: Dcos (=) i 
100 
k- 1 1 
Left: YX cos! (==) —— = 1.00757; 
= 100 


100 k 1 
right: X cos! (5) Tog 7 099186 b. 1. 
k=1 


n6 [In + 6k —3 
aa $ 6 |” 
mn 2n 


33. 16 35.6 37. m 39. —2mr 4l. a. —32 b. 2 c. —64 
d. Not possible 43. a. 10 b.—3 c. —16 d.3 45. a. 5 
b. -; 47.6 49. 104 51. 18 53. a. True b. True c. True 

d. False e. False 











Estimate: 9.33 








55. a. b. Ax = 9; 3, 3.5, 4, 4.5, 5, n 16 
55,6 c. —22.5:—25.5 65. a. X (2k — 1)(2n + 1 — 2k) 
; k=1 
d. the left Riemann sum over- y. Estimate: 10.67 
estimates; the right Riemann 
sum underestimates. 
67. a. 15 b. 5 «3 d.—2 e 24 f. —10 
69. The area is 12; the net area is 0. 
57. a b. Ax = 1: 1,2,3,4,5,6,7 


22 l 
c. 2,42 d. The left Rie- 
mann sum overestimates; 
the right Riemann sum 
underestimates. 
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71. The area is 2; the net area is 0. b. A'(x) = E(x + 5)7]'’ =x +5 = f(x) 


21. a. 


sa 





30 


A@) =x +x- 8 





73. 17 75. 25m/2 77. 25 81. For any such partition on the interval 
[0, 1], the grid points are x, = k/n, fork = 0, 1, ..., n. That is, x, is 
rational for each k so that f(x,) = 1, fork = 0,1,...,”. Thus, 


the left, right, and midpoint Riemann sums are 5) 1+ (1/n) = 1. 
k=1 

Section 5.3 Exercises, pp. 365-369 

1. A is an antiderivative of f; A’(x) = f(x) 


b 
3. Let f be continuous on (a, b]. Then IEG dx = F(b) — F(a), 


where F is any antiderivative of f. 5. Increasing 7. The derivative 


of the integral of f is f, or < (Jr ar) = f(x). 9. f(x),0 





11.a. 0 b -9 c. 25 d. 0 e 16 





13. a. b. A'(x) =5 29. 16 31. Z 33.8 35.-% 37.-3 39. 1 41. -3 
43. 5 45. 3In2 47. V2/4 49. m/12 
51. Q # i+? 53. (i) —51.2 (ii) 51.2 
15. a. y b. A'(x)=5 





55. Area = 4 57. Area = In 2 59. Area =2 6l. x?+x+1 


63. 3/x 65. -Vx +1 67.2V1 +x° 69. a-C, b-B, c-D, d-A 
71. a x =0,x ~ 3.5 b. Local min atx ~ 1.5; local max at 

x ~ 8.5 

c. 








A(x) = 5x + 25 


17. a. A(2) = 2,A(4) = 8;A(x) = 4x? b. F(4) = 6,F(6) = 16; 
A) = jx? -—2 © A(x) — F(x) = 5x?- (4x? - 2) =2 





73. a. x = 0,10 b. Local max atx = 5 


AQ) = F(x +5)? 
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0 10 xX 


75. —7,-7 + 2,—mr +9,5- m 77. a. A(x) = e*— 1 
b. c. A(b) = 1; A(c) = 3 





1 
79. a. A(x) = 7 in mx c. A(b) = 1/7; A(c) = 0 
b. >v 







f(x) = cos 7x 


l. 
z Sin TX 





81. a. b. g'(x) = sin? (x) 








83. a. ? b. g’(x) = sin (7x7) 


y = sin (at?) 








85. a. True b. True c. False d. True e. True 87. } 89. 1 
91.2 93.34 41n2 





Area ~ 194.05 
99. f(8) — f(3) 101. —(cos*x + 6) sin x 
103. a. b. b = 6 
b 3a 
C. = 
2 





105. 3 107. f(x) =—2sinx +3 109. 7/2 ~ 1.57 


5” x J 

111. [S’(x)]? + aa = |sinx?|? + ; 
X 

= sin? x* teos = 1 


2x cos x? i 
2x 








Section 5.4 Exercises, pp. 374-376 


1. If f is odd, the region between f and the positive x-axis and between 
f and the negative x-axis are reflections of each other through the origin. 
Thus, on |—a, al, the areas cancel each other out. 3. Even; even 

5. If f is continuous on la, b), then there is a c in (a, b) such that 


b 
l 
=z f d 7.0 9. 11. -Ë 13.0 15.0 
“a: 
19.0 > 








29. 1/(n + 1) 31. 2000/3 33. 20/7 35.c=2 
37. c =a/V3 39.c= +5 41. a. True b. True c. True 
d. False 43.2 45.0 47. 420ft 5l.a.9 b. 0 


53. f(2(—x)) 


= f(g(x)) = the integrand is even; 


AE ax = 2 | NE) a 


55. p(g(—x)) = p(g(x)) = the integrand is even; 


J e)a — 2 f P(g(x)) dx 57. a. a/6 


a 


b. (3 + V3)/6, independent ofa 61. c = V12 


[even [ou 


Section 5.5 Exercises, pp. 383-386 


1. The Chain Rule 3. u = g(x) 5. We let a become g(a) and 
x sin 2x wI 
aes ae 











b become g(b). 7. = + oC, p: 
2 4 13 

Qe He (x? + 1)? iw 
11. 3 tC AS, + C 15.4 sin 2 + C 
ME a E ee 

i 100 l 3 

(x? + x)! (x* + 16)’ sin | (3x) 

A —— + a — ee 25, 
11 28 3 

(xf — 3x7)? a 4 

27. 39. +c 29; z Sin FC Jl. 28sec 2TG 


33. $ (x — 4) (x +8) +C 35. F(x +4?(x-6)+C 
37. (2x + :1)47(8x — 3) + C 39.5 41.5 43. (e?-— 1)/3 


45. V2—1 47. 7/6 49. Łm17 51. = 53. 7 

9 
ss, 5 — isn (1H) + c 57. — 59. In% 61. a. T 
a) i 3 4 e ng ea. rue 





b. True c. False d. False e. False 63. $ tan (10x) + C 


ANSWERS A-39 


1 
65. 5 tan? x +C 67. Łsec'x+ C 69.: 71. ł(4 - 37) 


l 64 

73. % 75. —-In3 77. z 79.1 81. = 83. +; constant 
4800 

85. a. m/p b.0 87. a. 160 b. > ~ 98 


200 
c. Ap = ———— dt; decreases as r increases d. r ~ 1.28 
o (f+ 1)’ 


e. As t— ©, the population approaches 100. 89. 2/7 


_ f (ve - 1) a | 
93. One area is ————- dx. Changing variables by letting 
4 


2x 
u = Vx — 1 yields ffu? du, which is the other area. 95. 7297/12 
(p) x n+1 
97. a2 al +C 99, 2(3 — 2a)(1 + a)? + a5? 
n 


101. sec? + C 1068. a I = E sin 2x)? dx =x — 
b. I= f(sinņ?x— sin*t x) dx = x — $sin 4x + C 


4 
107. 3 (72 EVI Pavi Vi +x 109. —4 + VI7 


$ sin 4x + C 


Chapter 5 Review Exercises, pp. 386-389 


1. a. True b. False c. True d. True e. False f. True 
g. True 3. a. 8.5 b. —4.5 ce. 0 d. 11.5 5. 47 
7. a. 1[(3°2 — 2) + (3:3 — 2) + (3-4 - 2)| = 21 


n 3 3k 33 
b. NO) fae] =D .— 9, —l 11. 56 
> F/3( *) -2 3 
4 
13. [ead 
i 9 
19. x? -x +C 21.2 23. 








15. 44 17. 20 
T 
6 
29. $In |x? + 3x? — 6x| + C 31. S233. 8 35. 354 
37. a. 20 b. 0 c. 80 d. 10 e. 0 39. 18 41. 10 43. Not 
enough information 45. Displacement = 0; distance = 20/7 

47. a. 5/2,c = 3.5 b. 3,c =3andc =5 49. 24 

51. f(1) = 0; f'(x) > Oon [1, ©); f”(x) < Oon |1, œ) 


25. 1 27. 40 — sin 100 + C 





l 
57. cos— + C 59. In|tan'x|+C 61. In(e*’+e*)+C 
x 


63. Differentiating the first equation gives the second equation; no. 
65. a. Increasing on Ta 1) and (2, © ); decreasing on (1, 2) 

b. Concave up on (2 , ©); concave down on (—®, =) 

c. Local max at x = 1; local min at x = 2 


d. Inflection point at x = @ 
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CHAPTER 6 
Section 6.1 Exercises, pp. 398—403 


1. The position, s(t), is the location of the object relative to the origin. 
The displacement between time t = a and t = bis s(b) — s(a). 


b 
The distance traveled between t = a and t = bis J |v(t)|dt, 


where v(t) is the velocity at time t. 3. The displacement between 


t = aandt = bis | v(t) dt. 5. Q(t) = Q(0) + [ow dx 


Positive direction for 

6 0 < t < 3; negative direction 
for 3 <ts6 

b. 0 c. 18m 


v(t) = 6 — 2t 


Positive direction for 

O= f= 2Zand4 = t= 3; 
negative direction for 
2<t<4 b. 20/3m 
c. 28/3m 








Positive direction for 
O<t<2and3 <t=5; 
negative direction for 

ee ee 


275 
b. —m cœ. 23.75m 
12 





v(t) =P — 5° + 6t 


13. Positive direction for O < t < m; negative direction for 
1 ae Mt WO 
b. s(t) = —cost + 2 





Positive direction for 
0 =< t < 3; negative 
direction for3 <t=5 






v(t) = 6 — 2t 






s) =6t- f 


Positive direction for 
0 < t < 3; negative 
direction for 3 <t s= 4 





vt) =9-f 


t 
b. s(t) = 9-7-2 Cc. 16 


s(t) =9%- 4f —2 





19. a. s(t) = 2sinzt b. 





21. a. s(t) = 101(48 — t°) 


b. 880 mi 
; 2720V6 


~ 740.29 mi 
9 mi 





a. Velocity is a maximum for 
20 =s t S 45;v =Oatr=0 
andt = 60 b. 1200m 

c. 2550m d. 2100 m in the 
positive direction from s(0) 


25. v(t) = —32t + 70; s(t) = —16¢? + 70t + 10 
27. v(t) = —9.8t + 20; s(t) = —4.92? + 20t 
29. v(t) = -5t + 10; s(t) = -azt + 10r 

1, 1 29 
31. v(t) = z sin 2t + 5; s(t) = =7 098 Dt ae St a 


33. a. s(t) = 4r ft 


b. 704 ft 

ce. V30 = 5.4778 
5V 33 

d. Em = 2.6l1s 


2 


e. ee ~ 180.023 ft 
44 





2 t 


35. 6.154 mi; 1.465 mi 37. a. 27,250 barrels 
c. 4000 barrels 39. a. ~2639 people 

b. P(t) = 250 + 2017/7 + 30t people 41. a. 1897 cells; 1900 cells 
b. N(t) = —400e°?*" + 1900 cells 43. a. $96,875 b. $86,875 
45. a. $69,583.33 b. $139,583.33 47. a. False b. True 


b. 31,000 barrels 


c. True d. True 49. a. 3 b. ¥ c. 3 
t? 
== Jr, QOs=r=s=3 
2 

d. s(t) = 4 3r 

s(t) =~ l0r+ 18, 3<¢s4 
—~7+10t-—22, 4<1455 

51. 5 





ANSWERS A-41 
b. Theo c. Sasha d. Theo hits the 10-mi mark before Sasha; Sasha 
and Theo hit the 15-mi mark at the same time; Sasha hits the 20-mi 
mark before Theo. e. Sasha f. Theo 

57. a. Abe initially runs into a “a 

headwind; Bess initially runs with 
a tailwind. 





2r 0, (02 


b. Both runners have an average speed of 3 mi/hr. e. 7V5/25 hr. 
10/11 — e*) 107 
9. a. ————_ o total amount of barrels of oil 


extracted if the nation extracts the oil indefinitely where it is assumed 


that the nation has at least y barrels of oil in reserve 


Í 
c. k = —~ = 0.005 d. Approximately 138.6 yr 


~ 200 
120 12 . (2 ) 
t + — sin | — t 
TT 12 


61. a. —— + 40 ~ 78.20 m? b. Q(t) = 20 





Q 


c. After ~ 122.6hr 63. a. 





t v 
b. V(t) = 5 cos (=) +5 


~ 


0 10 20 


c. 6 breaths/min 65. a. 7200 MWh or 2.592 X 10"° J 
b. 16,000 kg; 5,840,000 kg c. 450 g; 164,250 g 
d. About 1500 turbines 
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Section 6.2 Exercises, pp. 408-412 


g J (f(x) — g(x) ) dx represents the 
z 


area between these curves. 





3. See solution to Exercise 1. : ; 
ln 2 2 32 
13. 87/3 — 2V3 15. 2-— V2 17.4+1n2 19.1 21. 3 


23. 48 25. 2 
6 





27. a | e — x7) dx + J a) dx 


0 
b. Jos Vy + 2) dy 
=j 


6 


=) 
29, a. 2 | versax+ | (vers - 4) a 
~3 


—2 


ale 


3 
b. J (2y — (y? — 3))dy 31. ” a. 
7 ! b. 


ale 





33. Ś 35. 1In2 37. 39. a. False b. False c. True 
6 5 
41.4 43.2 45.3% 47.9 49. 2-21n2 
51. a. Area (R,) = en all positive integers p; area 
(R) = TCT for all positive integers q; they are the same. 
b. R, has greater area. c. R, has greater area. 
139 7 UVI = 128V2 81 = l 
gg, CSN ge E 
96 2 2a 1) 


l, . . 
; lim A, = 1; the region approximates a square with 


59, A, = —— 
n + no 

side length of 1. 61. a. The lowest p% of households owns exactly p% 

of the wealth for 0 = p = 100. b. The function must be increasing 

and concave up because the poorest p% cannot own more than p% of 


the wealth. c. p = 1.1 is most equitable; p = 4 is least equitable. 


5 
. Gp) = l= f= 6G =. Ti =I. p =l 
eoi opel g > 


65. 4 67. a. F(a) = ab?/6 — b4/12; F(a) = O ifa = b/2 
b. Since A'(b/2) = 0 and A”(b/2) > 0, A has a minimum at 
a = b/2. The maximum value of b*/12 occurs ifa = 0 or a = b. 
69. a. 








1 


b. A,,(x) is the net area of the region between the graphs of f and g 
from 0 tox. e x = n" ~1). the roots decrease with n. 
Section 6.3 Exercises, pp. 419-423 


1. A(x) is the area of the cross section through the solid at the point x. 


2 
3. V = J m (4x? — x*) dx 5. The cross sections are disks and 
0 


A(x) is the area of a disk. 7. % 9.1 11. “3 
16V2 
15. 1672 17. 367 19. 157/32 21. m*/2 23. 1*/6 


25. 7°/2 27. 32m/3 29. 5m/6 31. 1177/5 33. (4m — m°)/4 
35. 54r 37. 6477/5 39. 32m/3 41. Volumes are equal. 
43. x-axis 45. a. False b. True c. True 47. mln3 


49. ac — 1) 51. 497/2 53. Volume S = 8aa5/2/15; 


13. 2 


volume T = ma”? /3 
55. a. ? b. ? 


— 
— 





57. a. ¿Vo b. Vo 59. 2407 6l. b.2/Vm m 
Section 6.4 Exercises, pp. 432-435 


b 
1. [emt = BX) ae 3 dey a 7T. mln 9. r 


32T 277 8 la 


ii. S Br 15.80 17.2 m Z za = 
5 3 3 2 


23. 907 25. m 27. 24m 29. 54m 31. 16V2 7/3 


2377 1927 
6 35. Er 5 15 39. a 


method 43. 87/27; shell method 45. m (Ve — 1); shell method 


41. 477/15; shell 


47. x washer method 49. a. True b. False c. True 51. 47 1n2 


53. 27e(e — 1) 55. 1677/3 57. 6087/3 59. 7/4 61. 7/3 
63. a. V, = see + 10a + 15) 
= (a +2) 


h? 
b. V(S,) = V(S2) fora = Oanda = —2 67. “(24 — h) 


69. 247° 73. 10m 75. a. 27V3mr?/8 b. 54V2/(3 + V2)? 
c. 5007/3 


Section 6.5 Exercises, pp. 440—442 


1. Determine if f has a continuous derivative on |a, b]. If so, calculate 


b 
f'(x) and f'(x)”. Then evaluate the integral / V1 + f'(x)* dx. 


1 
11. a. / V1 + 4x*dx b. 2.96 
= 


4 4 
1 4x — 7 
13. a. 1+ — dx b. 3.34 15. a. dx b. 1.08 


T 10 
17. a. J V1 + 4sin? (2x)dx b. 5.27 19. a. J V1 + 1/x* dx 
0 1 


b. 9.15 21. 7V5 23. 3 25. a. False b. True c. False 
27. a. f(x) = +4x?/3+ C b. f(x) = £3sin2x + C 
29. y= 1 — x? 31. Approximately 1326m 33. a. L/2 b. L/c 


3. 4V5 5.168 7.4 9,12 








Section 6.6 Exercises, pp. 448—450 





b 
1. 157 3. Evaluate / Qmf(x)V1 + f(x) dx. 5. 156/107 








2912 53 275 
7" og =" 1. 26 + 8 — 8) 13, 2" 15. re? 
3 9 8 32 
17. lee —1) 19. 15V17q 21. a. False b. False 
Te a hie, 3° er ee 2 Baseee 
C. rue ° alse ° 48 1024 : 
12ra’ 





27. b. Approximately 7.21 29. b. Approximately 3.84 31. 


3a 


3 P — a = 1 
— + — _— gin — 
2a War = 1 a 


35. a. 6/a b. 3/a œc 


37. a. cA b. A 


Section 6.7 Exercises, pp. 458-462 


1. 150g 3. 25J 5. Different volumes of water are moved different 
distances. 7. 39,2000N/m? 9. m +2 11.3 13. (2V2 — 1)/3 
15. 10 17.9J 19. a. k= 150 b. 12J c. 6.75J d. 9J 

21. a. 1125J. þ. 125J. 23: a. 31257 þpÞ-3125J 25.5255 
27. 11,484,375J 29. 3,940,814J 31. a. 66,1507 J b. No 

33. a. 200,704,0007/3J b. 120,422,4007 J 35. a. 32,667 J 

b. Yes 37. 7696.9J 39. 14,700,000 N 41. 29,400,000 N 


ANSWERS A-43 


43. 800,000N 45. 6737.5N 47. a. True b. True c. True 
d. False 49. a. Compared to a linear spring F(x) = 16x, the 
restoring force is less for large displacements. b. 17.87 J 

c. 31.63 51. 0.28J 53. a. 8.87 X 10°J 

b. 500 GMx/(R(x + R)) = (2 X 10!7)x/(R(x + R))J 

c. GMm/R d. v= V2GM/R_ 55. a. 2250gJ b. 3750g J 
59. The left-hand plate 6l. a. Yes b. 4.296 m 


Section 6.8 Exercises, pp. 470-472 


1. D = (0, %),R = (~%,%) 3 





: + C 
In 4 


7.3 9. cos (Inx)/x, x E (0, œ) 


5. ex ln se e7 nx o(sinx)(nx) 





5 3 l 
W= a Bali 15.5 17. Cin 4 em) ee 
x (In 2x) 8 2 
1 4 
eeo e a aE e a l e 
In2 In3 e? 
99 x +8 
T: 29.3 31. — +C 
10 In 10 3 In6 


33. 421 x (1 + In2x) 35. (In2)2**!x 





+ In (x + 1) 





37. 2(x + 1) ; 
X 


sin y 


39. ysno(cosyiny + ) 41. a. True b. False c. False 
i 


d. False e. False 





6.1917 —107! 


7.2446 7.5404 


10° 7.3743 10> 7.4039 


7.3876 7.3905 
7.3889 7.3892 
7.3890 7.3891 


lim (1 + 2h)!” = e° 
h—>0 


X X 


2-1 
lim 
x—0 X 








= ]n2 


In p ~10x2 
47. a. No b. No 49. saj 51. —20xe ~~” 
mez 


4 (=) 
+ In 
+4 x 











i+) 


53. —(1/x)"(1 + Inx) 55. — 





; . 2 sinx 1 
57. = 2 sin x rans( Zins 4 5 l ) 59, = o 
sin (x =F] x F cos x In x N 
10" 3.312 _ 1 1 65 
61. + C 63. ——— 65. 2% 67. —In— 
41 10 3 3 3° 46 
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1 
69. (In2 + 1) ~ 0.85 


Ç 1 1 1 1 1 1 ) 
=2(—-+—+—+—+—+—+—)]}>1 
9 Il 13 15 17 19 21 
Section 6.9 Exercises, pp. 479-481 


1. The relative growth is constant. 3. The time it takes for a function 
to double in value 5. 7, = In 2/k 7. Compound interest, 
t/10 

world population 9. a = 10.5; a8 ae 10e” — Es 

dt dt 8 100e/1° 10 
11. P(t) = 90,000e°°*** people with t = 0 in 2010; in 2039 
13. 60,500 15. $134.39 17. a. T, ~ 87 yr; 
2050 pop = 425 million b. 7, ~ 116 yr; 2050 pop = 393 million 
T, ~ 70 yr; 2050 pop ~ 460 million 19. About 33 million 
21. H(t) = 800e °°” homicides /yr with t = 0 in 2010; in 2019 
23. 18,928 ft; 125,754 ft 25. About 9.82 million; the population 
decline may stop if the economy improves. 27. a. 15.87 mg 
b. after 119.59 hr ~ 5days 29. ~1.055 billion yr 31. a. False 
b. False c. True d. True e. True 33. If A(t) = Age“ and 
A(T) = 2Apo, then e“ = 2 and T = (In 2) /k. Thus the doubling time 
is aconstant. 35. a. Bob; Abe 
b. y = 41n (t + 1) and y = 8 — 8e™?;, Bob 








y=8-8e 


y=4ln(t+1) 







4 x 





8 


~1.2643s 41. 
= 2 (1/12) — 1; TD = 


37. ~10.034%; no 39. 43. $50 


45. k = In(1 + r);r 


=~ 1044 days 
(In 2)/k 


Section 6.10 Exercises, pp. 494-498 


x =X o a 


1. cosh x = : sinh x = 2 3. cosh? x — sinh? x = 1 


2 
5. sinh |! x = In(x + Vx? + 1) 


a a ae eS 
Jib- 4° 4 


values in the interval of integration 6 < x < 8 satisfy |x| > 4. 

23. 2 cosh xsinhx 25. 2tanhxsech?x 27. —2 tanh 2x 

29. 2x cosh 3x(3x sinh 3x + cosh 3x) 31. (sinh 2x)/2 + C 

33. In(1 +coshx) +C 35. x — tanha +C 

37. (cosh*3 — 1)/12 ~ 856 39. In(5/4) 

41. (x? + 1)/(2x) + C 43. a. The values of y = coth x are very 
close to 1 on [5,10]. b. In(sinh 10) — In(sinh5) ~ 5.0000454; 
lerror| ~ 0.0000454 


7. Evaluate sinh '5. 


+ C when |x| > 4; in this case, the 





a. x = sinh! 1 =In(1 + V2) b. 7/4 - In V2 ~ 0.44 


47. 4/V 16x? — 1 49. 2v/Vv4 +1 51. sinh! x 
coth ~ 


1 

53. tC 55. tanih {876/6 FC 

2V2 (35) am Eat 
57. —sech !(x4/2)/8 + C 59. sinh ™!2 = In(2 + V5) 

V5 2 Ts POES 

61. Re =~ —0.54 63. 3In(~3——) = 3(sinh' 2 — sinh! 1) 
65: =o lS | SOL 

15 ( In (5/3) 
67. a. sag = f(50) — f(0) = a(cosh (50/a) — 1) = 10; 
now divide bya. b. t = 0.08 c. a = 10/t ~ 125; 
L = 250 sinh (2/5) ~ 102.7 ft 69. A ~ 32.81m 
71. b. When d/A < 0.05, 27rd/A is small. Because tanh x ~ x 
for small values of x, tanh (2ard/A) ~ 27d/A; therefore, 


À 27rd À 2 d 
v = aJ E> emn (224) ON N = Ved. 
2T À Im 
c.v = Ved is a function of depth e when depth d decreases, v 


also decreases. 73. a. False b. False c. False d. True 
e. False 75.a. 1 b. 0 c. Undefined d. 1 e. 13/12 f. 40/9 


eti , : . 
g. h. Undefined i. In4 j. 1 7.x=0 


2e 
79. x = +tanh'(1/V3) = +In(2 + V3)/2 ~ +0.658 
81. tan '(sinh1) — 7/4 ~ 0.08 83. Applying l’ Hôpital’s Rule 


twice brings you back to the initial limit; lim tanhx = 1. 85. 2/7 
x= 0 


87. 1 89. —cschz + C 91. In V3-In (4/3) = 0.158 
93. 12(3 In (3 + V8) — V8) = 29.5 95. a. ~360.8m 
b. first 100 m: £ = 4.72 s, vy ~ 21.2 m/s; second 100m: ft ~ 2.25 s, 


Vy = 44.5m/s 97. a. Ving/k b. 35V3 ~ 60.6 m/s 


l 
|Z tanh (0.95) = =/= m39 d. ~736.5m 
kg 2 Ņ\ kg 














C. t = 


109. In (21/4) ~ 1.66 


Chapter 6 Review Exercises, pp. 498-502 


1. a. True b. True c. True d. False e. False 
f. False g. True 
3. s(t) = 20t — 5t?; displacement (t) = 20t — 5t?; 


20t — 5t? ais 
DG) = a. 
J 20t + 40 2sts4 
Tt 
5 t) = ——cos — 
a. v(t) Or 
2 Tt 
== sin 7 
7 32 4/3 
b. min value = — 2 max value = —, ¢. 0;0 7. a. R(t) = 3t 
TT 
3144/3 if0<r<8 


c. t = 59 min 


b. R(t) = 
) far ift > 8 


b. 10In4 = 13.86s 





c. s(t) = 2000(1 — e™!?) 
d. No 





11. a Stom (t) = —10e-7 + 10 
Ssue (t) = —15e™ + 15 


217 
b. tf = Oandt = In2 ec. Sue ee 


1 
15. Ry: 17/6; Ry: 47/6; Rs: 11/2 17.8 19.1 2. > 23. 16 








ST ar-h 
25. Zi. 3 29. 7 31. a. V, b. V, 
I-2p _ ] 
“(2 ) ifp ~ 1/2 
c. V, = [ — 2p 
7 Ina ifp = 1/2 
az? — 
2 fp #2 
d. V, = n( 0 = ae 
27 Ina ifp = 
4 
33. 1 35. 2V3 -73 


co“ ded TCL a V2) 


37. Vb? +1-—-V24+In ; 
On 263,439 483 


b ~= 2.715 39. a. 97 b. — 41. a. b. —— 
2 4096 64 





264,3417 
18,432 
47. 5.2 X 107J 49. In4 51. ŁIn (x? + 8x + 25) + C 


53. cosh! (x/3) + C = In (x + Vx? — 9) + C 


TT 
c (84 +In2) d. 





450 
43. | 450 — —_]g 45. 56.25J 
e 


ANSWERS A-45 


55. tanh! (1/3)/9 = (In2)/18 ~ 0.0385 57. 48.37 yr 


59. Local max at x = —5(V5 + 1); y 
local min at x = + (V5 — 1); 
inflection points at x = —3 and x = 0; 


lim f(x) = 0; lim f(x) = ©. 









1 ef [2 


b. lim fx) =0 e f(x) =0 d S = Ge 


e o = 1 63. a. coshx b. sechx(1 — x tanh x) 
65. L(x) = 2 + $ (x — In3);cosh1 ~ 1.535 





CHAPTER 7 
Section 7.1 Exercises, pp. 506-508 


1 — cos 2x 
2 
5. Complete the square in x7 — 4x — 9 


1 2 
=e N, we ii-i 26 eC 
15(3 — 5x) 4 


13. In (e* + 1) + C 15. ;Inle*—2)+C 17. ¥ 
19. -i cot x +C 2. z= In lee J) eC 


l.u=4-—7x 3. sin’x = 


1 
23. > In (x? + 4) + tan! ; +C 








sec? t tan? t 


+ sect + Cor + sect + C 


27.3V1—x74+2sin'x+C 29. x-— 2ln|x +4/+C 
rT 1 -1 

3l =en CE 33, Lan ( =) +c 
3 2 3 3 


0+3 
35. (2) + C 37. tan — sec + C 


39. —x — cotx — cscx+C 
41. a. False b. False c. False d. False 
n4-7 2 sin? x 


43. ————_ 45. 


; +C 47, 2tan'Vx+C 





1 5 +3 
49. 5 In (x? + 6x + 13) — 5 tan (=) +C 


A-46 ANSWERS 


tan? x sec? x 


sl. = 








+C b. 





+C 53.5 55. +C 


e+ I 
c. The derivative of part (a) equals the derivative of part (b). 
57. a. (x + 1)? — 2(x +1) +In|x + 1| + C 

à 


Bs Ge nee [ae 


c. The derivative of part (a) equals the derivative of part (b). 





In 26 14 2 2048 + 1763V 41 
59, 61a —— b 4(5V5 — 1r 63. — YT 
3 3 9375 
m (2 E ae 
e T 7 6 


Section 7.2 Exercises, pp. 512-515 


1. The Product Rule 3. u = x” 5. Products for which the choice 
for dv is easily integrated and when the resulting new integral is no 
more difficult than the original 

7. xsinx + cosx + C 9. te'— e +C 


2 3 
i eart AC i = (Inx? Hic 
X l l 
Is. (lie = De M =al TC 
9 9x 9 
1 
19. xtan! x — żln (x? +1)+C 21. A E 


23. —e (t + 2t + 2) + C 


=X 





25. — £ 


ia (sin 4x + 4cos 4x) + C 


x 


27. 5 (sina teos) tC 


29. {(1 — 2x?) cos 2x + xsin2x+C 31. m 33. —5 


2V3 -1 t= V3 
35. (5e +1) 37. (Ae 39. (1 — In2) 


2 
41. ue — 1) 43. a. False b. True c. True 


45. Letu = x" anddv = cos ax dx. 47. Letu = ln” xand dv = dx. 
í 


x^ sin 5x 2x cos 5x 2 sin 5x 

5 25 125 
51. xlnfx — 4xln?x + 12xln?x — 24xInx + 24x + C 
53; (tanx +2) In (ane 2) = tax FC 


s Torrig: fo n= 
s etm l na lnb 


57. 2Vxsin Vx + 2cos Vx + C 59. 2e? 
2 


63. x-axis: = y-axis: 27? 65. a. Letu = x and dv = f'(x) dx. 





49. FPC 


(thr =) tC 


61. m(T — 2) 


3x 
b. ao — 1) + C 67. Useu = sec x and dv = sec? x dx. 


69. a. t = kr fork = 0,1,2,... 
T] 
o 
QT 


woe 
aa (E) 





b b 
71. Juwa J vdu =A + B= f) (6) ~ fla) sla) = wt 


75 a hahe +C hhe (x2? +1) +C 
& gH es? $97 tC 


— _1 x 2n 
d. long = Ze x” + nhn- 


Section 7.3 Exercises, pp. 521-523 


1. sin? x = 4 (1 — cos 2x); cos? x = 4 (1 + cos 2x) 


3. Rewrite sin? xas (1 — cos? x) sinx. 5. A reduction formula 
expresses an integral with a power in the integrand in terms of 


another integral with a smaller power in the integrand. 
1 in? 
9. o 11. sinx — a 





7. Let u = tan x. + C 


2 7 1 1 
13. —cosx + 3 cos x 2s +C 15. ]% ———sindy tC 


5 8 32 

















5 3 
17. =. L AC 19, 2sin¥/2x — 2 sin? x + C 
3 
21. secx + 2cosx — ards +C 
23 sin’ xcosx | 1 l jn4x+C OB t E 
è — — sin e tan = 
6 eG Co as 
__ cot? x 


27; 





+ cotx +x + C 


20 
29. 4 tan? x — = tan’ x + 20tanx — 20x + C 


sec? X 


31. tanx + C 33. 





+C 
35. ttan? 4x + +In |cos4x| + C 37. $tan°? x + C 

39. tanx — cotx + C 41. $ 43. ł-— In V3 

45. a. True b. False 49. 5In (V2 + 3) 

51. }tan (In 0) sec? (In 0) + }tan(In@) + C 53. In4 
55. 8V2/3 57. In|sec (eX + 1) + tan(e* + 1)| + C 
59. V2 61. 2V2/3 63. In(V2 +1) 65. Ł-— In V2 


67. cos 4x cos 10x LC 69. sin x sin 5x 
8 20 2 10 














PC 


13. J sintmede = [cost med = 7/2, n = 1,2,3,... 
0 0 


` 3 
J sinf nx dx = als 
0 8 


Section 7.4 Exercises, pp. 529-532 


n= 1,2,3,... 


1.x = 3secð 3. x= 10sinð 5. V4—x7/x 7. 7/6 
5: 23( 22 B “| iL. T V3 
3 2 8 








13. sn SC 
4 











12 
VOT 3 
is. Oi | eae ee 
X 
X 7 . q1 X X 
Ba ee Oe + 32 sin are 19. 75 tC 
il = 
-Vx +9 
21. = +C 23. sin! + C 
X 


25. In (Vx? — 81 +x) +C 27. x/V1 + 4x +C 
29. 8 sin™! (x/4) — xV 16 — x?/2 + C 


31. 
33. 


35. 


39. 


41. 
43. 


45. 
49. 


33: 
Sie 


59; 


61. 


63. 


67. 


69. 


71. 
73. 


75. 


TI 
81. 


Vx? — 9 —3sec '(x/3) + C 
{V4 tx = 21 ee V4 a) 


SETE 9 42 
sin ( 7 )+c $I. 75 008 . of 





A PE 5x 
E E 
10 5 3254y 


x/V 100 — x* — sin! (x/10) + C 





81/(2(81 — x*)) + In (V81 - xô) + C 
—1/Vx* — 1 — sec! x + C m. (14) 


In3 
= s+ 53. V2/6 


«ll — V3 — In (21 — 12V3)| 
False b. True c. False d. False 


a. 
BY (=) +c 
—tan 
i 3 

-1 
7 JV = 2 + 10 
-2m œ= 1+ Vx? = 2x + 10) + C 














x-4 nps ( = ) TN 2 
= sm (Ite 65 —— 
V9 + 8x — x? 48 
Or r° sin 0 r? 
a. Meeg a Armee air T 9 


a. In3 b ns wel cC. 477 
. -3 3 p ; 











= [20a V/1 + 400a? + In (20a + V1 + 400a°)] 
In 

b+ ha 

25(V3 — In V2 + V3) 


In ((2 + V3)(V2 — 1)) 79. 1927° 
b. lim lim 2pk 


L— œ q^ / q? A L? L— œ J 2) a7 a 
a 








kQ 1 _ 2pk 


ANSWERS A-47 


a +z- sin! (2882 — cosa + -) 





Ve cosa + 1 
b. For b = m, the descent time is te , a constant. 
Vg 
87. m — 3V3 





Section 7.5 Exercises, pp. 540-542 



































l , Ay Ay A3 
1. Rational functions 3. a. b. ; T 3 
aa x—4 (x-4 (x — 4) 
Ax + B 3 = 2 3 
Cc. —— 2 
x? +2x + 6 x-4 x+2 x-1 x-2 
1 1 
F 5 1 2 
o 2 + u- +14 
x-4 x+4 a= 1l x x= 2 
— | = 
13. In |~ +0 15. 3in|— +C 
x+2 x + I 














17. In |(x — 3)° G + 2)| + C 19. In|(x — 6)f(x + 4f| + C 


x(x — 2)° 


FO 2 ee 
(nD) 














3)! (x + 1) | 1/16 
"los 3)! (x — 1) 
3 2 

TO al =p] 
F3 x 


6 





(x = 2) +1) 

i («+ 2% 1 
3) 
) 











x+1|? 























6 
x—3 x 





FCG 





r= 
A B 
+ 
x-1 (x-1ř° 
A B 
x4 (x — 4) 


Cx + D 
x27 +1 
Cx + D 
x7 + 3x+4 











43. In |x + 1| + tantx + C 45. In(x + 1)? + tan” 


(x — 1) 


47. In | 5=—_—_ 
eae AR Se 5 


+ 14tan!(x+2)+C 








49. In|(x — 1)! (x? + 4)?9| + = tan! A aE 


51. a. False b. False c. False d. True 53. In6 


ij [3 = 2v2 24 
55. 4V2 t ilal a 5.5) 57: (= — 21n 5) 








9 — 
rE J +a 
X 


(x-2) 
= 3 


+C 





PC 


PC 





I(x +1)+ C 


59. $m ln2 61. 2m (3 + Ins) 63. x—In(1 + e*)+ C 


(x — 2) 
kei f° 67. nV2e'°+1+C 
x — 


69. 5 (sec @tan@ — sec? 6 + In|sec@ + tan6|) + C 


65. 3x + In 





A-48 ANSWERS 
x _ Y 1/3 1 

71. In |$ +C B.-——— +C 
er. eo" + T) 








77. = (x + 24 — 2(x + 2)? + 4(x + 2)!" 
—In((x + 2)!4 + 1) + C 


79. 2Vx — 3Wx + 6Wx — In(Wx + 1) + C 
j 1 
AEE a 83. | =) + — $C 
: x? +1/ x41 


2 























1 | 5(3x + 4) e (x — 1)? 
85. ; + lltan (1 + x) + In|, +C 
50 Lx- + 2x + 2 + 2r + 2 
— 1 
87. In 2 + C 89. tanx — secx + C 
x+ 1 








91. —cotx — cscx + C 
6] V2 + 1 + tan (0/2 
MENEREN 
2 V2 — 1 — tan (0/2) 

95. a. CarA b. Car C 
c. S,(t) = 88t — 88 In 





Sg(t) = 88| t — In (t + 1} — 
Selt) = 88(¢ — tan! t) 


d. Car C 
x4(1 — x) 'x4(1 — xf) 
— et 0 on.) a mSS a 0; 
1 + 0 


97. Because 5 5 
x l +x 


22 
thus, 7 ot a 


Section 7.6 Exercises, pp. 546-548 


1. Substitutions, integration by parts, partial fractions 
3. The CAS may not include the constant of integration and it may use 
a trigonometric identity or other algebraic simplification. 


5. xcosx — V1 -x° +C 7. In(x + V164 x7) +C 


1 
9. $ (2u — 7ln|7 + 2u) +C 1. -700t2x + C 


13. (2x — 1)V4x +1 +C 15. ¢In|x + vie OH +C 




















x 1 12 + V144 — x? 
17. +C 19, -— In 
16V/16 + 9x2 12 x 


21. 2x + xIn?x — 2xlnx + C 


ES 25 
23. oe + 10x — In |x + 5 + Vx? + 10x| + C 


+1 1 
25. n! (=) +C 27, nx- w” (xP +1)+C 


(Vx-6+ Vx) +C 31. In (eë + V4 + e”)+C 


2 + sinx tan! x? 


3x? 


InxV1 — In? x 


4 


1 
— ta 

3 
29. 2 ln 
33. — : In 
2 


2 ln?°x — 1 
37. aa (nx) + 


39. 4V17 + In (4 + V17) 41. V5 — V2 + in( 
1287 mT? 


=V Aay 
43. Ea 45. T 47. 3 PC 











FC 3. = 











X 
n 
sin x Ge + p“ 
+C 


aa) 
1+ v5 





1 
49. Fe -x+ OF 


_,a 
51. —————_ — a’ Vx? — a° + a? cos! + C 
X 


3 4 
53. = — 5a’) Va’ — x° + a PCE 


4\9 2\9 
3J Ve 1540 + 2431 
gg (3) G) y 1540 +2433 o T 
9 8 4 
a 
61. 2 — — -—1n4 63. a. True b. True 


12 
1 
67. ge (4x — 6x7 + 6x —3) + C 
tan°3y tan 3y 
9 3 
1 
71. — ((8x? — 1) sin’! 2x + 2xV1 — 4x*) + C 
tan | x 
73. —_ tan A + In ca 
x? +1 
b. All are within 10%. 


69. 








Pye C 


T 
) tC 75. oa a 


77. a. 


oso | 61536 
Fo | 601309 


1 
79. ae — bln |b + ax|) + C 


1 = + pnt? 
P 





b(ax + b)"*} 
ml 


81. + C 


n+2 





63 
83. b. — Z 


512 c. Decrease 


Section 7.7 Exercises, pp. 556-558 


1. 1 3. The Trapezoid Rule approximates areas under curves using 
trapezoids. 5. —1,1,3,5,7,9 7. 1.59 X 10°; 5.04 x 10 

9. 1.72 X 10°; 6.32 X 10% 11. 576; 640; 656 

13. 0.643950551 15. 704; 672; 664 17. 0.622 

19. M(25) = 0.63703884, T(25) = 0.63578179; 6.58 X 10, 


1.32 Xx 10° 


21. [a | aa) | ray [Abs Error M() [Abs Eror rG) 
o e 


1.00 2.00 


afons os | oso | 0500 





ANSWERS A-49 


49. Approximations will vary; exact value is 38 DO 1O Dn 5 
7 = 51. Approximations will vary; exact value is 68.26894921 .... 
ef rawesr [rare] sea vew? | isn 53. a. Approximately 1.6 X 10"! barrels 
Sfins ronne] anos an] P Anpoxialy 68 x 10 baret 


n" — 2 : 
1.50015061 | 1.49969879 | 151 x 1074 3.01 x 1074 b. f'(x) = eX cose’ — e“sine* d. Er = 3200 


59. Overestimate 


25. 
n| M@) | Tn) | Abs. Error Hw Abs. Error T(n)| Section 7.8 Exercises, pp. 567-570 
4 | =1.96 x 1076 1. The interval of integration is infinite or the integrand is unbounded 
E 7.63 X 107" | —1.41 X 10$ | 7.63 X 10" 1.42 x 10° on the interval of integration. 
1.61 xX 1071| 1.09 x 107" | 1.61 x 107'° 1.09 x 10" > 1 i 
a= = lim ~ Sel 7 9. Diverres To 
6.27 X 107" | —4.77 X 10" | 627 x 10°” 477 x10” b—>0* / Vx e j 








1 1 1 
164 421 13. | 15. — 17.2 19% — 21.7 23, n2 

27. Simpson’s Rule: 37 = 54.7 29. 1 = 35.1 a (p= 1) 2? 2 T 4 

31. a. T(25) = 3.19623162 25. Diverges 27. Diverges 29. A 31. 37/2 33. 7/(In2) 


T(50) = 3.19495398 


b. S(50) = 3.19452809 35. 6 37.2 39. Diverges 41. 2(e — 1) 43. Diverges 





F 72.20 
c. e7(50) = 4.26 X 107 45. 4-109/4/3 47. -2 49.7 51.20 53. ud 
es(50) = 4.05 x 1078 2 
33. a. 7(50) = 1.00008509 55. 48 57. 0.76 59. 10 mi 
T(100) = 1.00002127 61. a. True b. False c. False d. True e. True 


b. S(100) = 1.00000000 
c. e7(100) = 2.13 x 10° 
es(100) = 4.57 X 10° 


[| ro | so [or |r o. frank [Petes Vaja = 048 
Pw | -a 
E [is | 71. 1/b — 1/a 73. a. A(a,b) =~, fora > 0 
neces cee, 
E . b = g(a) = ——ln2a ec. b* = —2/e 
15. a. p<} b. p <2. 81. $41,666.67 85. 20,000 hr 


7 < 

‘ n| T | s(n) | Error T(x) | Error s(n) 7 6.28 X 10'mJ b. 11.2 km/s n VE 
| +] oseorsss|  — | 525x107 e eNd ara 
| 8 | 050826998 | 0.52132152 | 1.33 x 10° | 285 x 10% 


39. a. True b. False c. True 


[a me | re [Abs Error me) [ Abs. Error 7) 
ae, ta) 
a [oaos [osos] 76 x10 | rerin] 9% P>! 
Chapter 7 Review Exercises, pp. 571-573 
1. a. True b. False c. False d. True e. False 


3. 2(x — 8 K+44+C 5. 7/4 

Fn [my | r | Abs. eror mg [Abs wor) | > CLONY a 

= = =) = a = 
poo | 7 VESI- eVe IC 9 Veta 4) C 

—9 —9 1 

| 8 [arsissso | anasissas | sax io? | 912x10? | 11, xcoshx— sinhx +C 13. 4/105 15. Stan's + C 
16 | 4.72519850 | 4.72519850 o 8 88 x 19 16 
16 | 4.72519850 | 4.72519850 ere er ee 


63. a. 2 b.0 65. / e™ dx ~ 0.886227 67. —} 
0 

















A-50 ANSWERS 


33. h = (1.4 — 0.2tV2g)? = (1.4 — 0.441)’; tank is empty 
after approximately 3.16 s. 





1 
25. +1 + 1)(x* + 4)| + 


6 2 = 3 
27. “6 tan! ( JE) + C 


29. t sec? x tanx + 3secxtanx + 21n |secx + tanx| + C 
31. 1.196288 33. a. T(6) = 9.125, M(6) = 8.9375 

b. T(12) = 9.03125, M(12) = 8.984375 

35. 1 37% 772, 39. —cotd = cse 0 +C 


eo 


























41. z (sinx — cosx) + C 43. 0/2 + (1/16) sin (80) + C 
45. (sec?z)/5 + C 47. (256 — 147V3)/480 
49. sin! (x/2)+C 51. — LEY — y? +C 35. a. False b. False c. True 
Ay 
53. 7/9 55. —sechx + C 57. 17/3 37. u = In (x? + 4) - tant +C 39% y=sin'x+C\x+C, 
Lin 5 In 2. . a 
= ae OD 1 
53. g M3 TE Oh 4 X g 41. u = tan! — 4x + 2 43. y = e'(t—2)+2(t+ 1) 
l T= 
= E K — 50 
63. 1n |y] +E 65. 2(x — 2ln|x + 2|) +C 51. e. y= Cı sinkt + Czcoskt 53. b. C = = 
67. e/2V1 +e*+C 69. n(e-—2) TL =a =e) c. d. 300 


73. y-axis 75. a. 1.603 b. 1.870 c. bInb-—b=alna-a 
d. Decreasing 77. 20/(37) 79. 1901 cars 


1 1 
81. a. I(p) = ——— (1 — pe!) ifp # 1,111) == 
b. 0% c I(0) = ] 83. 0.4054651 85.n=2 

87. a. Vi(a) = m(aln’a — 2alna + 2(a — 1)) 





T 
b. V(a) = — (2a? Ina — a? + 1) 
2 o Í 5 10 15 20 25 30 35 40 45 50 55 t 


c Vi(a) > V(a)fralla> 1 vy, 





89. a = ln 2/(2b) 








CHAPTER 8 Section 8.2 Exercises, pp. 588-591 
Section 8.1 Exercises, pp. 580-582 1. At selected points (tọ, yọ) in the region of interest draw a short line 
segment with slope f(to, yo). 3. y(3.1) ~ 1.6 
21 

1.2 3.2 5. Yes OE a He a; 
17. y = 21n |sec 2x| — 3 sinx + C P I 
19. y = É + 6! — 2 + CttG o o dAZzeeenje=s 

o so x S 
21. u = + = ate ae Ce Cs 

2 2 2 x 






By=ettt+3 By=x tx? -2 y=- +2 +1 =i p! 
29. a. s = —4.9t° + 29.4t + 30, v = —9.8t + 29.4 b. Highest point ! 
of 74.1 m is reached att = 3s 31. The amount of resource is titferya-l--- / 
increasing for H < 75, and the amount of the resource is constant i nah ere ’ 
4 4 


if H = 75. Approximately 28 time units. 


ANSWERS A-51 


7a D b B oc A d. C 9. An initial condition of y(0) =—1  y(0) = A lead to increasing solutions if |A| < 7/2 and decreasing 
leads to a constant solution. For any other initial condition, the solu- solutions if 7/2 < |A| < m. d. ” 
tions are increasing over time. 





A A 
L SEDES / 


© 


-> am| se Á ee oe pt 


-O o a m m fs a Á ‚Á ee i ee 


-e e e m m a a a a a a ee a i i 





— e e e e es Á 


cr m e a a ee ee i oe 


| ee ee oe — 


P 















11. An initial condition of y(0) = 1 leads to a constant solution. ia 


Initial conditions y(0) = A lead to solutions that are increasing over 500 
time if A > 1. 400 


300 


200 


VONN 


100 





~u,=4y(1) ~ w= 8 
~ u, = 11;y(0.2) = u, = 1.19 


° approximation to y(0.2) | approximation to y(0.4) 





, 0.20000 0.80000 0.64000 
17. a. y= 1,y =—1 b. Solutions are increasing for |y| > 1; 
decreasing for |y| < 1. c. Initial conditions y(0) = A lead to CR ven oooh 
increasing solutions if |A| > 1 and decreasing solutions if |A| < 1. 0.05000 0.81451 0.66342 
d. > 0.02500 0.81665 0.66692 





c. Time step At = 0.025; smaller time steps generally produce more 
19. a. y = 7/2, y =—r/2 b. Solutions are increasing for accurate results. d. Halving the time steps results in approximately 
ly] < w/2, decreasing for |y| > m/2. c. Initial conditions halving the error. 
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approximation to y(0.2) | approximation to y(0.4) 47. a. 





0.20000 3.20000 3.36000 
0.10000 3.19000 3.34390 


0.05000 3.18549 3.33658 
0.02500 3.18335 3.33308 


0.20000 0.01873 
0.10000 0.00873 





b. Increasing for A < 98 and decreasing for A > 98 c. v(t) = 98 
0.02500 0.00340 | 
002500 | Section 8.3 Exercises, pp. 595-598 


c. Time step At = 0.025; smaller time steps generally produce more 
accurate results. d. Halving the time steps results in approximately 
halving the error. 33. a. y(2) ~ 0.00604662 b. 0.012269 i 
c. y(2) = 0.0115292 d. Error in part (c) is approximately half of A(t) is a function oft. 3. No 5. y= ri +C 
the error in part (b). 35. a. y(4) ~ 3.05765 b. 0.0339321 





1. A first-order separable differential equation has the form 
g(y) y’ (t) = h(t), where the factor g(y) is a function of y and 
4 





c. y(4) = 3.0739 d. Error in part (c) is approximately half ofthe 7, y= +V2P4+C 9. y= -2 m( + coss a c) 
error in part (b). 37. a. True b. False 39. a. y = 3 x 1 2 Ee 
be YA VY VV VV A tN = Fa ee I. ys = C a E 


SS OSS AN SK ON 
17. y=Int+2 19% y= Vr +81 21. Not separable 


23. y= Ve'—1 25. y= In(e* + 2) 
27. f 





The solution corresponds 
to the upper branch of 
the curve. 








41. a y=Oandy=3 ba » 


S“ ~ 
S~ 
S~ 
‘S~ Sees 
S~ 
S“ ~ > 
S“ ~ ee 
S“ s~ oe 


29. The solution corresponds 
to the upper branch of 
this closed curve. 


O ÏO 


x 
=2-—2sin— 
COS u sin 5 





43. a. y = —2, y = 0, and y = 3 
b,c. ? 








(y +4 = ay 


b-a b-— a 
45. a. Ai = F b. u, = A + f(a,A) N 








b — 
C. Uk+1 — UZ ar f(t Ux) a where ug = A and 


t = a+ k(b — a)/N, fork = 0,1,2, ...,N — 1. 


b. 200 








35. a. True b. False c. True 37. y = 7 


3 
39. y = 5(-2 + 20°(6 + 51)'°) 
x? 2 TT 
41. a y =-2h| 7 tes) +C) b C=0,1,1- y 


C. 





g Ce2Va8 1 = 
43. y= kx 45. b. Vem/k e. v= ./—-—=—., 
a Ce2Va8t $ f 


where a = 





47. a. h = (VH — kt? b. h = (V0.5 — 0.18)? 
c. =~=7.07s h 


0.5 





49. a. R 


a| 


R is positive if 0 < M < 4; R 
has a maximum value when 


4 
M = —; lim R(M) = 0. 
e M—0 
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b. M(t) = 4'~°°; the tumor grows quickly at first and then the rate 


of growth slows down; the limiting size of the tumor is 4. 








c. K is the limiting size of the tumor. 51. a. y = 


1 1 1—7 
b. y = —— = iil], y a 
á V2V1—t (n(1 — t))!/” i 
53. aa y= tV +e&+cC 


b. y= VÉ + é- 1/e y= VÊ + e+3-—1/e 


c. As t increases, y increases without bound. 





10-9 -8 -7 —6 —5 —4 —3 —2 -1 0123 4 5 6f 











d. y=-Vr +e - lfesy=—-VP+e+3- 1/e 
e. As t increases, y decreases without bound. 









10-9 =8 =7=60=5 —4 -3 =2 -le 
71 


Section 8.4 Exercises, pp. 603-605 

L y =17e'%—-13 3. y= Ce“ +5 5. y= Ce% +3 
7. y = Ce™ -2 9. u= Ce!” +2 11. y=7e*+2 
13. y = 4(e” — 1) 15. y = 4(2e%™? — 1) 
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sa 


17. y = 5; unstable 


~R 
Se 
== 
— 
— 
— 
— 
=a 
— 
— 
— 


-y 


I i 
! | 
\ \ 
1 oi 
1 | 
1 | 
1 | 


jà 
— = 
© 

— = = = 


— 2 
in 


19. y = —3; stable 


21. u = —3; stable 





23. B = 100,000 — 50,000 eSt; reaches a balance of zero after ap- 
proximately 139 months B 






B = 100,000 — 50,000 e0?-005t 


25. B = 200,000 — 100,000 e®°°’*": reaches a balance of zero after 
approximately 93 months B 


B = 200,000 — 100,000 e0-0075t 


27. ~32 min 29. ~14min 31. a. False b. True c. False 


t 5 1 7 

d. False 33. y= 1 +> +> 35. y = —e* + —e' 
alse y 7 zy y 5 e j e 

37. a. B = 20,000 + 20,000e°°%; the unpaid balance is 


growing because the monthly payment of $600 is less than the 
interest on the unpaid balance. b. $20,000 c. — 
r 


b. 150 ce. =115.1 hr 


y(t) = 150 — 150700% 





72 96 120 144 t 


6 
b. 25,000 45. y(i) = ~ 


— OP +20 + 15t + 76 
15(t? + 1) 


41l. a. h = 16 yr! 





47. y 


Section 8.5 Exercises, pp. 612-615 


1. The growth rate function specifies the rate of growth of the 
population. The population is increasing when the growth rate function 
is positive, and the population is decreasing when the growth rate func- 
tion is negative. 3. Ifthe growth rate function is positive (it does not 
matter if it is increasing or decreasing), then the population is increas- 
ing. 5. Itis a linear, first-order differential equation. 7. The solu- 
tion curves in the FH-plane are closed curves that circulate around the 
equilibrium point. 

9. 











P 
15. P’ = 0.2P\ 1 —- ——];P= 
( E) 





2000 y 


17. P = ge WIN 4 1 2000 SS SSS SS 





1500 
1000 


500 


My \°" 
19. M = K| — 
K 


21. M = 1200-0.075e°.°" 


23. a. m'(t) = —0.008¢ + 80, m(0) = 0 
b. m = e 8'( 10,000 e” — 10,000) 








ANSWERS A-55 


25. a. m'(t) = —0.005t + 100, m(0) = 80,000 
b. m = 60,000 e? + 20,000 





27. a. xis the predator population; y is the prey population. 
b. x’ = 0 on the lines x = 0 and y = 5; y’ = 0 on the lines y = 0 
andx =}. ce. (0,0), (4,5) 
d. x' > Oandy’ > Ofor0<x<i,y >5 
x' > Oandy’ < Oforx > 4,y > 4 
x' <Oandy’ < Oforx > 3,0<y <3 
x'<Oandy’ > Ofor0<x<4,0<y<34 
e. Solution evolves in the clockwise direction. 





0 0.2 04 06 08 10 12 14 x 


29. a. xis the predator population; y is the prey population. 
b. x’ = 0 on the lines x = 0 and y = 3; y’ = 0 on the 
lines y = Oandx = 2. ec. (0,0), (2,3) 
d. x’ > Oandy’ > Ofor0<x<2,y > 3 

x > Oandy’ < Oforx > 2,y > 3 

x =<Qand y < Ofo x >= 2,0 = y= 3 

x’ <Oandy’ > Ofor0 <x<2,0<y<3 
e. Solution evolves in the clockwise direction. 





31. a. True b. True c. True 35. c. limm(t) = C,V, which 
t— œ 


is the amount of substance in the tank when the tank is filled with the 
inflow solution. d. Increasing R increases the rate at which the 
solution in the tank reaches the steady state concentration. 
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V 
37. a. I = oo b. Q = VC(1 — eW/(RO)) 


y(c — dx) 


39. a. y'(x) = x(—a + by) 





Chapter 8 Review Exercises, pp. 615-616 


1. a. False b. False c. True d. True e. False 
3. y = Ce”+3 5. y=Ce T. y= Ce" 
9 y = tan(t? + t + C) 11. y= sint+ t +1 
13. Q = 8(1 — e™!) 15. u = (3 + £7) 

17. s = V16 + ln (t + 2) 

19. a,b. > 





ce O<A<2 
l NNANNNNNNNNANNANNANNSNS d A>2orA <0 
e. y = Oandy = 2 







ASS SSSA 
N SSSA AAAS 
a i a i 
(Ae oe eo ee eo eo ee eo eo eee rere 
























~ 


eee ee sv // 
— æ A AA P 
eee ees // 
eee ees // 
Saad a aaa 
ina a aa A 
eee ees // 
eee eer // 
See eee se SY 
See eer A A 
eee ee sr A 





eee ee sv // 


21. a. 1.05, 1.09762 b. 1.04939, 1.09651 

c. 0.00217, 0.00106; the error in part (b) is smaller. 

23. y = —3 (unstable), y = O (stable), y = 5 (unstable) 

25. y = —1 (unstable), y = O (stable), y = 2 (unstable) 
1600 


c. Approximately 61 hours 

29. a. m = 2000(1 — e °°") b. 2000 g 

c. Approximately 599 minutes 

31. a. x represents the predator. b. x'(t) = 0 when x = 0 and 
y = 2. y'(t) = 0 when y = Oandx = 5. ec. (0,0) and (5, 2) 
d. x’ > 0,y’ > Owhen0 <x < Sandy >2;x' >0,y’ <0 
when x > 5 and y > 2; x’ < 0,y’ < 0 when x > 5 and 
O<y<2;x' <0,y’ > OwhenO0 <x< S5and0O<y< 2 

e. Clockwise direction y 


27. a. 0.0713 b. P= 





4 A æ ee nn‘ Se 
8 A =æ ew ee =e SP 
£ A =æ Oo Ore 
J A mæ =e eS 


J A æ= e =e _S SO 











\S ieee ate 


—4 


33. a. pi = 3,p =—4 b. y(th = te -t 


CHAPTER 9 
Section 9.1 Exercises, pp. 625-627 


1. A sequence is an ordered list of numbers. Example: 1, L L Hye ee 

3. 1,1,2,6,24 5. Given a sequence {a,,a>,...}, an infinite series 
al 

is the sum a, + az + az +.... Example: X, = 7. 1,5, 14, 30 


Ü d 11 


1 i. ii ii 4 8 16 32 
9. 10° 100° 10002 10,000 11. 24> 8:16 13. 325° 991 
15. 2,1,0,1 17. 2,4,8,16 19. 10, 18,42,114 21. 0,2, 15,679 


1 
23. a. 1/32,1/64 b. a; = l, ay, = z m forn = 1 





C. a, = forn = 1 25. a. —5,5 b. a, =—5, 4,4); = 4p 


gnl? 
forn = 1 c. a, = (—1)"-5,forn = 1 27. a. 32,64 
b Oo = laa = 20; torn = 1 ea = orn] 
29. a; 243,729 b; a= läng = 3a, torn = 1 ca, = 3. 
forn = 1 31. 9,99, 999, 9999; diverges 33. 7; 700» T000: 10.000: 
converges toQ 35. —1, L —3, L, converges to0 37. 2, 2, 2, 2; 
converges to2 39. 100, 100, 100, 100; converges to 100 41. 0 
43. Diverges 45.1 47. a. 3,3, 1,3 b. 2 49.4 51. Diverges 
53. 4 55. a. 20, 10,5,3 b. h, = 20(5)’, forn = 0 
57. a. 30, $, $, 3 b. A, = 30(7)", forn =0 59. S, = 0.3, 
Ss = 0.33, 5; = 0.333, S4 = 033332 6l. -S = 4,55 — 49, 

> č 2n 
” 2+1 


: _ 1234 _ =i 
C. hm 5, = 1 65. a. 3959799 b. Sn = 5 i iim S$, = 2 


67. a. True b. False c. True 69. a. 40, 70, 92.5, 109.375 b. 160 
71. a. 0.9, 0.99, 0.999, 0.9999 b. 1 73. a. 4,4,8,8 

b. 5 75. a. —1,0,—1,0 b. Diverges 77. a. 0.3, 0.33, 0.333, 
0.3333 b. 4 79. a. 20, 10,5, 3,7 b. M, = 20(5)”, forn = 0 

c. My = 20, M4; =5M,, forn = 0 d. lima, =0 81. a. 200, 


nao 


190, 180.5, 171.475, 162.90125 b. d, = 200(0.95)", forn = 0 
c. dy = 200, d,+; = (0.95)d,, forn = 0 d. lim d, = 0. 


nao 








S3 = 4.99, S4 = 4.999;5 63. a. 4,4,8,8 b. S 


Section 9.2 Exercises, pp. 637-640 


1 n 
l. a= —, n=l 3.a, = —, n=l 5. Converges for 

n n+ 1 
—1 < r < 1, diverges otherwise 7. A sequence {a, }*_, converges 
to Lif, given any € > 0, there exists a positive integer N such that 


whenever n > N, |a, — L| < e. 





Gkeèe p ee ee : 
°°, e o The tail of the sequence 
L e e o ° s is trapped between 
L-— gandL + e 





9.0 11. 3/2 13.3 15. 7/2 17.0 19. e? 21. e!/* 23.0 
25. 1 27.0 29.0 31. 6 33. Limit does not exist. 

35. Limit doesn’t exist. 37. 0 39.2 41. 0 43. The limit 
doesn’t exist. 45. Converges monotonically; 0 47. Converges 

by oscillation; O 49. Diverges monotonically 51. Diverges by 
oscillation 53. 0 55.0 57.0 59. a. d,4, = ld, +80 n= 1 
b. 160mg 61. a. $0, $100, $200.75, $302.26, $404.53 


b. B,4,; = 1.0075B, + 100, n = O c. During the 43rd month 

63. 0 65. Diverges 67. 0 69. Given a tolerance € > 0, look 
beyond ay where N > 1/e. 71. Given a tolerance € > 0, look 
beyond ay where N > 1v3 /e, provided € < à 73. Given a toler- 
ance € > 0, look beyond ay where N > c/(eb°). 75. a. True 

b. False c. True d. True e. False f. True 77. {n° + 2n — 17} 
79. 0 81. 1 83. 1 85. Diverges 87. 1/2 89.0 9l. n= 4, 
n=6,n=25 9a {h,} = {(200 + 5n)(0.65 — 0.01n) — 0.45n} 
b. The profit is maximized after 8 days. 95. 0.607 

97. b. 1, 1.4142, 1.5538, 1.5981, 1.6119 c. Limit ~ 1.618 





1+ V1 + 4p E 
i 99, b. 1, 2, 1.5, 1.6667, 1.6 c. Limit ~ 1.618 
+ Va’ + 4b 
—— 101. a. 1, 1,2, 3, 5,8, 13, 21, 34,55 b. No 


Section 9.3 Exercises, pp. 644-647 


1. Consecutive terms differ by a constant ratio. Example: 


oe) 


2+1+%4+4+--- 3. The constant r in the series > a: 

















k=0 
= 7 
S.No 7. 9841 9. ~1.1905 11. ~0.5392 13. - T 15,1 

— T 

I 1 

17. 13 19. 3 21. 10 23. Diverges 25. 2 a3 
1 10 3 9 
0 Sie a E a a 
500 Te 19 T+] 460 


41. a. 0.3 = X,3(0.1)* b. 4 43. a. 0.1 = X (0.1) beg 
k=1 k=1 
45. a. 0.09 = >)9(0.01)* bz 
k=1 
49. 0.12 = $'0.12(0.01)* = 
k=0 


51. 0.456 = 5)0.456(0.001)* = —— 
k=0 





























= = 952 
53. 0.00952 = >'0.00952(0.001)* = 
p> ( ) 99,900 
5s. g =1_ 1 1l s.g al 1 ol 
E 2 PA? T MA T ee 
Í 1 Í . 
59. S, =—- ;— 61. S, = ln (n + 1); diverges 
9 4n+9 9 
1 Í Í 
63. S, = = —_ a 
ptl w#-pel pel 
o 2 V3 Vn + 2 Vn +3 V2 V3 
+1 
67... dy m~ 4 ,—} 69. a. True b. True c. False 71. —% 
4n +3 
1 a Ai 4 
73. — 75.4 77. —} A = ——=-7A 
In 2 3 St) ‘1-1/4 3! 
79. 462 months $81. 0 83. There will be twice as many children. 
201+ Vp A 
85. | — ——— =s 87. a. L, = 3| = ] ,so lim L, = © 
25 
b. lim A, = v3 


47. a. 0.037 = 5437(0.001)' = + 
k=1 
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89. R, = ls = s, = | R 
-Ra = | TF =r ltr 
91. a. 60 b.9 93. a. 13 b. 15 95. a. 1,2, 4, undefined, 
undefined b. (—1,1) 97. Converges for x in (—%,—2) or 
(0, ©); f(x) = 3 forx = 5 





Section 9.4 Exercises, pp. 659-661 


1. Computation may not show whether the sequence of partial 
sums diverges or converges. 3. Yes, if the terms are positive and 
decreasing. 5. Converges for p > 1 and diverges for p S 1. 

9. Diverges 11. Diverges 13. Inconclusive 15. Diverges 
17. Diverges 19. Diverges 21. Converges 23. Diverges 
25. Converges 27. Test does not apply. 29. Converges 


1 
31. Converges 33. Diverges 35. a. Pr b. 3 
n 

















sl l al l 
c L,= >X z+ 2 = oo as 
k=1k S(n + 1) {zik 5n 
d. (1.017342754, 1.017343512) 37. a. n3 b. 7 
c L, = S34 eae U, = S34 a a 
ý k=1 In 3 r k=1 In 3 


2 
d. (0.499996671, 0.500006947) 39. a. A b. 4-10° + 1 
n 


L $ 1 n 2 yy no 1 m 2 
C. n = -= — 3 — = _ 
are Vat il EKR Vn 


1 
d. (2.598359183, 2.627792025) 41. a. —; b. 23 


2n? 
=~ | 1 = | 1 
in Det a ae U, = TRT. 
f=1 k 2(n F 1) =k 2n 


d. (1.201664217, 1.202531986) 43.4 45. -2 47. Œ 49, 1 
51. a. True b. True c. False d. False e. False f. False 


53. Converges 55. Diverges 57. Converges 59. a. p > 1 


1 
: — converges more quickly. 
& kin k)? : ald 
65. 6(3) = 1.202, £(5) =~ 1.037 


1 7 37 


a 1 = 
67. z 69. a.5, m5 71. a. > A b. Infinitely many 


k=2 


Section 9.5 Exercises, pp. 668-670 


5. Ratio Test 
9. Converges 
17. Converges 
25. Converges 


7. Sa+1 — Sy = @,41 > O thus S,.; > S, 

11. Converges 13. Converges 15. Diverges 
19. Converges 21. Converges 23. Converges 
27. Converges 29. Diverges 31. Converges 

33. Converges 35. Diverges 37. Diverges 39. a. False b. True 

c. True 41. Diverges 43. Converges 45. Converges 

47. Diverges 49. Diverges 51. Converges 53. Diverges 

55. Converges 57. Converges 59. Converges 61. Diverges 

63. Converges 65. Diverges 67. Converges 69. Converges 


71. p> 1 732. p>1 #75. p>2 77. Diverges for all p 
79. Divergesif |r] = 1 83.x<1 85x51 87.x<2 
89. a. e° b. 0 
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Section 9.6 Exercises, pp. 677-679 


1. Because S,,; — S, = (—1)"a,4, alternates sign. 3. Because 


im a, = Oand the terms {a,} alternate in sign. 


5, RF, = |S — S,| = |S,41 — Spl = Gazz 7. No; if a series of 
positive terms converges, it does so absolutely and not 
k 


oe) 





conditionally. 9. Yes, > 
k=1 


13. Diverges 15. Converges 17. Converges 

19. Diverges 21. Diverges 23. Converges 25. Diverges 

27. Converges 29. 10,000 31. 5000 33. 10 35. 3334 37. 6 
39. —0.973 41. —0.269 (the sum of the first 999 terms) 43. —0.783 
45. Converges conditionally 47. Converges absolutely 49. Converges 
absolutely 51. Diverges 53. Diverges 55. Converges absolutely 
57. a. False b. True c. True d. True e. False f. True g. True 

61. The conditions of the Alternating Series Test are met; thus 


Ss r* converges for—1 < r < 0. 65. x and y are divergent series. 
k=1 


Z has this property. 


11. Converges 


Chapter 9 Review Exercises, pp. 679-681 


1. a. False b. False c. True d. False e. True f. False g. False 
h. True 3.0 5.1 7. 1/e 9. Diverges 11. a. 3,54, 9.54 

1 1 € 1 1 ) 
b. S; = z, S, = — a n=2e 3/4 

3 Z2\2 atli +2 
13. Diverges 15. 1 17.3 19. 2/9 21. a. Yes; 1.5 
b. Convergence uncertain c. Appears to diverge 23. Diverges 
25. Converges 27. Converges 29. Converges 31. Converges 
33. Converges 35. Converges 37. Converges 39. Diverges 
41. Diverges 43. Converges absolutely 45. Converges absolutely 
47. Converges absolutely 49. Diverges 51. a. 0 b. ; 
53. im a, = 0, lim S, = 8 55.0 <p%s 1 57. 0.25 (to 14 digits); 

00 n>% 





6.5 xX 105 59. 100 6l. a. 803 m, 1283 m, 2000(1 — 0.95%) m 


TT 


b. 2000m 63. a. Ji b. 27 
65. a. B,., = 1.0025B, + 100, By = 100 

V3 7V3 
b. B, = 40,000(1.0025”+*! — 1) 67. a. T, = a T= Fa 


3 
im 7, = ~> a. 0 


n7o 


n= 4[-Q)] « 


CHAPTER 10 
Section 10.1 Exercises, pp. 692-694 


1. f(0) = p (0), f'(0) = p'(O), and f"(0) = p"(0) 
3. 1, 1.05, 1.04875 5. R,(x) = f(x) — p,(x) 


7. a. pi(x) = 8 + 12(x — 1) b. po(x) = 8 + 12(x — 1) + 3(x — 1) 


c. 9.2;9.23 9. a. py(x) = 1—x b. pox) =1—x+ - 


c. 0.8,0.82 11. a. p(x) = 1- x b. p(x) =1—x+ x? 


c. 0.95, 0.9525 13. a. p(x) =2+5(-8) | 
b. po(x) = 2 + $ (x — 8) — zz (x — 8} c. 1.9583, 1.95747 


x2 


15. a. po(x) = 1, pilx) = 1, pole) = 1 > 






y = Pox) = P,@) 


y = px) 


17. a. po(x) = 0, pi(x) 
b. 


= 7y, P2(x) — 


19. 












y = tanx 


y = p,@) = px) 


21. a. 


y = Pol) 


y=(+xn7? 


y =p) 
23. a. 1.0247 b. 7.58 X 10° 
27. a. 0.8613 b. 5.42 X 107 
29. a. po(x) = 1,pi(x) = 1 + 3(x — 1), 
po(x) = 1+ 3(x — 1) + 3(x - 1)? 

b. y = p(x) 


25. a. 0.9624 b. 1.50 X 104 


Y = Po) 





2 
V2 V2 TT a \? 
p(s) =F + P(x- 5) -F (x9) 


b. 


31. a. po(x) = Ao pi(x) = v2 ii ae - z), 
V2 


y = Po) 








E 7 (x — 9) 
33. a. po(x) = 3, p(x) = 3 + 6° 
x= 9 x — 9) 
p) = 3 +S) BP 
b. 


6 8 10 12 14 16 18 20 22 24 





35. a. po(x) = 1, p(x) = 1 + =, 
e 





x—e (x — e} 








=1+ 5 
P2(x) 3 202 
b. 
y =p (x) 
y=Inx 
= p(x) 
y = pow) 
tft 2 3 4°56 7 8 oF 
~2 
=3 
5 
37. a. po(x) = 2 + pris) =2 + 7 a 1), 


5 3 
pat) =2+ 7+ 5e- 1 + 7-1 





yY = Pox) 





39. a. 1.12749 b. 8.85 X 10° 41. a. —0.100333 
b. 1.34 X 10° 43. a. 1.029564 b. 4.86 xX 107 
45. a. 10.04987563 b. 3.88 X 10° 47. a. 0.520833 


ANSWERS A-59 


sint D (e) 

b. 0.000261972 49. R,(x) = 
(at 1)! 
(Ig 

xand0. 51. R,(x) = 
(n + 1)! 
sint D (e) ( TT 


ntl 
53. R,(x) = (n + 1)! = z) for some c between x and x 


55. 2.03 X 10° 57. 1.63 X 10° (e°* < 2) 59. 2.60 x 10+ 
61. Withn = 4, max error = 2.49 x 10° 

63. Withn = 2, max error = 4.17 X 107° (e°° < 2) 

65. Withn = 2, max error = 5.4 X 10° 67.4 69.3 71. 1 
73. a. False b. True c. True 75. a. Cb. Ec. Ad. De. B 
f. F 77. a. 0.1;1.67 xX 107+ 

b. 0.2; 1.33 X 10° 79. a. 0.995; 4.17 x 10° 

b. 0.98; 6.67 X 10° 81. a. 1.05; 35 b. 1.1; 59 

83. a. 1.1; qq b. 1.2; % 


[sinx — p3(x)|_ | |sinx — ps(x)| 
2.5 X 10° 
2.0 x 10" 


x"*! for some c between 








x"*! for some c between x and 0. 





1.9 X 102 1.3 xX 103 


b. The error increases as |x| increases. 


89. a. |tanx — p,(x)| |tanx — p3(x)| 


—0.2 07 < 107 43 xX 10° 


3.3 x 10+ 1.3 x 10° 


3.3 x 10+ 1.3 x 10° 
2.7 X 1073 4.3 X 10% 


b. The error increases as |x| increases. 91. Centered at x = 0 for 
alln 93. a. y = f(a) + f'(a)(x — a) 





Section 10.2 Exercises, pp. 702-704 


1. co + cix + cx? + c3x? 3. Ratio and Root Test 5. The radius of 
convergence does not change. The interval of convergence may change. 
7. |x| <4 9. R= 4; (4,4) 11. R = 1;[0,2) 

13. R = 0; {x:x = 0} 15. R = œ;(—%,%) 17. R = 3;(—3,3) 
19. R = œ; (—%,%) 21. R = œ%;(—%,%) 

23. R = V3; (—V3, V3) 25. R = 10.2) 


A-60 ANSWERS 


27, R= œ; (—%,%) 29, X (3x)4; (-4,5) 31. 2X x**3; (—1, 1) 
k=0 k=0 


o0 (3x)" œ k+l] 


aar GLD a= a aoa 
k=0 k=1 k=1 k 


= N kx“ t; (—1,1) 
k=1 


ykt6 
FE [-1, 1) 41. g(x) 


k(k — 1)(k- 2) 




















k=1 k=0 
x \* ee as 
49 ==] (73,3) Sl mn2= — a S 
S(-3)s(-3.3) sL m2- 5 3 55-2.) 
oe) (—1)*x* 
53. a. True b. True c. True d. True 55. e 57. > 
59 ae) 61. |x -—al <R 63 oe 
E T a o a E 
1<x<9 65. f(x) = — 30<x< x 
gt 
00 2 i 
67. f(x) = i Oo = a 
o (3, k 
71 >» ) r= y= 
ck 
k+1 k+m+1 
EEE Crax 
73. lim |—— = lim |=], so by the Ratio Test the 
kel CX keal gpk 














two series converge on the same interval. 
75. a. f(x)* g(x) = codo + (cod; + cido)x 
+ (cod + cid; T Cody) x* + 


b. Scpdn—-~ 77. b.n = 112 
k=0 


Section 10.3 Exercises, pp. 714-716 


1. The nth Taylor polynomial is the nth partial sum of the corresponding 
(k) | a) 





fork = 0,1,2,.... 


5. Replace x by x” in the Taylor series o f(x); 7. The 
Taylor series for a function f converges to f on an wine if, for all x 
in the interval, lim R,(x) = 0, where R,,(x) is the remainder at x. 
nao 
2 3 00 


Yo J (—1)*x* 
Pea ae a kl 


Taylor series. 3. Calculate cą = 








C. (—%, o0 ) 


i: Alaa tr ae Del) & AL 
k=0 


OA E (2x) 














13. a. 1 + 2x + J , > : (—%, œ) 
15; a. poe Ee EA ss 1 hyp 2+ eu 
3 5 7 gp Qhae 
17. a. 1 + E RL >, m3 3 l pe Tea 
k=0 K: 
x? aan xô is 
19. a. 1 + 5 + a b Seo c. (— 2, œ) 
ny aah al (e-a 


2! 4! 6! 

















o (—1)* 
x —w/2)* Bal —(x-—1)4+ (—- 1) - (x- 1) 
A Ok)! /2) ( Jti i ) 
a (x — 3) (x — 3)° (x — 3) 
b. S(-1)(x — 1) 25. a In3 + - —— + —_— 
>| ) i 3 a 6D 33 +3 
Lo" 3 
b. In3 + one yi 27. a. 2 + 2In2(x — 1) + 
In? 2(x — 1)¥ In*2 
In? 2(x = D 4. Tia — 3 b. Soe 
4 6 8 
rae 31. 1 + 2x + 4x7 + 8x° 
aa. ee EN a5 fag ey a ye ee 
2 é 2 i ee 
xê x 10 x l4 
37. x? + — + 39. a. 1 — 2x + 3x? — 4x? b. 0.826 





6 ` 120 5040 
41. a. 1 + ix — $x? + Er b. 1.029 
43. a. 1 — $x + 3x? — Bx? b. 0.895 





























x x x 
44.1+—-—+—-:::: | P| 
2 8 16 [ 
3x 3x? 3x? 
47. 3 — = east (=l 1 
2 8 16 ) 
2 4 
49.a+—-—7+— rag |x| Sa 
2a Sa l6a 
51. 1 — 8x + 48x? — 256x? +--> 
1 x? 3x4 x° 
53. = — — + 
16 32 256 256 
"E , 3 (40 _4(40) 
9 9\3 9\ 3 9\ 3 
FEN) 
57. R(x) = ———— x"*!, where c is between 0 and x and 
(n+ 1)! 
|x pee 
fee) = R= Gay a 
n —> œ, for- <x < >, 
Phe) 
59. R(x) = ———— x"*!, where c is between 0 and x and 
(mw 1)! 
le ek a a 
n+l 
Thus, lim 1 |R (x)| = lim | = 0 and so limR,(x) = 0, 
e(n + 1)! n—> 
— a D, a a. False b. True c. False d. False 
N ae 5 
e. True 63. a. 1 + + + tres b R=œ 
2! 4! 6! 
65. a. 1 — 3x7 + 2x4 — Pyo + -- b. R= 1 
67. a. 1 — 5x? — gxt - Lo b. R= 1 


69. a. 1 — 2x? + 3x4 — 4x6 b. R=1 71. W60 ~ 3.9149 
using the first four terms 73. W13 ~ 1.8989 using the first four terms 


: T 13:37 4 =1234557°9 
79. 5 ) 81. : 5 
k=0 











2468 °2+4-6°8°10— 

83. Use three terms of the Taylor series for cos x centered ata = n/4; 
cos 40° = cos (407/180) ~ 0.766 85. Use six terms of the Tay- 
lor series for \/x centered ata = 64; VW/83 = 4.362 87. a. Use 
three terms of the Taylor series for \/125 + x centered at a = 0; 
W128 =~ 5.03968 b. Use three terms of the Taylor series for Wx 
centered at a = 125; V128 ~ 5.03968 c. Yes 


Section 10.4 Exercises, pp. 723-725 


1. Replace f and g by their Taylor series centered at a and evaluate the 
limit. 3. Substitute x = —0.6 into the Taylor series for e* centered at 
0. Because the resulting series is an alternating series, the error can 


be estimated. 5. f'(x) = keg 7.1 95 11.2 13. 3 
15.2 17.2 19.-% 21.1 23.7% 


X 
25. Reh re ag a, 





: ec. |x| <1 
lL x 


xr! 


———— + 
(n — 1)! 
b. —2e % e. -æ <x< 0 3l.al—-x4+xt-::: 
1 DF 2i” 
& -l <x<1 33.a. 2 + 2t + — +: + — +t. 
1 + x? 2) 


b. y(t) = 2e’ 


2 
29. a. Se ee a ona a 


b. 





a 216, 
a 
n! 


37. 0.2448 39. 0.6958 


35. a. 2 + 16t + 2417 + 24 + --- 


b. y(t) = Ée% — £ 
2 4 
ee 0.35 
2 12 
k 





) = 0.0600 43. 0.4994 


2 2 
SoS DG a a ae 


47. cos2 = > a 








49. In(3/2)= > =j;-f4+H4- 
er =] is y ia 1 


51. = ¥' — Therefore, X ———— = e - 1. 
x Ák Teos 2 k+ ° 
1 


53. > 


2 

55: fx) Sie f(x) ER 

—3x? 6x? 
61. f(x) G+ x) 63. f(x) G—x) 
b. False c. True 67. % 69. e716 71. f(0) = 0; 
FOO) =4e 73. f° (0) = 2:70). =0 75.2 
77. a. 1.5741 using four terms b. At least three e. More terms 
would be needed. 79. a. S’(x) = sin (x*); C'(x) = cos (x°) 

11 1 5 9 13 











\ 


pl eae i = = ine 





59. f(x) = —In(1 — x) 


65. a. False 














x E d x o x i SX x x 
3 Ta 11-5! 15-7" Sa 9-4! 13-6! 
c. $(0.05) = 0.00004166664807; C(—0.25) =~ —0.2499023614 
2 4 6 





ite) Sica too oe 
4 64 2304 


( x? 3x4 z) ( x? xí <) 
e |- + —- —]+(-—+—- + 
2 16 384 2 16 384 
4 6 


= 0 83. a. The Maclaurin series for cos x 


b. -œ <x< æ, R = œ 





consists of even powers of x, which are even functions. b. The 
Maclaurin series for sin x consists of odd powers of x, which are odd 
functions. 


ANSWERS A-61 


Chapter 10 Review Exercises, pp. 726-727 


1. a. True b. False c. True d. True 3. po(x) = 1 


TE EE pees O aE 
p3\%) 5x 7 3 e DPolx X 7 

5 3 5 1 
9, p3(x) = 7 + 30T m2) + OG n2) + ox — n2) 





po | 0.7071 12 x 107! 


0.5960 82x 10° 
0.5873 4.7 X 1074 


sin c 4 





4 
TT 
15. R3(x) = Ar? R3| < AY 17; (=) R 


19. (~œ, %), R = œ% 21. (—9,9), R =9 23. |-4,0), R = 
25. X x% (-1,1) 27. X355, (—4,3) 29. X axt; (-1,1) 
k=0 k=0 











| ar 





Ca ie 
7 3! 7 st” 
(x = ma x3 a 


—1)k+1 Ba aa 
2 ) k+ i 3 TA TET 


9x? 81x* 














c is between 0 and x. lim |R,,(x)| = lim n 

n— œ n— œ e” 

—1)"(1 + ep) 

E Pa A 
n+ I 


—o <x <, nee 


where c is between 0 and x. 


| | a ve er 
lim |R,,(x)| = lim < lim 1"7'+-——_ = 0 
no n>o\l +c nee 1 no n+ I 














for |x| = 4. 47. 4 49.3% 51.4 53. 0.4615 55. 0.3819 

Be oe Se 

11 24118 2-1 3283 3852357? 
4? r 43 i n 

61. yx) T B ee ee a 
o% (—]1)kt! o% j] œ%  _2k+1 

= 3 + e” 63. a. 5t ) b XY — e25 
mH Ok Se 2k +1 

Le 1 o. 
d. r= 332. Ok D e. Series in part (d) 


A-62 ANSWERS 


CHAPTER 11 25. x = cost + 2,y = sint + 3,0 = t = 27; 
. E (x — 2} + (y-3) =1 
Section 11.1 Exercises, pp. 735-739 


1. If x = g(t) and y = A(t), fora = t S b, then plotting the set 
{(g(t), h(t)):a = t = b} results in a graph in the xy-plane. 

3. x = R cos Cee, = R sin (7t/5) 

5. x= ty =t, <t o 

7. a. 





aje e Peo 
EEIE 26 | 27. x= 8sint — 2,y = 8 cost — 3,0 =< t < 2m: The circle has 


equation (x + 2)? + (y + 3)* = 64. y 





b. e y=3x-4 


4t `. [4nt 
29. x = 400 cos a , y = 400 sin 3 j 


0=1=15 3L x= 50cos( ZE), v(x) = sosina (Z), 
O<1<24 


33. Slope: —1; point: (3, 1) 





—10 





35. Slope: 0; point: (8, 1) 


d. A line rising up and to the left as t increases 

11. a y =3x— 12 DLA ine rising up and to the right as 

t increases 13. a. y = 1 — x7,-1 Sx <1 b. A parabola open- 
ing downward with a vertex at (0, 1) starting at (1, 0) and ending at 
(—1,0) 15. a. y= (x+ 1)? b. A cubic function rising up and to 
the right as ż increases 17. Center (0, 0); radius 3; lower half of cir- 
cle generated counterclockwise 19. x° + (y — 1)? = 1; a complete 
circle of radius 1 centered at (0, 1) traversed counterclockwise starting 37. x = 2t, y = 8f,0<r< 1 

at(1,1) 21. Center (0,0); radius 7; circle generated counterclock- 39. x = —1 + 7t,y = -3 — 1340St=1 
wise 23. x = 4cost,y = 4sint,0 S t S 27: The circle has 41. x = t, y = 2t? — 4,—1 = t < 5 (not unique) 
equation x7 + y? = 16. y 


(—5, 0) 








43. x= 4t- 2,y=—6t+3,0sts l; 
x=t+ 1,y = 8t— 11,1 St S 2 (not unique) 


dy 
57. a. — = —}8cot£0 b. 
dx 








ANSWERS A-63 





,t # 0; undefined b. 





13 1 
61. a. False b. True c. False d. True 63. y = —x + — 


4 4 
2 
65. y =x- T 67. x= 1 +2t,y =1+4t,—% <t< œ% 
6. =t y=4t=0 
71.0 StS 2r y 
10 
—10 10 * 


2 2 2 
73. x = 3cost,y = > sin t, 0 =f] Jr (=) + (2) = |: 


in the counterclockwise direction 





75. eee n a 10 sing — 3,0 2 t S 27; 


xF 2 2 
15 = 1; in the counterclockwise direction 








77. aandb 79% x? + y*=4 8L y= V4—-—x%7 83. y= x? 
4 8 4 8 


85. (5 a nd (5-5) 87. There is no such point. 
V5 v5 VS y5 j 
27 
89. a = p,b = p + — 3 ,forallreal p 91. a. (0,2) and (0,—2) 


b. (1, V2), (1,-—V2), (-1, V2), (-1,-V2) 
93. a.x = tacos?” (t), y = Eb sin?” (t) c. The curves become 
more square as n increases. 


(4, 7/2), (4, 57/2) 





15. (3V2/2,3V2/2) 17. (1/2,-V3/2) 19. (2V2,-2V2) 
21. (2V2, 7/4), (2V2, 57/4) 23. (2, 7/3), (—2, 47/3) 
25. (8, 27/3), (—8,-7/3) 27. x = —4; vertical line passing 
through (—4,0) 29. x” + y? = 4 (circle centered at (0, 0) of 
radius 2) 31. (x — 1)? + (y — 1} = 2 (circle of radius V2 
centered at (1,1)) 33. x? + (y — 1)* = 1; circle of radius 1 
centered at (0, 1) and x = 0; y-axis 35. x? + (y — 4)? = 16; 
circle of radius 4 centered at (0, 4) 
37: 39. 








41. y 
1 
ZN 
101. ~2857 m 
Section 11.2 Exercises, pp. 748-752 
1. (=2,=57/6); (2; 37/6); 
(3547 /2) (357/2) 45. , 
4 
3. r? =x + y^, tan 0 == 5. rcos@ = 5orr = 5 sec 8 
Be 
7. x-axis symmetry occurs if (r, 0) on the graph implies (r, —0) is 49. 


on the graph. y-axis symmetry occurs if (r, 0) on the graph implies 

(r, 7 — 0) = (—r,—8@) is on the graph. Symmetry about the origin occurs 

if (r, 0) on the graph implies (—r, 0) = (r, 8 + 77) is on the graph. r=1—2sin 30 
9, 






origin: 
B, D, E.H,J,L B, D, F, H, J, L, N, P 





(—2,—37 /4), (2, 97/4) (1, 27/3), (1, 87/3) 


ANSWERS A-65 


77. A circle of radius 4 and 79. A circle of radius 4 
center (2, 7/3) (polar centered at (2, 3) 
coordinates ) (Cartesian coordinates ) 





No interval [0, P| generates the entire curve; —% <9 < © 








55. [0, 27| 57. [0, 57] 
y y 
2 
81. A circle of radius 3 83. Same graph on all 
centered at (—1, 2) three intervals. 
(Cartesian coordinates) y 
2 xX 1 A 3 
3 X 
59. [0, 27 | y 
4 x 


61. a. True b. True c. False d. True e. True 
63. r = tan sec 0 65. r* = sec 0 csc 0 or r” = 2csc(2 0) 
67. 





89.a. A bC eBddDeEfFEF 
91. 93. 7 


71. 


95. 





A-66 ANSWERS 


For a = —1, the spiral winds 
inward toward the origin. 


500 4 


103. (2,0) and (0, 0) 
105. (0,0), 
107. a. 





b b 
111. r = acos6 + bsin@ = —(rcos@) + —(rsin@) = yyy 
r r r f 


T ( 2) F ( A a? + b? PEN (£ z) 4 
= —-] = . Center: | —— I: ; 
us, | x 5 y 5 A enter 55 : radius 


Va? + b? 
2 





113. Symmetry about the x-axis 


Section 11.3 Exercises, pp. 758-760 


1. x = f(0) cos 0, y = f(0) sin@ 3. The slope of the tangent line 

is the rate of change of the vertical coordinate with respect to the hori- 
zontal coordinate. 5. 0; 0 = 7/2 7. —~\V/3:6=0 9. Undefined, 
undefined; the curve does not intersect the origin. 11. 0 at (—4, 7/2) 
and (—4, 37/2), undefined at (4, 0) and (4, m); 0 = 7 /4,0 = 37/4 
13. 1;9 = +a/4 15. Horizontal at (2V2, 7/4), (—2V2, 37/4); 
vertical at (0, 7/2), (4,0) 17. Horizontal: (0, 0) (0.943, 0.955), 
(—0.943, 2.186), (0.943, 4.097), (—0.943, 5.328); vertical: (0, 0), 
(0.943, 0.615), (—0.943, 2.526), (0.943, 3.757), (—0.943, 5.668 ) 


19. Hori tat (5), (5 =) (2,2) nicala 
. Horizontal a zeie Plea ; vertical a 


(378) (2.218) (03) 
Dy 69 <2 6.7.72 


21. v 23. 16m 25. 97/2 







0.5 


=0'5 





33. 7/20 35. 4(4a/3 — V3) 


37. (0,0), (3/ V2, 7/4) 
377 

.1+4,5 -L 4 41. 3(7 — 2) 43, — - 2V2 
39. (1 + 2-5), (1 — Zo, F) (0,0) 4L g(r — 2) 8. 5 — 2V2 
45. a. False b. False 47. 27/3 — V3/2 49. 9m + 27V3 
51. Horizontal: (0, 0), (4.05, 2.03), (9.83, 4.91); vertical: 
(1.72, 0.86), (6.85, 3.43), (12.87, 6.44) 

1 1 1 1 


b. 0 





53. a. An -= Ae (An+2)a E 4e" T Ae (An—-2)a Ae (an—4)a 


ce (7 55.6 57. 1807 59. (a? — 2)0* + m — sin 26*, where 
0* = cos! (a/2). 61. a°(m/2 + a/3) 


Section 11.4 Exercises, pp. 770-773 


1. A parabola is the set of all points in a plane equidistant from a 
fixed point and a fixed line. 3. A hyperbola is the set of all points 
in a plane, the difference of whose distances from two fixed points is 
constant. 

5. Parabola: 





Hyperbola: , 


2 y? b 
7. (z) a E 9, (+ ae, 0) 11. y= tox 





19. y? = 16x 21. y? = 12x 





23. x? = —$y 25. y? = 4(x + 1) 

27. Vertices: ( +2, 0); foci: (+V3, 0); 
major axis has length 4; minor axis has 
length 2. 





Vertices: (0, +4); foci: (0, +2V3); 
major axis has length 8; minor axis has 
length 4. 


Vertices: (0, + V7); foci: (0, + V2); 
major axis has length 2V7; minor axis 
has length 2V5. 














ANSWERS A-67 


Vertices: ( +2, 0); foci: (+V5, 0); 


1 
asymptotes: y = +5 


Vertices: (+2, 0); foci: (+2V5, 0); 
asymptotes: y = +2x 


Vertices: ( + V3, 0); foci: 
(E PAEA 0); asymptotes: 


y= +\/5x 


Vertices: (+4, 0); foci: 
(+6, 0); asymptotes: 
l 


5 
E 


Vertices: (+2, 0); foci: 
(+ V 13, 0); asymptotes: 
y= 5x 


A-68 
J 2 
49. =- > 
1 9 
2 
53. x° — a 
8 
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l 


51. 





2 
x? y 


— + — = 1 
81 72 
Directrices: 
x= 227 





Vertex: (2, 0); focus: (0, 0); 
directrix: x = 4 


Vertices: (1, 0), (—4, 0); center: 
(4, 0); foci: (0, 0), (3, 0); directrices: 
x= -—],x = - 


Vertex: (0, —7); focus: (0, 0); 


The parabola starts at (1, 0) and goes 
through quadrants I, II, and III for 6 in 
[0, 37 /2 |; then it approaches (1, 0) 
by traveling through quadrant IV on 
(347 /2, 277). 





The parabola begins in the first quad- 
rant and passes through the points 

(0, 3) and then (—3, 0) and (0, —3) as 
0 ranges from 0 to 277. 


65. The parabolas open to the right if p > O, open to the left if p < O, 
and are more vertically compressed as |p| decreases. 67. a. True 
b. True c. True d. True 69. y=2x+6 71. y= —ix = 3 


4 d 2 
Bop < = (E) 6 
1 — 2sin0 dx a*/]\y 


y-yo (f BN% eee 
a in , which is equivalent to the given equation. 
a 
4rb’a 4ra’b l ab? R 
30° 3 ; yes, ifa Ab 8l. a. oo TE) (2a + c) 
a 


Amb* 2m? — V3m? + 1 


3 91. 2p 97. a u(m) = — 


2 
m^ — 1 
2m? + V3m? + 1 
2 
= if 

















b. 


v(m) = ; 2 intersection points for |m| > 1 


b. 3,0 e. 2,2 d. 2V3 — In (V3 + 2) 


Chapter 11 Review Exercises, pp. 774-776 


1. a. False b. False c. True d. False e. True f. True 





3. a. be = 3) 
; 5 dy 
c. The right branch of the function y = 3/x*. d. — = —6 
_ dx 
Se He. I b. y = 16x 
40 
20 
2 X 
dy 
c. A line segment from (0, 0) to (2,32) d. i 16 
2 2 x 
, 7 F = = |; ellipse generated counterclockwise 


9. (x + 3)? + (y — 6)? = 1; right half of a circle centered at (—3, 6) 
of radius 1 generated clockwise 11. x = 3 sint, y = 3 cost, for 
Ost 27 13. x = 3cost,y = 2sint, for—7/2 St 7/2 
15. x =—-1+4+ 2t,y = t,fr0 =tS1;x =1- 2t,y = 1 —14, for 
Ca 72 1 
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3 lon E 
17. Att = m/6:y = (2 + V3)x + (2 — 3 — TI), a 33: a 35. (V255 — cos™! (1/16) 
y 
4 
3 X 
37. 4 39. a. Hyperbola b. Foci (+ V3,0), vertices ( + 1, 0), 
21. Liz should choose r = 1 — sin 0. AE W = ieee 





23. (x — 3)? + (y + 1)? = 10; a circle of radius V10 centered at 
(3,-1) 25. r=8cos#,0S 057 


27 a y 4 intersection points 
4 





Wy 27 


43. a. Ellipse b. Foci (+ A/D. 0), vertices (+2, 0), directrices 
d. 


b. (1, 1.32), (1, 4.97), (—1, 0.7), (-1, 5.56) 3 dah v2 
29. a. (4.73, 2.77), (4.73, 0.38); (6, 7/2), (2,3m/2) b. There is ii 2 
no point at the origin. c. y 


C. e = 





45. y= èx- 2 47. y = —3x — 


31. a. Horizontal tangent lines at (1, m/6), (1, 57/6), (1, 77/6), and 
(1, 1177/6); vertical tangent lines at (V2, 0) and (V2, 7) 
b. Tangent lines at the origin have slopes + 1. 


C. y 
2 
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59. e = 2/3,y = +9,(+2V5,0) 61. (0,0), (0.97, 0.97) 

63. (0,0) and (7,0) = ((2n — 1)7,0),n = 1,2, 3,. 

be be, ee. GA Re 
Vn ve Og "3 = sind 

CHAPTER 12 


Section 12.1 Exercises, pp. 787-790 





5. There are infinitely many vectors with the same direction and length 
asv. 7. Ifthe scalar c is positive, extend the given vector by a multiple 
of c in the same direction. If c < O, reverse the direction of the vector 
and extend it by a multiple of |c|. 9. u + v = (u; + vi, u2 + v2) 


11. |(vj,¥2)| = Vv? + v? 13. If P has coordinates (p;, p2) and 
Q has coordinates (q1, q2) then the magnitude of PQ is given by 


Vai — pi) + (Q = pr)’. 





15. Divide v by its length and multiply 
the result by 10. 17. a,c,e 19. a. 3v b. 2u c. —3u d. —2u 
ev 21. a. 3u+ 3v be. ut+ 2v c. 2u + 5v d. —2u + 3v 

e. 3u + 2v f. —3u —2v g.—2u-— 4v h. u— 4v i. —u — 6v 
Aa OP = (3,2) =3i + 2j 

|OP| = v13 





RO = (10,3) = 10i + 3j 
/RO| = V109 





25. OU 





1 234567 # 


27. OT 29. (—4,10)} 31. (12,-10) 33. (-28,82) 35. 2V2 
37. V194 39. (3,3), (-3,-3) 4.w-u 


43. —i + 10j 45. +——(6,5) 


l 
61 
TEREM 

V74° VIAL NVT? VI 
49. 5V/65km/hr ~ 40.3km/hr 51. 349.43 mi /hr in the direction 
4.64° south of west 53. 1 m/s in the direction 30° east of north 


55. a. (20,20V3) b. Yes ce. No 57. 250V2lb 59. a. True 
b. True ce. False d. False e. False f. False g. False 


3 4 3 4 22 
h. True 61. a. (2,-2) and ( ) b. b = +22 


55 
+3 1 3 
pond a 
10 5’ 10 
4 UN 6 ai 8 
T dre 
3° 3 J 





b — 
(=) 71. u = żi + 3j, 


v=si-2j 73. (4-3) 75. (9,3) 77. a. 0 
b. The 6:00 vector c. Sum any six consecutive vectors. d. A vec- 
tor pointing from 12:00 to 6:00 with a length 12 times the radius of the 
clock 79. 50 1b in the direction 36.87° north of east 


$1. u + v= (uju) + (vp v) = (u; + vi, u2 + v) 


= (v; + uj, v2 + u vi, v2) + (uy, ua) 
=y+u 

83. a(cv) = a(c (vi, v2)) = a (cv, cv2) 
= (acy, acv,) = ((ac)v,, (ac)va) 


= ac(v\,v.) = (ac)v 
89. a. {u,v }are linearly dependent. {u, w} and {v, w} are lin- 
early independent. b. Two linearly dependent vectors are parallel. 
Two linearly independent vectors are not parallel. 91. a. > bs =—15 


Section 12.2 Exercises, pp. 797-801 


1. Move 3 units from the origin in the direction of the positive x-axis, 
then 2 units in the direction of the negative y-axis, and then | unit in 
the direction of the positive z-axis. 3. It is parallel to the yz-plane 
and contains the point (4,0,0). 5. u + v = (9,0,—6); 


3u — v = (3,20,-22) 7. (0,0,-4) 9. A(3,0,5), B(3, 4, 0), 
C(0,4,5) 11. A(3,—4, 5), B(0, —4, 0), C(0, —4, 5) 
13. a. £ b. ú 
Ta Wi ral 
“Te | a 

i l l I l 

i | oii 

ge ee | ! | 





= 
l 
l 
s 
Sa 
1 
/ 
a / 
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17. Z | 19. | 
4 


21, í 
2 


(2, 4, 2o 





23. (x — 1)? + (y — 2)? + (z- 3)? = 16 

25. (x + 2)? +y? 4+ (2-47 <1 

27. (x — 3)? + (y — 3)? + (c — 7)? =} 29. Sphere centered at 
(1, 0, 0) with radius 3 31. A sphere centered at (0, 1,2) with radius 3 
33. All points on or outside the sphere with center (0, 7, 0) and radius 6 
35. The ball centered at (4, 7, 9) with radius 15 37. The single point 
(1,-3,0) 39. (12,-7,2); (16,-13,-1);5 41. (-4,5,-4); 
(—9, 3,-9);3V2 43. (-15, 23, 22); (-31, 49, 33); 3V5 

45. a. PO = (2,6,2) = 2i + 6j + 2k b. |PO| = 2V11 


1 3 1 i 3 1 
j (r) (t E) 
. a. =40,=5,1 s = 726 ¢ (0,-——,— 
47. a. PO = ( ) b. |PO| = V26 cœ (o NA =) 


5 1 = 
and { 0, ——,-—=) 49. a. PQ = (-2,4,-2 
( V26 Jz) = \ 


Me ee ee ee ee 
l V6’ V6’ V6 V6’ V6’ v6 
51. a. 20i + 20j — 10k; b. 30 mi/hr 


53. The speed of the plane is approximately 220 mi /hr; the direction is 
slightly south of east and upward. 





x, East 


55. 5V6 knots to the east, 5V6 knots to the north, 10 knots upward 
57. a. False b. False c. False d. True 59. All points in R? 
except those on the coordinate axes. 


A-72 ANSWERS 


61. A circle of radius 1 centered at (0, 0, 0) in the xy-plane 





x y 


63. A circle of radius 2 centered at (0, 0, 1) in the horizontal plane 
=1 65 (x— 2)? + (z- 1) =9,y=4 67. (12,-16,0), 

(—12,16,0) 69. (-V3,-V3, V3), (V3, V3,-V3) 

71. a. Collinear; Q is between P and R. b. Collinear; P is between 

Qand R. c. Noncollinear d. Noncollinear 73. V29 ft for each 


250 1 250 1 
lece Tas —— 4 ee 2 sh ee OL 
2 ( V3 3 ( V3 ) 


500 / 1 
coer e al a Ils (5585 9h (150,35 J, 0r (1,0, -3 
2 (5.01) T (3,8,9), (1,0,3), or (1,0,3) 


Section 12.3 Exercises, pp. 808-812 
1. u-v = |uļ||v|cosð 3. —40 


sod = cos! ( — ) 
alv] 


7. Scalar, u = |u| cos @ is the signed length of the projection of u in 


5. cos@ = —_., 








the direction of v. 9. 0,90° 11. 100,45° 13. 5 15. 0; 7/2 
17. 1;7/3 19. —2,93.2° 21. 2,87.2° 23. —4, 104° 
6 
25. (3,0),3 27. (0,3),3 29. 2{-2,1), — 
(3,0) (0,3) ${-2,1), 
14 14 
31. (-1,1,-2);-V6 33. — (-1,-3,3 
( ) ea. 
35. —i + j — 2k; V6 37. 750V3 ft-lb 39. 25V2J 41. 400J 
43. (5,-5), (-5,-5) 45. (-5V3,-5), (5V3,—5) 


47. a. False b. True c. True d. False e. False f. True 


49. {(1,a,4a — 2):a ER} 51. (<5 ian 0), 
i 4 Er 
(- i va i 0), (0, 0, 1 ) (one possibility) 


k 1 
53. a. proj,u = |u| cos 60° (i) = 5k for allsuchu b. Yes 


55. The heads of the vectors lie on the line y = 3 — x. 
heads of the vectors lie on the plane z = 3. 


mene 
1 ee 5S 


1 1 3 5 28V5 
st u = (15.3) + (23,3) 63. e. fe 
2 2 2 2 5 


57. The 


I- J),j = FJ) 


Po 
av) 
J| = |K| = 1 b. I-J =0,I1-K =0,J:K =0 
= 31 — (1/V2)J + 3K 


71. ZP = 78.8°, ZO = 47.2°, ZR = 54.0° 73. a. The faces on 
y = Oandz=0_ b. The faces on y = 1 andz = 1 ec. The faces 
onx=Oandx=1 d. 0 e1 f2 75.a. (20,2%) 


b. rop = (V3,—1,0}), roo = (V3,1, L 9), rpg = (0, 2,0), 
Tor ~ (35.0, 737), ree = ees EJ a 


83. a. cos?a@ + cos? ßB + cos”? y 


(iit) * Cr) * Grier) 
Iv] [il MIM 











= a b Cc _ 
aœ +b +e @t+ete ative’ 
b. (1,1,0),90° e (Ya, vq 1), 45° 


a" 3 
d. No. If so, (2) + (2) + cos? y = 1, which has no solution. 


e. 54.7° 85. |u-v| = 33 = V33. V33 < V70. V74 = |ullv| 


Section 12.4 Exercises, pp. 817-820 


1. |u X v| = |u||v|sin 0, where 0 S 0 S ~ is the angle between u 
ijik 
andv 3.0 5.uXv= U U U3 7. 15k 
Pia Y3 
11. 18 i 
12 
=12 
12 








21. 11 


23. 3V10 25. V11/2 27. 4V2 


29. u X v = (—30,18,9),v X u = (30,—18,—9) 

31. u xX v= (6,11,5),v X u = (—6,—11,—5) 

33. u X v = (8,4,10), v X u = (—8,—4,—10) 

35. (3,-4,2) 37. (—8,—40,16) 39. 5/V2N-m 

41. (0,20,—20) 43. The force F = 5i — 5k produces the greater 
torque. 
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45. The magnitude is 202 at a 135° angle with the positive x-axisin 37. 
the xy-plane. 





47. 4.53 X 10° '*kg:m/s* 49. a. Fal . False c. Fal . 
= k gimis a ee E 39. When viewed from the top, the curve is a portion of the parabola 





d. True e. False 51. Not collinear 53. (b? — a°, 0, a° — b7). ; , 
7v6 V *> 
The vectors are parallel whena = +b # 0. 55. 9V2 57. EE 
ab)” + (ac? + (bc)? 
5, yd eee Deen. Bho “ maa 
63. |u: (v X w)| = jul|v X w||cos 0| where |v X w| is the area of 


the base of the parallelepiped and |u||cos 0| is its height. 
65. |r| = 26.4N-m, direction: into the page. 67. 1.76 X 10’m/s 





Section 12.5 Exercises, pp. 826-829 x 
1, One. 3, lisoutout ea vecion 41.-i-4j+k 43. -2j + ai 45.i 47. a. True b. False 
5. (x,y,z) ~ (xos Yor Zo) F t(x %1 Yo zo) c. True d. True 49. r(t) = (4,3,3) + t(0,—9,6) 
7. lim r(t) = limf(z)i + lim g(t)j + lim h(t) k 51. The lines intersect at (1, 3, 2). 53. Skew 
9. r(t) = (0,0,1) + t(4,7,0) 55. These equations describe the same line. 57. {t:|t| <2} 
1. ena = 00l £7010) Baa = 01,03) 59. {t:0<1r<=2} 61. (21,-6,4) 63. (16,0,-8) 
15. (x,y,z) 2 (—3,4,6) i t(8,—5,—6) 65. (4,8, 16) 67.a E bD eFd C 
17. r(t) Z t(—2, 8,—4) 19. r(t) = t(—2,-1, 1) e A f. B 69. a. (50, 0, 0) b. 5k c. Z 
21. r(t) = (-2,5,3) + t(0,2,—1) 30 
23. r(t) = (1,2,3) + t(—4,6,14) 25. (x,y,z) = t(1,2,3), 
O=t=1 27. (x,y,z) = (2,4,8) + t(5,1,—5),0st=1 A 
ai ‘ Eas 
50 | y 
d. x? + y? = (50e™)? sor = 50e™, Hence z = 5 — Se? = 5 — z 


71. a. 


35. 





Curve is a tilted circle of radius 1 centered at the origin. 

73. (cf — ed,be — af,ad — bc) or any scalar multiple 

15: The curve lies on the sphere 
xX ty taz Sl. 
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2m 
77. ———.,, where (m,n) = greatest common factor of m and n. 


(m,n) 


Section 12.6 Exercises, pp. 835-837 


re (0 
(g'h) n 


S. [ro dt = (fr dr)i + (Jew ar) F (fro d )k 


3 3 
7. (—sint,2t,cost) 9. (or,+.,-3) 11. (et, —2e™,—8e%) 





1. r(t) = 3. T(t) = 


13. ei =q) 1 + Int.cost = tsint) 15. (1,6,3) 
17. (1,0,0) 19. (8,9,-10) 21. (2/3,2/3,1/3) 

(0, —sin 2t, 2 cos 2t ) t? 2 
23. T oS —e—e— 5 [SS , 0, 


Vi + 3 cos? 2t l Vio ea 1 
2 1 
—1) 29. ( —~0,-— = 
(a A) 





27. (0,0, 


31. (30r! + 2423, 14t — 12t!! + 977 — 3,—96t!! — 24) 
33. (2P — 1)(#? — 2) (342 — 2),1,0) 
35. e'(2 + 6t?) — 2e™(t — 2t — 1) — 16e” 
37. 5te'(t + 2) — 6t'e™(t — 3) 
39. —3t? sin t + 6tcost + 2Vtcos 2t + ean a 
2Vit 
41. (2,0,0), (0,0,0) 43. (—9 cos 3t, -16 sin 4t, —36 cos 6t), 


(27 sin 3t, —64 cos 4t, 216 sin 6t ) 
1 
45. (FC + 473? -9(¢ + 1)3,2eF E 21) ) 


3 
($i + 4)5⁄2, 6(t + 1)“, —4te™ (3 — 20) 
tt, 10") +C 


2 1 
49. (2 sin ¢, E cos 3t, A sin sr) +C 


51. tei + tan ej — V2tk + C 


53. r(t) = (e! + 1,3 — cost, tant + 2) 

55. r(t) = (1+ 3,1 + 2,1 — 6) 

57. u (te +4 2e +t—l,t—2e'+3) 59. (2,0,2) 
6l. i 3. (0, 0,0) 65. (e? + 1)(1,2,-1) 67. a. False 


b. Pe. c. True 69. (2 — 1,3 
71. (2 + 34,9 + 7t,1 + 2t) 73. (2e7,-2e,0) 75. 


— 2t,0/2 + t) 


(4 2 o) 
ed Vt? 
81. (1,0,0) 

(ae, are“, ase“), where a; 


77. (1 + 6t7, 42°,-2 — 317) 79. (1,0) 
83. r(t) = (ayt, dot, a3t) or r(t) = 
and k are real numbers 


Section 12.7 Exercises, pp. 847-851 
)=r"(t) 


(v(t), vo(t)) + C. Use initial conditions to 


1. v(t) = 
5. v(t) = 





r'(t), speed = |r’ 3. ma(t) = F 


[ao dt = 


find C. 7. a. (6t,8t), 10t b. (6,8) 9. a v(t) = (2,-4), 


|v(t)| =2V5 b. a(t) = (0,0) 11. a v(t) = 





|v(t)| =8 b. a(t) = (-8sint,—-8cost) 13. a. (2t,2t,t), 3¢ 
b. (2,2,1) 15. a. v(t) = (1,-4,6), = V53 

b. a(t) = (0,0,0) 17. a. v(t) = (0, 2t,-e°), 

lv(t)| = V4? +e 7 b. a(t) = (0,2,e7) 19. a. [c,d] = [0,1] 


(8 cos t, —8 sin t) , 


b. (1, 2f), (2, 81) 





b. V(t) = (—sin t,4 cost), 


21. a. [0 
= sin 3z, 12 cos 3t ) 


a 
Vr(t) 3 


= 





23. a. |1, e°] 








1 4 9 
b. V(t) = (2t, —8¢°, 182°), VR(t) = (tin nemt) 


25. r(t) lies on a circle of radius 8; 
(—16 sin 2t, 16 cos 2t) -+ (8 cos 2t, 8 sin 2t) = 
27. r(t) lies on a sphere of radius 2; 
(cost — V3 sint, V3 cost + sin t) 

. (sint + V3 cost, V3 sint — cost) = 0. 
29. r(t) does not lie on a sphere. 


31. v(t) = (2,t + 3); r(t) = (2,54 3r) 


) 

= 
33. v(t) = (0, 10t + 5),r(t) = 
35. v(t) = (sint, —2 cost + 3),r(t) = 
37. a. v(t) = (30,—9.8t + 6), r(t) = (30t, 


d. 1.84 m 








(1,527 + 5t — 1) 
(—cost + 2,—2 sint + 3t) 
—4.9¢° + 6t) 
c. T ~ 1.22 s,range ~ 36.7 m 


39. a. v(t) = (80,10 — 32r),r(t) = (80t,—1617 + 10t + 6) 
b. y c. 1 s, 80 ft 
d. max. height ~ 7.56 ft 
zs 
= 
0 20 40 60 80 * 
(Distance) 

Al. a. v(t) = (125,—32t + 125V3), 


r(t) = (125t,-16¢? + 125V/3t + 20) 
b. c. 13.6 s; 1702.5 ft d. 752.4 ft 





500 1000 1500 2000 * 


43. v(t) = (1,5, 10), r(t) = (4,5t + 5, 5¢7) 
45. = (-cost + 1, ie 20). 


2 
í 
poe i -COS) 2 21a I 5) 





47. a. v( (200, 200, —9.8¢), r(t) = (200r, 2001, —4.927 + 1) 
b. c. 0.452 s, 127.8m d. 1m 
49. a. v(t) = (60 + 10r, 80, 80 — 32t), 


r(t) = (60t + 5t°, 80t, 80t — 1617 + 3) 





b. c. 5.04 s, 589 ft 
d. max. height = 103 ft 
100 
51. a. v(t) = (300, 2.5¢ + 400, —9.8¢ + 500), 


r(t) = (300r, 1.25¢7 + 4001, —4.9t? + 500t + 10) 
b. z c. 102.1 s, 61,941.5 m 
10,000 d. 12,765.1 m 


40,000 
40,000 y 


X 


53. a. False b. True c. False d. True e. False f. True 


ANSWERS A-75 


g. True 55. 15.3 s, 1988.3 m, 287.0 m 57. 21.7 s, 4330.1 ft, 
1875 ft 59. Approximately 27.4° and 62.6° 61. a. The direction of 
r does not change. b. Constant in direction, not in magnitude 


2 
63. a. o, z| b. v(t) = (—Aw sin wt, Aw cos wt) is not constant, 
w 


v| = |Aa@| is constant. e. a(t) = (—Aw* cos wt, —Aw” sin wt) 
d. r and v are orthogonal, r and a are in opposite directions. 



















65. a. r(t) = (5 sin (7:6), 5 cos (m1/6)) 
b. r(t) = (5 sin (45 C), 5 cos (+<* -) \ 
67. a. v(t) = (—asint,bcost); |v(t)| = Va? sin? t + b? cos’ t 
b. y y 
min speed 
i (0,6), 
6 
> d 
l CLO 
3 
2 
1 






(0, —6) 
min speed 


c€. Yes d. max e, 
69. a. r(0) = (50,0,0), limr(£) = (0,0,5) 
{—> œ 


c. š 


b. Att=0 


y 


X 


71. Approximately 0.41 rad (23.5°) or 1.04 rad (59.6°) 73. 113.4 ft/s 
75. a. 1.2 ft, 0.46s b. 0.88 ft/s c. 0.85ft d. More curve in the 
second half. e. c = 28.17 ft/s? 


[vo] sina + V|vol|? sin? a + 2gyo 





7]. 1 = , range = |vo| (cos a) T, 


[vo]? sin? @ 


2g 
satisfies the equations x? + y? = 1 and z — cy = 0 so that 

(cos t, sin t, c sin t) lies on the intersection of a right circular cylinder 
and a plane, which is an ellipse. 

83. a. a? + c° + e? = b? + d + f?’andab + cd + ef= 0 

b. a? + c? = b? + dab + cd = 0, anda + c = —e and 
b+d=-f 


max. height = yọ + 79. { (cos ¢, sint, c sin t): t © R} 


Section 12.8 Exercises, pp. 860-862 


b 
3. J |v(t)| dt 


to describe a trajectory also measures the arc length s of the curve that 
is generated, we say the curve has been parametrized by its arc length. 


1. V5(b — a) 


5. 207 7. Ifthe parameter t used 


A-76 ANSWERS 


15. 5V34 17. 47V65 19.9 21. 3 
26; 267 27. 19.38 29. 32.50 31. ma 


2 
9.5 11. 37r 13. = 
23. 31°30; 6430 25. 





33. [(1 + m? P — 1] 35. 32 37. 63V5 39. a 3v3 
41. Yes 43. No; r(s) = (+. =).0 <5 <3V5 
Vo > 
45. No: r(s) = (2 cos > 2sin *).0 <s<47 
47. No; r(s) = (cos s, sins),0<s<7 
49. No; r(s) = (S41 TR 1).s =0 51. a. True 


b. True c. True d. False 53. a. Ifa” = b? + c* then 
\r(t)|? = (acos t)? + (b sint) + (csin t)? = a’ so that r(t) isa 
circle centered at the origin of radius |a|. b. 27ra 

c. Ifa? + c? + e? = b? +d + fr andab + cd + ef= 0, 

then r(t) is a circle of radius Va? + c° + e? and its arc length 

is 2r Va? + c2 + e? 


55. a. | Varo? + [Bh' (t) | at 








b b 
= J V (4? + B?) (h'(t))? dt = være | jh’ (t)| at 


= Roe 


b. 64/29 œ. 5 (wherea > 0) 59. 12.85 


5.102 


V400 + (25 — 9.81)? dt 
0 
c. 124.43m d. 102.04m 65. |v(t)| = Va? + b? +c? = 1, 


fa tb +c? =], 


67. [ |r'(t)| d 
= lel | VOFF COF ar = lel 
69. If r(t) = (t, f(t)}), then by definition the arc length 


b b 
7 V(t’)? t) |? dt = J V1 + (f'(t)) dt 


b 
= J V1 + (f'(x)? dx. 


61. 26.73 63. a. 5.102s b. 


=f VIFA] + Leg’(t) |? dt 








Section 12.9 Exercises, pp. 874-876 


E lv x al _ dT /dt 
dt © wP © |dT/dt 
7. These three unit vectors are mutually orthogonal at all points of the 


1.0 3. k =— 
|v] 














curve. 9. The torsion measures the rate at which the curve rises or 

twists out of the TN-plane at a point. 
aT (1,2,3) LAT (1,2 cost, —2 sint) 1 
. = ——_—, kK = 2 = ——— k=- 
V14 V5 5 


( V3 cos t, cos t, —2 sin t) 
15. T = on ya 


i 
2 
4 T at? 
“ur Mt (cos ar i C2 — 


K = 

















2 2V5 
Zhe. 23. 25; E 
3 (4t? + 1%? (20 sin? t + cos? t)??? 
f : (=a 
27. T = (cos t,—sin t), N = (—sin t,—cos t) 29. T = -nr 
N Cra, 31. T = (sin? 2) N= | 2 sin 2) 
Se . T = (sin t^, cos t^), N = (—cos t^, —sin t 
Vre +9 
33, p= ey Abt) 5g 0 
` = A = © An Z ar = 
Vart V4 +1 
6t 1817 + 4 
37. ar = V3 ef ay = V2e' 39. a = ————N + ———T 
V9r7 + 4 V9? + 4 
41. B(t) = (0,0,-1),7 =0 43. B(t) = (0,0,1),7 =0 
45. B(:) (—sin t, cos f, 2) 1 
. B(t) = —— T= — 
V5 5 
(5, 12 sin t,—12 cos t) 12 
47. B(t) = ————__———_.,, t = — 49. a. False 
13 169 
b. False c. False d. True e. False f. False g. False 
2 x 
51. k = 53. k = 
WEL o (x? + 1)? 
jab| 2|al 
57. K = 7 52. K = 


(a? cos? t + b? sin? t)?’ (1 + 4a? t)’ 

61. b. v(t) = (1,2,3), a(t) = (0,0,0) and v(t) = (2t, 4t, 6t}, 
ap(t) = (2,4,6); A has constant velocity and zero acceleration 
while B has increasing speed and constant acceleration. 
c.a,4(t) = ON + OT, a,(t) = ON + 2V14 T; both normal 
components are zero since the path is a straight line (k = 0). 
63. b. v4(t) = (—sint,cost),a,(t) = (—cos t,—sin t) 

va(t) = (—2tsin t°, 2t cos t°) 

ap(t) = (—4t° cos t? — 2 sin t?, —4t° sin t? + 2 cost?) 
c.a,4(t) = N + OT, a,(t) = 4t° N + 2T; for A, the acceleration is 
always normal to the curve, but this is not true for B. 

l 


65. b. k = 
2V2(1 = cost) 








d. Minimum curvature at (a, | 67. b.k = 


t(1 + ee 
d. No maximum or minimum curvature 











e* 
69. k = : (- 
(1 a a 
1 1 l l 
K 2 2 4 
3 
K 


73. 


ANSWERS A-77 




















60 100 20 
75. (=) = n°; K increases as n increases. 7. V221 9. TEn V5 =.) 
n 
= 2 . Fe 
77. a. speed = VVo — 2M gtsina + gr. 11. 2(29, 13, 22),-2(29, 13, 22),3V 166 
b. x(t) = g Vo cos @ : a Spedhisanninmim 1 —275V2i + 275V2j b: —275V2i + (275 V2 + 40)j 
(V? — 2% gtsina + 9717)” 15. { (x,y,z): (x — 1)? + y? + (z+ 1) = 16} 
V sin a l Vo sin @ 17. {(x,y,z):x7 + (y — 1)? +27 >4} 19. A ball centered at 

att = F and «(t) has a maximum at t = o (5, -2, 3) of radius 21. All points outside of a sphere of radius 10 

centered at (3,0,10) 23. 50.15 m/s; 85.4° below the horizontal in 
79. k = i. Z T where T= (b, d, f ) for b, d, f all the northerly horizontal direction. 25. A circle of radius 1 centered 

lv| | dt Ve + P +f? o at (0, 2, 0) in the vertical plane y = 2. 27. a. 0.68 radian 
7 7 7 12 7 2 
dT baL? aln 29. T , f 

constant. Thus, == = 0 so « = 0. g a E a V197 o. 

31. T(0) = 39.2 sin 0 has a maximum value of 39.2 N + m 
7 a z 

„a. K(x) = (1 + 4x2)” when 0 = > and a minimum value of 0 N -m when 6 = 0. 
12x? Direction does not change. 
K(x = 3/2 
(1 + 16x°) 33. (x,y,z) = (0,-3,9) + 2#(2,-5,-8),0 =r <1 
30x4 35. (4,14 6f,1 + 2t) 37. 11 


K3(x) = 39. { 41. : 


(1 + 36x1°)°/ 























b. 
36. SS 
43. a. (116, mt b. 39.1 ft c. 2.3155 
Ae 
d. V50% + (—32t + 50)? dt e. 129ft f. 41.4° to 79.4° 
0 
45. 25.6ft/s 47.12 49 a v(t) =i+rV2j+rk b. 12 
51. 40.09 
53, 
, 4V2 3/9 
r(s) = (VI +s— 1), (V1 +s- 1) vot Vises = 2D), 
(—2 sin ft, COS t) 
fors =O 55. a. v = (—6sint,3 cost), T = = 
c. Kı has its maximum ae = 0, K, has its maxima at x = +\/%, K3 vl + 3sin"t 
has its maxima at x = +N en d. lim z, = 1; the maximum b. k(t) = ee SE 
ia 3(1 + 3 sin? t)’ 
curvature of y = f,(x) occurs closer and closer to the point (1, 1) as Set asini 
= (a visa 
Vi +3sin??t V1 + 3sin?1 
. . ; 2 -2 -n2 
Chapter 12 Review Exercises, pp. 876-879 d. |N| = ce + Asin’ t _ (cos’t + sin? t) + 3 sin’ t 
1 + 3sin°t 1 + 3sin°t 
1. a. True b. False c. True d. True e. False f. False —] 
a: 3; i 2 sin t cos t — 2 sin t cos t 
T:N = = = 
1 + 3 sin‘ t 


N U A U `A N oo `o 








A-78 ANSWERS 


(3,—-3, 1) 3 
65. a. B(1) = Sas T= Fg 


1 
67. a. T(t) = —(3cost,—3sint,4) b. N(t) = (—sint,—cost, 0) 
5 


1 
e. B(t) = 5\4 cos t, —4 sint,-3) g. Check that T, N, and B 
have unit length and are mutually orthogonal. h. 7 = -5s 
69. a. Letr(t) = (x(t), y(t), z(t) ) and show there are constants a, b, 
and c such that ax + by + cz = 1, for all t in the interval. 
b. B is always normal to the plane and has length 1. Therefore, 


dB 
— = O0and7T7=0. w@xt+y-z=4 
ds 





CHAPTER 13 
Section 13.1 Exercises, pp. 892-895 


1 2o 
T(t) = EV sin ź, E sin ź, cos t 


1 2 . 
b. k(t) = c. N(t) = oo re t, —sin t 


1 4 5. z-axis; x-axis; y-axis 7. Intersection of the surface with a plane 
d. |N(t)| = 4 5 COS i 5 cos t + sin? = 1; parallel to one of the coordinate planes 9. Ellipsoid 

1 A Wx+y-—z=4 13. -x + 2y —-3z=4 
T-N= (Z cosrsins + £ cos sins) — sintcost = 0 15. 2x + y — 2z = —2 17. 7x + 2y+z= 10 


1. One point and a normal vector 3. x = —6, y = —4,z = 3 


19. 4x + 27y + 10z = 21 21. Intercepts x = 2, y = —3,z = 6. 
Traces 3x — 2y = 6,z = 0;—2y + z = 6, x = 0; and 
3x + z=6,y = 0 









T(0) = (0, 0, 1) 


Ride” eee 
> y 


NO = (5-9) 





23. Intercepts x = 30, y = 10,z = —6. Traces x + 3y — 30 = 0, 
z = 0;x — 5z — 30 = 0,y = 0; and 3y — 5z — 30 = 0,x = 0 


Z 


De 


30 
x 


25. Orthogonal 27. Neither 29. Q and T are identical; Q, R, and T 
are parallel; S is orthogonal to Q, R, and T. 

31. —x + 2y — 4z =-17 33. 4x + 3y- 2z = -5 

35. x =t,y=1+ 24,72 =-1-3t 
37.x=24+2,y=f4+472=-1 


63. a. a(x — xo) + b(y — yo) = 0 
b. a(y — yo) — b(x — xo) = 0 


39. a. Parallel to x-axis 


41. a. Parallel to y-axis 


43. a. z-axis b. 


45. a. X-axis 


b. 


b. 


SlLaox=y=z=0 b. =y =<, onen 
c. 





53. a. x=y=z=0 b. Origin, x — 9y? = 0, 9x — & 


2 


4 






0 


A-80 ANSWERS 





1 2 y? c 
57. a. No x-intercepts, y = +12,z = +5 b. —— 16 = 9, 
P) 2 
X y 
—— + 3677 = 9, — + 367 = 9 
4 i B 
c. 
y’ z 
65.a x =y=z=0 b. 18 = 2x", 35 = 2x”, origin 
5 Cc. 
x 
59. = ae = —y? 





2 


67. a. No x-intercepts, y = +2, no z-intercepts b. —x? + A = |, 
2 2 


no xz-trace, — — — = 1 
4 9 





\ / 
V3 
69. a. No x-intercepts, y = + 3° no z-intercepts 
2 2 
x Z 
b. -— + 3y* = 1, -trace, 3y% — = 1 
3 y no xz-trace, 3y 19 





2 


63. aa x =y=z=0 b. Origin, = 2? x = 2 


Z 





71. a. True b. False c. False d. True e. False f. False 

g. False 73. (2+ 2t,1 — 4t,3 +t) 75. 6x -4y+z=d 
77. The planes intersect in the point (3,6,0). 79.a. D b. A 

ce E d.F e B f. C 81. Hyperbolic paraboloid 83. Elliptic 
paraboloid 85. Hyperboloid of one sheet 87. Hyperbolic cylinder 
89. Hyperboloid of two sheets 91. P(3, 9,27) and Q(—S, 25, 75) 
95 p(X 2V10 a a o( 6V10 2V10 a 











5 5 ° 10 > > - 10 
V 105 
95. 6 = cos ! (5) ~ 2.392 rad; 137° 97. All except the 


hyperbolic paraboloid 99. a. 





b. Positive c. 2x + y = 40, line in the xy-plane 101. a. z = cy 
b. 0 = tan!c 103. a. The length of the orthogonal projection of 
PQ onto the normal vector n is the magnitude of the scalar component 


[PQ -n| 13 


In| V4 





of PO in the direction of n, which is 


Section 13.2 Exercises, pp. 904-907 


1. Independent: x and y; dependent: z 


3. D = {(x,y):x # Oandy # 0} 5. Three 7. Circles 9. n = 6 


11. R? 13. {(x,y):x*7 + y? S25} 15. D= {(x,y):y # 0} 
(xy-plane without the x-axis) 17. D = {(x,y):y < x°} 
19. D = { (x,y): xy = 0, (x,y) # (0,0) }; first and third quadrant, 


origin excluded 21. Plane; domain = R?, range = R 7 
20 





ANSWERS 


23. Hyperbolic paraboloid; domain = R?, range = R 





27. Upper half of a hyperboloid of one sheet; 
domain = { (x,y): x? + y? = 1}, range = [0, œ) 





25. Lower part of a hyperboloid of two sheets; domain = R?, 
range = (—%,-—1 | 
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A-82 ANSWERS 













ii b. R? with- 
out the points 
F Va (0, 1) and 
p | ~ (0, —1) 
/ 
c. (2,3) is greater. d. (x, x) 
-4 —2 2 x 
43. a. z | vy , b. R(10, 10) =5 
vy c R(x, y) = R(y, x) 
45. a Z 





b. (0,0), (—5, 3), (4,—1) 

c. f(0,0) = 10.17, f(—5,3) = 5.00, f(4,—1) = 4.00 

47. D = { (x,y,z): x # z}; all points not on the plane x = z 

49. D = { (x,y,z): y = z}; all points on or below the plane y = z 
51. D = { (x,y,z): x?” = y}; all points on the side of the vertical 
cylinder y = x? that contains the positive y-axis 53. a. False 

b. False c. True 55. a. D = R?, range = [0, 00 ) 





b. D= {(r,h):r >0,h >0} © h = 300/(rr°) 





57. a. D = {(x,y):x Æ y}, range = R 





59. a. D = {(x,y):y # x + m/2 + nr for any integer n }, 
range = [0, œ) b. z 





61. Peak at the origin 63. Depression at (1,0) 65. The level 
curves are ax + by = d — cZ, where c is a constant, which are paral- 
lel lines with slope —a /b. 67. z = x” + y? — C; paraboloids with 
vertices at (0,0,—C) 69. x? + 2z? = Ç; elliptic cylinders parallel 
20,000r Br 
(+r) =] 
with B = 5000, 10,000, 15,000, 25,000 
P 
100 


to the y-axis 71. a. P = 


807 
60 F 


40 F 


; 


0.002 0.004 0.006 0.008 0.010 0.012 0.014 4 


20,000 40,000 60,000 80,000 100,000 ? 


(tr) 7 
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0.5 


0.3 
0.2 


0.1 


200 400 600 800 T 
75.D={(xy)ix-lsysxt1} 
77. D = { (x,y,z): (x = zand y = —z) or (x = z and y = —z)} 


Section 13.3 Exercises, pp. 914-916 


1. The values of f(x, y) are arbitrarily close to L for all (x, y) ina 
sufficiently small disk centered at (a,b). 3. Limits are obtained by 
evaluating the function ata point. 5. If the function approaches dif- 
ferent values along different paths, the limit does not exist. 7. f must 
be defined, the limit must exist, and the limit must equal the function 
value. 9. At any point where the denominator is nonzero 11. 101 
13. 27 15. 1/(2m) 17.2 19.6 21.—1 23.2 

25. 1/(2V2) = V2/4 27. L = 1 along y = 0, and L = —1 
alongx = 0 29. L = 1 along x = 0, and L = —2 along y = 0 
31. L = 2along y = x, and L = Oalongy = —x 33. R? 

35. All points except (0,0) 37. {(x,y):x # 0} 39. All points 
except (0,0) 41. R? 43. R? 45. R? 47. All points except 
(0,0) 49. R? 51. R? 53.6 55.—1 57.2 59. a. False 
b. False c. True d. False 61. + 63. 0 65. Does not exist 
67. ; 69. Does not exist 71. Does not exist 73. b= 1 77. 1 
79. 1 81. 0 


Section 13.4 Exercises, pp. 925-929 


1. f(a, b) is the slope of the surface in the direction parallel to the 
x-axis, f,(a, b) is the slope of the surface in the direction parallel to the 
y-axis, both taken at (a,b). 3. f(x,y) = cos (xy) — xy sin (xy), 
f(x,y) = —x* sin (xy) 5. Think of x and y as being fixed, 

and take the derivative with respect to the variable z. 

7. flx y) = 6x f(x, y) = 12y? 9 f(x,y) = Oxy, f(x,y) = 3x? 
U. FAD) Se hy) = axe TS: 215,97) = —2y sin (2xy), 
g(x,y) = —2x sin (2xy) 15. f(x,y) = 2xye”?; f(x, y) = x7e*? 


— 2 
17. fil, z) T Cw? js DE faw, z) > (w? y 
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19. s,(y,z) = z? sec” (yz), s,(y,z) = 2z tan (yz) + yz? sec? (yz) c. z increases as x increases. d. z increases as y increases when y < 0, 
1. G.(s.1) st(t — s) T st(s — t) zis undefined for y = 0, and z decreases as y increases for y > 0. 
melas , Gs, t) = B _ 
2s(s +A? 2t(s + t)* 67. a: a or Se b-a 
23. f(x,y) = 2yx? | f(x,y) = 2x%Inx 25. h(x, y) = 6x, ða 2V a2 + b? — ab 9 = 2V a? + b? — ab 
hy (x,y) = 2y, hy,(x, n- 2y, hyy(x, a 28 27. fy) = ay. p © Waa b de _%b-a a, 
PED = hx = Oy, fy y) = 6x*y 29. fale y) = —16y* sin dx, A ag 2c ab 2c i 
falx, y) = 12y? cos a Fr, y) = 12y* cos 4x, f(x,y) = 6y sin 4x y) De m 
—2u? + 2v? + 8 4 0 a Ga) = aa aa a aa 
31. PuulUs v) = A Pali v) = ee eae Pod 1) (y = Dy- (x? + (y 4 Daaa 
u“ +y u“ +v Ay -1 y+1 
4uv 2u? — 2v? + 8 p(x, y) =— = 
Py(us¥) = ee ap PAE aw (x+y 1) + +17)" 
So). PAS) SOs) = eet 7s) =e Aas) = 12" b. They both approach zero. ce. ¢,(0,y) = 0 
Al J) =) oe a z f(x y,z) 5 x+y T 
43. h (x,y,z) = h(s y,z) = h(x, y,z) = —sin (x + y + z) d. p(x, 0) = TET 
X 
45. F (u,v, w) = , F(u, v,w) = F(u, v,w) = —— ( ) 
re aw) ƏR Ry -aR R? 
47. f.,(w, x,y,z) = 2wxy*, f.(w, xX, y, Z) = wy? + y?z?, 71. a. — = a = — $ 
=, Bap? 22 ee: OR, (Ry +R)? Rp (Ry, +R)’ 
AW, xy, z) 2w XY + 3xy Z (Ww, x, y, g) 2Xy x aR R2 R = | 2 
49. h,,(w,x,y,z) = a (w,x,y,z) = -5 b. JR, = R? aR = RZ c. Increase d. Decrease 
A 2 2 
Ou ðu 
oV kT ee eo E. = poo 
hy(w, X, Y, z) = " hw, X, Y, z) = ua 51. a. — = 9? 73. ət? = =A COS [2(x = ct) = 3x? 
XY XY oP P 2 p) 
å : 0 k 75 ou Pe 24 n + + 2B n = — 29u 
volume decreases with pressure at fixed temperature b. p "3a | © f"(x + ct) + c°Bg"(x — ct) = c ax? 
volume increases with temperature at fixed pressure TI. Us = OX Uy, = —OX 
c. o 2 Dye + Dy 
Weta DFE AT 
2x 1y 2(x + 1)y 
Uy, = — 
>= le-te 
$1. u, = —l6e “cos 2x = u,, 83. u, = —a?°Ae™" cos ax = uU, 


85. e«, = Ay, & = O ors; = 0,e, = Ax 87. a. f is continuous at 
(0,0). b. f is differentiable at (0,0). c. f,(0,0) = f,(0,0) = 0 
d. f,and f, are not continuous at (0,0). 89. a. f(x,y) = —h(x), 

hy) = hy) b. f(xy) = yh(xy), fx y) = xh(xy) 


Section 13.5 Exercises, pp. 934-937 





53. a. No b. f is not differentiable at (0, 0). 1. One dependent, two intermediate, and one independent variable 
c. f.(0,0) =f,(0,0) =0 d. f,and f, are not continuous at (0,0). 3. Multiply each of the partial derivatives of w by the t-derivative of 
55. a. False b. False c. True 57. 1.41 59. 1.55 (answer will vary) the corresponding function, and add all these expressions. 
61 _ 2X _ 2y a 

» fey) 1 + (x? + y’)? fy 9) LEU ee Oe i We 
63. h,(x,y,z) = z(1 + x + 2y)', Ay(x,y, z) = 2z(1 + x + 2y)7!, 
hiny) = (1) ae Qy hin (1 =e 4 Dy) 


Z 9 
1 2x 
65. a. z(x, y) = — z (x, y) >= ——_ /\ /\ /\ 
y? y y 


b. ? 
7. 4 + 3t? 9. z'(t) = 2t sin 4t? + 12¢* cos 42° 
: 11. w(t) = —sin t sin 3t* + 12t’? cos t cos 3¢* 
; 13. w'(t) = 20tf sin (t + 1) + 4t cos (t + 1) 
1 + 2t + 39? 
15: U (H) =. 
t+r7t¢r 
5 10 15 20 * 17. a. V'(t) = 2mr(t)h(t)r'(t) + ar(t)*h'(t) b. V'(t) = 0 
e c. The volume remains constant. 19. z, = 2(s — t) sint’; 
z = 2(s — t)(t(s — t) cost? — sin t°) 
—4 Azs 3s* — 2st + 27, Zz = —s* — 2¢ + Ast + 32? 


23. a= (t at: ler, g= (s ais ers 


ANSWERS A-85 


ðw dz ðw 
= —— 69. a.| —] =f. +f—=18 b.|—] =f. +4+f—=8 
á j (S) fx fay (=) kth x 
d (=) — s5 (=) =4 (=) B 
AO Nas, ANG 


Section 13.6 Exercises, pp. 947-950 


1. Form the dot product between the unit direction vector u and the 
gradient of the function. 3. Direction of steepest ascent 5. The 





dw Ge me dx az 2) gradient is orthogonal to the level curves of f. 


E O 
0 = 7/4 a 


—— — + ME p eee 
dt  dz\ðx dt oy dt 
Pave | nae 
Oy | ovn 










































ðu “(2 dw n ðv Ox n z2) 31. dy x 33, dy y 
dz dv\ow dz oxodz dy a dx 2y dx 
yg DL II yL ax a O Dy 

di +s ax Vx? +y dy A "a 

Aar 3t 
39. a. False b. False 41. z'(t) = 3 T z 
(1 + 21) (= 2} 
Oz z 8 

43. w(t) =0 45. = =-5 47. a. w'(t) = af, + bf, + cf 

a ax x? : 9. V(x, y) = (6x,—-10y), Vf(2,-1) = (12, 10) 
b. w'(t) = ayz + bxz + á = 3abct 11. Ve(x,y) = (9(x — 4xy — dy), —4x(x + 4y)), 
c. w(t) = Va? + b? + œ? p i Vg(—1,2) = (—18,28) 13. Vf(x, y) = e (1 + 2xy, 2x”); 

Vf(1,0) = (1,2) 15. VF(x,y) = —2e*~2”" (x, 2y), 

n" = 2 
d. w(t) = a*f,, + b y + cf, + 2abfi, + ach. + 2bef,, VF(-1,2) = 2e°(1,-4) 17.-6 19. 2 -6V3 
T ee SE Se g Z- TE we _ xz+l 5 

` ax x+y dy x+y” ox xy — 1 dy xy—1 21. -— 23. -2 25.0 27. a. Steepest 
53, a. z(t) = —2xsint + 8ycost = 3sin2t b.0<t< 7/2 v5 
anda < t< 37/2 55. a. z'(t) = (x + yje” _ 2e” ascent: veh 8) ; steepest descent: sell, 8) 
Vi- y Vi- e” 7 Mes 
b. Allt = 5In2 57. E'(t) = mx'x" + my'y" + mgy' = 0 b. (—8,1) 29. a. Steepest ascent: ——(—2, 1); steepest descent: 
59. a. The volume increases. b. The volume decreases. v5 
op Pmt VV k l l 
6l. a. wv = -ya TOT => b. Follows directly from part (a) aed) b. (1,2) 31. a. Steepest ascent: —7=(1,—1); 
2t (t° + 1) cos 2t — (t — 1) sin 2t 1 

63. a. (7) = — Á steepest descent: —(-1,1) b. (1, 1) 
b. Max. value of t ~ 0.838, (x, y,z) ~ (0.669, 0.743, 0.838) 5ST 


33. a. Vf(3,2) = —12i — 12j b. Max. increase, 0 = a 











x y y x 
65.34 Zo fy — GT ee 
r r? r r? TT 3a Tr 
2 2 max. decrease, 0 = —; no change, 0 = —, — 
Boe tp Oe = E E S 4 4° 4 
ee a ne eS ee c. 9(0) =—12cosð — 12sin@ d. 0 = 3a, g(r) = 12V2 
oy : x? n 2xy ; x? 2xy e. Vf(3,2) = 12V2 zone sinz7}, 2) = 122 
a a ee a 35. a. Vf(V3,1) = Ry EV EY 1) b. Max. neue = Ş; 
Oz P max. decrease, 0 = m no change, 0 = F, a 
d. Add the results from (b) and (c). 67. a | —] =-= j= V2 V6 my _ V6 
Ox / y F, c. g(0) = 3 aa 
dgy\ FF, fax\ 5 e. Vf(V3,1) = Y6 cos > sin), DI =- 
b. h T FE. c. Follows from (a) and (b) by 37. a: VF(=1 0) = T b. Max. increase, Ta = 0; e decrease, 
x y z x 


SR g 





ee ate gaye c. (0) = écosð d. 0 = 0, g(0) = 3 

ð 0 ð 0 

multiplication d. (=) (=) (2) (=) =] e VF(-1 — aA sin 0), (—1,0)| = 4 
ox Yz ðw x,y OLS cap OVS aay 


Max. increase 


No change 


ANSWERS 






No change 







Max. increase 








43. y’ = 0 45. Vertical tangent 47. y’ = 


tangent 51. a. Vf = 








53. a. Vf = (-2x,-4y) b. y = x7,x2 1 
55. a. Vf(x, y,z) = 2xi + 4yj + 82k, Vf(1, 0,4) = 2i + 32k 
1 
b. i+ 16k) ce. 2V257 d. 17V2 57. a. Vf(x,y,z) = 
aw (i + 16k) fæ y, 2) 
4yzi + 4xzj + 4xyk, Vf(1,—1,—1) = 4i — 4j — 4k 
l 4 
b. —~(i-j—k) e 4V3 d. — 
3" ? ) V3 
59. a. Vf(x, y,z) = cos (x + 2y — z)(i + 2j — k) 
TT T 1 1 
V = Se) =k be Sei = 2) + k 
1 
C. V6 /2 d. -3 
_ 2 
61. a. Vf(x, y,z) = ita + yj + zk), 
1 1 1 1 V3 
Vil, 1.21) =a + =) = —K b> (itj-k eres 
1 
63. a. False b. False c. False d. True 65. +—=(i — 2j 
5S j) 
67. ++ +5) 69 + at + bt 
z 2S XZ at, y = 
\/2 J 0 y Yo 
71. as Vie) = 12 2, 22, Vi 1.4) = 1222) 


—2/V3 49. Vertical 


(1,0) bx=4-ty=4,t20 


bxtyt+z=3 73. a. Vf(x,y,z) = et? 4(1,1,-1), 


Vf(1, 1,2) = (1,1, 
75. a. 
were 


-1) bxty-z= 


0 





b. v= +(1,1) e v= £(1,-1) 
79. (u,v) = (m cos mx sin 2y, 27 sin mx cos 27) 
l 
nae ea a 2) 
1 
85. Voj) ee) 
V25 — x? — y? = 2? 
y + xz) (1,z, y) — (x + yz) (z,1,x) 
87. Vf(x,y,z) = l ) \ ( ) 4 





(y + xz)? 


—{y(1 = 22), a(z? — 1), y? - x2) 


7 (y + xz) 





Section 13.7 Exercises, pp. 957-961 


1. The gradient of f is a multiple of n. 

3. 2G DOCG) Fao Ho) e a =) 
5. Multiply the change in x by f,(a, b) and the change in y by f,(a, b), 
and add both terms to f. 7. dz = f,(a,b) dx + f,(a, b) dy 

92x +y+z7=4,544 +y+z72=7 

We x+ y +z = 6;3x + 4y+z= 12 

13. x t Ey + Ve = 2 + VOT nate + y + Vie = 2 
15. 5x + y + 2V3z = —2 and x — 2y + 2V14z = 2 

17. z = —8x — 4y + 16 andz = 4x + 2y + 7 
19.z=y+1l;z=x+1 21. z= 8x — 4y — 4 and 

a a a. 23. z = <x — Ky — žand z = -4x + xy +2 
25. a. L(x, y) = 4x +y-— 6 b. L(2.1,2.99) = 5.39 

27. a. L(x, y) = —6x — 4y +7 b. L(3.1,—1.04) = —7.44 

29. a. L(x,y) =x+y b. L(0.1,—0.2) = —0.1 

31. dz = —6dx — 5dy = —0.1 33. dz = dx + dy = 0.05 

35. a. The surface area decreases. b. Impossible to tell 





A 
c. dS ~ 53.3 d. dS = 33.95 e. RdR=rdr 37. = = 3.5% 


39. dw = (y? + 2xz) dx + (2xy + 27) dy + (x? + 2yz) dz 
d + + d 

4l dw = —— - ay -et A 

Yra (ytz) (y +z) ytz 


43. a. dc = 0.035 b. When@ = 45. a. True b. True 








False 47 a aa 
c. False ae ee 
1 
el aad maa ea wane 51. (1,—1, 1) and 


(1,—1,—1) 53. Points with x = 0, ae alent 


3 
points with x = =e + and y = 0, +m 55, a. dS = 0.749 


2 
b. More sensitive to changes ofr 57. a. dA = 1995 = 0.00163 


b. No. The batting average increases more if he gets a hit than it 
would decrease if he fails to get a hit. c. Yes. The answer depends on 
whether A is less than 0.500 or greater than 0.500. 
21 dV 

59. a. dV = —— = 0.0042 b. — = -4% c. 2p% 

5000 V 
6l. a. f, = n(1 -—r) 1 fi = -—(1 — r)"ln (1 — r) 
b. AP ~ 0.027, ce. AP =~ 2 X 107 63. dR = 7/540 ~ 0.013 
65. a. Apply the Chain Rule. b. Follows directly from (a) 





dx dy dx dy 
° d ] = — + — d. d l >= — — — 
c. d(In (xy)) es (In (x/y)) ys 
df d d d 
C N S 
T X] X2 Xn 


Section 13.8 Exercises, pp. 968-971 


1. Itis locally the highest point on the surface; you cannot get to a 
higher point in any direction. 3. The partial derivatives are both zero, 
or do not exist. 5. The discriminant is a determinant; it is defined as 
D(a, b) = fla, b) f(a, b) — f(a, b). 7. f has an absolute mini- 
mum value at (a, b) if f(x,y) = f(a, b) for all (x, y) in the domain 
of f 9. (0,0) 11. (3,4) 13. (0,0), (2,2), and (—2,—2) 

15. (0,2), (£1,2) 17. (—3,0) 19. Local min. at (0, 0) 

21. Saddle point at (0,0) 23. Saddle point at (0, 0), local min. at 
(1,1) andat (—1,—1) 25. Local min. at (2,0) 27. Saddle point at 





local min. at 


(0, 0), local max. at (> 5) and (- = ) 
V? V3 v2 V2 


(Ss -) and (> a 29. Local min.: (—1, 0); local max.: 
(1,0) 31. Saddle point: (0, 1); local min.: (+2,0) 33. Saddle 
point at (0,0) 35. Height = 32 in, base is 16in X 16 in; vol- 

ume is 8192 in? 37. 2m X 2m X 1m 39. Critical point at 
(0,0), D(0,0) = 0, absolute min. 41. Critical points along the 

x- and y-axes, all absolute min. 43. Absolute min.: 0 = f(0, 1); abso- 
lute max.: 9 = f(0,—2) 45. Absolute min.: 4 = f(0, 0); absolute 
max.:7 = f(+1, +1) 47. Absolute min.: 0 = f(1, 0); absolute max.: 
3 = f(1,1) = f(1,—1) 49. Absolute max.: 4 = f(1,—1); absolute 
min.: 1 = f(1,—2) = f(1,0) 51. Absolute min.:—4 = f(0, 0); no 
absolute max.onR 53. Absolute max.: 2 = f(0, 0); no absolute min. 
onR 55. P(—3,4,3) 57. G i}: E -+) 59. a. True b. False 
c. True d. True 61. Local minimum at (0.3, —0.3), saddle point at 


200 
(0,0) 63. P(3,3,3) 65. x=y=z= ~ in all four parts 
67. a. P(1,4) b. PG (xı +x) + ss) 3 + yy + y3)) 


D and y = DA 


d. d(x,y) = x7 +y + (x — 2)? + y? + 


V(x — 1)? + (y — 1}. The absolute min. of this function is 


c. P(x, y), where x = 




















1+-v3=s(.5). n. y= St 73. C= pS eo = 3 
75, a. Vdi(x, y) = ee ee 
naan ZEA 
V6) = o, 


c. Follows from Vf = Vd, + Vd, + Vd, d. Three unit vectors add 
to zero. e. P isthe vertex at the large angle. f. P(0.255457, 0.304504) 
77. a. Local max. at (1,0), (—1,0) b. (1,0) and (—1, 0) 


Section 13.9 Exercises, pp. 977-979 


1. The level curve of f must be tangential to the curve g = 0 at the 
optimal point; thus, the gradients are parallel. 3. 2x = 2A, 2y = 3A, 
2z = —5A, 2x + 3y —-5z+4=0 


ANSWERS A-87 
2 4 4 
5. Max. value: 2V5 at E a) min. value: —2 V5 at TE. 
7. Min. value: —2 at (—1,—1); max. value: 2 at (1, 1) 


9. Min. value: —3 at (-V3, V3) and (V3, — V3); max. value: 9 

at (3,3) and (—3,—3) 11. Min. value: e~'° at (2V2,-2V2) and 
(—2V2, 2V2); max. value: e'® at (—2VV2, —2 V2) and (2V2, 2V2) 
13. Min. value: —16 at (+2, 0); max. value: 2 at (0, + V2) 


15. Max. value: 2V 11 at em Van? —<=); min. value: —2V 11 at 


V5 v5 1 
2 6. 2j, . . = 2N 
(— TI eS 17. Min. value: — 5 at 7 073 ; max. 


1 1 
value: y at (Se 0, ) 19. Min. value: — at (- 
2 2 2 3 








ji ji 
—, —, 0 } and 
V6 V6 

1 1 

——, ——, 0 |; max. value: 1 at (0,0, +1) 21. Min. value: —10 at 
(z V6 ( ) 


29 21 
(—5, 0,0); max. value: > at (2 0, =. [= 23. Min. value: 
6v/2 = f(t W/4, + 3⁄4, T W4); no upper bound 


25. 18in X 18in X 36in 27. Min. distance: 0.6731; max. distance: 
3 29 
71y 
V38 — 6 V29; max. distance: V38 + 6V29 35. € = 3andg = ł; 


E 37. — oe 1;U = 20.287 39. a. True b. bie 


1.1230 29.2 x1 31. (- -3) 33. Min. distance: 














41. em = m x 2m 43.2 Xx 1X% 45. P($,3,4) 
+ V661 v66l -7 
47. Min. value: = 5 i > max. value: 5 


49, Min. value: 0; max. value: 6 + 4V2 51. Min. value: 1; max. 
value:8 53. K=75andL=5 55. K = aB/p and 
L = (1 — a)B/q4 57. Max.:8 59. Max.: 


Va l +a +a +:--+a? 6l. a. Gradients are perpendicular 
to level surfaces. b. Ifthe gradient was not in the plane spanned by Vg 
and Vh, f could be increased (decreased) by moving the point slightly. 

c. Vf is a linear combination of Vg and VA, since it belongs to the 
plane spanned by these two vectors. d. The gradient condition 

from part (c), as well as the constraints, iust be satisfied. 63. Min.: 
2 — 4V2; max.: 2 + 4V2 65. Min.: = f(5, 0, 1); max.: 


B = s(-40,4) 





Chapter 13 Review Exercises, pp. 980-983 


1. a. False b. False c. False d. False e. True 
3. a. 18x — 9y +22 =6 b. x= 4, y= —4z=3 





5.x =ty = 12-9t,z=-6+ 6 7. AE 
y 


H li l 2 = 4x? 
9. a. Hyperbolic paraboloid b. y w= 36° m 


A-88 ANSWERS 


~x=y=z=0 d. 
Cx = YZ 19. a. Ellipsoid b. 


aqx= t4y=t 





eu SOE. ou 21. a. Elliptic cone 
origin, yf = ~~. €. Origin d. 2 





2 2 2 
25 <= = _ c. Origin d. 
9 64 49 64 
o y 23. D = {(x, y): (x,y) # (0,0)} : 
13. a. Elliptic paraboloid b. Origin, z = 1E? = 36 c. Origin 





y 
= 2 
15. a. Hyperboloid of one sheet b. y? — 2x? = 1,4z” — 2x? = 1, 25. D= isya yy} 


1 
y? + 427 =1 œe No x-intercept, y = +1,z = +5 





27.a A bD eC d.B 29. 





31. 2 33. Does not exist 35. £ 37. 4 


2xy 2° 
39. f. = oxy: f, = 15xy? 4l. f= 4 


(x 2 Tar 

A" sat y ` 
43. ay Lave | = y(1 + xy)e 1 py Ve ] = x(1 + xy)e 
45. f(x,y,z) = ext iyt3z Fy y,Z) = Qert2v+3z 


xt2y+3z gu gu , 
f(xy, Zz) = 3e? 47. ie 6y = =a 49. a. V increases 
Ox oy 
with R if r is fixed, Vp > 0; V decreases if r increases and R is fixed, 
V.< 0. b. V, = —4rr?, Vp = 47R? c. The volume increases 
, — cos ź sin t 
more if R is increased. 51. w'(t) = -————————— 
V1 + cos’t 

3r +s r+ 3s 1 
53, w, = ———w, = ——_sw, = — 

rr as) spas) Í 

dy 2xy 


55, — = — 
dx 2y? + (x -- y’) In (x? ++ y’) 


57. a. z'(t) = —24 sin t cos t = —12 sin (2t) 





T 377 
b. z'(t) > O for < t< mand < t< 2r 


= (0,0) | (a,b) = -S 0) | (a,b) = 


(1, 1) 





o 
E 
E 








61. Vg = (2xy’, 3x’y”); Ve(—1,1) = (—2,3); Dag(—1,1) = 2 
2y 
63. Vh = — 
ae (pt + 2y? V2 + x2 + 2y? 
v2 V2 72 


Va(2, 1) = (4 ; x2) A 


65. V f(x,y,z) = (cos (x + 2y — z), 
2 cos (x + 2y — z),—cos (x + 2y — z)}, 


TT T 1 1 NMT T 1 
V — = {= c] nD — Es 
(ZZ z) ( 2 3). ASS z) 2 


67. a. Steepest ascent: u = 








steepest descent: u = — 


V2, v2 
b. No change: u = (2i + EF. 


69. Tangent line is vertical, Vf(2, 0) = —8i 
kx 
71. E = 2 2 
x 





z! t = 
+ y X +y 
73. y = 2 and 12x + 3y — 2z = 12 


zj 


75. 16x + 2y + z — 8 = O and 8x + y + 8z + 16 = 0 


=(y =) 


77 AES 1) + 
A = In = — 
i a 3 


1 2 
z= In3 —- 3 +2) = a0 +1) 79. L(x,y) = x + 5y, 


L(1.95,0.05) = 2.2 81. —4% 83. a. dV=—-Olam 

b. dS = —0.057 m? $85. Saddle point: (0, 0); local min.: (2, —2) 
87. Saddle points: (0, 0) and (—2, 2); local max.: (0, 2); local min.: 
(—2,0) 89. Absolute min.: —1 = f(1,1) = f(—1,—1); absolute 


(x? 4 ye 














ANSWERS A-89 
max.: 49 = f(2,—2) = f(—2,2) 91. Absolute min.: 
1 (SS): absolu l= (5) 
—— = f| ———~, —— |; absolute max.: — = f| ——, —= 
2 V2 V2 2 V2 V2 
29 57 23 15 
M — = — — fe = — 
A ee (3.2): min 2 (32) 
6 V6 6 
95 Max: (6, x6,- ¥6) = 76 
6 3 6 
6 6 V6 2a 2b? 
——_—, -——_, — ]=-v6 97 — 
man r( 6 3 2) u 24 p? re 
V 10 3 3V10 1 V 10 
99. x=- + „y= Z+ = 3x,z=- + = V10 
20 2 20 2 ps 
CHAPTER 14 


Section 14.1 Exercises, pp. 991-994 


1 p a po 4 p5 
1. J J xy dy dx or J J xydxdy 3. J J f(x, y) dy dx or 
0/1 1 Jo di 


5 p4 
| | serracay 5.472% 94 11. %# 13.7 


9 = 2 
15. 10 — 2e 17. H = 58.5 19.15 21.4 23, —— 


2 
1 
25.4 27. e?—3 29. e! — 17 31. In? 33. —— 
2ln2 
35. 8/3 37. a. True b. False c. True 39. a. 1475 
b. The sum of products of population densities and areas is a 


Riemann sum. 41. 60 z 





S 
> 


my’ 


4------@ 


\ 
OS en 





43.5 45.10V5 — 4V2 — 14 47.3 49. 136 51. a = 7/6,57/6 
53. a = V6 55. a. 50° +a b. zm” + 7 c. ir? +2 

57. f? [ f(x) dy dx = (c — d) f’ f(x) dx. The integral is the area of 
the cross section of S. 59. f(a, he f(a, 0) = f(0,b) + (0,0) 

61. Use substitution (u = x"y* and then v = x”) 


Section 14.2 Exercises, pp. 1001-1005 
1, 


3. dx dy 


s ST f(x,y) dy dx 7. [ [1 ) dy dx 


A-90 ANSWERS 





y m/4 pcosx In? 2 
ni J EET 43. | 45. 2 
0 


sin x 


47. 5 


11. ? 2 p2x+4 
J f(x, y) dy dx 
Í x 


+1 


49. 14 


SL; 32 


a= y) dy dx 





4 pVy 

32 

53. = 58. 12m 57. / f(x, y) dx dy 
0 


y/2 





0 1 x 
17.2 19. 21. V2 23.0 25.¢-1 27.2 29, 12 sis m/2 peoss 
A so. f f(x, y) dy dx s f f(x, y) dy dx 
0 o Jo 


18 p(y+9)/3 23 p(yt+7)/3 1/2 
31. / a f(x,y) dx dy 33. I, J f(x, y) dx dy 1 
k (y—3)/2 63. A — 1) 


s ff ETA ff flay) dx dy 
1 JO O. 


39. 41. 0 





ANSWERS A-91 





y 15 
oe 89. a/3 91. a. b. — + 41n2 
0.5 y 5 
& 2in2 =- 
64 
67. $ 69. % 71. 817/2 73. 2 
‘om 2 
93. 3 95. 1 97. 30 99. 16 101. 4ar 
e 
103. The integral over R, 
Section 14.3 Exercises, pp. 1012-1015 
1. It is a polar rectangle because r and 0 each vary between two constants. 
y 
2 
75. 4 






B ph) 
5. Evaluate the integral J J r dr d0 
m 7 a J g(0) 


79, m 7. 


81. a. False y ae. c. "N 83. $ 85. jIn2 





In x 
87. f f(x,y) dy dx 
—In x 


62 — 10V5 3 
11. 77/2 13. 97/2 15. : VO 47. ae 19. 7 





21. 7/2 23. 1280 









A-92 ANSWERS 


43. 37 
25. 0 A, > 22 


27. (2 = ja 
45. 2a/3 47.3 49. a. False b. True c. True 
51. 27/5 





156257 
3 


29. (8 — 24e*)a 31. 





= 55. 147/3 


(oS) Ts 


2a 1+1 cos 0 53 3 
J T f(r, 0)r dr d0 f B 





0.2 0.4 06 08 1.0 12 * 


35: 


7/2 pV2sin 26 
J J f(r, 0)r dr dé 57. 
0 0 


37: , Sa/18 i Seeds 59. The hyperboloid (v= = — T ) 
aie di ? 61. a. R= {(r,8): ih aa e e 
b. “ 63. 1 65. 7/4 67. a. 97/2 b. m + 3V3 
Cc 7 — we 69. 307 + 42 71. b. Var/2,5, and Var /4 
: 73.a,1= a 2) 
a 


Far (Fa) +t tr! e VF 


39. 32/2 y ar ss aa = c. 3 
Section 14.4 Exercises, pp. 1023-1027 
1. 
-2 -1 l 2 * p 
y EN 


41. T 











ANSWERS A-93 

















V81—-2 pV81-2-y —y" Qa + 147V 17 (16 + 17 V29) I 
a f fJ aa mam f&a) de dyad 29, : 31. : 33, | 
= RÁ Hollow ball 
5. f] — P dydxdz 7.24 9. 8 
0 J0 0 
32(V2 — 1) i 
11. 2/7 13.0 15.8 17. ~; T 19.53 
2m(1 + 19V19 — 20710) 5 
21. 3 23. 12r 25.3 27. 28r 
IT 3 1In2 e 256 
29. (10Vv10 — 1)— 3l. +— al 33 
( r 2 16 


Sphere of radius r = 2, centered 
at (0, 0, 2) 


4 pO 5 
35. J J J dz dx dy = 10 
0 Jy/4-1 /0 
i pyi- pV1-2 5 7 10 3 
37. dzdydx = 37 3. 4h Be] 
o Jo 0 3 In? 2 3 2 


45. a. False b. False c. False 47.1 49. 2 51. 2 
h2 

53. 4 and! 55. V= ar2h/3 57. V = S (3R — h) 

59. V = 4rmabc/3 61. 5 


Section 14.5 Exercises, pp. 1039-1043 





1. r measures the distance from the point to the z axis, 0 is the angle 





that the segment from the point to the z-axis makes with the positive 39. 7/2 41. 471n2 43. + =e | 45. 327 V3/9 

xz-plane, and z is the directed distance from the point to the xy-plane. 9 3 

3. Acone 5. It approximates the volume of the cylindrical wedge 47. 57/12 49. on Bi, = za — 11) 53. a. True b. True 
: 


formed by the changes Ar, A0, and Az. 


55. z = Vx? + y? — 1; upper half of a hyperboloid of one sheet 


h(0) pH(r, 0) 
7. J J J f(r,0,z)rdzdrd0 9. Cylindrical coordinates 57. ST (1 — e™?) = 87 59, 327 
a J g(0) 3 3 


G(r, k 
Wedge 





13. Solid bounded by cone and plane öm a2 ANAP 
J J / f(r,0,z) dz dr dð, 
0 0 r 


2T v2 Zz 
J J Jie 0, z) r dr dz do 
o Jo Jo 
2T 2 V4-z 
+f fa h f(r, 9, z) r dr dz dé, 
“m m "re 6,z) rd0dzdr 





15. 27 17. 47/5 19. w(1—e')/2 21. 90/4 
23. 5607 25. 3967 27. The paraboloid (V = 4477/3) 


A-94 


ANSWERS 


63. 





w/2 pla 
L re F(p, @, 0) p° sin ¢ dp dé dọ, 
1 / CSc o 


a /2 Qn 
J., [ F(p, @, 9) p? sin ¢ dé dp dọ 
1 / csc pg J O 





65. 32V37/9 67. 2V2/3 69. 77/2 71. 2 73. 95.6036 
2 
h 
77. V= Z W. v= ~ + rR + 72)h 
ET mR?(8r — 3R) 
on 12r 


Section 14.6 Exercises, pp. 1051-1053 


1. The pivot should be located at the center of mass of the system. 
3. Use a double integral. Integrate the density function over the region 


occupied by the plate. 5. Use a triple integral to find the mass of the 
object and the three moments. 
L y 10 a 9. mass is 2 + m;x = F 

-1 0 1 3 


11. mass is Ox = 5 
13. mass is 10; x = - 


CE - 5 
= 2°2 


0.6 
0.4 
0.2 
T 30 x 
4 4 
17. y (0,5) 
1 
— 1 1 Xx 
1, e 
19. > ~ (e? + 1), — 1 ) = (2.10, 0.36) 
1 4 2 
1 ë * 


21. (3, 1 ), density increases to the right. 23. (2, 16), density 
increases toward the hypotenuse of the triangle. 

16 +3 
25. (o, URALLE 
16 + 127 


x-axis. 


) =~ (0, 0.4735); density increases away from the 








33. (3,5,3) 35. (0,0,4¢) 37. (44,4) 39. a. False b. True 
In (1 + L’) 
, lim x = œ 
2tan!L ` L>% 
8 =) 5 (= 128 128 | 
43. (0,§) 45. (o, 3.) 47. (2,0) 49. TAF 


51. On the line of symmetry, 2a /m units above the diameter 


c. False d. False 41. x = 








2 2 
53. ( n 55. h/4units 57. h/3 units, where h 
3(4 — Tm) 3(4 - T) 
is the height of the triangle 59. 3a/8 units 
4(1 + a+ a’) j 
6l. a. | 0, ——— ~~~ 
3(1 + a)r 








={ a a l 
b. a = H- Falt = ) = 0.4937 
m 3 3T — 4 
40V 10 — 4 
63. Depth = 333 cm = 0.3678 cm 


De 
65. a. (x,y) = (= 0) (origin at center of large circle); 


ay) = (EEE 9 
oa R+r í 


b. Hint: Solve x = R — 2r. 


) (origin at common point of the circles) 


Section 14.7 Exercises, pp. 1063-1066 
1. The image of S is the 2 x 2 square with vertices at (0, 0), (2, 0), 
(2,2), and (0,2). 3. J / flu + v,u — v)2dudv 


0 J0 
5. The rectangle with vertices at (0, 0), (2, 0), (2, L), and (0, 2) 
7. The diamond with vertices at (0, 0), (4, +), (1,0), and (4, —}) 
9. The region above the x-axis and bounded by the curves 
y? =4 + 4x 11. The upper half of the unit circle 


ANSWERS A-95 


c. J(u,v) =2 d. 256V2/945 





0.2 04 06 08 1.0 ¥ 








15. ” 
i ý 31. 4V/2/3 
4 3 
2, 
3 S 1 
2 05 10 15 20% 
1 Vv 


1 2 3 4u 1 
17. —9 19. —4(u2 + v?) 21. —1 
23. x = (u + v)/3,y = (2u — v)/3;—4 5 


25. x = —(u + 3v), y = —(u + 2v); 


Zee. 7 
2 u 
1.0 33. 3844/5625 y 
: S 
3 
0 1 
2 
—1.0 
1 


c. J(u,v) =—2 d. O 











l 0.5 1.0 1.5 20u 
—1.0 —0.5 0.5 10 ~ 
l 35 15 In3 
: 5 
y 3.0 
3.0 2.5 
2.0 5 
2.0 iis 
io 1.0 
1 u 0.5 
29. a. ? 1 2 3 4 x 1 5 3 4 u 
37. 2 39. 2w(u?— v°) 41.5 43. 10247r/3 45. a. True 
1.0 b. True c. True 


sin g cos p cos ọ cos 0 


47. Hint: J(p,¢,0) = |singsin@ p cos ọsin 0 
À 2.0 x COS Q , -a p 
49. a?b?/2 51. (a? + b?)/4 53. —— 
2 


3c 


55. (x,y,z) = (o, 0,7 


žc) 57. a. x = a? — “4 


az 


—p sin ọ sin 0 
p sin ọ cos 0 
0 


A-96 ANSWERS 


2 
b. x = = — b° c. J(u, v) = 4(u* + v’) 
f. Vertical lines become parabolas opening downward with vertices 
on the positive y-axis, and horizontal lines become parabolas opening 
upward with vertices on the negative y-axis. 59. a. S is stretched in 
the positive u- and v-directions but not in the w-direction. The amount 
of stretching increases with u and v. b. J(u,v,w) = ad 
atb+cdte | 


2 22 


80 
d. = e. 160 





c. Volume = ad d. ( 


Chapter 14 Review Exercises, pp. 1066-1069 


1 pvy 
1. a. False b. True c. False 3. 2% 5. J J f(x, y) dx dy 
1 pV aa 
7. J J f(x,y) dydx 9. %# 

o Jo : 








4 pV16-2) pV16-y -z 4 
23. 2 25. J J J Jaz dad Me a = 
0 Jo 0 3 











848 16 128 
29. 8 sin? 2 = 4(1 — COS 4) 31. Eg 33. 3 35. 37 
V3 4 patari 
37. =- ~> +> 39a, 32 b, Five c ; 
6 2 2 Gp Le t+tp+1l 
28 2048 
41.4 43. 7 45. 4a 47. a 49, ——" 


105 
51. ? oe TT z) 
(X, y) ~ (32 


53. y o 56 
ad (03 
TT 


—4 -2 2 4x 
h 
55. (x,y,z) = (0,0,24) 57. (x,y,z) = (0,0,8) 59. a 


1 h 
6l. 6 V4s? — b? = 3° where A is the height of the triangle. 


4a 160 
63. e Ss b. a 
= 3 3 


67. The diamond with vertices at (0, 0), (3,5), (1, 0), and (4, 3). 
69. 14 71. 6 
73. a. 


65.R={0<x<=1,0<y<1} 





0.2 04 06 0.8 1.0 1.24% 


256V2 





b. O0OSu510S5vs51-u c. J(u,v)=2 d. 


ThA ¢ 
3.5 
3.0 
2.5 
2.0 
1.5 
1.0 
0.5 


945 


CHAPTER 15 
Section 15.1 Exercises, pp. 1077-1080 


1. F = (f, g, h) evaluated at (x, y, z) is the velocity vector of an 
air particle at (x, y, z) ata fixed point in time. 3. At selected points 
(a, b), plot the vector (f(a, b), g(a, b)). 5. It shows the direction in 


which the temperature increases the fastest and the amount of increase. 










Normal at all points of C 
21. 


29% 
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27. Vo = (1,1) 





29. Vo(x,y) = (Qxy — y^, x? — 2xy} 
31. Vo(x,y) = (1/y, —x/y?) 33. Vo(xy,z) = (x,y,z) =r 
35. Vo(x,y,z) =—(@? ty? +27)? (x,y,z) = WP 

r 


37. a. Vo(x,y) = (2,3) b. y’ = -2/3, (1,-) -Ve(1, 1) = 0 


c. y’ = —2/3, (1, —2}. Vo(x,y) =0 d. 





c. True 


b. False 


41. a. True 





a. For S and D, the vectors with maximum magnitude occur at the 
vertices; on C all vectors on the boundary have the same maximum 
magnitude (|F| = 1). b. For S and D the field is directed out of 
the region on line segments between any vertex and the midpoint of 
the boundary line when proceeding in a counterclockwise direction; 
on C the vector field is tangent to the boundary curve everywhere. 
45. F = (-y,x) or F = (-1,1) 








A-98 ANSWERS 
(x,y) r 
47. F(x, y) = —=—— = _ , F(0,0) = 0 
Vx? + y Ir 
C C 
49. Bae E (x,y) b. [E| = Ir? F 








c. Hint: The equipotential curves are circles centered at the origin. 
51. The slope of the streamline at (x, y) is y’(x), which equals the 
slope of the vector F(x, y), which is $. Therefore, y'(x) = 2 

53. y 55. y 





x +y” = C 
57. For 0 = 0: u, = iand uy = j 
for 0 = $: u, = j and uy = —i 
for 0 = m: u, = —iand ug = -j 
for 0 = <7 su, = —j and uy = j 
y 61. 





F = rug 


F = ——— (-y,x) 
x? + y? 


Section 15.2 Exercises, pp. 1094-1097 


1. A line integral is taken along a curve, an ordinary single-variable 
integral is taken along an interval. 3. V1 + 4t? 5. The integrand 
of the alternate form is a dot product of F and T ds. 7. Take the line 
integral of F > T along the curve with arc length as the parameter. 

9. Take the line integral of F » n along the curve with arc length as the 
parameter, where n is the outward normal vector of the curve. 

11.0 13. —¥ 15. a. r(t) = (4cost,4sint),0 =t < 2r 

b. |r (H| =4 e. 1287 17. a r(t) = (4,t),1 <t < 10 


2 
b. |r/(t)| = V2 c Y2 in 10 19. a. r(t) = (2cost,4sint), 





112 
jars b. |r’(t)| = 2V1 + 3cost c ra 

15 1431 34/14 
21. — 23. —— 25.0 27. —— 29. —2r? V10 

2 2S 68 2 i 

3 
31. V101 33. £ 35.49 37. —— 39.0 41. 16 
AV/10 
3V3 

43. 0 45. a 47. b. O 49. a. Negative b. —47 


51. a. True b. True c. True d. True 53. a. Both paths 
require the same work: W = 28,200. b. Both curves require the 





5V5 -— 1 " 5V5 — 1 


k: W = 28,200. 55. a. 
same wor a 9 9 








c. The results are identical. 


57. Hint: | F-T ds = mr*(c — b) 





C 
59. Hint: J F-nds = mr*(a + d) 61. The work equals zero for 
C 
1 1 
all three paths. 63. 409.5 65. a. Ina b. No ce. 6 L= 
a 
31=p/2 
d. Yes e. W = 3 (a™P — 1), for p # 2; otherwise W = Ina. 
ZP 


f. p>2 67. ab 


Section 15.3 Exercises, pp. 1104-1106 


1. A simple curve has no self-intersections; the initial and terminal 

points of a closed curve are identical. 3. Test for equality of partial 

derivatives as given in Theorem 15.3. 5. Integrate f with respect 

to x and make the constant of integration a function of y to obtain 

g = | fdx + h(y); finally set z = g in order to determine h. 

7. The integral must be zero. 9. Conservative 11. Conservative 

13. Conservative 15. (x,y) = 4 (x? + y?) 17. Not conservative 

19. g(x,y) = Vx? + y? 21. (x,y,z) = xz + y 

23. (x,y,z) = xy + yz + zx 25. (x,y) = Vx? + y? + 2? 

27. a,b. O 29. a,b. 4 31. a,b. 2 33.0 35.0 37.0 

39. a. False b. True c. True d. True 41. —+ 43.0 45. 10 

47. 25 49. C, negative, C, positive 53. a. Compare partial derivatives. 
GMm GMm 


b. g(x, y, z) = —= = — 
Vx? +y? + 2? irl 


c. ọ(B) — ọ(A) = Gmm( 2 7 1) d. No 























2 2 
ð — =a — 1 
55. a. i | = ee LE 
dy Ca i ye Ca 4 ye 
ð x Se De ey 
ax (x? + y?)p/? a a tyy e 


b. The two partial derivatives in (a) are equal if p = 2. 
c. g(x,y) = tan (y/x) 59. p(x, y) = 3 (x? + y?) 
61. g(x,y) = 3 (x + xy? + y*) 


Section 15.4 Exercises, pp. 1117-1119 


1. In both forms the integral of a derivative is computed from bound- 
ary data. 3. y? 5. Area = 4 $o (x dy — y dx), where C encloses 
the region 7. The integral in the flux form of Green’s Theorem 
vanishes. 9. F = (y, x) 





11. a. O b. Both integrals are zero. e. Yes 13. a. —4 

b. Both integrals equal—8. c. No 15. a. 0 b. Both integrals 
are zero. €. Yes 17. 257 19. 16r 21. 32 23. a. 2 

b. Both integrals equal 87 c. No 25. a. 0 b. Both integrals 
equal zero. c. Yes 27. a. 0 b. Both integrals equal zero. 


8 
c. Yes 29. 6; not source free 31. 3° not source free 


IT : i ; ; 
33. 8 — z not conservative 35. a. The circulation is zero. 


b. The outward flux equals 37m. 37. a. The circulation is zero. 


15 
b. The outward flux equals = 39. a. True b. False 


c. True 41. The circulation is zero; the outward flux equals 277. 
43. The circulation is 5702.4; the outward flux equals zero. 
of dg 
45. Note: ay =0= x 47. The integral becomes I2 dA. 
49. a. f.= 8g, =0 b. y(x, y) = —2x + 4y 
SL a. feme any =—g, b. yy) = e cosy 
53. a. Hint: f, = ecos y, f, = —e* siny, 
ga e sinih ee" 0s y 
b. g(x,y) = e* cos y, (x, y) = e* sin y 





55. a. Hint: f. = -~——— 
X 





F = (—4 cos x sin y, 4 sin x cos y) b. Yes, the divergence equals 
zero. €. No, the two-dimensional curl equals 8 cos x cos y. 
d. The total flux across the boundary is zero. e. The total 


x 

circulation along Cis 32. 59. F = (2> , 0) for the rectangle 
0 

[a,b| X [c,d]. 61. c. The vector field is undefined at the origin. 

63. B 

C, 
C 
A 


Basic ideas: Let C, and C, be two smooth simple curves from A to B. 


J Fonas - | Fonas = f F-nds = || ivrea =o 
C R 


1 Cy 


and [nas = [vas + iby dy = Ja = W(B) — W(A) 
Ci Č Cj 
65. Use Ve: Vy = (f,g) + (-g,f) = 0 
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Section 15.5 Exercises, pp. 1127-1130 


1. Compute fs + g, + h, 3. There are no sources or sinks. 
5. It indicates the axis and the angular speed of the circulation 
atapoint. 7. Zero 9.3 11.0 13. 2(x+ y+ z) 
x7 + y?4+3 1 1 , 
15. —=——,— oo 17. pp 19. ——- 2l. a. Positive for both 
EE ea): ir]? r| 
points b. div F =2 c. Outward everywhere d. Positive 
23. a. curl F = 2i b. |curl F| = 2 
25. a. curl F = 2i — 2j + 2k b. |curl F| = 2V3 
27. 3yk 29. —4zj 31. 0 33. 0 35. Follows from 
1 
(x a y ae an 
37. Combine Exercise 36 with Theorem 15.8. 39. a. False 
b. False ce. False d. False e. False 41. a. No 
b. No c. Yes, scalar function d. No e. No f. No g. Yes, 
vector field h. No i. Yes, vector field 43. Compute an explicit 
expression for a X r and then take the required partial derivatives. 
45. div F = 6at (1, 1,1), (1,—1,—1), (—1, 1, 1), and (—1,—1,—1). 
47. n = (a, b, 2a +b ) , Where a and b are real numbers 
49. F = 4 (y? + z°)i 51. a. The wheel does not spin. 
b. Clockwise, looking in the positive y-direction 





partial differentiation of 











10 5 
c. The wheel does not spin. 53. w = —=, or = 0.9189 
. V3 3m 
revolutions per unit time. ; 
55. F = —200ke* tY tz (—xi + yj + zk) 
V -F = —200k(1 + 2(x2 + y? + z?) je ty te 
GMmr 
57. a. F = — rp b. See Theorem 15.9. 
r 

ðu ðu ðu ðu op Fu u u 
-E a o r T r ag E 

ðt ax dy az ax ax? ay* &z 


ðw ðw ðw ðw Op w ew ew 

Ot a ee ee ee 
ot Ox oy Oz x 

61. a. Use V X B = —Ak cos (kz — ot)i and 

OE 


ot 


= —Aw cos (kz — of)i. b. ° 
2 





Section 15.6 Exercises, pp. 1143-1146 


1. r(u,v) = (a cos u,a sin u,v), 0 =<=u=27,0Svz=h 
3. r(u,v) = (a sin u cos v,asinusinv,acosu),0 =S u = 7, 
O0Svs 2m 5. Use the parameterization from Problem 3 and 


T PIT 

, : 3 

compute J f(a sin u cos v, a sin u sin v, a cos u) a’ sin u dv du. 
0J0 

7. Use the parametrization from Exercise 3 and compute 


T PT 
J) a° sin u (fsin u cos v + g sin u sin v + h cos u) dv du. 
0 Jo 


A-100 ANSWERS 


9. The normal vectors point outward. 11. (u, A 1 (16 — 2u + 4y) ), 
|u| <= 0, v| <œ 13. (v cos u, v sinu, v), 0 = 7 = 27, 





2<v=<8 15. (3cosu,3sinu,v),0su<7,0<v<3 


17. The plane z = 2x + 3y — 1 19. Part of the upper half of the 
cone z? = 16x? + 16y? of height 12 and radius 3 (with y = 0) 


21. 287 23. 16V3 25. mrVr? +h? 27. 17287 


29.0 31. 47V5 33. 8V17 + 2In(V17 + 4) = 37.1743 
2V3 1250 1 
35. a 37. T 39, — (e — e™ — e” +e) 
3 3 48 
43. -8 45.0 47. 47 49. a. True b. False c. True 
d. True 51. 87(4V17 + In(V17 + 4)) 53. 87a 55.a. 8 


b. 47 — 8 57. a. 0 b. 0; the flow is tangent to the 


1 
41. — 
Aa 





1 2 
surface (radial flow). 59. 2mah 61. -400(e = 3 
e 


63. Sma 65. a. 4m(b? — a°) b. The net flux is zero. 


67. (0,0, 5h) 69. (0,0,5) 73. Flux = || #-nas- || ea 
S A 


Section 15.7 Exercises, pp. 1153-1155 


1. The integral measures the circulation along the closed curve C. 

3. The circulation along a closed curve can be calculated by integrat- 
ing the dot product of the curl and the normal vector on an enclosed 
surface. 5. —27 for both integrals. 7. Both integrals are zero. 

9, — 187 for both integrals. 11. —247 13. -ŻE 15. 157 

17. 0 19.0 21. V X v = (1,0,0); a paddle wheel with its 

axis aligned with the x-axis will spin with maximum angular speed 
counterclockwise (looking in the negative x-direction) at all points. 

23. VXv= (0, =2, 0) ; a paddle wheel with its axis aligned with 
the y-axis will spin with maximum angular speed clockwise (looking 
in the negative y-direction) at all points. 25. a. False b. False 

c. True d. True 27. The circulation is zero. 29. The circulation 
is zero. 31. 27 33. m(cosọ — sing), maximum for g = 0 

35. The circulation is 4877; it depends on the radius of the circle but not 
on the center. 37. a. The normal vectors point toward the z-axis on the 
curved surface of S and in the direction of (0, 1,0) on the flat sur- 
face of S. b. 27 c. 27 39. The integralis 7 foralla. 41. The 
integral is zero for (a) and (b). 43. b. 27 for any circle of radius r 
centered at the origin. c. F is not differentiable along the z-axis. 


aha 
45. Apply the Chain Rule. 47. J F-dr = i (2 = £) dA 
Yy Z 
C R 


Section 15.8 Exercises, pp. 1164-1167 


1. The surface integral measures the flow across the boundary. 

3. The flux across the boundary equals the cumulative expansion or 
contraction of the vector field inside the region. 5. 327 

7. The outward fluxes are equal to each other. 9. Both integrals 
equal 967. 11. Both integrals are zero. 13. The net flux is zero. 
15. The net flux is zero. 17. 16V6a 19.3 21. —*8a 23. 247 
25. —2247 27. 127 29. 20 31. a. False b. False c. True 
33. 0 35.3% 37. b. The net flux between the two spheres is 

4m(a* — e”). 39. b. Use V:E =0. c. The flux across S is the 
sum of the contributions from the individual charges. d. For an 
arbitrary volume, we find 


geroa- f Enas- f| vea 


e. Use V9 = V: Ve. 41.0 43.-(1—e') 45. 800ma? e 


Chapter 15 Review Exercises, pp. 1167-1170 


1. a. False b. True c. False d. False e. True 
3. Vo = (2x, 8y) 





= 


—— (e6(n 8)° = 1) 
ir” 


11. Both integrals are zero. 13. 0 15. The circulation is —477; the 
outward flux is zero. 17. The circulation is zero; the outward flux is 
AL j 

3 21. g(x, y,z) = xy + yz~ 23. (x,y,z) = xye* 
25. O for both methods 27. a. —7 b. Fis not conservative. 29. 0 
31. — 33. 87 35. The circulation is zero; the outward flux equals 
27. 37.ab=c batd=0 caatd=O0andb=c 
39. V-F=4Vx? +y? +z =4rl,V X F=0,V-F 4 0 
41. V-F = 2y + 12x, V X F=0,V-F #0 43. a. -1 and0 


83 
45. 187 47. 4V3 49. ve 


V46 
7.a.n= (x,y) bO0 e 5 9. 


27. 19. 








b L 
e. N= — se Al, l, 
V3 


53. 4ra? 55. a. Use x = y = 0 to confirm the highest point; use 
z = Otoconfirm the base. b. The hemisphere S has the greater 


51. 87 


surface area—27ra~ for S versus ma for T. 57. 0 


972 


124 32 
59. 997 61.0 63. EE 


65; T Ol 
5 3 


APPENDIX A 
Exercises, pp. 1177-1178 


1. The set of real numbers greater than —4 and less than or equal to 


saif a . << _ oe 
10; ( 4,10]; PaE. 10 
ifx = 0 
i= 4 7 wa 5. 2x -42=3 or 2x-4=-3 
=X ifx< 0 


7. Take the square root of the sum of the squares of the differences of 
the x- and y-coordinates. 9. y = V36 — x? 

_yt2 
o x-4 





11. m or y= m(x —4)-—2 13. They are equal. 


15. 4 17. 4uv 19. — 


A. (yay Ory ) 


s FA) 
23. u = £+V2,43 25. 3x? + 3xh + h? 
oH 
27. (G5) 1e ¢ 
29, (—œ,4]U[5, 6) — am a 


4 
31. {x:x < —4/3 or x > 4}; (—%,—4)U(4, ~) 


4 0 4 
3 
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33. {x:-2<x<-1l or 2<x< 3}; (-2,-1)U(2,3) 41. x + 2y = 24 


—_ 0 0 


=) = 0 2 3 





35. y =2 — V9 — (x + 1}? 
5 
a 





1 
43. y = 3* — 7 45. a. False b. True c. False d. False 


e. False f. True g. False 47. {x:|x — 1| = 3} 
49. 
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Note: Page numbers in italics indicate 
figures; “t” indicates a table; “e” indicates 
an exercise. Entries preceded by “GP” are 
Guided Projects found in the /nstructor’s 
Resource Guide and Test Bank. 


A 
Absolute convergence, 674—676, 677t, 
678e 
Absolute error, 549, 556e 
Absolute extreme values, 245—246, 252e 
on open set, 968, 969-970e 
Absolute growth rate, 472, 479e 
Absolute maxima/minima, 231—233, 232, 
237e, 238e, 966—968, 969e, 978e, 
982—983e 
locating, 235-237 
Absolute value, 1173—1174 
continuity of functions with, 110e 
functions with, 340e 
inequalities with, 1174, 1178e 
integrals of, 349-350 
properties of, 1173 
Absolute value functions, 239e 
Absolute value limits, 78e 
Accelerated Newton’s method, 310e 
Acceleration, 171—172, 173, 177e, 288e, 
395-396, 399—400e, 838—840 
components of, 565, 868—870, 873, 874e 
due to gravity, 319 
of falling body, 497e 
formula, 873 
position and, 321e, 480e, 842, 842-844, 
847-848e 
velocity and, 480e, 542, 842-844, 
847-848e 
Addition, vector, 779, 779-780, 782, 788e 
in R?, 795 
Addition properties 
vectors and, 784 
Addition Rule, 333 
Additive identity, 784 


Index 


Additive inverse, 784 
Agnesi, Maria, 159e 
Air drop, 739e 
Air flow, 402e 
Airline baggage regulations, 267 
Airline travel, 177e 
Airplane(s) 
converging, 220-221 
in wind, 788e 
Algebra inequality, 812e 
Algebra review, 1171, 1178e 
Algebraic conjugate, 74 
Algebraic functions, 13, 72 
end behavior of, 96, 96 
root functions, 16, 16 
Algorithm complexity, 301e 
Alternating harmonic series, 670—671, 
671, 612 
Alternating p-series, 678e 
Alternating series, 643, 670—679, 680e 
absolute and conditional convergence, 
674—676 
alternating harmonic series, 670—671, 
671, 612 
Alternating Series Test, 671—673, 
677t, 678e 
remainders in, 673—674, 678—679e 
special series and convergence tests, 677t 
Alternating Series Test, 671—673, 677t, 678e 
Altitude, pressure and, 180e 
Ampère, André-Marie, 1154e 
Ampère’s Law, 1154e 
Amplitude, 43, 43, 49e 
Analytical methods, 302, 503 
graphing functions and, 14, 255 
Analytical solution, 591 
Angle(s) 
dot products and, 804, 808e 
of elevation, 217e, 230e 
firing, 849e 
between planes, 894e 
projections and, 877e 
sag, 492, 495e 


Angle brackets, 781 
Angular coordinate, 740 
Angular frequency, 731 
Angular size, 217e 
Angular speed, 1129e 
Annual percentage yield (APY), 475 
Annuities, 569e 
Annular region, volume of, 1008, 7008 
Annulus, 910 
circulation on half, 7712, 1112-1114 
flux across boundary of, 7113, 
1113-1114 
Antibiotic decay, 158—159e 
Antibiotic dosing, 126e 
Anticommutative property, 813 
Antiderivative(s), 311—322, 835 
defined, 311 
family of, 312 
finding position from velocity using, 394 
indefinite integrals, 313—317, 320e, 322e, 
324e 
motion problems, 318—320, 321e 
Anvil of hyperbola, 773e 
Applications 
of cross product, 815-817, 815—817 
of derivatives (See under Derivative(s)) 
of dot products, 807—808 
of functions, GP3, GP4 
of functions of two variables, 901—902 
of hyperbolic function, 491—493 
of integration (See under Integration) 
of partial derivatives, 922—923 
of vector, 785-787 
of definite integral, 719—720 
errors in, 694e 
Euler’s method and, 586—588, 587t, 
589-590e 
least squares, 970-97 1e 
linear, 276, 276—280, 282e, 283e, 683, 
683-684, 692e, 953, 953-954, 
958e, 982e 
Midpoint Rule and, 549-551 
Newton’s method and, 302-311 


I-] 


[-2 Index 


Applications (continued) 
polynomial, 279, 683 
quadratic, 683, 683—684, 692e 
of real numbers, 727e 
Simpson’s Rule and, 554-555, 555t 
of Taylor polynomials, 687—689, 688t, 
689t, 692e, 693e 
Trapezoid Rule and, 557, 551-554 
Approximation, 
of definite integral, 719—720 
errors in, 694e 
Euler’s method and, 586—588, 587t, 
589-590e 
least squares, 970-97 1e 
linear, 276, 276-280, 282e, 283e, 683, 
683-684, 692e, 953, 953-954, 
958e, 982e 
Midpoint Rule and, 549-551 
Newton’s method and, 302-311 
polynomial, 279, 683 
quadratic, 683, 683—684, 692e 
of real numbers, 727e 
Simpson’s Rule and, 554-555, 555t 
of Taylor polynomials, 687—689, 688t, 
689t, 692e, 693e 
Trapezoid Rule and, 55/7, 551-554 
APY. See Annual percentage yield (APY) 
Arbelos, 273—274e 
Arc length, 498e, 500e, 508e, 523e, 568e, 
572e, 851—856, 852, 860e, 878e, 
GP30, GP54 
of ellipse, 557e 
of exponential curve, 438 
functions from, 441e 
for line, 441e 
of natural logarithm, 542e 
of parabola, 526-527, 527, 530e, 548e 
as parameter, 558, 858—859, 860e, 861—862e 
of polar curve, 856—857, 857, 860e, 862e, 
878e 
surface area and, 1131 
for x = g(y), 439, 439-440 
for y = f(x), 436-439 
Arc length function, 858-859 
Arc length parameterization, 878e 
Arccosine. See Inverse cosine (arccosine) 
Arch, average height of, 374e 
Archimedes, 376e, 462e, 645e, 772e, GP26, 
GP46 
Arcsine. See Inverse sine (arcsine) 
Arcsine series, Newton’s derivation of, 725e 
Area, 367e 
approximating, 339e 
with calculator, 338e 
under curves, 326—340 
from graph, 339e 
calculating by Green’s Theorem, 
1109-1110, 1117e 
of circle, 524, 524, 754, 1014e 
of circular sector, 50e 


element of, 997 
of ellipse, 530e, 776e, 958e, 1015e, 1110 
finding by double integrals, /000, 
1000-1001 
by geometry, 354e, 386e, 387e 
from line integrals, 1097e, 1110 
net, 341—342, 341—342, 352e, 361, 387e 
net area vs., 354e, 387e 
of parallelogram, 818e, 878e 
of plane region, 1001, 70071, 1004e, 
1066e, 1168e 
by line integrals, 1110 
of region, 356, 356, 367e, 369e, 384e, 
387e, 496e, 499e, 530e, 541e, 
1010-1011, 701I 
bounded by polar curves, 754-758, 
755—757, 158-759e 
between curves, 403—408, 403—412, 
408e, 410e, 507e 
in a plane, 1154-1 155e 
of roof over ellipse, 1138, 7138 
of segment of circle, 530e 
of surface of revolution, 445 
of trapezoid, 356-357, 356-357 
of triangle, 815, 818e, 819e, 878e 
volume and, 500e, 530e 
Area density, 1046 
Area functions, 78, 18—19, 22e, 354-357, 
355, 367—368e, 369e, 389e, 41 le, 
500e, 569e 
for cubic, 412e 
by geometry, 387e 
working with, 362-363, 362-363, 366e 
Area integrals, 1004e 
Area line integral, 1118e 
Area under the curve (AUC), 566 
Argument, of function, 1 
Arithmetic-geometric mean, 640e 
Arithmetic mean, 979e 
Ascent and descent, direction of steepest, 
942—943, 948e, 949e, 982e 
Associative property of vector addition, 784 
Associative property of dot and cross 
product, 804, 813, 819e 
Associative property of scalar multiplica- 
tion, 784 
Astroid, 733, 733 
length of, 854, 554 
revolving an, 449e 
Asymptote(s) 
horizontal, 3, 89, 89—90, 90, 98e, 100e 
of hyperbola, 765, 765 
oblique (slant), 94-95, 95, 98e, 100e, 
496e, 765 
vertical, 3, 83, 84—85, 88e, 98e 
Atmospheric CO,, GP7 
Atmospheric pressure, 479e 
AUC. See Area under the curve (AUC) 
Autonomous differential equation, 584, 590e 
Avalanche forecasting, 289e 


Average circulation, 1150, 1155e 
Average cost, 174—176, 175, 178e, 230e 
Average growth rate, 173—174 
Average height, 388e 
Average lifetime, GP32 
Average product, 179—-180e 
Average profit, 179e 
Average rate of change, 6, 128, 129 
Average value, 374e, 376e, 388e, 47 le, 
1004e, 1014e, 1025e, 1067e, 
1094—-1095e, 1144e 
of function, 371—372, 372 
over plane region, 991, 997, 992e, 993e 
of three variables, 1022—1023 
over planar polar region, 1011 
Average velocity, 54—56, 56t, 57, 58, 59e, 
170, 227e, 572e 
Axis (axes). See also x-axis; y-axis 
major, 737e, 764, 764 
minor, 737e, 764, 764 
polar, 740 
of revolution, 435e 
z-axis, 791, 791 


B 
b*, derivative of, 201—202 
Bald eagle population, 25e 
Ball, 793, 793, 798e, 877e 
bouncing, 621, 621, 626e, 627e, 646e 
closed, 793 
open, 793 
Ball Park Theorem, 973, 973 
Base 
change of, 34-35, 37e 
of natural logarithm, 465—466, 466t 
Base e, 27 
Baseball 
batting averages, 959e 
earned run average, 905e 
flight of, $43, 843-844 
motion, 878e 
pitch, 850-851e 
runners, 223e 
Basin of attraction, 311e 
Basketball, 878e 
Batting averages, 959e 
Bend in the road, 869, 869 
Berkeley, George, 281 
Bernoulli, Johann, 290, 441e 
Bernoulli equation, 605e 
Bernoulli’ s parabolas, 441—442e 
Bessel functions, 725e 
Bezier curves, GP64 
Binomial coefficients, 708-709 
Binomial series, 708-711, 710t, 715e, 
716e, 726e 
Binomial Theorem, 150e 
Binormal vector, 862, 870—873, 874e, 879e 
Bioavailability, 566-567, 568e 


Black holes, 569—570e 
Block on a spring, 49e 
Blood flow, 402e, 759e 
Blood testing, 272e 
Boat in current/wind problems, 788e 
Body mass index, 927e, 956—957 
Body surface area, 936e 
Boiling-point function, 5le 
Bolt tightening, 815-816, S/6, 818e 
Boundary points, 910, 9/0 
limits at, 970-911, 910-912, 915e 
Bounded intervals, 1171, 7/72 
Bounded Monotonic Sequence Theorem, 633 
Bounded sequence, 630 
Bounded set, 966 
Bowls, filling, 1014e 
Boxes, 270e, 271e, 800e 
cardboard, 969e 
integrals over, 1023—1024e 
mass of, 1018, /0/8 
open and closed, 1065—1066e 
optimal, 969e, 970e 
volume of, 926e 
Brachistochrone property, 531—532e, GP54 
Brackets 
angle, 781 
round, 781 
Brahe, Tycho, 855 
Briggs, Henry, 33 
Bubbles problem, 647e 
Building, force on, 460e 
Bungee jumping, 181e 
Buoyancy, 462e, GP26 
Butterfly curve, 747, 747, 751e 


C 


Calculator 
approximating area with, 338e 
approximating definite integrals with, 353e 
arc length with, 440 
limits with, 68e 
midpoint Riemann sums with, 353e 
sequences with, 68le 
volumes without, 435e 
Calories, 18 le, 402e 
Capacitor, 37—38e 
Carbon dating, 480e 
Carbon emissions, 48le 
Cardioid, 744, 744, 753, 754, 756, 757, 
757-758, 775e, 857, 1041e, 1068e 
Carrying capacity, 156, 208e, 254e, 585, 
595, 606, 606 
Cartesian coordinate system, 739, 
1174-1175 
Cartesian coordinates, converting between 
polar and, 741-742, 749e, 750e, 
715e, 1013e, 1066e 
Cartesian-to-polar method for graphing 
polar coordinates, 744 


Catenary, 491, 491-492, 495e 
Catenoid, 497e 
Cauchy, Louis, 113 
Cauchy-Riemann equations, 929e 
Cauchy-Schwarz Inequality, 811e 
Cauchy’s Mean Value Theorem, 289e 
Cavalieri’ s principle, 423e 
Ceiling function, 68e 
Cell growth, 150e, 181e, 397-398, 
397—398, 419e 
Center 
of circle, 1174, 71175 
of ellipse, 763, 763 
of power series, 695 
Center of mass, 1043, 71043, 1044, 1045, 
1045, 1145e, GP72 


with constant density, 7049, 1049-1050, 


1052e, 1068e 
on the edge, 1053e 
for general objects, 1053e, 1068—1069e 
in one dimension, 1046 
in three dimensions, 1049-1051 
in two dimensions, 1046—1047 


with variable density, 7050, 1050-1051, 


1032 
Centripetal force, 816 
Centroid, 1046, 1047, 1047—1048, 
1051-1052e 
Chain Rule, 182-190, 205, 464, 467, 832, 
929-937, 98 le 
composition of three or more functions, 
185-186 
formulas, 182—184 
guidelines for, 183 


with one independent variable, 929-931, 


934e, 1184 
for powers, 185, 187e 
proof of, 186, 190e, 832—833 
for second derivatives, 189e 
with several independent variables, 
931-932, 935e 
version 1, 182, 183, 187e 
version 2, 182, 183—184, 187e 
Change 
approximating, 282e 
average rate of, 6 
differentials and, 281, 954—957, 955 
directions of, 942—944, 948e, 949e 
Change of base, 34-35, 37e 
Change of variables, 1054 
transformations in the plane, 7055, 
1055—1062, 7057—1059, 1061 


Change of Variables Rule. See Substitution 


Rule 
Channel flow, 752e, 71072, 1119e, 1168e 
horizontal, 1150-1151, 7151 
Chaos, GP41 
Charge distribution, 1042e 
Chemical rate equations, 582e, 590e, 597e 
China’s one-son policy, 646e 


Index I-3 


Circle(s), 68le, 735e, 774e, 799e, 
1174-1175, 1178e 
area of, 524, 524, 754, 1014e 
average temperature on, 1082, 
1083-1084 
circumference of, 438, 438, 568e, 
853-854 
equations of, 750e, 1175 
expanding and shrinking, 223e 
flow through, 810e 
involute of, 736e 
parametric, 730, 730-731, 730t, 736e 
in polar coordinates, 742, 742, 743, 
743, 750e 
slopes on, 753, 753 
tilted, 86le 
trajectories on, 848e 
variable speed on, 86le 
Circle of curvature, 864, 875e 
Circular/elliptical trajectory, 85le 
Circular functions, 481 
Circular motion, 736e, 540, 840-841, 849e 
Circular path, 731, 849e, 869 
Circulation, 1168e, 1169e 
average, 1150, 1155e 
on half annulus, 7712, 1112—1114 
in a plane, 1154e 
radial fields and zero, 1155e 
of vector field, 1089-1091, 7090, 1095e 
of three-dimensional flow, 1091, 
1091 
of two-dimensional flow, 1090, 7090 
Circulation form of Green’s Theorem, 
1107, 1107—1110, 7712, 1112-1114, 
1117e, 1118e, 1164 
Circumference of circle, 438, 438, 568e, 
853-854 
Cissoid of Diocles, 736e 
Clairaut Theorem, 921, 1125 
Clock vectors, 789e 
Closed ball, 793 
Closed curve, 1098, 1098 
line integrals on, 7703, 1103-1104, 
1105e 
Closed intervals, 1171, 7172 
Closed plane curves, 828e 
Closed set, 910, 966 
Cobb-Douglas functions, 198e, 905e, 927e, 
936e, 979e 
Coefficients, 12 
binomial, 708-709 
of power series, 695 
of Taylor polynomial, 704-705 
undetermined, 533 
Cofunction, 165 
Coiling rope, 461e 
Coin toss, 724e 
Colatitude, 1033 
Collatz Conjecture, 640e 
Collinear points, 799e, 818e 


1-4 Index 


Commutative property of vector addition, 
784 
Commutative property of dot product, 804 
Comparable growth rates, 297 
Comparison Test, 664—665, 668—669e, 677t 
Complete elliptical integral of the second 
kind, 856 
Completing the square, 505, 507e, 530e 
Complex numbers, GP50 
Components of acceleration, 873, 874e 
Composite functions, 3—5, 10e, 12e, 52e, 
913-914, 916e 
continuity of, 1183 
at a point, 103, 112e 
inverse of, 38e 
limits of, 80e 
symmetry of, 375—376e 
Composition, power series and, 698 
Compound inflation, 480e 
Compound interest, 301e, 475 
Compound region, 405, 409e 
Compound surface and boundary, 1154e 
Concave up/down, 246, 246 
Concavity, 246, 246-250, 253e, 254e 
detecting, 248—249 
interpreting, 247—248 
test for, 247 
Trapezoid Rule and, 558e 
Concentric spheres, flux across, 1145e 
Conditional convergence, 674—676, 678e, 
GP48 
Conditional p-series, 680e 
Conditions for differentiability, 1183—1184 
Cone(s), 1132, 7132, 1144e 
in cone, 273e 
constant volume of, 98le 
cylinder and, 272e, 273e 
cylindrical coordinates, 1028t 
distance to, 983e 
elliptic, 890, 890, 891t, 893e 
explicit vs. parametric description of, 
1139t 
flux across, 1145e 
frustum of, 443, 443, 444, 450e, 
1026e, 1043e 
least distance between point and, 976, 
976 
light, 894e 
maximum volume, 270e 
slant height and, 272e 
spherical coordinates, 1034t 
surface area of, 198e, 442-443, 442-443, 
501e, 959e, 1145e 
volume of, 423e, 434e, 449e, 958e, 
1026e, 1043e 
Confocal ellipse and hyperbola, 773e 
Conic parameters, 776e 
Conic sections, 728, 761-773, 775e, GP58, 
GP59, GP60, GP65 


eccentricity and directrix and, 766, 
766-767, 77le 
ellipses (See Ellipse(s)) 
hyperbolas (See Hyperbola(s)) 
parabolas (See Parabola(s)) 
polar equations of, 767—769, 768—769, 
Tile, 776e 
reflection property and, 763, 763 
Conical sheet, mass of, 7138, 1138-1139 
Conical tank, emptying, 459e 
Connected regions, 1098, /098 
Conservation of energy, 936e, 1106e 
Conservative vector fields, 1097—1106, 
1153, 1154e, 1168e, 1170e 
curl of, 1125 
finding potential functions, 1099-1101, 
1104—1105e, 1106e 
Fundamental Theorem for Line Integrals, 
1101-1103 
Green’s Theorem and, 1108—1109 
line integrals of, 1102—1103 
on closed curves, 1103—1104, 1105e 
properties of, 1104, 1114t, 1128 
test for, 1098—1099, 1104e 
types of curves and regions, 1097—1098, 
1098 
Constant density plates, 1068e 
Constant functions, 31, 141 
area functions for, 366e 
derivatives of, 142 
limits of, 908 
Riemann sums for, 340e 
zero derivative implies, 287 
Constant multiple law, 70, 909, 1179 
Constant Multiple Rule, 143, 314, 333 
Constant of integration, 313 
Constant rate problems, GP2 
Constant returns to scale, 198e, 905e 
Constant Rule, 141—142, 150e, 832 
Constants, in integrals, 348, 354e 
Constrained optimization of utility, 965, 977 
Constraint, 265, 965, 979e 
Constraint curve, 972, 972, 977 
Consumer Price Index, 178e, 472, 627e 
Continued fractions, 639e 
Continuity, 54, 700, 100-112 
on an interval, 104, 704, 109e, 110e, 126e 
checklist for, 101 
of composite functions, 913—914, 1183 
at a point, 103, 112e 
derivatives and, 135-137 
differentiability and, 924 
functions involving roots and, 105, 705 
of functions of two variables, 912—914, 
915e 
Intermediate Value Theorem, 107—108, 
110e, 111e, 112e, 126e 
of inverse functions, 106 
of linear functions, 122e 


of piecewise functions, 169e 
at a point, 701, 101—103, 112e, 126e 
Rolles’ Theorem and, 284 
rules for, 102 
of transcendental functions, 706, 
106-107, 110e 
for vector-valued functions, 825—826 
Continuous, differentiable and, 135—137, 139e 
Contour curve, 899, 899, 900 
Contour plots, extreme points from, 970e 
Contrapositive, 136, 648 
Convergence, 309e, 680e, 726e 
absolute, 674—676, 677t, 678e 
conditional, 674—676, 678e 
of Euler’s method, 590e 
growth rates and, 635 
of improper integral, 560, 565 
of infinite series, 623, 624 
interval of, 695—698, 726e 
Maclaurin series and, 705—707, 713, 714t 
of power series, 695—698 
of p-series, 653-654 
radius of, 695-697, 695-698, 702e, 
703e, 726e 
of sequence, 617, 620, 628, 636 
series and, 617 
of Taylor series, 711-714 
Convergence of power series, 1181 
Convergence test guidelines, 668 
Convergent series, 657—659, 659e 
Coordinate systems. See also Polar 
coordinate system; Rectangular 
coordinate system; Spherical 
coordinate system 
switching, 1029, 1030-1031 
Coordinate unit vectors, cross products of, 
814, 818e 
Coordinates. See also Cylindrical 
coordinates; Polar coordinates; 
Rectangular coordinates; Spherical 
coordinates 
CORDIC algorithm, 639e, GP63 
Cosecant 
behavior of, 725e 
derivative of, 165—166 
graph of, 42 
hyperbolic, 482 
indefinite integral of, 315 
integrals of, 385e, 519, 522e 
inverse, 46, 47 
derivative of, 213, 219e 
Cosine 
derivatives of, 163—165 
estimating remainder for, 690-691 
graphing, 42, 49e 
hyperbolic, 440, 482 
indefinite integral of, 315 
integrals of, 384e, 386e, 521e 
integrating powers of, 515-516 


integrating products of, 516-518, 518t 
inverse, 43—45, 44-45 
derivative of, 213, 218e 
law of, 50e 
limits for, 76, 78e 


Maclaurin series convergence for, 713, 714t 


parabola vs., 44le 
powers of, 523e, 548e 
Cost 
average, 174-176, 175, 178e, 230e 
fixed, 174 
marginal, 174—176, 175, 178e, 180e, 
230e, 400e 
variable, 174 
Cost function, 174, 175 
Cotangent 
derivatives of, 165 
graph of, 42 
hyperbolic, 482 
indefinite integral of, 315 
integrals of, 385e, 519, 521—522e 
inverse, 46, 46 
derivative of, 213, 219e 
Coulomb, 817 
Crankshaft, 272e 
Critical depth, 462e 
Critical points, 234—235, 238e, 239e, 323e, 
496e, 962-963, 964, 969e, 971e, 
982e 
identifying local maxima and minima 
and, 243-245 
Cross product equations, 820e 
Cross Product Rule, 832 
proof of, 837e 
Cross products, 812-820 
applications, 815—817 
defined, 812 
geometry of, 813, 813 
magnetic force on moving charge, 
816-817, 817, 818e 
properties of, 813—815 
torque, 812, 815-816, 876, 818e, 819e 
of unit vectors, 813—814 
Crosswinds, 877e 
flight in, 797, 797, 799e 
Crystal lattice, GP48 
Cube 
expanding and shrinking, 223e 
partitioning, 1026e 
Cube roots, approximating, 71 It 
Cubics, 263e, 264e 
area function for, 412e 
inverses of, 38e 
symmetry of, 254e 
unit area, 376e 
Curl, 1070, 7723, 1123-1125, 1128e, 
1155e, 1169e 
of conservative vector field, 1125 
divergence of the, 1125 


of general rotation vector field, //24, 
1124-1125 
interpreting, 7150, 1150-1151, 1154e 
properties of, 1125 
of rotational field, 1128e, 1129e 
two-dimensional, 1108, 1109, 1123 
Curl form of Green’s Theorem, 1108 
Curvature, 862—866, S63, S65, 874e, 875e 
circle of, 864 
formula, 863, 864—866, 873, 874e 
zero, 876e 
Curve(s). See also Parametric equations; 
Polar coordinates 
approximating areas under, 326—340 
beautiful family of, 736e 
butterfly, 747, 747, 75le 
closed, 1098, 7098 
line integrals on, 7703, 1103-1104, 
1105e 
constraint, 972, 972, 977 
contour, 899, 899, 900 
elliptic, 265e 
equipotential, 1076-1077, 1077, 1078e 
finger, 751e 
indifference, 936e, 977 
isogonal, 760e 
Lamé, 265e, 738e 
length of, 436—442, 851-862, 852, 
557-858, 860e, 861—862e 
level, 898-901, 898—901, 904e, 906e 
Lissajous, 738e, GP55 
Lorenz, 41 le 
orientation of, 823—825, 823—825 
oriented, 1085 
parametric, 729, 734, 736e, 774e 
parametric equations of, 732, 732-733, 
736e 
in polar coordinates, 742—744, 742-744, 
749e 
pursuit, 264e 
regions between, 403—408, 403—408, 
408e, 410e, 507e 
simple, 1098, 7098 
slope of, 131, 731 
in space, 823—825, 823—825, 827e, 828e, 
878e 
types of, 1097—1098 
Curve-plane intersections, 828e, 894e 
Cusp, 136, 261-262, 261t, 262, 831, 831, 
837e 
Cycloid, 733, 733, 850e, 861e, GP54 
Cylinder(s), 884, 884-885, 994e, 1131, 
1131, 1144e 
cones and, 272e, 273e 
cylindrical coordinates, 1027t 
explicit vs. parametric description of, 
1139t 
flow in, 960e 
flux across, 1145e 
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limit of radius of, 79e 
in R3, 892e 
in sphere, 273e 
spherical coordinates, 1035t 
surface area of, 7135, 1135-1136 
volume of, 423e, 449e, 934e, 982e, 993e, 
1067e 
Cylindrical coordinates, 7027—1028, 
1027—1029, 1064e, GP78 
integrals in, 1029-1033, 1029-1033, 
1039-1040e, 1068e 
sets in, 1039e 
transformations between rectangular 
coordinates and, 1029 
volume in, 1040e, 1068e 
Cylindrical shells, 424-426, 424—430, 1027t 
Cylindrical tank, emptying, 459e 


D 
Dam 
force on, 460e, 501e 
pressure on, 458 
Damped sine wave, 168e 
Data fitting, GP7 
Daylight function, 49e 
Deceleration, 400e, 499e 
Decimal expansions, 643, 644—645e, 647e 
Decomposition, of regions, 1000 
Decreasing functions, 240, 240-243, 251e 
Definite integrals, 343, 343-345, 352e, 
366—367e, 368e, 494e, 495e, 547e 
approximating, 353e, 719—720 
evaluating, 345—347, 345—347, 360-361, 
360-361 
using geometry, 346-347 
using limits, 350-351 
integration by parts for, 511-512, 513e 
limit definition of, 387e 
net areas and, 341—342, 341—342, 361 
notation, 344—345 
by power series, 727e 
properties of, 347-350, 349t, 352—353e 
Substitution Rule and, 380-382, 383e 
symmetry and, 374e 
of vector-valued functions, 835, 836e 
Degree 
of polynomial, 12 
radian vs., 39, 52e 
Del operator, 941, 1120 
Demand functions, 14, 14, 21e, 254e 
Density 
center of mass and, 7049, 1049-1051, 
1050 
linear, 451 
mass and, 340e, 451, 458e, 993e, 1040e, 
1042e, 1096e 
variable, 451, 50le, 936e 
Density distribution, 1042e 
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Dependent variable, 1 
Depreciation, 480e 
Derivative(s), 54, 127—230, 495e, 736e. See 
also Antiderivative(s); Directional 
derivatives; Partial derivatives 
applications, 231—325 
concavity and inflection points, 
246-250 
derivative properties, 250 
differentials, 280-281 
graphing functions, 255-265 
increasing and decreasing functions, 
240-243 
L’ Hopital’s Rule, 290-302 
linear approximations, 276—280 
maxima and minima, 231—240, 
243-246 
Mean Value Theorem, 284—289 
Newton’s method, 302-311 
optimization problems, 265—275 
average values of, 376e 
of b*, 201, 201-202 
Chain Rule, 182—190 
Constant Multiple Rule, 143 
Constant Rule, 141-142 
continuity and, 136-137, 139e 
defined, 730, 130-131 
differentiation rules and, 141—151 
of e™, 156 
of e*, 146 
of exponential functions, 20/, 201-202, 
467-468 
formulas, 494e 
General Power Rule, 202—204, 207e 
graphs of, 134-135, 134-135, 138-139e, 
228e 
higher-order, 147—148, 149e, 159e, 194, 
229e, 834, 836e 
of hyperbolic functions, 484—486 
implicit differentiation, 190-198, 229e 
of integrals, 361—362, 369e 
of inverse hyperbolic functions, 489—491 
of inverse trigonometric functions, 
209-219, 210-212, 214-216 
from limits, 150e 
logarithmic differentiation, 205—206, 
207-208e 
of logarithmic functions, 199, 199-201, 
205, 470e 
notation, 132—133 
one-sided, 140e 
overview, 127-141 
parametric equations and, 733—735, 734 
of a polynomial, 144-145 
Power Rule, 141—142, 150-15 le, 
194-195 
extended, 155, 158e 
power series for, 718, 723e 
Product Rule, 149e, 151-153, 158e, 160e 


Quotient Rule, 149e, 153—154, 158e, 
160e 
rates of change and, 156-157, 169-181 
tangent lines and, 728, 128—130, 729, 
138e, 140e 
related rates, 219—227 
rules for, 832—833, 836e, 837e, 1128e 
combining, 157 
slopes of tangent lines, 146—147, 147, 
149e, 158e, 193, 229e 
square root, 188e 
of sum of functions, 149e 
Sum Rule, 143-145 
of tower function, 470 
of trigonometric functions, 161—166, 
167e, 169e 
uses and applications of, GP11, GP12, 
GP13, GP15, GP16, GP17, GP21, 
GP22, GP60, GP61, GP65 
of vector-valued functions, 829—834, 
830, 835e, 836e, 837e 
Descartes, René, 1174 
Descartes’ four-circle problem, 876e 
Descent, 531—532e, 942—943, 945 
Diagnostic scanning, 207e 
Diagonals, of parallelogram, 812e 
Difference equations, 601 
Difference law, 70, 909, 1179 
Difference of perfect cubes formula, 6 
Difference of perfect squares formula, 6 
Difference quotients, 5-7, 12e, 52e 
Difference Rule, 144 
Differentiability, 923—925, 928e 
conditions for, 924, 1183—1184 
continuity and, 924 
Differentiable, 131 
continuous and, 135-137, 139e 
Differential equations, 168e, 317—318, 
497e, 574—616, 727e, GP15, GP34, 
GP35, GP36, GP37, GP38, GP39, 
GP40 
autonomous, 584, 590e 
direction fields, 582—585, 588—589e, 
590e 
Euler’s method, 586—588, 589e, 
590-591e 
first-order, 575 
general solution of, 575-576 
linear, 574—575, 583—584 
special first-order, 598—605 
modeling with, 605—615 
nonlinear, 575, 584, 584—585 
order of, 574 
overview, 574—582 
power series and, 718-719, 723e 
second-order, 581—582e 
separable, 591-598 
Differentials, 280—281, 282e 
change and, 954—957, 955 


logarithmic, 960—961e 
with more than two variables, 958e 
Differentiation 
implicit, 190-198 
inverse relationship with integration, 
359-365 
limits and, 54 
logarithmic, 205-206, 207e 
of power series, 699-702, 703e, 718-719 
Differentiation rules, 141—151 
Constant Multiple Rule, 143 
Constant Rule, 141—142, 150e 
Difference Rule, 144 
Generalized Sum Rule, 144 
Power Rule, 142, 146, 150-15le 
Sum Rule, 143-145 
Diminishing returns to scale, 180e 
Direction field analysis, 600, 600-601 
Direction fields, 582—585, 583, 588—589e, 
590e, 615e 
for logistic equation, 585, 585 
for nonlinear differential equation, 584, 
584-585 
in predator-prey model, 6/2 
sketching by hand, 584 
Direction of vector, 777, 778 
Directional derivatives, 938—939, 938—940, 
947e, 948e, 98 le 
computing with gradients, 941—942, 
947—948e 
interpreting, 943—944, 944, 948e 
in three dimensions, 946 
Directions of change, 942—944, 948e, 949e 
Directrix, 761, 762, 766, 766—767 
Discontinuity 
classifying, 112e 
from graph, 109e 
identifying, 102 
infinite, 102 
jump, 102 
points of, 101-102, 125e 
removable, 102, 112e 
Discriminant, 963 
Disk/washer method, 413—414, 414—417, 
420-42 1e, 430-431 
Displacement, 169 
approximating, 326—328, 328, 328t, 336e 
by geometry, 387e 
oscillator, 514e 
position, distance, and, 499e 
position, velocity, and, 390, 390-392, 
391 
from table of velocities, 337—338e 
from velocity, 340e, 386e, 388e, 
391-392, 392, 399e, 498e 
from velocity graph, 339e 
Distance, 568e 
displacement, position, and, 499e 
from plane to ellipsoid, 961e 


between point and line, 810e, 812e 
from point to plane, 894—895e 
traveled by bouncing balls, 627e 
in xyz-space, 792-793, 793 
Distance formula, 895e, 1174 
Distance function, gradient of, 983e 
Distance traveled, 391, 397 
Distributive properties, 784, 804, 811e, 813 
Divergence, 680e, 1070, 1120-1123, 7121, 
1127-1128e, 1129e, 1169e 
of the curl, 1125 
from graphs, 7122, 1122-1123, 1128e 
of improper integral, 560, 565 
of infinite series, 623, 624 
Product Rule for, 1127 
properties of, 1125 
of radial vector field, 1121—1123 
of rotation field, 1129e 
of sequence, 620, 628, 636 
two-dimensional, 1111 
Divergence form of Green’s Theorem, 1110 
Divergence Test, 648, 648-649, 659e, 677t 
Divergence Theorem, 1120, 1155-1159, 
1164 
computing flux with, 1157-1158, 
1164-1165e 
Gauss’ Law, 1162—1163, 7163, 
1165—1166e 
for hollow regions, //6/, 1161—1162 
interpretation of divergence using mass 
transport, 7158, 1158-1159 
proof of, 1159-1161 
with rotation field, 1157, 1164e 
verifying, 1156-1157, 1164e 
Divergent series, properties of, 660e 
Division, with rational fractions, 505, 507e 
Domain, 823, 827e, 980e 
of function, 1, 7, 2—3, 2—3, 10e 
of more than two variables, 902, 906e 
of two variables, 896, 596 
open and/or unbounded, 968, 969-970e 
of polynomial, 12 
Dominoes, stacking, 66le 
Dot Product Rule, 832 
proof of, 833 
Dot products, 801-812, 1120 
angles and, 804, 808e 
applications, 807—808 
defined, 802 
forms of, 802—804 
orthogonal projections, 805—806, 
805—807, 808—809e 
parallel and normal forces, 807—808, 
607—808, 809e 
properties of, 804, 811e 
work and force, 807, 807, 809e 
Double-angle formulas, 41 
Double glass, 646e 
Double-humped functions, 240e 


Double integrals, 985, 1064e, 1066e, 1069e, 
1118e 
with change of variables given, 1056, 
1057, 1057—1058, 1057t 
finding area by, 7000, 1000-1001 
line integrals as, 1112 
over general regions, 994—1005 
over nonrectangular regions, 997 
over rectangular regions, 984—994 
in polar coordinates, 1005-1015 
volume and, 986 
Doubling time, 473—474, 480e 
Down syndrome exponential model, 202, 
202t 
Drugs 
dosing, 599-600, 604e 
periodic, 637e, 646e 
elimination of, 627e 
half-life of, 477-478, 479e, 480e, 633-634 
infusion of, 582e, 590e 
Dummy variables, 333, 355 


E 
e% derivative of, 156 
e“, estimating the remainder for, 691 
Eagle flight, 855, 1085 
Earned run average, 905e 
Earth—Mars system, 751—752e 
Earthquake magnitude, 207e 
Eccentricity, 766, 766-767 
Eccentricity-directrix approach, 776e 
Eccentricity-Directrix Theorem, 766, 77 le, 
1182 
Ecological diversity, GP67 
Economic models, 976—977, 976—977 
Economics, GP5, GP13, GP19, GP44, GP68 
utility functions in, 936e 
Eiffel tower, GP70 
Eiffel Tower property, 569e 
Eigenvalue problem, 31 le 
Elasticity, 254e 
Electric field integrals, GP70 
Electric field vectors, 778 
Electric fields, 80e, 531e, 1079e 
Gauss’ Law for, 1165—1166e 
Electric potential function, 905e, 927e, 
949e, 982e, 1129e 
in two variables, 901—902, 902 
Electrical resistors, 960e 
Electron speed, 819e 
Electrostatic force, 159—160e 
Element of area, 997 
Elevation 
average, 372, 372, 374e 
changes in, 323e 
Ellipse(s), 734-735, 735, 737e, 761, 
763-765, 769, 772e, 776e, 851e, 
1064—1065e, 1182 
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arc length of, 557e 
area of, 530e, 776e, 958e, 1015e, 1110 
area of roof over, 1138, 7138 
confocal, 773e 
Eccentricity-Directrix Theorem and, 766 
equations of, 764-765, 765, 767, 770e, 
773e 
evolute of, 736e 
parametric equations for, 737e, 773e 
properties of, 767 
speed on, 849—850e 
tangents and normals for, 878e 
tilted, 894e 
Ellipsis, 617 
Ellipsoid, 435e, 772e, 887, 887, 891t, 893e, 
897 
distance from plane to, 96le 
inside a tetrahedron, 971e 
surface area of, 450e, 1169e 
volume of, 982e, 1026e, 1043e 
Ellipsoid-plane intersection, 895e 
Elliptic cones, 890, 890, 891t, 893e 
Elliptic curves, 265e 
Elliptic cylinder, 885, 886 
Elliptic hyperboloid, 888 
Elliptic integrals, 724e, GP37 
Elliptic paraboloid, 887-888, 8688, 89 It, 
893e, S97 
End behavior, 89, 93, 93-97, 95—97, 99e, 
100e, 126e 
Endangered species, 400e 
Endowment model, 604e 
Endpoints, continuity at, 104 
Energy, 140e, 181e, 189e, 324e, 402-403e 
conservation of, 936e, 1106e 
consumption of, 479e 
Enzyme kinetics, GP12 
Epitrochoid, 738e 
Equality 
of mixed partial derivatives, 921, 926e 
of vectors, 777, 778, 781 
Equation 
Bernoulli, 605e 
Cauchy-Riemann, 929e 
chemical rate, 597e 
of circle, 750e, 1175 
difference, 601 
differential (See Differential equations) 
of ellipse, 764-765, 765, 767, 770e, 773e 
Gompertz, 582e, 597e, 607, 613e, 614e 
heat, 928e 
of hyperbola, 765, 771e, 773e 
Laplace’s, 928e, 981e, 1115 
of line, 821—822, 821—822, 826—-827e, 
1176-1177 
of line segment, 822, 822, 827e 
linear, 1176, 1178e 
linear differential (See Linear differential 
equations) 
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Equation (continued) 
Lotka-Volterra, 610 
Maxwell’s, 1130e 
of motion, 848e 
Navier-Stokes, 1130e 
of parabolas, 762, 762, 763, 770e 
parametric (See Parametric equations) 
of plane, 880-882, 892e, 980e 
of simple plane, 792, 792 
of sphere, 793, 793—794, 800e 
of tangent plane, 952 
vector, 789e, 818—819e 
wave, 928e 
Equilibrium, 595 
stable, 585 
unstable, 585 
Equilibrium solutions, 584, 590e, 601, 
616e 
Equipotential curves, 1076—1077, 1077, 
1078e 
Equipotential lines, 1119e 
Equipotential surfaces, 1076—1077 
Error(s) 
absolute, 549, 556e 
in approximation, 283e, 694e 
in Euler’s method, 587, 587t, 589e 
in linear approximation, 277—278 
manufacturing, 958 
in Midpoint and Trapezoid Rules, 
552-553, 555 
Newton’s method and, 306 
in numerical integration, 555, 571e 
relative, 549, 556e 
in Simpson’s Rule and Trapezoid Rule, 
554-555 
Error function, 725e 
Escape velocity, 569-570e 
Estimating remainder, 690—692 
Euler, Leonhard, 27, 146 
Euler’ s constant, 66le 
Euler’s formula, GP50 
Euler’ s method, 586—588, 587t, 589e, 616e, 
GP35 
convergence of, 590e 
stability of, 590-591e 
Even functions, 8, 8, 12e, 240e, 370 
derivatives of, 190e 
differences of, 412e 
integrals of, 369-371 
Even quartics, 254e 
Even root functions, 16, /6 
Evolute of ellipse, 736e 
Existence theorem, 580 
Expansion point, 694e 
Explicit formula, 618—619, 625e 
Explicitly defined surfaces, surface integrals 
on, 1137-1139, 1139t, 1144e 
Exponential curve, arc length of, 438 
Exponential decay, 477-478, 479-480e 


Exponential derivatives, 156, 158e 
Exponential distribution, 1026e, GP32 
Exponential functions, 13, 26—28, 52e, 
441e, 466-468, 703e, GP14, GP28, 
GP34, GP43 
continuity of, 106, 107 
derivatives of, 199—209, 207e, 467—468, 
470e 
with other bases, 468—469 
graphs of, 37e 
integrals of, 467—468, 470e 
with other bases, 468—469 
inverse relation between logarithmic 
functions and, 32-34, 37e 
natural, 27—28, 28 
properties of, 27, 27, 467 
Exponential models, 202, 202t, 207e, 
472-481 
exponential decay, 477—478, 479—480e 
exponential growth, 472-473, 472-476, 
479e, 480-48 le 
Exponential regression, 202 
Exponents 
Power Rule for rational, 194—195, 196e 
rules for, 26 
towers of, 325e 
Extended Power Rule, 150—15le, 155, 
158e, 194 
Extreme points, 245 
Extreme Value Theorem, 233 
Extremum (extrema), 231 
local, 234 
Eye, relative acuity of, 24e 


F 


Factorial functions, 26e 

Factorial sequence, 634 

Factoring formulas, 6 

Factorization formula, 79e 

Fermat, Pierre de, 234, 670e, 1174 

volume calculation, 422e 

Fermat’ s Principle, 274e 

Ferris wheels, 226e, 273e 

Fibonacci sequence, 639—640e 

Finance, GP42, GP44, GP45 

Financial model, 474—475 

Finger curves, 751e 

Firing angles, 849e 

First derivative test, 244, 251e 

First-order differential equations, 
575, 616e 

First-order linear differential equations, 
special, 598—605 

Fish harvesting, 604e, 638e, 646e 

Fish tank, volume and weight of, 1069e 

Fixed cost, 174 

Fixed point iteration, GP9, GP41 

Fixed points, 310e, 31 le 


Flight 
of eagle, 855, 1085 
of golf ball, 845 
time of, 844-846, 85le 
Floating-point operations, 960e 
Floor function, 68e 
Flow, 1070, 1071 
in cylinder, 960e 
in ocean basin, 1118—1119e 
from tank, 579, 579-580 
through circle, 810e 
Flow curves, 1071, 1076, 1077 
Flow field, flux across curves in, 1097e 
Flow rate, 322e, 340e 
variable, 499e 
Fluid flow, 933—934, 935e 
Flux, 1168e, 1169e, 1170e 
across boundary of annulus, ///3, 
1113-1114 
computing with Divergence Theorem, 
1157-1158, 1164—-1165e 
from graphs, 1128¢e 
for inverse square field, 1161—1162 
on tetrahedron, 1145e 
of two-dimensional flows, 7093, 
1093-1094 
of vector field, 1091—1094, 7092-1094, 
1096e, 1097e 
Flux form of Green’s Theorem, 1110-1112, 
1113, 1113-1114, 1117e, 1118e 
Flux integrals, 1119e, 7740, 1140-1143, 
1166e, 1169e, 1170e 
Focal chords, 773e 
Focus (focii), 766 
of ellipse, 763, 763, 767 
of hyperbola, 765, 765, 767 
of parabola, 761, 762 
Folium of Descartes, 736e 
Force(s) 
on building, 460e 
centripetal, 816 
on dam, 50le 
on inclined plane, 800e 
net, 789e, 790e 
normal, 807—808 
orientation and, 462e 
parallel, 807—808, 808 
pressure and, 456—458 
on proton, 816—817, 817 
on window, 460—46l1e 
work and, 807 
Force fields, 1070, 7071 
inverse, 1096—1097e 
work done in, 1089, 1105e 
Force vectors, 786, 786—787 
Formula(s) 
Chain Rule, 182—184 
curvature, 863, 864—866, 874e 
for curves in space, 873 


distance, 895e, 1174 
in xyz-space, 793 
double-angle, 41 
factoring, 6 
factorization, 79e 
Green’s, 1166e 
half-angle, 41 
Heron’s, 959e 
integral, 484, 490, 497-498e 
integration, 503t 
Lorentz contraction, 79e 
reduction, 510, 513e, 518-520, 522e, 
547e 
representing functions using, 12-13 
Stirling’s, 302e 
surface area, 444—448, 1145e 
torsion, 876e 
Forward orientation, 730, 1085 
Fourier series, GP53 
Fourier’s Law of heat transfer, 1166e 
Four-leaf rose, 746, 746 
Fovea centralis, 24e 
Fractal, snowflake island, 646—647e 
Fractional power law, 70, 73, 1179 
Fractional powers, 542e 
Fractions 
continued, 639e 
partial, 533-542 
rational, division with, 505, 507e 
Free fall, 173, 395, 480e, 582e, 590e, 597e 
Frenet, Jean, 870 
Frenet-Serret frame, 870 
Fresnel integrals, 369e, 725e 
Frustum of a cone, 443, 443, 444 
surface area of, 450e 
volume of, 1026e, 1043e 
Fubini’s Theorem, 989, 997, 1007, 1017, 
1036-1037 
Fuel consumption, 499e 
Function(s), 1—53 
absolute value, 239e, 340e 
algebraic, 13, 72, 96, 96 
applications of, GP3, GP4 
approximating change in, 955, 958e 
approximating with polynomials, 
682-694 
arc length, 858—859 
area, 18, 18-19, 22e, 354—357, 355 
average value of, 371-372, 372, 373 
Bessel, 725e 
ceiling, 68e 
circular, 481 
composite (See Composite functions) 
composition of three or more, 185—186 
constant (See Constant functions) 
correspondences with sequences/series, 
625t 
cost, 174, 175 
decreasing, 240, 240-243, 25le 


defined, 1 
by integrals, 368e 
as series, 647e 
demand, 14, /4, 2le, 254e 
error, 725e 
even, 8, 8, 12e 
exponential (See Exponential functions) 
factorial, 26e 
floor, 68e 
greatest integer, 68e 
growth rate, 297—299, 605—606 
harmonic, 928e, 1167e 
Heaviside, 68e 
hyperbolic (See Hyperbolic functions) 
increasing, 240, 240-243, 25le 
integrable, 345 
inverse (See Inverse functions) 
inverse trigonometric (See Inverse trigo- 
nometric functions) 
with jump, 64 
limits of (See Limits) 
linear (See Linear functions) 
logarithmic (See Logarithmic functions) 
monotonic, 240 
multivariable (See Multivariable 
functions) 
natural exponential, 13, 27—28, 145, 
145-146 
natural logarithmic, 13 
nondecreasing, 240 
nonincreasing, 240 
objective, 265—266 
odd, 8, 9, 12e, 190e, 240e, 369-371, 370 
one-to-one, 28—29, 35e 
periodic, 42 
piecewise, 15, 75 
piecewise linear, 22e, 5le 
polynomial, 71—72 
potential, 7075, 1075-1076, 1099-1101, 
1104—-1105e 
power, lle, 15, 76, 142 
rational (See Rational functions) 
representing, 12—26 
as power series, 721—722, 724e 
using formulas, 12-13 
using graphs, 13—15 
using tables, 17 
using words, 17—19 
revenue, 180e 
review, 1—12 
root, 16, 76, Sle 
secant lines, 5—7 
of several variables (See Multivariable 
functions) 
sine integral, 363—365, 363-365 
smooth, 831 
step, 68e 
stream, 1114-1115, 1118e, 1130e 
superexponential, 265e, 297, 325e 
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symmetry in, 7—9 
Taylor series for, 704—708 
of three variables 
average value of, 1022-1023 
limits of, 914, 915—916e 
partial derivatives and, 921—923, 926e 
tower, 203, 297 
transcendental, 13, 96—97, 97, 98e, 99e, 
106, 106-107, 110e 
transformations of, 79—20, 19—21, 23e 
trigonometric (See Trigonometric 
functions) 
of two variables, 895—896, 596 
applications, 901—902 
composite functions, 913—914 
continuity of, 912—914, 915e 
derivatives with two variables, 
917—9168, 917—920 
limit laws for, 909 
limit of, 907, 907—909, 914-915e 
limits of 
at boundary points, 910-911, 970-911, 
915e 
vector-valued (See Vector-valued func- 
tions (vector functions)) 
zeta, 660e 
Fundamental Theorem for Line Integrals, 
1101-1103, 1107, 1164 
Fundamental Theorem of Algebra, 12 
Fundamental Theorem of Calculus, 
357—365, 358, 1107, 1164 
area functions, 354-357, 355 
Green’s Theorem as, 1119e 
proof of, 364-365, 364-365 
Future value 
net change and, 396-398 
of position function, 393-395 


G 

Gabriel’s horn, 563 

Gamma function, 570e 

Gas mileage, 150e 

Gasoline, pumping, 455—456, 456 

Gateway Arch, 375e, 44le 

Gauss, Carl Friedrich, 810e 

Gauss’ Law, 1162-1163, //63, 

1165—-1166e 

Gaussians, 570e 

Generalized Mean Value Theorem, 289e 

Generalized Sum Rule, 144 

General linear equation, 1176 

General partition, 343 

General Power Rule, 202—204, 207e, 

469-470 

General Riemann sums, 343—344 

General rotation vector field, 1124 
curl of, 7124, 1124-1125 

General Slicing Method, 987 
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General solutions, 317, 615e 
of differential equation, 575-576, 580e, 
58le 
Geographic center, 1053e 
Geometric-arithmetic mean, 81 le 
Geometric limit, 302e 
Geometric mean, 48 le, 979e 
Geometric probability, 410-41 le, GP23 
Geometric sequences, 630—632, 631, 637e 
Geometric series, 617, 641—643, 644e, 
669e, 677t, 678e 
as power series, 695, 695, 726e 
power series from, 726e 
Geometric sums, 641, 644e 
Geometric sums/series, GP42, GP43, GP44, 
GP45 
Geometry, GP16, GP20, GP21, GP27, 
GP30, GP33, GP54, GP55, GP56, 
GP57, GP58, GP60, GP64, GP71, 
GP73 
area by, 354e, 386e, 387e 
area function by, 387e 
calculus and, 407—408, 407-408 
of cross product, 813, 813 
evaluating definite integrals using, 
346-347, 346-347 
of implicit differentiation, 937e 
of substitution, 382, 382—383 
Gini index, 41 le, GP19 
Gliding mammals, 275e 
Global maximum/minimum, 231 
Golden earring, 1053e 
Golden Gate Bridge, 441e, 772e 
Golden mean, 640e 
Golf ball, flight of, 845, 850 
Golf slice, 828e 
Gompertz equation, 582e, 597e, 613e, 614e 
Gompertz growth model, 607 
Gradient fields, 1075—1076, 1075—1076, 
1078e, 1130e 
in R?, 1167e 
in R°, 1168e 
Gradient rules, 950e 
Gradient vector, 880, 941, 941—942, 982e, 
983e 
computing directional derivatives with, 
941-942, 947-948e 
interpretations of, 942—943, 942—944 
level curves and, 944—945 
in three dimensions, 945—946, 
948-949e 
in two dimensions, 941—945 
Graphing calculators/utilities, graphing 
functions on, 14, 255, 263e, 265e 
finding limits with, 115, 716 
polar coordinates with, 748, 749—750e 
Graphing functions, 255-265 
calculators and analysis, 255 
guidelines, 255-262, 257—262 


Graphs/graphing 
approximating area from, 339e 
area functions from, 368e 
of composite functions, 5, 10e, 12e 
of cylinders, 885—886, SS6 
definite integrals from, 347, 347 


of derivatives, 134-135, 134-135, 138e, 


149e 
discontinuities from, 109e 
divergence from, 7122, 1122-1123, 
1128e 
of ellipses, 764, 764, 770e 
flux from, 1128e 
of functions, 1 


of more than two variables, 903, 903 


of two variables, 896—901, 897—901 

of hyperbolas, 766, 766, 771e 

of hyperbolic functions, 483-484, 
483—484 

of inverse cosine, 45, 45 

of inverse functions, 32, 32 

of inverse sine, 45, 45 

limits from, 67, 61—63, 63, 65—66e, 
67e, 69e 

of natural logarithm, 464 

net area from, 352e 

of parabolas, 763, 763, 770e 

of piecewise functions, 15, 75 


in polar coordinates, 743—748, 744-748, 


749e 
Cartesian-to-polar method for, 744 
of polynomials, 257-258, 258, 263e 


of rational functions, 258—260, 259, 260, 


263e 


representing functions using, 73, 13—15 


symmetry in, 7, 8, lle 
transformations of, /9—20, 19-21, 23e 
transforming, 43, 43 
of trigonometric functions, 42, 42 
Gravitation, Gauss’ Law for, 1166e 
Gravitational field, 1042—1043e, GP74 
motion in, 173, 396, 577—578, 581e 
two-dimensional motion in, 824—826, 
842-846, 848e 
work in, 46le 
Gravitational force, 160e 
due to mass, 1079e 
lifting problems and, 453 


Gravitational potential, 949e, 1106e, 1129e 


Gravity 
motion with, 319-320, 321e, 324e 
variable, 403e 

Grazing goat problems, 760e, GP57 

Greatest integer function, 68e 

Green’s First Identity, 1166e 

Green’s formula, 1166e 

Green’s Second Identity, 1166e 

Green’s Theorem, 1107—1119 
calculating area by, 1109-1110, 1117e 


circulation form of, 7107, 1107—1110, 
1112, 1112-1114, 1117e, 1118e, 
1164 
Divergence Theorem and, 1156 
flux form of, 1110-1112, 7113, 
1113-1114, 1117e, 1118e 
as Fundamental Theorem of Calculus, 
1119e 
for line integrals, 1168e 
proof of, on special regions, 7115, 
1115-1117 
Stokes’ Theorem and, 1146, 1147 
stream function, 1114-1115, 1118e 
Gregory series, 720 
Grid points, 329 
Growth. See also Exponential growth 
absolute, 472, 479e 
linear, 472—473 
Growth models, 173—174 
Growth rate, 228e, 324e, 402e, 472 
average, 173—174 
of functions, 297—299 
instantaneous, 157, 174 
ranking, 299 
relative, 208—209e, 472, 479e 
of sequences, 634—635, 638e 
Growth rate function, 605—606, 612e, 
614e 


H 


Hadamard, Jacques, 297 
Hailstone sequence, 640e 
Half-angle formulas, 41 
Half annulus, circulation on, 7112, 
1112-1114 
Half-life, 477—478 
Harmonic functions, 928e, 1167e 
Harmonic series, 649—651, 650, 650t, 
66le 
alternating, 670-671, 671, 672 
Harvesting model, 578, 578-579, 581e, 
604e 
Head of vector, 777 
Headwind, flying into, 1096e 
Heat equation, 928e 
Heat flux, 810e, 1096e, 1129e, 1145e 
Heat transfer, 1166e 
Heaviside function, 68e 
Height, 38e, 851e 
maximum, 844—846 
normal distribution of, 558e 
volume vs., 264e 
Helical trajectory, 849e 
Helix, 823—824, 824, 855 
curvature of, 865—866 
principal unit normal vector for, 867, 
867—868 
torsion of, 872—873, 873 


Hemisphere 
cylinder, cone, 423e 
flux across, 1169e 
volume of, 434e, 1042e 
Hemispherical cake, 1014e 
Heron’s formula, 959e 
Hessian matrix, 963 
Hexagonal circle packing, 810-81 le 
Hexagonal sphere packing, 811e 
Higher-order derivatives, 147—148, 149e, 
159e, 208e, 229e 
of implicit functions, 194 
Higher-order partial derivatives, 920-921, 
920t 
Higher-order trigonometric derivatives, 
166, 169e 
Hollow regions, Divergence Theorem for, 
1161, 1161-1162 
Hooke’s law, 452, 453 
Horizontal asymptotes, 3, 98e, 100e, 126e 
limits at infinity and, 89, 89-90, 90 
of rational function, 17 
Horizontal line test, 29, 29 
Horizontal lines, 1176 
Horizontal plane, 1028t, 1035t 
Horizontal scaling and shifting, 21, 2/ 
Horizontal tangent line, 204, 204, 208e 
House loan, 646e 
Hurricane wind patterns, 1070, 7071 
Hydrostatic pressure, 457 
Hyperbola(s), 738e, 761, 765-766, 
765—766, 769, 772e, 1182 
anvil of, 773e 
confocal, 773e 


Eccentricity-Directrix Theorem and, 766 


equations of, 765, 771e, 773e 
properties of, 767 
tracing, 77le 
Hyperbolic cap, volume of, 772e 
Hyperbolic cosecant, 482 
Hyperbolic cosine, 99e, 440, 482, 498e 
Hyperbolic cotangent, 482 
Hyperbolic field, work in, 1096e 
Hyperbolic functions, 481-498, GP28 
applications, 491-493, 495-497e 
defined, 482 
derivatives and integrals of, 484-486, 
494e, 495e, 497-498e 
graphs of, 482—484, 483-484 
identities of, 482—484, 494e 
inverse, 487, 487—489 
derivatives of, 489—491 
trigonometric functions and, 481—482 


Hyperbolic paraboloid, 889, 889-890, 891t, 


893e, 963, 963, 1014e 
Hyperbolic secant, 482 
Hyperbolic sine, 99e, 440, 482, 498e 
Hyperbolic tangent, 482 
inverse, 545 


Hyperboloid 
elliptic, 888 
of one sheet, 888, 889, 891t, 893e 
solids bounded by, 1012e 
of two sheets, 890, 890, 891t, 893e 
Hypervolume, 1027 
Hypocycloid, 733, 733, 738e 
length of, 565, 565-566, 854, 854 


I 
Ideal flow, 1115, 1118e 
Ideal fluid flow, GP75 


Ideal Gas Law, 283e, 907e, 922—923, 926e, 


936e 
Identity, 168e, 494e, 515e, 819e, 994e 
of hyperbolic functions, 482—484 
Pythagorean, 516 
Image, 1055, 1063e 


Implicit differentiation, 190-198, 937e, 981e 


Chain Rule and, 932—934, 935e, 937e 


higher-order derivatives of implicit func- 


tions and, 194 
Power Rule for rational exponents and, 
194-195, 196e 
slopes of tangent lines and, 193, 196e 
Implicit Function Theorem, 933 
Implicit functions, 739e 
Implicit solution, 593, 596e 
Improper integrals, 438, 503, 559-570, 
571e, 1004—1005e, 1014e 
infinite intervals, 559, 559-563, 561, 
567—568e 
unbounded integrands, 563, 563-567, 
565, 568e 
Inconclusive tests, 965—966, 969e 
Increasing functions, 240, 240-243, 251e 
Indefinite integrals, 313—315, 320e, 322e, 
324e, 494e, 495e, 503t, 547e 
integration by parts for, 508—511 
Substitution Rule and, 377—380, 383e 
of trigonometric functions, 315-316, 
320e 
of vector-valued functions, 834, 836e 
Independent variable, 1 
Indeterminate forms, 84, 107, 290 
œ — œ, 293-295, 300e, 302e 
œ / œ, 293, 300e 
0- œ, 293-295, 300e 
0/0, 290-292, 300e 
1”, 0”, ©°, 295-296, 300-301e 
Index 
Gini, 41 le 
of sequence, 617 
in sigma notation, 333 
Indifference curves, 936e, 977 
Inequalities 
with absolute value, 1174, 1178e 
solving, 1172-1173, 1178e 
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Infinite limits, 80—89, 119-120, 122e, 125e 
defined, 81, S/ 
finding analytically, 83—86, 83t, 86e, 
87—88e 
finding graphically, 83, 53, 86—87e, 88e 
at infinity, 98e 
one-sided, 82, 82 
two-sided, 82, 82, 119 
Infinite products, 669—670e 
Infinite series, 622, 622—624, 640—647, 678e, 
GP47, GP48, GP49, GP53. See also 
Alternating series; Power series 
alternating, 643 
Comparison Test, 664—665, 668—669e 
convergence test guidelines, 668 
correspondences with functions, 625t 
defined, 617 
Divergence Test, 648, 648-649, 659e 
estimating value of, 654—657, 655 
evaluating, 720-721, 723-—724e 
geometric series, 641—643, 644e 
harmonic series, 649—651, 650, 650t, 
66le 
Integral Test, 657, 651—653 
Limit Comparison Test, 666—667, 
668—669e 
p-series, 653-654, 656, 657, 659e, 
660—66le 
properties of convergent series, 657-659, 
659e 
Ratio Test, 662—663, 668e 
Root Test, 663—664, 668e 
telescoping series, 643—644, 645e 
Inflection points, 246-250, 496e, 694e 
Initial conditions, 317, 575, 842 
Initial value problems, 317, 318, 321e, 575, 
576-577, 580-58 1e, 595e, 599—600, 
603e, 615e 
Instantaneous growth rate, 157, 174 
Instantaneous rate of change, 127, 128, 129 
Instantaneous velocity, 54, 56, 57, 58, 
59—60e, 170, 227e, 838 
Integers 
sum of squared, 26e 
sums of positive, 333 
Integrable functions, 345, 995 
Integrals, 54, 1002e, 1015e, 1066e 
of absolute value, 349-350 
arc length, 86le 
area, 1004e 
average value of a function, 371—372 
bounds on, 376e 
change of variables in multiple, 
1054-1066 
constants in, 348, 354e 
in cylindrical coordinates, 1039—1040e, 
1068e 
definite (See Definite integrals) 
derivatives of, 361—362, 369e 
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Integrals (continued) 
double (See Double integrals) 
elliptic, 724e 
evaluating without Fundamental Theo- 
rem of Calculus, 548e 
of exponential functions, 467—468, 470e 
flux, 1140, 1140-1143 
Fresnel, 369e, 725e 
functions defined by, 368e 
geometry of, 388e 
of hyperbolic functions, 484—486 
improper (See Improper integrals) 
indefinite (See Indefinite integrals) 
integrating even and odd functions, 
369-371 
involving a? — x7, 523-525, 524 
involving a + x* or x? — a*, 525-526, 
525-529, 525t 
iterated, 987—988, 987—990, 991—992e, 
995-997 
line (See Line integrals) 
for mass calculations, 1043-1053 
Mean Value Theorem for, 372—373, 374e 
with natural logarithm, 465 
over boxes, 1023—1024e 
over subintervals, 348—349, 348-349 
probability as, 471e 
properties of, 352—353e, 388e 
in spherical coordinates, 1040-104 le, 
1068e 
of sum, 348 
surface (See Surface integrals) 
symmetry in, 370-371, 374e, 375e, 
GP20 
of tangent, cotangent, secant, and cose- 
cant, 519—520, 521—522e 
triple, 1015-1027 
in cylindrical and spherical coordi- 
nates, 1027—1043 
uses and applications of, GP19, GP20, 
GP21, GP23, GP24, GP25, GP26, 
GP27, GP29, GP30, GP32, GP33, 
GP37, GP38, GP40, GP47, GP51, 
GP52, GP54, GP57, GP61, GP65, 
GP72 
of vector-valued functions, 834-835, 
836e 
volume, 1019—1020, 7020 
work, 461e, J088, 1088—1089, 1095e 
Integral Test, 657, 651—653, 677t 
Integrand, 313, 344 
change of variable determined by, 717058, 
1058-1059, 1062 
unbounded, 563, 563—567, 568e 
Integration, 326-389 
applications, 390-502 
exponential models, 472—481 
hyperbolic functions, 481—498 
length of curves, 436—442 


logarithmic and exponential functions 
and, 462—472 
physical applications, 450—462 
regions between curves, 403—412 
surface area, 442—450 
velocity and net change, 390—403 
volume by shells, 424—435 
volume by slicing, 412—423 
area functions, 354—357 
areas under curves, approximating, 
326—340 
in cylindrical coordinates, 1029—1033, 
1029-1033 
definite integrals, 341-354 
Fundamental Theorem of Calculus, 
357-369 
general regions of, 994, 994—995 
inverse relationship with differentiation, 
359-365 
limits of, 54, 344, 1017, 1017—1020, 
1017t 
numerical, 548—558 
with partial fractions, 535, 538-539 
of power series, 699-702, 703e, 719-720 
with respect to x, 430 
with respect to y, 406—408, 
406-408, 409e, 431 
Riemann sums by, 387e 
in spherical coordinates, 1035—1038, 
1036-1038 
substitution rule, 377—386 
symbolic vs. numerical, 546 
techniques, 503-573 
computer algebra systems, 503, 543, 
545-546 
formulas, 503t 
improper integrals, 503, 559-570 
integration by parts, 508-515 
numerical methods, 543, 548—558 
partial fractions, 533—542 
substitution, 504—506, 506—507e 
tables of integrals, 503, 543-544 
trigonometric integrals, 515-523 
trigonometric substitutions, 523—532 
variable of, 344 
working with integrals, 369—376 
Integration by parts, 508-515, 569e, 571e, 
1166e 
for definite integrals, 511-512, 513e 
for indefinite integrals, 508—511 
Intercepts of quadric surfaces, 886 
Interest, compound, 301e, 475 
Interest payments, 474—475 
Interest rate 
finding, 108, 110e 
Interior point, 910, 970 
Intermediate Value Theorem, 107—108, 
108, 110e, 111—112e, 126e 
Intermediate variables, 930 


Internet growth, 174 
Intersecting lines, 76/, 828e 
Intersecting planes, 892e, 893e, 980e 
Intersecting spheres, 1043e 
Intersection curve, line tangent to, 959e 
Intersection points, 24e, 53e, 751e, 759e, 
715e, 716e 
finding, 306, 306-307, 309e 
Interval of convergence, 695—698, 726e 
Intervals 
absolute extreme values on any, 245-246 
bounded/unbounded, 1171, 7172 
continuity on, 104, 704, 109-1 10e, 126e 
of increase and decrease, 241, 241—243, 
242—243, 287—288 
infinite, 559—563, 567—568e 
open/closed, 1171, 7172 
symmetric, 116, 716, 117, 121—122e 
Inverse cosecant, 46, 47 
derivative of, 213, 219e 
Inverse cosine (arccosine), 43—44, 44, 48e, 53e 
derivative of, 213, 218e 
graphs of, 45, 45 
Inverse cotangent, 46, 46 
derivative of, 213, 219e 
Inverse force fields, 1096—1097e 
Inverse functions, 28—32, 35e, 36e, 48e, 
229-230e 
continuity of, 106, 107 
derivatives of, 2/5, 215—216, 2/6, 217e 
existence of, 30, 30 
finding, 30-31 
graphing, 32, 32 
integrating, 514e 
one-to-one, 28—29, 29 
Inverse hyperbolic functions, 487, 487—489 
derivatives of, 489-491 
expressed as logarithms, 488 
Inverse hyperbolic sine, 724e 
Inverse hyperbolic tangent, 545 
Inverse identities, 497e 
Inverse properties for e* and In x, 199 
Inverse relations for exponential and loga- 
rithmic functions, 32—34, 37e 
Inverse secant, 46, 47 
derivatives of, 211—213, 2/2 
Inverse sine (arcsine), 43-45, 44, 45, 48e, 
53e, 704e, GP30 
derivatives of, 209—210, 2/0, 213, 216e, 
218e 
graphs of, 45, 45 
Inverse square fields, 1166e 
flux for, 1161—1162 
Inverse square force, 1089 
Inverse tangent, 46, 46, 388e 
derivatives of, 211, 271, 213 
Inverse trigonometric functions, 13, 43—47, 
43-47, 48e 
derivatives of, 209-219 


Inverses, of quartic, 38e 

Investment problems, 111e 

Involute of circle, 736e 

Irreducible quadratic factors, partial 
fractions with, 537—540, 54le 

Irrotational, 1109 

Irrotational vector field, 1123 

Isogonal curves, 760e 

Iterated integrals, 987-988, 987-990, 
991-992e, 995—997 

Iteration, 304 


J 


Jacobi, Carl Gustav Jacob, 1056 
Jacobian determinants, 1063—1064e, 
1065e, 1069e 
of polar-to-rectangular transformation, 
1057 
of transformation of three variables, 
1060 
of transformation of two variables, 1056 
Jordan Curve Theorem, 1107 
Joule (J), 18le, 402e, 475, 807 
Jump discontinuity, 102 


K 

Kampyle of Eudoxus, 198e 

Kepler, Johannes, 855 

Kepler’s laws, GP59, GP65 

Kepler’s wine barrel problem, 271e 
Kiln design, 497e 

Kilowatt (kW), 181e, 402e 
Kilowatt-hour (kWh), 181e, 402e, 475 
Koch island fractal, 646—647e 


L 
Ladder problems, 50e, 223e, 268-269, 270e 
Lagrange multipliers, 972—979, 983e 
applications, 976—977, 978e 
with three independent variables, 
975-977, 977-978e 
with two independent variables, 973—974, 
977e 
Lamé curves, 265e, 738e 
Lamina, 1046 
Laplace’s equation, 928e, 98le, 1115 
Laplace transforms, 570e 
Laplacian, 1126, GP78 
Lapse rate, 286, 288e 
Latus rectum, 773e 
Law of 70, 480e 
Law of Cosines, 50e, 803, 927e, 
958-959e 
Law of Sines, 5le 
Leading terms, of infinite series, 657 
Least squares approximation, 970-97 le 


Least upper bound, 633, 1181 
Least Upper Bound Property, 1181 
Left-continuity, 104, 126e 
Left Riemann sums, 329-331, 330-331], 
335t, 336—-337e 
in sigma notation, 334 
Left-sided derivatives, 140e 
Left-sided limits, 62, 73, 123e 
Leibniz, Gottfried, 113, 281, 345 
Leibniz Rules, 160e 
Lemniscate, 747, 747, 151e, 752e, 775e 
area within, 1011, /0// 
of Bernoulli, 198e 
Length 
of catenary, 492, 492, 495e 
of curves, 436-442, 851-862, 852, 
557-858, 860e, 861—862e 
of DVD groove, 879e 
of hypocycloid, 565, 565-566, 854, 854 
of planetary orbits, 855, S55, 855t 
of vector, 777, 778, 781—782 
Level curves, 906e, 980e, 982e 
of functions of two variables, 898-901, 
898—901, 904e, 906e 
gradient and, 944—945, 944—945, 948e 
partial derivatives and, 926e 
Level surfaces, 903 
L’ Hopital, Guillaume François, 290 
L’ Hôpital’ s Rule, 290-302, 496e 
for form © — œ, 293-295, 
300e, 302e 
for form œ / œ, 293, 300e 
for form 0+ œ, 293—295, 300e 
for form 0/0, 290-292, 300e 
for forms 1”, 0”, ©°, 295-296, 
300-301e 
growth rates of functions and, 297-299, 
30le 
limit by Taylor’s series and, 717 
limits of sequences and, 629 
pitfalls in using, 299 
Lifting problems, 453—456 
Light cones, 894e 
Lighthouse problem, 226e 
Limaçon family, 750-751e, 775e 
Limaçon loops, 1015e 
Limaçon of Pascal, 198e 
Limit Comparison Test, 666—667, 
668—669e, 677t 
Limit laws, 70-71, 77e, 1179 
for functions of two variables, 909 
justifying, 118—119 
for one-sided limits, 73 
proof of, 916e 
Limit(s), 54—126, 496e, 981e 
absolute value, 78e 
at boundary points, 970-911, 910-912, 
915e 
calculator, 68e 
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of composite functions, 80e, 103, 109e, 
916e 
computing graphically, 83, 83, 113-114, 
114, 121e, 123e, 125e 
of constant functions, 908 
continuity (See Continuity) 
estimating, 66e 
evaluating definite integrals using, 
350-351 
of even functions, 68e 
examining graphically and numerically, 
62-63, 63, 63t, 66e 
finding from graph, 6/, 61—62, 65e, 66e, 
67e, 68e 
finding from table, 62, 62t, 66e 
of function, 61 
of three variables, 914, 915—916e 
of two variables, 907, 907—909, 
914-915e 
idea of, 54—60 
infinite (See Infinite limits) 
at infinity, 89, 89-100, 90, 98e, 120, 
123e, 124e, 125e 
end behavior, 93, 93—97, 95, 99e 
horizontal asymptotes and, 89, 
89-90, 90 
of powers and polynomials, 92 
involving transcendental functions, 107 
left-sided, 62 
of linear functions, 69, 69—70, 77e, 908 
nonexistence of, 971, 911—912, 915e, 916e 
of odd functions, 68e 
one-sided, 62—65, 63, 63t, 66e, 67e, 
72—73, 18e 
relation to two-sided, 64, 66e, 67e 
of polynomial and rational functions, 
71-72 
by power series, 727e 
precise definitions of, 713—114, 113-124 
proofs of, 117-118, 122e, 123e, 124e, 
126e, 638e 
right-sided, 62 
of sequence, 620—621, 621t, 626e, 628, 
628-629, 630, 635—636, 637e, 
679e 
properties of, 628 
slope of line tangent to graph of exponen- 
tial function, 75, 75—76, 78e 
Squeeze Theorem, 76, 76-77, 77, 
78—79e, 124e, 125e 
of sum, 345—346, 353e 
of Taylor series, 717-718, 723e 
techniques for computing, 69—80 
trigonometric, 161-163 
of trigonometric functions, 86, 86, 88e 
two-sided infinite, 119, 123e 
using polar coordinates, 916e 
for vector-valued functions, 825-826, 
827e, 829e 
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Limits at infinity, 80-81, 89—100, 98e, 120, 
123e, 124e, 125e 
horizontal asymptotes and, 89, 89-90, 90 
infinite limits at infinity, 97, 91—92 
of powers and polynomials, 92 
Limits of integration, 344 
Limits of Riemann sums, GP18 
Line(s), 799e 
equations of, 821-822, 821—822, 
826—-827e, 1176-1177 
equipotential, 1119e 
horizontal, 1176 
objects on a, 1044-1045, 105 le 
parallel, 1177, 1177, 1178e 
parametric, 731, 731-732, 736e 
of perfect equality, 411e 
perpendicular, 1177, 1177, 1178e 
in plane, 879e 
in polar coordinates, 750e 
secant, 5, 5—7, 1 le, 55—56, 89e 
skew, 827e 
in space, 820-822, 821-822, 826—827e, 
877—878e 
tangent (See Tangent lines) 
vertical, 1176 
zero curvature and, 863 
Line integrals, 1080-1097, 1105e, 1118e, 
1168e 
arc length parameter, 1081, 1094e 
area from, 1097e 
area of plane region by, 1110 
on closed curves, //03, 1103-1104, 
1105e 
of conservative vector field, 1102—1103 
of double integral, 1112 
Fundamental Theorem for, 1101—1103 
parameters other than arc length, 
1082-1084 
in R?, 1084-1085, 1095e 
scalar, in the plane, 7080, 1080-1084, 
1094e 
Stokes’ Theorem for, 1148—1149, 1153e, 
1169e 
surface integrals and, 1131 
of vector fields, 1085—1089, 7086 
circulation and flux of, 1089-1094, 
1090-1094, 1096e, 1097e 
Line segment 
equation of, 822, 822, 827e 
midpoint of, 790e, 793 
Linear approximation, 276, 276—280, 282e, 
283e, 323e, 683, 683—684, 692e, 
953, 953—954, 958e, 982e 
uses of, 280 
Linear combinations, 789e 
Linear density, 451 
Linear differential equations, 574-575 
direction field for, 583—584, 583—584 
special first-order, 598—605 


Linear equation, 1176, 1178e 
Linear factors 
partial fractions with simple, 534—536, 
540e 
repeated, 536-537, 540e 
Linear functions, 31 
area functions for, 366e 
continuity of, 122e 
graphs of, 14 
inverses, derivatives and, 215 
limits of, 69, 69—70, 77e, 118, 908 
Mean Value Theorem and, 289e 
Riemann sums for, 340e 
Linear growth, 472—473 
Linear independence, 790e 
Linear trajectory, 849e 
Linear transformations, 1065e 
Linear vector fields, 1106e 
Lissajous curves, 738e, GP55 
Loan, paying off, 601, 603e, 604e 
Local extrema, 234, 961—963 
implies absolute extremum, 245 
Newton’s method and, 307, 307t 
second derivative test for, 249—250 
Local extreme points, 694e 
Local Extreme Point Theorem, 234, 240e 
Local maxima/minima, 17, 233—235, 
233-235, 237e, 961—963 
identifying, 243—246, 243—246 
Log integrals, 514e 
Logarithm 
inverse hyperbolic functions expressed 
as, 488 
natural, 463 
of power, 464 
of product, 464 
of quotient, 464 
Logarithm base b, 513e 
Logarithm formula, 498e 
Logarithm rules, 33 
Logarithmic differentials, 960—961e 
Logarithmic differentiation, 205—206, 207e 
Logarithmic functions, 13, 32-33, 52e 
base b, 32 
continuity of, 107 
derivatives and integrals with other bases, 
468—469 
derivatives of, 199—209, 205, 208e 
graphs of, 37e 
inverse relation between exponential 
functions and, 32—34, 37e 
natural, 32 
natural logarithm, 462—466 
properties of, 33, 33—34 
Logarithmic potential, 1165e 
Logarithmic p-series, 681e 
Logarithmic scales, GP8 
Logarithm integrals, 572e 
Logistic map, GP41 


Logistic models, 208e, 582e, 589e, 
594-595, 596e, 597e, 606, 613e, 
614e, 616e, GP39 

Log-normal probability distribution, 501e 

Lorentz contraction formula, 79e 

Lorenz curves, 411e 

Lotka, Alfred, 610 

Lotka-Volterra equations, 610 

Lower bound, of sequence, 633 

Lune, area of, 530e 


M 
Maclaurin, Colin, 705 
Maclaurin series, 714—715e 
convergence and, 705-707, 713, 714t 
remainder term in, 712—713 
Magnetic field, 531e 
Magnetic force on moving charge, 816-817, 
S17, 818e 
Magnitude 
of cross product, 817e 
of vectors, 777, 778, 781-782, 784, 790e 
in three dimensions, 796, 796-797, 
799e 
Major axis 
of ellipse, 737e, 764, 764 
of hyperbola, 765 
Major-axis vertices, 764 
Manufacturing errors, 958 
Marginal cost, 174-176, 175, 178e, 180e, 
230e, 400e 
Marginal product, 179-1 80e 
Marginal profit, 179e 
Marginal rate of substitution (MRS), 936e 
Mass, 1145e 
of box, 1018, 7018 
center of, 1043, 1043, 1044, 1045, 1045 
of conical sheet, 7138, 1138—1139 
density and, 340e, 451, 458e, 993e, 
1040e, 1042e, 1096e 
from density data, 1015e 
gravitational force due to, 1079e 
of one-dimensional object, 451, 458e 
of paraboloid, 7031, 1031—1032 
Mass calculations, integrals for, 1043—1053 
Mass per area, 1045 
Mass per length, 1045 
Mass per volume, 1045 
Mass transport, interpretation of divergence 
using, 7158, 1158-1159 
Mathematical modeling, GP5, GP7, GP12, 
GP13, GP14, GP15, GP22, GP24, 
GP25, GP26, GP27, GP29, GP32, 
GP34, GP36, GP38, GP39, GP40, 
GP42, GP43, GP44, GP45, GP59, 
GP61, GP65, GP66, GP67, GP68, 
GP70, GP72, GP74, GP75, GP76, 
GP77 


Maxima/minima, 23 1—240 
absolute, 231—233, 232, 235-237, 237e, 
238e 
local, 17, 233-235, 233-235, 237e, 
243—246, 243—246 
Maximum/minimum problems, 961—971 
Maxwell’s equation, 1130e, GP76 
Mean Value Theorem, 285—288, 288e, 
289e, 324e, 716e, 852 
consequences of, 287—288 
generalized (Cauchy’s), 289e 
for integrals, 372—373, 374e 
Means by tangent lines, GP21 
Medians, of triangle, 800—801le 
Megawatts, 181e, 402e 
Mercator, Gerardus, 522 
Mercator, Nicolaus, 701 
Mercator map projection, 522—523e 
Mercator projection, GP33 
Mercator series, 701 
Michaelis-Menton kinetics, GP13 
Midpoint Riemann sums, 329, 330, 330, 
332, 332, 335t, 337e 
with calculator, 353e 
in sigma notation, 334 
Midpoint Rule, 549, 549-551, 556e, 557e 
errors in, 552—553, 555 
Minor axis, of ellipse, 737e, 764, 764 
Minor-axis vertices, 764 
Mixed partial derivatives, 921, 926e, 928e 
Möbius strip, 1139, 7139 
Modeling with differential equations, 
605-615 
Modified Newton’s method, 310e 
Moments of inertia, GP73 
Monk and the mountain problem, 112e 
Monotonic function, 240 
Monotonic sequence, 629 
Moon 
motion on, 849e 
paths of, 738e 
Motion, 838-851 
antiderivatives and, 318—320 
circular, 540, 840-841, 849e 
with constant |r|, 841 
in gravitational field, 173, 396, 577-578, 
581e, 842—846, 842-846, 848e 
with gravity, 319-320, 321e, 324e 
on moon, 849e 
one-dimensional, 169—173 
parabolic, 224e 
position, velocity, speed, acceleration, 
538, 838-840, 847-848e 
projectile, 846—847, 847, 878e 
straight-line, 840-841 
three-dimensional, 546, 846—847, 
848-849e 
Multiple integration, GP69, GP70, GP71, 
GP73, GP74 


Multiplication 
by one, 506 
scalar, 778—779, 782, 787e 
in R?, 795 
by zero scalar, 784 
by zero vector, 784 
Multiplier effect, 646e 
Multivariable functions, 880, 902—903, 
902t, 903, 984—1069 
Chain Rule, 929—937 
change of variables in multiple integrals, 
1054-1066 
continuity, 912—914, 915e 
double integrals 
over general regions, 994-1005 
over rectangular regions, 984—994 
in polar coordinates, 1005—1015 
functions of more than two variables, 
902—903, 902t, 903, 984—1069 
functions of three variables, 914, 915e 
functions of two variables, 895—902, 896 
level curves, 898—901, 898—901, 904e, 
906e 
limits, 907—912, 914-916e 
partial derivatives, 917—929 
triple integrals, 1015—1027 
in cylindrical and spherical coordi- 
nates, 1027—1043 


N 
n-balls, GP69 
n!, GP51 
Napier, John, 33 
Natural exponential functions, 13, 27—28, 
28, 467 
derivative of, 145, 145-146 
Natural logarithm, 463 
arc length of, 542e 
base of, 465—466, 466t 
derivative of, 200-201 
properties of, 463, 463-465 
Natural logarithmic functions, 13, 32 
derivative of, 199-201 
Natural resource depletion, 401e 
Navier-Stokes equation, 1130e 
Navigation problem, 226e 
Negative integers, Power Rule extended to, 
150—-15le, 155, 158e 
Net area, 341—342, 341—342, 352e, 369e 
area vs., 354e, 387e 
definite integrals and, 361 
zero, 354e, 369e, 47 le 
Net change 
future value and, 396—398 
velocity and, 390—403 
Net force, 789e, 790e 
Net rotation, 1107 
Newton, Isaac, 113, 132, 302, 701 
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Newton (N), 807 
Newton’s Law of Cooling, 601—603, 
603—604e, 616e 
Newton’s method, 302-311, 324e, 497e, 
GP17 
deriving, 303, 303-305, 305, 305t 
modified, 310e 
number of approximations to compute, 
306-307, 307t 
pitfalls of, 308-309, 308t 
Nondecreasing function, 240 
Nondecreasing sequence, 629 
Nondifferentiability, 289e, 925, 926e 
Nonexistence of limits, 971, 911—912, 915e, 
916e 
Nonincreasing function, 240 
Nonincreasing sequence, 629 
Nonlinear differential equations, 575 
Norm, of vector, 781 
Normal components of acceleration, 868, 
508 
Normal distribution, 260—261, 261, 558e, 
720, 1015e, GP52 
Normal forces, 807—808 
Normal form of Green’s Theorem, 1110 
Normal vectors, 818e, 862, 880, 
1073-1074 
nth-degree polynomial, 12 
nth derivative, 148 
nth-order Taylor polynomial, 685 
Number e, 146 
Numeric integration, symbolic integration 
vs., 546 
Numerical analysis, 588 
Numerical differentiation, GP11 
Numerical integration, 548—558, GP31 
absolute and relative error, 549, 556e 
errors in, 555, 57le 
Midpoint Rule, 549, 549-551, 556e, 557e 
Simpson’s Rule, 554-555, 555t, 557e, 
558e 
Trapezoid Rule, 551—552, 551-554, 
556e, 557e, 558e 
Numerical methods, 303, 548—549, 588 
improper integrals by, 568e 
for integration, 543 


O 
Objective function, 265—266, 972 
Objects 
continuous, in one dimension, 
1045-1046, 105le 
sets of individual, 7043, 1043—1045 
three-dimensional, 1048—1051, 7049 
two-dimensional, 1046, 1046—1048 
Oblique asymptotes, 94—95, 95, 98e, 100e, 
765 
Octants, 791, 791 
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Odd functions, 8, 9, 12e, 240e, 370 
derivatives of, 190e 
integrals of, 369-371 
Odd root functions, 16, /6 
Oil consumption, 479e 
Oil production, 400e, 553, 553t, 554, 558e 
Oil reserve depletion, 568e 
One-dimensional motion, 169—173 
One-dimensional object, mass of, 451, 458e 
One-sided derivatives, 140e 
One-sided infinite limits, 82, 52 
One-sided limit proofs, 123e 
One-sided limits, 62—65, 66—67e, 72—73, 78e 
limit laws for, 73 
relation between two-sided limits and, 64 
One-to-one functions, 28—29, 29, 35e 
One-to-one transformation, 1056 
Open ball, 793 
Open domains, 968 
Open intervals, 1171, 7172 
Open set, 910 
Optimization, GP16, GP68 
Optimization problems, 265—275 
guidelines, 267 
Order of differential equation, 574 
Order of integration, 990, 992e 
changing, 998, 998—999, 1003e, 
1021-1022, 7021—1022, 1025e, 
1042e, 1066e, 1067e 
Orientable surfaces, 1139, 1140 
Orientation 
changing, 1096e 
of curves, 823—825, 823—825 
Oriented curve, 1085 
Origin 
symmetry with respect to, 7, 8 
of xyz-plane, 791, 79/ 
Orthogonal lines, 81 le 
Orthogonal planes, 883, 883-884, 893e 
Orthogonal projections, 605—806, 805-807, 
808—809e 
Orthogonal trajectories, 198e, 596—597e 
Orthogonal unit vectors, 810e 
Orthogonal vectors, 802, 809e 
Orthogonality, 802 
Orthogonality relations, 522e 
Oscillating motion, 180e, 189e, 264e, 31 le, 
399e, 499e, 514e, 569e, GP15 
Osculating circle, 875e 
Osculating plane, 870, 870, 871, 871-872 


P 
qr, GP46, GP49 
p-series, 653-654, 656, 657, 659e, 
660—66le, 677t 
alternating, 678e 
conditional, 680e 
logarithmic, 68le 


Paddle wheel, 1129e, 1169e 
Parabola-hyperbola tangency, 776e 
Parabola(s), 761—763, 761—763, 769, 772e, 
1182 
arc length of, 526-527, 527, 530e, 548e 
Bernoulli, 441—442e 
cosine vs., 44le 
curvature of, 865, 865 
Eccentricity-Directrix Theorem and, 766 
equal area property for, 411e, 502e 
equations of, 762, 762, 763 
extreme values of, 239e 
lines tangent to, 138e 
parametric, 729, 729t 
quadrature of the, 645—646e 
rectangle beneath, 270e 
reflection property of, 772e 
shifting, 20, 20 
tracing, 77le 
vertex property of, 26e 
Parabolic coordinates, 1065e 
Parabolic cylinder, volume of, 1024e, 1067e 
Parabolic dam, 460e 
Parabolic hemisphere, 4/3, 413—414 
Parabolic motion, 224e 
Parabolic region, 1052e 
Parabolic trajectory, 851e, 875e 
Paraboloid, 1004e 
elliptic, 887-888, SSS, 891t, 893e, 897 
explicit vs. parametric description of, 
1139t 
flux across, 1169e 
hyperbolic, S89, 889-890, 891t, 893e 
mass of, 7031, 1031—1032 
solids bounded by, 1012—1013e 
volume of, 772e, 958e, 993e 
Paraboloid cap, volume of, 1007, 1007 
Parachute problem, 788e 
Parallelepiped, 819e 
Parallel lines, 894e, 1177, 1177, 1178e 
Parallel planes, 792, 883, 883—884, 892e 
Parallel vectors, 778—779, 779, 790e, 799e, 
818e 
Parallelogram, 800e, 7134 
area of, 818e, 878e 
diagonals of, 812e 
Parallelogram Rule, 779, 779, 780, 795 
Parameter, 728, 737e, 774e 
arc length as, 858, 858-859, 860e, 
861—862e 
Parameterized surfaces, 7131, 1131-1133, 
1139t, 1143-1144e 
Parametric curves, 729, 734, 736e, 774e, 
GP54, GP55, GP61, GP62, GP64 
Parametric equation plotter, 748 
Parametric equations, 728—739 
of circles, 730, 730-731, 731t, 736e 
of curves, 732, 732—733, 736e 
derivatives and, 733—735, 734 


of ellipses, 734-735, 735, 737e, 713e 
forward or positive orientation, 730 
overview, 728—733 
Parametric lines, 731, 731—732, 736e 
Partial derivatives, 880, 917—929, 981e, 
GP66, GP67, GP68, GP75, GP76, 
GP77, GP78 
applications, 922—923 
calculating, 919—920 
defined, 919 
differentiability, 923—925, 928e 
equality of mixed, 921, 926e 
of functions of three variables, 921—923, 
926e 
higher-order, 920—921, 920t 
notation, 919 
Partial fraction decomposition, 533, 
539-540, 540e, 541e 
Partial fractions, 533—542, 571e 
with irreducible quadratic factors, 
537-540, 541e 
method of, 533—534 
with repeated linear factors, 536-537, 
540e 
with simple linear factors, 534—536, 540e 
Partial sums, 680e 
sequence of, 622, 622-624, 627e, 
679-680e 
Partition, 985, 985 
general, 343 
regular, 329 
Pascal, Blaise, 670e 
Path, 855, 855-856 
evaluation of line integral on, 1087, 
1087-1088 
length of projectile, 532e 
of moons, 738e 
on a sphere, 841, 841 
Path independence, 1101-1103 
Pendulum 
lifting, 461e 
period of, 548e, 557e 
Period, 42, 43, 43, 49e 
Period of pendulum, GP37 
Periodic dosing, 637e, 646e 
Periodic functions, 42 
Periodic motion, 384e 
Permittivity of free space, 1162 
Perpendicular lines, 1177, 1177, 1178e 
Perpendicular vectors, 790e 
Perpetual annuity, 569e 
Pharmacokinetics, 477—478, 479e, GP 14, 
GP43 
Phase and amplitude, GP6 
Phase shift, 43, 43 
Physical applications, 450—462 
density and mass, 451, 458e 
force and pressure, 456—458 
work, 452—456, 459e 


Piecewise continuous functions, integrating, 
354e 
Piecewise functions, 15, /5, 916e 
continuity of, 169e 
solid from, 422e 
Piecewise linear functions, 15, 22e, 5le 
Piecewise velocity, 399e 
Pinching Theorem. See Squeeze Theorem 
Pisano, Leonardo (Fibonacci), 639e 
Planar polar region, average value over, 1011 
Plane regions 
area of, 1001, 7001, 1004e, 1066e, 1168e 
by line integrals, 1110 
average value of function over, 991, 99/ 
Planes, 798e, 880-895, SS/ 
angles between, 894e 
equations of, 792, 792, 880-882, 892e, 
980e 
intersecting, 8683, 883—884, 892e, 893e, 
980e 
orthogonal, S83, 883—884, 893e 
osculating, 870, 870, 871, 871—872 
parallel, 883, 883-884, 792, 892e 
properties of, 882, 882 
rectifying, 871 
scalar line integrals in, 7080, 1080-1084, 
1094e 
tangent, 949e, 950, 950-961 
through three points, 881—882, 882 
traces, 885, 885—886 
transformations in the, 7055, 1055—1062, 
1055t 
Planetary orbits, 375e 
lengths of, 855, 855, 855t 
Planimeter, GP77 
Plotting polar graphs, 746—747, 746-747 
Point charge, 949e, 1079e 
Point(s), 761 
collinear, 799e, 818e 
continuity at, 707, 101-103 
of discontinuity, 125e 
grid, 329 
interior, 910, 970 
of intersection, 489, 495e, 757, 827e 
in polar coordinates, 740-741, 741, 749e 
in R*, 798e 
sets of, 799e 
Point-slope form, 1176 
Poiseuille’s Law, 960e 
Polar axis, 740, 740 
Polar coordinates, 739-752, 774e, GP56, 
GP65 
basic curves in, 742—744, 742-744, 149e 
calculus in, 752—760 
area of regions bounded by polar 
curves, 754-758, 755-757, 758—759e 
slopes of tangent lines, 752-754, 753, 
758e 
Cartesian coordinates to, 1013e 


circles in, 742, 742, 743, 743, 750e 
conic sections in, 769, 769 
converting between Cartesian and, 
741-742, 749e, 750e, 775e 
defining, 740-741, 740-741 
double integrals in, 1005-1015 
graphing in, 743—748, 744-748, 149e 
limits using, 916e 
unit vectors in, 1079—1080e 
using graphing utilities with, 748, 748, 
749-750e 
vector fields in, 1080e 
Polar coordinate system, 739, 740 
Polar curves, 774—775e 
arc length of, 856-857, 857, 878e 
area of regions bounded by, 754—758, 
755-757, 158-759e 
Polar equations 
of conic sections, 767—769, 768—769, 
T11le, 776e 
symmetry in, 745 
Polar rectangle, 1005—1006, 7006, 1012e 
Polar rectangular regions, 1005—1008, 
1005—1008 
Polar regions, 1008—1010, 7009-1010 
areas of, 1010 
Polar-to-rectangular transformation, 
Jacobian of, 1057 
Pole, 740, 740 
Pólya’s method, GP1 
Polynomial approximation, 279, GP22, 
GP49, GP52 
Polynomials, 12-13 
approximating functions with, 682—694 
continuity of, 103 
derivative of, 144-145 
graphing, 257-258, 258, 263e 
limits at infinity of, 92 
limits of, 71—72 
Taylor, 685—687, 692e, 726e, 727e 
Pool 
emptying, 459e, 568e 
filling, 223e, 225e 
Population center, 1053e 
Population growth, 140e, 178e, 179e, 208e, 
227e, 230e, 400e, 474, 479e, 501e, 
627e 
logistic, 582e, 594-595, 596e 
Population growth rates, 156-157, 158e 
Population models, 37e, 254e, 385e, 
605—606, 605—607 
Position, 169-171, 177e, 179e, 838, 838—840 
acceleration and, 321e, 399e, 480e, 842, 
842—844, 847—848e 
displacement and, 390, 390-392, 499e 
distance and, 499e 
initial value problems for, 318, 321e 
velocity and, 390, 390-392, 393-394, 
393-395, 399e, 480e 
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Position function, 169, 318 
future value of, 393—395 
Position vectors, 781, 877e 
Positive integers, sums of, 333 
Positive orientation, 730, 1085 
Potential functions, 949e, 1106e 
finding, 1099-1101, 1104—1105e 
gradient fields and, 1075—1076, 
1075—1076 
Poussin, Charles de la Vallée, 297 
Power, 140e, 181e, 189e, 402—403e, 410e, 
412e, 475, 639e, 970e 
Chain Rule for, 185, 187e 
fractional, 542e 
limits at infinity of, 92 
logarithm of, 464 
of sine or cosine, 515—516, 523e, 548e 
of tangent, 518-519 
of x vs. exponentials, 298 
of x vs. In x, 298 
Power functions, lle, 15, 76, 960e 
derivatives of, 142 
Power law, 70, 909, 1179 
Power Rule, 142, 146, 150—I5le 
extended, 150—15le, 155, 158e, 194 
general, 202-204, 207e 
for indefinite integrals, 313 
for rational exponents, 194—195, 196e 
Power series, 669e, 682—727, 702e, 703e 
approximating functions with polynomi- 
als, 682—694 
combining, 698—699, 702-703e 
convergence of, 695, 695—698, 697, 702e 
defined, 682 
definite integrals by, 727e 
for derivatives, 718, 723e 
differentiating, 699—702, 703e, 718-719 
geometric series as, 695, 695, 726e 
integrating, 699—702, 703e 
limits by, 727e 
properties of, 695—704 
scaling/shifting, 703e 
Taylor series, 682, 704-716 
binomial series, 708—711, 710t 
differentiating, 718-719 
integrating, 719-720 
limits by, 717-718 
Maclaurin series, 705-708, 713, 
714-715e, 714t 
representing functions as power series, 
721-722 
representing real numbers, 720-721 
Predator prey models, 610-612, 6/0-612, 
613e, 614e, 616e, GP36 
Pressure 
altitude and, 180e 
force and, 456—458 
hydrostatic, 457 
Prime numbers, 660e 
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Prime Number Theorem, 297 
Principal unit normal vector, 866—868, 873, 
874e 
properties of, 867 
Prism, volume of, /0/8, 1018—1019, 1024e, 
1067e 
Probability, 960e 
as an integral, 47le 
coin toss, 724e 
Probability function of two variables, 901 
Problem solving skills, GP1, GP2 
Product 
average, 179-180e 
logarithm of, 464 
marginal, 179—1 80e 
of power series, 704e 
Product law, 70, 909, 1179 
proof of, 1179-1180 
Product Rule, 151—153, 160e, 189e, 205, 
508, 832 
for divergence, 1127 
proof of, 837e 
Production costs, 398 
Production functions, 179—180e, 929, 979e, 
GP68 
Cobb-Douglas, 198e, 905e, 927e, 979e 
Products 
derivatives of, 149e, 158e 
of sine and cosine, 516—518 
of tangent and secant, 520-521, 521t 
Profit 
average, 179e 
marginal, 179e 
maximizing, 238e, 273e 
Projectile motion, 150e, 739e, 846—847, 
547, 86le, 878e 
path length of, 532e 
Projections, 801 
angles and, 877e 
orthogonal, 805—806, 805-807, 808-809e 
Proper rational function, 534 
Proton, force on, 816—817, 8/7 
Proximity problems, 274e 
Pumping problems, 455—456, 455—456, 
50le 
Pursuit curve, 264e 
Pursuit problem, GP40 
Pyramid, volume of, 934e 
Pythagorean identities, 41, 516 
Pythagorean Theorem, 1174, 1174 


Q 


Quadratic approximation, 683, 683—684, 
692e 
Quadratic factors 
irreducible, 537—540, 541e 
repeated, 542e 
Quadratic vector fields, 1106e 


Quadratics, fixed points of, 311e 
Quadrature of the parabola, 645—646e 
Quadric surfaces, 886—891, 687—890, 
892-893e 
Quadrilateral property, 801e 
Quarterback ratings, 907e 
Quartics, 263e 
even, 254e 
fixed points of, 31 le 
inverses of, 38e 
Quotient 
derivatives of, 149e, 158e 
logarithm of, 464 
Quotient law, 70, 909, 1179 
proof of, 1180 
Quotient Rule, 153—154, 160e, 189e, 205 


R 


R°. See Three-dimensional space (R°); 
Vectors in three dimensions 
Races, 180—18le, 318, 480e, 499e, 849e 
Radial coordinate, 740 
Radial vector fields, 1071, 1071, 1073, 
1073-1077, 1106e, 1127-1128, 
1165e 
divergence of, 1121—1123, 1128e 
flux of, 1142-1143 
gradients and, 1130e 
outward flux of, 7711, 1111-1112 
zero circulation and, 1155 
Radians (rad), 38—39, 52e 
Radioactive decay, 501e, 627e 
Radioiodine treatment, 480e 
Radiometric dating, 477, 480e 
Radius 
of circle, 1174, 1175 
of convergence, 695-697, 695-698, 
702e, 703e, 726e 
of curvature, 875e 
limit of, 79e 
Range 
of function, 1, 7, 2—3, 2-3, 10e, lle 
of more than two variables, 902 
of two variables, 896, 596 
of object, 851e 
in flight, 844-846 
Rate constant, 473 
Rates of change 
average, 128, 129 
derivatives and, 156—157, 169-181 
instantaneous, 127, 128, 129 
tangent lines and, 128—130, 728—130 
Ratio 
geometric sequences and, 630 
geometric sum/series, 641 
Rational exponents, Power Rule for, 
194-195, 196e 
Rational fractions, division with, 505, 507e 


Rational functions, 13, /6, 16-17 
continuity of, 103 
end behavior of, 93, 93—95, 98e, 100e 
graphing, 258—260, 259-260, 263e 
limits of, 71—72 
method of partial fractions and, 533 
proper, 534 
reduced form of, 534 
of trigonometric functions, 542e 
Ratio Test, 662—663, 668e, 677t 
RC circuit equation, 614e 
Real numbers 
approximating, 727e 
representing, 720-721, 723e 
sets of, 1171-1173 
Reciprocal identities, 41 
Reciprocals 
approximating, 310e 
of odd squares, 660e 
Rectangle(s) 
beneath a curve, 323e 
beneath a line, 271e 
beneath a parabola, 270e 
beneath a semicircle, 270e 
maximum area, 269e 
minimum perimeter, 269e 
polar, 1005—1006, 7006, 1012e 
in triangles, 273e 
Rectangular coordinates 
transformations between cylindrical coor- 
dinates and, 1029 
transformations between spherical coor- 
dinates and, 1033, 1042e 
triple integrals in, 7016—1017, 
1016-1020 
Rectangular coordinate system, 739 
Rectifying plane, 871 
Recurrence relations, 618, 619, 625e, 626e, 
633—634, 638e 
Reduced form of rational function, 534 
Reduction formulas, 510, 513e, 518—520, 


522e, 547e 
Reflection property, 763, 763, 772e 
Region(s) 
area of, 356, 356, 1010-1011, 7011, 
1154-1155e 


bounded by two surfaces, 1000, 7000, 
1007—1008, 7008 
connected, 1098, 7098 
between curves, 403—408, 403—412, 
408e, 410e 
decomposition of, 1000 
of integration, 1001—1002e 
simply connected, 1098, 7098 
between two surfaces, 999, 999, 
1003-1004e 
types of, 1097—1098 
Regular partition, 329 
Related rates, 219—227 


Relations, 2 
Relative error, 549, 556e 
Relative growth rate, 208—209e, 472, 479e 
Relative maximum/minimum, 234 
Remainder, 703—704e 
in alternating series, 673-674, 678-679e 
estimating, 690-692, 726e 
of infinite series, 654, 659e 
in Maclaurin series, 712—713 
in Taylor polynomials, 689—690 
in Taylor series, 704, 715e 
Remainder Theorem, 689—690 
Removable discontinuity, 102, 112e 
Repeated linear factors, partial fractions for, 
536-537, 540e 
Residual, 306 
Resistors in parallel, 905e, 927e 
Resource consumption, 475—476, 479e 
Revenue, maximizing, 238e 
Revenue functions, 180e 
Revenue model, 481e 
Reversing limits, 347 
Revolution, area of surface of, 445 
Riemann, Bernhard, 329 
Riemann sums 
approximating areas by, 329-332, 
329-333 
defined, 330 
double integrals and, 985, 987, 994, 999, 
1000, 1006 
general, 343—344 
integrals and, 570e 
integration by, 387e 
interpreting, 341—342 
multiple integration and, 984 
powers of x by, 354e 
scalar line integrals and, 1080-1081 
sine integral and, 376e 
from tables, 332-333, 332t 
triple integrals and, 1016, 1029, 1035 
using sigma notation, 334-335, 338e 
Right-continuity, 104, 126e 
Right-hand rule, 812 
Right-handed coordinate system, 
791,791 
Right Riemann sums, 329-331, 330-331, 
335t, 336—-337e 
in sigma notation, 334 
Right-sided derivatives, 140e 
Right-sided limits, 62, 73, 123e 
Right-triangle relationships, 45, 45, 48e, 
53e 
Rolle, Michel, 284 
Rolle’s Theorem, 284-285, 288e 
Roller coaster curve, 824, 524 
Roof, rain on, 7141, 1141—1142, 1145e 
Root functions, 16, 76, 5le 
approximating, 302, 309e, 310e 
Root mean square, 375e 


Root Test, 663—664, 668e, 677t 
Roots, 13, 410e, 412e, 970e 
continuity of functions with, 105, 7035, 
110e 
graphing, 261-262, 261t, 262 
Rose, 75le, 756, 756, 775e 
area of, 759e 
four-leaf, 746, 746 
Rose petal, 1068e 
Rotation, 1059 
net, 1107 
Rotation vector fields, 7071, 1106e, 1164e 
circulation of, 1109 
curl of, 1128e, 1129e 
curl of general, 7124, 1124-1125 
divergence of, 1129e 
Divergence Theorem with, 1157, 1164e 
work in, 1096e 
Running model, 480e 


S 
Saddle point, 889, 963, 963, 964, 964, 971e 
Sag angle, 492, 495e 
Sandpile problems, 221, 224e 
Sandwich Theorem. See Squeeze 
Theorem 
SAV. See Surface-area-to-volume ratio 
(SAV) 
Savings accounts, 474—475, 479e, 501e 
level curves of, 906e 
Savings plan, 209e, 637e 
Sawtooth wave, 24e 
Scalar, 778 
Scalar component of u in the direction of 
v, 806 
Scalar line integrals 
in the plane, 7080, 1080-1084, 1094e 
in R?, 1084-1085, 1095e 
Scalar multiples, 778, 787e, 790e, 877e 
Scalar multiplication, 778—779, 782, 787e 
associative property of, 784 
in R?, 795 
Scalar product, 801 
Scalar triple product, 819e 
Scalar-valued functions, surface integrals 
of, 1133—1134, 1133-1139 
Scaling, 19-21, 24e, 5le, 386e 
Searchlight problem, 226e, 272—273e 
Secant 
derivative of, 165—166 
graph of, 42 
hyperbolic, 482 
indefinite integral of, 315 
integrals of, 385e, 519-520 
integrating products of, 520-521, 521t 
inverse, 46, 47 
derivatives of, 211-213, 2/2 
power series for, 725e 
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Secant lines, 5, 5—7, lle, 55—56, 58, 89e 
slope of, 56, 56, 129 
Secant reduction formula, 522e 
Secant substitution, 528—529, 532e 
Second derivatives, 148, 188e, 189e, 
739e 
linear approximation and, 283e 
Second Derivative Test, 249—250, 252e, 
253e, 716e, 963—966, 971e, 
1185-1186 
Second Law of Motion, 319 
Second-order differential equation, 
581-582e, 616e 
Second-order partial derivatives, 920-921, 
920t, 925—926e 
Second-order trigonometric derivatives, 
166, 167e 
Sector, area of circular, 50e 
Segment of circle, area of, 530e 
Semicircle, 438 
rectangles beneath, 270e 
Riemann sums for, 338e 
Semicircular wire, 1052e 
Separable differential equations, 
591—598 
logistic equation, 594-595 
solution method, 591—594 
Sequences, 99—100e, 626e, 628—640, 680e, 
GP9, GP41, GP42, GP43, GP44, 
GP45, GP46, GP63 
applications, 633—634 
bounded, 630 
Bounded Monotonic Sequence Theorem, 
633 
on calculator, 681e 
correspondences with functions, 
625t 
defined, 617, 618 
examples of, 617—619 
factorial, 634 
geometric, 630—632, 631, 637e 
growth rates of, 634—635, 638e 
hailstone, 640e 
of integrals, 68le 
limit of, 620—621, 621t, 626e, 628, 
628—629, 630, 637e, 679e 
formal definition of, 635—636 
monotonic, 629 
nondecreasing, 629 
nonincreasing, 629 
overview, 617—627 
of partial sums, 622, 622—624, 627e, 
679—680e 
Squeeze Theorem for, 632, 632, 637e 
terminology for, 629—630 
Series, 680e. See also Infinite series 
Gregory, 720 
Mercator, 701 
Serret, Joseph, 870 
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Set(s) 
bounded, 966 
closed, 910, 966 
in cylindrical coordinates, 1027—1028t, 
1028, 1039e 
of individual objects, 1/043, 1043-1045 
involving circles, 1175 
notation, 1178e 
open, 910 
of points, 799e 
of real numbers, 1171—1173 
in spherical coordinates, 1034—1035t, 
1040e 
Shallow water wave velocity, 493, 496e 
Shear transformations, 1058, 1065e 
Shear vector field, 7071 
Shell method 
cylindrical shells, 424-426, 424—430 
selecting, 430-432 
shells about the x-axis, 427, 428 
volume by, 424—435, 432—433e 
Shift, 19-21, 24e, Sle, 386e 
phase, 43, 43 
vertical, 43, 43 
Sierpinski triangle, 68 le 
Sigma (summation) notation, 333, 338e 
Riemann sums using, 334—335 
Signed area, 342 
Simple curve, 1098, 7098 
Simply connected regions, 1098, /098 


Simpson’s Rule, 554-555, 555t, 557e, 558e, 


GP31 

errors in, 554—555 

Sine, 311e 
average value of, 385e 
derivatives of, 163—165 
graph of, 42, 49e 
hyperbolic, 440, 482 
indefinite integral of, 315 
integrals of, 384e, 386e, 521e 
integrating powers of, 515-516 
integrating products of, 516-518, 518t 
inverse, 43—45, 44, 45 


and its derivatives, 209—210, 2/0, 213, 


216e, 218e 
law of, 5le 
limits for, 76, 78e 
linear approximation for, 278—279 
powers of, 523e, 548e 
quadratic functions and, 375e 
shifting, 412e 
Taylor polynomials for, 686—687, 
686-687 
Sine bowl, 426—427, 427 
Sine curve 
area under, 330—332 
curvature of, 875e 
derivative of, 14le 
unit area, 376e 


Sine integral, 363—365, 363—365, 369e, 
557e, 724e 
by Riemann sums, 376e 
Sine limits, 916e 
Sine reduction formula, 523e 
Sine series, 669e 
Newton’s derivation of, 725e 
Sine substitution, 524—525, 529e 
Sine wave, damped, 168e 
Single-humped functions, 254e 
Singularity, 902 
Skew lines, 827e 
Ski jump, 850e 
Skydiving, 395, 395, 508e, 542e 
Slant asymptotes, 94-95, 95, 98e, 100e, 
496e, 765 
Slice-and-sum method, 345, 390, 403 
Slicing 
disk method, 413—414, 414—415, 418, 
420—42 1e 
general method, 412—413, 412—414, 
419—420e 


revolving about the y-axis, 417, 417—419 


volume by, 412—423 
washer method, 415—418, 416—417, 
421—422e 
Slinky curve, 824—825, 825 
Slope 
on circles, 753, 753 
of curve, 131, 731 
of line, 1176 
of secant line, 6-7, lle, 56, 56, 129 
of tangent line, 57, 57-58, 58, 60e, 78e, 
146-147, 193, 193, 734, 734-735, 


737-138e, 752-754, 753, 758e, 775e 


Slope field. See Direction fields 

Slope functions, 17, 17, 22e 

Slope-intercept form, 1176 

Slope of tangent line, 127, 127, 128-129, 

129 

Smooth function, 831 

Snell’s Law, 275e 

Snowflake island fractal, 646—647e 

Snowplow problem, 402e 

Soda can problems, 272e, 1053e 

Solids, 993e 
bounded by hyperboloids, 1012e 
bounded by paraboloids, 1012—1013e 
from integrals, 423e 


volumes of, 984—987, 986, 993e, 1024e, 


1067e 


Solids of revolution, 414, 414, 422e, 434e, 


496e, 512, 514e, 562—563, 894e 
Solstices, 50e 
Solution(s) 
equilibrium, 584, 590e, 601, 616e 
of first-order differential equations, 
598—601 
general, 317, 615e 


of differential equation, 573—576, 
580e, 581e 
in implicit form, 593, 596e 
separable differential equations, 591—594 
Sorting algorithm, 205 
Source free vector field, 1121 
properties of, 1114t 
Space 
curves in, 823—825, 823—825, 827e 
length of, 851-862 
lines in, 820—822, 821, 828e, 877—878e 
motion in, 838-851 
Speed, 171-172, 282e, 283e, 391, 399e, 
838—840, 1083 
arc length and, 860e 
of boat in current, 785, 785—786, 788e 
on ellipse, 849—850e 
variable, 86le 
Sphere, 793, 793, 798e, 877e, 1132, 1132, 
1144e 
average temperature on, 1137 
curves on, 828—829e 
equation of, 793, 793-794, 800e 
explicit vs. parametric description of, 
1139t 
flux across, 1165e 
maximum volume cylinder in, 273e 
path on a, 841, 841 
radial fields and, 1145e 
spherical coordinates, 1034t, 1035t 
surface area of, 25e, 1135-1136, 7136 
trajectories on, 848e 
volume of drilled, 428, 428 
zones of, 449e 
Spherical cap, 434e, 927e 
surface area of, 446, 446—447, 1145e 
volume of, 25e, 198e, 1026e, 1043e 
Spherical coordinates, /033—1034, 
1033-1035, 1064e, GP78 
integrals in, 1040-1041e, 1068e 
integration in, 1035—1038, 7036—1038 
limits of, 1036 
sets in, 1040e 
transformations between rectangular 
coordinates and, 1033, 1042e 
volume in, 1041e, 1068e 
Spherical shell, gravitational field due to, 
1042-1043e 
Spiral, 736e, 743, 751e, S57 
region bounded by, 759e 
Spiral arc length, 86le 
Spiral tangent lines, 759e 
Spreading oil, 219-220 
Spring, 501le 
nonlinear, 461e 
oscillations, 180e 
stretching and compression of, 452, 
452-453, 459e 
vibrations, 188e 


Square root derivatives, 188e 
Square roots, 523e, 627e 
approximating, 310e 
repeated, 639e 
Square(s) 
series of, 669e 
transforming, 1063e, 1069e 
Square wave, 24e 
Squeeze Theorem, 76, 76-77, 78e, 79e, 90, 
124e, 125e 
for sequences, 632, 632, 637e 
Stability of Euler’s method, 590-591e 
Stable equilibrium, 585, 601, 603e 
Standard basis vectors, 783 
Steady state, 99e, 156, 595 
Steiner’s problem for three points, 971e 
Step function, 68e 
Stereographic projections, 53e 
Stirling’s formula, 302e, GP51 
Stirred tank reactions, 607—609, 613e, 614e, 
616e 
Stokes, George Gabriel, 1146 
Stokes’ Theorem, 1120, 1125, 1146-1149, 
1164 
on compound surface, 1170e 
interpreting the curl, 1150-1151, 1154e 
for line integrals, 1169e 
proof of, 1151-1152, 1155e 
for surface integrals, 1170e 
Straight-line motion, 840-841 
nonuniform, 849e 
Stream functions, 1114-1115, 1118e, 1130e 
Streamlines, 933, 1071, 1076, 1079e, 1114, 
1119e 
Subintervals, integrals over, 348—349, 
348—349 
Substitution 
geometry of, 382, 382-383 
perfect, 378-379 
secant, 528—529, 532e 
sine, 524—525, 529e 
tangent, 527 
Substitution Rule, 377—386 
definite integrals, 380-382, 383e 
geometry of substitution, 382, 382-383 
indefinite integrals, 377—380, 383e 
variations on substitution method, 380, 383e 
Subtraction, vector, 779—780, 782, 788e 
in R?, 795 
Sudden death playoff, 724e 
sufficiently close, 61, 113 
Sum 
geometric, 641, 644e 
harmonic, 472e 
integral of, 348 
limits of, 353e 
of positive integers, 333 
Sum law, 70, 909 
proof of, 1179 


Sum of perfect cubes formula, 6 
Sum of perfect squares formula, 6 
Sum Rule, 143-145, 314, 832 
generalized, 144 
proof of, 837e 
Summand, 333 
Summation (sigma) notation, 333-335, 
338e, 703e 
Superexponential functions, 265e, 297, 325e 
Supply and demand, GP5 
Surface area, 442—450, 508e, 1169e 
of catenoid, 497e 
of cone, 198e, 442—443, 442—443, 501e, 
959e, 1145e 
of cylinder, 7135, 1135-1136 
of ellipsoid, 450e, 1169e 
formula, 444-448 
of frustum, 450e 
of partial cylinder, 1136, 7136 
of sphere, 25e, 1135-1136, 7136 
of spherical cap, 446, 446-447, 1145e 
of torus, 449e, 958e, 1146e 
Surface area cylinder, minimum, 983e 
Surface-area-to-volume ratio (SAV), 450e 
Surface integrals, 1120, 1130-1146 
on explicitly defined surfaces, 
1137-1139, 1139t, 1144e 
on parameterized surfaces, 7131, 
1131-1133, 1139t, 1143-1144e 
of scalar-valued functions, 7133—1134, 
1133-1139 
Stokes’ Theorem for, 1149, 1152-1153, 
1154e, 1170e 
of vector fields, 7739, 1139-1143, 1144e 
Surface(s), 880—895 
equipotential, 1076—1077 
level, 903 
parametric, 7131, 1131-1133, 1139t, 
1143-1144e 
quadric, 886-891, 887-890, 892—-893e 
regions between two, 999, 999-1000, 
1003—1004e 
regions bounded by two, 1000, 7000, 
1007—1008, 7008 
surface integrals on explicitly defined, 
1137-1139, 1139t, 1144e 
two-sided (orientable), 1139 
volume between, 1012—1013e, 7032, 
1032-1033 
Surfaces of revolution, 1145e 
Symbolic integration, numeric integration 
vs., 546 
Symmetric functions, integrating, 370-371 
Symmetric intervals, 116, 776, 117, 
121-122e 
Symmetry, 7-9, 8, 11e, 725e, 992e 
of composite functions, 375—376e 
of cubics, 254e 
in functions, 8, 8—9 
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in integrals, 370-371, 374e, 375e, GP20 
in polar equations, 745 

with respect to origin, 7, & 

with respect to x-axis, 7, 8 

with respect to y-axis, 7, 8 


T 
Table(s) 
Chain Rule using, 187e 
composite functions from, 10e, 12e 
derivatives from, 150e 
finding limits from, 62—63, 62t, 63t, 66e 
of integrals, 543-544, 547e, 571e 
representing functions using, 17, 24e 
Riemann sums from, 332-333, 332t 
of velocities, displacement from, 
337—338e 
Tail 
of infinite series, 657 
of vector, 777 
Tangency questions, 209e 
Tangent, 760e 
derivative of, 165 
graph of, 42 
hyperbolic, 482 
indefinite integral of, 315 
integrals of, 385e, 519, 521—522e 
integrating products of, 520-521, 521t 
inverse, 46, 46 
derivatives of, 211, 271, 213 
powers of, 518-519 
Tangent lines, 154, 737e, 771e, 772e, 774e, 
715e, 837e 
concavity and, 254e 
derivatives and, 138e 
equation of, 128—130 
horizontal, 204, 204, 208e, 
753—754, 754 
natural exponential function, 27, 28 
parabolas and, 138e 
rates of change and, 128—130, 
128-130 
slope of, 57, 57-58, 58, 60e, 78e, 127, 
127, 128—129, 129, 146-147, 193, 
193, 734, 134—135, 737—738e, 
752-754, 753, 758e, 775e 
spiral, 759e 
vertical, 140-141e, 197e, 753-754, 
754 
Tangent planes, 949e, 950, 950-961, 959e, 
982e 
differentials and change, 954-957, 955 
equation of, 952 
for F(x, y, z) = 0, 951, 951-952, 958e 
linear approximation, 953, 953—954 
for z = f(x, y), 952-953, 953, 958e 
Tangent reduction formula, 522e 
Tangent substitution, 527 
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Tangent vectors, 829-834, 830, 836e, 
1073-1074 
Tangential components of acceleration, 868, 
868 
Tangential form of Green’s Theorem, 1108 
Tanks 
draining, 12e, 224e, 225e, 459e, 569e, 
58le 
filling, 224e, 230e, 401e, 460e 
flow from, 579, 579—580 
mixing, 189e 
stirred tank reactions, 607—609, 613e, 
614e, 616e 
Tautochrone property, GP54 
Taylor, Brooke, 685 
Taylor polynomials, 685—687, 692e, 693e, 
126e, 721e 
approximations with, 687—689, 688t, 
689t, 692e, 693e 
remainder in, 689—690 
Taylor series, 682, 704-716, 715e, 726e, 
GP49, GP50, GP52 
binomial series, 708—711, 716e 
differentiating, 718—719 
integrating, 718—720 
l Hopital’s Rule and, 725e 
limits by, 717-718, 723e 
Maclaurin series, 705—708 
representing functions as power series, 
721-722 
representing real numbers, 720-721 
Taylor’s Theorem, 685, 689-690, 694e 
Telescoping series, 643—644, 645e 
Temperature 
average, 556—557e, 1023 
on circle, 1082 
on sphere, 1137 
of elliptical plate, 979e 
Temperature distribution, 18le 
Temperature gradient, 289e 
Temperature scale, 25e 
Terminal velocity, 38e, 497e 
Term of sequence, 617 
Tesla, Nicola, 817 
Tesla (T), 817 
Test for intervals of increase and decrease, 
241 
Tetrahedron 
ellipsoid inside, 971e 
flux on, 1145e 
volume of, 1005e, 1026e, 1067e 
Three-dimensional motion, 546, 846-847, 
546-847, 848-849e 


Three-dimensional objects, 1048—1051, 1049 


Three-dimensional rectangular coordinate 
system, 791, 79/ 
Three-dimensional space (R°), 790. See 
also Planes in R? 
curves in, 823—825, 823-825, 827e, 828e 


line integrals in, 1084—1085, 1095e 
lines in, 820—822, 821—822, 826—827e 
motion in, 838—851 
position, velocity, speed, acceleration, 
538, 838-840, 847—848e 
straight-line and circular motion, 
840-841, 540-84] 
vector-valued functions, 820, 825—826 
Time, 282e, 283e 
of flight, 844-846, 85le 
initial conditions and, 575 
rates of change and, 219 
of useful consciousness, 207e 
TNB frame, 870, S70 
TN-plane, 871 
Topographic maps, 898, 598 
Torque, 812, 815-816, 8/6, 818e, 819e, 
877e 
Torricelli, Evangelista, 579 
Torricelli’s law, 12e, 80e, 597e 
Torricelli’s trumpet, 563 
Torsion, 862, 870—873, 874e, 879e 
formula, 873, 876e 
of helix, 872—873, 873 
Torus, 423e, 435e, 531e 
constant volume of, 936e 
surface area of, 449e, 958e, 1146e 
volume of, 198e 
Total moment, 1045, 1046 
Tower functions, 203, 297 
derivative of, 470 
Towers of exponents, 325e 
Towing boat, 218e 
Traces, 885, 885—886 
of quadric surfaces, 886 
Tracking, oblique, 225e 
Traffic flow, 572e 
Trajectory, 839-840, 840, 844, 848e, 849e, 
850e, 555, 855-856, 86le 
of baseball, 843, 843—844 
on circles and spheres, 848e 
circular, 849e, 85le 
helical, 849e 
high point of, 236-237, 238e 
linear, 849e 
of moving object, 127 
orthogonal, 198e 
parabolic, 851e, 875e 
projectile, 150e 
with sloped landing, 851e 
velocity and length of, 878e 
Transcendental functions, 13 
continuity of, 706, 106-107, 110e 
end behavior of, 96—97, 97, 98e, 99e 
Transformation 
of functions and graphs, 79-20, 19-21, 
23e 
Jacobian determinant of transformation 
of three variables, 1060 


Jacobian determinant of transformation 
of two variables, 1056 
linear, 1065e 
one-to-one, 1056 
in the plane, 7055, 1055-1062, 1055t 
shearing, 1058, 1065e 
Trapezoid, area of, 346, 356-357, 
356-357 
Trapezoid Rule, 55/—552, 551-554, 556e, 
557e, 558e 
errors in, 552—553, 554-555 
Traveling wave, 949e 
Tree diagram, 929, 929, 930, 931, 931, 932, 
935e 
Tree notch, 275e 
Triangle 
angles of, 810e 
area of, 815, 818e, 819e, 878e 
circle in, 272e 
isosceles, 222e 
maximum area, 971e 
medians of, 800-801e, 1053e 
rectangles in, 273e 
Sierpinski, 681e 
standard, 40 
Triangle Inequality, 790e, 811—812e 
Triangle Rule, 779, 779, 780 
Trigonometric equations, 41, 48e 
Trigonometric functions, 13, 38—51, 39, 
GP6, GP7, GP15, GP30, GP33, 
GP50, GP53, GP63, GP66. See also 
individual functions 
continuity of, 106, /06, 107, 112e 
defined, 40 
derivatives of, 161—169 
higher-order, 166, 169e 
evaluating, 40, 40-41, 48e 
graphs of, 42, 42 
hyperbolic functions and, 481—482 
indefinite integrals of, 315-316, 320e 
inverse, 43—47, 44-47, 48e, 209-219 
limits of, 86, S6, 88e 
period of, 42 
rational functions of, 542e 
transforming graphs, 43, 43 
trigonometric identities, 41, 48e, 
189e 
Trigonometric identities, 41, 48e 
deriving, 189e 
Trigonometric inequalities, 80e 
Trigonometric integrals, 515-523, 
57le 
integrating powers of sin x or cos x, 
515-516 
integrating products of sin x and cos x, 
516-518, 518t, 521e 
integrating products of tan x and sec x, 
520-521, 521-522e, 521t 
reduction formulas, 518—520, 522e 


Trigonometric limits, 161—163 
Trigonometric substitutions, 523—532, 


5/le 

integrals involving a? — x7, 523-525, 
524 

integrals involving a? + x? or x? — a’, 


525—526, 525—529, 525t 
Triple integrals, 1015—1027, 1024e, 1064e, 
1067e, 1069e 
change of variables in, 1060-1062 
in cylindrical coordinates, 1029-1033 
in rectangular coordinates, 1016—1017, 
1016-1020 
in spherical coordinates, 1035—1038, 
1037-1038 
Tripling time, 480e 
Trochoid, 738e 
Tsunamis, 496e 
Tumor growth, 481e, 582e, 597e, 607 
Tunnel building, 681e 
Two-dimensional curl of vector field, 1108, 
1109, 1123 
Two-dimensional divergence, 1111 
Two-dimensional motion in gravitational 
field, S24—826, 842-846, 848e 
Two-dimensional objects, 1046, 
1046-1048, 1052e 
Two-parameter description, 1131 
Two-path test for nonexistence of limits, 
912 
Two-sided infinite limits, 82, 82, 119 
Two-sided limits, 64, 66—67e 
Two-sided surfaces, 1139 
Tyrolean traverse, 492 


U 
Ulam Conjecture, 640e 
Unbounded domains, 968 
Unbounded integrands, 563, 563-567, 565, 
568e 
Unbounded intervals, 1171, 7172 
Undetermined coefficients, 533 
Uniform density, 451 
Uniform straight-line motion, 840 
Uniqueness theorem, 580 
Unit binormal vector, 870-873, 873 
Unit circle, 161 
Unit cost, 174 
Unit tangent vector, 831-832, 832, 836e, 
862—864, 873 
Unit vectors, 783, 783—784, 788e, 
789e 
cross products of, 813—814 
orthogonal, 810e 
in polar coordinates, 1079—1080e 
in three dimensions, 796—797, 796-797, 
799e 
Unstable equilibrium, 585, 601 


Upper bound, 633, 1181 

Uranium dating, 480e 

Utility functions, 936e, 972, 976—977, 
976—977, 918e 


y 
Variable cost, 174 
Variable density, 451, 501e, 936e 
Variable-density plate, 1048, 7048, 
1052e 
Variable-density solids, 1068e 
Variable of integration, 313, 344 
Variables, 1 
change of (See Change of variables) 
dependent, 1 
dummy, 333, 355 
independent, 1 
intermediate, 930 
Vector addition in R°, 795 
Vector calculus 
conservative vector fields, 1097—1106 
divergence and curl, 1120-1130 
Divergence Theorem, 1155-1167 
Green’s Theorem, 1107—1119 
line integrals, 1080-1097 
Stokes’ Theorem, 1146-1155 
surface integrals, 1130-1146 
vector fields, 1070—1080 
Vector equations, 789e, 818—-819e 
Vector fields, 1070—1080, 1167e, GP75, 
GP76, GP77, GP78 
circulation and flux of, 1089—1094, 
1090-1094, 1096e, 1097e 
conservative (See Conservative vector 
fields) 
curl of, 7123, 1123-1127, 1128e 
divergence of, 1120-1123, 7121, 
1125-1127, 1127-1128e, 1129e 
line integrals of, 1085—1089, 7086 
different forms of, 1087 
in polar coordinates, 1080e 
surface integrals of, 77139, 1139-1143, 
1144e 
in three dimensions, 1074—1077, 
1075-1077, 1078e 
in two dimensions, 1070—1074, 
1070-1074, 1078e 
Vector product. See Cross products 
Vector(s), GP62, GP63, GP65 
binormal, 862, 870-873, 874e, 879e 
cross products, 812—820 
decomposing, 810e 
dot products, 801-812 
gradient (See Gradient vector) 
normal, 862, 880, 1073—1074 
normal to two vectors, 815, 5/5 
operations for, 798—799e 
orthogonal, 802, 809e 


Index I-23 


parallel, 799e, 818e 
position, 877e 
principal unit normal, 866—868 
tangent, 1073—1074 
unit tangent, 862—864, 563 
velocity, 877e 
Vector subtraction in R°, 795 
Vectors in the plane, 777—790 
applications, 785-787 
basic vector operation, 777, 7171-7118, 
787e, 788e 
force vectors, 786, 786—787 
magnitude, 781—782 
parallel vectors, 778—779, 779 
scalar multiplication, 778—779, 782, 787e 
standard basis vectors, 783 
in standard position (position vector), 781 
unit vectors, 783, 783—784, 788e 
vector addition and subtraction, 779, 
719—780, 782, 788e 
vector components, 780-781, 781, 788e 
vector operations 
properties of, 784-785, 790e 
in terms of components, 782-783 
velocity vectors, 785, 778, 785-786 
Vectors in three dimensions, 794—795, 
794-795 
magnitude of, 796, 796-797 
unit vectors, 796-797, 797 
Vector-valued functions (vector functions), 
777, 820 
arc length for, 853 
calculus of, 829-837 
derivative and tangent vector, 
829-834, S830, 835e, 836e, 837e 
integrals of, 834-835, 836e 
limits and continuity for, 825—826 
lines and curves in space, 820—829 
motion in space, 838—851 
Velocity, 169-171, 172, 177e, 178-179e, 
180e, 228e, 230e, 838, 838—840 
acceleration and, 395—396, 399e, 480e, 
542, 842-844, 847—848e 
average, 54-56, 56t, 57, 58, 59e, 170, 
221e, 512e 
decreasing, 499e 
displacement and, 340e, 386e, 388e, 390, 
390-392, 392, 399e, 498e 
escape, 569-570e 
initial value problems for, 318, 321e 
instantaneous, 54, 56, 57, 58, 59—60e, 
170, 227e, 838 
net change and, 390—403 
position and, 390, 390-392, 393-394, 
393—395, 399e, 480e 
of skydiver, 38e 
terminal, 497e 
trajectory length and, 878e 
wave, 492—493, 496e 


1-24 Index 


Velocity curve, area under, 326—328, 328t 
Velocity function, graph of, 326, 327 
Velocity graphs, 400—401le 
displacement from, 339e 
Velocity potential, 949—950e 
Velocity vector field, 1070, 7070 
Velocity vectors, 778, 785, 785-786, 877e 
Verhulst, Pierre Francois, 610 
Version 1, of Chain Rule, 182, 183, 187e 
Version 2, of Chain Rule, 182, 183—184, 
187e 
Vertex (vertices) 
of ellipse, 763, 763 
of hyperbola, 765, 765 
major-axis, 764 
minor-axis, 764 
of parabola, 762, 762 
Vertical asymptotes, 3, 98e, 125e, 126e 
of infinite limit, 83, 84—85, 88e, 89e 
of rational function, 16 
Vertical half-plane, 1028t, 1034t 
Vertical lines, 750e, 1176 
Vertical line test, 1—2, 2, 9e, 897 
Vertical scaling, 21 
Vertical shift, 21, 43, 43 
Vertical tangent lines, 197e 
Viewing angles, 50e, 226e, 230e, 272e 
Volterra, Vito, 610 
Volume, 572e, 573e, 1002e, 1005e 
of annular region, 1008, 7008 
approximating, 994e 
area and, 530e 
of box, 926e 
computing, 997 
of cone, 449e, 958e, 1026e 
of cylinder, 449e, 934e, 982e, 1067e 
in cylindrical coordinates, 1040e, 
1068e 
by disk method, 414—415, 418, 
420-42le 
double integrals and, 986 
of drilled hemisphere, 1042e 
of ellipsoid, 772e, 982e, 1026e 
of frustum of cone, 1026e 
of hyperbolic cap, 772e 
of hyperbolic paraboloid, 1014e 
with infinite integrands, 568e 
of parabolic cylinder, 1024e, 1067e 
of paraboloid, 772e, 958e 
of paraboloid cap, 1007, 1007 
of prism, 7018, 1018—1019, 1024e, 
1067e 
of pyramid, 934e 
of region bounded by two surfaces, 
1007—1008, 7008 


selecting method for, 430—432 
by shell method, 424—435 
by slicing, 412—423 
of solids, 500e, 507e, 513e, 541e, 
984—987, 986, 993e, 1024e, 1067e 
of spherical cap, 25e, 198e, 1026e 
in spherical coordinates, 1041e, 1068e 
surface area and, 501e 
between surfaces, 1012—1013e, 7032, 
1032-1033 
of tetrahedron, 1005e, 1026e, 1067e 
of torus, 198e 
by washer method, 415—418, 421—422e 
of wedge, 1005e, 1024e, 1067e 
without calculators, 435e 
Volume integral, 1019—1020, 7020 
von Leibniz, Gottfried Wilhelm, 132 
Vorticity, 1130e 


W 
Walking and rowing problem, 25e 


Walking and swimming problem, 268, 
270e 
Wallis, John, 670e 
Washer method, 415—418, 416—417, 
421—422e, 430—431 
about the y-axis, 418 
Water-level changes, 959—960e, 982e 
Water trough, emptying, 460e 
Water waves, 906e 
Watt (W), 181e, 402e, 475 
Wave 
average height of, 374 
on a string, 927-92 8e 
velocity of, 492—493, 496e 
water, 906e 
Wave equation, 492, 493, 496e, 928e, 
GP66 
Wavelength, 496e 
Waves, GP6 
Wedge, volume of, 1005e, 1024e, 1067e 
Weierstrass, Karl, 113 
Wheels, rolling, 733 
Window, force on, 460—46 1e 
Witch of Agnesi, 159e, 197e, 736e 
Words, representing functions using, 17—19, 
24e 
Work, 452-456, 877e 
calculating, 807, 809e 
by constant force, 1106e 
defined, 452, 807 
in force field, 1105e 
in gravitational field, 461e 
in hyperbolic field, 1096e 


lifting problems, 453—456 
in rotation field, 1096e 
Work integrals, 1/088, 1088—1089, 1095e, 
1168e 
World population, 474 


X 
x-axis 
disk/washer method about, 415, 430 
shell method about the, 427, 428, 431 
symmetry with respect to, 7, & 
xy-coordinate system, 1174-1175 
xy-trace, 885 
xyz-coordinate system, 79/, 791—792. See 
also Vectors in three dimensions 
distances in xyz-space, 792-793, 793 
equation of a sphere, 793, 793—794 
equations of simple planes, 792, 792 
xyz-space, 790. See also Three—dimensional 
space (R°) 
xz-plane, 791, 791 
xz-trace, 885 


Y 
y, integrating with respect to, 406—408, 
406-408, 409e 
y-axis 
disk/washer method about the, 431 
revolving about the, 417, 417—419, 
449e 
shells about the, 429—430, 429-430 
symmetry with respect to, 7, 8 
y-coordinate, average, 1011 
yz-plane, 791, 791 
yz-trace, 885 


Z 

z-axis, 791, 791 

Zeno of Elea, 645e 

Zeno’s paradox, 645e 

Zero, 13 

Zero average value, 993e 

Zero change, direction of, 982e 

Zero circulation fields, 1096e 

Zero curvature, 876e 

Zero derivative, implied constant function, 
287 

Zero flux fields, 1096e 

Zero log integral, 572e 

Zero net area, 47le 

Zeros of function, approximating, 302 

Zeta function, 660e 
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Substitution Rule Integration by Parts 
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Basic Integrals 























n 1 n+1 dx 
1. tde = —— x" + al 2. — = In|x| +C 
n+ 1 X 
1. 1 
3. cos ax dx = —sinax + C 4. sin ax dx = —— cos ax + C 
a a 
3: fonxa = In|secx| + C 6. forxas = In |sin x| + C 
7. [scexdr = In|seex + tanx +C 8. [esexdr = —In [esc x + cotx +C 
1 
9, faaie 10. fa b*¥ +C b>0,b #1 
a aln b 
1 
11. [invade = xinx— x4 12. Prosexar = (vinx a) FO 
n 
d d 1 
13. J T s E 14. | S 
a? — x? a yta a a 
d 
15. l = =-—sec!/-| + C 16. fsa xax = xsinx + V1- x? +C 
r ae a a 
xVx a 
1 
17. J cos xdr = xeos x — V1l-—x*4+C 18. frat xdr = xina- Fn (1 +x7)+C 
19. [soc xar =xsec!x — In (x + Vx? -1)+C 20. [sinh.xas = coshx + C 
21. fcoshxa = sinh x + C 22. [sect xd = tanh x + C 
23. [sch xd = —cothx + C 24. J sech xtan xax = —sechx + C 
25; [sch xeoth xd = -—cschx + C 26. franca = Incoshx + C 
27. [eothxas = In |sinh x| + C 28. [sech xa = tan |sinh x| + C 
29. [esch xa = In |tanh (x/2)| + C 
Trigonometric Integrals 
in 2 in 2 
30. cos? x dx = - + ae +C 31. sin? x dx = eee + 
2 4 2 4 
2 l 2 1 
32. sec’ ax dx = —tanax + C 33. csc“ ax dx = ——cotax + C 
a a 
34. fron? xax = tanx - x + C 35. [ect xdx = -cot x — x + C 
3 lg . 3 1 3 
36. cos SS x + sinx + C 37. sin = E x — cosx + C 

















































































































f 1 1 1 1 
38. [sect xdr = sec xtan x + 51n [secx + tanx +C 39. [ese xdx = —~ ese xcotx — >In |esex + cot x| FC 
3 oe 3 l 
40. tan? x dx = 5 tan’ x — In [sec x| + C 41. cot? x dx = ~ 5 cot’ x — In|sinx| + C 
1 1 
42. [sect ex tan ax dx = —sec"ax + C; n ~ 0 43. Joo ax cotax dx = ——csc"ax + C; n Æ 0 
na na 
d 1 1 
a [ee 5 h(E) +c 
1 + sin ax a 4 2 1 — sinax — sin ax a 4 2 
d 1 
46. = = —tan “ + C 47. = = gor +C 
1 + cos ax a ] — cos ax a 2 
= cos(m+n)x cos(m — n)x 5 
48. sin mx cos nx dx = — = +C; m An 
2(m + n) 2(m — n) 
_ sin(m—n)x sin(m + n)x 3 , 
49. sin mx sin nx dx = — + C; m £n 
2(m — n) 2(m + n) 
_ sin(m—n)x — sin(m + n)x " ; 
50. cos mx cos nx dx = ————— t ———— + C3 m #-n 
2(m — n) 2(m + n) 
Reduction Formulas for Trigonometric Functions 
7 1 odes n— | =" : E n= 1 2 
51. cos” x dx = —cos” xsinx + cos’ ^ x dx 52. sin” x dx = ——sin” xcosx + sin” ^x dx 
n n n n 
tan"! x e cot”! x 5 
53. tan” x dx = i tan” “xdx;n Æ 1 54. cot” x dx = — i cot” “xdx: n Æ 1 
n— n— 
n—2 n—2 
sec tan mer CSC cot = 2 
55. sec” x dx = E ae ad + le sec” *xdx: n # 1 56. csc” x dx = = st csc”? x dx; n Æ 1 
n— 1 n— Il =| n— 1 
— : sn cos me ll wy , 
57. sin” x cos’ x dx = — + sin” 4x cos” x dx, m ~ —n 
mtn mtn 
.„m+1 n—li1 
— | 
58. [ siom xcost xax m + : [ sin" xcost? at mA —n 
mtn mtn 
” cos ” sin 
59. fea sin ax dx = = = + T axdx, a ~ 0 60. [x00 ax dx = 2 Se E fx sin ax dr a#0 
a a a a 
Integrals Involving a? — x7; a > 0 
d 1 + a = ye 
61. (a ee 62. " = ——]n . = z +C 
2 2 a xV a2 — x? a x 
dx cae 2 2 2 2 2 2 
63. = — ; PE 64. iVa =A U Oe =a Na =a =e cin 
xL Va — x? ax 
2 2 2 
— 1 
65. J de = -Va x = sin = + C 66. Zdr = WV? -x + sint + C 
x x a q? — x2 2 
67 dx 1 j x+a LC 
: = n 
a? — x? 2a x—a 
Integrals Involving x? — a°; a > 0 
d 
68. a ae Vara | 69. J — lie Va | E 
c= a 
2 2 
x“ —a 
70. = + C 
in =g a°x 
4 
71, [eve — a dx = as SAV xe ae = a Ix + Vx? -a7/ +C 
a2 — 2 a / 2 2 2 
72. | Tt dx = In|x + Vx? — a?| — 2 SE 73. J : In |x + V Sae y m li ae 
x x co = ad 
d 1 — d 1 2 — a? 
n f=", - in| AFE 5, {8 = in T 
pg 2a |x+a I Sa) 2a x 














Integrals Involving a? + x°; a > 0 
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76. [Vie Ra = are + Fin + a? +x’ +C 
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Valta 
83. J E 7 dx = Va? + x? — aln 
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Integrals Involving ax 








(ax + pb)! 
86. Oe = ede n # -1 
i 
88. l= Lae b>0 
Vak=p v" b 
90. I< dx = Ž — “In jax + b + C 
ax + b a 





2 
i 
91. J 2 a 5 ((ax + b}? — 4b(ax + b) + 2b*In|ax + b|) + C 
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ax + b 
d 1 +b 
2 | Se a +C 
x?(ax + b) bx bp? x 
x 2 
94. [Sere 2b) Va FB 
(ax + b)"*! (ax +b b 
95. x(ax + b)" dx = — + C; n Æ —1,—2 
a? n+2 n+1 
d 1 
96. lop" - +c 
x(ax +b) b jaxt+b 





Integrals with Exponential and Trigonometric Functions 


e™ (asin bx — bcos bx) 
97. e™ sin bx dx = a 7 eG 
a+b 





Integrals with Exponential and Logarithmic Functions 
99, J a 
xInx 


101. freas =e" = e* + C 


103. fmxax = xyln”x — n [mw xax 


Miscellaneous Formulas 
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79. = — TE 


82. dx = —— 











dx x 
84. J = + C 
(a? + LPE g2\/q? + x? 


2 (Vax + b)? 
87. [Verrai ) + C; n A —2 
a n+F2 
89 lS ig Varb- Vb). 6. 559 
Vax +b “U5 ax +b+ Vb 
93. [Varo dx = = 5 Oak = 2D) ar by ec 


e“(acos bx + b sin bx) 
a? + b? 





98. fe cos bx dx = 





ntl 1 
100. fmax = (mx — —) + C; n Æ -l1 
n + 


1 
102. Jee dx = —x"e™ = e dx; a #0 
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1 
106. J x” tan! x dx = 
n 


ALGEBRA 


Exponents and Radicals 


a 1 a a 
x = ath 2 = yab yi = — Calg = ya (=) — — 
x x x y 
xin = We ymin = Nem = (Ne Why = Way Waly = WW 
Factoring Formulas Binomials 
a’ — b? = (a — b)(a + b) a° + b° does not factor over real numbers (a + b)? = a? + 2ab + b? 
a? — b? = (a — b)(a* + ab + b’) a? + b? = (a + b)(a* — ab + b?) (a + b)? = a? + 3a?b + 3ab? + b? 
a” — b" = (a — b)(a"! + a” *b + a" 7b? +--+ + ab”? + +b") 
Binomial Theorem Quadratic Formula 
(a + b)" =a" + ("a's F (7 a a i ( " abr wp, The solutions of ax° + bx + c = 0 are 
TE 

h (") n(n — 1)(n— 2): (n—-k+ 1) n! -b + Vb? — 4ac 

where ae a Ue ee = ————> 
k k(k — 1)(k — 2)+++3+2+1 k!(n — k)! ~ 2a 

GEOMETRY 

Parallelogram Triangle Trapezoid Circle Sector 

S 
E A 
A=bh A= bh A= F(a + bh aa A= +70 
C = 2ar s = rO (0 in radians) 
Cylinder Cone Sphere Equations of Lines and Circles 


< m = 2o slope of line through (x), yı) and (x2, y2) 
€ T . 
h y — yy = m(x — x) point-slope form of line through (x, y1) 
i with slope m 
slope-intercept form of line with slope m 


1 4 and y-intercept (0, b) 
eee, de cee E , , . 
V=ar-h V z TT h V z TT circle of radius r with center (h, k) 
S = 2arh S = nrl S = 4r? 


(lateral surface area) (lateral surface area) y 


T a. 


Cah Ey Sr 





TRIGONOMETRY 
& 
i, 2 cos 0 = = sec 0 = L 
x$ O 
£ sin 0 = > csc 0 => 
A i tan 0 => cot = 
adjacent 





(Continued) 


Reciprocal Identities 
n0 cos 0 l 1 
cot 





Pythagorean Identities 


sin? + cos? 0 = 1 tan?0 + 1 = sec?0 1 + cot?6 = csc? 0 
In general, 


y cos 0 = x; 
a sinĝ=y Sign Identities 
sin (—~0) = —sin@ cos (—0) = cos@ tan (—0) = —tan 0 
csc (—~0) = —csc@ sec (—0) = sec cot(—0) = —cot 0 





1 V3 
= >) (0, —1) Ge 2 ) 
Double-Angle Identities Half-Angle Formulas 
sin 20 = 2 sin 0 cos 0 cos 20 = cos” 0 — sin? 0 5 1 + cos 26 3 1 — cos 26 
j cos 0 = —— ~~~ sin 9 = —— ~~~ 
= 2 cos 0 — 1 2 2 
2 tan 0 a) 
e = ae = 1 — 2 sin“ 0 
1 — tan“ 0 

Addition Formulas 

sin (æ + B) = sin a cos B + cos æ sin B sin (æ — B) = sin a cos B — cos a sin B 

cos (a + B) = cos «æ cos B — sin a sin B cos (a — B) = cos «æ cos B + sin a sin B 

tana + tan tana — tan 
nie he na pe 
1 — tana tan B 1 + tana tan B 
Law of Sines a ; Law of Cosines 
; . p re: 2 
sina sinB _ siny Po a =bþ Fc 2bc cos a 
a b C c 

Graphs of Trigonometric Functions and Their Inverses 
l y | 
| | y=x 
| i @f 
| | J. 

PEE L- ZL- 4-- l 
2 7 


Range of tan™! x 


i 
l | 
SIT l | 
l | 





2 | 2 


4 T Range of sin x = 
2 


Domain of sin™! x 





Range of cos x = 


Domain of cos~! x 








<< AN 


i A [0, 7] 


Restricted domain of sin x Restricted domain of cos x i 
= Range of sin7! x = Range of cos”! x is (-3, 2j: 


| 
< j 
l 

l 

l 

l 

l 


Restricted domain of tan x 


GRAPHS OF ELEMENTARY FUNCTIONS 


Linear functions 


y y=mx+b,m>0,b>0 










y=mx+bm=0,b>0 


X 








y=mx+bm<0,b<0 


Positive even powers 


Exponential functions 


Quadratic functions 


y 
y=axX +bx+c 
Two real roots 
b? — 4dac > 0 









y=axrr+bxtec 
No real roots 
b? — 4ac <0 


Positive odd powers 





DERIVATIVES 

General Formulas 

Lto) = 0 

Ea) + (2) =F") + 8°) 

E fasa) = Fala) +L) 
Z an) = nx"~', for real numbers n 
Trigonometric Functions 
E 

a (sinx) = cos x 

z a x) = sec? x 


d 
— (sec x) = sec x tan x 
dx 


Inverse Trigonometric Functions 





d (si 4 1 
— (sin x) = 
dx V1 — x? 
d Ly 1 
— (ít a 
a sa 2 1+ x? 
1 
— (sec! x) = — 
dx |x| Vx? — 1 


Exponential and Logarithmic Functions 


Hyperbolic Functions 
oan x) = cosh x 

dx 

M ai x) = sech? x 

dx 


d 
hk (sech x) = —sech x tanh x 
x 


Inverse Hyperbolic Functions 











d 1 

— (sinh™' x) = 

dx x? +] 

d 1 

—(tanh7' x) = = il 

E (tanh! x) = (ll <1) 

d 1 

— (sech™! x) = — (0< 1) 
dx xV1-— x? 


d , 
Ta) = f'a) 


Ea) = 80) =F) = 8") 
4 (L) _ SOO -Ae 
dx (0) 


: g(x) 
g AE] = F(a) +8") 








d l 
— (cos x) = —sinx 
g 608 *) 
g ot) = —csc” x 
y 
d 
mo x) = —cse x cot x 
a (cos | x) 
— (cos x) =- 
dx 1 /1 — x? 
d -j 1 
— t =— — 
dx coe 1+ x? 


1 


Tera 
— CSC X) = = 
dx |x] x2 = 1 


d 
—(b*) = b*Inb 
ree n 


d 
— (log, x) = 


dx xInb 


d 
(cosh x) = sinh 
J (COS x) = sinh x 


d 
z (coth x) = —csch? x 
X 





d 

z (Csh x) = —csch x coth x 

k 

d l 

~ (cosh x) = (= 1) 
dx x? -1l 





d _ 1 
z cot xS T (|x| > 1) 





d 
g bosch x) = 0) 


1 
= (x A 
lx] V1 + x? 


FORMS OF THE FUNDAMENTAL THEOREM OF CALCULUS 


Fundamental Theorem of Calculus 


Fundamental Theorem of Line Integrals J Vf: dr = f(B) — f(A) 
C 
(A and B are the initial and final points of C.) 


Green’s Theorem | (4 -f,)dA = pra + gdy 
C 


R 


| (f+ gy)dA = pra seh ca 
C 


R 


Stokes’ Theorem i] (V X F)-ndsS = Fede 
S C 


Divergence Theorem I V-FdV = i F-nds 
D S 





FORMULAS FROM VECTOR CALCULUS 
Assume F(x, y, z) = f(x, y,z)i + g(x,y, z)j + h(x, y, z)k, where f, g, and h are differentiable on a region D of R3. 


of, of, of 
Gradient: Vf(x,y,z) = —i+—j+—k 
on es ax ay" az 
0 0 oh 
Divergence: V°F(x,y,z) = 2 epn 
Ox oy OZ 
i j k 
0 o 0 
Curl: VX F(x,y,z)=|— = = 
ox Oy & 
f g Ah 


V x(VA=0 V:(VXF)=0 


F conservative on D & F = Vo for some potential function @ 


= $ F -dr = 0 over closed paths C in D 
C 


= J F - dr is independent of path for C in D 
C 


eV xX F=0o0nD 


